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Abstract. We define Ratner-Marklof-Strombergsson measures (following Marklof and Strom-
bergsson (2014)). These are probability measures supported on cut-and-project sets in R4 d=2)
which are invariant and ergodic for the action of the groups ASL; (R) or SL; (R). We classify the
measures that can arise in terms of algebraic groups and homogeneous dynamics. Using the classifi-
cation, we prove analogues of results of Siegel, Weil and Rogers about a Siegel summation formula
and identities and bounds involving higher moments. We deduce results about asymptotics, with
error estimates, of point-counting and patch-counting for typical cut-and-project sets.
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1. Introduction

A cut-and-project set is a discrete subset of R obtained by the following construction.
Fix a direct sum decomposition R” = R @ R™ where the two summands are denoted
respectively Vipys, Vine, s0 that

R" = phys ® Vinta

and the corresponding projections are
. n . n
Tlphys - R — Vphys» Ting - R” — Vi

Also fix a lattice £ C R” and a window W C Viy; then the corresponding cut-and-project
set A = A(£, W) is given by

A(L, W) = pnys (£ N 7t (W)). (1.1)
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We sometimes allow £ to be a grid, i.e., the image of a lattice under a translation in R”,
and sometimes require A to be irreducible, a notion we define in §2. Cut-and-project sets
are prototypical aperiodic sets exhibiting long-term-order, and are sometimes referred to
as model sets or quasicrystals. Beginning with work of Meyer [30] in connection to Pisot
numbers, they have been intensively studied from various points of view. See [1] and the
references therein.

Given a cut-and-project set, a natural operation is to take the closure (with respect
to a natural topology) of its orbit under translations. This yields a dynamical system for
the translation group and has been studied by many authors under different names. In
recent years several investigators have become interested in the orbit-closures under the
group SL4(R) (respectively ASLy(R)), which is the group of orientation- and volume-
preserving linear (resp., affine) transformations of R?. In particular, in the important
paper [26], motivated by problems in mathematical physics, Marklof and Strombergsson
introduced a class of natural probability measures on these orbit-closures. The goal of this
paper is to classify and analyze such measures, and derive consequences for the statistics
and large scale geometry of cut-and-project sets.

1.1. Classification of Ratner—Marklof-Strombergsson measures

We say that a cut-and-project set is irreducible if it arises from the above construction,
where the data satisfies the assumptions (D), (I) and (Reg) given in §2.1. Informally
speaking, (D) and (I) imply that the set cannot be presented as a finite union of sets whose
construction involves smaller groups in the cut-and-project construction, and (Reg) is a
regularity assumption on the window set W . We denote by €’ (R?) the space of closed sub-
sets of R?, equipped with the Chabauty—Fell topology. This is a compact metric topology
whose definition is recalled in §2.2, and which is also referred to in the quasicrystals liter-
ature as the local rubber topology or the natural topology. Since the groups ASL4 (R) and
SLy4(R) act on R?, they also act on € (R?). We say that a Borel probability measure
on €(R¥) is a Ramer—Marklof-Strémbergsson measure, or RMS measure for short, if it
is invariant and ergodic under SL;(R) and gives full measure to the set of irreducible
cut-and-project sets. We call it affine if it is also invariant under ASL;(R), and linear
otherwise (i.e., if it is invariant under SL; (R) but not under ASL; (R)).

A construction of RMS measures was given in [26], as follows. Let %}, denote the
space of grids of covolume 1 in R”, equipped with the Chabauty—Fell topology, or equiv-
alently with the topology it inherits from its identification with the homogeneous space
ASL, (R)/ASL,(Z). Similarly, let .Z;, denote the space of lattices of covolume 1 in R”,
which is identified with the homogeneous space SL,,(R)/ SL,(Z). Fix the data d, m, Vpnys
~RY Vi ~R™, Tphys» Tint, as well as a set W C Vi, and choose & randomly according
to a probability measure {1 on %;,. This data determines a cut-and-project set A, which is
random since £ is. The resulting probability measure p on cut-and-project sets can thus
be written as the pushforward of & under the map £ +— A (W, £), and is easily seen to
be invariant and ergodic under SL; (R) or ASL; (R) if the same is true for . One natural
choice for j1 is the so-called Haar—Siegel measure, which is the unique Borel probability
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measure invariant under the group ASL, (R). Another is the Haar—Siegel measure on .2,
(i.e., the unique SL, (R)-invariant measure). It is also possible to consider other measures
on %, which are ASL;(R)- or SL;(R)-invariant. As observed in [26], a fundamental
result of Ratner [38] makes it possible to give a precise description of such measures
on %;,. They correspond to certain algebraic groups which are subgroups of ASL, (R)
and contain ASL; (R) (or SLg (R)).

Our first result is a classification of such measures. We refer to §2 and §3 for more
precise statements, and for definitions of the terminology.

Theorem 1.1. Let it be an RMS measure on € (R?). Then, up to rescaling, there are fixed
m and W C R™ such that  is the pushforward via the map

%, — C(RY), £ AL, W),

of a measure i on %y, where n = d + m, W satisfies (Reg), the measure i is supported
on a closed orbit H£ | C %, for a connected real algebraic group H C ASL,(R) and
£1 € . There is an integer k > d, a real number field K and a K-algebraic group G
such that the Levi subgroup of H arises via restriction of scalars from G and K, and one
of the following holds for G:

o G = SLyg (as a K-group) and n = k - deg(K/Q).
o G = Sp,; (as aK-group), and d = 2, n = 2k - deg(K/Q).

Furthermore, in the linear (resp. affine) case [ is invariant under none of (resp., all of)
the translations by nonzero elements of Vypys.

Here the group Sp,; is the group preserving the standard symplectic form in 2k vari-
ables; we caution the reader that this group is sometimes denoted by Spy, in the literature.
As we will see in Proposition 3.3, any choice of K and G satisfying the description in
Theorem 1.1 gives rise to an affine and a linear RMS measure. We note that the vertex
sets of the famous Ammann-Beenker and Penrose tilings, which are well-known to have
representations as cut-and-project constructions, are associated with the real quadratic
fields K = Q(+/2) and K = Q(~/5), respectively, with d = 2 and G = SL,; see also §5.

Theorem 1.1 is actually a combination of two separate results. The first extends work
of Marklof and Strémbergsson [26]. They introduced the pushforward i +— p described
above, where fi is a homogeneous measure on %, and noted that the measures j could
be classified using Ratner’s work. Our contribution in this regard (see Theorem 3.1) is
to give a full list of the measures & which can arise. The second result, contained in our
Theorem 4.1, is that this construction is the only way to obtain RMS measures according
to our definition (which is given in terms of Vjpy rather than a@).

1.2. Formulae of Siegel-Weil and Rogers

In geometry of numbers, computations with the Haar-Siegel probability measure on 2,
are greatly simplified by the Siegel summation formula [44], according to which for
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f € Ce(RM),

F(E)dm(E) = / f(x)dvol(x), where f(£)= Y f). (@12
Zn R” veL~{0}
Here m is the Haar-Siegel probability measure on 2;,, and vol is the Lebesgue measure
on R”. The analogous formula for RMS measures was proved in [26]. Namely,' suppose
 is an RMS measure, and for each A € supp u, and for f € C.(R%), set

f(A) — { > vea~goy S (v) if wis linear, (13)

> ven f(V) if w is affine.

We will refer to f as the Siegel-Veech transform of f. Then it is shown in [26,27] that
for an explicitly computable constant ¢ > 0, for any f € C.(R?) one has

/ FA) du(A) = ¢ /ﬂ; @) dvol(x). (1.4)

A first step in the proof of (1.4) is to show that f is integrable, i.e., belongs to L!(11). As a
corollary of Theorem 1.1, and using reduction theory for lattices in algebraic groups, we
strengthen this and obtain the precise integrability exponent of the Siegel-Veech trans-
form, as follows:

Theorem 1.2. Let u be an RMS measure, let G and K be as in Theorem 1.1, let r :=
rankk (G) denote the K-rank of G, and define

r+ 1 if uislinear,
qu = { (1.5)

r+2 ifuis affine.

Then for any f € Ce(R?) and any p < qu we have f € LP(u). Moreover, if the win-
dow W contains a neighborhood of the origin in Vi, there are f € C.(R%) for which

f# Lo ().

The proof involves integrating some characters over a Siegel set for a homogeneous
subspace of Z,,. The special case for which K = Q, G = SLj, and the measure y is linear
was carried out in [11, Lemma 3.10]. Note that

rankg (G) = {k -1 G =S, (1.6)
k if G = Spyy.
We will say that the RMS measure u is of higher rank when g, > 3; in light of the
above this happens unless d = 2, G = SL,, and p is linear. It follows immediately from
Theorem 1.2 that f € L'(u), and in the higher-rank case, that f e L%(n).

The proof of (1.4) given in [26] follows a strategy of Veech [49], and relies on a

difficult result of Shah [43]. Following Weil [51], we will re-prove the result with a more

'Our notations differ slightly from those of [26], but the result as stated here can be easily shown
to be equivalent to the one in [26].
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elementary argument. Combined with Theorem 1.2, the argument gives a strengthening
of (1.4).

Given p € N, write DY R¥ = R4 and for a compactly supported function f on R,
define
Zvl ,,,,, vy A~{0} f(v1,...,vp) if uis linear,
2orvper SOL - 0p) if u is affine.

Theorem 1.3. Let p be an RMS measure, and suppose p < q, where q,, is as in (1.5).
Then there is a countable collection {t, : e € €} of Borel measures on R such that
T := Y T, is locally finite, and for every f € L'(t) we have

fﬂfduszdpdeoo.

The measures t, are H-c&p-algebraic, for the group H appearing in Theorem 3.1 (see
Definition 7.3).

Pf(A) = { (1.7)

This result is inspired by several results of Rogers for lattices; see e.g. [39, Thm. 4].
Loosely speaking, c&p-algebraic measures are images of algebraically defined measures
on R"? under a natural map associated with the cut-and-project construction.

Theorems 1.2 and 1.3 will be deduced from their more general counterparts The-
orems 6.2 and 7.1, which deal with the homogeneous subspace H£; C %, arising in
Theorem 1.1.

1.3. Rogers-type bound on the second moment

A fundamental problem in geometry of numbers is to control the higher moments of
random variables associated with the Haar—Siegel measure on the space 2. In particular,
regarding the second moment, the following important estimate was proved in [39-41]:
for the Haar—Siegel measure m on Z,, n > 3, there is a constant C > 0 such that for any
function f € C.(R") taking values in [0, 1] we have

/.

where f is as in (1.2). We will prove an analogous result for RMS measures of higher
rank.

2
dm(x) < C/ f dvol,
Rn

Fo) - f% Fdm

Theorem 1.4. Let ju be an RMS measure of higher rank. For p = 2 let T be the measure
as in Theorem 1.3. In the notation of Theorem 1.1, assume that

G =SLg, or pisaffine (1.8)

Then there is C > 0 such that for any Borel function f : R¢ — [0, 1] belonging to L' (t)

we have 5
/ f(x)—/ Fdu| du(x) < c/ £ dvol. (1.9)
€ (R4) € (R4) R4
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The case in which (1.8) fails, that is, p is linear and G = Sp,; , and in which in addition
K = Q, is treated in [20], where a similar bound is obtained. The symplectic case with K
a proper field extension of QQ is more involved, and we hope to investigate it further in
future work.

There have been several recent papers proving an estimate like (1.9) for homogeneous
measures associated with various algebraic groups. See [22] and references therein. The
alert reader will have noted that, even though the measure p is the pushforward of a
measure supported on a homogeneous space H £, we prove the bound (1.9) for functions
defined on % (R?) rather than on H &£ . Indeed, while we expect such a stronger result to
be true, it requires a more careful analysis than the one needed for our application.

1.4. The Schmidt theorem for cut-and-project sets, and patch-counting

It is well-known that every irreducible cut-and-project set A has a density

.. #(ANBO,T))  vol(W)
D(A) = Th_r)noo Vl(BO.T) ~ covol(@)’

where A = A(L, W), vol(W) is the volume of W, and covol(£) is the covolume of £
(for two proofs, which are valid for a larger class of nice sets in place of B(0, T), see
[32] and [26, §3], and see references therein). In particular, the limit exists and is positive.
Following Schmidt [41], we would like to strengthen this result and allow counting in
even more general shapes, and with a bound on the rate of convergence. We say that a
collection {Q7 : T € R} of Borel subsets of R? is an unbounded ordered family if

(1.10)

e 0T =T, = Qr, CQr,;

e forall T > 0, vol(RQ7) < o0;

vol(Q27) — oo as T — oo; and

for all large enough V' > 0 there is 7 such that vol(27) = V.

Theorem 1.5. Let j1 be an RMS measure of higher rank such that (1.8) holds. Then for
every € > 0, for every unbounded ordered family {Q T}, for p-a.e. cut-and-project set A,

#(Q7r NA) = D(A) -vol(7) + O(vol(Q27)/?%9). (1.11)

This result is a direct analogue of Schmidt’s result for lattices, and its proof fol-
lows [41]. In the special case 27 = B(0, T'), we obtain an estimate for the rate of
convergence in (1.10), valid for p-a.e. cut-and-project set. For related work see [18].
Note that for B(0, T'), and for lattices, G6tze [14] has conjectured that an error estimate
O(vol(B(0, T))2~2a+¢) should hold.

Even for Q7 = B(0, T'), one cannot expect (1.11) to hold for all cut-and-project sets;
in fact, a Baire category argument as in [18, §9] can be used to show that for any error
function E(T) with E(T) = o(T?) there are cut-and-project sets for which, along a
subsequence T,, — 00,

[#(B(0,T,) N A) = D(A) - vol(B(0, T»))| = E(Ty).
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Thus, it is an interesting open problem to obtain error estimates like (1.11) for explicit cut-
and-project sets. Note that for explicit cut-and-project sets which can also be described
via substitution tilings, such as the vertex set of a Penrose tiling, there has been a lot of
work in this direction: see [45] and references therein.

We now discuss patch counting, which is a refinement which makes sense for cut-and-
project sets but not for lattices. For any discrete set A C R¢, any point x € A and any
R > 0, we refer to the set

Pa.r(x):= B0, R) N (A —x)

as the R-patch of A at x. Two points x1, X, € A are said to be R-patch equivalent if
Pa,r(x1) = Pa,r(x2). It is well-known that any cut-and-project set A is of finite local
complexity, which means that for any R > 0,

#{PAR(X) 1 x € A} < 00.

Furthermore, it is known that whenever #y = £ r(xo) for some xo € A and some R >0,

the density or absolute frequency

#{x e ANB(,T): Pr,r(x) = Po}
vol(B(0,T))

D(A. Po) = lim_ (1.12)

exists; in fact, the set in the numerator of (1.12) is itself a cut-and-project set [1, Cor. 7.3].
Our analysis makes it possible to obtain an analogue of Theorem 1.5 for counting patches:

Theorem 1.6. Let 1 be an RMS measure of higher rank for which (1.8) holds. For any
6 >0, set Oy := ﬁ, where m = dim Viy. Suppose the window W C Viy in the cut-
and-project construction satisfies dimg (0W) < m — §, where dimp denotes the upper box
dimension (see §10). Then for every unbounded ordered family {7} in R?, for p-a.e.
A, for any patch Py = P r(x0), and any 0 € (0, 6y), we have

#lx € Q7 N A : Ppr(xX) = Pot = D(A, Po) vol(Qr) + O(vol(27)'™0).  (1.13)

For additional results on effective error terms for patch-counting in cut-and-project
sets, see [17].

2. Basics

2.1. Cut-and-project sets

In the literature, different authors impose slightly different assumptions on the data in the
cut-and-project construction. For related discussions, see [1,26,31]. Here are the assump-
tions which will be relevant in this paper:

D) 7w (L) is dense in Viy.

@ TTphys| £ 1S injective.
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(Reg) The window W is Borel measurable, bounded, has nonempty interior, and its
boundary dW has zero Lebesgue measure on V.

We will say that the construction is irreducible if (D), (I) and (Reg) hold.

In the literature, a more general cut-and-project scheme is discussed, in which the
groups Vppys R?, Vipe ~ R™ may be replaced with general locally compact abelian
groups. Note that if (D) fails, we can replace Vi, with 7, (&£), which is a proper subgroup
of Vin, while if (I) fails, we can replace Vi with Vin /(€ N ker mphys). In both cases one
can obtain the same set using smaller groups. Note that when (D) fails, the group 7, (£)
might be disconnected, and in that case, using (Reg) we see that only finitely many of its
connected components will intersect W, and A(£, W) will have a description as a finite
union of cut-and-projects sets with an internal space of smaller dimension.

Regarding the regularity assumptions on W, note that if no regularity assumptions
are imposed, one can let A be an arbitrary subset of mpnys(£) by letting W be equal to
Tint (£ N nl;l;S(A)). Also, the assumption that W is bounded (respectively, has nonempty
interior) implies that A is uniformly discrete (respectively, relatively dense).

Finally, note that it is not W that plays arole in (1.1), but rather ;. (W). In particular,
if convenient, one can replace the space Vi, with any space V;/, which is complementary
t0 Vpnys, and with the obvious notations, replace W with W' := z/ (7.} (W)). Put oth-

erwise, it would have been more natural to think of W as being a subset of the quotient
space R" / Vppys. We refrain from doing so to avoid conflict with established conventions.

2.2. Chabauty-Fell topology

Let € (R?) denote the collection of all closed subsets of R¢. Equip 4’ (R?) with the
topology induced by the following metric, which we will call the Chabauty—Fell metric:
for Yy, Y; € %(Rd), d(Yy, Y1) is the infimum of all & € (0, 1) for which, for bothi =0, 1,

Y; N B(0,e™1) is contained in the e-neighborhood of Y;_;,

and d(Yo, Y1) = 1 if there is no such e. It is known that with this metric, (R%) is a
compact metric space. In this paper, closures of collections in '(R?) and continuity of
maps with image in %’ (R?) will always refer to this topology, and all measures will be
regular measures on the Borel o-algebra induced by this topology. In the quasicrystals
literature, this topology is often referred to as the local rubber topology or the natural
topology .

We note that there are many topologies on the set of closed subsets (X)) of a topo-
logical space X . The Chabauty—Fell metric was introduced by Chabauty [8] for X = R
as well as for X a locally compact second countable group, and by Fell [13] for general
spaces X, particularly spaces arising in functional analysis. See also [25], where the con-
nection to the Hausdorff metric is elucidated via stereographic projection. Many of the
different topologies in the literature coincide on 4’ (R?). Two notable exceptions are the
Hausdorff topology, which is defined on the collection of nonempty closed subsets of X,
and the weak-* topology of Borel measures on R?, studied in [28,49], satisfying a certain
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growth condition and restricted to point processes. See [2] for a comprehensive discussion
of topologies on € (X).

We will need the following fact, which is well-known to experts, but for which we
could not find a reference (see [28, §5.3] for a related discussion):

Proposition 2.1. Suppose W is Borel measurable and bounded. Then the map
U, > CRY), WU(L):= AL W), (2.1)
is a Borel map, and is continuous at any £ for which win (£) N oW = @.

Proof. We first prove the second assertion, that is, we assume that 7;, (£) N W = @ and
suppose by contradiction that £; — £ in &, but ¥(£;) » A := W(L). By passing to
a subsequence and using the definition of the Chabauty—Fell metric on ¢ (R¢), we can
assume that there is ¢ > 0 such that for all j, one of the following holds:

(a) There is v € A with |Jv|| < e~! such that for all j, ¥(£;) does not contain a point
within distance ¢ of v.

(b) There are v; € W(&£;) such that v; — v, where |[v]| <& 'andv ¢ A.

In case (a), there is u € &£ such that v = mpnys(#) and 7y (1) € W. By assumption 7in (1)
is in the interior of W. Since &£; — &, there are u; € &£; such that u; — u and for large
enough j, min () € W and hence v; = mpnys (1) € W(L;). Clearly v; — v and we have
a contradiction.

In case (b), we let u; € £; be such that v; = mpnys(#;). Then the images of v;
under both projections mphys, 7in; are bounded sequences, and hence the sequence (u;)
is also bounded. Passing to a subsequence and using the fact that £; — £ we can assume
u; — u for some u € £. Since min(u;) € W for each j, min(u) € W and hence, by our
assumption, 7, (1) belongs to the interior of W, and in particular to W. This implies that
U = Tphys(4) € A, a contradiction.

We now prove that W is a Borel measurable map. For this it is enough to show that
W~1(B) is measurable in %, whenever B = B(A, ¢) is the e-ball with respect to the
Chabauty—Fell metric centered at A = W(&£) € F(R?). Let

Fri={x € & : mpnys(x) € B(O,a_l), Tint(x) € W},
F,:=ANBO, ! +¢).

Then the definition of the Chabauty—Fell metric gives that £’ belongs to W~!(B) if and
only if for any u; € Fy, there is u} € &£’ with min () € W and || 7wpnys (1) — 7pnys (u)) ||
< ¢, and additionally, for any u} € £’ with min (1)) € W and ||7rpnys (1)) || < 7! there is
v € F with ||7mphys(u}) — v|| < e. Since lattices are countable and Fi, F, are finite, and
W C Viy is Borel measurable, this shows that ¥~!(B) is described by countably many
measurable conditions. u

We use this to obtain a useful continuity property for measures. Given a topological
space X, we denote by Prob(X) the space of regular Borel probability measures. We
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equip Prob(X) with the weak-* topology. Any Borel map f : X — Y induces a map
fx : Prob(X) — Prob(Y) defined by fupr = o f~L.

Corollary 2.2. Let W be as in (2.1). Then any 1 € Prob(%;,) for which
RAL € %, min (L) NOW # 0}) =0 (2.2)

is a continuity point for V.. In particular, this holds if [i is invariant under translations
by elements of Viyy >~ R™ and OW has zero Lebesgue measure.

Proof. Suppose ji; — fi in Prob(%},), and let 117, u denote respectively the pushforwards
Wy itj, Wyt To establish continuity of W, we need to show p; — . Since j1; — 1, we
have [ gdfij — [ gdjiforany g € C.(%,). By the Portmanteau theorem this also holds
for any g which is bounded, compactly supported, and for which the set of discontinuity
points has ji-measure zero. Let f be a continuous function on % (R¢) and let f =foW.
Then f is continuous at ft-a.e. point, by Proposition 2.1. The Portmanteau theorem then
ensures that

| raw={ Fam [ Fap=[  rau
CRY) % D CRY)

That is, ; — u, as required.

For the last assertion, assuming that [t is invariant under translations by elements
of Viy, we need to show that (2.2) is satisfied. Letting 13w, my,, denote respectively the
indicator of dW and Lebesgue measure on Vi, and letting B C Vi, be a measurable set
of finite and positive measure, by Fubini we have

PEEL € D 2 min(£) NIW # 0})
1

- / [mvimw) /B Low o Tin(L + x) dm(x)} dju(2).

It therefore suffices to show that for any &£,
my,, ({x € Vi : (£ + x) N OW # @}) = 0;

and indeed, this follows immediately from the countability of £ and the assumption that
mVim (aW) = O' u

2.3. Ratner’s theorems

Ratner’s measure classification and orbit-closure theorems [38] are fundamental results in
homogeneous dynamics. We recall them here, in the special cases which will be important
for us. A Borel probability measure v on %, (respectively, .Z;) is called homogeneous if
there is x¢ in %, (respectively, Z,) and a closed subgroup H of ASL, (R) (respectively,
SL, (R)) such that the H -action preserves v, the orbit H x¢ is closed and equal to supp v,
and Hy, 1= {h € H : hxo = Xo} is alattice in H. When we want to stress the role of H
we will say that v is H -homogeneous.
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Recall that ASL,, (R) (respectively, ASL,(Z)) denotes the group of affine transforma-
tions of R” whose derivative has determinant 1 (respectively, and which map the integer
lattice Z" to itself); moreover, %}, is identified with ASL, (R)/ASL,(Z) via the map
which identifies the coset represented by the affine map ¢ with the grid ¢(Z"). Simi-
larly, we have an identification of 2}, with SL,(R)/ SL,(Z). We view the elements of
ASL, (R) concretely as pairs (g, v), where g € SL,,(R) and x € R” determine the map
X — gx + v. In what follows, two subgroups of ASL,, (R) play an important role, namely
SL4(R) and ASL;(R), which we will denote alternatively by F, and embed concretely
in ASL,,(R) in the upper left corner. That is, for F = SL;(R), g € F is identified with

g Od,m
((om,d i )o) 23)

and for F = ASL;(R), (g,v) € F is identified with

I 0d,m v
((om,d 1d, ) (om))' e

Here Id,,, Ok ¢. 0% denote respectively the identity matrix of size m x m, the zero matrix
of size k x £, and the zero vector in R¥. We will refer to the embeddings of SL4(R) and
ASL;(R) in ASL,(R), given by (2.3) and (2.4), as the fop-left corner embeddings.

The following is a special case of Ratner’s result.

Theorem 2.3 (Ratner). Let2 <d <n, and let F be either ASL;(R) or SLg (R) (with the
top-left corner embedding in ASL,,(R)). Then any F -invariant ergodic measure v on %,
is H-homogeneous, where H is a closed connected subgroup of ASL, (R) containing F.

Every orbit-closure Fx is equal to supp v for some homogeneous measure v. The same
conclusion holds for Z,, and F = SL4(R).

The following additional results were obtained in [42,48]:

Theorem 2.4 (Shah, Tomanov). Let v, H be as in Theorem 2.3, and let xo = goZ" in %,
or %y, be such that suppv = Hxg. Let H' be the smallest algebraic subgroup of ASL,
which is defined over Q and contains g 1 Fgo. The solvable radical of H' is equal to the
unipotent radical of W', and letting H = goH' gy U H is equal to the connected component
of the identity in Hg.

We will need a result of Shah which relies on Ratner’s work (once more this is a
special case of a more general result).

Theorem 2.5 ([43]). Let F be either ASLy(R) or SLi;(R) as above, let {g:}
be a one-parameter diagonalizable subgroup of SLg(R), and let U = {g € F :
lim; 00 g—188+ — e} be the corresponding expanding horospherical subgroup. Let
Q C U be a relatively compact open subset of U and let my be the restriction of Haar
measure to U, normalized so that my (2) = 1. Then for every xo € %, letting v be the
homogeneous measure such that suppv = F xq, we have

[ (g8 dmu ) v,
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where 8y, is the Dirac measure at xo and the convergence is weak-* convergence in

Prob(%;,).

2.4. Number fields, geometric embeddings, and restriction of scalars

For more details on the material in this subsection we refer the reader to [10,33,35,51].
Let K be a number field of degree D = deg(K/Q), and let @ = O be its ring of
integers. Let 01, ...,07,0r4+1,0741,--.,0r+s, 0r4s be the field embeddings of K in C
where r + 2s = D, o0y, ...,0, are real embeddings and 0,41, ..., 0,45 are complex
(nonreal) embeddings. An order in K is a subring of @ which is of rank D as an additive
group. The geometric embedding or Minkowski embedding of an order A is the set

{(01(x), ... 07 (%), 0r41(X), ..., Op45(X)) 1 X € A

Itis a lattice in R? ~ R” x C*. Note that the geometric embedding depends on the choice
of ordering of the field embeddings, and on representatives of each pair of complex conju-
gate embeddings. Thus, when we speak of ‘the’ geometric embeddings we will consider
this data as fixed.

An algebraic group G defined over K (or K-algebraic group) is a variety defined
over K such that the multiplication and inversion maps G x G — G, G — G are K-
morphisms. A K-homomorphism of algebraic groups is a group homomorphism which
is a K-morphism of algebraic varieties. We will work only with linear algebraic groups,
which means that they are affine varieties, i.e., for some N, they are subsets of affine
space AV satisfying a system of polynomial equations in N variables. We will omit the
word ‘linear’ in the rest of the paper. A typical example of a K-algebraic group is a
Zariski closed matrix group, that is, a subgroup of the matrix group SL,,(C) for some m
described by polynomial equations in the matrix entries, with coefficients in K. If G; are
K-algebraic groups realized as subgroups of SL,;; (C) fori = 1,2, and ¢ : G — G2 is
a K-homomorphism, then there is a map ¢ : SL,;,, (C) — SL,,, (C) which is polynomial
in the matrix entries, with coefficients in K, such that ¢|g, = ¢. For any field L C C
containing K, we will denote by Gy, the collection of L-points of G. It is a subgroup of
SL,,, (L) if G is realized as a subgroup of SL,, (C).

We will do the same for rings L = Z or L = . In this case the group Gz depends
on the concrete realization of G as a matrix group but the commensurability class of G,
is independent of the choices (recall that two subgroups I'y, I'; of some ambient group G
are commensurable if [[; : T1 N T,] < oo fori = 1,2). By a real algebraic group we
will mean a subgroup of finite index in Ggr for some K-algebraic group G, where K C R.

The restriction of scalars Resk /g is a functor from the category of K-algebraic groups
to Q-algebraic groups. Given an algebraic group G defined over K, there is an algebraic
group H = Resk /@ (G) defined over Q such that Hg is naturally identified with G . For
any K-homomorphism ¢ : G; — G of K-algebraic groups we have a Q-homomorphism
Resk /() : Resk/q(G1) — Resk/q(G2). Given a matrix representation of G there is a
corresponding matrix representation of Resk ;g (G), defined as follows. We can realize K
(as a ring) as a subalgebra of the Q-algebra of D x D matrices with entries in @Q, and
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this leads to a corresponding identification of SL,,(K) with a subgroup of SL,,p(Q).
A different choice of basis will produce an SL,,p (Q)-conjugate group. Now suppose
G C SL,,,(C) is the solution set of polynomial equations Py, ..., Py in the matrix entries,
with coefficients in K. Let }31, e, 13( be the matrix valued polynomials where each K-
coefficient is replaced by its Matpx p (Q) representative, and each variable (previously a
matrix coefficient of SL,, (C)) is an Matpx p (C)-block of SL,, p (C). These polynomials,
together with the (linear) polynomials that ensure that each D x D block is an element of
the Q-algebra K, have coefficients in QQ, and Resk g (G) is their solution set.
The R-points of H = Resk ;g (G) can be represented concretely as

IIGR X+ X "Gr X TTH1Ge X -++ X TG, (2.5)

where %/ G is the algebraic group defined by applying the field embedding o; to the poly-
nomials in the matrix entries, with coefficients in K, defining G. Here, for a C-algebraic
group M, Mc is a shorthand notation for the C-points of M, thought of as an R-group
via the isomorphism C =< R?. More explicitly, a polynomial equation involving m? com-
plex matrix entries z;; = a;; + ib;j, where i, j € {1, ..., m}, is replaced with the same
polynomial in the matrix algebra of 2 x 2 real matrices, with each appearance of z;;
replaced by AW) = (_al’,f/ 22’/ ) € Matyx2(R), and with the 2m? additional equations
(AGDY 1, = —(AW)),,, (49)) ) = (4Y)),,. Furthermore, denoting by Q the algebraic
closure of Q, there is a conjugation of SL,,p(Q) by an element with coefficients in the
Galois closure of K such that H(Q) is embedded in SL,,p (Q) in block form with r + s
blocks, where each block contains one of the factors in (2.5).

Similarly, for a K-morphism ¢ : G; — G, the restriction to the factor % G in (2.5)
of the Q-morphism Resk /g (¢) : Resk;q(G1) — Resk,q(G2) is the map ¢; obtained
from ¢ by applying the field embedding o; to its coefficients. Thus, after writing both
Resk /0 (G1) and Resk /@ (G2) in product form as in (2.5), we have

ReS]K/Q((p)(gl, e 8rts) = (‘pl (gl)» cees (pr+s(gr+s))~ (2.6)

We now note a connection between restriction of scalars, geometric embeddings of
lattices, and the action on Z},. Suppose that @ = Ok and A is an order in 9, and let £
be the geometric embedding of A in R?. Form € N setn = Dm and let

'=c-Ld---L,

m copies

where we choose the dilation factor ¢ so that £’ € 2}, and we choose the ordering of the
indices so that
L= c{(o1(x),...,0015(x)) : x € A™Y. 2.7

Now suppose G is an algebraic K-group without K-characters, ¢ : G — SL,, is a K-
morphism, and H := Resg /@ (G). Since ¢ is a K-morphism, there is a finite-index sub-
group of Gg whose image under ¢ is contained in SL,,(©), and hence preserves O™.
This implies that a finite index subgroup of Hgz preserves £’. Since Hz is a lattice in
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H := Hp (see [4, §13]), we find that H £’ is a closed orbit in .27, which is the support of
an H-homogeneous measure.

3. Classification of invariant measures

Recall from the introduction that an affine (respectively, linear) RMS measure pu is a
probability measure on %' (R¢) which gives full measure to the collection of all irreducible
cut-and-project sets, and is invariant and ergodic under F, where

SLs(R)  if w is linear,
F = (3.1)
ASLy(R) if w is affine,

is the stabilizer group of w. In this section we will give some more background on RMS
measures, and two assertions (Theorems 3.1 and 4.1) which together imply Theorem 1.1.
The careful reader will have noticed that we gave here a seemingly weaker definition
of an affine RMS measure compared to the introduction, by requiring it to be ergodic
under ASL; (R) instead of SL; (R). However, these two definitions are equivalent by the
Howe—Moore ergodicity theorem (see [9]).

3.1. RMS measures — background and basic strategy

In order to motivate the definition of an RMS measure, we recall some crucial observa-
tions of [26]. Let F be as in (3.1). Let R" = Vynys @ Vint, Tphys» Tine, £, W be the data
involved in a cut-and-project construction.

The observations of [26] are the following:

e From the fact that mphy, intertwines the action of F' on R" (via the top-left corner
embedding in ASL, (R)) and on R4, for the map ¥ defined in (2.1), one obtains the
equivariance property

VYog=goVW (3.2)

for all g € F'; in other words, gA(L, W) = A(gL, W).

e In particular, if we fix the data R"” = Vjpys @ Vi, W, then the map Wy : Prob(%;) —
Prob(%'(R%)) considered in Corollary 2.2 maps F-invariant measures to F-invariant
measures.

e Due to Ratner’s work described in §2.3, ergodic F-invariant measures on %; can be
described in detail, in terms of certain real algebraic subgroups of ASL,, (R).

e Theorem 2.5 and other results from homogeneous dynamics can then be harnessed as
a powerful tool for deriving information about cut-and-project sets.

In order to analyze measures on %, a basic strategy is to work first with the simpler
space Z,. Let
M = ASL,(R), T :=ASL,(Z).



Classification and statistics of cut-and-project sets 3589

Recall that %}, is identified with M/ T", and under this identification a closed orbit H &£ is
identified with HgI' = gH;T", where g € M is such that £ = gZ" and H; = g 'Hg.
Also let

M :=SL,(R), I :=SL,(Z).

We think of M concretely as the stabilizer of the origin in the action of M on R”. Recall
also that 2, is identified with M /T. Let

M —->M, n:% —>Z, (3.3)

denote respectively the natural quotient map and the induced map on the quotients (which
is well-defined since 7 (I") = I'). The map = is a Q-morphism, and the map 7 is realized
concretely by mapping a grid £ to the underlying lattice £ — &£ obtained by translating £
so that it has a point at the origin. It has the equivariance property

n(gL) = n(g)x(£) (wherege M, L € %). (3.4)

Every fiber of x is a torus and thus 7 is a proper map.
We summarize the spaces and maps we use in the following diagram:

Yy = M/T
El x
2w =M/T 7R

Extending the terminology in the introduction, a homogeneous measure fi on %, will
be called affine if it is ASLy (R)-invariant, and linear if it is SL; (R)-invariant but not
ASL; (R)-invariant. Here ASL;(R) and SL;(R) are embedded in M via the top-left
corner embeddings (2.4) and (2.3).

3.2. The homogeneous measures arising from the F-action on %,

In this section we state a more precise version of Theorem 1.1. Suppose k¢ is a sub-
field of C. We say that a kg-algebraic group H is kg-almost simple if any normal
ko-subgroup H' satisfies dim H' = dim H or dim H' = 0. In this case we will also say
that a subgroup of finite index of Hy,, is ko-almost simple.

Theorem 3.1. Let ji be an F-invariant ergodic measure on %, and let H and £ denote
respectively the subgroup of M and the point in %, involved in Theorem 2.3; i.e., ji is
H -invariant and supported on the closed orbit H £ 1. Let g1 € M be such that £1 = g1 72"
and let Hy := gl_1 Hg. Assume also that £, satisfies conditions (D) and (I). Then H, H,
and L1 are described as follows:

(i) In the linear case, Hy is semisimple and Q-almost simple. In this case write
H’:= Hjy. In the affine case, we can write Hy as a semidirect product H' x R" where
H'’ is semisimple and Q-almost simple, and R" denotes the full group of translations
of R™.
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(ii) The group H' in (i) is the connected component of the identity in the group of R-points
of Resk o (G), where K is a real number field and G is a K-group which is K-
isomorphic to either SLy or Spyy, for some k > d. In the case G = SLy we have n =
k deg(K/Q), and there is a subspace V of R™ of dimension k containing gy ' Vpnys
which is H'-invariant and such that the action of H' on 'V gives the group SL(V).
The case G = Sp,;, only arises when d = 2, and in that case n = 2k deg(K/Q), and
there is a subspace V of R" of dimension 2k equipped with a symplectic form @' such
that V is H'-invariant, the action of H' on V gives the symplectic group Sp(V, »'),
and V contains gl_l Vonys as a symplectic subspace.

The proof will involve a reduction to the space 2, of lattices. We introduce some
notation and give some preparatory statements.

Asin §3.1,let M = ASL,,(R), I' = ASL,(Z), %, = M/ T, so that the closed orbit
H %, is identified with Hg,I" = g1 H,I". By Theorem 2.3, I'y, := H; N T is a lat-
tice in Hy, and f is the pushforward of the unique H|-invariant probability measure on
H1 /Ty, under the map hI'y, — g1hI". By Theorem 2.4, H; is the connected component
of the identity in the group of real points of a Q-algebraic group. In particular, there are
at most countably many possibilities for H;.

Also let M = SL,(R), ' = SL,(Z), 2, = M /T as above, and let 7, = be the

maps in (3.3). The orbit 1 (Hg ') = HgI' = g1 H, T is closed, where H; = n(H;),
g1 = n(g1) and H = w(H) contains n(ﬁ) ~ Sﬂd (R).
T We say that property (irred) holds if there is no proper Q-rational subspace of R” that
is Hj-invariant (for the linear action by matrix multiplication). Note that by Theorem 2.4,
H is the connected component of the identity in the group of real points of the smallest
Q-subgroup of SL,, containing g; ' SLy(R)g1, and thus (irred) is equivalent to requiring
that there is no proper Q-rationgl subspace of R” that is g7 ! SLy(R)g;-invariant.

We now state an analogue of Theorem 3.1 for the action on Zn. N

Lemma 3.2. Assume (irred) holds. Then H, is the connected component of the identity
of the group of real points of a semisimple Q-algebraic group H, satisfying the properties
listed in statement (ii) of Theorem 3.1 (for the group H').

Lemma 3.2 is the main result of this section, and its proof will be given below in §3.3
and §3.4.

Proof of Theorem 3.1 assuming Lemma 3.2. Let H be the smallest Q-subgroup of ASL,
containing g7 ' SL;(R)g1, so that by Theorem 2.4, we have H; = (Hg)°. Similarly, let
H be the smallest Q-subgroup of SL,, containing g7 ! SL4(R)g1. We extend 7 to a pro-
jection map of algebraic groups defined over QQ, mapping QQ-subgroups to Q-subgroups
[3, Cor I.1.4]. Then it follows from minimality of H and H that 7(H) = H.

As we will see in Lemma 3.4, under the assumptions of Theorem 3.1, condition
(irred) holds. In particular, the conclusion of Lemma 3.2 applies. Hence H is semisimple.

Let U be the unipotent radical of H. Then U C ker 7, and since kerz N Hisa unipotent
normal subgroup, U =kerz N H. This means that in the affine map determined by h € H;
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on R”, 7 (h) is the linear part, and U = Ug acts on R” by translations. This implies the
equality
span{u(x) —x:x € R", u € U} = span{u(0) : u € U}, (3.5)

and we denote the subspace of R” appearing in (3.5) by V4. Clearly, Vj are the real points
of a Q-subspace of C” since U is defined over Q.

Since H; normalizes U, Vj is Hj-invariant, and since H; = w(Hy) is the group of
linear parts of elements of Hy, H; also preserves Vj. By (irred) we must have V, = {0} or
Vo =R™. If Vo = {0} then U = {0}. If Vo = R” then U contains translations in n linearly
independent directions and hence U ~ R” is the entire group of translations of R”. This
gives the description of the translational part of Hj, in assertion (i). Assertion (ii) follows
from Lemma 3.2. |

The next proposition shows that all the cases described in Theorem 3.1 do arise:

Proposition 3.3. For any k > d > 2 and any real number field K, there are R-algebraic
groups H and H' in M, and £, = g1Z" € %, where n = k deg(K/Q) and g, € M,
such that the following hold:

o H' is defined over Q, and is Q-isogenous to Resk,q(G), where G is K-isomorphic
to SLy.

e H is either equal to H' (linear case) or to H' x R" (affine case).

o The orbit H L is closed and supports an H -homogeneous probability measure v. The
pushforward V,v is an RMS measure.

The same statement is true with d = 2, n = 2k deg(K/Q), and with G being K-isomor-
phic to Spyy, for some k > 2.

Proof. The proof amounts to reversing the steps in the preceding discussion. For concrete-
ness, we give it for G = SLg. Let D :=deg(KK/Q), n := Dk and G := SL, (R). The stan-
dard action ¢ of Gg on K¥ gives rise to a Q-embedding Resk /0(@) :Resg /@ (G) — SL,.
Let H; denote the connected component of the identity in the group of R-points in
Resk /@ (G). Similarly to (2.3) and (2.4), we refer to

g 04,—a
’ 3.6
& (On—d,d Id, 4 ) 5-6)

as the top-left corner embedding of SL; (R) in M. By the explicit description of restriction
of scalars in §2.4, there is gy € M such that H := g\ H, g7 ! contains the top-left corner
embedding of SL; (R) in M, and up to scaling, gy Z" is the geometric embedding of 9¥
as in (2.7), where O is the ring of integers in K. In particular, the orbit H g{Z" is a closed
orbit supporting an H-homogeneous measure in 2. N

Recall that there is an embedding of M in M and of 2}, in %, (respectively as the
stabilizer of the origin in the standard action on R”, and as the set of lattices in the space of
grids). We let H' denote the image of H; under this embedding, and in the linear case we
set H := H' and let H £ be the image of H &1 Z" under this embedding, and let v be the
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H -homogeneous measure on H £ ;. Because the action of SL; (R) is ergodic with respect
to v, we can find g; such that for £1 = g;Z"” wehave SL;(R)£, = HL1 = H£y. Itis
not hard to check that with these choices, the desired conclusions hold. The proof in the
affine case is similar, taking H = H' x R” and 7~ ' (H g, Z"). [ ]

3.3. Preparations for the proof of Lemma 3.2

Recall that £; = 7w (£1). A vector space V C R” is called £1-rational if V N L1 is a
lattice in V. In other words, a subspace V is £-rational if it is of the form &1 W for some
rational subspace W C R", i.e., a subspace spanned by vectors with rational entries.

Lemma 3.4. The following implications hold.

(@) (D) = Vjhys is not contained in a proper &£ 1-rational subspace.
(b) (I) = Viy contains no nontrivial £1-rational subspace.

(¢) () and (D) = (irred).

Variants of statements (a) and (b) are given in [36], but we give a complete proof for
the convenience of the reader.

Proof. We will prove all three statements by contradiction. Suppose that (a) fails, so that
there is a proper &£1-rational subspace W containing Vjpy,. Let W+ be an &£,-rational
complement of W. Since W is £ ;-rational, £ is mapped to a lattice in W+ under the
projection R” — W+, and hence the projection of £ to W+ is discrete. On the other
hand, R” — W+ factors through Viy since Vynys C W, and by (D) the image of &£ is
dense in Vj,. Thus, the projection of &£ is dense in W+, a contradiction.

Now suppose that (b) fails, and Vj,, contains a nontrivial &£;-rational subspace W.
Then Viy, which is the kernel of the map R” — Vpys, contains W N &£, which by assump-
tion is nontrivial. This contradicts (I).

Now suppose (D) and (I) hold but (irred) fails, so that there is a proper H;-invariant
Q-rational subspace W . From (b) we know that g; W is not contained in V;,;. Hence some
u € g1 W can be written as B

u=1up+uj, up€ Vonys ~1{0}, u; € Vine.

Since SLy;(R) C H = glﬁlgl_l, &1 W is also SLy (R)-invariant. Since SLy4 (R) acts triv-
ially on Vi, for any g € SL;(R) we have

gUu—u = gup —uUp € Vphys.

We can find g € SL;(R) such that gu,, # u,, and hence &1 W N Vinys is nontrivial. Since
SLg4 (R) acts irreducibly on Vppys, Vphys C 81 W . This contradicts the conclusion of (a). =

Theorem 3.5 (Morris). Let n > d > 2, and let S be a connected real algebraic group
which is R-almost simple, and contains the image of SLg(R) under the top-left corner
embedding (see (3.6)). Then there are k > d,{ > d and g € SL,(R) such that gSg~!
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is the image of either SLi (R) or Sp,,(R) under the top-left corner embedding, and the
latter can only occur when d = 2.

In this statement, by the ‘top-left corner embedding of Sp,; (R)’, we mean the image
under (3.6), that is, the elements of SLx (R) stabilizing a nondegenerate alternating bilin-
ear form on R2¥. As is well-known, such a form can be taken to be defined by

o(X;, i) = —0(yj. %) = 8ij. 0%, X)) = 0(i. yj) =0
for some basis X1, ..., Xk, V1, ..., vk of R%.
This result was proved by Dave Morris in 2014, in connection with prior work of one
of the authors and Solomon. Namely, the result appeared in an initial arXiV version [46]
(in a slightly different form) but eventually did not appear in the published version [47].
For any k > d, we will refer to the image of SLg (R) under the top-left corner embed-

ding in (3.6) (replacing d with k in that embedding) as the top-left copy of SLi(R).
Clearly, with respect to the decomposition

R" = R¥ @ R*7*, (3.7)

the top-left copy of SL;(R) acts via its standard action on the first summand, and the
second summand is the set of vectors fixed by the action.

Let k be maximal such that S contains an SL, (R)-conjugate of the top-left copy of
SL% (R). To make the ideas more transparent we separate the proof into cases according
to whether k > 3 (the easier case) or k = 2. The proofs in these cases are not independent
—readers interested in the case k = 2 are encouraged to first read the proof for k > 3.

Proof of Theorem 3.5 in case k > 3. We recall the following result of Mostow [34]: If
Gy C --- C G, C SL,(R) are connected reductive real algebraic groups, then there is
x € SL,(R) such that x ! G; x is self-adjoint for every i. That is, if g € x~!G;x, then the
transpose of g is also in x 1 G; x.

Replacing S by a conjugate, we may assume that S contains the top-left embedding
of SLi (R), which we denote by F. By Mostow’s theorem, there is x € SL, (R) such that
x~!Fx and x~!Sx are self-adjoint. Let V be the (n — k)-dimensional subspace of R”
which is pointwise fixed by F. Since SO, (R) acts transitively on the set of subspaces of
any given dimension, there is some & € SO, (R) such that xh(V') = V. After replacing
x with x/h, we may assume that x ! F x fixes pointwise the second summand in the split-
ting (3.7), and x~! Fx and x~!Sx are self-adjoint (because this property is not affected
by conjugation by an element of SO, (R)). We conclude that x ™! Fx = F. Thus, we may
assume that S is self-adjoint and contains F. We will assume that S # F and derive a
contradiction to the maximality of k. Since F' & S are connected, their Lie algebras f, s
satisfy dimf < dims.

For 1 <i,j < n,lete; ; be the elementary matrix with 1 in the (i, j) entry, and all
other entries 0. Write

sl R)=fT@30 X1 DX Y1 D--- P Yx, (3.8)

where
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sl,(R) and f are the Lie algebras of SL,(R) and F, respectively,

3 is the subspace of sl,(R) fixed pointwise by Ad(F), where Ad : SL,(R) —
Aut(sl,(R)) is the adjoint representation,

X; is the linear spanof {e; ; :k+1<j <n},

Y; is the linear spanof {e; ; :k + 1 <i <n}.

Now we denote by A the group of diagonal matrices in F with positive entries. We write
anelementa € A as

a = diag(ar.az, ... ag_1. (@1az---ax—1) "' 1,.... 1), (3.9)
and denote by y; the characters a — a;, where ay := (ay ---ax—;)~'. Since k > 3,
the characters y;, )(i_l are distinct for i = 1, ..., k, and the subspaces X1, ..., Xz and
Y1, ..., Y are the corresponding weight spaces, that is,

o X; ={xesl,(R):Ad(a)(x) = yi(a)x foralla € A},

o V; = {x esly(R) : Ad(a)(x) = x;'(a)x foralla € A}.

We will repeatedly use the fact that if [ is an Ad(A)-invariant subspace of sl,(R), and
v € [ has a nontrivial projection onto some weight space, then this projection is contained
in [.

Since A C S, s is invariant under Ad(A4). Since S is R-almost simple and dim f <
dims, s cannot be contained in { @ 3, and hence s projects nontrivially to some X; or ;.
In fact, since S is self-adjoint, it must project nontrivially to both X; and Y;, for some i.
Since X; is a weight space of Ad(A), we find that X; N s is nontrivial. Conjugating by an
element of I x SO,_x(R), we may assume that s contains the matrix e; x41. Applying
an appropriate element of Ad(SOx(R)) shows that ey x4+1 € s. Then, since S is self-
adjoint, s also contains ey 41 . Therefore, s contains the Lie subalgebra generated by T,
ek k+1, and eg41 k. which is the Lie subalgebra of F’, the top-left copy of SLi4;(R).
Thus S contains F’, contradicting the maximality of k£, and completing the proof in case
k > 3. [ ]

Proof of Theorem 3.5 in case k = 2. In this case we also have d = 2. Arguing as in the
case k > 3 we may assume that S properly contains F, the top-left copy of SL,(R), and is
self-adjoint. Let £ be maximal such that S contains a copy of H := F; x --- x Fy, where
each F, is isomorphic to SL;(R) and there is an H -invariant direct sum decomposition
R*=V1&---® V; & Vpy, where the spaces V1, ..., Vy are two-dimensional, and each
F, acts linearly on V; and trivially on EBS# Vs. By assumption £ > 1, and there is a
conjugation taking H into a top-left copy of SL;(R), where t = 2£ > 2. We replace H
and S by their images under this conjugation (retaining the same names H and S). By
Mostow’s theorem we can assume that H and S are both self-adjoint.
Our first goal is to show that

S is also contained in the top-left copy of SL;(R). (3.10)
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Indeed, in analogy with (3.8), consider the decomposition
sl,(R)=1@3dm, where m=X,@--- X, Y1 P--- DY,

and
[ is the Lie algebra of the top-left SL;(R),
3 is the Lie algebra of the centralizer of the top-left SL,(R),

X; is the linear span of {e; ; : t + 1 < j < n},

Y; is the linear span of {e; ; : t +1 <i < n}.

With this notation, our claim (3.10) is that s C [.
We note that

s does not contain a nonzero element in any X; or any Y;. (3.11)

Indeed, if v € (s N X;) ~ {0}, we could re-index to assume i = 1, and conjugate by an
element of /; x SO,—;(R) and rescale to assume v = e; ;. Since s is self-adjoint, we
also have e, 1,1 € s. Since {1, e;+1,1 and ej ;41 generate a Lie algebra isomorphic to
sl3(R), this gives a contradiction to the choice of k and proves (3.11).

If s ¢ [, using the fact that s is simple and the Lie algebras [, 3 commute, we see
that the projection of s onto m is nontrivial; indeed, if s C [ @ 3 then the kernel of the
projection of s to 3 contains f and by simplicity is equal to s.

Let A’ be the intersection of H with the diagonal subgroup and let a’ be its Lie algebra.
For each odd index i < t, the spaces X; @ Y;4+1 and X;11 @ Y; are weight spaces for
Ad(A’), and hence there is some i such that s N (X; & Yi+1 U X;+1 @ Y;) contains a
nonzero element u. Re-indexing, conjugating and rescaling as in the proof of (3.11), we
can assume u = €141 + D ;5,1 dj€j2, Where the a; are not all zero. By a further
conjugation by an element of I; x SO,_;(R) that fixes ey 41, we can also assume that
aj = 0for j >t + 2, that is, we can write

U=e1+1 +aei+12 + b€z+2,2 with (a, b) 75 (0,0).
Using brackets to denote the commutator [x, y] = xy — yx , we compute
w = [u,[u,e21]] = le1,r+1 + aery12 +bersn2, —€21+1 +aery1,1 + berga ]
=a(ei,1 +e22 —2er41,041) — 2ber12,141

and
2
[w,u] = 3aey;+1 —3a"e; 1,2 — 3abe; 23,

so that
6ae;+1,1 = [w,u] + 3au € s.

It follows from (3.11) that a = 0, and thus s contains ;—gw = €;42,:+1. Since s is self-
adjoint, it also contains e;11 42, and since these two vectors generate a copy of sl (R)
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which is contained in 3, and acts on R” by the standard two-dimensional representation,
we have a contradiction to the definition of £. This proves (3.10).

Since S properly contains F, we have £ > 1. We will now show that s is the Lie
algebra sp(2£, R) of the top-left corner embedding of Sp,,(R). We will begin with the
case £ = 2 as it will make the argument more transparent. That is, up to a conjugation in
SL, (R), we want to show that

s=h®s13Ds1,4D 23D 524, (3.12)
where h = s[(2,R) & s[(2,R) C s is the Lie algebra of H, and

s1,3 :=span(ey3 —es2), S1,4 = span(ey s + e32),

(3.13)
$53 :=span(esz,3 + €4,1), S2,4 = span(ez s —e3,1).
To this end, let
13 := span(e1,3,es2), l14:=span(er4,e32), 3.14)
53 := span(ez,3,€4,1), 12,4 := span(ez4,e3,1)
be the weight spaces for the action of Ad(A’) which are not in . Let
s; =L Ns,
where the indices (i, j) range over {1, 2} x {3, 4}. Our goal is to show that
foralli, j, s}; =si;j. (3.15)
We first show that
foralli, j, dim(gg,j) =1. (3.16)

To this end, note that the ad-action of the off-diagonal elements of § permutes the
spaces [; ; transitively. For example,

li3=1[e12.023], 13 =[es3. [1,4].

and so on. Since eg, €21, €34, €43 € s, this ad-action also permutes the intersec-
tions sg, It and thus they all have the same dimension. If this dimension is O then s = §,
contradicting the fact that s is simple, and if this dimension is 2, then s = s[(4, R),
contradicting the definition of k. We have shown (3.16).

We now claim that

9;/1,3 iseither s;3 = span(e; 3 —e42) or span(ers+ e472). (3.17)

To see this, let u = ae; 3 + bes s € 5/1’3 ~ {0}. By (3.11), a, b are both nonzero. Since s
is self-adjoint, v := aes,; + bep 4 € s and hence v € 9/2,4. Also we have

w = [6’2,1, [63,4, M]] = [62’1, —ael 4 + b€3,2] = —aez.4 — b€3,1 € s.
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Since w and v are both nonzero elements of s’2’ 4» by (3.16) they are scalar multiples of
each other and thus there is ¢ # 0 such that w = cv. This forces —a = ¢b and —b = ca
and so ¢ = %1, proving (3.17).

Using the ad-action as before we see that in order to obtain (3.15), it suffices to show
that after a conjugation, we have 5’1,3 = $1,3. Suppose that 9'1’3 = span(ey,3 + €4,2). Then

14 = span([es 4, e1,3 + eq2]) = span(e; 4 —e32),

and we can apply a permutation matrix swapping the indices 3, 4 to obtain

)3 = span(e13 —eq42) = $1.3.

We have shown (3.15), completing the proof in case £ = 2.

Note that for £ = 2 we have only applied one conjugation, namely the one swap-
ping the indices 3, 4. Thus, by induction on £, we see that after a conjugation, we have
the following. For i € {1,....£ — 1}, let SLY (R) be the copy of SL4(R) embedded
in SL,(R) in a 4 x 4 block corresponding to indices 2i — 1, 2i,2i + 1,2i + 2. Let
HY = F; x F;1; C SL‘(‘i)(R) be the corresponding diagonal copies of SL,(R), and let
s be the intersection of s with the Lie algebra of SLii)(]R). Then s is the obvious
embedding of sp(4, R) (namely, the embedding given for i = 1 by (3.12) and (3.13)).
The Lie algebras ) generate sp(2¢, R) (namely, the Lie algebra of the top-left Sp, ((R)).
This implies that H contains Sp,,(R). Since Sp,,(R) is a maximal subgroup among the
connected Lie subgroups of SL,,(R) (see [19]), we must have S = Sp,,(R). ]

3.4. Proof of Lemma 3.2

Since 7 is proper, we have

Hgil =n(Hgi ') = n(Fg1I') = SLa(R)g: L.

Since Hy = g 'H &1, by Theorem 2.4, Hy is the connected component of the identity in
the group of real points of a Q-algebraic group H. From now on we replace F with its
image under 7, i.e., denote F = SL;(R). We also write

F' = gl—ngl, sothat F'T' = H{T.

We need to show that H admits the description given in the statement. We divide the
proof into several steps.

Step 1: H is semisimple. Let U be the radical of H. By Theorem 2.4, it is defined over Q
and unipotent, U = U]‘f{ is the unipotent radical of H , and U is connected [3, 11.21]. Let
V'V be the subspace of R” fixed by U. Since Ug C U is Zariski dense in U (see [3, Cor.
18.3]), we have

VU ={z e R" :uz = z forall u € Ug}.

Thus V'Y is defined over Q.
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Furthermore, since every unipotent subgroup can be put in an upper triangular form,
V'Y £ {0}, and is a proper subspace of R” unless U is trivial. Since U is normal in H 1, the
space V'V is Hj-invariant, and thus by assumption (irred), V'Y is not a proper subspace
of R”. It follows that U is trivial, and hence H; is semisimple. Therefore so is H.

For a group M and normal subgroups My, ..., My, their product is the subgroup

HM~ ={my---mp :m; € M, i =1,...,k}.

Note that [] M; is also normal and does not depend on the ordering of the M;. Let ko
be one of the fields Q or R. Recall that an almost direct product is the image of a direct
product under a homomorphism with finite kernel (that is, isogenous to a direct product).
A semisimple ko-group is an almost direct product of its kg-almost simple normal sub-
groups, and such a decomposition is unique up to permuting the ko-almost simple factors.

We write H in two ways: as an almost direct product of its R-almost simple factors S;,
and as an almost direct product of its Q-almost simple factors T;, and let S; and T}
denote respectively the connected component of the identity in the group of R-points
of S; and T;. Since every T, can be further decomposed into R-almost simple factors,
and since these decompositions are unique, the decomposition of H into the S; refines
the decomposition of H into the T;. In other words, there is a partition of the S; into
subsets such that each T; is a product of the S; in one subset of the partition. Then H;
is the product of the S;. For h € H,, we can write h = hy --- h;, where h; € S;, and if
h = h} --- k), is another such presentation, then for each i, h’h;! belongs to the finite
center of H;.

Step 2: F’ is contained in one of the S;, and H is Q-almost simple. The second asser-
tion follows from the first one. Indeed, by re-indexing, let S and 7; denote respectively
the connected component of the identity in the real points of the R- and Q-simple factors
containing F’. Then S; C T; and T; does not properly contain the real points of any Q-
subgroup containing Sy, and by the last assertion of Theorem 2.4 we find that H; = Tj.

Turning to the first assertion, let Z(H;) denote the center of Hy, for each i let S/ be
the quotient group H,/(Z(Hy) - [] i Sj), and let F/ denote the image of the projection
of F'to S]. Let

Hy = 1_[ Si, where J :={i: F/isnontrivial}.
ied
Note that ig € 4 if and only if for any subset ' C F’ which generates a dense subgroup,
there is /' € ¥’ which can be written as a product of elements f;" in S;, where f;/ is not
central in S;,. Clearly F' C H>, and our goal is to show that H is equal to one of the S;,
or in other words that #4 = 1. Also, for i € J, F/ is isogenous to SL4 (R).

Recall that a representation of a group H on a vector space V' is isotypic if V is the
direct sum of k € N isomorphic irreducible representations for H, where k is referred
to as the multiplicity. We will also use the term H -isotypic if we want to make the
dependence on H explicit. A linear representation of a semisimple group has a unique
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presentation as a direct sum of isotypic representations (up to permuting factors). Let
Vp/hys = gl_l(Vphys) and V= gl_l(Vim). Then the decomposition R” = Vp’hys @V, is
the decomposition of R” into F’-isotypic representations, and the action of F’ on V]D’hys is
irreducible. In particular, the multiplicity of the representation on Vp'hys is equal to 1.

Let V1 @ --- @ V; be a decomposition of R” into H,-isotypic representations. Since
F' C H,, each Vy is F’-invariant, and decomposes further into isotypic representations for
F’. Since Vp’hys is an isotypical component of F’ of multiplicity 1, Vp'hys is contained in one
of the V. By renumbering we can assume Vp/hys C V1. Since F’ acts on Vp/hyS irreducibly,
the action of H, on Vj is irreducible, and the H,-isotypic component associated to V;

has multiplicity 1. Since F" acts trivially on V;, , which is a complementary subspace to

Vp/hys, the action of F’ on each Vj is trivial for £ = 2, ..., 1, that is,
t
F' C () ker(Hzlv,). (3.18)
=2

The right-hand side of (3.18) is a normal subgroup of H>, and thus a product [ [; g Si for
some d C J. By the assumption that F; is nontrivial for eachi € 4, we must have § = d,
that is, the group on the right-hand side of (3.18) must coincide with H,. This means that
for £ > 2, the V are trivial representations for H»,, and hence of S; for eachi € d.

Let ¥’ denote the elements of F’ whose eigenvalues on Vp/hys are all real, distinct from
each other, and not equal to 1. Since these conditions are invariant under conjugation and
F'is simple, ¥ generates a dense subgroup of F’. Write f” as a product of elements f;',
where f; € S;. Then the elements f; commute with each other and with f”. Thus each f;
fixes the eigenspaces for f” and hence each f; preserves the eigenspace decomposition
of the action of /' on R”. In particular, f;" preserves V|, foreachi € J.

Re-indexing if necessary we can assume that 1 € 4, and suppose towards a contradic-
tion that there is ig € 4 ~ {1}. There is ' € ¥’ such that, when writing f” as a product
of elements f;' € S;, f{ acts on Vi, - with infinite order (this property does not depend on
the presentation of f as a product of the f;'). Then the action of f] on Vp’hys preserves an
eigenspace V', withd' := dim V' <d =dim V}, . Since the action of S;, commutes with
the action of f{, the space V" is preserved by S;,, and hence by fl:) . The group generated
by all such elements fl:) is isogenous to F/O and hence to SL;(R). Thus, it has no non-
trivial representations on any d’-dimensional real vector space, for d’ < d. This implies
that the action of S;, on V'’ has an infinite kernel, but since S, is simple, the action of S
on V'’ must also be trivial.

So the space

V" := span Sy (V') C span S1 (V) C Vi

hys

is acted on trivially by Sj, for any ig € 4 ~ {1}. In particular, V" is H,-invariant. By the
irreducibility of the H»-action on Vi, this means that V; = V", and therefore Si, acts
trivially on V7. It follows that Fl’( , acts trivially on V1 for each i € 4 ~ {1}. Since S;, acts
trivially on Vj for all iy € 4 and all £ > 2, we see that in any decomposition of ' € F’,
all the elements f;' for i > 2 act trivially on R”. That is, = {1}.
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Step 3: Restriction of scalars, in explicit form. Since H is Q-almost simple, it is
obtained by restriction of scalars from an absolutely almost simple algebraic group
defined over a number field K — see [5, 6.21] for a proof. We will re-prove this result
in our setup, obtaining more information about the embedding of H; in SL, (R).

Using Step 2 and re-indexing, let §; = (S1)p be the connected component of the
identity in the R-almost simple group containing F’, and set G := S;, G := S;. It follows
from [5, §2.15b] that G is Zariski connected, which implies via [3, Cor. 18.3] that G is
Zariski dense in G. From Theorem 3.5, we only have two possibilities for G, and its
Zariski closure is a conjugate of either SLy or Sp,,. Hence Gr is a conjugate of SLg (R)
or Sp,,(R). In particular, G is actually C-almost simple. Since H is defined over Q, the
C-almost simple factors of H are defined over a finite extension of Q; this is well-known
(see e.g. [5, §2.15b]) but we were unable to find a suitable reference, so we sketch the
argument. The group H has a maximal torus which is defined over Q and split over a
finite extension I of Q by [3, §8, §18]. For each root «, the group G4, which is the
centralizer of the connected component of the identity in ker «, is defined over I (see
[3, proof of Thm. 18.7]). The groups G, generate H [3, §14] and each C-almost simple
factor either contains G, or intersects it trivially. Thus, any C-almost simple factor S can
be described as the elements commuting with all the G, not contained in S. In particular,
the C-almost simple factors are defined over L.

Replacing L if necessary with its Galois extension, suppose that IL is the smallest
Galois extension of Q such that all C-almost simple factors of H are defined over L.
Let Gal(IL/Q) denote the Galois group of 1L, which we can think of explicitly as the
group of field automorphisms of IL. If V C A" is an affine variety defined over L then for
any o € Gal(L/Q) there is a new affine variety, which we will denote by ?V, obtained
by acting on the coefficients of the defining polynomial equations, and o acts on the
points of L.” by acting separately on each component. The assignments V +— °V and
o : L — L are compatible in the sense that for x € I.”?, x € V, ifand only if 6 (x) € VL.
Moreover, if V is defined over L, then it is defined over Q if and only if °V =V for every
o € Gal(IL/Q); this follows from the more general fact (see [3, §AG12-AG14]) that if I/
is a number field then V is defined over L’ if and only if for any o € Gal(Q/Q) such that
ol = Id we have “V = V, where Q denotes the algebraic closure of Q.

Let D denote the number of C-almost simple factors of H, or equivalently, the number
of IL-almost simple factors of H. The action of Gal(IL/Q) permutes these factors, and this
permutation action is transitive since H is Q-almost simple. Thus, the subgroup

A:={0e€Ga(L/Q):°G = G}

is of index D in Gal(L/Q), and the C-almost simple factors are the (distinct) images
of G by elements o1, ...,0p € Gal(L/Q), where the o; are coset representatives of
Gal(L/Q)/A.
Let
K:={xelL:VoeA, o(x)=x}.



Classification and statistics of cut-and-project sets 3601

Complex conjugation z > Z induces an automorphism of IL belonging to A since G is
defined over R, hence we see that K C R. By the Galois correspondence, deg(K/Q) = D
and

A ={o € Gal(L/Q): Vx €K, o(x) = x}.

We claim that G is defined over K, and G is not defined over any proper subfield of K.
Indeed, if 0 € Gal(Q/Q) satisfies o|g = Id, then o|r, € A and hence °G = G. Fur-
thermore, if G were defined over a proper subfield K’ & K, then its stability group A’
would be of index D’ < D and therefore the collection {°G : o € Gal(L/Q)} would have
cardinality D’.

We will show that H is isomorphic (as a Q-algebraic group) to Resk /g (G). Moreover,
we will show that the given inclusion H < SL, is, up to a conjugation in SL, (R N Q),
the matrix presentation described in §2.4. By Theorem 3.5, G is, up to a conjugation
in SL, (R), either the top-left copy of SLi(R) or the top-left copy of Sp,x (R) for some
k > 2 (and the latter can only arise when d = 2). In the remainder of the proof we will
refer to these two cases as the SLi case and the Sp,;, case.

We know that G is conjugate in SL, (R) to the top-left copy of SLg(R) (in the SL
case) or Sp,; (R) (in the Sp,;, case). Therefore there is a G-invariant subspace V' C R”, of
dimension k (in the SLy, case) and 2k (in the Sp,; case) and a complementary subspace V
such that R” = V & Vj, the action of G on V is irreducible, and Vj is the subspace of
G-fixed vectors in R”. We claim that we can recover V' explicitly as

V =span{gx —x:g € G, x € R"}. (3.19)

Indeed, denote the right-hand side of (3.19) by W. We clearly have W C V, and for the
reverse inclusion, it is enough to show that W is G-invariant. To see this, let go, g € G
and x € R”. Then

go(gx — x) = goggy ' gox — gox = g'x’ — X',

where g’ = goggy Vand x’ := gox. This shows that the generators of W are mapped to
W by any gog € G.
From (3.19) and since G is defined over K C R, we deduce that V' = VR for a subspace
V C A" defined over K. Clearly Vy = (Vo)Rr for a subspace Vy which is also defined
over K. Arguing as in (3.19), but using F” in place of G and V}j, - in place of V', we have
Vinys = span{f’x —x: f" € F', x € R"}, and therefore V) - C V.
We can think of Vg as a Q-linear subspace of Q”, and can discuss the action
of Gal(Q/Q) as before. We find that (G;)g preserves the decomposition Q" =

% Vg @ (% Vo)g- We claim that

D
Q" =P Vg (3.20)

i=1
To see this, let W denote the vector subspace of A” spanned by | J; V. Since it is
Gal(Q/Q)-invariant, it is defined over Q. Since V- = g7 Vonys and Z" = g &4,

Lemma 3.4 implies that Vp’hys is not contained in any proper rational subspace_of R”,
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This implies that Wr = R” and thus W = A”. The groups G; commute, and %V is
a G;-isotypic component of multiplicity 1. For each pair of distinct i, j, each g € G;
defines an intertwining operator for the action of G;, and thus by Schur’s lemma (see
e.g. [23, Cor. 4.9]), the action of G; on %V factors through an abelian group. Since
G; is simple, this means that each G; acts trivially on %V for j # i. In particular,
%V N Zﬁéi 9%V = {0}, and we have shown (3.20).

It follows from (3.20) that R” is the space of R-points of Resk/q (V). Write D =
r 4+ 2s asin §2.4. Since dim %V = dim %V for every i # j, we see that H; is realized
explicitly in r + s blocks. For real embeddings 0;,i = 1,. .., r, we find that the dimension
(over R) of %/ Vg is k (in the SLj case) and 2k (in the Sp,; case), and for 0,4, j =
1,...,s, which are nonconjugate complex embeddings of K we have that the dimension
(over R) of r+/ V¢ is 2k (in the SL case) and 4k (in the Sp,;, case). Putting this together
we see that n = Dk (in the SLy case) and n = 2Dk (in the Sp,, case), and the embedding
of Hy in SL, (R) is the one given in (2.6), where ¢ : SLy — SLy is the identity map (in the
SLg case), and ¢ : Sp,; — SLy is the natural embedding (in the Sp,, case). In particular,
we have proved that H = Resg /@ (G), with the explicit form of restriction of scalars given
in §2.4.

Step 4: G as a K-group. It remains to identify the K-isomorphism type of G. We proved
in Step 3 that K C R, the decomposition R” = V & V} into G-invariant subspaces is
defined over K, and there is a conjugation in SL,(R) sending G to the top-left corner
embedding of SL (R) or of Sp,; (R) (as defined after the statement of Theorem 3.5). We
now show that as a K-group, G is K-isomorphic to either SLi or Sp,y.

Consider first the SLy case. Let W @& W = C* @ C"~* (whose real points we used
in (3.7)), and note that both subspaces are defined over K. Since V, V¢ are K-subspaces,
we can find g € SL,(K) such that gV = W, gVy = Wy, and hence G’ = gGg™! is
contained in the top-left corner embedding of SLy. In particular, the groups G and G’ are
K-isomorphic, and G, is R-isomorphic to the top-left SL; (R). Let G” = SL(W) = SLg
(top-left corner embedding) considered as a K-group. Then Gy, is also R-isomorphic to
SLi(R), and thus G’ and G” have the same dimension (as algebraic varieties). Since
G = gGkg™! C G, there is a K-embedding G < G”, and since these groups have the
same dimension and are Zariski connected, G and G” are K-isomorphic.

Now consider the Sp,; case. We have shown that dim V' = 2k is even, and we adjust
the definitions W @ Wy = C2* @ C"~2*. We let again g € SL,(K) be the conjugating
element sending G to G’ = gGg~' C SL(W). Then G} is R-isomorphic to Spy; (R),
that is, there is a nondegenerate alternating bilinear form @ on W such that Gy, is the
group of all R-linear transformations of W preserving @. Note that @ is R-bilinear and
takes values in R. We claim that there is a form o’ which is defined over K on W (that
is, takes values in K when evaluated on elements of Wi ), so that G]’R is contained in the
group of R-linear transformations of W preserving w’. Once the claim is proved, we will
know that there is a K-embedding G < Sp(W, w’) (the group of linear transformations
of W preserving w’) which will be an isomorphism by dimension considerations as in the
preceding case, thus proving that G is K-isomorphic to Sp(W, »’) = Sp,y.
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To prove the claim, consider the collection /\Z(W*) of alternating bilinear forms
on W. This collection is a linear space, and the nondegenerate forms form a Zariski open
subset (since nondegeneracy is equivalent to the nonvanishing of the determinant of the
Gram matrix of the form). Since G’ is a K-group, the subspace /\*(W*)€ of G/-invariant
forms is a K-subspace, which is nonempty since its collection of R-points contains w.
Since K-points are Zariski dense in K-subspaces, we find that there are nondegenerate
symplectic K-forms which are G’-invariant.

Finally, the proof of Theorem 3.5 shows that in the symplectic case, the space

Vs = R? is spanned by two vectors X, j satisfying w(¥, ¥) = 1; that is, §Vohys 18
a symplectic subspace for w. (We recall at this point that V]D’hys = gl_1 Vonys C V, g is the

conjugation mapping V to W, and w is the real symplectic form on W induced by the
isomorphism of G >~ Sp,; (R) from Theorem 3.5.)

Write w as a linear combination of forms w’ which are defined over K and G’-
invariant. Since w (X, y) # 0, there has to be some @’ € (/\Z(W*)G/)K for which @’(X, y)

# 0. This shows that Vp’hys is a symplectic subspace of V under the form induced by ’. =

Remark 3.6. In the symplectic case, Step 4 also shows that there is a symplectic form on
the entire space R” that is preserved by the entire group H;. Indeed, the form w’, which is
symplectic and defined over K, can be ‘pushed’ using the field embeddings o; to induce
symplectic forms on the spaces % V. We will not be using this fact and we leave the details
to the reader.

4. An intrinsic description of the measures arising via V¥,

The following result shows that all RMS measures arise via the map W.. For a given
constant ¢ > 0, we denote by p. : €(R?) — € (R?) the map induced by the dilation
by c, thatis, p.(F) = {cx : x € F}.

Theorem 4.1. Let F be as in (3.1) and embedded in G via the top-left corner embedding.
For any ergodic F -invariant Borel probability measure . on € (R?) which assigns full
measure to irreducible cut-and-project sets, there is an irreducible cut-and-project con-
struction with R" = Vipye @ Ving, Tphys» Tine, W and with W as in (2.1), a constant ¢ > 0,
and an F -invariant ergodic homogeneous measure ji on %, such that jL = pc« VL. For

vol(W)\ /™
= (Bm) @b

where D(A) is the density of A as defined in (1.10).

n-a.e. A we have

We will split the proof into the linear and affine cases.

Proof of Theorem 4.1, affine case. Suppose i is ASL; (R)-invariant and F = ASLy4 (R),
and let {g,} be a one-parameter diagonalizable subgroup of SL; (R) C F. By the Mautner
phenomenon (see [9]), the action of {g;} on (¥ (R?), 11) is ergodic. Thus, by the Birkhoff
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pointwise ergodic theorem, there is a subset Xo C €' (R%) of full ;-measure such that for
all A € Xy we have

1 (T
7/0 (gt)*(sAdlmM-

Since the function A — D(A) is measurable and invariant, we can further assume that
the value of D(A) is the same for each A € Xj.

Let U, 2, my be as in Theorem 2.5. Then by Fubini’s theorem, and since u is U-
invariant, we have

1
my (2)

1
B /[mU(Q) /;2 lXO(uA) dmu(u):| dM(A),

where 1y, is the indicator function of Xy. Thus the inner integral on the right-hand side
is equal to 1 on a subset of full measure; i.e., there is X; C %(Rd) of full measure such
that for every A € X; we have uA € X, for my-a.e. u € 2. This implies that for A € X;
we have

1= pu(Xo) =

/Q (™ Xo) dmy ()

1 T
7| [ easn dmotoar — n. (42)
0 Q T—o00

Let A € X; be an irreducible cut-and-project set, that is, A = W (L), where &£ is a grid and
W is defined using data d, m, n, Vonys» Vine, W satisfying (D), (I), (Reg). We can simulta-
neously rescale &£, the window W, and the metric on Vs by the same positive scalar, in
order to assume that £ € %;,. Namely, set ¢; := covol(é‘i)_l/”, sothat £1 ;=1 £ € %,
satisfies

1
A=AELW)=—AE1,aW).
C1

Now solving for ¢ = 1/c¢y in (1.10) gives (4.1).
Define a sequence of measures nr on %, by

1 T
nr = ?/ /(gtu)*&ff dmy (u)dt.
0 Q

That is, the measures 17 are defined by the same averaging as in (4.2), but for the action
on %, rather than on % (R?). By (3.2), their pushforwards under ¥ are the measures
appearing on the left-hand side of (4.2). By Theorem 2.5 we have n7 — i as T — oo for
some homogeneous measure & on %,. By Theorem 3.1(i), jt is invariant under translation
by any element of R”, and in particular any element of V;,,. Hence, by Corollary 2.2, ji is
a continuity point of the map W,.. By (4.2), W.nr — 1 and by continuity, © = Wyfi. =

For the case in which u is SLy (R)-invariant but not ASL; (R)-invariant, we will need
the following result:
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Lemma 4.2. With the notation of Theorem 3.1, let
H| =g H'g!

(so that H{ = H in the linear case and H{ is a Levi subgroup of H in the affine case),
and let v be a nonzero vector in £ 1. Then the orbit of v under the linear action of H is
an open dense subset of R".

Proof. Write v = gyu for u € Z" ~ {0}. It suffices to show that the orbit H'u is open
and dense in R”. The linear action of H’ on R” factors through the group H; so we may
replace H' with H;.

The action of SLg(R) on R¥ has the property that the orbit of every nonzero vector
is dense. The same is true for the action of Sp,; (R) on R?¥ (since any vector can be
completed to a symplectic basis), for the action of SLi(C) on C*¥ ~ R2¥ and for the
action of Sp,;(C) on C2k ~ R**_ By Step 3 of the proof of Lemma 3.2, H, is the
product of groups G;, and we have a direct product R” = @/X$ V;, with the following
properties:

e Fori =1,...,r we have areal field embedding 0;, and V; = 6 (V)g; fori =r +1,...,
r + s we have representatives o; of pairs of complex embeddings, and V; = o(V)c.

e Fori =1,...,r wehave G; =0;(G)r and fori =r + 1,...,s we have G; = 0;(G)c.

e In the SLj case (resp., the Sp,; case), V; is isomorphic to R¥ (resp., R2k) with the
standard action.

e The action of G; on V; is obtained from the action of G on V; by applying o;. In partic-
ular, for real embeddings it is isomorphic to the standard action of SL (R) or Sp,; (R),
and for complex embeddings it is isomorphic to the standard action of SLz(C) or
Spax (C).

Thus, it is enough to show that for any u € Z" ~ {0}, and for any field embedding o;

of K, the projection u; of u to the factor corresponding to o; is nonzero.

Suppose to the contrary that u; = 0 for some j, and let a € SL, (R) be a diagonaliz-
able matrix such that a acts on the £-th factor of R” corresponding to the field embedding
oy as a scalar matrix Ay - Id, where the A, are positive real scalars satisfying

o>l A<l fori#j. [Jre=1
14

That is, a belongs to the centralizer of H' in SL,(R), and a'u — 0asi — oo. This implies
by Mahler’s compactness criterion that the sequence a’ Z" is divergent (eventually escapes
every compact subset of Z},). In particular, the orbit of the identity coset SL,,(Z) under
the centralizer of H’ is not compact. From this, via the implication 3 = 2 in [12, Lemma
5.1], we see that H' is contained in a proper Q-parabolic subgroup of SL, (R), and hence
(see e.g. [4, §11.14]) leaves invariant a proper QQ-subspace of R”. This is a contradiction
to (irred). ]
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Proof of Theorem 4.1, linear case. We repeat the argument given for the affine case. The
only complication is in establishing

nt — 0 implies Wenr — Wi,

as in the last paragraph of the proof. In the proof for the affine case, this was obtained
from Corollary 2.2, which shows that i is a continuity point for the map W, using the
fact that & is invariant under translations by elements of Vj,. In the linear situation ft no
longer has this continuity property.

To overcome this difficulty we argue as follows. We note that if

PEEL € D 2 min (L) NOW # 0}) =0 (4.3)

then Corollary 2.2 can still be applied to show that fi is a continuity point for W,. Thus,
we can assume from now on that (4.3) fails. Since supp ft = H £, this implies that the
Haar measure m g of H satisfies

myg(h € H : myn(hy) NOW # @}) > 0. 4.4)
Since £ is countable, there must be some v € £; such that
mua({h € H : min(hv) € OW}) > 0. 4.5)

By Lemma 4.2, there is a unique element v; € R” which is fixed by H (namely
v; = £1(0)), and for any v # vy, the orbit of v under the action of H is an open dense
subset of R”. In particular, if v # v; then the map & + hv sends mpg to an absolutely
continuous measure on R”, and for such v (4.5) cannot hold by (Reg).

Thus, we must have v = vy. In this case hv = v and 7wy (hv) € dW forall h € H.
By examining the proof of Proposition 2.1, we see that the map

H —> ¢[R?), h— V(hy),

is still continuous at any point outside a set of zero measure; namely, the set of & for
which there is v # v; such that my, (hv) € dW. Furthermore, the measure ft and the
measures 77 are all supported on the orbit H £7. Thus, we can apply the argument prov-
ing Corollary 2.2 to see that the restriction of W, to measures supported on the orbit H £
is continuous. This is sufficient to conclude that W.nr — Wyt as T — oo. ]

Remark 4.3. Theorem 4.1 remains valid when one considers other topologies (and poten-
tially, Borel structures) on %(Rd), as is done for example in [28, 49]. Thus, in the ter-
minology of [49], the theorem is valid if i is a Siegel measure giving full measure to
cut-and-project sets. Indeed, the only properties of the topology on %’ (R?) used in the
proof are the validity of Corollary 2.2 (in the affine case) and Proposition 2.1, and the
arguments deriving Corollary 2.2 (in the linear case). These topological ingredients are
easily seen to hold for the vague topology used in [28,49]. For example, for the analogue
of Proposition 2.1, see [28, Lemma 5.14].
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5. Some consequences of the classification

With Theorem 3.1 in hand it is easy to obtain explicit descriptions of RMS measures
in low dimensions. Recall that we refer to the unique ASL, (R)-invariant probability
measure on %, and the unique SL,, (R)-invariant probability measure on 2, as the Haar—
Siegel measures.

Corollary 5.1. With the notation above, suppose that dim Vpyys > dim Viy.. Then the only
affine RMS measure is the one for which ji is the Haar-Siegel measure on %;,, and the
only linear RMS measure is the one for which [i is the Haar-Siegel measure on 2.

This re-proves a result stated without proof in [26, Prop. 2.1].

Proof of Corollary 5.1. In our classification result, there is k € {d,...,n} and D =
deg(K/Q) such that » = Dk in the SL; case and n = 2Dk in the Sp,; case. Since

k>d =dimVyy >dimViy =n—-d >n—k, (5.1)

we obtain k > (D — 1)k in the SLi case and k > (2D — 1)k in the Sp,; case. This is
only possible if D = 1 and we are in the SL; case. That is, the only possible case is
H’ = SL, (R), and this gives the required result. |

We extend Corollary 5.1 to the case of equality:

Corollary 5.2. With the above notation, suppose that | is not one of the Haar—Siegel
measures mentioned in Corollary 5.1, and suppose dim Vypys = dim Viy. Then either d =2
and H' = Sp,(R), or d > 2 and there is a real quadratic field K such that H' is (the
group of real points of ) Resk /@ (SLg).

Proof. 1f the strict inequality in (5.1) becomes nonstrict, it is also possible that H' =
Resk/@(SLy) and K is a real quadratic field, or K = Q, d =2and H' = Sp,(R). =

As shown by Pleasants [36], an example of a cut-and-project set associated with a real
quadratic field as in Corollary 5.2 is the vertex set of an Ammann—Beenker tiling, in which
case the associated field is K = Q(+/2). Similarly, as discussed in [26, §2.2], the Penrose
tiling vertex set can be described as a finite union of cut-and-project sets associated with
the real quadratic field Q(+/5).

We record the following trivial but useful fact.

Proposition 5.3. For any affine RMS measure i, one can assume the window W contains
the origin in its interior.

Proof. Let W be the window in the construction of the RMS measure . By (Reg), let
Xo € Vin be a point in the interior of W. By Theorem 3.1 (i), the measure ji is invariant
under translations by the full group R” of translations, and in particular by the translation
by xo. So we can replace any £ € %;, by £ — xo without affecting the measure ji. But
clearly for x¢ € Vi we have

AL, W) = AL — X0, W — X0).
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So the measure © can be obtained from j by using the window W — x,, which contains
the origin in its interior. ]

Recall that we have an inclusion
t:SL,(R) = ASL,(R), (g) =(g,0,),

i.e., t(SL,(R)) is the stabilizer of the origin in the affine action of ASL,(R) on R”.
This induces an inclusion t : 2, — %}, and these maps form right inverses to the maps
appearing in (3.3):

motr=Idg,r), mol=Idg,.

In the linear case, we can use these maps to understand the measures jt on %, appearing
in Theorem 3.1 in terms of measures on Z,:

Proposition 5.4. Let F = SL;(R), embedded in ASL,(R) via (2.3), and let i be a
measure on %, projecting to a linear RMS measure on €(R?); i.e., ju is F-invariant
and ergodic, and not invariant under ASLy(R). Let H, £1 be as in Theorem 3.1. Let
F := 7(F). Then one of the following holds:

(i) We have supp i C ((Zy) and 7t |spp i is a homeomorphism which maps ji to an F -
invariant ergodic measure on %Z. In this case H is contained in G := ((SL, (R)),
ie, H=10n(H).

(i) We have ji(i(Zy)) = 0, and there are Dy, D> € N such that 1t |pp i is a closed map
of degree D1, and for every £ € supp i there is a lattice £’ € %2, depending only
on (L), such that £’ contains 7 (L) with index [£' : w(£)] = D,, and such that £
is a translate of (L) by an element of £'.

Proof. The set ((Z;) C %, of lattices is clearly F-invariant, so by ergodicity is either
null or conull for the measure f. If it is conull then 1(.Z;) is a closed subset of full
measure, i.e., supp it C t(%£5). Since 1 is a right inverse for 7, we know that 77 |sppz is @
homeomorphism. Furthermore, since we have a containment of orbits

HEy =suppft Ci(Zy) =GZ" =G,

and the groups H, G are connected analytic submanifolds of G, we have a containment
of groups H C G. This proves (i).

Now suppose (1(Z5)) = 0, and let H, £ be as in the statement of Theorem 3.1, so
that suppji = HE,.Let T" := ! (z(&£)) be the orbit of £ under translations. Since
we are in the linear case, H is transverse to the group of translations R” which moves
along the fibers of m, and since H £; does not accumulate on itself and T” is compact,
the intersection 2 := T" N H £, is a finite set. Then by (3.4), for any £ = hL € supp i
we have

hQ =a (@ (L£) N HL,

and thus the map 7 |supp 7 has fibers of a constant cardinality D := |€2].
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Now denote
F1:={h€Hih:€1=$1}, Fz:z{hEHihQZQ}.

By equivariance we have I'y C I'; and the index of the inclusion is D; since I'; acts
transitively on €2. The bijection

R"/x(£1) > T", xmodzx(£y) > x+ £,

endows T" with the structure of a real torus, whose identity element corresponds to £;.
In these coordinates I'; acts by affine maps of T”, but I'; acts by toral automorphisms,
since it preserves £;. Thus, Q is a finite invariant set for the action of an irreducible
lattice in a group acting &£1-irreducibly on R”, and thus by [16] consists of torsion points
in T". That is, there is ¢ € N such that they belong to the image of é -£1in T". By
equivariance the same statement holds, with the same ¢, for 2£; in place of £;. Thus,
the second assertion holds if we let £’ = é - £, D, =q". [

Example 5.5. It is possible that in case (ii) we have supp it N 1(%2,) # 9. For example,
take n = 3, d = 2, and let f be the translation f(x) := x + %e3, where e is the unit
vector in the third axis. Let H be the conjugate of SL3(R) by f and let £; = f(Z3).
Then F C H and H £, is a closed homogeneous orbit. Since £1 ¢ 1(23), the corre-
sponding homogeneous measure does not satisfy (i). But one can check that the lattice
spangy (eq, 2ez, %e3) is contained in H £y, thatis, HL; N1(Z3) # 0.

6. Integrability of the Siegel-Veech transform

In this section we prove Theorem 1.2. Let i be an RMS measure and let g, Hy, £1 =
g1Z" be as in Theorem 3.1. Recall that the function f defined in (1.3) is defined on
supp u. Also let 7 : ASL,(R) — SL,(R), = : %, — Z,, Hy = n(H;) be as in §3.2.
Let I'y := Hy N ASL,(Z) and 'y := H; N SL,(Z) be the Z-points of H; and H;, and
let X; := Hy/Ty and X := H;/I';. We will use the results of §3.2 to lift fto a func-
tion on Xj, and show that it is dominated by the pullback of a function on X;. For the
arithmetic homogeneous space X; we will develop the analogue of the Siegel summation
formula and its properties. Specifically, we will describe a Siegel set @ C H;, which is
an easily described subset projecting onto X, and estimate the rate of decay of the Haar
measure of the subset of & covering the ‘thin part’ of X;.

6.1. Reduction theory for some arithmetic homogeneous spaces

We begin our discussion of Siegel sets. For more details on the terminology and statements
given below, see [4, Chaps. 11-13].

Let H be a semisimple QQ-algebraic group, let P be a minimal Q-parabolic subgroup,
and let H = Hg. Then P = Pg has a decomposition P = M AN (almost direct product),
where
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e A is the group of R-points of a maximal Q-split torus A of P;
e N is the unipotent radical of P;

e M is the connected component of the identity in the group of R-points of M, a maximal
Q-anisotropic Q-subgroup of the centralizer of A in P.

Furthermore, H = K P for a maximal compact subgroup K of H.

As in §2.4, we think of H as concretely embedded in SL;,, (R) for some ng € N, where
we take this embedding to be defined over Q for the standard Q-structure on SL,,,(R). Let
a and n denote respectively the Lie algebras of A and N, let ® C a* denote the Q-roots
of H and choose an order on ® for which n is generated by the positive root-spaces.

Every element of H can be written in the form

h=kman (keK, meM,ac A, neN), 6.1)
and one can express the Haar volume element d/ of H in these coordinates in the form
dh =dkdmdn po(a)da, (6.2)

where dk,dm, dn, da denote respectively the volume elements corresponding to the
Haar measures on the (unimodular) groups K, M, N, A, and

po(a) = |det(Ad(a)|n)| = exp(2p(X)). (6.3)

where ¢ = exp(X) and p is the character on a given by p = % Y weat Cae, for @ the
positive roots in @, and ¢, = dim f,. We note that this formula for Haar measure is
well-defined despite the fact that the decomposition (6.1) is not unique.

Let A C T be a basis of simple Q-roots. For fixed t € R, let

Ay i={exp(X): X €a, Vy e A, x(X) <t}, (6.4)
and for a compact neighborhood w C M N of the identity, let
6[,(1) = KA;(I)

These sets are referred to as Siegel sets, and by a fundamental result, a finite union of trans-
lates of Siegel sets contains a fundamental domain for the action of an arithmetic group;
that is, there is a finite subset Fp C Hg and there are 7, @ such that &; 4, Fy projects onto
H/Tg, where 'y = Hz; equivalently H = &, 4, FoI'y. The sets &, 4, Fy do not repre-
sent I'g-cosets uniquely, in fact the map &, , Fy — H/T'g is far from being injective.
Nevertheless formulas (6.1) and (6.3) make it possible to make explicit computations with
the restriction of Haar measure to ©; ,, Iy, and in particular to show that Siegel sets have
finite Haar measure.

An important observation is that the set | J aed, awa~! is bounded, because of the
definition of M and N and because of the compactness of w. This means that a Siegel set
is contained in a set of the form w’A,, where w’ is a bounded subset of H .
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6.2. The integrability exponent of an auxiliary function on 2,

We will specialize the discussion in §6.1 to the specific choices of H/ 'y that arise in
our application. Let H be as above, let &; ,, be a Siegel set and let Fy C Hg be a finite
subset for which &; , FoI'y = H. Given functions ¢, ¢, defined on H, we will write
@1 < ¢ if there is a constant ¢ such that for all x € &, 4, Fy we have ¢;(x) < cg2(x).
The constant c is called the implicit constant. We will also write ¢; < ¢, if ¢; < ¢, and
@2 < 1. In general these relations on functions depend on the choice of Siegel set (i.e.,
the choice of ¢) and the choice of the finite set Fy, but in the case we will be interested in,
when @1, ¢, are actually lifts of functions defined on H/ 'y, this notion does not depend
on choices.

We now define an auxiliary function, and compute its integrability exponent. Given
a nonzero discrete subgroup &£ C R” (not necessarily of rank n), we denote by
covol(£’) the volume of a fundamental domain for £’ in spang(£’) (with respect to
Lebesgue measure on spang (£’), normalized using the standard inner product on R").
For g € SL,(R) and £ = gZ" € Z,, define

a(g) = a($) := max {covol(£)" 1 : &' c £, £ # {0}). (6.5)

Recall that Xy = H;/T"; is embedded in 2, as the closed orbit X; = H;{Z", and so we
can consider the restrictions of & and & to X; and to H;.

Proposition 6.1. In the two cases G = SLg, G = Sp,y, let p < ro := rankg(G) + 1
(see (1.6)). Then
o€ LP(pn)~L™(w), (6.6)

where  is the Hy-invariant probability measure on X;.

Proof. Let A; = A;(£), i = 1,...,n, be the successive minima of a lattice £, and let
ip = ig(£) be the index for which A;,(£) < 1 < A;,41(£). Then it is easy to see using
Minkowski’s second theorem (see e.g. [7, § VIIL.2]) that (as functions on 27,)

a(L) < (A ---A,-O(x)(cf))_l. (6.7)
As a consequence, for any C C SL, (R) bounded, we have
VueC, aul)=<a(f)

(with the implicit constant depending on C).

Let T denote the diagonal subgroup of SL,(R), let T = Ty and let t be the Lie
algebra of T'. In what follows we will replace T by its conjugate in SL,(Q), where the
conjugate will be conveniently chosen with respect to H; and its subgroups. The reader
should note that the statements to follow about 7" are not affected by such conjugations

in SL, (Q).
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It is easy to check that for the lattice Z" and for a = exp(diag(X1,..., Xn)) € T, we
have A; (aZ") = e%i® where i > (i) is a permutation giving Xia) < < Xj@),and
hence

a(a) = a(aZ") < exp(— Z Xi). (6.8)
X; <0
Furthermore, for an element fy € SL,, (Q) we have A; (a fyZ") = X/, where the implicit
constants depend on fy, and thus &(a) < &(afo).

Recall the notation D = deg(K/Q) from Theorem 3.1. We first prove the proposition
under the assumption D = 1. That is, we have K = Q, H; = SL;(R) and n = k in case
G = SLy, and n = 2k, Hy = Spy; (R) in case G = Sp,;. Now consider a Siegel set for
H = H,, and suppose A; is the corresponding subset of the maximal Q-split torus of Hj.
Since T is a maximal Q-split torus of SL,, (R), by [3, Thm. 15.14], applying a conjugation
in SL, (Q) we can assume that A C T and the order on the roots @ is consistent with the
standard order on the group of characters on t; that is, 4; C Ty for some t’, as can
be observed by an elementary computation (see [4, Ex. 11.15] for a description of A
in the symplectic case). In particular, for a = exp(diag(X;)) € A; we have exp(X;) <
exp(X;41) for j =1,...,n — 1. Then from (6.8), fora € A, and fy € Fy, where Fy is
a finite subset of (H1)g, we have

a(afo) < max_  exP(=p; (X)), (6.9)
where
J
Bi(X):=)_Xi. X =diag(Xy). (6.10)
i=1
Since a Siegel set &; 4, is contained in a set of the form w’A;, where @’ is a compact
subset of H, this implies that
a(kmanfy) < max exp(—p;(X)).
1<j=n—-1

We will first show the following:

(i) For any j, and any X € a for which exp(X) € A;, we have (2p — rof;)(X) < 1.
(i) The number ry is the largest number for which the conclusion of (i) remains valid.
For¢ =1,...,n —1let y; denote the simple roots on t, that is,

xe:t—> R, ye(diag(Xy,..., Xn)) = Xg41 — Xe. 6.11)
In order to show (i), since the yy are bounded above on A;, it suffices to show that if we

write 2p = ) agyeand j =) be] X¢, then rob(J < ay. In order to show (ii) it suffices

to check that there are some j, £ for which equality holds, i.e., robgj ) = ay. This can be
checked using the tables of [6, pp. 265-270, Plates I & III] (note that the restrictions of
the B; to A are the fundamental weights in both cases). Namely, for G = SL; we have

ek —j) ife<j,

ag =Lk —0), rob¥ =
o0 b {j(k—m 0> ).
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and we have the desired inequality, with equality when £ = j.If G = Sp,; we have

. Lk +1) iff < j,
ag = ) roby” =1 jlk+1) if j <<k,
k(k+1)/2 if £ =k, ] )
jk+1)/2 ifl =k,
and again the inequality holds, with equality when £ = j = k.

Now to see that @ € L?(u), since a Siegel set is contained in ' Ay with o’ bounded,
and by (6.2), it suffices to prove that for f, € Fy we have fAt aP(afy)po(a) da < oo.
Using the preceding discussion, if we let a; denote the cone in a with A, = exp(a;)
(where A; is as in (6.4)), and use the fact that da is the pushforward under the exponential
map of dX, we have

/A a?(afo)pola)da <« / m]axeXp(—pﬁj(X))-GXP(Z,O(X))dX

= / maxexp[(g(Z,o —rofBj) + (1 — £)2p)(X):| dX
ar J ro ro
2/ exp[2p(X)]" P/ dX < oo,

where the integral is finite as the integrand is the exponential of a linear functional which
is strictly decreasing along the cone a;. The same computation and (ii) show that we have
the corresponding lower bound fAt a(afo)po(a)da > faz exp(t(X))dX, where T is a
linear functional which is constant along a face of a,. We have shown (6.6) for D = 1.

Now suppose D > 1. Our strategy will be to show that we can repeat the computations
used for the case D = 1, with the only difference being that in some of the formulas, the
characters p and 8; are multiplied by a factor of D. Write G; := °'Gg, let V be as in the
statement of Theorem 3.1, a K-subspace of R”. Let

6.12)

k if G Sy,
2%k if G = Spy.

so that dim V' = ¢. Let A; denote a maximal K-split torus in G, and let a; denote its
Lie algebra. Then, with respect to a suitable basis of Vi, we can write elements of a;
as matrices diag(X1, ..., X;), where )" X; = 0 when G = SL; and X; 1 = —X; when
G = Spyy.

Let B:=Resk,;g(A1), and let A denote a maximal Q-split torus in ;. The dimension
of A; is the number of independent one-parameter multiplicative K-subgroups (mor-
phisms K* — Ay), and, applying restriction of scalars, each such one-parameter group
gives rise to a one-parameter Q-subgroup Q* — B. This implies that B contains a Q-split
torus of dimension equal to dim A . Since the QQ-rank of H is the same as the K-rank of G
(see [5, §6.21 (1)]), the dimensions of these groups coincide. Since all maximal Q-split
tori in H are conjugate in Hg, we can assume that A C B, and by conjugating SL, (R)
by an element of SL, (Q), we can also assume that A C T and the order on the roots ®
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is consistent with the order on the roots of t. We claim that after these conjugations, the
elements of A = Ay are of the form

diag(Xj0), . X Xjo - Xjo ) 6.13)

D times D times

where diag(X1, ..., X;) ranges over the elements of a; in the above-chosen basis, and
i — j(i) is a permutation guaranteeing

exp(Xj)) <K -+ L exp(Xjr))-

We first assume the validity of (6.13), and conclude the proof of the case D > 1.
We will use (6.13) to compare characters on A; with characters on A. First, comparing
the character p appearing in (6.3) for the two groups H;, G, we see that each real field
embedding o;,7 < r, contributes one dimension to the dimension of a root space, and
each pair o0;, 6;, i > r, of conjugate nonreal embeddings contributes two dimensions.
Alternatively: in G the root spaces are one-dimensional and defined over K, since G is
K-split. The root spaces in H; are obtained from the root spaces in G; by applying the
restriction of scalars operation to each one individually. This implies that the character
p for H; is obtained from the corresponding character for G; by multiplication by D.
Similarly, it is clear from (6.13) that the characters f§; appearing in (6.10) for H; are
obtained from the same characters 8; for G, multiplied by D. Thus, the computations
guaranteeing (6.6) for D = 1 imply the same property for general D.

It remains to prove (6.13). Recall that B = Resg /g (A1), which we wish to describe
explicitly using the discussion in §2.4. For y € K’ we define

ay(y) := diag(y1, ..., y:) € A1(K);

that is, these are matrices acting on V' which are diagonal with respect to a K-basis of V,
and the y; satisfy y; 4+ -4+ y; = 0 for G = SL; and y; = —ysx—i+1 for G = Spy;.
Each y € K has a representative which is a matrix in Matpxp (Q). If we take y € Q
then the corresponding representative matrix is the scalar matrix y - Idp. The elements
of B can be considered as ¢ x t matrices, whose entries are elements of Matpxp. In
particular, for y € Q, we get matrices a»(¥) € Mat,x,(Q) which are simultaneously
diagonalizable, with each y; appearing as an eigenvalue D times. That is, up to permuting
the coordinates, the matrices a5 (¥) are as in (6.13), with X; € Q. The map a1 (¥) — a»(¥)
is a polynomially defined group homomorphism. Letting A, denote the Zariski closure
of {ax(¥) : ¥ € Q', a1(y) € A1}, we see that A, is a torus in B whose group of real
points, (Az)R, satisfies the description (6.13), and with dimA,; = dimA; = dim A. Also,
A, is Q-split since the maps a,(¥) — y; are Q-characters. Thus, A, is a maximal Q-
split torus of H, and by the uniqueness of the maximal QQ-split torus in the torus B (see
[4, Prop. 10.6]), we must have A = A,. (See also the related discussion in [35, Example,
p. 54], giving an explicit description of a maximal Q-anisotropic torus in B as a product
of norm-tori.) [
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6.3. An upper bound for the Siegel transform

We will now prove a result implying Theorem 1.2. For a function F on R”, a measure &
on %,, and £ € %, in analogy with (1.3) we denote

> xee~qop F(x) if it is linear,
> xex F(X) if it is affine.
Theorem 6.2. Let i be the H-homogeneous measure on %, as in TheoremAB.l, and let
q = qp be as in (1.5). Then for any F € CE\(R") and any p < q we have F € L (j0).
Moreover, there are F € C.(R") for which F ¢ L9(j).

F(£) = { (6.14)

We will prove Theorem 6.2 separately in the linear and affine cases. In the linear case,
we will first show, using Proposition 5.4, that the Siegel-Veech transform (6.14) can be
bounded in terms of a Siegel transform of a function on Z},. The latter can be bounded in
terms of the function « considered in §6.2.

Proof of Theorem 6.2, linear case. Suppose that fi satisfies (i) of Proposition 5.4, i.e., [t
is supported on 1(%;). Then we can assume that the cut-and-project scheme involves
lattices in %2, rather than grids. Moreover, H = ton(H), g1 = g1, H1 = to n(Hy),
and the function F is a Siegel-Veech transform of a Riemann integrable function on R”,
for a homogeneous subspace of Z;. It is known that the function « defined in (6.5)
describes the growth rate of the Siegel transforms of functions on 2. Namely (see [11,
Lemma 3.1] or [21, Lemma 5.1]), for any Riemann integrable function F on R”, and any
£ e Z,, wehave F (£) « a(£). Furthermore, if F is the indicator of a ball around the
origin then /15(26) > «(L). Thus, the conclusion of Theorem 6.2 in this case follows from
Proposition 6.1.

Now assume that case (ii) of Proposition 5.4 holds. We cannot use Proposition 6.1
since F is a function on %,,. To remedy this, we define for each £ € H £; the lattice
&' = £'(x(&£)) appearing in assertion (ii) of Proposition 5.4, and set

Fa@E)= )  F.
xed!(z(£))~{0}
Then the bounds given in Proposition 5.4 imply that F (&) < F ((&£)), with a reverse
inequality F F (L)) K F (&) for positive F. Since F is the Siegel-Veech transform of a
function on R” with respect to a measure on 2, we can apply Proposition 6.1 to conclude
the proof in this case as well. |

For the affine case, we will need the following additional interpretation of the func-
tion « defined in (6.5).

Proposition 6.3. Let £ € 2, let Ty =T" = 7Y (&£) = R" /&£ be the quotient torus,
equipped with its invariant measure element d £. Then for any ball B C R and any

p > 1 we have
/ IBNEPdE =< a(L)P!, (6.15)
T

where the implicit constants depend on the dimension n, on p, and on the radius of B.
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Proof. Let Aq,..., A, be the Minkowski successive minima of &£. Using Korkine—Zolo-
tarev reduction, let vy, ..., v, be a basis for £ satisfying ||v; | < A; (where the implicit
constants are allowed to depend on the dimension ), and let u; := v; /||v; ||. For a vector §
of positive numbers s1, ..., s, define

Pg = {Zaiui : |ai| < S,'/Z}.

Setting vo = (|[v1]l..... [[vall), we see that Py, = {3 b;v; : |b;| < 1/2} is a fundamental
parallelepiped for £, and we can identify T” with this parallelepiped via the bijection

P;)O—>T”, x> £y =L+ x,

which sends the Lebesgue measure on P, to the Haar measure d vol on T".
Now set
P, :=P: where 7 =(r,...,r).
We can translate B so that it is centered at the origin without affecting the integral
in (6.15), and since there is a lower bound on the angles between the v;, there are r; <
R = r; such that P,, C B C Pp,. Thus, we can replace B with Pr. Furthermore, the
lower bound on the angles between the u; implies

dvol(x) < dxy---dx,, where x = inui.

Writing each vector y € R” in the form y = ), ¢;u;, and reducing each ¢; modulo
[lvill - Z, it is easy to verify that for x € Py, we have:
e if R/2 < |x;| < (JJvi]l = R)/2 for some i, then Pg N £, = @;
o if |x;| < R/2or|x;| = (JJvi]| — R)/2 for all i, then | Pr N L | < 1_[||u,»||<R(R/||Ui||)-

Since
T || [l 7@ (:f:) <o),
I l<r 1V Ai(@)<1
we obtain
/ IBNELIPdE = |Pr N &Ex|? dvol(x) < a(£)? - vol({x € Py, : |xi| < R/2})
T P-

vo

=a@? I lul- [ R=e@? [] 4@ Xa@)?" =
lvill<R llvi >R Ai(£)<1
Proof of Theorem 6.2, affine case. By decomposing F into its positive and negative
parts, we see that it suffices to prove Fel? (p) when F is the indicator of a ball in R”.
By Theorem 3.1 we know that in the affine case, the translation group R” is contained
in Hy, which implies that we can decompose the measure i as

| ewane = [ [ oodvimduw. voeL .
X1 X; JTg

Now the statement follows from Propositions 6.1 and 6.3. The case of equality p = ¢,
follows similarly, taking for F the indicator of a ball in R”. |
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Proof of Theorem 1.2. Let f € C.(R?) and let f be asin (1.3). Let « be an RMS measure
on ¢ (R¥) associated with a cut-and-project scheme involving grids in %,, a decomposi-
tion R” = Vphys @ Vi, and a window W C Viy. Let 1y be the indicator function of W
and let &t be an H-homogeneous measure, supported on the orbit H£; C %, such that
= W, (where we have replaced p by its image under a rescaling map to simplify

notation).

Define
FiR" >R, F(x) = 1y (mm(0) - f(rnys(x), (6.16)

and define F via (6.14). Then it is clear from the definition of ¥ and (1.3) that f (W(L)) =
F(X) provided £ satisfies (I), and, in the linear case, provided all nonzero vectors of &£
project to nonzero vectors in Vpyys; the last assumption is equivalent to requiring that

LEN={L cHL : L N Vi & {O}).

The condition that &£ satisfies (I) is valid for fi-a.e. £ by definition of an RMS measure.
We claim further that in the linear case jt(-N) = 0. Indeed, since & is induced by the Haar
measure of H, otherwise we would have some fixed v € £; ~ {0} such that HV>¥ :=
{h € H : hv € Viy} has positive Haar measure. Recall that for analytic varieties V;, Vs,
with V; connected, if V; N V, has positive measure with respect to the smooth measure
on Vi, then 'V, C V,. Since HV>" is an analytic subvariety in H, if it has positive
measure with respect to the Haar measure on H, it must coincide with H. This con-
tradicts Lemma 4.2. This contradiction shows that fi-almost surely we have ? oW =F.
Since p = W, [i, the first assertion that f € L?(u) for p < q,, now follows from the first
assertion of Theorem 6.2.

For the second assertion, let f be a nonnegative continuous function whose support
contains a ball around the origin. Since we have assumed that W contains a ball around
the origin in Vjy, the support of the function F also contains a ball around the origin
in R”, so f is bounded below by the Siegel-Veech transform of the indicator of a ball
in R”, and we have that such functions do not belong to L9« (j1). |

7. Integral formulas for the Siegel-Veech transform

In this section we will prove Theorem 1.3. We begin with its special case p = 1, i.e.,
with a derivation of (1.4). This will illustrate the method of Weil [51] which we will
use. Note that (1.4) was first proved by Marklof and Strémbergsson [26] following an
argument of Veech [49]. Their argument does not rely on an integrability bound such as
our Theorem 1.2, and instead uses the result of Shah [43, Theorem 2.5].

7.1. A derivation of a ‘Siegel summation formula’

Given f € C.(R?), define F via (6.16), and define 1?(56) via (6.14). We can bound F
pointwise from above by a compactly supported continuous function on R”, and hence,



R. Riihr, Y. Smilansky, B. Weiss 3618

by Theorem 6.2, F e L'(ji). Therefore f le Fd [L is a positive linear functional
on C.(R%). By the Riesz representation theorem, there is some Radon Borel measure v
on R? such that le Fd ft = Jga f dv.From the equivariance relation (3.2), v is invariant
under ASL; (R) in the affine case and under SL; (R) in the linear case. Lebesgue measure
is the unique (up to scaling) ASLy (R)-invariant Radon Borel measure on R¢, and for
SLg4(R), the only additional invariant measure is &g, the Dirac mass at the origin. Thus,
there are constants ¢y, ¢ such that

(7.1)

{ cyvol if fi is affine,

c1vol + ¢80 if ju is linear.

As we have seen in the proof of Theorem 1.2, F = f o W holds fi-a.e. Since u = Wy i,

this implies that
/ fdu:/ ﬁdﬂ:/ Fdv.
€ (R4) X1 R4

In combination with (7.1), this establishes (1.4) in the affine case, and gives

/ Ffdu=c / Fdvol+ c2 f(0), Vf € Ce(R), (7.2)
€ (R4) R4

in the linear case. It remains to show that ¢, = 0.

Let B, = B(0, r) be the ball in R? centered at the origin, let f € C.(R?) satisfy
1p, < f <1p,,andlet f, = f(x/r). Thus, as r — 0, the functions f, have smaller and
smaller support around the origin. By (1.3) and discreteness of A we see that fr(A) —-0
as r — 0 for any A. The functions f, vanish outside the ball B,,, and for r < 1, the
functions f, are dominated by f1 Therefore

0 = lim fr du = hm |:c1/ frdvol + ¢; - 1] [ ]
r—0 %(Rd)

7.2. A formula following Siegel-Weil-Rogers

In this section we state and prove a generalization of Theorem 1.3. Let the notation be
as in §3.1, so that j is an H-homogeneous measure on %;,. Let p € N and let R"? =
R"@®---@®R". For f € C.(R") and £ € %}, define

—_———

P copies

~ ey if 1 is li ,
of ()= {Zvl""’%i\m} S 73

Zvl ..... el S(1,...,vp) if f1 is affine.

Let / C ASL(np,R) be a real algebraic group and let 8 be a locally finite Borel measure
on R"P. We say that 0 is J -algebraic if J preserves 6 and has an orbit of full 6-measure
(in this case 6 can be described in terms of the Haar measure of J: see [37, statement and
proof of Lemma 1.4]).
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Theorem 7.1. Let p € N and assume that p < qp where qp is as in (1.5). Then there
is a countable collection {T. : e € €} of H-algebraic Borel measures on R™ such that
T := Y T, is locally finite and for every f € L'(7) we have

/ rfdp= [ fdz. (7.4)
% RnP

As we will see in the proof, in the affine (resp. linear) case, the indexing set € is
naturally identified with the set of I'y, -orbits in the set of p-tuples of (nonzero) vectors
in Z".

We will need a by-now standard result of Weil, which is a generalization of the
Siegel summation formula and is proved via an argument similar to the one used in §7.1.
Let G; C G, be unimodular locally compact groups, let I'; C G, be a lattice in G,
and let mg,,r, denote the unique G,-invariant Borel probability measure on G,/ I%.
Since G, G, are unimodular, there is a unique (up to scaling) locally finite G,-invariant
measure on G»/G1, which we denote by mg,,g, (see e.g. [37, Chap. I]). Define I'; :=
I'; N Gy, and for any y € I';, denote its coset yI'y € T,/ T'; by [y]. With this notation,
Weil showed the following:

Proposition 7.2 ([50]). Assume that I'y is a lattice in G. Then we can rescale mg, /G,
so that the following holds. For any F € L'(G»/Gy1,mg,;q,). define

F(gTa):= Y Flgy). (7.5)

[ylel2/ T

Then F € L'(Gy/ T2, mg,r,) and

/ ﬁdm(;z/rz = / deGz/Gl'
Gy /T> G2/Gy

Proof of Theorem7.1. Consider the map which sends f € C.(R"?) to [ ? f dji. This is
well-defined by Theorem 6.2, and defines a positive linear functional on C.(R"?). Thus,
by the Riesz representation theorem, there is a locally finite measure 7 on R™” such that

V£ e Co(R™), / Pfdj = fdz. (7.6)
D RnP

Our goal will be to present T as a countable linear combination of H -algebraic measures.
Note that since C.(R"?) is a dense linear subspace of L!(7) for any locally finite
measure 7, it suffices to prove (7.4) for functions in C, (R"?).

Let H, g1, £1 = ¢1Z", H, = gl_ngl, 'y, = Hy N ASL,(Z) be as in §3.2, so
that 'y, is a lattice in H; and [ is an H-homogeneous measure supported on H &£ =
Hi/Tg,. In the affine (respectively linear) case, let Z"? denote the countable collection
of ordered p-tuples of vectors in Z" (respectively, in Z" ~ {0}). Let € denote the collec-
tion of I'y, -orbits in Z"P. For each e € &, define the restriction of the sum (7.3) to the
orbits H¥£1 C %, and to the orbit e by

Pfe(hr) = Y flhgixi.....hg1xp). (7.7)



R. Riihr, Y. Smilansky, B. Weiss 3620

so that on H £; we have
Pf =" "fe (7.8)
ec®

If f is a nonnegative function then ? f e <P f everywhere on H £, and in particular
Pf . € L'(j1). Thus, the assignment sending f € C.(R™?) to

ffdfe 1=/"fedﬂ (7.9)

is a positive linear functional and hence, via the Riesz representation theorem, defines the
locally finite Borel measure 7, on R"?. By (7.8), > ", Te = 7. It remains to show that
each 7, is H -algebraic.

For each e € €, choose a representative p-tuple X, = (x1,...,Xp) € e and let

Gie:={heH :hx;i=x;,i=1,...,p}

We will apply Proposition 7.2 with G, = Hy, I'; =T, G1 = G1e, 't =12 NGy,
and with F(h1G1) := f(g1h1Xe). Comparing (7.5) and (7.7) we see that these choices
imply that F(hlrz) = Pfe(hcfl) forh = glhlgl_l € H. We will see below that I'; is a
lattice in G;. Assuming this, we apply Proposition 7.2 to obtain

fdfe Z/ pfedﬂzf ﬁdez/Fz
D

R7P G2/ T

- / FlgrhiEe) dma, 6, (hiGy).
G2/G1

This shows that 7, is the pushforward of m, G, under the map
Gz/Gl —)Rnp, hlGl I—)glhl)_ée.

In particular, since H = nglgl_l, T, is H -algebraic.

It remains to show that Iy is a lattice in G . To see this, note that G is a real algebraic
group defined over QQ, and G is the stabilizer in G, of a finite collection of vectors
in Z". Thus, G; is also defined over Q. By the theorem of Borel and Harish-Chandra
(see [4, §13]), if G has no nontrivial characters then I'y = G; N ASL,(Z) is a lattice
in G1. Moreover, a real algebraic group generated by unipotents has no characters. Thus,
to conclude the proof of the claim, it suffices to show that G is generated by unipotents.
We verity this by dividing into the various cases arising in Theorem 3.1.

We first reduce to the case that G; is a subgroup of SL, (R). In the linear case we
simply identify G, with its isomorphic image 7 (G;), where 7 : ASL, (R) — SL,(R) is
the projection in (3.3), and thus we can assume G; C SL, (R). In the affine case, since the
property of being generated by unipotents is invariant under conjugations in ASL, (R),
we may conjugate by a translation to assume that one of the vectors in X, is the zero
vector, so that G; C SL,(R). Thus, in both cases we may assume that G, = H; is the
group of real points of Resk /@ (G), and G is the stabilizer in G, of the finite collection
X1,...,Xp, where these are vectors in the standard representation on R”.
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Suppose first that G = SL. Then, in the notation of (2.5), G, =9'GR X --- X 7 +s G,
where fori = 1,...,i (respectively, fori =r + 1,...,r + s) the group % Gp is isomor-
phic to SL;(R) (respectively to SLi(C) as a real algebraic group). Furthermore, as in
§2.4, there is a decomposition

R'=Vi® & Viis,

where V; =~ R* (resp., V; = R”‘) fori =1,...,r (tesp.,, fori =r+1,...,r 4+ ),
and such that the action of G, on R” is the product of the standard action of each % Gg
on V;. Let P; : R" — V; be the projection with respect to this direct sum decomposition.
Then the stabilizer in G, of x1, ..., x, is the direct product of the stabilizer, in % G,
of Pi(x1),..., Pi(xp). So it suffices to show that each of these stabilizers is generated
by unipotents. In other words, we are reduced to the well-known fact that for the stan-
dard action of SLg (R) on R¥, and for the standard action of SL(C) on R2¥ ~ C*| the
stabilizer of a finite collection of vectors is generated by unipotents.

Now suppose that G = Sp,;, and let F =R or F = C. Then by a similar argument, we
are reduced to the statement that for the standard action of Sp,; (') on [F2k, the stabilizer
of a finite collection of vectors is generated by unipotents. This can be shown as follows.
Let w be the symplectic form preserved by Sp,;, let V' = span(xy,...,x,) CF 2k and
let

Q :={g € Spy(F) : Vv e V., gv =v}.

We need to show that Q is generated by unipotents. We can write V = V, @ V7, where
Vo = ker(w|y) is Lagrangian, and V; is symplectic. Let 2¢ = dim V;, where £ < k. Since
any element of Q fixes V; pointwise, it leaves VIJ- invariant, and it also fixes the subspace
Vo C VIJ- pointwise. Thus, Q is isomorphic to

{g € Sp(Vh) : Vv € Vo, gu = v} C Sp(Vid) = Sp,,, (F),

where m := k — £. This means we can reduce the problem to the case in which V; = {0},
ie., w(x;,x;) = 0forall i, j. We can apply a symplectic version of the Gram—Schmidt
orthogonalization procedure to assume that X1, ¥1,...,Xp, Yp, Xp4+1, Yp+1s- -+ Xms Ym 1S
a symplectic basis and Vy = span(xy, ..., xp). Let

Vo 1= span(Xp+41, Yp+1,---»Xm, Ym) and Vi := Vo @ Vs,

Then V, is symplectic and the subgroup of Q leaving V, invariant is isomorphic to
SPam—2,(F), hence generated by unipotents. Also, fori = 1,..., p, by considering the
identity

w(gyi» xj) = 0(gyi. gxj) = w(yi,x;) (j =1.....p)

one sees that any g € Q must map the y; to vectors in y; + V3. This implies that Q is
generated by symplectic matrices leaving V, invariant, and transvections mapping y; to
elements of y; + V3. In particular, Q is generated by unipotents. |



R. Riihr, Y. Smilansky, B. Weiss 3622

Definition 7.3. Given a real algebraic group J C ASL,(R), we will say that a locally
finite measure r on R is J-c&p-algebraic if there is a J-algebraic measure T on R"?
such that for every f € C.(R?) we have

fdr:/ Fdz,
R4r RnP

where F' : R”? — R is defined by

f(nphys(xl)’ R ] nphys(xp)) lf Vl’ ”inl(xi) € W,

) (7.10)
0 otherwise.

F(x1,...,xp) 1= {

We will say t is c&p-algebraic if it is J -c&p-algebraic for some J.

It is easy to check that for p = 1, the measure 7 in Definition 7.3 is the pushforward
under mpyys of the restriction of 7 to ni;tl (W). For general p, define projections

P ohys 1 R — R4, P onys (X1 -« . Xp) 1= (Tphys(X1). - - ., Tphys (Xp)).

Plting : R" > R™P, Pr(x1,....%p) i= (Tine(X1)s - ., Tine(Xp)).

Then the measures t, T satisfy

_D = —P—1
T = Prpnys, (T]s), where § :=%m; (Wx XW). (7.11)

D copies

Proof of Theorem 1.3. By Theorem 4.1, after a rescaling of R¢, there is a homogeneous
measure ji on %}, such that 1 = W, fi. Suppose i € H is such that g, is injective,
and in the linear case, assume also that £, N Vi, C {0}. Since u is an RMS measure,
and in the linear case, arguing as in the proof of Theorem 1.2 using Lemma 4.2, we see
that this holds for a.e. & € H. For such h, letting Ay, := W(hLy), we can rewrite the
function ? f defined in (1.7) more succinctly in the form

A= Y. F(hxi.....hxp),

(X15esxp)eL?

where F is as in (7.10). Thus, Theorem 1.3 is reduced to Theorem 7.1. [

Remark 7.4. The assignment e — 7, implicit in the proof of Theorem 1.3 is not injective,
nor is it finite-to-one. To see this, take p = 1 and consider the RMS measure correspond-
ing to the Haar-Siegel measure on 2. Then H; = SL,(R), 'y, = SL,(Z), and there
are countably many I'y, -orbits on Z", where two integer vectors belong to the same orbit
if and only if the greatest common divisor of their coefficients is the same. On the other
hand, as the proof of formula (1.4) shows, there are two c&p-algebraic measures, namely
Lebesgue measure on R? and the Dirac measure at 0. The Dirac measure is associated
with the orbit of 0 € Z", and all the other orbits of nonzero vectors in Z" give rise to
multiples of Lebesgue measure on R¥.

Nevertheless, we will continue using the symbol € for both the collection of I'g, -
orbits in Z"?, and the indexing set for the countable collection of measures arising in
Theorem 1.3. This should cause at most mild confusion.
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8. The Rogers inequality on moments

In this section we will prove Theorem 1.4. We will need more information about the
measures 7. appearing in Theorem 1.3, in case p = 2. We begin our discussion with
some properties that are valid for all p < d. Some of the results of §8.1 will be given in
greater generality than required for our counting results. They are likely to be of use in
understanding higher moments for RMS measures.

8.1. Normalizing the measures

For any k, denote the normalized Lebesgue measure on R¥ by vol® . Some of the c&p-
algebraic measures T on R% which arise in Theorem 1.3 are the globally supported
Lebesgue measures on R4P , i.e., multiples of vol(@?) Indeed, such a measure arises if in
Definition 7.3 we take T equal to a multiple of Lebesgue measure on R"?. These measures
give a main term in the counting problem we will consider in §10. We write 7; & 15 if
71, T, are proportional, we recall the measures {t.} defined in the proofs of Theorems 1.3
and 7.1, and we set

®main = {e e 1, x VO](dP)}’ Tmain *= Z Te.

e @main

We define constants ¢, , by the condition
d
Tmain = Cp,p vol(@?)

The next result identifies the normalizing constants ¢, ,. Recall from Theorem 4.1
that an RMS measure p is of the form p = p.«ft where fi is a homogeneous measure
on %, ¢ is the constant of (4.1), and u-a.e. A is of the form A = A(&L, W) for a grid £
with covol(£) = ¢". We denote this almost sure value of covol(£) by covol(u). Recall
also that the function A — D(A) defined in (1.10) is measurable and invariant, and hence
is a.e. constant, and denote its almost sure value by D(u).

Proposition 8.1. For any RMS measure [t = pe« Wy ji satisfying (1.8) (i.e., G = SLy or
W is affine), we have

vol™ (W)
=D = —= 8.1
Cu,1 (/J/) COVOI(/,L) (8.1
and for p € N satisfying p < q, and p < d we have
Cpu,p = cﬁ’l. (8.2)

Note that the normalizing constant c;, ; discussed here is the same as the constant
denoted by c; in (7.2) and by ¢ in (1.4).

With the identification R =~ M, ,(R) in mind, we say that a subspace V' C R is
an annihilator subspace if it is the common annihilator of a collection of vectors in R?;
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that is, there is a collection Ann C R? such that
V = Z(Ann)
= {(vl,...,vp) eRY? Vi v; € R[&V(al,...,ap) € Ann, Zaivi = 0}.

Note that the meaning of Z(Ann) depends on the choice of the ambient space R¢ contain-
ing the vectors v;; when confusion may arise we will specify the ambient space explicitly.
Suppose £ € N and (v, ..., vp) is a p-tuple in R®?. In the linear case, let

Ann(vy,...,vp) 1= {(al,...,ap) € R?: Za,-v,- = O},
and in the affine case, let

Ann(vy, ..., vp) = {(al,...,ap_l) eRP!: Zai(vi —vp) = 0}.

Let

L(vy,...,vp) = Z(Ann(vy, ..., vp)),
an annihilator subspace in RY?, say that vy, ..., v, are independent if Ann(vy, ..., vp)
= {0}, and let

{ p —dim Ann(vy, ..., vp) if p is linear,
rank(vy, ..., vp) 1= ] o
p—1—dimAnn(vy,...,v,) if pis affine.
Note that in the linear case, this is the usual relation between the rank of a matrix and the
dimension of its kernel. The dimension of L(vy,...,v,) is equal to £ rank(vy, ..., vp).
We recall some notation from §2.4 and from Step 3 of the proof of Lemma 3.2. Let
K be a real number field of degree D = r + 2s, with oy, ..., 0, being distinct real
embeddings, and 0,41, ..., 0s denoting representatives of conjugate pairs of nonreal
embeddings. Let G be isomorphic to either SLg (R) or Sp,; (R), and let H = Resg /@ (G).
Let V be a K-vector space of dimension ¢, where ¢ is as in (6.12), and denote V; = %/ Vg,
thatis, V; xR’ if j = 1,...,rand V; > C' ~R? if j =r + 1,...,s. These vector
spaces are chosen so that V is equipped with the standard action of G, and taking into
account the isomorphism

R" = (Resg/@(V)rR = V1 ® -+ & Viqs. (8.3)

Let % 7 : R” — V; be the corresponding projections. In the notation (2.5), let 7/ : Hg —
% GR, so that the action of Hg factors through the action of each % Gg on V;. We can
assume without loss of generality (see §2.1) that Vo @ --- @ Vs C Vine and mpnys =
Tphys © %1 7T.

Lemma 8.2. Suppose w is an RMS measure of higher rank, and let G be the group
appearing in Theorem 1.1. Let p < q,, let Xe = (x1,...,Xp) € e, where e € € is as
defined before (7.7), and let v; :=°17w(x;), i = 1,..., p. Assume that

d if G = SLyg,

rank(vy, ..., v,) <
g {1 if G = Spy.



Classification and statistics of cut-and-project sets 3625

Let T := 1, be the algebraic measure on R™ as in (7.9) and let © be a c&p-algebraic
measure obtained from T as in Definition 7.3. Then t is (up to proportionality) the
Lebesgue measure on some annihilator subspace of R . This subspace is equal to R%
if and only if vy, ..., vp are independent.

Proof. Let T be as in Definition 7.3. As in the proof of Theorem 7.1, we find that
H(x1,...,xp) is a dense subset of full measure in supp 7. We will split the proof accord-
ing to the various cases arising in Theorem 3.1.

Case 1: p is linear, G = SLg. In this case, our proof will also show that supp 7 is a sum
of annihilator subspaces, one in each V;; in fact, we first establish this statement.

The action of H on R” factors into a product of actions of each %/ Gg on V;. That is,
H acts on vij =% m(x;), i =1,..., p, via its mapping to %/ Gg, i.e., via the standard
action of SLg (R) or SLx (C) on R¥ or C*. It follows from (1.5) and (1.6) that p < qu=k.
Therefore for each j, the rank R; of {vl] :i =1,..., p}is less than k. For the standard
action, % Gr is transitive on linearly independent R;-tuples. From this, by choosing a lin-
early independent subset B; C {v{ yees v{,.} of cardinality R; and expressing any vij ¢ B;
as a linear combination of elements of B;, one sees that if (u1,...,up), (w1,..., wp) are
two p-tuples in V; then

there is & € % Gg such that A(wy, ..., wp) = (U1,...,Up)
— Amn(wq,....,wp) = Ann(uy, ..., up). (8.4)
This implies that %/ GR(U{, R UI{) is open and dense in L(v‘lj, R vlj;), and hence
H(xy,...,xp) is open and dense in

r+s
r+s .__ J j
L] ._@L(vl,...,vl’,).
=1

We have shown that supp 7 = L{“ and that 7 is a multiple of the Lebesgue measure

r+s
onLi™.

Since 7ppys = Mpnys © 17T, we have
+
pﬂphys(L'{ 7)) = pnphys(L(vl» ceey Up))-
To simplify notation, write H! := “1Gg = SL;(R), and v; := vl-l € V1. Let
Ann; := Ann(vy, ..., vp).

We have
Pitohys (L(V1, ..., vp)) = Z(Anny), (8.5)

seen as an annihilator subspace of R%?. Indeed, the inclusion C follows from linearity
of 7pnys. For the opposite inclusion, recall that we have an inclusion Vjuys < V1, and this
induces an inclusion ¢ : R% < R"?_ We clearly have

L(Z(Amn)) C L(vi.....vp),

which implies the inclusion D in (8.5).



R. Riihr, Y. Smilansky, B. Weiss 3626

Replacing x; with elements of x; + Vjnys does not affect the condition (x1,...,xp) €S,
where § is as in (7.11). This shows that

Suppt = p”phys(L’iJrs) = p”phys (L(Ula cees Up))

is an annihilator subspace, and 7 is a multiple of Lebesgue measure on this subspace.
Moreover, the subspace is proper if and only if Ann; # {0}, or equivalently, vy, ..., vp
are dependent.

Case 2:  is linear, G = Sp,y, d = 2. The action of H splits as a Cartesian product of
actions of the groups %/ Gg on the spaces Vj for j = 1,...,r 4+ 5. As in Case 1, we will
focus on the action on the first summand V;, where H acts via H! := 1Gr = Sp,; (R).
We denote by @ the symplectic form on V; preserved by H'. Let L := H(xy,...,xp) =
supp 7, where 7 is the unique (up to scaling) H -invariant measure with support L, and let
L':=LNV;=%x(L) = H(vy,...,vp), where v; := 17 (x;), i = 1,...,p.

Let F = SL,(R) be asin (3.1). Then F C H!, and hence  is F-invariant. Write

Vi;[ = Vim n Vl = Vth_ys’

and abusing notation slightly, let 7w,pys, iy denote the restrictions of these mappings to V1,
so they are the projections associated with the decomposition V1 = Viyys ® Vl;t Define
R :=rank(vi,...,vp), and define R’ as the maximal rank of {7tyhys (hV1), . . ., Tphys (R Vp)},
as h ranges over elements of H!. Thus,0 < R < R < 1.

If R" = 0 this means that 7pnys(hv;) = 0 for all # € H and all i, and then  is the
Dirac measure at 0, and there is nothing to prove. Now suppose R" = R =1. Since R =1,
there is some v; such that mphys(v;) # 0, and there are coefficients aj, j # i, such that

v; = a;v;. This implies that for all i, mpnys(hvj) = ajmpnys(hv;), that is,
Supp T C Pipnys(L) C L' := {(uy,... ,up) € R?? :Vj #i, uj = aju;}.

Moreover, since F' acts transitively on nonzero vectors in Vypy, and 7 is F-invariant,
we actually have equality and 7 is a multiple of Lebesgue measure on the annihilator
subspace L', and L' is a proper subspace of R??, unless p = 1.

Case 3: | is affine. The affine case can be reduced to the linear case. Note that the defi-
nition of the annihilator Ann(vy, ..., vp) in the affine case is such that it does not change
under the diagonal action of the group of translations, and that the group of translations
in H is the full group R”, so that x1, ..., x, can be moved so that x, = 0. Moreover, by
Proposition 5.3, we can assume that 0 € W. We leave the details to the diligent reader. =

Let
E = E N EM = Y e (8.6)

ec@rest

The preceding discussion gives a description of the measures 7. with e € &,

Corollary 8.3. Under the conditions of Lemma 8.2, any measure t., ¢ € €™, is Lebesgue
measure on a proper subspace of RP.
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Proof of Proposition 8.1. Let B, denote the Euclidean ball of radius r around the origin
in RY, let 1 B, be its indicator function, and let 15, be the function obtained from the
summation formula (1.3), so that

D(A) = lim le—(A).
r—>00 Vol(d)(Br)

Applying (1.4) we find that for any r > 0,

1/; Cu,1
— dp = — 1p, dvol = ¢, 1. (8.7)
/:K(]Rd) volD(B,) volD(B,) Jra ol

Suppose A = A(L, W). We claim that for r > 1,
15, (A) < vol(B,)a(£), (8.8)

where A = A(L, W) and £ = z(&£), and where the implicit constant depends on d, n
and V. Indeed, we can replace W with a larger convex set containing it, so that fB\r(A) is
bounded from above by # (K N £), where K := B, x W. It is known (see [15, Chap. 2,
§9.4] or [52, Prop. 2.9]) that for any dimension #, for any bounded convex set K’ and any
lattice £” C R”,if K’ N £’ is not contained in a proper affine subspace of R”, then

vol(K”)

#KNE)<n ————
( )=n covol(£)

For any £ we let x¢ be a translation vector such that £ + xo = &£, set
Vi=span(£ N (K + x9)), L:=dimV, &' :=£nV, K :=Vn(K+x),

and apply this estimate in V 2 R¢ with £ < n. For r > 1 we have vol¥ (K’) < r¢ and
covol(£") > A(£)--- Ag(£L). Thus

pd
Ar(L) -+ Ag(£)

establishing (8.8) and proving the claim. Therefore, using Proposition 6.1 and the domi-
nated convergence theorem, we are justified in taking a limit » — oo inside the integral
(8.7), finding that ¢;,,; = D(p). Combining this with (1.10) gives (8.1). See [26, proof of
Thm. 1.5] for a different proof of (8.1).

Now to prove (8.2), let O, and QF denote the unit cube of sidelength r in R¢ and R%
respectively, let 19, and 1, » be the indicator functions, and define 1’1;\;) via (1.7). Then
we have

#KNL)=#K NL) < + £ < vol ) (B))a (L),

PIop(A) =# X (0, N A),

that is, the number of p-tuples of elements of A in the p-fold Cartesian product QF . This
implies that for p-a.e. A,

—

. Plop(A) . #(QrNA)
lim + = lim ————=
r—o0 rap r—o0 VOl(d)(Qr)

p
):DMV:%w (8.9)
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By Theorem 1.3 we have

1 1
Cu,p dp Adp 0% @ Tmain dp [/;{dp o’ a4t Adp or Trestj|
P10 (A) 1
Y B O A N
_/ A= 5 /de 1,7 de. (8.10)

ec@rest

Repeating the argument establishing (8.8), we find
P1g, (A) < (vol(,))7a(2£)?

and thus the integrable function & dominates the integral in the second line of (8.10),
independently of r. Moreover, since they differ by a constant, «” also dominates the
series in the second line of (8.10). Using (8.9), the first integral gives cﬁ’l, and thus it
remains to show that

1 !
lim —- lopdte =0 foreverye € G (8.11)
r—oo pap R4P r

From (1.8) and Corollary 8.3 we deduce that 7, is (up to proportionality) equal to
Lebesgue measure on a subspace V' C R, and we have V' # R? since e € G™,
This implies (8.11). ]

Remark 8.4. One can also work in R”? rather than R4, and define analo gous normaliza-
tion constants ¢y, , by the formula Tpin = Cj,p vol™P)  Then one can show that ap =1
for all p < q,,. We will not need the values of these constants and leave the proofs to the
interested reader.

8.2. More details for p =2
We will need to describe the measure 7, in the case p = 2.

Proposition 8.5. Let ;t be an RMS measure such that (1.8) holds. Let p = 2, and let
©™, treq be as in (8.6). Then there is a partition €' = €' U €5, and constants
{ae e € €5}, {be 1 e € €}, {ce : e € &}, such that the following hold:

(1) Forall f € C.(R??), we have

fdtey = Z Ce/d f(x’bex)dvol(d)(x)
R

rest
ee®]

(d)
+ Z Ce /]Rd faex, x)dvol'**’ (x). (8.12)

rest
e€€s

R2d

(2) ce >0foralle € € and ) ,cgrest Ce < 0.

(3) |ae| < 1foralle € €5 and |be| < 1 forall e € €.
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Proof. Lemma 8.2 is applicable in view of (1.8); indeed, when G = SLg, we have p =
2 <d, and when G = Sp,; and p is affine, we have rank(v;, v2) < 1. Therefore, for
each e € €™, there is an annihilator subspace V, & R4 such that . is proportional to
Lebesgue measure on V.. Repeating the argument of §7.1 we can see that 7, is not the
Dirac mass at the origin. In other words V. has positive dimension. Since p = 2, this
means we can find «, 8, not both zero, such that V. = Z(«, ). We can rescale so that
max(|a|, |B]) = max(e, B) = 1 and we define

(g,rlest = {e c @rest : ﬂ — 1}’ 65[‘235[ = 651‘65[ ~ @Iiesl.

If we set b, = —« for e € €™ and a, = —p for e € €5, then the bounds in (3) hold
and we have
- {{(x,bex) :x € R?}) fore e &,

e

B {(@ex,x) : x € R} fore e G5
We now define ¢, by the formula

Ce fRd f(an,X) dVOl(d)(x) fore € @™,

Vf e C.(R?), / dt. =
J € C®) R2d fdze {ce Jra f(x.bex) dvol@(x) fore e L.

Then clearly (8.12) holds, and ¢, > 0 for all e € €™,
It remains to show Y ¢, < 0o. Let 15 be the indicator of a ball in R24 centered at the
origin. Then there is a positive number A which bounds from below all the numbers in

{/ 15(ax, x) dvol'P (x) : |a| < 1} U {/ 15(x, bx) dvol D (x) : |b| < 1}.
R4 R4

Since Ty is a locally finite measure, we have fRM 1p d Trest < 00. But (8.12) implies that
AY ecqrest Ce < [gaa 1B d Trest. Therefore Y, cgre Ce < 00. "
Proof of Theorem 1.4. Given f : R? — [0, 1] as in Theorem 1.4, define

¢ R > 1[0,1] by ¢(x.y):= f(x)f()

Clearly (fga f dvol@)? = Jr2a @ dvol®? | and it follows easily from (1.3) and (1.7)
that

20(A) = f(A). (8.13)
Using (8.13), Theorem 1.3 with p = 2, (1.4), and (8.2) we see that
2

| Fw= [ Fau) duny
F[RD) “(R4)

2 2
_ > g ~ _ ~ @
_ [md)f dp [[K(Rd)f(zx)du} /qu)df [cM,I/Rdfdvol }

2
= CM,Z/ (pdVOI(Zd) +/ © d Trest _CIZL,II:/ fdvol(d):| = / © d Trest.
R2d R2d R4 R2d
(8.14)
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It remains to show that

/degodtrest < /Rd f dvol@D, (8.15)

where the implicit constant is allowed to depend on p. And indeed, by Proposition 8.5,

/ o @ d Trest
R

LY e faen v+ Y e [ 70 b dvolco)

ee(ﬁ‘ie“ ee@rzesl
=i
< ) e / fx)dvol(x) + Y ce / F(x) dvol(x)

. R4 ‘ R4

G ee @™

= < Z ce)/ £ dvol?D. L]
R4
ec@rest

9. From bounds on correlations to a.e. effective counting

In this section we present two results which we will use for counting. The first is due to
Schmidt [41] but we recast it in a slightly more general form (see also [22, Thm. 2.9]). To
simplify notation, for measurable S C R”, we will write Vs := vol®™(S).

Theorem 9.1. Let n € N and let ( be a probability measure on € (R"). Let k € [1, 2),
let ® = {B, : @ € Ry} be an unbounded ordered family of Borel subsets of R", and let
¥ Ry — Ry. Suppose the following hypotheses are satisfied:

(a) The measure i is supported on discrete sets, and for each f € L'(R", vol), a Siegel—
Veech transform as in (1.3) satisfies f € L?(j). Furthermore, there are positive a, b
such that for any function f : R" — [0,1] with f € L'(R"”, vol), we have

/fAdpL:a f dvol 9.1)
Rn

Var, (f) := /‘f—/fd,uzd,ufb(/ﬂ;nfdvol)lc. (9.2)

(b) The function  is nondecreasing, and fooo m dx < oo.

and

Then for p-a.e. A, for every S € ® we have
#(SNA) =aVs + O(VE*(log Vs)¥ (log Vs)'/?)  as Vs — oo. 9.3)

Note that we allow defining f as in either one of the linear or affine cases of (1.3),
as long as the conditions in (a) are satisfied. For definiteness we will use the affine case,
namely f = ,ea f(v), so that TE(A) = |S N A| for any subset S C R” with indicator
function 1g. In the linear case we may have f;(A) =|SNA|—1or TE(A) =|SNA|
(depending on whether or not S contains 0), and the reader will have no difficulty adjust-
ing the proof in this case.
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Proof of Theorem 1.5 assuming Theorem 9.1. With k = 1 and ¥ (t) = t'7¢, (9.3)
becomes
#(SNA)=aVs + O(V;/z(log Vs)3/2+8) as Vg — oo,

which implies (1.11). The hypotheses of Theorem 9.1 hold in the higher rank case by
(1.4) and Theorem 1.4. [

Before giving the proof of Theorem 9.1 we will state the following more general
result.

Theorem 9.2. Letd,m,n € N withn = d + m, let i be a probability measure on € (R"),
let A €[0,1), k €[1,2), let y : Ry — Ry, let ® = {B, : @ € R4} be an unbounded
ordered family of Borel subsets of R%, and let {Wy, : @ € R} be a collection of subsets
of R™. Suppose that (a) and (b) of Theorem 9.1 are satisfied, and in addition:

(c) Forany N € N there is o such that VOl(d)(Ba) =N.

(d) Each Wy can be partitioned as a disjoint union Wy = UeLi1 Co(£), where Ly =<
(vol D (By))*, and where wg := vol"™ (Cy(£)) is the same forall £ =1,..., L,
and is of order < (vol'¥ (By)) .

Denote ® := {l_Ba X Wy :a € Ry} andforS € ®, set Vg := Vol(")(S). Then for u-a.e. A,
for every S € ® we have
#(SNA) =aVs + O(VETM 2 10g Vo) g (log Vs)/?) as Vs — o0, (9.4)
Note that for ¥ = 1 and ¥ (z) = ¢! *¢, (9.4) becomes
#(SNA) =aVs + (V{2 (1og Vs)¥/2+9), (9.5)

Theorems 9.1 and 9.2 both follow from ideas developed by Schmidt [41]. We begin
with Theorem 9.1, for which we need the following lemmas.

By the definition of an unbounded ordered family, we can assume that for each V' > 0
there is 2 € @ such that vol(2) = V. Foreach N € N, let Sy € ® with vol(Sy) = N
and let py := 15, denote its indicator function. Given two integers N; < N, let

N1PNy = PN, — PNy -
Since the Sy are nested, we have y, pn, = Lsy, sy, -

Lemma 9.3 (cf. [41, Lemma 2]). Let T € N and let KT be the set of all pairs of integers
N1, Ny satisfying 0 < Ni < No < 2T, Ny = u2!, N, = (u + 1)2! for some integers u
and t > 0. Then there exists ¢ > 0 such that

> Varu(wipw,) < o(T + 127 (9.6)
(N1,N2)eKr

Proof. Indeed, (9.2) yields Varu(mz) < b(N, — Np)¥. Each value of Ny — N; = 2¢

for 0 <t < T occurs 27~ times, hence

Z (N2 _ NI)K — Z 2T+(K—1)l‘ < (T + l)zKT. -
(N1,N2)eKr 0<t<T
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Lemma 9.4 (cf. [41, Lemma 3]). Forall T € N there exists a subset Badr C supp u of
measure

w(Badr) < cy (T log2 — 1)t 9.7)

such that
(PN (A) — aN)2 <T(T + 1)2"T1ﬂ(T10g2 -1 (9.8)

for every N < 2T and all A € supp j ~ Badr.

Proof. Let Badr be the set of A € supp u for which it is not true that

Y npm(A) —a(Ny = Np))? < (T + D27y (Tlog2—1). (9.9
(N1,N2)eKT

Then the bound (9.7) follows from Lemma 9.3 by Markov’s inequality. Assume N < 27
and A € supp o ~ Bady. The interval [0, V) can be expressed as a union of intervals of
the type [Ny, N2), where (N1, N») € dy C K7 and |dn| < T. Therefore, m —aN
=Y (~n,pN,(A) — a(N2 — Ny)), where the sum is over (N1, N») € dy. Applying the
Cauchy—Schwarz inequality to the square of this sum together with the bound from (9.9)
we obtain (9.8). [

Proof of Theorem 9.1. Let Badr be the sets from Lemma 9.4. Since ¥ ! is integrable
and monotone, we find by Borel-Cantelli and (9.7) that for p-a.e. A there is Tx such that
forany T > T, A & Bady. Assume now N > Np = 2TA and let T be the unique integer
for which 271 < N < 27, By Lemma 9.4,

(PN (A) —aN)* < T(T + 12Ty (T log2 — 1) = O(N*(log N)*yr(log N)).  (9.10)

Given arbitrary S € @, let N besuchthat N < Vg < N + 1,and let Sy, Sy+1 € ® with
Sy C S C Sv+1 and vol(Sy) = N, vol(Sy+1) = N + 1. Then

#(SyNA)—a(N+1)<#(SNA)—aVs <#(Sy+1 NA)—aN. ©.11)

From (9.10), the left-hand side of (9.11) is O(N*/2(log N)y (log N)!/?) and the right-
hand side is O((N + 1)/2log(N + 1)y (log N 4 1)!/2), and these quantities are of the
same order O(Vg/z(log Vs)¥ (log Vs)1/2). A similar upper bound for aVs —#(S N A)
is proved analogously. ]

We turn to the proof of Theorem 9.2. Note that the collection ® is not ordered;
nevertheless one can apply similar arguments to each £ separately, before applying Borel—
Cantelli. We turn to the details.

Proof of Theorem 9.2. Given N, using assumption (c), for each N there is @ = a(N)
such that VOl(d)(Ba) = N. It follows that Vol(")(Ba X Wy) = NLywy < N. We let pf\,
be the characteristic function of B, x Cy(£), which is of volume Nwg < N 1-2 We will
take n, pf\,z to be the characteristic function of (By(n,) ~ Ba(n,)) X Can)(£). Note that

the dependence of the function y, pf\,z on N is suppressed from the notation.



Classification and statistics of cut-and-project sets 3633

The argument proving Lemma 9.3 therefore yields (9.6), with « replaced by «’ :=
k(1 —2),ie.,
YooY Varu(w,ply,) < cLo(T + 1)2°7. 9.12)
£ (Ni,N2)eKr

For S = Byv) X Wavy, N < 27T, by the definition of y, pfvz (A) and the Cauchy-
Schwarz inequality, we have

#(SNA)—aVs)? = Z#((B X Co(0)) N A) — avol™(By x Cq (E)))

(
(Z Phv(A) —aNy))

(X X e —at— M)’

¢ (N1,N2)edn

= TL(IZ Z (mz(A)_a(NZ_Nl)wa)z-

t (N1,N2)eKr

As in the proof of Lemma 9.4, we denote by Badr the points A not satisfying the
bound

Yo > (mk, () —a(Na = Npwe)® < La(T + 12T y(T log2 — 1).
£ (Ni,Nx)eKr

Then applying (9.12) we get u(Badr) < ¢’ (T log2 — 1)~!, so that by Borel-Cantelli,
a.e. A belongs to at most finitely many sets Badr. Also for A & Badr, we have

#(SNA)—aVs> < L2T(T 4+ 1)2Ty(T log2 — 1),

which replaces (9.8), and we proceed as before. ]

10. Counting patches a la Schmidt

In this section we prove Theorem 1.6. We recall some notation and terminology from the
introduction and the statement of the theorem. For a cut-and-project set A C R?, x € R?
and R > 0, Pp,r(x) = B(0, R) N (A — x) is called the R-patch of A at x, and

#{x e AN B, T) : Ppr(x) = Po}
vol(B(0,T))

DA 70 = Jim,

is called the frequency of $y. Suppose A arises from a cut-and-project construction with
associated dimensions n = d 4+ m and window W C R™, and is chosen according to an
RMS measure p of higher rank. The upper box dimension of Wy C R™ is

log N (W,
dimp (Wp) := lim sup M

(10.1)
o —logr
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where N (W, r) is the minimal number of balls of radius r needed to cover Wj. Set

m
m+ 28

Ao = (10.2)

where § = m — dimg(dW) > 0. Our goal is to show that for any A € (4¢, 1), any
unbounded ordered family {B, : « € R}, for u-a.e. A, for any patch Py = P, r(x0),

#{x € B4 N A : Pp Rr(x) = Po}
= D(A, P5) vol(By) + O(vol(By)MM/2)  as vol(By) — 0o, (10.3)

where the implicit constant depends on &, W, A, #y. Note that (10.3) implies (1.13).
The strategy we will use is similar to that of [18, proof of Cor. 4.1].

Proof of Theorem 1.6. For every K € N and £ € Z™ define the box

£ 41 +1 b L +1
0x(0) = [?’ T) XX [? T)
It is well-known (see e.g. [29, Chap. 5]) that in (10.1), we are free to replace N (W, r) with
the minimal number of cubes Q x (£) needed to cover W, where K = | 1/r]. We consider
cut-and-project sets of the form A = A(W, £) with £ € %;,. Here W C R™ is fixed
and satisfies dimp (W) < m, and A is chosen at random, according to a homogeneous
measure it on %;. Let A be an R-patch equivalence class in A, that is,

A= {x eA: J’A,R(x) = ﬂ)()}

for some R > 0 and some Py = PA r(xo). By a well-known observation (see [1,
Cor. 7.3]), A is itself a cut-and-project set, and in fact arises from the same lattice via
a smaller window, i.e., there is W C W such that

A = A(Wa, £).

In particular, for irreducible cut-and-project sets (which is a property satisfied by

f-a.e. £), we have
vol(Wy)

vol(W)
In addition, it is shown in [24, §2] that W, is the intersection of finitely many translations
of W and its complement. Since dWA C F + oW for some finite F C R™, we deduce
that dimg (0Wa) < dimg (0W).

Let A € (A9, 1), and let > 0 be small enough that

max(ﬂ—i-n,l—)m(g_n)) < 1+A. (10.5)
2 m 2

D(A, o) = D(A) = D(A). (10.4)

Such an 7 exists in light of (10.2). Given «, we let K, € N be such that vol(Bg)*0 = K.
Define
AV = | ok 42 = |J  2xO.

Okq (O)CTWA O ko ONWAF#D
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and let £ € supp f satisfy (D) and (I). Since At(xl) C Wa C A((XZ), the associated cut-and-
project sets
AD = AAD. £) (=12

satisfy, for all «,
#(A0 N By) <#(AN By) <#(ADP N By),
D(AY) < D(A) < D(AD).
Moreover, by (10.4),

D(A)

D(A) = D) = o0

(vol(A?) —vol(4D)). (10.6)
Using the triangle inequality we have
[#(A N By) = D(A) vol(By)| < max [# (AL N By) = D(A) vol(By)|

< max [#(AD N By) — D(AD) vol(By)| + (D(AP) — D(AL)) vol(By).  (10.7)
=1,

We bound separately the two summands on the right-hand 51de of (10.7). For the first sum-
mand we use the case (9.5) of Theorem 9.2 with W, = Aa and Cy (¢) = Ok, (£). Note
that assumptlon (d) is satisfied by our choice of Ka, with implicit constants depending
on $y. We deduce, for ji-a.e. £, that Ag ) = A(Aa , £) satisfies

#(AD N By) — D(AD) vol(By)| < ¢1(vol(Bg) 1402 (log vol(By))>/?T),

where ¢y, as well as the constants appearing in the following inequalities, depend only on
® = {By X Ag)} and on £.

For the second summand, recall that dimp (0Wa) < m — §. This implies that the num-
ber of £ € Z" with Ok, (£) N AW, # @ is < K2 °t" Therefore

vol(A® ~ 4Dy = > vol(Qk, (£)) « Km=3+n g—m — g—3+n
O ko (ONIWA#D
This implies via (10.6) that

D(A) vol(By)
vol(W)

< vol(By) K5+ « vol(By)' =

(D(AP) — D(AD)) vol(By) = (vol(A?) — vol(AL"))

(8 n

Plugging these two estimates into (10.7), and using (10.5) and the fact that
(log(vol(Bg)))3/2*¢ < vol(Bg)" for large enough vol(Bg), we find that for ji-a.e. £,

[#(A N By) — D(A) vol(By)| < vol(By) >,

with implicit constants depending on 7, £ and . This shows (10.3) and completes the
proof. ]



R. Riihr, Y. Smilansky, B. Weiss 3636

Acknowledgments. We are grateful to Mikhail Borovoi, Manfred Einsiedler, Dmitry Kleinbock,
Henna Koivusalo, Jens Marklof, Dave Morris, Michel Skenderi, and Andreas Strombergsson for
useful discussions. Specifically, Morris supplied most of the arguments of Theorem 3.5, Borovoi
supplied an argument used in Step 4 in the proof of Lemma 3.2, and Einsiedler supplied arguments
for Lemmas 3.2 and 3.4.

We thank the anonymous referees for a careful reading of the paper and for many helpful com-
ments and suggestions.

Funding. We gratefully acknowledge support of BSF grant 2016256, ISF grants 2919/19, 1570/17,
1149/18 and 264/22, Swiss National Science Foundation 168823 and European Research Council
754475, and the David and Rosa Orzen Endowment Fund.

References

[1] Baake, M., Grimm, U.: Aperiodic Order. Vol. 1. Encyclopedia Math. Appl. 149, Cambridge
Univ. Press, Cambridge (2013) Zbl 1295.37001 MR 3136260

[2] Beer, G.: Topologies on Closed and Closed Convex Sets. Math. Appl. 268, Kluwer, Dordrecht
(1993) Zbl 0792.54008 MR 1269778

[3] Borel, A.: Linear Algebraic Groups. 2nd ed., Grad. Texts in Math. 126, Springer, New York
(1991) Zbl 0726.20030 MR 1102012

[4] Borel, A.: Introduction to Arithmetic Groups. University Lecture Ser. 73, Amer. Math. Soc.,
Providence, RI (2019) Zbl 1432.22016 MR 3970984

[5] Borel, A., Tits, J.: Groupes réductifs. Inst. Hautes Etudes Sci. Publ. Math. 27 55-150 (1965)
Zbl 0145.17402 MR 207712

[6] Bourbaki, N.: Lie Groups and Lie Algebras. Chapters 4—6. Elements of Mathematics (Berlin),
Springer, Berlin (2002) Zbl 0983.17001 MR 1890629

[7] Cassels, J. W. S.: An Introduction to the Geometry of Numbers. Classics in Math., Springer,
Berlin (1997) Zbl 0866.11041 MR 1434478

[8] Chabauty, C.: Limite d’ensembles et géométrie des nombres. Bull. Soc. Math. France 78,
143-151 (1950) Zbl 0039.04101 MR 38983

[9] Einsiedler, M., Ward, T.: Ergodic Theory with a View towards Number Theory. Grad. Texts in
Math. 259, Springer London, London (2011) Zbl 1206.37001 MR 2723325

[10] Einsiedler, M., Ward, T.: Homogeneous dynamics and applications. In preparation

[11] Eskin, A., Margulis, G., Mozes, S.: Upper bounds and asymptotics in a quantitative version of
the Oppenheim conjecture. Ann. of Math. (2) 147, 93-141 (1998) Zbl 0906.11035
MR 1609447

[12] Eskin, A., Mozes, S., Shah, N.: Non-divergence of translates of certain algebraic measures.
Geom. Funct. Anal. 7, 48-80 (1997) Zbl 0872.22009 MR 1437473

[13] Fell,J. M. G.: A Hausdorft topology for the closed subsets of a locally compact non-Hausdorff
space. Proc. Amer. Math. Soc. 13, 472-476 (1962) Zbl 0106.15801 MR 139135

[14] Gotze, F.: Lattice point problems and the central limit theorem in Euclidean spaces. In: Proc.
International Congress of Mathematicians, Vol. III (Berlin, 1998), Doc. Math. Extra Vol. III,
245-255 (1998) Zbl 0906.60023 MR 1648159

[15] Gruber, P. M., Lekkerkerker, C. G.: Geometry of Numbers. 2nd ed., North-Holland Math.
Library 37, North-Holland, Amsterdam (1987) Zbl 0611.10017 MR 893813

[16] Guivarc’h, Y., Starkov, A. N.: Orbits of linear group actions, random walks on homogeneous
spaces and toral automorphisms. Ergodic Theory Dynam. Systems 24, 767-802 (2004)

Zbl 1050.37012 MR 2060998

[17] Haynes, A., Julien, A., Koivusalo, H., Walton, J.: Statistics of patterns in typical cut and project
sets. Ergodic Theory Dynam. Systems 39, 3365-3387 (2019) Zbl 1448.37010 MR 4027554


https://zbmath.org/?q=an:1295.37001
https://mathscinet.ams.org/mathscinet-getitem?mr=3136260
https://zbmath.org/?q=an:0792.54008
https://mathscinet.ams.org/mathscinet-getitem?mr=1269778
https://zbmath.org/?q=an:0726.20030
https://mathscinet.ams.org/mathscinet-getitem?mr=1102012
https://zbmath.org/?q=an:1432.22016
https://mathscinet.ams.org/mathscinet-getitem?mr=3970984
https://zbmath.org/?q=an:0145.17402
https://mathscinet.ams.org/mathscinet-getitem?mr=207712
https://zbmath.org/?q=an:0983.17001
https://mathscinet.ams.org/mathscinet-getitem?mr=1890629
https://zbmath.org/?q=an:0866.11041
https://mathscinet.ams.org/mathscinet-getitem?mr=1434478
https://zbmath.org/?q=an:0039.04101
https://mathscinet.ams.org/mathscinet-getitem?mr=38983
https://zbmath.org/?q=an:1206.37001
https://mathscinet.ams.org/mathscinet-getitem?mr=2723325
https://zbmath.org/?q=an:0906.11035
https://mathscinet.ams.org/mathscinet-getitem?mr=1609447
https://zbmath.org/?q=an:0872.22009
https://mathscinet.ams.org/mathscinet-getitem?mr=1437473
https://zbmath.org/?q=an:0106.15801
https://mathscinet.ams.org/mathscinet-getitem?mr=139135
https://zbmath.org/?q=an:0906.60023
https://mathscinet.ams.org/mathscinet-getitem?mr=1648159
https://zbmath.org/?q=an:0611.10017
https://mathscinet.ams.org/mathscinet-getitem?mr=893813
https://zbmath.org/?q=an:1050.37012
https://mathscinet.ams.org/mathscinet-getitem?mr=2060998
https://zbmath.org/?q=an:1448.37010
https://mathscinet.ams.org/mathscinet-getitem?mr=4027554

Classification and statistics of cut-and-project sets 3637

(18]

(19]
(20]

[21]

[22]
(23]
(24]

[25]

(26]
[27]
(28]
(29]
(30]

(31]

(32]
(33]
(34]
[35]

[36]

(37]
(38]
(39]

[40]

Haynes, A., Kelly, M., Weiss, B.: Equivalence relations on separated nets arising from linear
toral flows. Proc. London Math. Soc. (3) 109, 1203-1228 (2014) Zbl 1351.37101

MR 3283615

Karpelevich, F. I.: The simple subalgebras of the real Lie algebras. Trudy Moskov. Mat.
Obshch. 4, 3—-112 (1955) (in Russian) Zbl 0068.26203 MR 0087647

Kelmer, D., Yu, S.: The second moment of the Siegel transform in the space of symplectic
lattices. Int. Math. Res. Notices 2021, 5825-5859 Zbl 1479.11119 MR 4251265

Kleinbock, D., Shi, R., Weiss, B.: Pointwise equidistribution with an error rate and with
respect to unbounded functions. Math. Ann. 367, 857-879 (2017) Zbl 1417.37056

MR 3606456

Kleinbock, D., Skenderi, M.: Khintchine-type theorems for values of subhomogeneous func-
tions at integer points. Monatsh. Math. 194, 523-554 (2021) Zbl 1481.11039 MR 4218734
Knapp, A. W.: Lie Groups beyond an Introduction. 2nd ed., Progr. Math. 140, Birkhduser
Boston, Boston, MA (2002) Zbl 1075.22501 MR 1920389

Koivusalo, H., Walton, J. J.: Cut and project sets with polytopal window I: Complexity.
Ergodic Theory Dynam. Systems 41, 1431-1463 (2021) Zbl 07301405 MR 4240605

Lenz, D., Stollmann, P.: Delone dynamical systems and associated random operators. In:
Operator Algebras and Mathematical Physics (Constanta, 2001), Theta, Bucuresti, 267-285
(2003) Zbl 1285.47044 MR 2018235

Marklof, J., Strombergsson, A.: Free path lengths in quasicrystals. Comm. Math. Phys. 330,
723-755 (2014) Zbl 1296.82050 MR 3223485

Marklof, J., Strombergsson, A.: Correction to: Free path lengths in quasicrystals. Comm.
Math. Phys. 374, 367 (2020) Zbl 1434.82070 MR 4066594

Marklof, J., Strombergsson, A.: Kinetic theory for the low-density Lorentz gas.
arXiv:1910.04982v2 (2021)

Mattila, P.: Geometry of Sets and Measures in Euclidean Spaces. Cambridge Stud. Adv. Math.
44, Cambridge Univ. Press, Cambridge (1995) Zbl 0819.28004 MR 1333890

Meyer, Y.: Nombres de Pisot, nombres de Salem et analyse harmonique. Lecture Notes in
Math. 117, Springer, Berlin (1970) Zbl 0189.14301 MR 0568288

Moody, R. V.: Meyer sets and their duals. In: The Mathematics of Long-Range Aperiodic
Order (Waterloo, ON, 1995), NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci. 489, Kluwer,
Dordrecht, 403—441 (1997) Zbl 0880.43008 MR 1460032

Moody, R. V.: Uniform distribution in model sets. Canad. Math. Bull. 45, 123-130 (2002)
Zbl 1007.52013 MR 1884143

Morris, D. W.: Introduction to Arithmetic Groups. Deductive Press (2015) Zbl 1319.22007
MR 3307755

Mostow, G. D.: Self-adjoint groups. Ann. of Math. (2) 62, 44-55 (1955) Zbl 0065.01404
MR 69830

Platonov, V., Rapinchuk, A.: Algebraic Groups and Number Theory. Pure Appl. Math. 139,
Academic Press, Boston, MA (1994) Zbl 0841.20046 MR 1278263

Pleasants, P. A. B.: Lines and planes in 2- and 3-dimensional quasicrystals. In: Coverings of
Discrete Quasiperiodic Sets, Springer Tracts Modern Phys. 180, Springer, Berlin, 185-225
(2003) Zbl 1036.52022 MR 2015778

Raghunathan, M. S.: Discrete Subgroups of Lie groups. Ergeb. Math. Grenzgeb. 68, Springer,
New York (1972) Zbl 0254.22005 MR 0507234

Ratner, M.: On Raghunathan’s measure conjecture. Ann. of Math. (2) 134, 545-607 (1991)
Zbl 0763.28012 MR 1135878

Rogers, C. A.: Mean values over the space of lattices. Acta Math. 94, 249-287 (1955)

Zbl 0065.28201 MR 75243

Rogers, C. A.: The number of lattice points in a set. Proc. London Math. Soc. (3) 6, 305-320
(1956) Zbl 0071.27403 MR 79045


https://zbmath.org/?q=an:1351.37101
https://mathscinet.ams.org/mathscinet-getitem?mr=3283615
https://zbmath.org/?q=an:0068.26203
https://mathscinet.ams.org/mathscinet-getitem?mr=0087647
https://zbmath.org/?q=an:1479.11119
https://mathscinet.ams.org/mathscinet-getitem?mr=4251265
https://zbmath.org/?q=an:1417.37056
https://mathscinet.ams.org/mathscinet-getitem?mr=3606456
https://zbmath.org/?q=an:1481.11039
https://mathscinet.ams.org/mathscinet-getitem?mr=4218734
https://zbmath.org/?q=an:1075.22501
https://mathscinet.ams.org/mathscinet-getitem?mr=1920389
https://zbmath.org/?q=an:07301405
https://mathscinet.ams.org/mathscinet-getitem?mr=4240605
https://zbmath.org/?q=an:1285.47044
https://mathscinet.ams.org/mathscinet-getitem?mr=2018235
https://zbmath.org/?q=an:1296.82050
https://mathscinet.ams.org/mathscinet-getitem?mr=3223485
https://zbmath.org/?q=an:1434.82070
https://mathscinet.ams.org/mathscinet-getitem?mr=4066594
https://arxiv.org/abs/1910.04982v2
https://zbmath.org/?q=an:0819.28004
https://mathscinet.ams.org/mathscinet-getitem?mr=1333890
https://zbmath.org/?q=an:0189.14301
https://mathscinet.ams.org/mathscinet-getitem?mr=0568288
https://zbmath.org/?q=an:0880.43008
https://mathscinet.ams.org/mathscinet-getitem?mr=1460032
https://zbmath.org/?q=an:1007.52013
https://mathscinet.ams.org/mathscinet-getitem?mr=1884143
https://zbmath.org/?q=an:1319.22007
https://mathscinet.ams.org/mathscinet-getitem?mr=3307755
https://zbmath.org/?q=an:0065.01404
https://mathscinet.ams.org/mathscinet-getitem?mr=69830
https://zbmath.org/?q=an:0841.20046
https://mathscinet.ams.org/mathscinet-getitem?mr=1278263
https://zbmath.org/?q=an:1036.52022
https://mathscinet.ams.org/mathscinet-getitem?mr=2015778
https://zbmath.org/?q=an:0254.22005
https://mathscinet.ams.org/mathscinet-getitem?mr=0507234
https://zbmath.org/?q=an:0763.28012
https://mathscinet.ams.org/mathscinet-getitem?mr=1135878
https://zbmath.org/?q=an:0065.28201
https://mathscinet.ams.org/mathscinet-getitem?mr=75243
https://zbmath.org/?q=an:0071.27403
https://mathscinet.ams.org/mathscinet-getitem?mr=79045

R. Riihr, Y. Smilansky, B. Weiss 3638

[41]
[42]

[43]

[44]
[45]

[46]
[47]

(48]

[49]
(501
[51]

(52]

Schmidt, W. M.: A metrical theorem in geometry of numbers. Trans. Amer. Math. Soc. 95,
516-529 (1960) Zbl 0101.27904 MR 117222

Shah, N. A.: Uniformly distributed orbits of certain flows on homogeneous spaces. Math. Ann.
289, 315-334 (1991) Zbl 0702.22014 MR 1092178

Shah, N. A.: Limit distributions of expanding translates of certain orbits on homogeneous
spaces. Proc. Indian Acad. Sci. Math. Sci. 106, 105-125 (1996) Zbl 0864.22004
MR 1403756

Siegel, C. L.: A mean value theorem in geometry of numbers. Ann. of Math. (2) 46, 340-347
(1945) Zbl 0063.07011 MR 12093

Solomon, Y.: A simple condition for bounded displacement. J. Math. Anal. Appl. 414, 134—
148 (2014) Zbl 1308.52019 MR 3165299

Solomon, Y., Weiss, B.: Dense forests and Danzer sets. arXiv:1406.3807v1 (2014)

Solomon, Y., Weiss, B.: Dense forests and Danzer sets. Ann. Sci. Ecole Norm. Sup. (4) 49,
1053-1074 (2016) Zbl 1379.52020 MR 3581810

Tomanov, G.: Orbits on homogeneous spaces of arithmetic origin and approximations. In:
Analysis on Homogeneous Spaces and Representation Theory of Lie Groups (Okayama—
Kyoto, 1997), Adv. Stud. Pure Math. 26, Math. Soc. Japan, Tokyo, 265-297 (2000)

Zbl 0960.22006 MR 1770724

Veech, W. A.: Siegel measures. Ann. of Math. (2) 148, 895-944 (1998) Zbl 0922.22003
MR 1670061

Weil, A.: Sur quelques résultats de Siegel. Summa Brasil. Math. 1, 21-39 (1946)
Zbl 0063.08199 MR 15393

Weil, A.: Adeles and Algebraic Groups. Progr. Math. 23, Birkhéuser, Boston, MA (1982)
7Zbl 0493.14028 MR 670072

Widmer, M.: Lipschitz class, narrow class, and counting lattice points. Proc. Amer. Math. Soc.
140, 677-689 (2012) Zbl 1259.11064 MR 2846337


https://zbmath.org/?q=an:0101.27904
https://mathscinet.ams.org/mathscinet-getitem?mr=117222
https://zbmath.org/?q=an:0702.22014
https://mathscinet.ams.org/mathscinet-getitem?mr=1092178
https://zbmath.org/?q=an:0864.22004
https://mathscinet.ams.org/mathscinet-getitem?mr=1403756
https://zbmath.org/?q=an:0063.07011
https://mathscinet.ams.org/mathscinet-getitem?mr=12093
https://zbmath.org/?q=an:1308.52019
https://mathscinet.ams.org/mathscinet-getitem?mr=3165299
https://arxiv.org/abs/1406.3807v1
https://zbmath.org/?q=an:1379.52020
https://mathscinet.ams.org/mathscinet-getitem?mr=3581810
https://zbmath.org/?q=an:0960.22006
https://mathscinet.ams.org/mathscinet-getitem?mr=1770724
https://zbmath.org/?q=an:0922.22003
https://mathscinet.ams.org/mathscinet-getitem?mr=1670061
https://zbmath.org/?q=an:0063.08199
https://mathscinet.ams.org/mathscinet-getitem?mr=15393
https://zbmath.org/?q=an:0493.14028
https://mathscinet.ams.org/mathscinet-getitem?mr=670072
https://zbmath.org/?q=an:1259.11064
https://mathscinet.ams.org/mathscinet-getitem?mr=2846337

	1. Introduction
	1.1. Classification of Ratner–Marklof–Strömbergsson measures
	1.2. Formulae of Siegel–Weil and Rogers
	1.3. Rogers-type bound on the second moment
	1.4. The Schmidt theorem for cut-and-project sets, and patch-counting

	2. Basics
	2.1. Cut-and-project sets
	2.2. Chabauty–Fell topology
	2.3. Ratner's theorems
	2.4. Number fields, geometric embeddings, and restriction of scalars

	3. Classification of invariant measures
	3.1. RMS measures – background and basic strategy
	3.2. The homogeneous measures arising from the F-action on Y_n
	3.3. Preparations for the proof of Lemma 3.2
	3.4. Proof of Lemma 3.2

	4. An intrinsic description of the measures arising via Ψ_*
	5. Some consequences of the classification
	6. Integrability of the Siegel–Veech transform
	6.1. Reduction theory for some arithmetic homogeneous spaces
	6.2. The integrability exponent of an auxiliary function on X_n
	6.3. An upper bound for the Siegel transform

	7. Integral formulas for the Siegel–Veech transform
	7.1. A derivation of a `Siegel summation formula'
	7.2. A formula following Siegel–Weil–Rogers

	8. The Rogers inequality on moments
	8.1. Normalizing the measures
	8.2. More details for p=2

	9. From bounds on correlations to a.e. effective counting
	10. Counting patches à la Schmidt
	References

