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Motivic zeta functions of the Hilbert schemes
of points on a surface

Luigi Pagano

Abstract. Let K be a discretely-valued field. Let X — SpecK be a surface with trivial canonical
bundle. In this paper we construct a weak Néron model of the schemes Hilb” (X) over the ring
of integers R € K. We exploit this construction in order to compute the motivic zeta function of
Hilb” (X) in terms of the motivic zeta functions of X and of its base-changes with respect to the
totally ramified extensions of K. We determine the poles of Zyyn(x) and study its monodromy
property, showing that if the monodromy conjecture holds for X then it holds for Hilb” (X) too.

1. Introduction

The Motivic Zeta Function, introduced by Denef and Loeser, is a useful invariant attached
to hypersurface singularities which encodes informations on other classical invariants of
the singularity. This invariant is a formal series with coefficients in a Grothendieck ring of
varieties which has been proved to be rational by Denef and Loeser in [5], in a sense that
will become clear in Section 6. The most discussed open question concerning the motivic
zeta function is the Monodromy Conjecture which claims the existence of a relationship
between the poles of the function and the eigenvalues of the local monodromy operator
associated to the hypersurface singularity. In this paper we focus on a natural counterpart,
introduced in [18], of Denef’s and Loeser’s zeta function, whose argument consists of a
punctured neighbourhood of the hypersurface singularity, together with a volume form on
such neighbourhood, rather than involving the hypersurface itself.

Let K be a complete discretely valued field. Let R be its valuation ring and let k be its
residue field, which we assume to be algebraically closed. Fix an algebraic closure K /K
for a positive integer m coprime with the characteristic exponent of k, denote by K (1) the
unique extension K € K(m) C K such that [K(m) : K] = m and let R(m) be the integ-
ral closure of R in K(m). Let X — Spec K be a smooth algebraic variety. This datum
is the arithmetic analog of the datum of a family of complex varieties over a small punc-
tured disk, where one usually uses the fundamental group of the punctured disk to give a
monodromy action on the cohomology. In our case the absolute Galois group of K, being
canonically isomorphic to the étale fundamental group of Spec K, replaces the usual fun-
damental group and acts on X, inducing an action on its cohomology: H*(X g, Q;), where

Mathematics Subject Classification 2020: 14G10 (primary); 14J42, 14C05 (secondary).
Keywords: motivic integration, motivic zeta functions, monodromy conjecture, Hilbert schemes.


https://creativecommons.org/licenses/by/4.0/

L. Pagano 764

[ is any prime number coprime with the characteristic exponent of k. We will assume that
the wild inertia subgroup acts trivially on the cohomology of X, so that the action of
Gal(K|K) can be identified with the action of its tame quotient, i.e., Gal(K'*™| K), where
K™ is the union of all the tame extensions of K, which admits a topological generator o.
Hence we can study the monodromy action by focusing on the action of the linear operator

0" H*(Xg. Qi) > H*(Xg, Q).
This operator is quasi-unipotent, meaning that there are a, b € N* such that
(0™ —id)” =0,

hence its eigenvalues, often called monodromy eigenvalues, are roots of the unity.

Now assume X is a Calabi—Yau variety, i.e., a smooth proper algebraic variety whose
canonical sheaf wy = Q;Té is a trivial line byndle and let w be a volume form on X.
Using this datum, we denote by Zx,,(T) € .#'[T], the Motivic Zeta Function of Defin-
ition 6.1.6. This invariant is supposed to be closely related to the monodromy operator
described above, for varieties satisfying the following property, introduced in [10, Defini-
tion 2.6]:

Definition (Monodromy property). Let X be a Calabi—Yau variety with a volume form w.
We say that X satisfies the monodromy property if there exists a finite subset S C Z x N*
such that

a 1
ZX,w(T) S %]g[T, m:(a,b) [S S:|,

and for all (a, b) € S we have that, for all the embeddings of Q; in C, exp(27ia/b) is an
eigenvalue of the monodromy operator.

The monodromy property has been proven for several classes of varieties: Halle and
Nicaise proved it for Abelian varieties, [10], while Jaspers proved it in [14] when X is a
K3 surface admitting a Crauder—Morrison model and Overkamp proved it for Kummer K3
surfaces in [20]. Yet we do not know whether all the K3 surfaces satisfy the Monodromy
conjecture.

In this paper we study a slightly weaker version of this property for Hilbert schemes of
points on surfaces; we report here a simplified version of our main result, Theorem 10.1.2;
a more precise statement is provided in Section 10, after having introduced the notions
involved:

Theorem. Let X be a surface with trivial canonical bundle having the monodromy prop-
erty.
Then the property holds also for Hilb" (X), for every n € N*,

Sketch of the proof. We will outline here the main ideas involved in the proof. The com-
putation of the motivic zeta function relies on the tools of motivic integration, thus on the
construction of a weak Néron model of Hilb" (X). After fixing an sncd model of X over
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the ring R (satisfying a technical assumption introduced in Section 9.1), call X such a
model, then for all integers m divisible enough and coprime with the characteristic expo-
nent of k, it is possible to construct semistable models X (m) — A(m) = Spec R(m) of
X xg K(m). We give an explicit construction of such models, see Section 5, satisfying
the following additional properties:

» The natural action of y, = Gal(K(m)|K) on X(m) extends to X(m);

* For all points x € X(m)g ¢, the stabilizer Staby C p,, acts trivially on the whole
irreducible component £ C X(m); containing x.

The relative Hilbert functor provides a proper scheme Hilb” (X(m)/A(m))— A(m) whose
generic fibre is Hilb” (X (m)). This model inherits from X () an action of i, in particular
it is a proper, equivariant model of Hilb” (X(m)) over A(m). If we remove the critical
points of the map X(m) — A(m), then we repeat the construction obtaining a smooth
Wm-equivariant subscheme Hilb" (X(m)sn/A(m)) € Hilb* (X(m)/A(m)). By the means
of Weil restriction of scalars (see Section 4), we construct a smooth model of Hilb” (X))
over R, namely (Resa(m),a Hilb" (X(m)sm/A(m)))"™.

If m is sufficiently divisible (in Section 9 we construct a suitable value of m, denoted 1),
the model above satisfies the weak extension property with respect to Spec K C Spec R,
hence it is a weak Néron model of Hilb" (X). This model provides a direct way to compute
the motivic integral inlbn X) o™, where ! is the volume form on Hilb" (X) constructed
in Section 9; choosing m = mii, for m; € N*, allows us to compute the motivic integral
of the Hilbert schemes Hilb" (X (m1)/ K (m1)), therefore we get the formal series defining
Z i (x),0lm» since Hilb" (X) xg K(m) = Hilb" (X(m)). The value of the Zeta function
is, indeed, written implicitly in Theorem 9.3.2 and explicitly in equation (9.2), i.e.,

o0
Zyp o = D | [ LUV Sym™ (Zxjy.w())-
a-nj=1

where o«  n denotes that « is a partition of 7, in the sense of Definition 7.2.4.

Using this explicit formula and the results developed in Section 7.3, we find out that
every pole of Zy;n(x) e 18 the sum of n poles of Zx 4, possibly repeated, we do not
know yet if the converse is true, i.e., whether every possible sum of n poles of Zx, is
a pole of Zyn(x) - Putting the description of the poles of the Zeta Function together
with the description of the cohomology of Hilb” (X) in [8], one infers the claimed result
about the monodromy property. ]

A further byproduct of the computations we carried out in Section 7, we also achieved
Proposition 10.1.5:

Proposition. Let Y, Z be two Calabi—Yau varieties endowed with volume forms w1, w2
satisfying the monodromy property. Let w be volume forms on Y x Z the volume form
w = pr’{,a)l A pr}a)z. Then also Y x Z, endowed with the volume form w, satisfies the
monodromy property.
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We conclude the paper by discussing the monodromy property in an explicit example,
i.e., comparing the poles of the zeta functions of a quartic surface embedded in P 13( and of
its Hilbert scheme of degree 2.

Organisation of the paper

In Section 3, we introduce the Grothendieck rings of varieties and their equivariant ver-
sions, using them to define the main actors of the manuscript.

In Section 4, we recall the notion of a weak Néron model and show some techniques
that we will use in order to construct them.

In Section 5, we adapt the theory of potential semistable reduction of families of sur-
faces in our case. We construct a specific equivariant semistable model satisfying a good
property with respect to the Galois action of the extension.

In Section 6, we recall the notion of motivic integration and the definition of the
Motivic Zeta Function. Then we explain the notion of rationality for power series with
coefficients in .#, in A [(L” —1)7':0 < r € N] and in M., giving also a definition
of a pole of such functions. We conclude by stating the Monodromy Conjecture in two
forms.

In Section 7, we discuss some facts concerning the poles of rational functions with
coefficients in our motivic ring. These properties will be useful when applied to the for-
mula that we will produce for the motivic zeta function of Hilbert schemes.

In Section 8, we summarize some facts about Hilbert schemes that will be involved in
the computation of their motivic zeta functions.

In Section 9, we give a construction of the weak Néron models of Hilbert schemes of
points on surfaces and use those models to compute their motivic zeta function.

We finally discuss the monodromy property in Section 10.

2. Notation and conventions

Throughout the manuscript, unless differently stated, R will be a complete DVR, X its
fraction field and k its residue field, which we will assume to be algebraically closed. We
fix an algebraic closure K of K, so that whenever we consider extensions of K and R we
think of algebraic extensions of K in K and integral extensions of R in K. When m is
an integer coprime with the characteristic exponent of k, we denote by K(m) the unique
extension of K of degree m and by R(m) the integral closure of R in K(m); we denote by
K'™® the tame closure of K, i.e.,

KBme — U K(m).
m>1

chark {m

We denote by A := Spec R, A(m) := Spec R(m) and similarly A* := Spec K, A*(m) :=
Spec K (m), for m coprime with the characteristic exponent of k. By variety over a field F
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we denote a reduced, separated scheme of finite type over F. The set of natural numbers
N contains 0, while N* denotes N\ {0}.

3. Grothendick ring of varieties

In this section we introduce the rings containing the coefficients of the formal series we
will study later on.

3.1. A motivic ring

3.1.1. Fix afield k and consider the category of algebraic schemes of finite type Schy. Let
Ko (Schy) be the abelian group whose generators are isomorphism classes of scheme of
finite type over k and whose relations, called scissor relations, are generated by elements
in the form

X —Y - (X\Y),

whenever X is an algebraic variety and ¥ C X is a closed subscheme. We denote by [X]
the class of X € Schy in K¢(Schg).

3.1.2. There is a unique ring structure on K¢(Schy) such that for all X, Y € Schy one has
[X]-[Y] = [X xx Y]. With this ring structure, Ko(Schy) is called the Grothendieck ring
of varieties. It is also characterized by the following universal property:

Universal property of K¢(Schy). Let R be a ring and let ¥: Schy — R a multiplicative
and additive invariant constant on isomorphism classes, i.e., a function which associates to
a variety X anelement W(X) € R suchthat (X x; ¥V) =V (X)¥(Y)andif X =Y U Z,
then

UYX)+¥W Y NZ)=v(Y)+¥2).

Then there is a unique ring homomorphism ¢: Ko(Schg) — R such that

VX eSchy,  ¢([X]) = W(X).

3.2. Localised Grothendieck ring
3.2.1. A ring that is worth some consideration is obtained as a localisation of K¢ (Schy).

Definition 3.2.2 (Localised Grothendieck ring of varieties). Let us denote by L the ele-
ment [A;] € Ko(Schy).
The localisation of K¢ (Schy) with respect to IL,

A = Ko(Schp)[L™],
is called the localised Grothendieck ring of varieties.

3.2.3. By combining the universal property of localisation and of K¢(Schg), one can
define .#} as a universal ring for all the invariants Schy — R which send A}( in R*.
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3.3. Completed Grothendieck ring
3.3.1. Consider the filtration F"* .4}, = (L"[X] | r € Z,dim[X] +r < —n)z.

Definition 3.3.2 (Completed Grothendieck ring of varieties). The completed Grothen-
dieck ring of varieties .#} is the completion of .}, with respect to the filtration F*°.

3.4. Equivariant setting

3.4.1. All the three rings above have an equivariant version, i.e., can be constructed in the
category Schf of algebraic varieties endowed with a good action of a finite group G.

Definition 3.4.2. A G-action on a scheme X is said to be good if every orbit is contained
in an affine open subscheme of X. We say that X is a good G-variety (resp. G-scheme) if
it is endowed with a good G-action.

3.4.3. Quasi-projective G-varieties are always good. Unless differently stated, our G-
schemes are good.

3.4.4. As before, the equivariant Grothendieck group of varieties Ky (Sch,?) is the group
generated on the isomorphism classes of G-schemes of finite type with relation of two
kinds:

Scissor relations. Let X be a G-scheme and Y a G-invariant closed subscheme, then
XY —(X\Y),

is 0in Ko(Sch{).

Trivializing relations. Let S € Schg and let V' — S be a G-equivariant affine bundle of
rank d. Then
V — (S xx A?) € Schf

is set to 0, where G acts trivially on the second factor of S xj Ag.
There is a unique ring structure on Ky (Sch,?) such that for every two X,Y € Schg,
we have [X] - [Y] = [X xx Y], where the action of G on X Xy Y is the diagonal action.

3.4.5. A group homomorphism G, — G of finite groups, together with an action of G,
on a scheme X, induces an action of G, on X via composition

G, — G — Aut(X),

which in turns induces a functor S(:hg1 — Schg2 . Clearly this functor sends G -equivariant
inclusions of schemes in G,-equivariant inclusion of schemes, thus preserving scissor
relations, and sends G1-equivariant affine bundles to G,-equivariant affine bundles, thus
preserving also the trivializing relations; hence the functor descends to a group homo-
morphism K (Schg‘) — Ky (Schgz). This group homomorphism can be enhanced to a
ring homomorphism since a diagonal action G; — Aut(X) x Aut(Y') induces a diagonal
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action G, — Aut(X) x Aut(Y). It follows that any projective system of finite groups G;
induces a direct system of rings Ko(Schgi ); therefore, given a profinite group

G = lim(G),
we can define the G-equivariant Grothendieck ring of varieties as
Gy ._ 1; Gi
Ko(Schy) == lir_)n Ko(Sch.").

3.4.6. We use again the symbol L := [A}{], where the group G acts trivially on the affine
line; thus the trivializing relations tell us nothing more than:

[V1=L7S].
whenever V' — S is an equivariant affine bundle of rank d.

3.4.7. Similarly to what we did in the previous sections, we define the localisation //lkG =

Ko(Sch,?)[]Lfl] and its completion ./, kG with respect to the filtration

Fral = (L"[X]|r € Z,dim[X] +r < —n),.

4. Weak Néron models

4.1. Definition and basic constructions

4.1.1. In order to define the main objects involved in this manuscript we will need to
introduce the notion of a weak Néron model and to develop some techniques involved in
the construction of such models. We keep the usual conventions on R, K, k, etc.

4.1.2. The results we are going to state in this section hold in the context of algebraic
spaces, but we will not work in such generality, thus we state them only in the context of
schemes.

Definition 4.1.3. Let X — Spec K be a smooth morphism of schemes. A model for X
over A is a flat scheme X — A together with an isomorphism Xx — X.

Moreover we say that the model X has a property P (e.g., smooth, proper) if the morph-
ism X — A has such property.

4.1.4. The notion we are mostly interested in is that of Weak Néron Model:

Definition 4.1.5. We say that a model X — A of X has the weak extension property if
there is a bijection Homg (A, ¥) = Homg (Spec K, X), (f: A — X) — f|a+. In other
words, if every K-point of X extends to a R-point of X.

A smooth model X — A of X — Spec K that satisfies the weak extension property is
said to be a weak Néron model of X .
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Example 4.1.6. Let X — Spec K be a smooth and proper variety and let X — Spec R
be a proper regular model of X, then the smooth locus of X — Spec R is a weak Néron
model of X, because the sections Spec R — X do not meet the singular locus of X} :=
X Xgpec R Spec k and finite étale covers of Spec R are just union of finite copies of Spec R,
since k is algebraically closed. See also [2, Section 3.1].

Since we will mostly work with sncd models, i.e., proper regular models whose central
fibre &} sits in X as a divisor with strict normal crossings, this construction will be often
used throughout this manuscript.

4.2. Weil restriction of scalars

4.2.1. In this paragraph we study some generalities about the functor of the restriction of
scalars. The main content of this paragraph is Proposition 4.2.6, which will allow us to
construct weak Néron models of a finite, tamely ramified base-change of X .

Definition 4.2.2. Let S’ — S be a morphism of schemes and )V — S’ be a scheme. The
functor Resg//s()): (Schg)°P? — Sets defined by T +— V(T xs S’) is called the Weil
restriction of scalars of ) along §” — S.

When Resg//s()) is represented by a scheme, we say that the Weil restriction of
along S’ — S exists.

4.2.3. It follows from [2, Theorem 7.6] that if S — S is a finite, flat and locally of finite
presentation morphism and )} — S’ is quasi-projective, then the Weil restriction of )
along S’ — § exists. This will always be the case, throughout this manuscript.

Remark 4.2.4. Consider arbitrary morphisms of schemes S’ — S and X — S; then the
universal property of fibered products implies the following:

Resg//s(X x5 §') = Homg(S', &),
where Homg (S/, X)) is the sheaf T+ Hom7 (S” xs T, X x5 T).

4.2.5. Let R be a complete DVR and let K be its fraction field and k be its residue field.
We assume k is algebraically closed. Let K C L be a finite tame extension with G =
Gal(L|K) and denote by Ry the integral closure of R in L. Let X — Spec Ry, be a G-
equivariant morphism. For an arbitrary scheme T — Spec R, the action of G on Spec R,
induces an action on T, , thus, as constructed in [6, Construction 2.4], a right action on the
Weil restriction, Resg, /g (X'): more precisely, given g € G, it induces an automorphisms
PTx, (8): Tr, — Tg, and an automorphism px(g): X — X the action of G sends the
point corresponding to the morphism ¥: T, — X to the composition g(y) = px(g) o
Y 0 p1g, (g)~!. The following proposition, already proved in [12, Theorem 3.1], provides
a recipe that we will use for constructing weak Néron models of varieties.

Proposition 4.2.6. Let X' — R;, be a Galois-equivariant weak Néron model for Xy, then
X = (Resg, /g ¥')Y

is a weak Néron model for X .
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4.2.7. The following lemma says that this construction is well behaved with respect to a
tower of extensions:

Lemma 4.2.8. Let K C F C L be a tower of Galois extensions such that also K C L
is normal. Let G := Gal(L|K), N = Gal(L|F) and G/N = H := Gal(F|K). Denote
by Rp and Ry, the integral closures of R in F and L, respectively, and Af, Ay their
spectra. Let F: Sch(ff — Sets be a functor endowed with an action of G compatible with
its action on Ar,.

Then the following two functors are naturally isomorphic:

H
(RCSAL/A .F)G ~ (RCSAF/A (RCSAL/AF .F)N) .

Proof. The left-hand side is equal to

H
(Resa,/a(Resa,/a; ) = ((Resap/a(Resa,jap F))")

where N acts as a subgroup of G and H = G/N inherits the action of G on the N-
invariant locus. Thus, we only need to show that there is an H -equivariant isomorphism
of functors:

Resay/a (Resa; /A ]:)N ~ (ReSAF/A(ReSAL/AF ]:))N.
Given a scheme morphism 77 — A, we have that
Resa,/a (Resa, /ap F)V(T) = (Resa, jap F)N(T xa AF)
— (F(T xa ML)V
= (Resa,/a(Resa, /ap ]:)(T))N,

and we are done. |

Remark 4.2.9. The construction above can be made more explicit: in the following para-
graphs we will describe the central fibre and the canonical divisor of X in terms of ¥’.
4.3. Weil restriction and the central fibre

4.3.1. This subsection and the next one summarize some results contained in an unpub-
lished manuscript of Lars Halle and Johannes Nicaise. The author is grateful to them for
letting him use these results which are crucial for the computation of the motivic integral
in Section 9.3. We keep the notation of the previous paragraph.

4.3.2. The inclusion X C Resg, /r X’ corresponds, according to the definition of the
restriction of scalars, to a map of Ry -schemes

h: X XR RL g %’,
which gives, over the special fibres a morphism of k-schemes:

hkifk — %2



L. Pagano 772

4.3.3. On the other hand, we can characterize X in a different way, using the Greenberg
schemes. The following definition will cover the cases we will use:
Letd = [L : K] and let m be the maximal ideal of Ry ; fori € {0,...,d — 1}, let

Rpi = Rp/(m'*").
For a separated, smooth morphism .A — Spec Ry, consider the functor
Gr;(A) := Resg, ,/k (A xR, RL,),

which is representable by a separated, smooth scheme, as it follows from the proof of
[2, Proposition 7.6]; this is also called the level i Greenberg scheme of A.

Clearly, Gro(A) = Ay, while Grg_;(A) = Resg, /r(A), since d = [L : K] is also
the ramification index of Spec Ry — Spec R at their closed points.

4.3.4. In our case we have that X; = (Gry_;(¥X))Y. Indeed, if T is a k-scheme, we have
that ;
X (T) = {f:T xg R > )% = (Gra_1 (&')(T))”.

4.3.5. The natural truncation maps of Greenberg schemes define G-equivariant affine
bundles with affine G-action (see [13, Proposition 3.12]), in particular Grg_;(X') —
Gro(X') = X;_is a composition of affine bundles. By taking the G-invariant loci of this
map, we get a description, at least locally, of X; as an affine bundle over (%;{)g, in
the sense that for each connected component C C X, there is a connected component
C'c (%;c)g such that C is an A} -bundle over C’, where r = dim(X;} ) — dim C". In par-
ticular the following relation holds in Ko (Varg):

[C] — ]Ldim(%k)—dim C,[C/].

4.4. Weil restriction and canonical divisor

4.4.1. Let us keep the notation introduced in the previous paragraph, but we also assume
that X is a Calabi—Yau variety, i.e., it has trivial canonical bundle, and that a volume
form w € Qg‘}r/“lg( (X) is given. Let wp, € Q‘;;'L“/}I{ (XL) be the pull-back of w under the
base-change map. In this paragraph we will study the order of vanishing of @ on each
component of X, which we will define as follows, adapting the definition given in [15,
Section 4.1].

4.4.2. Let p € X be a closed point. Since R is an Henselian ring and since X — Spec R
is smooth, there is at least a section v: Spec R — X such that 1/ (0) = p. Consider the line
bundle £ := w*Qg‘fRX over Spec R. There is a € Z such that 7%w extends to a global
section @’ € Q%‘}“RX (%), where m € R is the uniformizer. So its pull-back ¥ * () is a

global section of L. Let M := L/{* ' Ogpec g be the quotient of Ogpe. g-modules.
Definition 4.4.3. The order of w at p is defined as:
ord, () = inf{h € N: 7’ M = 0} —a.
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If C C X is a connected component, then ord, (w) does not depend on the coice of
the closed point p € C, so we define ordc (w) as the order of w at any of its closed point.
If ordc (w) > 0 we say that C is a zero of w, if ord¢ (w) < 0 we say that it is a pole of w.

4.4.4. Let Z be a smooth scheme defined over a field F and let V — Z be a vector
bundle over Z. Consider a cyclic group G = u4 acting equivariantly on V' — Z and let
z € Z be afixed point. There is a unique sequence of integers (j1, j2,- - -, jik ) such that
0<j1 <j»<--<jxv <d —1suchthat V; has a basis vy, ..., vgy of eigenvectors
such that ¢ x v; = {/i - v; (where ¢ is any generator of j14); the tuple (j;); is called the
tuple of exponents of the G-action.

Definition 4.4.5. We define the conductor of the action of G in z as the sum:
kV

c(V,z) = Zji'

i=1

If C € ZG is an irreducible subscheme, then for all z, z’ € C one has that c(V,z) =
¢(V, z"), so we simply denote by c¢(V, C) either of the conductors. Moreover we denote
c¢(Z, C) the conductor c¢(Tz, C).

Lemma 4.4.6. Let C be a connected component of Xy, and let C' = h(C), where h is the
map defined in Section 4.3.2. Then:
ordc/(wr) — (¥, C')
[L: K]

ordc (w) =

Proof. The map ¥ xg R; — X’ induces a monomorphism
a:(Y) Qar, — ¥ QxR ®r Re
sending wy, to w ® 1; in particular
length (a((¥')*Qa/r, )/ {0 ® 1)) = [L : K]length (V)" Qa/r, /(@L)).

thus the statement will follow from the fact that cokera = ¢ (X, C’).
On the other hand, under the identification

al(L| K al
Tx/r = Homp (R[]/(¢%). ) = Homp, (R [¢]/(e2). &) ") = 7800,

the tangent map 7y: Tx/rx xR, — Tx'//R, induces a map
B: (W) * (Tarr, )" @ R, — (¥')* Tar g, -

Fix a base of eigenvectors of ng;{; the upcoming Lemma 4.4.7, applied to the subspaces

generated by each element of the base, implies that coker(f) = EB;LI Rp/ mii , hence

d
coker(a) = /\ Ry /i = RL/HIE(%’C,), .

i=1
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Lemma 4.4.7. Let M a free Ry-module of rank 1. Assuming that Gal(L|K) acts R-
linearly on M from the left. Let j be the exponent of the action induced on M Qpg, k,
as in Definition 4.4.5. Then the natural morphism M GALIK) ®Rr R, — M has cokernel
isomorphic to RL/mi.

Proof. Letus fix an element v € M such that 0 # v ® 1 € M ®g, k; by our hypothesis
we have that ({ * v) ® 1 = {~/v ® 1. Let 7 a uniformizer for Ry such that nf € K;
if 0 < b < d — 1 the vectors vy = JTZU ® 1 € M ®g k form a base of the vector space
MQ@rk=MQpg, RL/mZ. Moreover that one is a base of G-eigenvectors, for ¢ * vy =
é'b_j Vp.

By Henselianity we can lift the base {vp} to an R-base {wp:0 <b <d — 1} of M
such that ¢ % wy, = 27wy,

Now let x = apwg + -+ + ag—1w4—1; € M be an arbitrary element. We have that
xeMOiffx —¢xx =0,ie, iff

d—1

Y ap(1 =" wy =0,

b=0

therefore, the R-module M € is generated by w j
It follows that MG ® Ry is sent onto (w;) € M, which leads to our coveted state-
ment. "

5. Equivariant semistable reduction

5.1. Preliminaries on logarithmic geometry

5.1.1. Asseen in Example 4.1.6, every proper regular model of a smooth variety contains
a weak Néron model, on the other hand it is not always possible to construct a semistable
model over a DVR of all the varieties defined on its fraction field K. Given a variety X
over K that admits a regular sncd model, under suitable assumptions there exists a finite
extension F/K such that the basechange X r admits a semistable model over the ring of
integers in F'. In this section we will show a way to produce such models over Galois
extensions of a given field in such a way that the Galois group acts naturally on the model.

5.1.2. We use the standard language of monoids and logarithmic geometry, as in [7] or
in [3] and we refer to [21] for the material concerning toric schemes. We only recall here
the notions that will be used later in this section:

5.1.3. Let VT = (V, My) be a locally Noetherian fs logarithmic scheme and x € V be a
point. We say that VT is log regular at x if the following:
e Thering OV,X/M;XOV’X is regular;

* dim Oy = dim Oy /M, Oy,x + dim My, .
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are satisfied, where M “‘,' .. is the maximal ideal of the monoid My, i.e., the subset of said
monoid obtained by removing its invertible elements. A log structure V T is logarithmically
regular if it is log regular at each of its points.

5.1.4. A (sharp) monoidal space is a couple (T, M) consisting of a topological space
T and a sheaf of (sharp) monoids over 7. A morphism of monoidal spaces

(T", Mp) — (T, Mr)
is the datum of a continuous map f: 7’ — T and a map of sheaves of monoids
h: f7Y (M) — Mr.

Given an abstract monoid M, we can define its sharpification M* by quotienting M by its
submonoid of invertible elements M *, i.e., M* := M @px {1}. Similarly, if (T, Mr) is
a monoidal space, one can define its sharpification (T, M) := (T, MﬁT), where MﬁT is
the sheafification of U > M7 (U)*.

5.1.5. Let P be a monoid, consider the set Spec P of its prime ideals, i.e., its submonoids
whose complement in P is again a submonoid of P, endowed with the topology generated
by {D(f): f € P},where D(f)={p € SpecP: f ¢ p}. Let M p be the sheaf of monoids
such that M p (D(f)) = Py. The space (Spec P, M p), or simply Spec P, is the spectrum
of P. Moreover (SpecP)* is called the sharp spectrum of P.

5.1.6. A fan is a sharp monoidal space (F, M), that can be covered by open subsets
isomorphic to sharp spectra of monoids. A fan is locally fine and saturated (or locally fs)
if it can be covered by spectra of fs monoids. The category of fans is a full subcategory
of the category of sharp monoidal spaces, i.e., a morphism of fans is just a morphism of
monoidal spaces between fans.

5.1.7. Let (F, MF) be a fan. A subdivision is a morphism of fans ¢: (F/, Mp/) —
(F, M F) such that:
* Foreveryt € F’, the map induced on stalks MZ" | — M, is surjective;

* The composition with ¢ induces a bijection
Hom(Spec N, F') — Hom(Spec N, F).

5.1.8. Let VT = (V, My) be a log regular scheme. There is a fan associated with V/
whose underlying topological space is the topological subspace of V' whose points are
F(V) :={x € V:m, is generated by Mv,x\(’){j’x}, where m is the maximal ideal of
Ovy,x, and whose structural sheaf M gy is the restriction of My /Oy .

5.2. The construction of a semistable model

5.2.1. Let AT be the log scheme supported on A with the divisorial log structure asso-
ciated with 0 € A. Similarly AT(m) shall denote the scheme A(m) introduced above
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endowed with the divisorial log structure for 0 € A(m). Let S — A a finite type flat
morphism of relative dimension 2 with smooth generic fibre and let S be the divisorial
logarithmic structure associated with the central fibre S. Assume that

Sk =Y _NiE
iel

is an snc divisor whose components, {E; }; ey, have multiplicities, {N; };e, coprime with
the characteristic exponent of k, so that ST — AT is logarithmically smooth. Let us fix a
positive integer N such that the multiplicity of any irreducible component of Sy divides
N and let m be an arbitrary positive integer; we further assume that N, m are coprime with
the characteristic exponent of k. Let I' be the fan associated with the logarithmic structure
of ST.

5.2.2. The scheme S has a canonical stratification in locally closed subschemes described
as follows:

e ForJ C I, denote Ej := ﬂie 7 Ei endowed with its reduced scheme structure, in
particular Eg = S;

* ForJ C I,denote E := EJ\UieI\J E;, in particular Ej = Sk.

The collection {E§}jc; defines a partition of S with locally closed subschemes; if we
omit J = @, they define a stratification of the central fibre S.

5.2.3. The fs-basechange ST x%X. A(mN)t — AT which is a normal space, yet not neces-
sarily regular, is canonically endowed with an equivariant j,, y-action which induces an
action on the fan of ST foST A(mN)T, which we call T'(mN). As described in [17, Sec-
tion 2.3], its underlying scheme admits a stratification with locally closed subschemes
{Ej} Jcr such that, foreach J C 1, E; is the preimage of E with respect to the map

STx® AmN)T — st
and E 7 — E5 isa Gal(K(mN)|K)-torsor with constant stabilizer.

5.2.4. In the literature it is well known how to perform and embedded resolution of a
log regular scheme, for instance following the proof of [23, Theorem 4.8], it is possible
to construct a subdivision of the polyhedral complex associated with I'(mN) that gives
a N -equivariant logarithmic resolution of singularities of ST xng A(mN)T, which in
turn gives an equivariant semistable model S(mN) — A(mN) of Sk ). Despite in [23]
characteristic 0 is assumed, the semistable reduction works also in positive and mixed
characteristic, as long as S — A is logarithmically smooth.

Remark 5.2.5. The construction above works for every m because the relative dimension
of § — Ais 2, see [23, Theorem 4.8, 2]; in higher dimension it could have been necessary
to replace N with a sufficiently divisible number.

Remark 5.2.6. For our purposes we only need the existence of a toroidal equivariant
resolution of S¥ fo‘T A(mN)T, not its specific properties.
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5.2.7. We conclude the section with the following lemma which grasp the most important,
at least for our purpose, property of the action of i, 5 on S(mN); in fact this is the only
reason why we did perform the construction in this way:

Definition 5.2.8. For each point p € S(mN ) let Stab, < ,,n be the subgroup consist-
ing of the elements that fix p.

Lemma 5.2.9. Stab_ is locally constant on S(mN ) sm. In particular if a point p €
S(mN )k sm is fixed under the action of |y, then the whole connected component of
S(mN )k sm containing p is fixed under such action.

Proof. Let C be a connected component of S(mN ) m, Which, by construction, is the
preimage of some stratum E§ via the map

SmN)" — ST <8 AmN)T.

As it follows from the proof of [4, Theorem 7.2.1], the map C — E i a py N -equivariant
an’ i -torsor, for some r € N, with u,,y acting trivially on the fibres G,’nj k Therefore, for
0 € UmN, its fixed locus Fixc (o) is a G,’n k-invariant subscheme of C; moreover it is

smooth over its fixed locus in £ f} since m N 1is invertible in k.
As it follows from Section 5.2.3, the fixed locus of o in E is either empty (in which
case Fixc (0) = @) or the whole stratum; since the only G , -invariant subschemes of C

that are smooth over £ § are C itself and @, in both cases Fixc (o) is either C or empty. m

6. The monodromy property

6.1. Motivic integration

6.1.1. Let us keep the usual conventions for R, K, k, etc. Let Y — A*(m) be a smooth
Calabi—Yau variety and let w be a volume form on Y . Fix a weak Néron model YY) — A(m)
of Y. For a connected component C € 1y (%)) let ordc (w) be the order of w, considered
as a meromorphic function, on the generic point of C.

6.1.2. It follows from a result of Loeser and Sebag (see [15, Proposition 4.3.1]), that the
following definition does not depend on the choice of the weak Néron model of Y.

Definition 6.1.3. (Motivic integral) With the same notation introduced in this paragraph,
we call motivic integral of the volume form w on Y the element of ./} given by the

following sum:
/ wdp = Y [CJL™"c@,
Y Cemo(Vo)
6.1.4. The motivic integral has an equivariant counterpart in //lkG [T], if X is a Calabi—

Yau variety with a good action of a (pro)finite group G and w is a G-equivariant volume
form.
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6.1.5. Now fix a Calabi—Yau variety X — A*, together with a volume form w € wy (X).

For every positive integer m, define X(m) := X xa+ A*(m), which is canonically
endowed with a good action of w,, = Gal(K(m)|K). Since the map A*(m) — A is an
étale map, the basechange map X(m) — X is étale as well. The pull-back of @ through
that map is thus a j,-equivariant volume form on X(m), which we denote by w(m).
Using this construction, a formal series with coefficients in .Z, ]f“ is defined:

Definition 6.1.6 (Motivic Zeta Function). Keep the notation of this paragraph. The Mo-
tivic Zeta Function of X with respect to the volume form w is the formal series

Zx.w(T) = ( Z /X( )a)(m)d,u)T'” € //ZE[[T]}

m=>1

chark {m

6.2. Rational functions in .#, ,f IT]
6.2.1. The notions discussed in this paragraph are introduced, for instance, in [19].

Definition 6.2.2. Let F € ///,g [T], we say that F is rational if there is a finite set S C
N x N* such that F € //lka[T, m:(a,b) e S].

In such a case, we say that F has a pole of order at most n € N* in ¢ € Q if there
exist a finite set S” € N x N* such that 7 = ¢ = (a,b) ¢ S’ and a positive integer N
such that also g N is an integer and

m 1
—qN TN .
(I_HJ g T )”Fe//ﬁ[T,m.(a,b)eS/}.

We say that F has a pole of order n > 1in g € Q if F has a pole of order at most n, but
not a pole of order at most n — 1.

Remark 6.2.3 (Historical note). Other types of zeta functions (such as Igusa’s zeta func-
tion or its motivic analogue defined by Denef and Loeser) are defined as functions of
complex variable s — ((s); these functions were paired with a formal series Z(T') via
the substitution of the formal variable 7 = L™ (in the case of Denef’s and Loeser’s zeta
function). With this substitution in mind, the poles of a rational function F € .} [T]
are those values of s where at least one denominator in every fractional expression of F
would vanish.

6.2.4. The definition can be simplified, provided that we work on a ring A" endowed
with a map ., ,f — Z" such that the images of all the elemfints of the form L” — 1, with
r € N\{0}, are invertible. The minimal such choice for Z* is, clearly, the localisation
of ./ with respect to that set of elements, i.e., ., [(L" — 1)~':r € N*]; this ring is
also called the [i-equivariant Grothendieck ring of algebraic stacks, for it can be obtained
by repeating the construction we have seen in Section 3 starting with the category of
algebraic stacks. Another natural choice for 2% is the completed Grothendieck ring of
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varieties: //2,5“, where the inverse of 1 —L” =L"(1 —=L7") is
L—r +L—2r +L—3r R

The following lemma clarifies why in this case it is easier to define a pole:

Lemma 6.2.5. Let Z" be a ring as above and F € RI [T] any rational function. Then
exists a positive integer N and a finite set S C Q such that:

T
) =8+ ¥ a

qgeS

for some polynomials g, f; € RI[T| and positive integers ag.

Proof. We begin by noticing that, given p > v positive integers, one has that

1 _ 1 1 LAY
(1—LATN)(1 —LvTN) 1 —Lrtv\1—L'TN 1 —LxTN )
where N € N.
By repeatedly applying this step, one obtains the following identity

1 r(TV) s(TN)

(1 —LATN)a(1 —LvTN)e — (1 —LeTN)a (1 —LYTN)b’

for positive integers @, b and polynomials r, s € Z[L, ﬁ, t] such that deg,(r) < a,

deg,(s) < b. In particular any rational function in %’%T]] with two poles is the sum of
two functions with a single pole. We conclude the proof by induction on the number of
poles of F. ]

Definition 6.2.6. If F is written as in (6.1) and g € S, then we say that F has a pole of
order at most a4 in g.

If, moreover, there is no integer N’ € N* such that f, € (1 — L™V TN\ %"[T], then
F has a pole of order exactly a4 in g.

Remark 6.2.7. Let F € ./, ,f [T] and let F € Z~[T] be the image of F under the com-
pletion map (or localisation map).

Because of Lemma 6.2.5, any pole g of F of ordera € N*isalsoa pole of F of order
greater or equal than a.

6.3. Statement of the monodromy property

6.3.1. We conclude this section by explaining the main problem we are going to face. Let
Z be one of the three rings .4, 4 [(L" —1)"':0 < r € N] or //2k and let Z" be its i-
equivariant version. Let us fix a topological generator of Gal(K"“™¢| K) as follows: for m €
N* coprime with the carachteristic exponent of k, let us choose coherently uniformizers
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Wy, € R(m) and primitive roots of the unity {,, € K"™™, where by “coherently” here we
mean that wé’b = w, and é‘[’l’b = ¢, for all a, b € N* coprime with the carachteristic
exponent of k; then there exist a unique o € Gal(K"™™| K) such that o (¢,) = @y, for
all the relevant m. We give a statement of the monodromy property that depends on how
the ring of coefficients for the zeta function is interpreted:

Definition 6.3.2 (Monodromy property in A", Let X — Spec K be a Calabi—Yau variety
and let w be a volume form on it. We say that X has the monodromy property, with respect
to o, if for all poles ¢ € Q of Zx ,(T) € %ﬁﬂTﬂ and for all the embeddings Q; — C,
we have that 274 is an eigenvalue of o'*.

Remark 6.3.3. In the subsequent discussion, we will omit to mention the relationship
between the monodromy property and the choice of a particular topological generator of
Gal(K'*“™| K); but the reader has to keep in mind that we fixed a topological generator o
and that the monodromy action and the monodromy property are defined with respect to
such generator.

However, if X is defined over a “sufficiently basic” field, i.e., X is the basechange
of a scheme defined over Q((¢)) or F,((¢)) in the case of equal characteristic, or over
Qp in the case of mixed characteristic (where p is some prime number), then the lifts in
Gal(K | K) of two topological generators o, T € Gal(K"“™|K) are conjugated with respect
to an automorphism g € Aut(K) that fixes Q((¢)), Fy((2)) or Qp, ie., 0 = g7t g; since
X is the base-change of some scheme defined over one of the fields above, g induces an
automorphism of Xz, so that the two operators ¢* and t* are conjugated and have the
same minimal polynomial, hence the same eigenvalues with the same multiplicities.

6.3.4. The monodromy property in the ring //Z]? implies the monodromy property in
///,g[(IL’ —1)7':0 < r € N] by Remark 6.2.7. In tllfns’ the monodromy property in
AL —1)71:0 < r € N] implies the version in ..

7. Formal series in the motivic rings

In this section, the symbol % shall denote one of the rings ///ﬁ, ///]E [(L'-1)"':0<reN]

or A}, unless differently specified.

We will discuss some properties of power series with coefficients in %, then we will
describe some operations that shall be useful for computing the Motivic Zeta Function in
our case.

7.1. Quotient by a group action

7.1.1. Let us fix a finite group G, let N < G and let H = G/ N be its quotient. Consider
the equivariant versions of the ring #, which we call #C and # | as in Section 3.4. For
an arbitrary variety X endowed with an action of G, we consider the quotient X /N which
is again an algebraic space endowed with an action of the group H, namely the quotient
action.
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7.1.2. The quotient X /N is not necessarily a scheme. In any case, as long as we consider
good actions on X, there exists an open affine subscheme Spec A C X which is invariant
under the action of G, so that Spec AY C X/N is a scheme. We may, thus, repeat the
argument for the closed G-invariant subscheme X \ Spec A and, by Noetherian induction,
we stratify X as a union of G-schemes whose quotients with respect to the action of N are
H -schemes; moreover a G -invariant stratification of each stratum induces an H -invariant
stratification of its quotient. Thus there is a well defined map of groups Z¢ — #ZH by
[X] = [X/N]; this map does not preserve the products.

7.1.3. In the following definition, we extend the map above to a map
#C[T] - #H[T]

and in the subsequent proposition we show that rationality of any power series is well
behaved under this map.

Definition 7.1.4. If F = 3", A,T" € ZC[T], we define the series of the quotients with
respect to N associated with F as

(F/N)(T) =) (As/N)T" € ZH[T].

Proposition 7.1.5. For f, g € ZC|T), with g being of the form I—[]-GJ(I — L% Th), let

F be the rational function F(T) := %. Then F/N = f{TN.

In particular all the poles of F/N belong to the set of poles of F.

Proof. It suffices to show the statement in the case when f = a € #C is a constant. Let

1 n
g 2T

n

where A, € % has a trivial G-action. Then
o a/N
N =) (¢d,)/NT" = a/NA,T" = ——. (]
(g(T))/ Xn: " 2,,: " g(T)

7.2. Power structures

7.2.1. We need to define a map on the Grothendieck rings which extends the symmetric
product of a variety, allowing us to talk about the symmetric product of a “difference of
varieties”; in order to do so, we need to use a power structure on Ko (Vary), thus we begin
by recalling what a power structure is, as introduced in [9].
Definition 7.2.2. Let A be a ring. A power structure on A is a map

(1+1Ar]) x A > 1 + tA[r]

(F@). X))~ Ft)¥

satisfying the following conditions forall F,G € 1 + tA[t] and X,Y € A:
e F()=1;
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« F()' = F():
© (FOG)* = F)X-6(0)X;
© FOX = (F0)* (Fa)"
. FOXY = (F)N);
o (1+0X el + Xt +12A[1];
© FO)X|imm = F(MX.
In fact, the last two properties are not part of the original definition, but other authors

include them in their definition.

7.2.3. In the rest of the section, for F =), F,T" € Ko(Vark)ﬁ[[Tﬂ, with Fy = 1, and
for X € Ko(Varg)” we denote by F(T)* the power structure introduced by Gusein-Zade,
Luengo and Melle-Hernandez in [9], and that we describe as follows, taking also into
account the actions of [i:

Definition 7.2.4. Let n > 0 be an arbitrary natural number and o = (a1, 02,...) € NN,
We say that « is a partition of n if
Z io; =n.

i>0
In this case we write @ - n or |a| = n. We define the length of a partition « as ||| =
Y is0i. Wesay that o € NN is a partition if it is a partition of n for some n € N.

Definition 7.2.5. Let A(T) = 1 + Y ;.0 A;T" € 1 + tKo(Varg)2[T] and let M be a
variety. We define A(T)M1 as

APi=ts 3w (([[Tma]TT4r)
o partition i i

where Go = []; o, acts simultaneously on [ ]; M* and []; A} by permuting the factors,
A C l—[i M is the large diagonal, i.e., the subscheme of points with at least two equal
entries and wg,: [[; M* — Sym!®! (A1) is the canonical projection.

7.3. Symmetric powers

7.3.1. Keep the notation introduced in the previous paragraph. Let us begin with the fol-
lowing definition.

Definition 7.3.2 (Symmetric power in GRV). Leta € Kj (Vark)ﬁ andletr € N. The r-th
symmetric power of « is the element Sym” («) € Ko(Varg ) defined as

Sym” (a) :== [¢t"](1 — 1),
where [t"]G(¢) denotes the coefficient of 17 for a series G with coefficients in Ko (Varg)%.

7.3.3. In particular, if « = [U], we have that
Sym” ([U]) = [ Sym" (U)];
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in this sense Sym® extends the notion of symmetric power of an algebraic variety. In
general, for « = [U] — [V] one gets an explicit formula by analyzing the coefficients of

(S L e I § B ) (L I U A RS L

Example 7.3.4. In order to show how this computation can be handled, we compute expli-
citly the coefficient of ¢2, that is, the expression for Sym?([U] — [V]). We know, from
[9, Theorem 1], that

I+t 424U =1 4 [U] + [Sym?(U)]e? + o(?),
thus we get
A= = (1 + [V]t + [Sym?>(V)]e% + 0(t?)
=1—[V]t + (V?] - [Sym*(V)])1* + o(t?).
It follows that
Sym? ([U] - [V]) = [Sym*(U)] — [Sym*(V)] + [V]* - [U][V].
7.3.5. Itis possible to extend the map
Sym”: Ko(Varg)* — Ko(Varg)”

to a map Sym”: ///,f — ///,E by Sym" (L™*«) := L™ Sym” («). In order to ensure that
this map is well defined, we only need to show that, for « € K¢(Varg )" and for s € N, we
have L= Sym” (&) = L7+ Sym” (Lav).

Indeed, recalling that Sym” (A") =~ A"", we get

-0t = (1= = (Q+Lt + L% +--)™ = (1 - L),
which implies that Vo € Ko(Varg)®, Sym” (Le) = L” Sym’ ().
7.3.6. TheA map Sym’ can also be defined at the level of (7//\;(’2; indeed, for o, B €
Ko (Varg)*, we have that:
VpeN, (1-n*" -1 =1-0) (1 -LP1)f —1) e L? Ko(Varp)*[1],
thus Sym” (¢ + L?8) = Sym” (@) (mod LL7).

7.3.7. We will also define a version of Sym” defined over //l,f [(L" — 1)~ ':n e N*.
Since Sym! is already defined as the identity map we can proceed inductively on r. Let
us assume that all the maps Sym' are defined for 1 <i < r — 1. Let us first check that for
a € .4, the value of

Sym” (%) = M € ///,\’}[(L" —1)7hin e N*]
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is well defined, i.e., that if ¢ = £, then

Sym”(a)  Sym”"(B)
1 - 1

Ifye ///,f is such that (L” — 1)y = 0 for some n € N, then

Sym”(L"y) = Sym” (y + (L” — )y) = Y_ Sym’ (y) Sym" ™/ (0) = Sym’ (),
j=0

thus (IL”" — 1) Sym” (y) = 0. By an inductive argument one proves that if % = 0, then
Sym” (y) 2
1

also i

= 0. It follows that, whenever ¥ = T then

Sym”(B)  Sym” (@ + (B —a)) 2’: Sym’ (@) Sym" /(B —a) _ Sym’ ()
1 o 1 - 1 1 - 1

Jj=1

Then we define, recursively:

) = L"" —1)7! Xr:Symi () Sym” ™! (

i=1

Sym’ <Lna— 1 IL"a— 1>‘

Example 7.3.8. We show how to compute this map in a specific case. For o« = 1[_Lg,, , we

[Sym?(U)] + L"-[U]?
1—L2" a-LH(I-L27)

have that Sym? (&) =

7.3.9. For a power series F(T) = Y. A,T" € Z*[T], let us consider the power series
obtained by plugging each coefficient of F into the above mentioned maps Sym”:

Sym”(F)(T) := Y _ Sym’ (4,)T".

These maps have very interesting properties when the function F' is rational, indeed in
this case we are able to control the poles of Sym” thanks to the upcoming results:

Lemma 7.3.10. Let

_ al”

= A-L- Ty
where q € Q is such that g N is an integer. Then, for r > 0, we have that Sym” (F) has at
most one pole of order (at most) r(e — 1) + 1 in rq.

F e #M[T],

Proof. Let F =Y, o AnT™V*"; then A,y = ("1 1)L ™9V It follows that

e—1
m-+e—1
SYmr(Am) = Z(ﬁ(l e—1 g )aﬂl . (Sym2 01)52 . (Sym’ Ol)ﬂ']L_rqu,
A yeeos Pr

Once B is fixed,
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is either O for all m € Z (this happens only if e = 1 and 81 + --- 4+ B, > 1) or a polynomial
inm of degree (e — 1)(B1 + - - - + Br) with rational coefficients. Moreover it takes integral
values whenever m is an integer.

It follows from the upcoming Lemma 7.3.11 that

(m+e—1)
('3 e—1 4 )O{ﬂl X (Sym2 OC)BZ . (Symr O{)B'L_rqu TmN+h
1s---5Pr

m=>0

is a suitable linear combination with integral coefficients of

afr . (Sym? a)P> ... (Sym” a)Ar T (e=D)(Br+++Br)+1
(1 _}LfquTN)j i—o .

Among all the partitions of r, the one which gives the highest possible order of the pole is
the one maximizing 81 + --- + B, namely 8 = (r,0,0,...), which gives a pole of order
atmostr(e — 1) + 1. [

Lemma 7.3.11. Consider the subring of Q[x] defined by
A= {f € Q[x]:Vm € Z, f(m) € Z}

andford € N let Ay :={f € A:deg(f) < d} (setting by convention deg0 = —o0). Then
x+j

Ag is generated by {( ; )};.1:0 as a Z-module.

Proof. Forall j € N, ()]C) is a polynomial of degree j. For m € N, we have that

_ P
(n?)eN and ( i'n)::tm—i-{ € Z,
J J J

thus ()J‘) €Ay forj <d.
Moreover (']” ) =0for 0 <m < j, while (j) = 1. It follows that given an arbitrary
f € Ay, there exist a unique linear combination

d
X
L(x):= Zaj( ,),
=0\
with a; € Z, such that for m € {0, ..., d} one has that

L(m) = f(m).

Since f and L are polynomials of degree at most d whose evaluations at d + 1 points
coincide, they are the same polynomial.
Thus {()]C) }}1=0 generates Ay as a Z-module, but {(x'}'-’ )} ¢_o is an equivalent Z-base

) coincide. n

because the leading terms of (j) and of (ijrj
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7.3.12. For the rest of the section, we denote by 2% one of the two rings .#, ,? [(L"—1)~1:

n € N*] or %\kﬁ : the proofs we will present do not hold in general for functions with
coefficients in .2’

Proposition 7.3.13. Fori = 1,....slet F; = Y,,.0 AWT™ € ZP[T] be rational func-

tions and let Q; C Q be the set of poles of F;. Let F =), _, ALl glslpm o ZR[T].

Then F is also rational and its set of poles, Q, is contained in Q1+ 9y + -+ Q.
Moreover, for each q € Q, we have that

S
ord, (F) Smax{l -5+ Zordqi(F,-):ql- € Q; and Zqi = q}.

i=1
Remark] .3.14. This statement holds, with the same proof, also if we consider functions
F; € 4'[T], provided that each of them is sum of functions with a single pole.
o Thi

= Q-LaNTN)e
0 < h; < N integers, ¢; € Q, 0 < ¢; € N. In such case

[i] _ m+e; —1 —mg; N
AmN-i—h,-_( o1 o LN

Proof. Let us assume for a moment that, Vi, F; for some «; € Z,

Thus F = O unless #; = h Vi, while in this case we have that

2 S (mA4e—1
] _ i —mgN
[4%,,, = (1‘[( e )oc,-)]L maN_
. . 1
i=1 i=1

where ¢ = g1 + -+ + ¢5. The degree of [];_, (m:jl_l), seen as a polynomial in m, is
> e; — s, thus we get the desired result in this case.

For the general case it is enough to consider F; = F| + F|', where F|{ =) B, T™ and
F!'=YCpyT™; then, setting F/:=Y" B A2 ... ABIT™ and F":= 3" Cp AP ALl Tm,
we have that

F = F/+_FN
and if our statement holds for both F’ and F” then it holds also for F', in particular writing

all the F; as in equation (6.1), the proposition follows by an induction on the number of
their summands. L]

Lemma 7.3.15. Let F € Z"[T] be a rational function whose set of poles is Q C Q, or
let F € ///,f [T] be the sum of functions with at most one pole. For all ¥ € N, let X" Q be
the set of rational numbers that are sum of r elements of Q. Then Sym” F is also rational
and its set of poles is contained in X" Q.

Moreover, for each q € Q, we have that

N
ordy (Sym” F) < max {1 —r+ Zordqi(F):qi € Qand Zqi = q},

i=1
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Proof. If the Lemma holds for F and G, then by Proposition 7.3.13, it holds also for
F + G, since Sym” (F + G) = (Sym” F) + (Sym" ™! F)G +--- + (Sym” G). Thus it is
enough to write I as in equation (6.1) and notice that for each addendum the statement
coincides with Lemma 7.3.10. ]

8. Hilbert schemes

In this section we collect a few of the basic facts about Hilbert schemes that can be useful
to understand the construction that shall appear in the incoming section.

8.1. The moduli problem

8.1.1. Hilbert schemes are the answer to one of the first moduli problems that mathem-
aticians happen to face: classifying subschemes of a given variety.

Definition 8.1.2. Let X — S be a quasi-projective morphism of schemes.
The Hilbert Functor of S-subschemes of X is the functor:

H(X/S): Schg — Sets
which associate to any S-scheme 7T the set
H(X/S)T)={V C X xsT |V — T is proper and flat}
and associate to each morphism 7’ — T of S-schemes the map of sets:

H(X[SNT) — H(X/S)T)
VCXxsTVxrT' C(XxsT)xp T =X xsT.

8.1.3. This functor is actually represented by a scheme Hilb(X/S) which is called the
Hilbert Scheme of X over S. The scheme that can be constructed in this way is arguably
unmanageable, for it has, typically, i.e., when X — § is not finite, an infinite amount
of connected components whose dimension is not even bounded. It is often considered
convenient to stratify this scheme as a disjoint union of open and closed subschemes
each of them parametrizing subschemes of X with similar properties, i.e., classifying the
subschemes of X according to an invariant.

Definition 8.1.4. Fix a relatively ample line bundle £ over f: X — S. Let F € Coh(X)
an S-flat sheaf; then fix(F ® L£®™) is a locally free Og-module, for m € Z. There is a
polynomial /x/s .. € Q[f] such that for m >> 1, tk(f«(F ® L®™)) = hx/s, 7.c(m),
which is called Hilbert polynomial of F.

8.1.5. Let T — S be a morphism of schemes and denote by g: X7 := X xs T — X
the morphism induced by the base-change. The set of 7'-flat and proper (also over T)
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subschemes of X7 is in natural bijection with the set of quotients of Ox x sT Which are
T -flat and have proper (over T) support, i.e.,

H(X/S)(T)={V € X xg T |V — T is proper and flat}
=~ {Oxxsr = F | F is flat and proper over T'}.

Hence, given a polynomial p € Q[¢] and a relatively ample line bundle £ over X, we can
define a subfunctor of J#(X/S) as:

AL (X/S)T)
= {Ox, — F | T —flat, with proper support and such that hx, /1 7 ¢z = p},

which is represented by an open and closed subscheme of Hilb(X/S) which we denote
by Hilbz (X/S). We have, moreover, that

Hilb(X/S) = | | HilbZ(X/S).
peQlr]

8.1.6. For the purposes of this manuscript, we shall only need to study the components
corresponding to constant polynomials, which are called Hilbert schemes of points, since
they parametrize O-dimensional subschemes of X. Since the Hilbert polynomial of a finite
subscheme of X is independent on the choice of the relatively ample line bundle £, we can
omit it from the notation and denote by Hilb” (X /S) the Hilbert scheme corresponding to
the constant polynomial n, which is often called Hilbert scheme of n points on X, with a
slight abuse of language.

8.1.7. We shall need a lemma which describes how the Hilbert schemes behave under
base-change.

Lemma 8.1.8. Let T — S and X — S be morphisms of schemes, L an S-ample line
bundle over X and let p € Q[t]. Let f: X7 — X the basechange morphism with respect
toT — S.

Then Hilbj’,’*L(XT/T) =~ Hilb2(X/S) xg T in Schr.

In particular, if F is a field and Spec F — S is a point of S, the fibre over Spec F of
Hilbz (X/S) coincide with the Hilbert scheme of the fibre: Hile‘XF (XF/ Spec F).

Proof. Omitted. ]

8.2. Properties of the Hilbert schemes of points

8.2.1. Let X — S be a flat morphism of schemes and let n be a positive integer. Consider
the scheme Sym” (X/S) := X"/X,, where the symmetric group acts on the product by
permuting the factors. There is a natural morphism

Hilb" (X/S) — Sym"(X/S)

called Hilbert-to-Chow morphism, sending a subscheme of X to a weighted sum of finite
S-subschemes of X.
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Remark 8.2.2. If X — S is a smooth map of relative dimension 2, then Hilb" (X/S) is
a smooth scheme of relative dimension 2n, in particular the Hilbert-to-Chow morphism
is a resolution of singularities of Sym” (X /.S). This is no longer true if dimg(X) > 2 and
n > 2, unless the couple (1, dimg (X)) = (3, 3).

8.2.3. Our main motivation for studying the Hilbert schemes of points on a K3 surface is
the following, see [1, p. 768, Proposition 6 and following].

Theorem 8.2.4. If X — Spec C is a K3 surface, then Hilb" (X /C) is an irreducible holo-
morphic symplectic variety of dimension 2n.

Remark 8.2.5. Also the case of an abelian surface A is interesting, because in that case
the Hilbert scheme is anyway a smooth Calabi—Yau variety; moreover all IHS varieties of
Kummer type can be constructed as deformations of subschemes of Hilb” (4/K).

9. Hilbert schemes of points on a surface

9.1. Construction of a weak Néron model

9.1.1. Let X — Spec K be a smooth surface with trivial canonical divisor and let €
wx/k(X) be a volume form on it. Let X — A be a regular model whose central fibre X
is a strict normal crossing divisor of X. Let us keep the notation of Section 5 concerning
the field extensions over K and the corresponding base-changes. If chark = p > 0, we
add the further assumption that the central fibre X; has no components with multiplicity
divisible by p.

9.1.2. The aim of this section is to provide a closed formula for the zeta function of
Hilb" (X); from the results developed in the previous sections, we will be able to expressit
in terms of the zeta functions of X (i) for 1 <i <n.

9.1.3. Let a be the Icm of the multiplicities of the irreducible components of X;. For
n €N, withn < pifchark = p >0, let n ;== alcm(l,2,...,n) and let K(77) be the
unique totally ramified extension of K whose degree is 7i, so that Gal(K(7)/K) = .

9.1.4. For a positive integer m, coprime with the characteristic exponent of k, denote
by X (mr) be the semistable model of X (mi1) obtained from X using the construction of
Section 5.2. As usual we denote by X (m71)gy, the smooth locus of X(mn) — A(min). Since
Hilb™ (X (mii)sm/A(mi)) — A(mii) is a smooth model of Hilb” (X (mii)), we have that

£ (m) == (Resaqminy/ agm) Hilb" (X(mit)sm/ A(mit)) )" — A(m)
is a smooth model of Hilb" (X (m)).

Proposition 9.1.5. Assume that either chark = 0 or chark > n, then X" (m) — A(m)
is a weak Néron model of Hilb" (X (m)).
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Proof. We assume that a = 1, i.e., that X has semistable reduction on K. The proof in
the general case will descend from Proposition 4.2.6 and Lemma 4.2.8. We just need
to show that every point Spec K (m) — Hilb" (X (m)) € X" (m) extends to a morphism
A(m) — XM (m).

Consider a point Spec K (m) — Hilb" (X (m)) and let Z C X(mi#i) the (u;-invariant)
subscheme representing such point. Either the closure of Z in X(mii) is contained in
X(mii)sy or at least one point P € supp Z specializes to the singular locus X (mii) ging-
In the first case Z represents a morphism A(m) — %1 (m) extending the given

Spec K(m) — Hilb"* (X (m)).

If P € supp Z specializes to X(mii)y sing, then its residue field k(P) contains strictly
K(mn), for X(mn) is a regular model of X (mi1).

Let Q € X(m) be the image of P under the map Spec k(P) — X(mn) — X(m). The
degree [k(Q) : K(m)] cannot divide 71, otherwise k(P) would be K (mii), thus

[k(Q): K(m)] > n + 1.

Since Z is uj-invariant, then it contains the whole orbit of P which is the reduced
scheme associated with the preimage of Q under the map

7. X(mi) — X(mni)/ i = X(m).

We have that 77 (Q) = Spec(k(Q) ®k(my K(mi)), which is a reduced K (mi1)-algebra
of dimension [k(Q) : K(m)] > n.

This contradicts the fact that Z is a subscheme of length n, thus this case cannot occur
and we are done. [

9.1.6. Our goal is to study the motivic integral of Hilb” (X (m)) using the models X" (m)
constructed above. In order to simplify notation, we perform the following computations
only for m = 1, working with 21 = X2["I(1); similar arguments apply when m > 1. In
fact, when we are not concerned about the action of groups, this is equivalent to renaming
K(mm') as K(m'"), for all m’ coprime with the characteristic exponent of k (and similarly
for R(—), X(—), etc.); on the other hand, under this change of notation, we assume that K
admits a subfield F' such that K/ F is a Galois extension of degree m and that X — A is
an equivariant model with respect to the action of Gal(K | F'), this will allow us to perform
computations in the equivariant Grothendieck rings.

9.1.7. Even though Hilb” (X(77)sm/A(71)) is not a weak Néron model of X(7), it is a
smooth model and the results of Section 4.3 apply. It follows that the connected com-
ponents of %,[Cn] are in bijection with the connected components of Hilb" (X (7)k sm)"",

moreover if C C %,[c"] is sent to C’ via this bijection, then

[C] — ]LZn—dim C/[Cl].
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9.1.8. Forany d € N dividing 71 we denote by Y (d) € X(7i)x sm the subscheme consisting
of the points whose stabilizer is exactly Gal(K(#1)|K(d)). Then Y(d) is Gal(K ()| F)-
invariant and inherits an action of Gal(K(d)|F), since Gal(K (71)| F') is an abelian group
and since points in the same orbit have the same stabilizer; furthermore, the action of
Gal(K(d)|F) on Y(d) naturally induces an action of

Gal(K|F) = Gal (K(d)|F)/ Gal (K(d)|K)

on the quotient Y(d)/ Gal(K(d)|K). Because of Lemma 5.2.9, Y (d) is an open and closed
subscheme of ¥ s, and we have that:

‘%(ﬁ)](c}jlslqu(ﬁ)lK(d)) _ I_l Y(d/)
d'|d

Remark 9.1.9. Since %(ﬁ)gfﬁlK(ﬁ)lK(d)) is a scheme of pure dimension 2, it can be iden-
tified with the central fibre of Resa7)/a(2) (X (ﬁ)sm)Gal(K @K (d)), which is a weak Néron
model of X(d), via the map hy described in Section 4.3.2. Let

~ Gal(K(n)|K(d

C S Resagiy/a@) (X@)sm) (REnIK)

be a connected component. It follows from the identity in Lemma 4.4.6 and from the fact
that Gal(K (71)| K(d)) acts trivially on T}, (c) that

ordy, (c) (a)(ﬁ)) = Sordc (a)(d))

9.1.10. The following statement gives a Gal(K | F')-equivariant decomposition of the cent-
ral fibre as a union of closed and open subschemes; it is an ad hoc partition that will be
very useful for our computation:

Proposition 9.1.11. Hilb" (X (i) su) S KD gdmits the following Gal(K | F)-equiv-
ariant decomposition as disconnected union of subschemes:

Hilb (X (@) jeom) ' ) = || [T Hib (Y())/ Gal(K ()| K)).-
a-n j=1

Moreover, for a fixed partition « = n, the isomorphism above restricts to an isomorphism
between ]_[;-':1 Hilb% (Y(j)/ Gal(K(j)|K)) and a finite union of connected components
of Hilb" (X (7)) S K DIK),

Proof. Fix a k-scheme S. For any closed subscheme Z C X(i1)s endowed with a finite
map Z — S,set Z; == Z N Y(j)s.If Z is stable under the action of Gal(K (71)|K), then
every Z;, which is the intersection of two stable schemes, is stable as well; moreover
the induced action of Gal(K(j)|K) = Gal(K(n)|K)/ Gal(K ()| K(j)) on Y(j)s is free,
thus the induced maps 7;: Y(j)s — Y(j)s/ Gal(K(j)|K) and Z; — mj(Z;) are étale of
degree j.
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In this way, from any invariant finite S-subscheme of X(i1)s we construct a finite
subscheme in each Y(j)s/ Gal(K(j)|K); on the other hand given a sequence of finite
S-subschemes of Y (j)s/Gal(K(j)|K) of length or; we get a unique Gal(K (71)| K)-stable
S-subscheme of X(7i) s whose length is Zj jaj.

Moreover, for g € Gal(K(71)|F), the subscheme gZ € X(7ii)s only depends on the
coset g Gal(K(7)|K) (as Z is Gal(K ()| K)-invariant) and not on g itself; as Y(j) is
Gal(K (72)| F)-invariant for all j, the schemes gZ N Y(j)s and g(Z N Y(j)s) coincide.
Hence, the correspondence between S-subschemes of X (1) g and S-points of

|| [ Hitb (Y(j)/ Gal (K(j)IK))
a—n j=1

is preserved under the action of Gal(K | F).
The last statement follows directly from the fact that the Y (j)-s are themselves open
and closed subschemes of X(7i) sm- [ ]

9.1.12. Thus, recalling that Hilb® (Y (;)/ Gal(K(j)|K)) is pure of dimension 2a;, we
conclude that
[n] _ [n]
X = I_l :’Ek,a’

a-n

where EE,[C"L is an affine bundle of rank 3 2(j — 1)&; on
Hilb* (Y(1)) x - -+ x Hilb* (Y (n)/ Gal(K (n)|K)).
We thus have the following:

Corollary 9.1.13. The following equation holds in the equivariant Grothendieck ring of
varieties:

[0 = 37 [T L2909 [Hilb% (v(j)/ Gal(K (/)] K))]-

a—in j=1

9.2. The volume form on X!

9.2.1. There is a volume form, a)[”], on Hilb” (X) that naturally arises from the given
w € wy/k. In this paragraph we will recall its construction and compute its zeroes and
poles on X[,

9.2.2. Letpr;: X" — X, fori € {1,...,n}, denote the projections on the factors. Then
priw A - A pryw is a global section of wyn,x which, being invariant under the permuta-
tion of coordinates, descends to a global section of wsyn x/x, which we denote by ¢. Let
finally @ be the pull-back of ¢ through the Hilbert-Chow morphism, thus

o™ e HO(Hilb"(X), o x))

is a volume form on Hilb" (X).
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9.2.3. Now we will compute the zeroes and poles of w!"! seen as a rational section of
Wxn]/A- Since it is a volume form on the generic fibre of %07 its zeroes or poles are all
irreducible components of the central fibre. Let us fix a connected component C C X kn
and let us denote by C’ the connected component of Hilb" (X (71) k,sm)G“l(K (1K) guch that
C — (' is the affine bundle described in Section 4.3.5. In the following lemma we com-
pute the conductor of the action of Gal(K(71)|K) at points of C’ in terms of the partition
of n corresponding to the stratum of Hilb" (%(72)/ A(71)) S KMIK) containing C’.

Lemma 9.2.4. Consider the decomposition of Hilb" (.%(ﬁ)k,sm)Gal(K(ﬁ”K) of Proposi-
tion 9.1.11 and fix a point [Z] lying inside the stratum corresponding to o = n. Then:

»  The conductor of the action of u; at [Z] is

¢ (Hilb" (X (@)ism). [Z]) = 7 Y (j — Day.

j=1
» Ifwe denote by [Z;] the point of Hilb% (Y (j)/ Gal(K(j)|K)) corresponding to
7,/ Gal (K(j)|K).

then one has that:

n
ordiz) (")) = i Y ordiz,/cak (s (@1 ().
j=1

where Y (j) are considered as part of the central fibre of a weak Néron model for X ()
as in Remark 9.1.9.

Proof. Since the values of ¢ (Hilb" (X(71)k,m). [Z]) and ord[z) (0™ (71)) depend only on
the connected component containing [Z] and since the generic point of each connected
component corresponds to a reduced scheme, we may compute them with the additional
assumption that Z is a reduced subscheme of X (7)) m. In particular Z is the disjoint
union of «; orbits of length 1, ap orbits of length 2 and so on. There is an equivariant
isomorphism
Tz Hilb" (X(D)iom) = €D TpX (@i om-
pEsupp Z
Let { = {5 be a primitive root of unity and let o be the unique generator of Gal(K (72)|K)
such that o acts on R(77) by multiplying the uniformizing parametre by ¢. Consider an
orbit of points py, ..., pj—1 € Z, let eq, e, be two generators of T,, X (i1), so that Ul(el),
ol (e2) will give a basis of Ty, X()g foreach [ = 0,..., j — 1. Notice that ol (ep) =
ey for h = 1,2 since Gal(K(71)|K(j)) acts trivially on the whole connected component
containing py.
Fori =0,...,j —1,h = 1,2 we have that

(en. I o (en). 0% (ep), ... LT 0T (ey)) € Tpo X (i) @ -+ ® Tp,_, X(it)
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is an eigenvector with eigenvalue {"/7. In total there are 2j of such eigenvectors, which
constitute a basis for T, X(71) @ «-- & Tp,_, X (7).
The sum of the exponents of this base is

We construct eigenvectors of Tjz) Hilb"” (X(7i)x) by putting a vector such as the above
one at the coordinates corresponding to an orbit and O at the other coordinates. Running
through all the possible orbits, we get a base of eigenvectors of Tjz) Hilb” (X(7i)x ). Thus
summing the exponents among all the eigenvectors will lead to the desired result for the
conductor.

Concerning the order of the volume form, we have that

ordjz) (0™ (1)) = Z ord, (w(7))

pEsupp Z

—Z Z ordp a)(])

pesupp Zj

n

=, i Z ord, (w(j))

N

=ity ordz, /, (@()™)).

J=1

Where the first and the last equality follow from the fact that the stalk of the canonical
bundle at a point with reduced support of an Hilbert scheme are the tensor products of
the stalks of the canonical bundle of the surface at every point in the support. The second
equality follows from Remark 9.1.9. The third equality follow from the fact that w(j) has
the same order on all the j points of an orbit of Gal(K(j)|K). L]

9.2.5. We are able, now, to compute the order of w at any point z € %L"]:
Corollary 9.2.6. Let 7: ZJE][{”] — Hilb" (X(71)k sm) and assume that
n(z) = (nl(z), 72(2),..., n”(z))
€ Hilb™ (Y (1)) x Hilb*?(Y(2)/ Gal(K(2)|K)) x- - -xHilb" (Y (n)/ Gal(K (n)| K)).

We have that

n

ord, (o) = Z (=G =Dy + ord,,,-(z)(w(j)["‘f])).

Jj=1



Motivic zeta functions of the Hilbert schemes of points on a surface 795

Proof. As a direct consequence of Lemma 4.4.6 and of the previous lemma we get:

ord(z) (0 (@)™) — ¢ (Hilb™ (X (7)k sm ) [Z])

n

ord, (o) =

n

=D (=G = Dy + ordys iy (0()H)). =

j=1
9.3. Motivic integral
9.3.1. We keep the convention on % being one of the three rings .7, i , //l[‘ (L — 1)~

0<reN]or 7/l\kﬂ the same computations will hold, a fortiori, in the non-equivariant
versions of %Z. We are now ready to perform the main computation of the manuscript; by
using the models we constructed above we are able to compute a generating function for
the motivic integrals of all the Hilbert schemes of points of a surface with trivial canonical
bundle. More precisely the formula we are going to prove is the content of the following
proposition.

Theorem 9.3.2. The following identity holds true in %Z|q] if chark = 0, while it holds
true in Z[q]/(q?) if chark = p > O:

Z (/ w[n]qn) — l_[ ((1 _ Lm—lqm)—(fx(m)a)(m))/Gal(K(m)|K))_
n>0 Hilb" (X) m>1

Corollary 9.3.3. Assume that either chark = 0 or chark > n, then the following equation
holds:

[n] _ - LU—DY gym% (( i ) Gal (K(j)|K ))
/Hilb"(X)w o;,;;l:[]( o L(j)w(]) /G ( v )
Proof. Since

(l N Lm—lqm)—(fx(m) w(m))/ Gal(K(m)|K)

— - (m—1)I 1 ml
;IL Sym (( /X " w(m))/Gal (K(m)|K))q ,

and since, for all the sequences
a=(a1,a2,...)

such that o; = 0 for j > 1, one has that

(o]

deg, (ﬁ (]L(j_l)"‘f Sym® (([X a)(j))/Gal(K(j)lK))qj"‘f)) = Jjaj.

=1 ) =

We get the desired result after identifying the coefficients of ¢” from Theorem 9.3.2. m
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9.3.4. Before facing the theorem, let us introduce a piece of notation that will help facing
the computation more smoothly: If Z — Speck is a scheme and ©: Z — %/,f is a locally
constant function, we denote by

/ O(z)dz = > [Clep) e .4y,
z ccz
connected COmpOnCnt

where the p in the sum above is an arbitrary point of the connected component C. We
state a lemma that will be useful for the proof of the theorem:

Lemma 9.3.5. Let Y — Spec k be a smooth surface endowed with a locally constant
function

v:|Y| - Z.
Suppose that functions
v [HIb" (V)| - 2 and v |Sym™ (V)| > %
are defined in such a way that, for a given subscheme Z C Y of length n we have

v[n] (Z) — l_[ v(p)length(ﬁz,p)
pEsupp(Z)

and V"l = v o p,where
Pn:Hilb" (Y) — Sym”™(Y)

is the Hilbert—Chow morphism. Then, for an arbitrary natural number a € N, the follow-
ing identity holds:

/ v(z)dz =) (l_[ (}L(l—l)ﬂl / VB (z) dz)).
Hilb® (Y) FEV SymP1 (¥)

Proof. We first suppose that Y is connected and, thus, v = A € Z is constant. Thus we
simply have that
[ vlal(z) dz = A*[Hilb* (Y)].
Hilb? (Y)

It follows from a well known result, for instance [22, Section 2.2.3], that

[Hilb(¥)] = 3 (l—[ (L=DPi [SymPi (y)])>,

B-a I>1

thus we deduce the desired statement, at least when Y is connected.
Now suppose that C C Y is a connected component and that the statement holds for
Y\C.
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Using the fact that Hilb® (Y) = |_|7_,(Hilb® 7/ (Y \C) x Hilb’ (C)), we deduce that

/ vlel(z) dz
Hilb® (Y)
a . .
Y (/ pla=il(z) dz) . (/ vmdz)
=0 Hilb?~/ (Y \C) Hilb/ (C)
a . .
- ( Z (H(L(l—l)s// ) v/zm;](z)dz))
720 Nsidarj Vis1 sym®l (Y\C)
. Z (l_[ (L(l—l)y// ; U/l[y/](z) dz)))
yidj NIzl Sym’® (€)

a X . X .
= Z ( Z (H (L(l—l)(8{+yl])/ ; } v/1[8{+y,’](z) dz)))
720 \siee Vst symPl (¥\C)xSym"! (C)
v/ i

Bi
_ LU=DA / v/l[ﬁzl(z) dz
;;l (113 ( ; SymAI 1 (Y \C)xSymi (C)
-3 (H (]La—l)ﬂl / TP dz)),
B-a Symﬂl(Y)

I>1

which concludes the proof.

Proof of Theorem 9.3.2. We begin our computation using some identities we proved in
the previous section.

£ ([ 6) - 5 )
n=0 \/Hilb" (X) ne0 \JE]

by decomposing %,[c"] as union of its strata {.%,[c"]a Ya-n, We get:

[n] ,n / ]L_OrdZ(a)[n]) d ) n)
E W) = E E Z1q" )
n>0 (/ﬂnb”(x) ) ( ( &

n>1 “g-n ko

by Corollary 9.2.6 we obtain:

S o)
n=0 Hilb” (X)

— Z (Z (/ l_[ (L(j—l)aj—ordﬁj(z)(w[aj](j))qjaj) dz))
121 N e VED
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— Z (1_[ (]L(j—l)ajqjaj / ]L—ordz(w(j)[aj]) dz))
i>1 Hilb® (Y (/)/ Gal(K ()| K))

aeNON*

=11 ( 3 (]L(f—1>ajq1'aj / L—ordz(w(j)[“ﬂ)dz)).
j=1 Ya;>0 Hilb® (Y (/)/ Gal(K () K))

We plug the lemma above in our chain of equalities using ¥ = Y (j)/ Gal(K(j)|K),

p = L™oM:(@U)) recalling also that [ ord, (w(;j)) = ord, (w(j1)) and that Y(j) naturally
embeds in the central fibre of some weak Néron model of X(/j) (as in Remark 9.1.9 with
d = 7/1j), we get:

> ( / w["]q")
Hilb" (X)

n>0
-1 ( )3 (L(j—l)a,- )3 (qja;
jz1 Ya;>0 BJ Ha;

11 (]L(l—l)ﬂ/ / ) [~ ord= @)1 dz))))
i1 syml (Y(j)/ Gal(K()| K))
= 1_[ ( Z (1_[ (]L(jl—l)ﬂqujlﬂlj/ ; ]L—ordz(w(lj)[ﬁl]]) dz)))
J1 N gieNen* sym?i (Y(j)/ Gal(K (/)| K))

I>1

- 11 (Z (]L(jl—l)ﬁ/qjlﬁ//
Jl= S

INTTN
N L~ orde (@)™ )dz)). 9.1)
1 /3/20 ym'! (Y (j)/ Gal(K(j)|K))

Recalling that, in the sum above, there is only a finite number of nonvanishing coef-

ficients of ¢”, for every positive integer n, we are allowed to group such summands in a
different order; since the map

N* x N* - N* x N*
.= G-L))

is injective and its image is {(m, j): j|m}, after the substitution /\;." = ﬂlj, we get the
equivalent expression:

()
Hilb" (X)

n>0

“ 11 (l—[( ) (L(m—l)x;"qu;" / . [ —ord: @) dz)))
m=1 3720 sym™ (Y(j)/ Gal(K ()| K)

Jjlm

=TI X (o=

m>1 Am N Div(m)

M )
Sym™J (Y (j)/ Gal(K(j)|K))

Jlim



Motivic zeta functions of the Hilbert schemes of points on a surface 799

( (LoD gm) / 1 ord= @(m)m) dz))
) Sym™ (U ¥ (1)) Gl K ) )

( ]L(m—l)qm)rm Symrm (/ ]L—Ordz(w(m)) dZ)))
0 (UjimY ())/ Gal(K (m)|K)

( (Le=Dg™)™ Sym™ ((xom “’(’"))/Gal(K(m)|K))))

\
—

m T,

-1l
gils
-1l

3

v :l |
3 3
v v

:| .

(]

3
\
=
v

m

((1 ]Lm—lqm)—(fx(m) w(m))/Gal(K(m)K)).

:1 |

3
v

9.3.6. Applying this identity to every coefficient of the zeta function Zy ,,(7"), we obtain
a formula for the motivic zeta function for its Hilbert schemes of points:

Theorem 9.3.7. Assume that either chark = 0 or chark > n, then the following equation
holds:

o0
Zigir (00 = Y | [ (LY7D% Sym® (Zx(j)w(j/ Gal(K()IK))).  (92)
a-n j=1

Proof. 1t follows after an application of Corollary 9.3.3 to each coefficient of the zeta
function. .

10. Proof of the monodromy property

10.1. Poles of the zeta function

10.1.1. Throughout this section, we denote by Z one of the two rings ///,g [(L"—D)~:0<
r € N]or //Zkﬁ“ , while # will denote either Z or ///]f“ . We fix an element o € Gal(K|K)
such that o|gume is a topological generator of the tame quotient, so that, throughout this
section, the notion of monodromy is interpreted in terms of this choice.

The aim of this section is to study the poles of Zy;y(x) on1(T) in terms of those of
Zx  and deduce the following:

Theorem 10.1.2 (Monodromy property for Hilbert schemes). Let X be a surface with
trivial canonical bundle satisfying the monodromy property in X. If chark = 0, then also
Hilb"™ (X) satisfies the monodromy property, for n € N. If chark = p > 0 and X admits
a model as in Section 9.1, then the monodromy property in % holds for Hilb™ (X), for
n < chark.

Remark 10.1.3. As the computations in the previous section hold also in the non equivari-
ant versions of the Grothendieck rings, also this theorem can be stated in a non-equivariant
fashion; in particular, should X be a surface with the monodromy property in a non-
equivariant context, but not its corresponding equivariant version, then we infer that also
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Hilb” (X) has the non-equivariant monodromy property (without any claims for its equiv-
ariant version).

10.1.4. Despite not being the aim of our discussion, we report here the following state-
ment, which can be obtained as a byproduct of the arguments we have developed so far:

Proposition 10.1.5. Let Y, Z be two Calabi-Yau varieties endowed with volume forms
w1, wy satisfying the monodromy property in R. Let w be the volume formonY xg Z
defined as w = pr;a)l A pr}a)z. Then also Y xg Z, endowed with the volume form w,
satisfies the monodromy property in .

10.1.6. For an arbitrary positive integer / > 0 we have that

-1

1 Zxyon) (T =Y Zxw(ET).
i=0

where we consider the functions as power series with coefficient in an algebraic exten-
sions of Z containing the /-th roots of unity (though after the due cancellations, the above
equation involves only elements of %). Thus, by writing Zx ,(T) in the form of equa-
tion (6.1), with N divisible by /, we see that the set of poles of Zx ;) ,1)(T) is contained
in/-P.

10.1.7. Using this observation and the results from Section 7.3 we get an upper bound on
the set of poles of Zy (x) om (T):

Corollary 10.1.8. Let X be a surface with trivial canonical bundle and w a volume form
on it. Assume that Zx o,(T) € Z[T] can be written as a sum of functions with only one
pole. Let P be the set of poles of Zx . Then all the poles of Zyyy (x) o (T) are con-
tained in ©"P.

Proof. Let us write Zx(jy,w(;)/ Gal(K(j)|K)(T) = Zizo Al(j)T". For each o - 1, let
Fo(T) =Y (Sym™ A{) - (Sym* AT) T
i>0

According to equation (9.1), we have that Zyyn (x) i (T) = X4y L=l F, (T), thus
we only need to prove that F, has only poles inside X"P. Lemma 7.3.15 implies that
(Sym% Zx(j).w(j)/ Gal(K(j)|K))(T) has poles in £% (jP) € £/%P; our statement
follows from Proposition 7.3.13 and from the identity

THP 4 522D ... TP = TP, "
10.1.9. We are now ready to prove Theorem 10.1.2:

Proof of Theorem 10.1.2. Let g be a pole of Zy;n (x) o (7). Consider poles g1, ..., gn
of Zx (T) such thatg = g1 + -+ + g,. Since X has the monodromy property, there are
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elements vy, v2,...,v, € H*(Xg,Qy) such that o (v;) = e?ridj vj. Let us consider the
Galois-equivariant isomorphism from [8, Theorem 2]:

H*(Hilb" (X), Q) = € H* (Sym*(X), Q;) (n — |e]);
a-n
focusing on the summand H*(Sym”(X), Q;) = H*(X",Q;)*", where the action of %,
on H*(X",Q;) = H*(X,Q;)®" is induced by the usual action £, ~ X" given by per-
mutation of the factors. Thus the element

Z Up(1) & *+* & Vp(n)
PES,

is a non-zero eigenvector of H*(Hilb" (X), Q;) for the eigenvalue ]_[;.’zl e27midq; ]
10.1.10. And similarly:

Proof of Proposition 10.1.5. We have that

/I;(n)xZ(n) a)(n) - (/Y(n) ! (n)) ( L(n) wZ(n))

Hence Proposition 7.3.13 implies that for any pole g of Zyxz ., (T) there are a pole g; of
Zy,,(T) and a pole g, of Zz 4, (T) such that ¢ = g1 + ¢».

Since Y and Z satisfy the monodromy property, there are nonzero eigenvectors v €
H*(Y,Qy) with eigenvalue exp(2iq;) and w € H*(Z,Q;) with eigenvalue exp(27igs),
sothatthe elementv @ w € H*(Y,Q;) ® H*(Z,Q;) =~ H*(Y x Z,Qy) is an eigenvector
with eigenvalue exp(27igq). |

10.1.11. We are not able to say much about the monodromy property in //l,f“ for all the
Hilbert schemes of points on a surface, since it is not always possible to write Zx ,(T) €
///]g [T] as a sum of functions with a single pole. However, there are a few remarkable
classes of surfaces whose zeta function has a unique pole. In these cases, such a condition
is automatically satisfied, so also Zyy;n (x) o, has a unique pole which is n times the pole
of Zx , and Hilb" (X) will then satisfy the monodromy property.

Example 10.1.12. We list a few classes of surfaces satisfying the property above:

* Assume that X is an abelian surface; according to [10], Zx 4, has a unique pole which
coincides with Chai’s basechange conductor of X;

* If X — Spec K is a K3 surface admitting an equivariant Kulikov model after a finite
base change with respect to a finite extension F/K, then Halle and Nicaise proved
in [11] that Zx 4, has a unique pole;

e Assume that X is a Kummer surface constructed from an abelian surface A; then
Overkamp proved in [20] that Zx ,, has a unique pole.

Moreover all the surfaces in this list satisfy the monodromy property.
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Corollary 10.1.13. Let X be a surface in the list above, then the monodromy property
holds for Hilb" (X), provided that either chark = 0 or chark > n, with the usual assump-
tions on the models of X .

Similarly, the monodromy property holds for a product X1 X - -+ x X, where all the
X; are surfaces in the list above.

Proof. The first statement follows from Theorem 10.1.2, while the latter follows from
Proposition 10.1.5. ]

10.2. Further remarks

10.2.1. Itis still an open question whether all the sums of n poles of Zx ., (T) are actually
poles of Zy (x),win (T), or if cancellation might occur. It is reasonable to expect that
given a very general K3 surface X and a positive integer n, if P is the set of poles of
Zx - then the set of poles of Z y;n(x) o coincides with "P. We expect this in virtue
of the fact that the expression for Zyy(x), o1, Obtained by following the algorithm of
Corollary 10.1.8 and Section 7.3, contains terms having a pole in each element of ¥X"P
and the cancellation among them “should happen only exceptionally”.

Example 10.2.2. Let K := k((¢)), R := k[[t]), where chark = 0. Let X C P (with homo-
geneous coordinates [w : x : y : z]) be the surface defined by the quartic polynomial:

w?x? + w?y? + w2z + x* + yt + 2t et (10.1)

and let, finally, @ be an arbitrary volume form over it; this example was already stud-
ied in [11]. It is possible to prove that Zx ., has two poles and satisfies the monodromy
property in .#x. A direct computation (relying on a construction we will sketch later)
shows that the poles of Zy2(x) o2 are actually the three expected poles. Let §Y) < P3
the model of X obtained by equation (10.1) considered as a polynomial with coefficients
in R. The model constructed in this way is a regular model whose central fibre is an irre-
ducible surface with only a singular point O of type A;. After blowing up O € %) one
obtains a regular model with strict normal crossing divisor, whose central fibre consists
of two components: a regular K3 surface (the strict transform of %)) and a copy of ]P,f
with multiplicity 2, their intersection is a rational curve which sits in P2 as a conic. After
semistable reduction, one gets a model X(2) — R(2) of X(2) whose central fibre consists
of a smooth K3 surface intersecting P! x; P! along its diagonal. Using the construc-
tion of Nagai in [16] one gets a semistable model for Hilb?(X(2)) over R(2) and after
basechanging such model and Weil-restricting it is possible to compute the motivic integ-
ral of Hilb?(X(m)) for all m € N and thus Zy;2(x) o1 € 4 [T]. After specializing the
zeta function using the Poincaré polynomial one sees that all the three possible poles are
indeed poles for Z ;2 (x) ,l21-

10.2.3. The proof of rationality of the motivic zeta function relies on the existence of a
log-smooth model of any Calabi—Yau variety. In particular, if chark = p > 0, it is not
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known whether all the Calabi—Yau varieties have a rational zeta function. In our case, by
determining an upper bound of the set of poles of Zy;,n(x) o1 (T), we proved that for a
surface X admitting a log smooth model (with further assumptions described in Section 9),
then for n < p, the rationality of Zyyy (x) o (T) € My, [T] follows independently on the
existence of a log-smooth model of Hilb” (X).
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