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Mod p local-global compatibility for GSp4.Qp/ in the
ordinary case

John Enns and Heejong Lee

Abstract. Let F be a totally real field of even degree in which p splits completely. Let Nr W GF !
GSp4.xFp/ be a modular Galois representation unramified at all finite places away from p and
upper-triangular, maximally nonsplit, and of parallel weight at places dividing p. Fix a place w
dividing p. Assuming certain genericity conditions and Taylor–Wiles assumptions, we prove that
the GSp4.Fw /-action on the corresponding Hecke-isotypic part of the space of mod p automorphic
forms on a compact mod center form of GSp4 with infinite level at w determines Nr jGFw .
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1. Introduction

The mod p local Langlands correspondence for the group GL2.Qp/ gives a tight connec-
tion between continuous Galois representations GQp ! GL2.xFp/ and admissible smooth
xFp-representations of GL2.Qp/ (see [12, 16]). It is hoped that this result generalizes
in some form to the group GLn.K/ for any finite extension K=Qp . However, mod p
representations of GLn.K/ remain poorly understood and the eventual form of the cor-
respondence (should one exist) is still mysterious outside the cases GL2.Qp/ or n D 1.
Going further still, in accordance with the general Langlands philosophy one may spec-
ulate about the relationship between continuous Galois representations GK ! LG.xFp/
(suitably interpreted) and admissible xFp-representations of G.K/ for any reductive group
G overK. This paper establishes a concrete connection between certain special classes of
these objects when G D GSp4 and K D Qp .
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If F is a number field having K as one of its p-adic completions and G is defined
over F , then generally one hopes that the correspondence should be compatible with the
association of Galois representations of GF to automorphic representations of G.AF /–
that is, mod p local-global compatibility. More concretely, if for example x� W GK !
GLn.xFp/ is a local component of a modular Galois representation Nr W GF ! GLn.xFp/
then using spaces of mod p automorphic forms (or étale cohomology) it is possible to
construct admissible xFp-representations…. Nr/ of GLn.K/ naturally associated with Nr . The
question of mod p local-global compatibility is then to study the relationship between x�
and …. Nr/. In particular one could ask whether …. Nr/ only depends on x� as opposed to
all of Nr . This question has been answered in the affirmative for GL2.Qp/ by [19] using
the mod p local Langlands correspondence for GL2.Qp/, but in no other cases are there
results to this effect. Indeed the question is closely related to the existence of a mod p
local Langlands correspondence.

Instead, one can ask the opposite question of whether …. Nr/ uniquely determines x�.
This is what we do in this paper for GSp4.Qp/. Previous work on this question has con-
sidered the cases GL2.Qpf / [7, 17], GL3.Qpf / ([30, 42] for f D 1, [23] for f > 1),
GLn.Qp/ [45], and recently GLn.Qpf / [39]. Except in the most recent work [39], which
was not yet available at the time this paper was developed, one considers a family of
representations x� which are either upper-triangular or block-upper-triangular (the latter
considered only in [42]) with fixed diagonal blocks in the Fontaine–Laffaille range. One
then gives a very explicit recipe using certain group algebra operators in xFpŒG.K/� act-
ing on …. Nr/ which pick out the isomorphism class of x� within its family. This knowledge
gives us clues as to how the elusive mod p local Langlands correspondence should behave.

The main idea used in previous work (except [39]) is that…. Nr/ admits a characteristic
0 lift Q…, which is closely related to automorphic representations of G.AF /. The p-adic
Galois representations associated with these automorphic representations lift Nr by con-
struction, and one uses their p-adic Hodge-theoretic properties at the completion K in
order to show that the generic fibre of Q… recovers x�. More specifically, one locates the
parameters of x� within potentially crystalline deformation rings of x� of various prescribed
types and then uses classical local-global compatibility of automorphic representations to
transfer this data to the generic fibre of Q…. Crucially, one must then show that this infor-
mation can be “reduced mod p” and is not lost in Q…. This typically involves some form of
Taylor–Wiles patching and some subtle modular representation theory with group algebra
operators.

In this paper, we work with a version of the patched module M1 first constructed
for GLn.K/ in [11] instead of Q…. This is an upgrade of …. Nr/ in the sense that it is an
R�
x� ŒG.K/�-module, where R�

x� is the universal lifting ring of x�, which determines …. Nr/
modulo the maximal ideal of R�

x� . The combined R�
x� - and G.K/- actions essentially

allow us to axiomatize the relationship between deformations of x� and classical local-
global compatibility described in the previous paragraph. This makes M1 convenient for
expressing local-global compatibility. As a result, x� can be recovered by the eigenvalues



Mod p local-global compatibility for GSp4.Qp/ in the ordinary case 865

of certain “normalized Hecke operators” acting on the generic fibre of M1. In particular,
we avoid the complicated arguments with group algebra operators. An optimistic hope
is that M1 actually realizes the mod p and p-adic local Langlands correspondence in
general (see [11, Section 6]), so its use here is completely natural.

By taking quotient modulo the maximal ideal of R�
x� , we recover x� from the eigenval-

ues of “normalized Hecke operators” acting on a certain Iwahori eigenspace in…. Nr/. The
most subtle part of our argument is proving the non-triviality of the operator. Namely, we
need to show that the Iwahori eigenspace is non-zero and the “normalized Hecke operator”
acts on it non-trivially. In the case of GLn, the former follows from a standard argument
using Taylor–Wiles patching and combinatorics between types and weights. Its naive gen-
eralization does not work for GSp4, due to the fixed similitude character in the patching
argument. Instead, we construct a congruent pair of patched modules, a pair of patched
modules with different similitude characters that are congruent modulo p. This allows us
to perform the usual patching argument in our case.

Another tool we introduce is the Jantzen filtration. The Jantzen filtration arises to
compute p-divisibility of the image of Carter–Lusztig intertwiners. We use it to describe
the image of the mod p reduction of “normalized Hecke operators” and thus to determine
when the image is non-zero.

To state our main Theorem, we explain our global setup. We let O be a sufficiently
large finite extension of Zp and F be the residue field of O. Let F be a totally real field
in which p splits completely, Nr W GF ! GSp4.F/ be a continuous representation, and �
be a Hecke character. We write ! for the mod p cyclotomic character of GQp and nr�
for the unramified character sending geometric Frobenius to � 2 F�. We assume that Nr
is unramified at all finite places away from p, and upper triangular, maximally nonsplit,
and generic at places above p. We also assume that . Nr; �/ is potentially diagonalizably
automorphic (Definition 4.2.5). Other technical assumptions on F; Nr , and �, including the
usual Taylor–Wiles conditions, can be found in Definition 4.4.1 (also see Remark 4.4.2
for comments on the assumptions). The assumptions at places vjp imply that

Nr jGFv '

0BB@
!a3nr�3 �1 � �

!a2nr�2 �2 �

!a1nr�1 �3

!a0nr�0

1CCA
where the extensions �1;�2;�3 are nonsplit. We call .a3; a2; a1; a0/ the weight of Nr jGFv .
We choose the weight .a3; a2; a1; a0/ independent of vjp. We denote by Sp the set of
places of F dividing p. Fix a placew 2 Sp and write x�D Nr jGFw . We parameterize all such
x� using Fontaine–Laffaille theory, giving rise to a family of representations depending on
two “Fontaine–Laffaille parameters” which lie in F . Similarly to previous work, we only
consider the “most generic” elements of this family. Thus, as in [30], our x� is assumed
to be maximally nonsplit with Fontaine–Laffaille invariants lying outside certain special
loci. Our precise genericity assumption on x�, which we call strong genericity can be found
in Definition 2.3.7.



J. Enns and H. Lee 866

Let G be an inner form of GSp4 over F that is compact mod center at infinity and
splits at all finite places. Let � be an O-module with smooth GSp4.Zp/-action. We view
� as OŒG .OFv /�-module for vjp via a chosen isomorphism G .OFv / ' GSp4.Zp/ and
�Spn¹wº WD

Q
v2Spn¹wº

� as a smooth representation of
Q
v2Spn¹wº

G .Ov/. For a dominant
weight �, we let V.�/ be the algebraic representation of

Q
v2Spn¹wº

G .Ov/ with highest
weight �. We choose a level Uw away from w that is sufficiently small and unramified
at all places v 2 Spn¹wº. Given � , � and a Hecke character �0, we consider the space of
mod p automorphic forms

S�0;�;� .U
w ;F/ WD lim

�!
Uw�G .OFw /

S�0
�
UwUw ; V .�/

O
O

�Spn¹wº
O

O

F
�
:

This is an admissible smooth GSp4.Fw/-module with an action of the abstract Hecke
algebra TP generated by Hecke operators at places away from a finite set P containing
Sp . Let m Nr be the maximal ideal of TP determined by Nr . Our assumptions on Nr implies
that S�0;�;� .Uw ;F/Œm Nr �¤ 0 for a certain choice of �0; �; � . We take �0 D �p-cris (defined
in Section 4.4), � D 0, and � D �.�0/ where �0 is carefully chosen tame principal series
type (Definition 2.3.6) and �.�0/ denotes the smooth representation of GSp4.OFv / cor-
responding to �0 under the inertial local Langlands correspondence for principal series
representation (Lemma 2.2.4). Our main result is the following.

Theorem (Theorem 4.5.1). Following the above notations, the Fontaine–Laffaille invari-
ants of x� can be recovered from the admissible smooth F ŒGSp4.Fw/�-module …. Nr/ WD
S�p-cris;0;�.�0/.U

w ;F/Œm Nr �.

We now give a more precise description of the contents of this article. Let x� W GQp !

GSp4.F/ be a continuous upper triangular, maximally nonsplit, and strongly generic rep-
resentation. The first part of the argument is to find Fontaine–Laffaille parameters of x�
inside certain symplectic potentially crystalline deformation rings of x� of type .�; �/,
where � D .3; 2; 1; 0/ is a Hodge type and � a tame inertial type. In fact, it will suf-
fice for us to consider the single tame principal series type �0. We begin in Section 2.1 by
giving an explicit description of these deformation rings by adapting the work of [40, 41]
(for GLn) to the case of GSp4 using some ideas of [38] about duality for Kisin mod-
ules. Using this, we prove that the strong genericity of x� implies R�;�0

x� is formally smooth
(Theorem 2.3.10). (We actually work with a fixed similitude character as well.)

The Fontaine–Laffaille parameters of x� can be found as the reduction modulo the
maximal ideal of certain “universal Frobenius eigenvalues” in R�;�0

x� . We make this com-
pletely explicit in Theorem 2.3.10. In order to apply this result in the setting of the
patched module M1, we express these universal eigenvalues in terms of a morphism
‚x�;�0 W H .�.�0//! R

�;�0
x� Œ1=p� which interpolates the local Langlands correspondence

for GSp4.Qp/ in the Bernstein block corresponding to �0. Here H .�.�0// is the Hecke
algebra of the K-type corresponding to the inertial type �0. This follows ideas of [11] and
is described in Section 2.2.
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In Section 3.3 we prove an abstract local-global compatibility result (Theorem 3.3.8)
assuming the existence of a congruent pair of patched modules .M1; M cris

1 / satisfying
certain axioms (PM1)–(PM6). This result shows how the Fontaine–Laffaille invariants of
x� may be recovered from the admissible smooth F ŒGSp4.Qp/�-representation � related to
M1. See Section 3.3 for precise construction of � using M1. One of the axioms (which
follows from classical local-global compatibility of automorphic representations in the
construction of M1) states that the universal Frobenius eigenvalues may be recovered as
the eigenvalue of a certain “Up-operator” T� in the pro-p Iwahori–Hecke algebra acting
on well-chosen Iwahori eigenspaces of (the dual of)M1, up to powers of p. One therefore
needs to pick out the leading term of these eigenvalues modulo p. To do this, one writes the
action of T� on M1 as the composite of a Carter–Lusztig intertwiner and an Iwahori nor-
malizing element in GSp4.Qp/ (see (3.3.6)). The power of p by which the Carter–Lusztig
intertwiner is divisible is described by the Jantzen filtration of principal series represen-
tations of GSp4.Fp/. We show in Theorem 3.3.8 that the Carter–Lusztig intertwiner is
divisible by the “correct” power of p on these Iwahori eigenspaces and consequently that
the Fontaine–Laffaille invariant can be recovered from � . To do this, we show that there
is a unique modular Serre weight occurring in JH.�.�0//. This requires the combinatorics
between types and weights using a patching argument. On the Galois side, this requires
both potentially crystalline and crystalline lifts of x�. However, it is necessary to fix the
similitude character in the patching argument. That is why we have the second patched
module M cris

1 designed for the crystalline setting, and the congruence between the two
patched modules (PM5) allows us to prove the uniqueness of the modular Serre weight.
Finally, we show that the modular Serre weight appears in the correct layer of the Jantzen
filtration. This requires a somewhat tedious calculation with the Jantzen sum formula. We
also interpret this theorem in terms of group algebra operators in Remark 3.3.10. All this
is contained in Section 3.3. The computation with the Jantzen filtration is contained in
Sections 3.1 and 3.2.

The goal of Section 4 is to show the existence of a congruent pair of patched mod-
ules .M1; M cris

1 / obeying the axioms of Section 3.3. We accomplish this under certain
conditions by ultrapatching spaces of p-adic automorphic forms on a compact mod cen-
tre form G of GSp4 over a totally real field F , essentially following [11] but with ideas
from [6] for the symplectic case. The congruence between patched modules is obtained
by choosing the same Taylor–Wiles datum and ultrafilter. In order to attach Galois rep-
resentations to a regular algebraic cuspidal automorphic representation of G , we need to
apply Jacquet–Langlands for GSp4 proven in [52] under stable and tempered assump-
tions. In Lemma 4.1.7, we show that automorphic representations of G of our concern
are indeed stable and tempered by using various results on Arthur multiplicity formula
[2,28,54]. In Section 4.4, we assume that x� is a local component of a Galois representation
Nr W GF ! GSp4.F/ modular with respect to G satisfying several assumptions (A1)–(A5)
including standard Taylor–Wiles type assumptions, but also an unramifiedness away from
p assumption that is made mainly for simplicity. In Corollary 4.4.7, we prove the modu-
larity of the obvious weight (PM6) by the change of weight argument using the main result
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of [47]. We also show the existence of such globalization F and Nr for given x� by follow-
ing [20]; see Corollary 4.4.6. Then our main result showing that the Fontaine–Laffaille
invariants can be recovered from …. Nr/ is Theorem 4.5.1.

We expect that most of this article should generalize with the same methods to Qpf for
any f � 1. However, for simplicity, we have tended to state results only in the generality
that we need.

Recently, [39] proved mod p local-global compatibility for GLn.Qpf / and generic
Fontaine–Laffaille (but not necessarily upper-triangular) x� using a more geometric argu-
ment. We expect that one can adapt this idea to GSp4.Qpf / and prove mod p local-global
compatibility in a similar generality. We plan to investigate this further in our future work.

1.1. Notation and preliminaries

Throughout we fix a prime p > 2. Most of our results require p to be larger than this due
to genericity assumptions.

We let E denote a finite extension of Qp , which will serve as a field of coefficients.
We always assume that E is sufficiently large. Write O and F for its ring of integers
and residue field. We write xQp for a choice of algebraic closure of E. Let CO denote
the category of artinian local O-algebras with residue field F , and yCO the category of
complete noetherian local O-algebras with residue field F .

We sometimes write K instead of Qp . Let .pn/n�0 denote a compatible choice of
pnth roots of �p, with p0 D �p and define K1 D

S
n�0 Qp.pn/. Let e WD p � 1 and

choose roots .�n/n�0 where �en D pn and �pnC1 D �n. Define L D Qp.�1/ and L1 DS
n�0 Qp.$n/. Let � WD Gal.L=K/ Š Gal.L1=K1/. Let " W GQp ! Z�p denote the

p-adic cyclotomic character and write ! for its reduction mod p, which factors through
�. Let z! denote the Teichmüller lift of !.

The symbol F will denote a number field. If Fv is a completion at a finite place, we
write Frobv for geometric Frobenius and qv for the size of the residue field of Fv . Write

ArtQp W Q
�
p ! Gab

Qp

for the Artin reciprocity map of local class field theory, normalized so that uniformizers
correspond to geometric Frobenii. We write nr� for the unramified character ofGQp send-
ing geometric Frobenius Frob 7! �. We choose the convention on Hodge–Tate weights
whereby " has Hodge–Tate weightC1.

Write B4 and T4 for the upper-triangular Borel and diagonal maximal torus of GL4
respectively. Let S4 be the group of permutations of ¹0; 1; 2; 3º. We identifyX�.T4/ŠZ4

in the usual way and identify the Weyl group of GL4 with S4 via the embedding S4 ,!
GL4 which takes � 2 S4 to the monomial matrix M� such that .A�/ij D A�.i/�.j / for
all A 2 GL4. Let w0 2 S4 denote the longest element. Let zW _4 denote the extended affine
Weyl group of GL4, identified with X�.T4/ Ì S4 respectively (the dual notation is chosen
to be compatible with [40]). We write all vectors as row vectors so matrices act on the
right. Let �D .3; 2; 1; 0/ 2X�.T4/, except in Section 2.1, where it is allowed to be a more
general cocharacter.
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Let GSp4 denote the reductive group over Z defined by

GSp4.R/ D
®
A 2 GL4.R/ j AtJA D �J for some � 2 R�

¯
for any commutative ring R, where

J D

0BB@
1

1

�1

�1

1CCA :
Write �sim W GSp4 ! Gm for the similitude character taking A 7! �. We also write std W
GSp4! GL4 for the standard representation and std0 W GSp4! GL5 for the composition
of the projection GSp4� SO5 with the standard representation of SO5. Let T �GSp4 be
the torus of diagonal matrices andB �GSp4 the Borel subgroup of upper-triangular matri-
ces with its unipotent radical U � B . We define the following subgroups of GSp4.Qp/.
We let Iw and Iw1 the upper triangular Iwahori and pro-p Iwahori subgroups, i.e., the
inverse images of B.Fp/ and U.Fp/ under the natural map GSp4.Zp/� GSp4.Fp/. We
also define T .Zp/1 WD T .Zp/ \ Iw1 � T .Zp/. If v is a finite place of a number field F ,
we write Iw1.v/ for the pro-p Iwahori subgroup of GSp4.Fv/.

We identify X�.T / with ¹.a; bI c/ 2 Z3 j c � aC b .mod 2/º, where .a; bI c/ is the
character 0BB@

t1
t2

�t�12
�t�11

1CCA 7! ta1 t
b
2 �

c�a�b
2 :

There is an isomorphism

spin W X�.T /
�
�! X�.T /

� D .a; bI c/ 7! x�

where

x�.t/ WD

0BBB@
t
cCaCb
2

t
cCa�b
2

t
c�aCb
2

t
c�a�b
2

1CCCA :
The system of positive roots determined by B consists of

RC D ¹˛0; ˛1; ˛0 C ˛1; 2˛0 C ˛1º;

where ˛0 D .1;�1I 0/ and ˛1 D .0; 2I 0/. Let W denote the Weyl group and si 2 W the
simple reflection corresponding to root ˛i for i D 0; 1. ThenW D hs0; s1 j s20 ; s

2
1 ; .s0s1/

4i

has size 8, with the longest element being .s0s1/2. We define

zW _.1/ WD
�
T .Qp/=T .Zp/1

�
ËW
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which can be viewed as a subgroup of GSp4.Qp/. It contains X�.T / as a subgroup by
� 2 X�.T / 7! �.p/ 2 zW _.1/.

We implicitly identify X�.T / with a subgroup of X�.T4/, in which case we also
identify W with the subgroup of S4 of permutations s obeying w0sw0 D s. We fix the
following elements which form a basis of X�.T /:

ˇ0 D .1; 1; 1; 1/;

ˇ1 D .1; 1; 0; 0/;

ˇ2 D .2; 1; 1; 0/:

Let � be any topological group andR any topological ring. Fix a continuous character
 W � ! R�. By Rep R.�/ we mean the groupoid of pairs .V; �/ where V is a finite free

R-module of rank 4 having a continuous R-linear �-action, and � W V
�
�! V _ ˝  is an

isomorphism which obeys the condition that�
.�_/�1 ˝  

�
ı � D �idV :

In Section 2.1 we will also implicitly work with the setoid of triples .V; �; ı/, where ı is a
morphism from .V; �/ to R4 with the standard symplectic pairing. The set of equivalence
classes of this setoid naturally identifies with the set of continuous homomorphisms � !
GSp4.R/.

The following lemma is useful in Section 4.2.

Lemma 1.1.1. Let � be a compact group and � W � ! GSp4.E/ a continuous homo-
morphism. Let x� be the semisimple mod p reduction of �. If x� is irreducible and F is
sufficiently large then there exists a GL4.E/-conjugate �ı of � which is valued in GSp4.O/
and has the same similitude character as �. The resulting (irreducible) representation
x�ı W � ! GSp4.F/ does not depend on the choice of �ı up to GSp4.F/-conjugation.

Let Fv=Q` be a finite extension. We recall some aspects of the local Langlands corre-
spondence for GSp4.Fv/. The symbol recGT denotes the finite-to-one map from isomor-
phism classes of irreducible smooth C-representations of GSp4.Fv/ to equivalence classes
of admissibleL-parameters constructed in [25]. Fix an isomorphism of fields � W xQp

�
�!C.

This induces a correspondence recGT;� over xQp . We define a normalized version of the cor-
respondence by

recGT;p.�/ WD recGT;�
�
� ˝ j�simj

�3=2
�
:

It should be true that recGT;p depends only on a choice of square root of p in xQp , but we
do not need to use this.

We use Ind to denote the unnormalized parabolic induction functor for GSp4.Fv/ and
ind for compact induction.

If M is a topological O-module then M_ D Homcts
O
.M;E=O/ denotes its Pontryagin

dual. We also use Schikof dualityM 7!M d which is described in the Notation section of
[11].

If R is a local ring, we often denote by mR its maximal ideal.
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2. Symplectic Galois deformations
Let x� W GQp ! GSp4.F/ be a continuous representation. In this section we study sym-
plectic deformations of x� with a fixed similitude character  W GQp ! O�. Let R�; 

x�

denote the universal lifting ring for lifts � W GQp ! GSp4.O/ such that �sim ı � D  . In
Section 2.1 we adapt techniques of [38, 41] to give an explicit description of potentially
crystalline quotients of R�; 

x� with Hodge type � and generic tame principal series inertial
type. Using this, in Section 2.2 we construct an interpolation of the characteristic 0 tame
principal series local Langlands correspondence for GSp4.Qp/, which is an ingredient in
the axioms for our patched module. In Section 2.3 we define a family of representations x�
using Fontaine–Laffaille theory and prove the main result Theorem 2.3.10. This theorem
shows where to find the data of x� inside certain of the aforementioned deformation rings.
In Section 2.4 we study crystalline quotients of R�; 

x� with Hodge–Tate weights in the
Fontaine–Laffaille range when x� is ordinary.

2.1. Some potentially crystalline deformation rings

If � W IQp!GL4.O/ is an inertial type and �2X�.T4/ a Hodge type, we letR�;�; 
x� denote

the unique p-torsion free quotient of R�; 
x� such that for any local finite E-algebra B , a

morphism of O-algebras � W R�; 
x� ! B factors through R�; 

x� iff � ı �univ (considered as
a GL4.B/-valued representation) is potentially crystalline of Hodge type � and inertial
type � . This quotient exists by Corollary 2.7.7 of [36].

Lemma 2.1.1. If R�;�; 
x� Œ1=p� is nonzero then it is formally smooth over E of dimen-

sion 14.

Proof. This can be proved using the argument of [26, Proposition 7.2.1].

In this section, we give an explicit description of R.3;2;1;0/;�; 
x� when � is a generic

tame principal series type. For now let � be arbitrary. We assume that � is contained in
Œ0; h� for some h � 0, and not contained in Œ0; h0� for any h0 < h. In order for R�;�; 

x� to be
nonzero we must have  D "h z!bnr� for some b 2 Z and � 2 O�, so we assume this for
the rest of Section 2.1. In particular �sim ı x� D !

hCbnrx� .

The strategy is to relate R�;�; 
x� to deformations of Kisin modules, adapting methods

of [38, 41] to the symplectic case. We begin by recalling some notation and results from
[40] concerning Kisin modules with tame descent data over Qp .

Remark 2.1.2. Although we restrict attention to the case of tame principal series types
(as this is all we need), everything in this section can be generalized to generic higher
niveau tame types over an arbitrary unramified extension of Qp , as in [41].

If � D .b0; b1; b2; b3/ 2 X�.T4/, we write

�.1; �/ D

3M
iD0

z!bi W IQp ! T4.O/

for the associated tame principal series type (the notation comes from [40]).
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Definition 2.1.3 (cf. [40, Definition 2.2.5]). Let ı � 0. We say that a tame principal series
type � W IQp ! T4.O/ is ı-generic if it is isomorphic to �.1;�/where ı < bi � bj < p � ı
for each 0 � i < j � 3.

A lowest alcove presentation of � is a choice of � obeying this condition with ı D 0
such that � Š �.1; �/.

A lowest alcove presentation exists precisely when � is 0-generic. A necessary con-
dition for R�;�; 

x� to be nonzero is that its lowest alcove presentation � D .b0; b1; b2; b3/
obeys b0 C b3 � b1 C b2 � b (mod e), so without loss of generality we can assume

b0 C b3 D b1 C b2 D b: (2.1.4)

From now on we let � denote a 1-generic tame principal series type with lowest alcove
presentation � satisfying (2.1.4).

Let R denote a complete noetherian local O-algebra with residue field F 0 which is a
finite extension of F . The group� has an action onRJuK by ring automorphisms uniquely
determined by the formula 
.rui /D z!.
/irui for 
 2 �; r 2 R. Set v D ue and P.v/D
v C p 2 RŒu�. Note that RJuK�D1 D RJvK. Let ' W RJuK! RJuK denote the R-linear
ring morphism sending u 7! up .

Definition 2.1.5. We let Y Œ0;h�;� .R/ denote the groupoid of rank 4 Kisin modules over
R of height � h and descent data of type � . Objects are free RJuK-modules M of rank 4
with a '-semilinear endomorphism 'M W M ! M such that P.v/h kills the cokernel of
the linearization of 'M . Moreover, M has a semilinear �-action which commutes with
'M such thatM=uM Š ��1 ˝O R as an RŒ��-module (note the minus sign). Morphisms
in this category are the obvious ones.

Definition 2.1.6. If M 2 Y Œ0;h�;� .R/ an eigenbasis of M is an RJuK-basis ˇ D .ˇ0; ˇ1;
ˇ2; ˇ3/ such that � acts on ˇi by z!�bi for 0 � i � 3. Eigenbases always exist.

Definition 2.1.7. Let M 2 Y Œ0;h�;� .R/ with eigenbasis ˇ. Let

Cˇ 2 Mat4
�
RJuK

�
\ GL4

�
R..u//

�
denote the matrix such that

'M .ˇ/ D ˇ � Cˇ :

LetAˇ 2Mat4.RJvK/\GL4.R..v/// denote the matrix defined in [40, Proposition 3.2.9].

We have
Aˇ D D

�1CˇD (2.1.8)

where D D Diag.ub0�b3 ; ub1�b3 ; ub2�b3 ; 1/. Note that Aˇ is upper triangular mod v.

Definition 2.1.9 (cf. [38, Definition 5.12]). If M 2 Y Œ0;h�;� .R/ we define a new object
M_ 2 Y Œ0;h�;� .R/ by setting

M_ D HomRJuK
�
M;RJuK

�
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and defining 'M_ WM_ !M_ by

'M_.f /.m/ D � � '
�
f
�
'�1M

�
P.v/hm

���
for all f 2M_, m 2M . This definition makes sense because 'M is automatically injec-
tive, by an argument similar to [37, Lemma 1.2.2 (1)].

We endowM_ with descent data by defining .g � f /.m/ D z!.g/�bg � f .g�1 �m/ for
g 2 �, f 2M_, m 2M . One checks that this defines an involutive functor

Y Œ0;h�;� .R/! Y Œ0;h�;� .R/:

Note that our definition of M_ depends on  and should be interpreted as “the dual
of M twisted by  ”.

Lemma 2.1.10. LetM 2 Y Œ0;h�;� .R/. If ˇ is an eigenbasis ofM then ˇ_w0 and ˇ_J are
eigenbasis of M_. We have Aˇ_w0 D � � P.v/

hw0A
�t
ˇ
w0 and Aˇ_J D � � P.v/hJA�tˇ J .

Proof. This follows from a simple computation.

Let 	.R/ denote the subgroup of GL4.RJvK/ consisting of matrices that are upper
triangular mod v. In what follows we identify zW _4 with a subgroup of GL4.R..v/// by
sending t�s 7! v�s for � 2 X�.T4/ and s 2 S4. Thus GL4.F 0..v/// is the disjoint union
of 	.F 0/ Qw	.F 0/ for Qw 2 zW _4 .

Definition 2.1.11 (cf. [40, Definition 3.2.11]). IfM 2 Y Œ0;h�;� .F 0/ and ˇ is an eigenbasis,
we define the shape of ˇ to be the unique Qw 2 zW _4 such that Aˇ 2 	.F 0/ Qw	.F 0/. The
1-genericity of � ensures that the shape of ˇ is independent of ˇ, so we call Qw the shape
of M .

If Qw 2 zW _4 we define the set of matrices U Qw.F 0/ � GL4.F 0..v/// as in the paragraphs
before Definition 3.2.23 in [40], and we say that ˇ is a gauge basis of M if it is an
eigenbasis such that Aˇ 2 QwU Qw.F 0/.

Lemma 2.1.12. Assume that � is 4-generic. LetM 2 Y Œ0;h�;� .F 0/. The set of gauge bases
of M is a torsor for T4.F 0/.

Proof. The existence of a gauge basis follows immediately from the definition. The
remark after Example 3.2.24 in [40] shows that since � is 4-generic, gauge bases are
unique up to scaling by diagonal matrices.

Definition 2.1.13. LetM 2 Y Œ0;h�;� .R/ and suppose thatM (mod mR) is of shape Qw. We
say that an eigenbasis ˇ of M is a gauge basis if

(i) ˇ (mod mR) is a gauge basis of M (mod mR) in the sense above, and

(ii) Aˇ 2 	�.R/ Qw \ 	.R/, where 	�.R/ is defined to be the subgroup of
GLn.RŒv�1�/ consisting of matrices that are lower-triangular mod v�1.

The second condition is equivalent to asking that Aˇ satisfies the degree bounds in [40,
Proposition 3.4.3].
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Proposition 2.1.14 (cf. [40, Proposition 3.4.3]). Assume that � is 4-generic. Let M 2
Y Œ0;h�;� .R/ and fix a gauge basis x̌ of M=mR. Then there exists a gauge basis ˇ of M
lifting x̌, and ˇ is unique up to multiplication by an element of ker.T4.R/! T4.F 0//.

Proof. This is a straightforward generalization of the argument of [41, Section 4] from
GL3 to GL4.

Lemma 2.1.15. If M 2 Y Œ0;h�;� .F 0/ has shape Qw then M_ has shape vhw0 Qw�tw0. If ˇ
is a gauge basis of M 2 Y Œ0;h�;� .R/ then ˇ_J is a gauge basis of M_.

Proof. The first statement follows from a computation using Lemma 2.1.10. The proof of
the second statement then follows in the case R D F 0 by a computation with affine root
groups (and the definition of U Qw.F 0/). Given this, the case of general R now follows from
Lemma 2.1.10 and the definition of gauge basis.

Definition 2.1.16. (i) We define Y Œ0;h�;�; .R/ to be the groupoid of pairs .M; ˛/ where
M 2 Y Œ0;h�;� .R/ and ˛ WM !M_ is an isomorphism of Kisin modules such that

.˛_/�1 ı ˛ D �idM :

This equation will be referred to as the alternating condition. Morphisms in this category
are the obvious ones.

(ii) We say that .M; ˛/ 2 Y Œ0;h�;�; .F 0/ has shape Qw 2 zW _4 if M has shape Qw.
(iii) If .M;˛/ 2 Y Œ0;h�;�; .R/, we define an eigenbasis (resp. a gauge basis) of .M;˛/

to be an eigenbasis (resp. gauge basis) ˇ of M such that

˛.ˇ/ D ˇ_J: (2.1.17)

Remark 2.1.18. (i) If .M; ˛/ 2 Y Œ0;h�;�; .F 0/ has shape Qw then we must have Qw D
v3w0 Qw

�tw0 by Lemma 2.1.15 (i).
(ii) The existence of a basis satisfying (2.1.17) implies that ˛ satisfies the alternating

condition.

Lemma 2.1.19. Assume that � is 4-generic.

(i) Let .M; ˛/ 2 Y Œ0;h�;�; .F 0/. The set of gauge bases of .M; ˛/ is nonempty and
is a torsor for T 0.F 0/, where T 0 is the diagonal torus of Sp4.

(ii) Let .M; ˛/ 2 Y Œ0;h�;�; .R/ and fix a gauge basis x̌ of M=mR. The set of gauge
bases of .M; ˛/ lifting x̌ is nonempty and is a torsor for ker.T 0.R/! T 0.F 0//.

Proof. (i) Let ˇ be any gauge basis of M . Then ˛.ˇ/ is a gauge basis of M_. By Lem-
mas 2.1.12 and 2.1.15 (ii) we have ˛.ˇ/ D ˇ_J t�1 for some t 2 T4.F 0/. The alternating
condition implies that tJ t�1 D J . An arbitrary gauge basis of M is of the form ˇc�1 for
some c 2 T4.F 0/ by Lemma 2.1.12. Replacing ˇ by ˇc�1, the condition (2.1.17) becomes
equivalent to cJc D J t�1, which can be solved in T4.F 0/ by the condition on t above.
This proves the existence of gauge bases.
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If ˇ and ˇc�1 are both gauge bases of .M; ˛/ for some c 2 T4.F 0/ then (2.1.17)
implies cJc D J , i.e., c 2 T 0.F 0/. This proves the uniqueness.

(ii) The proof follows the same strategy as (i), but by appealing to Proposition 2.1.14.

If M is a Kisin module with descent data we let M D M ˝ZpJuK OE;L denote the
associated étale '-module with descent data defined in [41, Section 2.3]. We have the
contravariant functor to GK1 -representations (loc. cit.)

T �dd W Y
Œ0;h�;� .R/! RepR.GK1/:

given by T �dd.M/ WD V �dd.M/ WD Hom';OE;L
.M;OEun;K/ given a GK1 -action via g � f D

g ı f ı Ng�1. Here Ng denotes the image of g in Gal.L1=K1/ Š �.

Proposition 2.1.20. If M 2 Y Œ0;h�;� .R/ there is a canonical isomorphism of

can W T �dd.M
_/! T �dd.M/_ ˝R  jGK1

GK1 -representations where the dual on the right-hand side is the R-linear dual. More-
over, if f WM ! N is a morphism of Kisin modules then under the identification above,
we have T �dd.f

_/ D T �dd.f /
_ ˝R  jGK1 .

Proof. This can be shown similarly to [8, Proposition 3.4.1.7] (cf. [38, Proposition 5.13]).

We define a contravariant functor

T �dd W Y
Œ0;h�;�; .R/! Rep R.GK1/ (2.1.21)

by sending .M; ˛/ to .T �dd.M/; can ı T �dd.˛/
�1/.

We now put Hodge type � conditions on our Kisin modules. Recall from [41] the
subgroupoid Y �;� .R/ � Y Œ0;h�;� .R/.

Definition 2.1.22. We define the groupoid Y �;�; .R/ � Y Œ0;h�;�; .R/ to consist of the
pairs .M; ˛/ with M 2 Y �;� .R/.

Finally we can establish the connection between Kisin modules and potentially crys-
talline lifting rings.

Notation 2.1.23. In what follows, if R is a symplectic lifting ring (perhaps with vari-
ous super- and subscripts) then R0 (with the same decorations minus the fixed similitude
character) denotes the corresponding GL4-valued lifting ring. For example, R�;�; 

x� having
been defined at the beginning of this section, we writeR0�;�

x� for the GL4-valued potentially
crystalline lifting ring of x� of type .�; �/.

Proposition 2.1.24. Assume that � is 4-generic.

(i) If R0�;�
x� ¤ 0 there exists a unique xM 2 Y �;� .F/ up to isomorphism such that

T �dd.
xM/ Š x�jGK1 .
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(ii) Assume that R�;�; 
x� ¤ 0. Fix a choice of xM as in (i) and an isomorphism xı W

T �dd.
xM/ ! x�jGK1 . There exists a unique map x̨ W xM ! xM_ making . xM; x̨/

an object of Y �;�; .F/ such that T �dd.
xM; x̨/ identifies with the symplectic GK1 -

representation x�jGK1 under xı.

Proof. (i) The existence of xM follows from [13, Corollary 5.18]. The uniqueness follows
from a straightforward generalization of [41, Theorem 3.2] (triviality of the Kisin variety).

(ii) Let xM denote the étale '-module associated with xM . By full faithfulness of V �dd,
the given isomorphism

T �dd.
xM/! T �dd.

xM/_ ˝  
can�1
���! T �dd.

xM_/

induces an alternating isomorphism ˛ W xM! xM_. Both ˛. xM/ and xM_ are lattices in xM_

belonging to Y Œ0;h�;� .F/. By triviality of the Kisin variety, we deduce that ˛. xM/ D xM_.
This proves existence. If there were two such maps ˛1 and ˛2 then by faithfulness of V �dd,
im.˛1 � ˛2/ would be a submodule of xM_ which vanishes upon tensoring with OE;L,
hence must be 0.

Definition 2.1.25. IfR0�;�
x� ¤ 0we define the shape of .x�;�/ to be the shape of (the unique)

xM in Proposition 2.1.24 (i).

Situation 2.1.26. From now on specialize to the case � D .3; 2; 1; 0/ (and h D 3). Let x�
and  be as at the beginning of Section 2.1 and let � be a 4-generic tame principal series
type such that R�;�; 

x� ¤ 0. Fix data . xM; x̨/; xı as in Proposition 2.1.24 (ii), as well as a
gauge basis x̌ of . xM; x̨/. Let Qw denote the shape of .x�; �/. We also assume that ad.x�/ is
cyclotomic-free in the sense of [41, Section 3.3].

Cyclotomic-freeness holds if x� is sufficiently generic and, in particular, holds in our
applications.

We now define some deformation problems. All data in the following is assumed to be
compatible with x�; . xM; x̨/; x̌; xı. For A 2 CO :

• D
�;�; 
x� is the deformation problem represented by R�;�; 

x� .

• D
�;�; ;�

. xM;x̨/;x�
.A/ is the set of tuples .M;˛;�;ı/where .M;˛/2Y �;�; .A/, � 2D�;�; 

x� .A/,

and ı W T �dd.M; ˛/
�
�! �jGK1 is a symplectic isomorphism.

• D
�;�; ;�

. xM;x̨/; x̌;x�
.A/ is the set of tuples .M; ˛; ˇ; �; ı/ where .M; ˛; �; ı/ is as above and ˇ

is a gauge basis of .M; ˛/.

• D
�;�; ;�

. xM;x̨/; x̌
.A/ is the set of tuples .M; ˛; ˇ; ˇ0/ as above, where ˇ0 is a symplectic basis

of T �dd.M; ˛/ making .T �dd.M; ˛/; ˇ
0/ a symplectic framed deformation of x�jGK1 .

• D
�;�; 

. xM;x̨/; x̌
.A/ is the set of tuples .M; ˛; ˇ/ as above.

Proposition 2.1.27. The map D�;�; ;�

. xM;x̨/;x�
! D

�;�; 
x� taking .M; ˛; �; ı/ 7! � is an isomor-

phism. In particular, D�;�; ;�

. xM;x̨/;x�
is representable by R�;�; 

x� .
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Proof. By [41, Corollary 3.6] (actually its natural generalization to GL4) says that since �
is 4-generic the mapD0�;�;�

xM;x�
! D

0�;�
x� taking .M; �; ı/ 7! � is an isomorphism. It follows

that the deformation problemD
�;�; ;�
xM;x�

of tuples .M;�;ı/ as above but with � 2D�;�; 
x� .A/

is isomorphic to D�;�; 
x� via the same map .M; �; ı/ 7! �. To conclude the proof, we need

to show the following statement: given .M;�; ı/ 2D�;�; ;�
xM;x�

.A/, there exists a unique map

˛ WM !M_ making .M; ˛/ an object of Y �;�; .A/ lifting . xM; x̨/ such that ı induces a
symplectic isomorphism T �dd.M;˛/Š �jGK1 . This now follows from an argument similar
to the proof of Proposition 2.1.24.

We next give an explicit description of the universal symplectic lift of . xM; x̨; x̌/ of
type .�; �/.

Definition 2.1.28. Let xA denote a matrix belonging to QwU Qw.F/. The deformation prob-
lem which assigns to R 2 CO the set of matrices in Mat4.RŒv�/ lifting xA modulo mR and
satisfying the degree conditions in Definition 2.1.13 is representable by a power series
ring R

Qw; xA. Let Auniv 2 Mat4.R Qw; xAŒv�/ denote the universal lift.
Let I�� � R

Qw; xA denote the collection of polynomial equations resulting from the
following Hodge type � � conditions on Auniv:

• all 2 � 2 minors of Auniv are divisible by P.v/, and

• all 3 � 3 minors are divisible by P.v/3, and

• det.Auniv/ is a unit times P.v/6.

Let I � R
Qw; xA denote the collection of polynomial equations resulting from imposing

the following symplecticity condition on Auniv:

• .Auniv/tJAuniv D �P.v/3J .

Lemma 2.1.29. D�;�; 

. xM;x̨/; x̌
is representable by an object R�;�; 

. xM;x̨/; x̌
of yCO isomorphic to

..R Qw;A x̌=I
��/p-flat,red/=I .

Proof. Let D0�;�
xM; x̌

denote the deformation problem of pairs .M; ˇ/. Proposition 3.4.7 of
[40] shows that it is representable by

R
0�;�

xM; x̌
WD .R Qwj ;A x̌=I

��/p-flat,red:

The condition for .M; ˇ/ 2 D0�;�
xM; x̌
.A/ to belong to D�;�; 

. xM;x̨/; x̌
.A/ is for there to exist an

isomorphism ˛ WM !M_ such that ˛.ˇ/D ˇ_J . Such an isomorphism is clearly unique
and by Lemma 2.1.10 exists iff At

ˇ
JAˇ D �P.v/

3J . The claim follows.

Remark 2.1.30. It follows that the remaining deformation problems defined above are
representable. To see this note that the natural mapD�;�; ;�

. xM;x̨/; x̌;x�
!D

�;�; ;�

. xM;x̨/;x�
which forgets

the gauge basis is formally smooth of relative dimension 2 by Lemma 2.1.19 (ii), and the
natural map D�;�; ;�

. xM;x̨/; x̌
! D

�;�; 

. xM;x̨/; x̌
which forgets the symplectic basis on T �dd.M; ˛/ is

formally smooth of relative dimension 10 by elementary considerations. In each case, we
denote the representing ring by R with the appropriate decorations.
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Monodromy. We recall the monodromy condition on R0�;�
xM; x̌

defined in [40, Section 3.4]
(cf. [41, Section 5] for background), which cuts out the locus of Spec.R0�;�

xM; x̌
Œ1=p�/ whose

closed points correspond to Kisin modules that arise via restriction to GK1 of GQp -
representations having Hodge–Tate weights � � (which are necessarily potentially crys-
talline of inertial type � ). Let .M univ; ˇuniv/ be the universal object over R0�;�

xM; x̌
and write

A WD Aˇ univ . Let

PN .A/ WD
�
� ev

d

dv
A �

�
Diag.b0; b1; b2; b3/; A

��
P.v/3A�1 2 Mat4

�
R
0�;�

xM; x̌
Œv�
�
:

The monodromy condition can be expressed as

�PN .A/CM
ˇ̌
vD�p

D
d

dv

�
� PN .A/CM

�ˇ̌
vD�p

D 0; (2.1.31)

where M 2 Mat4.O
rig
R
0�;�
xM; x̌

/ is an “error term” such that

M jvD�p;
d

dv
M
ˇ̌
vD�p

2 p4 Mat4
�
R
0�;�

xM; x̌

�
:

For this, see [40, proof of Proposition 3.4.12]. Let Imon denote the ideal of R0�;�
xM; x̌

corre-
sponding to the 32 equations in (2.1.31), and let R0�;�;r

xM; x̌
be the corresponding p-flat and

reduced quotient. Moreover, define

R
0�;�;�;r

xM; x̌
WD R

0�;�;�

xM; x̌
˝R

0�;�
xM; x̌
R
0�;�;r

xM; x̌
:

This allows us to define two more symplectic deformation problems which take into
account the monodromy condition.

• We define R�;�; ;r
. xM;x̨/; x̌

D R
�;�; 

. xM;x̨/; x̌
˝R

0�;�
xM; x̌
R
0�;�;r

xM; x̌
.

• Similarly, R�;�; ;�;r
. xM;x̨/; x̌

D R
�;�; ;�

. xM;x̨/; x̌
˝R

0�;�
xM; x̌
R
0�;�;�;r

xM; x̌
.

The following diagram relates all the symplectic deformation problems defined above.
It is analogous to [41, Diagram (5.9)]. Hooked arrows denote closed immersions, and
f.s. stands for a formally smooth map. The square is cartesian by definition.

SpfR�;�; ;�;r
. xM;x̨/; x̌� _

��

f.s. // SpfR�;�; ;r
. xM;x̨/; x̌� _

��

SpfR�;�; ;�
. xM;x̨/; x̌;x�

f.s.
��

� �

�

// SpfR�;�; ;�
. xM;x̨/; x̌ f.s.

// SpfR�;�; 
. xM;x̨/; x̌

SpfR�;�; 
x� SpfR�;�; ;�

. xM;x̨/;x�

�

Prop. 2.1.27
oo

(2.1.32)

The only map which has yet to be discussed is �. It is defined to take .M;˛; ˇ; �; ı/ to
.M;˛;ˇ;ˇ0/ where ˇ0 is the symplectic basis of T �dd.M;˛/ induced by the isomorphism ı.
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The assumption that ad.x�/ is cyclotomic-free implies that � is a closed immersion by
appealing to [41, Proposition 3.12].

Proposition 2.1.33. In Situation 2.1.26, the map � above induces a closed immersion

Spf
�
R
�;�; ;�

. xM;x̨/; x̌;x�

�
,! Spf

��
R
�;�; ;�;r

. xM;x̨/; x̌

�p-flat,red�
;

which is an isomorphism if and only if every xQp-point of the latter corresponds to a
potentially crystalline lift of Hodge–Tate weights exactly �.

Proof. Since R�;�; 
x� is p-flat and reduced (by Lemma 2.1.1), it follows that � factors

through a map
Spf

�
R
�;�; ;�

. xM;x̨/; x̌;x�

�
,! Spf

��
R
�;�; ;�;r

. xM;x̨/; x̌

�p-flat,red�
:

Since both these rings are p-flat and reduced, it suffices to show factorization at the level
of xQp-points. But this follows from the argument in [41, proof of Theorem 5.12].

To see that the induced map is an isomorphism, by the same argument it suffices to
show that for every finite extension O0=O and O0-point .M;˛; ˇ; ˇ0/ of Spf..R�;�; ;�;r

. xM;x̨/; x̌
/,

�1 WD T
�

dd.M; ˛/Œ1=p� W GK1 ! GSp4.E
0/

extends to a symplectic potentially crystalline representation of GQp of type .�; �/. By
the condition on Hodge–Tate weights, it only remains to show the symplecticity. This
follows rom the isomorphism between �1 and �_1 ˝ and the uniqueness of the extension
[41, Corollary 3.6].

Definition 2.1.34. We say that .x�; �/ is good if the condition on the Hodge–Tate weights
in the previous proposition holds.

In practice, goodness can be read off the shape of .x�; �/ after applying the Hodge type
� � conditions to the universal Kisin module. In this situation, Proposition 2.1.33 and
(2.1.32) furnish our desired description of R�;�; 

x� .

Corollary 2.1.35. In Situation 2.1.26, if .x�; �/ is good then there is an isomorphism

R
�;�; 
x� Jx1; x2K Š

�
R Qw;A x̌=.I

��
C I C Imon/

�p-flat,redJy1; : : : ; y10K:

For the remainder of the section, we discuss universal Frobenius eigenvalues. By defi-
nition, a closed point x 2 Spec.R�;�; 

x� / with residue fieldEx gives rise to a representation
�x W GQp ! GSp4.Ex/ such that WD.�x/jIQp

Š � . Write rx WDWD.�x/. For 0 � i � 3,
let tx;i 2Ex be the eigenvalue of rx.Frob/ on the IQp D !

bi eigenspace. By symplecticity
we have tx;0tx;3 D tx;1tx;2 DWD. /.Frob/ D �p3.

Definition 2.1.36. For 0 � i � 3 we define the universal Frobenius eigenvalue

ƒi 2 R
�;�; 

. xM;x̨/; x̌

to be the image of .Auniv/i i .mod v/ 2 R Qw;A x̌ under the quotient of Lemma 2.1.29.
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The next proposition explains this terminology.

Proposition 2.1.37. For 0 � i � 3, let �i 2 R
�;�; ;�

. xM;x̨/; x̌;x�
denote the image of ƒi under the

composite morphism in (2.1.32). Then

(i) �i lies in the subalgebra R�;�; ;�
. xM;x̨/;x�

.

(ii) For any closed point x2SpecR�;�; 
x� Œ1=p�, the image of �i inEx is equal to tx;i .

Proof. The map
R
�;�; ;�

. xM;x̨/;x�
! R

�;�; ;�

. xM;x̨/; x̌;x�

which forgets the gauge basis ˇ is formally smooth (Remark 2.1.30). As �i is clearly
independent of the choice of ˇ, it lies in the subalgebra R�;�; ;�

. xM;x̨/;x�
.

Observe that if x 2 Spec.R�;�; ;�
. xM;x̨/; x̌;x�

Œ1=p�/ is a closed point with residue field Ex
then there is a canonical '- and �-equivariant isomorphism of Ex-modules (cf. [36, Sec-
tion 2.5(1)])

.Mx=uMx/Œ1=p� Š D
�
st

�
T �dd.Mx/Œ1=p�

ˇ̌
GL

�
:

It follows thatDst.�x/ has an eigenbasis e D .e0; e1; e2; e3/ such that� acts on ei by !bi

and '.ei /D ..Aˇx /i i .mod v//�1ei . The second claim now follows from the definition of
WD.�x/.

Remark 2.1.38. Note that the symplecticity condition says �0�3 D �1�2 D �p3. In par-
ticular, the �i are units in R�;�; 

x� Œ1=p�.

2.2. Hecke algebras and deformation rings

In this section G denotes GSp4.Qp/ and K D GSp4.Zp/. Let x� W GQp ! GSp4.F/ be a
continuous representation,  D "3 z!b�3nr� W GQp ! O� a fixed similitude character, and
� W IQp ! GSp4.O/ a generic tame principal series inertial type. In this section we refor-
mulate Proposition 2.1.37 as the existence of a morphism of O-algebras‚x�;� WH .�.�//!

R
�;�; 
x� Œ1=p� which interpolates the local Langlands correspondence for G in the Bern-

stein block corresponding to � . Here H .�.�// is a Hecke algebra over E which is defined
below. This morphism will be used to express classical local-global compatibility in Sec-
tion 3.3.

Remark 2.2.1. In [11, Section 3], given any inertial type � for GLn.F /, the authors show
the existence of a “K-type” �.�/ for the Bernstein block corresponding to � which detects
irreducible smooth representations � whose corresponding L-parameter has trivial mon-
odromy operator. In Section 4 they show the existence of a morphism (there denoted �)
analogous to ‚x�;� . The case we are concerned with here is more concrete, and in fact, we
make it completely explicit.

Definition 2.2.2. We say that � D .x; yI z/ 2 X�.T / is regular if its W -orbit has size
jW j D 8. We say that it is irreducible if none of x; y; x ˙ y is equal to˙1.
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In this section let � D .x; yI z/ 2 X�.T / be a regular and irreducible weight. Let
� D �.id; x�/ W IQp !GSp4.O/; this is a lowest alcove presentation. If �D �x � �y Ì �z W
T .Qp/ ! xQ�p is a smooth character such that �i jZ�p D z!

i ı ArtQp for i 2 ¹x; yº and
�zjZ�p D z!

.z�x�y/=2 ı ArtQp the irreducibility of � guarantees that the principal series
representation

� D IndGSp4.Qp/

B.Qp/
.�/

is irreducible (see [6, Proposition 2.4.6]). These � form the set of irreducible representa-
tions belonging to a Bernstein block which we denote �� .

Lemma 2.2.3. For any principal series representation � D IndGSp4.Qp/

B.Qp/
.�/ as above,

(i) recGT;p.�/ D .�; 0/ where

� D

0B@�x�y�zj � j
�3

�x�zj � j
�2

�y�zj � j
�1

�z

1CA ı Art�1Qp
:

(ii) The inverse image of .�; 0/ under recGT;p is equal to ¹�º.

Proof. See the references in [6, Proposition 2.4.6].

If R is any O-algebra we write Q�R for the character

Iw� B.Fp/� T .Fp/
�
�! F�p ! R�

where the final map is the Teichmüller lift. We define

�.�/ WD IndKIw. Q�E /:

This is an irreducible E-representation of K because � is regular. The next lemma
expresses the fact that �.�/ is a K-type for �� .

Lemma 2.2.4. If � is an irreducible smooth xQp-representation of G then

HomK
�
�.�/; �

�
¤ 0

if and only if � 2 �� . In this case HomK.�.�/; �/ is 1-dimensional.

Proof. The first claim follows from [50, Theorem 7.7]. The second claim follows from
Frobenius reciprocity and the Iwasawa decomposition G.Qp/ D B.Qp/K.

We define the associated Hecke algebra

H
�
�.�/

�
WD EndEŒG�

�
indGK

�
�.�/

��
:

We will describe the structure of H .�.�// in terms of the integral pro-p Iwahori-Hecke
algebra

H1 WD EndOŒG�

�
indGIw1.1O/

�
:
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For Qw 2 zW _.1/ let T Qw D ŒIw1 QwIw1�. The set .T Qw/ Qw2 zW _.1/ forms an O-basis of H1 (the
Iwahori-Matsumoto basis) satisfying the braid and quadratic relations (cf. [56]). If t 2
T .Zp/=T .Zp/1 then we have TtT Qw D Tt Qw and T QwTt D T Qwt , so for each � W T .Fp/!O�

there is an idempotent "� D 1
jT.Fp/j

P
t2T.Zp/=T .Zp/1

�.t/�1Tt 2 H1 such that H �
1 WD

"�H1"� identifies with EndOŒG�.indGIw.�//.
Let X�.T /C � X�.T / be the submonoid of dominant cocharacters. There is a homo-

morphism

E
�
X�.T /

�
�! H1Œ1=p�

� D xy�1 7! ı
1=2
B

�
x.p/

�
Tx.p/

�
ı
1=2
B

�
y.p/

�
Ty.p/

��1
for � 2 X�.T /, x; y 2 X�.T /C. Here, ıB denotes the modulus character.

Let � be as in Lemma 2.2.3. By [6, Propositions 2.4.3 and 2.4.4], there is an isomor-
phism of EŒX�.T /�-modules

� Iw1 '
M
w2W

E.w � ı
1=2
B ��1/;

� IwDw Q�
' E.w � ı

1=2
B ��1/:

(2.2.5)

For the second isomorphism, we can view � IwDw Q� as EŒX�.T /�-module by a O-monoid
map OŒX�.T /

C� �! H
w Q�
1 which sends � 2 X�.T /C to ı1=2B .�.p//"w Q�T�.p/. When w D

id, this extends to an isomorphism

E
�
X�.T /

� �
�! H

�
�.�/

�
(2.2.6)

by [50, Section 5].

Remark 2.2.7. Following [55], we use the right action of H1 on � Iw1 . In particular, this
is different from the Hecke algebra action in [6], which is defined as the left action. If
f 2 H1, viewed as a Iw1-biequivariant function on G, right action by f on � Iw1 is the
same as the left action by Qf defined as a function on G sending g 2 G to f .g�1/. In
particular, the right action by T� on � Iw1 is the same as the left action by T��. This
explains the difference between (2.2.5) and [6, Proposition 2.4.4].

Now fix a continuous representation x� W GQp ! GSp4.F/ and a similitude character
 W GQp ! O�. Assume R�;�; 

x� ¤ 0. If x 2 Spec.R�;�; 
x� Œ1=p�/ is a closed point with

residue field Ex , let �x W GQp ! GSp4.Ex/ denote the corresponding lift of x�. Since
WD.�x/jIQp

Š � is regular, by Lemma 2.2.3 (ii) the L-packet of .WD.�x/; 0/ under
recGT;p consists of a unique principal series representation �x 2 �� defined over Ex .

Proposition 2.2.8. Assume that � is 4-generic. There exists a unique map of E-algebras
‚x�;� W H .�.�//! R

�;�; 
x� Œ1=p� characterized by the property that for any closed point

x 2 Spec.R�;�; 
x� Œ1=p�/, the tautological action of H .�.�// on HomEŒK�.�.�/; �x/ is

given by the character

H
�
�.�/

� ‚x�;�
���! R

�;�; 
x� Œ1=p�

evx
��! Ex :
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Proof. Given (2.2.5), (2.2.6), this statement is just a reformulation of Proposition 2.1.37.
By Lemma 2.2.3, ‚x�;� must take ˇ0 7! ��1, ˇ1 7! p3��10 and ˇ2 7! p5��10 ��11 . This
gives a well-defined map because of Remark 2.1.38. Uniqueness follows from the fact
that R�;�; 

x� Œ1=p� is a reduced Jacobson ring.

Remark 2.2.9. The statement of this proposition is modeled after Theorem 4.1 of [11].
We could prove more general results by using their method, but the situation at hand is
rather concrete, so we gave an explicit proof.

If w 2W , note that �.�/w WD IndKIw.w Q�O/ is isomorphic to aK-equivariant O-lattice
in �.�/. Hence H .�.�/w/ WD EndOŒG�.indGK.�.�/

w// Š H
w Q�
1 is isomorphic to an O-

subalgebra of H .�.�//. It follows from the definition of ‚x�;� that for each closed x 2
Spec.R�;�; 

x� Œ1=p�/ the composite map

H
w Q�
1 ,! H

�
�.�/

� ‚x�;�
���! R

�;�; 
x� Œ1=p� (2.2.10)

when composed with evx gives the natural action of H
w Q�
1 on � IwDw Q�

x . We write the
composition map (2.2.10) by ‚w .

Corollary 2.2.11. Let � D .0; 0;�1;�1/ 2 X�.T /. Under the map (2.2.10), the image of
T�"w Q� is given by

w image in R�;�; 
x� Œ1=p�

id; s0 �3

s1; s0s1 �2

s1s0; s0s1s0 �1

s1s0s1; .s0s1/
2 �0

:

Proof. This calculation is similar to the previous one.

2.3. Frobenius eigenvalues and extension classes

Let  be as in Section 2.2. We now specify a family of mod p Galois representations. Let
x� W GQp ! GSp4.F/ be a continuous representation of the form

x� �

0BB@
!a3nr�3 � � �

!a2nr�2 � �

!a1nr�1 �

!a0nr�0

1CCA (2.3.1)

for some ai 2 Z and �i 2 F�. Note that a0 C a3 D a1 C a2 D b and �0�3 D �1�2 D �.
We say that x� is maximally nonsplit if the off-diagonal extension classes are nonzero. For
an integer ı � 0 we say that x� is inertially ı-generic if

ı < ai � aj < p � ı 8i > j:
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This implies that p > 2ı. From now on, assume that x� is maximally nonsplit and iner-
tially 2-generic. As in [30, Section 2.1], this implies that x� is Fontaine–Laffaille with
filtration jumps at a0; a1; a2; a3. Moreover, if M0 is a Fontaine–Laffaille module such
that T �cris.M0/ Š x�, there exists a basis e unique up to scalar multiple such that

Mate.'M0/ D

0BB@
�0 1 x02 x03

�1 1 x13
�2 1

�3

1CCA (2.3.2)

for some xij 2 F .
Let M_0 be the (b-twisted) dual Fontaine–Laffaille module of M0 (cf. [5, Defini-

tion 4.5]). It is defined in terms of the following data:

• M_0 D HomF .M0;F/,

• Fili M_0 D ¹f 2M
_
0 j f jFilb�iC1M0

D 0º,

• for f 2 Fili M_0 and x 2 Filj M0, 'M_0 ;i .f / is the unique element satisfying

'M_0 ;i .f /
�
'M0;j .x/

�
D

´
'
�
f .x/

�
if i C j D b

0 if i C j ¤ b:

(Here, ' denotes the absolute Frobenius.)

Lemma 2.3.3. We have T �cris.M
_
0 / ' x�

_ ˝ !b

Proof. This can be proven using the analogous statement for Breuil modules. Let xS D
F Œu�=up and M0 D Fb.M0/ WD M0 ˝F xS be a Breuil module associated to M0 [30,
Appendix A]. Recall the dual Breuil module M�0 from [21, Definition 3.2.8] (we take r
in loc. cit. as b). Since T �cris.M

_
0 / ' T

�
st .Fb.M

_
0 // (see [30, proof of Proposition 2.2.1])

and T �st .M
�
0 / ' T

�
st .M0/

_.b/ [21, Definition 3.2.8], it suffices to show that Fb.M
_
0 / '

Fb.M0/
�.

One can identify underlying modules

Fb.M
_
0 / D HomF .M0;F/˝F xS D Hom xS .M0 ˝F xS; xS/ D Fb.M0/

�:

Using Fili xS D ui xS for 0 � i � b, we have

Filb Fb.M
_
0 / D FilbM_0 ˝F xS C Filb�1M_0 ˝ u xS C � � � CM

_
0 ˝F u

b xS;

Filb Fb.M0/
�
D
®
f 2 Fb.M0/

�
j 80 � i � b; f .Fili M0 ˝ u

b�i xS/ � ub xS
¯
:

Noting that FiliM_0 ˝F u
b�i xS D¹ub�if j f 2Fb.M0/

�;f jFilb�iC1M0˝F xS
D 0º, one can

easily see that Filb Fb.M
_
0 / � Filb Fb.M0/

�. Conversely, note that if f 2 Filb Fb.M0/
�

satisfies
f jFilb�iC1M0

D 0; f jFilb�iM0
¤ 0;
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there exists f 0 2 FiliM_0 ˝F u
b�i xS such that f � f 0jFilb�iM0

D 0. Using this argument
inductively, we can show that

Filb Fb.M0/
�
� Filb Fb.M

_
0 /:

Taking sub�i ˝ f 2 Filb�i xS ˝ FiliM_0 and s0ub�j ˝m 2 Filb�j xS ˝ Filj M0, one
can explicitly check that Frobenius 'b of both Fb.M

_
0 / and Fb.M0/

� satisfies

'b.su
b�i
˝ f /

�
'b.s

0ub�j ˝m/
�
D

´
'
�
ss0f .m/

�
if i C j D b

0 if i C j ¤ b;

and 'b is uniquely characterized by this property. (Here, c is defined in [21, Section 3.2].)

By the symplecticity of x�, we haveM0'M
_
0 ˝F.�/where F.�/ is a rank 1 Fontaine–

Laffaille module with 'D � and filtration jump at 0. Let e_ be the dual basis of e. A simple
computation tells us that

� Mate_w0.'M_0 / D �w0 Mate.'M0/
�tw0

D

0BBBB@
�0 ��1�

�1
3 ��13 .1 � �2x13/ �x03 C �

�1
1 x13 C �

�1
2 x02 � �

�1

�1 �1 ��10 .1 � �1x02/

�2 ��2�
�1
0

�3

1CCCCA :
Conjugating this by Diag.�1; �1��13 ;��1�

�1
3 ; 1/, we can show that M_0 ˝ F.�/ has a

basis with associated Frobenius matrix given by0BBBB@
�0 1 ��11 .1 � �2x13/ x03 � �

�1
1 x13 � �

�1
2 x02 C �

�1

�1 1 ��12 .1 � �1x02/

�2 1

�3

1CCCCA :
We can conclude that the symplecticity of x� is equivalent to

�1x02 C �2x13 D 1: (2.3.4)

Remark 2.3.5. The isomorphism class of x� is therefore uniquely determined by its
semisimplification as well as the parameters x02; x03.

Definition 2.3.6. Associated with x� as above, we define the symplectic inertial type �0 D
�.id; �0/ where �0 D .a2 � a0; a1 � a0 C 1I a0 C a3 � 3/. This is a lowest alcove pre-
sentation.

We now introduce the genericity assumptions on the extension classes of x� that we
will use.



J. Enns and H. Lee 886

Definition 2.3.7. Let x� be a continuous representation as in (2.3.1).

(i) We say that x� is weakly ı-generic (of weight .a3; a2; a1; a0/) if it is maximally
nonsplit, inertially ı-generic, and in (2.3.2) we have

x03 ¤ 0;

�1x03 � x13 ¤ 0:

(ii) We say that x� is strongly ı-generic (of weight .a3; a2; a1; a0/) if it is weakly
ı-generic and furthermore

.a3 � a0/�2x03 � .a2 � a1/x02 ¤ 0:

Proposition 2.3.8. Assume that x� is weakly 4-generic and R�;�0; 
x� ¤ 0. Then

Qw.x�; �0/ D Qw WD

0BB@
v2

v2

v

v

1CCA
and if . xM; x̨/ 2 Y �;�0; .F/ and xı are as in Proposition 2.1.24 (ii), then . xM; x̨/ has a
gauge basis x̌ such that

A x̌ D

0BBBBB@
0 0 0 �

�
x03
v2

0 �x03
�1x03�x13

v2 0 �0
�1x03�x13

v2

0 �
�1
�0

�
1 � x13x02

x03

�
v2 �1x03�x13

x03
v �

x13
x03
v2

x03v ��1x02v
2 �0v �0v

2

1CCCCCA : (2.3.9)

Proof. Let F denote the matrix in (2.3.2). Let F denote the functor from Fontaine–
Laffaille modules to étale '-modules constructed in [30, Appendix A.1]. Let M D xM ˝

F..u// denote the étale '-module with descent data associated with xM . By [30, Proposi-
tion 2.2.1], we must have

M�D1
Š F .M0/:

It now follows from [30, Lemma 2.2.7] that M�D1 has a basis x̌00 such that 'M. x̌
00/ D

x̌00 � Diag.va0 ; va1 ; va2 ; va3/ � F . Now observe that

x̌0 WD x̌
00
� F �1w0

0BB@
u�a3C1

u�a2C2

u�a1C1

u�a0C2

1CCA
is an eigenbasis of M such that

'M. x̌
0/ D x̌0 �

0BB@
�3u

e

ue�a3Ca2�1 �2u
2e

x13u
e�a3Ca1 u2e�a2Ca1C1 �1u

e

x03u
e�a3Ca0�1 x02u

2e�a2Ca0 ue�a1Ca0�1 �0u
2e

1CCA :
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It follows from the triviality of the Kisin variety that x̌0 is an eigenbasis ofM . We compute

A x̌0 D

0BB@
�3v

v �2v
2

x13v v2 �1v

x03v x02v
2 v �0v

2

1CCA :
Using (2.3.4) and weak genericity, one computes that A x̌0 2 	.F/ Qw	.F/, which proves
the claim about the shape of .x�;�0/. We compute that there existsX 2	1.F/ and t 2T4.F/
such that t�1XA x̌0 t is equal to (2.3.9). By [41, Lemma 2.20] this implies that M has an
eigenbasis x̌ obeying (2.3.9). Since A x̌ obeys the symplecticity condition the proof is
complete.

We can now prove our main theorem on the Galois side. As in the previous section we
write � D .0; 0;�1;�1/ 2 X�.T /.

Theorem 2.3.10. Assume that x� is strongly 4-generic and R�;�0; 
x� ¤ 0. Then R�;�0; 

x� is
formally smooth over O, and forw 2W the image of T�"w Q�0 under the morphism (2.2.10)
is equal to pkw rw , where kw 2 Z and rw 2 R

�;�0; 
x� is a unit whose reduction modulo the

maximal ideal is given by the following table.

w kw rw .mod m
R
�;�0; 

x�

/ 2 F�

id; s0 2 �1

s1; s0s1 1 �2

s1s0; s0s1s0 2 ���12

s1s0s1; .s0s1/
2 1 ���11

where

�1 WD
1

�.a3 � a0 C 2/

�
.a3 � a0/�0 � .a2 � a1/

�0x02

�2x03

�
;

�2 WD�1 �
x13

x03
:

Remark 2.3.11. Observe that given the diagonal characters of x�, �1 and �2 uniquely deter-
mine x� by Remark 2.3.5.

Proof. Fix . xM; x̨; xı; x̌/ as in Proposition 2.3.8. Let Auniv denote the universal object of
R Qw;A x̌ as in Definition 2.1.28. We may write

Auniv
D

0BBB@
c00 c001C c01P.v/ c02 c0003C c

0
03P.v/C c

�
03P.v/

2

0 c0011C c
0
11P.v/C c

�
11P.v/

2 c12 c0013C c
0
13P.v/C c13P.v/

2

0 c021vC c21vP.v/ c022C c
�
22P.v/ c

00
23C c

0
23P.v/C c23P.v/

2

c�30v c031vC c31vP.v/ c32v c0033C c
0
33P.v/C c33P.v/

2

1CCCA
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with c�ij 2 R Qw;A x̌ , reducing modulo the maximal ideal to (2.3.9) (the superscript � indi-
cates a unit). We now apply the Hodge type� � and symplecticity equations to this matrix
and p-saturate the result. First, the 2 � 2 minor condition and p-flatness immediately
imply that

c0011 D c12 D c
00
13 D c

0
21 D c

0
22 D c

00
23 D 0:

Then applying the 3 � 3 minor condition on the .0; 3/- and .1; 1/-minors immediately
gives

c011 D c
0
13 D 0:

With Auniv simplified in this way, we may apply the remainder of the Hodge and sym-
plecticity equations to it. After simplifying the resulting numerous equations (using p-
flatness), there are 10 variables c00; c13; c21; c�22; c

�
30; c31; c

00
33; c

0
33; c33 remaining andAuniv

becomes the matrix0BBBBB@
c00

c00
c�30

�
c031 C c31P.v/

� c00c13c
�
22

�
1
c�30

�
.c00c

0
33 C pc00c33 � p

2�/C .c00c33 � p�/P.v/ � �P.v/
2
�

0 �
c�22
P.v/2 0 c13P.v/

2

0 c21vP.v/ c�22P.v/ c�22
�
�
� c031
c�30
C

pc13c21c
�
22

�

�
P.v/C

� c13c21c�22
�

�
c31
c�30

�
P.v/2

�
c�30v c031v C c31vP.v/

c13c
�
30c
�
22

�
v c0033 C c

0
33P.v/C c33P.v/

2

1CCCCCA
satisfying the single equation

c00.c
00
33 C pc

0
33 C p

2c33/ D �p
3: (2.3.12)

We now apply the monodromy equation (2.1.31) to this matrix. The result is 32 equations
(some empty) each consisting of a polynomial part, which come from the vanishing of
PN .A

univ/ and .d=dv/PN .Auniv/ at v D �p, together with an error term which is O.p4/
by genericity.

A tedious calculation shows that after simplification (using p-flatness), the effect of
applying the monodromy equations and (2.3.12) is that c031, c0033 and c033 can be solved for
in terms of the other variables, leaving 7 variables satisfying the single equation

c00

�
e C a1 � a2 C 1

e C a0 � a3 � 1
c13c31c

�
22 C

a0 � a3 � 1 � e

e C a0 � a3 � 1
�c33

�
D �2p CO.p2/: (2.3.13)

The strong genericity condition ensures that the expression in square brackets is a unit. We
can therefore use this equation to eliminate c00, leaving 6 free variables. From the form
of the universal Kisin module it is now clear that .x�; �/ is good so by Corollary 2.1.35 it
follows that R�;�0; 

x� is formally smooth (of relative dimension 14) over O.
For the second claim, note first that �1D .�=c�22/p

2 and �2D c�22p. Moreover, (2.3.13)
makes it clear that �0D c00 is equal to p times a unit whose reduction modulo the maximal
ideal is equal to

�.a3 � a0 C 2/

�
.a3 � a0/�0 � .a2 � a1/

�0x02

�2x03

��1
:

The claim now follows from Corollary 2.2.11.
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2.4. Crystalline deformation rings

In this section, we show that certain symplectic crystalline deformation rings in the
Fontaine–Laffaille range are formally smooth. While this result should hold in general,
we make the assumption that the residual Galois representation is ordinary and generic in
order to use an ad hoc argument.

Let �D .a3; a2; a1; a0/ 2Z4 and let x� WGQp !GSp4.F/ be as in (2.3.1). Assume that

aiC1 � ai � 2 for i D 0;1;2 and a3 � a0 � p � 2. Write F4D Fil
0
� Fil

1
� � � � � Fil

3
� 0

for the unique full flag preserved by x�. Fix a character  D "bnr� W GQp ! O� lifting the
similitude character of x�. We define a deformation functor D

��
x� by sending A 2 yCO to the

set of continuous homomorphisms � WGQp !GSp4.A/ lifting x� of similitude character  
such that there exists a filtration A4 D Fil0 � Fil1 � � � � � Fil3 � 0 by A-direct summands
which is preserved by � such that Fili ˝AF D Fil

i
and .Fili = FiliC1/jIQp

D A."ai / for
0 � i � 3. Note that if such a filtration exists it is unique by [15, Lemma 2.4.6]. It follows
that D

��
x� is representable by an object R��

x� 2
yCO .

Lemma 2.4.1. R��
x� is formally smooth of dimension 15.

Proof. This follows from arguments similar to those of [15, Lemmas 2.4.7 and 2.4.8].

Similar to Section 2.1, we let R�; 
x� denote the crystalline symplectic deformation ring

of Hodge type �. By [26, Lemma 3.1.4], R��
x� is a quotient of R�; 

x� .

Proposition 2.4.2. Under the conditions on � above, the mapR�; 
x� ! R

��
x� is an isomor-

phism. In particular R�; 
x� is formally smooth of dimension 15.

Proof. We deduce this from the corresponding fact for GL4. Let R0�; 
x� and R0��

x� denote

the corresponding GL4-valued deformation rings. Then R0�; 
x� is known to be formally

smooth of dimension 22 by [15, Lemma 2.4.1]. On the other hand R��
x� is also formally

smooth of dimension 22 by Lemmas 2.4.7 and 2.4.8 of [15]. Hence, they are equal, and
the corresponding result for GSp4 follows.

3. Abstract mod p local-global compatibility

3.1. The Jantzen filtration for finite reductive groups

In this section, we recall some results from [34]. Let G denote a connected reductive
group containing a Borel subgroup B D T U with maximal torus T all defined over Fp .
Let RC � R denote the corresponding system of positive roots. Assume that the derived
subgroup ofG splits over Fp . LetW DNG.T /=T ŠNG.T /.Fp/=T .Fp/ denote the Weyl
group. For w 2 W set

RCw WD
®
˛ 2 RC j w.˛/ 2 �RC

¯
:
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A character � 2 X�.T / defines a map Q� W T .Fp/! Z�p via the Teichmüller lift. If A is
any Zp-algebra, we define the induced left AŒG.Fp/�-module

M.�/A WD A
�
G.Fp/

�
=I� Š IndG.Fp/

B.Fp/
. Q�A/;

where I� is the left ideal of AŒG.Fp/� generated by the elements ¹b � z�A.b/ � 1 j b 2
B.Fp/º. Note thatM.�/A is a freeA-module, and ifA! B is a morphism of Zp-algebras
then M.�/A ˝ B DM.�/B .

Let H
f
1;A denote the Hecke algebra End.IndG.Fp/

U.Fp/
.1A//. Identifying H

f
1;A with the

algebra of U.Fp/-biinvariant functions G.Fp/! A under convolution, we let

T Pw 2 H
f
1;A

denote the characteristic function ofU.Fp/ PwU.Fp/ for anyw2W with lift Pw2NG.T /.Fp/.
Then T Pw induces an intertwining homomorphism M.�/A ! M.w�/A which we denote
by the same letter. Explicitly for S 2 AŒG.Fp/�=I� we have

T Pw.S/ D S �
X

g2U.Fp/ PwU.Fp/

g�1:

Remark 3.1.1. If G is the base change of a split reductive group over Zp , there is a
natural inclusion of A-algebras H

f
1;A ,! H1;A into the pro-p Iwahori-Hecke algebra

of G.Qp/ which identifies it with the subalgebra generated by the elements .T Pw/w2W
and .Tt /t2T.Fp/. In particular, the element T Pw 2 H

f
1;A defined above and the Iwahori-

Matsumoto basis element T Pw 2 H1;A defined in Section 2.2 are identified under this
inclusion. We use this without comment later on.

Given � 2 X�.T / and w 2 W , Jantzen in [34] defines a filtration

M.�/Zp DM.�/Zp .w; 0/ �M.�/Zp .w; 1/ � � � �

of subrepresentations by setting

M.�/Zp .w; i/ D
®
m 2M.�/Zp j T Pw.m/ 2 p

iM.w�/Zp
¯

for i � 0 (it does not depend on the choice of Pw). Let M.�/Fp .w; i/ denote the image of
M.�/Zp .w; i/ in M.�/Fp . We get an induced filtration

M.�/Fp DM.�/Fp .w; 0/ �M.�/Fp .w; 1/ � � � � :

Theorem 3.1.2 (Satz 4.4 of [34], q D p case). Let � 2 X.T / and w 2 W . We have

M.�/Fp .w; i/ D 0

if and only if i > `.w/.
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In what follows, we view M.�/Fp .w; i/ as a G-character. Jantzen’s main result con-
cerning this filtration is an explicit “sum formula” for

�.�;w/ WD
X
i>0

M.�/Fp .w; i/

in terms of the reduction mod p of Deligne–Lusztig characters. For .�; �/ 2 W �X�.T /
let R� .�/ denote the (virtual) Deligne–Lusztig character over Qp corresponding to it in
[33] and let xR� .�/ denote its reduction mod p.

Theorem 3.1.3 (Sum formula). Let � 2 X�.T /. For all ˛ 2 R let r˛; m˛ 2 N be such
that

h�; ˛_i D r˛ Cm˛.p � 1/; 0 < r˛ � p � 1:

Then for all w 2 W ,

�.�;w/ D
X
˛2RCw

�
xRs˛ .�Cm˛˛/ �

1

2

r˛�1X
jD1

�
xR1.� � j˛/ � xRs˛

�
� � .j �m˛/˛

���
:

Proof. This is the special case q D p of Satz 4.2 in [34].

Remark 3.1.4. Jantzen uses only Zp-coefficients in his paper, but if we define

M.�/O.w; i/ D
®
m 2M.�/O j T Pw.m/ 2 p

iM.w�/O
¯

and let M.�/F .w; i/ be the image of M.�/O.w; i/ in M.�/F , then

M.�/O.w; i/ DM.�/Zp .w; i/˝Zp O;

M.�/F .w; i/ DM.�/Fp .w; i/˝Fp F

and the sum formula continues to hold over F .

3.2. Representation theory of GSp4.Fp/

The goal of this section is to compute one of the Jantzen filtrations for the group GSp4.Fp/
for a generic principal series. The method is based on the one used by Jantzen in [34,
Section 5] for SL3.Fp/, but the computations in our case are more tedious. Specialize the
notation of the previous section to G D GSp4=Fp and let B and T the standard upper-
triangular Borel and diagonal torus respectively. We use the notation of Section 1.1 for
roots and the Weyl group. Let �0 WD .2; 1I 1/ 2 1

2

P
˛2RC ˛ C X

0.T /Q. We make use of
the dot action of W on X�.T / with respect to �0.

We refer to [35] for background concerning the representation theory of G like the
notion of p-alcoves and linkage. Let X1.T / denote the set of p-restricted weights, and
X0.T / the set of W -invariant weights.
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Definition 3.2.1. We use the notations C�, D�, E� for the various dominant p-alcoves
defined in Table A.1 and depicted in Figure A.2. In particular C0; C1; C2; C3 comprise all
the p-restricted dominant alcoves, with C0 being the lowest alcove.

Definition 3.2.2. We say that � 2 X�.T / lies ı-deep in its alcove if

h�C �0; ˛_i 2 .ı; p � ı/ .mod p/

for each ˛ 2 RC.

Definition 3.2.3. A Serre weight is an irreducible xFp-representation of G.Fp/. All Serre
weights are defined over Fp .

Definition 3.2.4. If � 2 X�.T / we write �.�/ for the G-character defined in [35, Sec-
tion II.5.7] given by the Weyl character formula. A useful property is that

�.w � �/ D .�1/`.w/�.�/ (3.2.5)

for all w 2 W , � 2 X�.T /. If � 2 X.T /C, we write �p.�/ for the character of the unique
irreducible G-representation L.�/ of highest weight �. If � 2 X1.T /, we write F.�/ for
the restriction of L.�/ to a G.Fp/-representation. It is irreducible, and in fact the map
� 7! F.�/ induces a bijection [27, Lemma 9.2.4]

X1.T /=.p � 1/X
0.T /$ ¹Serre weightsº:

We now wish to recall a sequence of well-known results in the representation theory of
G andG.Fp/ that allow us to compute the right-hand side of the sum formula as an explicit
sum of Serre weights. The first is Jantzen’s decomposition formula which expresses the
mod p reductions of Deligne–Lusztig characters in terms of Weyl characters �.�/: for
any � 2 W and � 2 X�.T / we have

xR� .�/ D
X

w1;w22W


 0w1;w2�
�
w1.� � �"

0

.s0s1/2w2
/C p�0w1 � �

0
�
: (3.2.6)

See [29, Section 5.1] for this result, and [31, pp. 14–15] for the 
 0w1;w2 in the case G D
GSp4 at hand. Using this formula as well as (3.2.5), we can write the right-hand side of
the sum formula as a sum of Weyl characters of dominant highest weight lying inside the
alcoves of Definition 3.2.1.

Second is the decomposition of �.�/ into irreducible G-representations when � lies
in the alcoves of Definition 3.2.1. These formulas are easy to deduce inductively using
Jantzen’s filtration of Weyl modules [35, Section II.8.19] and its corresponding sum for-
mula.

Lemma 3.2.7. For � lying inside the stated alcoves, �.�/ decomposes into irreducibles
�p.�/ as in Table A.3.

The third and final ingredient is the method for decomposing �p.�/ as a G.Fp/-
representation when � 2 X�.T /C lies sufficiently deep inside an alcove. If � 2 X1.T /,
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the result is F.�/ as explained above. In general, write �D �0 C p�1 C � � � C pn�n with
�i 2 X1.T /. Then it follows from Steinberg’s theorem [35, Section II.3.17] that

�p.�/ D

nY
iD0

�p.�i /

as a G.Fp/-character. This product can be simplified by the tensor product theorem (cf.
[32, Proposition 6.4]) in certain cases. In fact, we will only need to consider the case when
n D 1, �0 is sufficiently deep inside a p-restricted alcove C�, and �1 is a “small weight”.
Then the tensor product says

�p.�/ D
X

�2�p.�1/

F.�0 C �/: (3.2.8)

The notation means that � 2X�.T / runs over all weights occuring in �p.�1/. We illustrate
this technique with an example.

Example 3.2.9. Suppose that � D .x; yI z/ lies 1-deep in alcove E0. Then Steinberg’s
theorem implies thatL.�/ŠL.x �p;yIzCp/˝L.1;0I�1/ as aG.Fp/-representation.
Since L.1; 0I �1/ is 4-dimensional, having weights

� D .1; 0I �1/; .0; 1I �1/; .0;�1I �1/; .�1; 0I �1/;

and each weight .x � p; yI z C p/C � lies in C0, the tensor product theorem implies that
L.x � p;yI zC p/˝L.1; 0I�1/Š

L
� L..x � p;yI zC p/C �/ as aG-representation.

We deduce that �p.�/ D
P
� F..x � p; yI z C p/C �/ as a G.Fp/-representation, � run-

ning over the four weights above.

Lemma 3.2.10. Assume that � D .x; yI z/ is 7-deep inside a p-restricted alcove C�.
Then the principal series representation xR1.�/ has 20 distinct Jordan–Hölder factors
each occurring with multiplicity 1. These factors are listed in Table A.4.

Proof. The list of 20 Jordan–Hölder factors is easily deduced from Jantzen’s decomposi-
tion theorem (3.2.6) and Lemma 3.2.7. The fact that they each occur with multiplicity 1
can be established by a dimension count.

Proposition 3.2.11. Assume that � D .x; yI z/ is 7-deep inside a p-restricted alcove C�.
Then the characters of the graded pieces of M.�/F .s1s0s1; �/ are as in Table A.4.

Proof. Since the principal series representation is multiplicity 1 by Lemma 3.2.10, the
graded piece of the filtration to which a given Jordan–Hölder factor belongs is uniquely
determined by its coefficient in �.�; s1s0s1/. This can be evaluated explicitly using the
method described above via (3.2.6), Lemma 3.2.7, and (3.2.8), the latter holding by the
assumption of deepness.

One can obviously use this method to compute the graded pieces of M.�/.w; �/ for
any w 2 W , but we will only need to use the case w D s1s0s1.
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3.3. Abstract mod p local-global compatibility

In this section, let G and K denote GSp4.Qp/ and the maximal compact subgroup
GSp4.Zp/ respectively and GJ D

Q
J G, KJ D

Q
J K for some finite set J. In the

application, J will denote the set of places above p of a totally real field. For each
j 2 J, fix continuous representation x�j W GQp ! GSp4.F/ of weight .a3; a2; a1; a0/

and similitude character  j;p-cris D z!
b�3"3nr�j as in Section 2.3 so that R�;�; j;p-cris

x�j
¤ 0.

Also we need a crystalline character  j;cris D "bnr�j as in Section 2.4. We can and do
choose �j as the Teichmüller lift of �sim.x�j /.Frob/ 2 F� (this is necessary for our global
setup; see Lemma 4.4.3). LetR1 (resp.Rcris

1 ) denote .cNj2JR
�; j;p-cris
x�j

/Jx1; : : : ;xhK (resp.

.cNj2JR
�; j;cris
x�j

/Jx1; : : : ; xhK) for some h � 0 and write m1 (resp. mcris
1 ) for its maximal

ideal. Let ? 2 ¹;; crisº, so that for example R?1 D R1 or Rcris
1 .

Definition 3.3.1. We say that a pair of a R1-module and a Rcris
1 -module .M1; M cris

1 /

is a congruent pair of patched modules for .x�j ;  j;p-cris;  j;cris/j2J if it satisfies axioms
(PM1)–(PM6) below.

(PM1) M ?
1 is a finitely generated R?1JKJK-module with a compatible R?1ŒG

J �-
action.

(PM2) M ?
1 is a projective profinite OJKJK-module.

If V is a finitely generated O-module with a continuous KJ-action, we define the R?1-
module

M ?
1.V / D Homcts

OŒKJ �

�
V; .M ?

1/
_
�_
:

By (PM2) M ?
1.�/ is an exact functor. Observe that there is a tautological right action of

H .V / WD EndGJ

�
indG

J

KJ .V /
�

on M ?
1.V /. If V is O-torsion free, then there is a canonical isomorphism

M ?
1.V / Š Homcts

OŒKJ �

�
V; .M ?

1/
d
�d

[11, Lemma 4.14]; in particular M ?
1.V / is also O-torsion free.

Definition 3.3.2. If � is a regular principal series type we set

R1
�
�.�/

�
WD

�bO
j2J

R
�;�; j;p-cris
x�j

�
Jx1; : : : ; xhK:

If � 2 X�.T /C and � D V.�/Qp ˝EjK is the restriction to K of a Weyl module for
G of highest weight � with E-coefficients then we define

Rcris
1 .�/ WD

�bO
j2J

R
x�C�; j;cris
x�j

�
Jx1; : : : ; xhK:
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For any K-representation � , we write �J for the KJ-representation˝J� .

(PM3) Let � D �.�/ and � crisD V.�/Qp ˝EjK . Let .�?;J/ı� �?;J be aKJ-equiva-
riant O-lattice. If M ?

1..�
?;J/ı/ ¤ 0 then the action of R?1 on M ?

1..�
?;J/ı/

is maximal Cohen–Macaulay over R?1.�
?/. Furthermore,

M ?
1.�

?;J/ WDM ?
1

�
.�?;J/ı

�
Œ1=p�

is projective of (constant) rank d � 1 over R?1.�
?/Œ1=p�.

(PM4) Let � be a regular principal series type and wj 2 W for each j 2 J. The
tautological action of H ..�.�/wj //J WD j̋2JH .�.�/wj / on M1.�.�/J/ is
through

j̋2JH
�
�.�/wj

� ˝J‚
wj

�����!
bO

J

R
�;�
x� Œ1=p�! R1

�
�.�/

�
Œ1=p�:

(PM5) There is a canonical isomorphism between R1=$ D Rcris
1 =$ -modules

M1=$ 'M
cris
1 =$ .

Fix an element w 2 J and write x� WD x�w ,  ? WD  w;?. We write

M1;w D HomOŒ
Q

Jn¹wºK�

�
M1;

�
�.�0/

Jn¹wº
�d �d

;

R1;w D R
�; p-cris
x� Jx1; : : : ; xhK;

and m1;w its maximal ideal. Note thatR1 is aR1;w -algebra andM1;w isR1;w -module
in an obvious way. From (PM1) and (PM2) we see that

� WD .M1;w=m1;w/
_ (3.3.3)

is a smooth admissible F ŒG�-module with G-action induced by w component in GJ . Our
abstract mod p local-global compatibility result says that one can recover (the Fontaine–
Laffaille invariants of) x� from the G-action on � .

Definition 3.3.4. We define W.M ?
1/ to be the set of irreducible F ŒKJ �-representations

(Serre weights) F such that M ?
1.F / ¤ 0.

Axioms (PM1)–(PM5) make sense for any x�, but the next axiom is specialized to our
particular choice.

(PM6) Let �x� WD .a2 � a0 � 2; a1 � a0 � 1I a0 C a3 � 3/ 2 X�.T /C. We assume
F.�x�/

J 2 W.M cris
1 /.

Remark 3.3.5. (i) The existence of a congruent pair of patched modules for .x�;  ;  cris/

is proved in Section 4 using the Taylor–Wiles patching method for two different setups
under certain hypotheses. The variables x1; : : : ; xh, which play no role in the argument in
this section, come from the patching construction.

(ii) In [11], analogues of (PM3) and (PM4) hold for all locally algebraic types � . We
have decided to work only in the generality that we need.
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In the next theorem, we write

… WD

0BB@
1

1

p

p

1CCA 2 G:
It normalizes Iw and Iw1. Fix �0 and � D .0; 0;�1;�1/ 2 X�.T / as in Section 2.3. The
action of …�1 on a space of Iw1-invariants is the same as that of the element T Qw… 2 H1,
where Qw… WD t��w… 2 zW _.1/, w… WD s1s0s1 2 W . Since Qw… has length zero, we have

T�T Qw… D Tw… (3.3.6)

inside H1 by the braid relations (cf. for example [56]). If w 2 W , we have the notation
�.�0/

w D IndKIw.w�0/O from Section 2.2 and we write �.�0/w;i for what was denoted
M.w�0/.w…; i/ in Section 3.1 so we have a natural inclusion ˛ W �.�0/w;i ! �.�0/

w .
Note these are isomorphic to K-equivariant O-lattices in �.�0/. Write w0 WD w…w so we
have the morphism of OŒK�-modules Tw… W �.�0/

w ! �.�0/
w 0 . If M is any O-module

we write xM WDM ˝O F . We will use the diagram of F ŒK�-modules

�.�0/
w;i ˛˝F

//

T 0˝F
��

�.�0/
w

�.�0/
w 0

(3.3.7)

where T 0 W �.�0/w;i ! �.�0/
w 0 is equal to 1

pi
Tw… ı ˛.

Theorem 3.3.8. Let .x�j ;  j;p-cris;  j;cris/j2J be as above and .M1;M cris
1 / be a congruent

pair of patched modules for .x�j ;  j;p-cris;  j;cris/j2J . Suppose that x�j is strongly 7-generic
for each j 2 J. Then with notation as in the above paragraph,

(1) W.M1/ \ JH.�.�0/J/ D ¹F.�x�/Jº, and

(2) Letw 2 ¹id; s0; s1s0; s0s1s0º and set kw 0 ; rw 0 as in Theorem 2.3.10. Taking i D kw 0 ,
both maps in (3.3.7) become isomorphisms after applying HomK.�;�/. Moreover
the resulting composite isomorphism � IwDw 0�0 ! � IwDw�0 (by Frobenius reci-
procity) is equal to Nrw 0…�1.

Remark 3.3.9. In particular the scalars Nrw 0 2F� forw 2 ¹id; s0; s1s0; s0s1s0º are uniquely
determined by the action of G on � . By Remark 2.3.11, these scalars (together with the
diagonal characters of x�) uniquely determine x�.

Proof. By Theorem 2.3.10, R1.�.�0// is formally smooth over O. Let �; � cris be as in
(PM3) with � D �0 and � D �x�. It follows from (PM3), (PM6), and the Auslander–
Buchsbaum formula thatM1..�J/ı/ is free of rank d overR1.�.�0//. Similarly by Propo-
sition 2.4.2, M cris

1 ..� cris;J/ı/ is free of rank d over Rcris
1 .� cris/. Hence by Lemma 3.2.7,
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dimF .M
cris
1 .F.�x�/

J/=m1/ D d . By (PM5), we have

M1
�
F.�x�/

J
�
'M cris

1

�
F.�x�/

J
�

as modules over R1=$ D Rcris
1 =$ .

We can choose �.�0/ı so that its reduction modulo $ has either socle or coso-
cle isomorphic to F.�x�/ by [22, Lemma 4.1.1], giving rise to maps M1.F.�x�/J/ ,!
M1..�J/ı/ andM1..�J/ı/�M1.F.�x�/

J/ respectively. The former choice together
with the paragraph above shows that M1.F.�x�/J/ is free of rank d over

R1
�
�.�0/

�
=$ D Rcris

1 .�/=$

and the latter choice now implies that W.M1/ \ JH.�.�0/J/ D ¹F.�x�/Jº as claimed.
Now applying the functorM1..�Jn¹wº/ı˝ .�// to (3.3.7) taking i D kw 0 , by (1), ˛˝

F will become an isomorphism if and only if F.�x�/ is a constituent of its image, which
is to say a constituent of xM.w�0/.w…; kw 0/. This follows when w 2 ¹id; s0; s1s0; s0s1s0º
by Proposition 3.2.11.

On the other hand, by Theorem 2.3.10, (PM4), and (3.3.6) we have a commutative
diagram

M1
�
.�Jn¹wº/ı ˝ �.�0/

w;kw0
� � � ˛ //

T 0

��

M1
�
.�Jn¹wº/ı ˝ �.�0/

w
�

T Qw…o

��

M1
�
.�Jn¹wº/ı ˝ �.�0/

w 0
�

M1
�
.�Jn¹wº/ı ˝ �.�0/

w 0
�
:

rw0oo

In particular, T 0 ˝ F is also an isomorphism. Claim (2) follows now by reducing this
diagram modulo m1;w and applying Pontryagin duality.

Remark 3.3.10. The statement of Theorem 3.3.8 (2) can be interpreted more concretely.
It says that for any v 2 � IwDw 0�0 there exist (many) S 2 M.w�0/F .w…; kw 0/ such that
S 0v ¤ 0 and there is an equality

S…�1v D r�1w 0 S
0v

where S 0 2M.w0�0/F is given by T 0. zS/ (mod$/, with zS 2M.w�0/O being the Teich-
müller lift of S . In fact, by (1) we may choose an S that works for all v simultaneously:
choose any S whose image in the unique quotient ofM.w�0/F of socle F.�x�/ is nonzero.

4. Existence of patched modules

In this section, we prove in some circumstances the existence of a congruent pair of
patched modules .M1; M cris

1 / satisfying the axioms of Section 3.3, by patching spaces
of automorphic forms on a compact mod centre form of GSp4. Consequently, we obtain a
mod p local-global compatibility theorem for this group.
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4.1. Some automorphic representations

Let F be a totally real number field of even degree over Q. Let G be the F -group GU2.D/
where D is a quaternion algebra over F ramified at all infinite places and split at all finite
places (such aD exists because jF WQj is even). Then G is an inner form of GSp4 which is
compact mod centre at infinity and split at all finite places. The centre is isomorphic to Gm.
Choosing a maximal order OD defines an OF -structure on G ; for each finite place v we fix
an isomorphism OD;v ŠM2.OFv /. This determines an isomorphism �v W GFv ! GSp4=Fv
which restricts to an isomorphism G .OFv /ŠGSp4.OFv /. For each infinite place v we also
fix an isomorphism �v W G˝F;vC!GSp4=C . Let S1 denote the set of infinite places of F .

If v 2 S1, equivalence classes of discreteL-parametersWFv !GSp4.C/ are in bijec-
tion with a triple .wvI kvI lv/ 2 Z3 such that kv > lv � 0 and kv C lv � wv C 1 (mod 2)
(cf. [44, Section 3.1]). Explicitly, if we writeWFv DC� [C�j , the discrete L-parameter
�.wv Ikv ;lv/ corresponding to .wvI kvI lv/ is given by

rei� 7! r�wv �

0B@e
i�.kvClv/

ei�.kv�lv/

ei�.�kvClv/

ei�.�kv�lv/

1CA
and

j 7!

0B@ 1
1

.�1/wvC1

.�1/wvC1

1CA :
Note the similitude character takes z 7! jzj�2wv and j 7! .�1/wv .

For a dominant weight �v D .av; bvI cv/ 2 X
�.T /C, we let ��v be the irreducible

C-representation of G .Fv/ corresponding to the L-parameter �.�cv�6IavC2;bvC1/. If � 2
.X�.T /C/S1 we define

�� D
O
v2S1

��v :

On the other hand, the L-packet of �v for GSp4.Fv/ contains two representations, one
of which is holomorphic and the other generic. We write …h

�v
and …g

�v for these, respec-
tively.

Fix a Hecke character � W A�F ! C�, serving as a central character in all that follows.
We always assume that our1-types � are compatible with �, which is to say that �v D
.a 7! jajcvC6/ for all v 2 S1.

Let A� denote the space of automorphic forms on G .AF / of central character �,
and let A�;� denote the ��-isotypic part. Since G .F1/ is compact mod centre, A� DL
� A�;� and

A�;� D

M
�

m� � �

for some finite multiplicity m� � 1, the sum running over automorphic representations �
of G of central character � such that �1 Š ��.
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A multiplicity-preserving Jacquet-Langlands transfer from automorphic representa-
tions of G to GSp4 was proven by Sorensen in [52, Theorem B] for stable and tempered
representations. (See [52, Section 1] for the definition of stable and tempered.)

Arthur described a classification of the discrete spectrum of GSp4 with central charac-
ter � in [1]. This classification was proven in [28], conditional on unpublished results of
Arthur, Moeglin and Waldspurger. We freely use consequences of the classification below.

Corollary 4.1.1. Stable and tempered automorphic representations of G occur with mul-
tiplicity one in the discrete spectrum.

Proof. Automorphic representations of GSp4 of general type (meaning its Arthur param-
eter is a �-self dual cuspidal automorphic representation of GL4 of symplectic type–
equivalently … is non-CAP and non-endoscopic) occur with multiplicity one in the dis-
crete spectrum by Arthur’s multiplicity theorem (cf. [28] or [6, Theorem 2.9.3]). It follows
from Arthur’s classification that an automorphic representation of GSp4 being of general
type is equivalent to being stable and tempered. Now the claim follows from [52, Theo-
rem B].

From now on we assume that there exists w 2 Z such that

cv D w for each infinite place v: (4.1.2)

This assumption is necessary because any algebraic Hecke character over a totally real
field has a constant weight.

Definition 4.1.3 (cf. [6, Definition 7.6.2]). If r W GF ! GSp4.xQ`/ is a continuous homo-
morphism, we say that r is odd if for each infinite place v and corresponding choice of
complex conjugation cv 2 GF we have �sim.r.cv// D �1.

Theorem 4.1.4. Assume that � satisfies (4.1.2), and let � be a stable and tempered auto-
morphic representation of G that contributes to A�;�. For any prime ` and choice of
isomorphism � W xQ`

�
�! C there exists a (unique up to isomorphism) continuous semisim-

ple representation
r�;`;� W GF ! GSp4.xQ`/

satisfying:

(i) r�;`;� is de Rham at places dividing `.

(ii) r�;`;� obeys local-global compatibility

� ıWD.r�;`;�jGFv /
F�ss
Š recGT

�
�v ˝ j�simj

�3=2
�

for each finite place v of F . If vj`, the Hodge–Tate weights of r�;`;�jGFv are
given by x�v C .3; 2; 1; 0/.

(iii) r�;`;� has similitude character �`;�"�3 (where �`;� is the `-adic realization of �
through �).
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Proof. The existence of r�;`;� satisfying the local-global compatibility with the stated
Hodge–Tate weights follows from [52, Theorem B] together with [44, Theorem 3.5].
The symplecticity and similitude character in (i) follow from [4, Corollary 1.3] (cf. [44,
Remark 3.3 (3)]).

For � a regular cuspidal automorphic representation of GSp4.AF / with central char-
acter �, we also write r�;`;� for a continuous semisimple representation

r�;`;� W GF ! GSp4.xQ`/

satisfying items (i)–(iii) above constructed by [44, Theorem 3.5].

Remark 4.1.5. (i) One expects r�;`;� to always be irreducible if � is of general type. This
is known for F DQ and ` � 5 [59, Theorem 1.1] and F totally real and sufficiently large
` [58, Theorem A].

(ii) The existence of these Galois representations is compatible with the conjectures of
[9]: the automorphic representation of GSp4 corresponding to � is C -algebraic and one
twists this into an L-algebraic automorphic representation (see [9, Section 5]).

(iii) It follows immediately from the theorem that r�;`;� W GF ! GSp4.xQ`/ is odd in
the sense of Definition 4.1.3.

We finish this subsection by proving that all automorphic representations of G .AF / of
our interest are stable and tempered.

Let � be a regular algebraic cuspidal automorphic representation of GSp4.AF / or
G .AF /. We say that a continuous representation Nr W GF ! GSp4.F/ is attached to � if
for almost all finite places v at which � and Nr are unramified, we have

Nr jGFv ' recGT;p.�v/ .mod$/:

Lemma 4.1.6. Let � 0 be a regular algebraic cuspidal automorphic representation of
G .AF /. Suppose that there exists a continuous semisimple representation Nr W GF !
GSp4.F/ attached to � 0. Then there exists a regular algebraic cuspidal automorphic rep-
resentation � of GSp4.AF / which is a weak Jacquet–Langlands transfer of � 0. In other
words, we have �v ' � 0v for almost all finite places v of F .

Proof. Let H WD G der be the derived subgroup of G . Then H is an inner form of Sp4 which
splits at all finite places. By a theorem of Hiraga–Saito [28, Theorem 5.1.2], � 0jH.AF / con-
tains a regular algebraic cuspidal automorphic representation of H .AF / which we denote
by Q� 0. By [54, Theorem 4.0.1], there exists a self-dual regular algebraic discrete automor-
phic representation … of GL5.AF / which is a transfer of Q� 0. It is moreover cuspidal by
[49, Theorem A]. Then by [2, Theorem 1.4.1], there exists a regular algebraic discrete
automorphic representation Q� of Sp4.AF / whose transfer to GL5.AF / is …. Since … is
algebraic, …1 is essentially tempered by [14, Lemma 4.9], and �1 is also essentially
tempered, so that � is cuspidal by [57, Theorem 4.3]. Note that at all finite places v, Q� 0v
and Q�v have the same L-parameter (these L-parameters are constructed in [2]).
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By [46, Proposition 3.1.4], there exists a cuspidal automorphic representation � of
GSp4.AF / lifting Q� and whose central character is equal to the central character of � 0.
For any finite place v of F , std0. Nr/v and std0. Nr�;p;�/v are isomorphic, as they are mod p
reduction of L-parameters attached to Q� 0v and Q�v respectively (here, we use the compat-
ibility between the local Langlands correspondence for GSp4 and Sp4 upon restriction;
see [24, Main Theorem (v)]). By Brauer–Nesbitt Theorem, we have std0. Nr/ ' std0. Nr�;p;�/.
Since Nr�;p;� and Nr also have the same similitude character, we have Nr ' Nr�;p;�˝ � for some
quadratic character � W GF ! xQ�p . By twisting � by ��1, we can ensure that Nr�;p;� ' Nr .

Let v be a finite place of F at which � and � 0 are unramified. Then recGT.�v ˝

j�simj
�3=2/ and recGT.�

0
v ˝ j�simj

�3=2/ have the same similitude character and are isomor-
phic after composed with std0 (again, by using the local Langlands for Sp4). Thus,

recGT
�
�v ˝ j�simj

�3=2
�
' recGT

�
� 0v ˝ j�simj

�3=2
�
˝ �v

for some quadratic character �v W WFv ! xQ
�
p . However, by the previous paragraph, we

have
recGT

�
�v ˝ j�simj

�3=2
�
' recGT

�
� 0v ˝ j�simj

�3=2
�
.mod$/;

which means �v is trivial modulo $ . Since �v has order at most 2 and p > 2, this implies
that �v is trivial and recGT.�v ˝ j�simj

�3=2/' recGT.�
0
v ˝ j�simj

�3=2/. Since the L-packet
of an unramified L-parameter valued in GSp4 is a singleton, we have �v ' � 0v .

Lemma 4.1.7. Let � be a regular cuspidal automorphic representation of G.AF / where
G D GSp4 or G D G . Suppose that there exists a continuous irreducible representation
Nr W GF ! GSp4.F/ attached to � , then � is stable and tempered.

Proof. If G D G , then we can apply Lemma 4.1.6 to replace � by a regular cuspidal
automorphic representation of GSp4.AF / to which Nr is attached. Since being stable and
tempered is characterized by components at almost all finite places, it suffices to prove the
claim for G D GSp4, and Nr ' Nr�;p;� in this case. By [6, Theorem 2.9.3], the irreducibility
of Nr implies that � is of general type, which implies that � is stable and tempered by
Arthur’s classification (see item (a)–(f) at the end of [1]).

To be more precise, suppose that � is not stable, i.e. � is either CAP or endoscopic
(again, in the sense of [52]). If � is CAP, then by the results of Piatetski–Shapiro and
Soudry [48,53], � can be realized as a theta lift (such � corresponds to either Soudry type
or Saito–Kurokawa type in [1]). Using this, one can easily see that Nr has to be reducible.
If � is endoscopic, it corresponds to Yoshida type in loc. cit., and Nr in this case has to be
reducible as well.

To show that � is tempered, note that the transfer … of � to GL4 is cuspidal. By
Ramanujan conjecture (proven in [51] in this case), …v is tempered for all places v. This
implies that the L-parameter attached to …v has a bounded image. By [25, Main Theo-
rem (vii)], the L-packet containing �v has a unique generic tempered element. Then for
any finite place v at which � is unramified, �v is generic tempered because the L-packet
containing it is a singleton.



J. Enns and H. Lee 902

4.2. p-adic automorphic forms

We now define integral models of spaces of automorphic forms on G over O. Fix a choice
of isomorphism � W xQp ! C, and let  WD �p;�"�3. All the constructions in this section
depend on �, so we omit it from the notation. If V is an O-module with a linear action of
G .OFp / and U � G .A1;pF /� G .OFp / is a compact open subgroup, we define S�.U;V / to
be the O-module of functions f W G .F /nG .A1F /! V such that f .zg/D ��1.�.z//f .g/
and f .gu/ D u�1p f .g/ for z 2 Z.A1F /, g 2 G .A1F / and u 2 U . Note this space is zero
unless V has central character equal to ��1 ı ��1jO�Fp .

Definition 4.2.1. We say that a compact open subgroup U as above is sufficiently small if
its projection to G .Fv/ contains no element of exact order p for some finite place v.

We say that U is unramified at a finite place v if U D UvU v where Uv D G .OFv /.

By finiteness of class numbers, S�.U; V / is finitely generated (resp. free) over O

whenever V is, and if U is sufficiently small then S�.U; V ˝O A/ D S�.U; V / ˝O A

for any O-module A with trivial G .OFp /-action.
Let PU denote the finite set of finite places at which U is ramified. Let Sp denote the

set of places of F dividing p. If P � PU [ Sp is any finite set of finite places we let
TP;univ denote the polynomial O-algebra generated by variables Sv; Tv;1; Tv;2 for each
v … P . Then TP;univ has a natural action on S�.U; V /, where the elements above act
through the double coset operators of ˇ0.$v/; ˇ1.$v/; ˇ2.$v/ in the spherical Hecke
algebra OŒGSp4.Fv/==GSp4.OFv /� respectively.

For simplicity, we now assume that p splits completely in F . Then we can identify
places above p with Q-embeddings F ,! E and � induces a bijections v 7! �.v/ W Sp !

S1. For � 2 X�.T /C, let V� denote the Weyl module of GSp4 over OF of highest weight
�. So V� is a finite free OF -module with an action of GSp4.OF /. Now if � D .�v/vjp 2
.X�.T /C/HomQ.F; xQp/ we let V.�/ denote the OŒGSp4.OF;p/�-module

V.�/ D
O
v2Sp

V�v ˝OFv
O

which we regard a OŒG .OF;p/�-module. Then V.�/˝O;� C has a natural action of G .F1/

making it isomorphic to ��.�/. Moreover, � induces an isomorphism of xQpŒG .A1F /�-
modules

lim
�!
U

S�
�
U; V.�/

�
Š A�;�.�/ ˝C;��1

xQp; (4.2.2)

where U runs over all compact open subgroups of G .A1;pF / � G .OF;p/. See for example
[15, proof of Proposition 3.3.2]. We define

S�;�.U;W / WD S�
�
U; V.�/˝O W

�
for any OŒG .OFp /�-module W and level U � G .A1;pF / � G .OF;p/.

Suppose that Nr W GF ! GSp4.F/ is an absolutely irreducible continuous representa-
tion. Let P Nr denote the set of finite places either dividing p or at which Nr is ramified.
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For any finite set of finite places P � P Nr we define a maximal ideal mP
Nr;� � TP;univ with

residue field F by demanding that for each v … P ,

Sv .mod mP
Nr;�/ D

x .Frobv/;

and the characteristic polynomial Nr.Frobv/ in F ŒX� is given by

X4 � Tv;1X
3
C
�
qvTv;2 C .q

3
v C qv/Sv

�
X2 � q3vTv;1SvX C q

6
vS

2
v .mod mP

Nr;�/

(cf. [6, Section 2.4.7]; note mP
Nr;� is well-defined by symplecticity of Nr).

Definition 4.2.3. We say that a pair . Nr; �/ as above is modular of weight � (resp. weight
F.�/) and level U if there exists a weight � 2 .X�.T /C/Sp (resp. � 2 .X1.T //Sp and
F.�/ WD ˝v2SpF.�v/), a level U � G .A1;pF / � G .OFp /, and a finite set of finite places
P containing PU [ P Nr such that S�;�.U;O/mP

Nr;�
¤ 0 (resp. S�.U; F.�//mP

Nr;�
¤ 0).

Remark 4.2.4. A pair . Nr; �/ being modular is equivalent to asking that there exists a
regular cuspidal automorphic representation � 0 of G .AF / to which Nr is attached such that
�U ¤ 0 and ��1.�/ contributes to (4.2.2). As such we are free to shrink U and enlarge P .
Moreover, such � is necessarily stable and tempered by Lemma 4.1.7, and we can apply
Theorem 4.1.4 to obtain

r�;p;� W GF ! GSp4.xQp/

such that �sim.r�;p;�/ D �p;�"
�3 and the reduction mod p of r�;p;� is GL4.xFp/-conjugate

to Nr .
Also, by applying [52, Theorem B], . Nr;�/ being modular is in turn equivalent to asking

that there exists a regular algebraic cuspidal automorphic representation � of GSp4.AF /
with central character � such that Nr�;p;� ' Nr .

Definition 4.2.5. We say that a pair . Nr; �/ is potentially diagonalizably automorphic if it
is modular and � as above can be taken so that std.r�;p;�/jGFv is potentially diagonalizable
(in the sense of [3, Section 1.4]) for all vjp.

For any finite set of finite places P � PU let TP
�;�.U / denote the image of TP;univ

inside EndO.S�;�.U;O//. Observe that TP
�;�.U;O/mP

Nr;�
is an object of yCO .

Lemma 4.2.6. The ring TP
�;�.U /mP

Nr;�
is reduced.

Proof. By commutative algebra the semisimplicity of S�;�.U;O/˝O
xQp , which follows

from (4.2.2), shows that TP
�;�.U / is reduced. The claim follows.

Proposition 4.2.7. Assume that Nr W GF ! GSp4.F/ is absolutely irreducible and . Nr; �/
is modular of weight � and level U . Then for any finite set P � PU there exists a unique
continuous homomorphism

rP�;�.U / W GF ! GSp4
�
TP
�;�.U /mP

Nr;�

�
lifting Nr such that

(i) �sim ı r
P
�;�.U / D  ,
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(ii) if v … P then rP�;�.U / is unramified and the characteristic polynomial of
rP�;�.U /.Frobv/ in TP

�;�.U /mP
Nr;�
ŒX� is equal to

X4�Tv;1X
3
C
�
qvTv;2C.q

3
vCqv/�v.$v/

�
X2�q3vTv;1�v.$v/XCq

6
v�v.$v/

2;

(iii) and for every O-algebra homomorphism � W TP
�;�.U /mP

Nr
! E 0 where E 0 is a

finite extension of E, the representation � ı rP�;�.U /jGFv is de Rham of Hodge–
Tate weights x�v C .3; 2; 1; 0/ for all v 2 Sp .

Proof. By Lemma 4.1.7 and the irreducibility of Nr , we know that the automorphic repre-
sentation associated with Hecke eigensystem TP

�;�.U /mP
Nr
�! E 0 is stable and tempered.

Then the Proposition can be shown by using Theorem 4.1.4 and a standard argument using
Lemma 4.2.6; see, for example, the proof of [15, Proposition 3.4.4]. In order to ensure the
resulting representation is symplectic, one applies Lemma 1.1.1. Item (ii) follows from
[6, Section 2.4.7].

From now on, we fix a preferred place wjp. If W is any OŒG .OFw /�-module and � is
a finite O-module with smooth GSp4.Zp/-action, we define

S�;�;� .U
w ; W / WD lim

�!
Uw�G .OFw /

S�
�
UwUw ; V .�

0/˝O �
Spn¹wº ˝O W

�
where �0 is equal to � but with �w replaced by .0; 0I0/, and �Spn¹wº is viewed as smooth
OŒ
Q
v2Spn¹wº

G .OFv /�-module by identifying G .OFv /'GSp4.Zp/. Note that the functor
W 7! S�;�;� .U

w ; W / is exact if Uw is sufficiently small.
By definition S�;�;� .Uw ;F/ is an admissible representation of G .Fw/ Š GSp4.Qp/

over F with central character ��1 ı �w . Suppose that Nr W GF ! GSp4.F/ is modular of
some weight and level. We will show that S�;�;� .Uw ; F/ŒmP

Nr;�� is nonzero for certain
� and � . We are interested in studying the relationship between the F ŒG .Fw/�-module
S�;�;� .U

w ;F/ŒmP
Nr;�� and the local Galois representation Nr jGFw . The main tool for doing

this is the patching method described in the next two sections.

4.3. A patching lemma

In order to clarify the patching method used in the next section, we present here a for-
malized version. In this section, G denotes a locally profinite group having a countable
fundamental system of open neighborhoods at the identity.

Definition 4.3.1. Let A be a commutative ring and j D ¹j1 � j2 � � � � º a system of
ideals. A .G;A; j/-inverse system is an inverse system MD ¹Mr .H/ºr�1;H�c:o:G of finite
A-modules together with a collection of morphisms of inverse systems g� W Mr .H/!

Mr .g
�1Hg/ for each g 2 G satisfying .gh/� D g�h� and id� D id. We assume that the

transition maps have the property that they induce isomorphisms

MrC1.H/=jr
�
�!Mr .H/;

Mr .H
0/H

�
�!Mr .H/
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for all r � 1, H �c:o: G, and any open normal subgroup H 0 � H . (In particular, all
transition maps are surjective.) These objects form a category in an obvious way.

We say that M is projective if Mr .H
0/ is a projective .A=jr /ŒH=H 0�-module when-

ever H 0 � H is an open normal subgroup.

Remark 4.3.2. If bD ¹b1 � b2 � � � � º is another system of ideals of A such that br � jr
then ¹Mr .K/=brºr;K is a (projective) .G;A;b/-inverse system.

Definition 4.3.3 (cf. [18]). Let A be a complete local noetherian O-algebra with finite
residue field. We let Modpro aug

G .A/ denote the abelian category of left AŒG�-modules M
equipped with a profinite topology such that for any compact open H � G, the AŒH�-
action extends to an action of AJH K making M into a linear topological AJH K-module
for the profinite topology on AJH K.

Lemma 4.3.4. Let A be a complete local noetherian O-algebra with finite residue field,
and suppose that the topology determined by j is the max-adic one. The functor

M 7!M1 WD lim
 �
r;H

Mr .H/

is an equivalence of categories between the category of .G; A; j/-inverse systems and
Modpro aug

G .A/. Moreover, if M is projective then M1 is a finitely generated projective
AJH K-module for any compact open H � G.

Proof. The equivalence of categories follows from [18, Lemma 2.2.6]. In particular, for
any open subgroup H � G we have .M1/H=jr D Mr .H/. Using this, the topologi-
cal Nakayama lemma for AJH K shows that M1 is finitely generated over AJH K. The
argument in the proof of [11, Proposition 2.10] now shows that M1 is a projectiveAJH K-
module if M is projective.

Definition 4.3.5. A G-patching datum over O is a tuple�
S1; R1; .Rn; 'n;Mn; ˛n/n�1;M0

�
;

where

• S1 is a power series ring over O with augmentation ideal a1 D ker.S1 ! O/,

• R1 is a complete local O-algebra with finite residue field,

• Rn is a local S1-algebra for n � 1,

• 'n W R1� Rn is a local O-algebra surjection for n � 1,

• Mn D ¹Mr .H/nºr�1;H�c:o:G is a .G; Rn; .$ r /r�1/-inverse system for n � 0 with
M0 projective (where we define R0 WD O),

• and ˛n WMn=a1!M0 is an isomorphism of .G;S1; .$ r /r�1/-inverse systems for
n � 1.
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This data is assumed to be satisfying the following axioms:

(1) For all r; n � 1 the S1-module Mr .H/n is free over a quotient S1=Ir;n (inde-
pendent of H ) such that Ir;n � .$ r ; a1/ and

for any open ideal b � S1; Ir;n � .$
r ;b/ for almost all n � 1: (4.3.6)

(2) Whenever H 0 � H is an open normal subgroup, Mr .H
0/n is a projective S1=

Ir;nŒH=H
0�-module for all r;n�1. AlsoMr .H

0/0 is a projective .O=$ r /ŒH=H 0�-
module.

One can visualize a G-patching datum via the commutative diagram

R1
'n // // Rn // // Rn=$

r ÕMr .H/n:

S1

==OO

(4.3.7)

The dotted arrow exists for each n � 1 because S1 is a power series ring.

Definition 4.3.8 (cf. [43]). Let F � 2N be a nonprincipal ultrafilter. If S is a ring and
Q D .Qn/n�1 is a sequence of left S -modules we let UF .Q/ denote their ultraproduct
over F . The properties of this construction that we will use are

(1) UF .�/ is an exact functor from the category of sequences of S -modules with
F -morphisms, and

(2) if S is finite and the cardinalities of theQn are uniformly bounded, then UF .Q/Š

Qi for F -many i � 1.

Lemma/Definition 4.3.9. Fix a nonprincipal ultrafilter F . Given a G-patching datum as
in Definition 4.3.5 we define the associated patched module to be

M1 WD lim
 �
r;H

UF

�®
Mr .H/n ˝S1 S1=m

r
S1

¯
n�1

�
:

It is a finitely generated projective object in Modpro aug
G .S1/ such thatM1=a1Š .M0/1.

It also has a compatible R1ŒG�-module structure via a local O-algebra map S1! R1.

Proof. For each r; H , the isomorphisms ˛n imply that Mr .H/n ˝S1 S1=m
r
S1

is of
uniformly bounded cardinality, so the ultraproduct is well behaved. Axioms (1) and (2)
together with the properties of UF above imply that

UF

�®
Mr .H/n ˝S1 S1=m

r
S1

¯
n�1

�
r�1;H�c:o:G

is a projective .G;S1; .mr
S1
/r�1/-inverse system whose reduction mod a1 is isomorphic

to M0. The first claim now follows from Lemma 4.3.4.
For the second claim, at each finite level n � 1 the S1 action on Mn factors through

the local map S1 ! R1 in (4.3.7). Since this map is independent of r and H the same
is true of M1.
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4.4. Patching

We give the precise conditions of the global Galois representations to which our main
result applies.

Definition 4.4.1. A triple .F; Nr; �/ of a totally real field F , a continuous representation
Nr WGF ! GSp4.F/, and a Hecke character � WA�F =F

�! C� is called suitable of weight
.a3; a2; a1; a0/ if it satisfies the followings:

(A1) F has even degree over Q,

(B2) Nr is odd,

(C3) Nr is vast and tidy in the sense of [6, Section 7.5] (this implies that Nr is absolute-
lyirreducible),

(D4) . Nr; �/ is potentially diagonaliazably automorphic of some weight � 0 and level
unramified away from p,

(E5) Nr jGFv is strongly 7-generic of weight .a3; a2; a1; a0/ as in Definition 2.3.7 (ii)
for each vjp.

Let x� W GQp ! GSp4.F/ be strongly 7-generic of weight .a3; a2; a1; a0/. We say that a
triple .F; Nr; �/ is a suitable globalization of x� if it is suitable of weight .a3; a2; a1; a0/,
and there is a place wjp of F such that Nr jGFw ' x�.

Remark 4.4.2. In (A4), we assume . Nr; �/ to be potentially diagonalizably automorphic
as opposed to being modular. This is used to show that . Nr; �/ is modular of the “obvious”
Serre weight F.�/ in Corollary 4.4.7 by applying the automorphy lifting result for poten-
tially diagonalizable lifts [3, Theorem 4.2.1]. The unramifiedness in (A4) is assumed for
simplicity in the construction of patched modules. Assumption (A5) is not important for
the construction of patching modules.

For the following series of Lemmas, we let K=Qp be a finite unramified extension.
We only need the case K D Qp for this article.

The first Lemma provides a lift of global residual character with prescribed local lifts.
This must be well-known but we give the proof as we could not find it in the literature.

Lemma 4.4.3. Let F be a totally real field and S be a finite set of places of F containing
all places dividing p. Suppose we have a continuous character x W GF �! F� and  v W
GFv �! O� lifting x jGFv for all v 2 S . We further assume that for all vjp,  v is de Rham
with fixed Hodge–Tate weight c and  v"�c has finite image. Then there is a continous
character  W GF �! O� lifting x� and  jGFv D  v for all v 2 S .

Proof. Twisting by a power of cyclotomic character, we can assume c D 0. Also, we
use class field theory to consider x and  v as characters of A�F =F

� and F �v respec-
tively. Following the argument in [15, Lemma 4.1.1], we let U � .ASF /

� be the open
compact subgroup such that x is trivial on U , and  v is trivial on U \ F �. We define
 WU

Q
v2S F

�
v =.U \F

�/�!O� by setting trivial onU and v on Fv . Since the quotient
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.A�F =F
�/=.U

Q
v2S F

�
v =.U \ F

�// is a finite abelian group, we can choose a sequence
of subgroups

U
Y
v2S

F �v =.U \ F
�/ D U0 ¨ U1 ¨ � � � ¨ Ur D A�F =F

�;

where each quotient Ui=Ui�1 is a finite cyclic group. We can inductively extend  from
Ui�1 to Ui while ensuring that  lifts x jUi at each step.

The following Lemma shows that the modularity lifting for potentially diagonalizable
representations for GSp4 follows from that for GL4.

Lemma 4.4.4. Let r WGF !GSp4.E/ be a continuous representation. Let � WA�F =F
�!

C� be a Hecke character such that �p;�"�3 D �sim.r/. Suppose that

(1) for all vjp, std.r/jGFv is potentially diagonalizable with distinct Hodge–Tate
weights;

(2) Nr is vast;

(3) . Nr; �/ is potentially diagonalizably automorphic for some � W A�F =F
� ! C�.

Then there exists a regular algebraic cuspidal automorphic representation � of GSp4.AF /
such that r ' r�;p;�.

Proof. By [28, Theorem 7.4.1], std. Nr/ is potentially diagonalizably automorphic in the
sense of [3]. Thus, Theorem 4.2.1 in loc. cit. implies that there exists a regular algebraic
cuspidal automorphic representation… of GL4.AF / such that a continuous representation
r…;p;� (see Theorem 2.1.1 in loc. cit.) is isomorphic to std.r/. Such … is then �-self dual.
Again by applying [28, Theorem 7.4.1] (also see [6, Theorem 2.9.3]), this proves the
existence of � such that r ' r�;p;�.

We now prove the existence of a suitable globalization of x� following the strategy of
[20, Appendix A].

Lemma 4.4.5. Assume that p >7. Let x� WGK �!GSp4.F/ be a continuous representation.
Suppose there is a lift � W GK �! GSp4.E/ such that std.�/ is potentially diagonalizable.
Then there is a totally real field F of even degree over Q such that Fv ' K for all vjp
and a continuous representation r WGF �!GSp4.E/, with its reduction modulo$ denoted
by Nr , satisfying that

(1) Nr is odd,

(2) Nr is vast and tidy,

(3) Nr jGFv ' x� for all vjp,

(4) Nr is unramified at all finite places not dividing p,

(5) r jGFv and � correspond to points contained in the same component of a potentially
crystalline deformation ring for all vjp (in particular, std.r jGFv / is potentially
diagonalizable), and
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(6) there is a regular algebraic cuspidal automorphic representation � of GSp4.AF /
such that r ' r�;p;�.

Proof. In this proof, we let Sp;L (resp. S1;L) be the set of places of a number field L
dividing p (resp.1).

Let L be a totally real field of even degree over Q satisfying Lv ' K for all vjp. We
apply [10, Proposition 3.2]. In the notation of loc. cit., we set G WD GSp4.F/, E WD L,
S WD Sp;L [ S1;L, F WD L.�p/,Hv WD Lv

ker x�
and �v given by x� with imageDv and the

isomorphism Lv ' K for v 2 Sp;L, and cv to be a Chevalley involution for all v 2 S1;L.
Then there exist extensions of totally real fields L00=L0=L such that

• all places in S split completely in L0,

• L00=L is linearly disjoint from L.�p/=L,

• L00=L is Galois and Gal.L00=L/ ' GSp4.F/,

• for all places w of L0 above v 2 Sp;L, the isomorphism Gal.L00=L/ ' GSp4.F/
induces Gal.L00w=L

0
w/ ' Dv .

We write Nr 0 W GL0 � Gal.L00=L/
�
�! GSp4.F/. Then Nr 0 satisfies conditions (1) and (3)

above. Moreover, such Nr 0 is tidy by [6, Lemma 7.5.12]. By Lemma 7.5.15 of loc. cit., Nr 0 is
vast if

Sp4.Fp/ � Nr
0.GL0.�Np //

for all N � 1. For N D 1, this is true because L00=L is linearly disjoint from L.�p/=L.
Then this holds for all N � 1 because Sp4.Fp/ has no p-power order quotient. Moreover,
using the argument explained in the last two paragraphs of the proof of [20, Proposi-
tion A.2], we can and do replaceL0 by its totally real extension such that Nr 0 further satisfies
(4).

Using Lemma 4.4.3, choose an odd continuous character  WGL0 �!O� lifting �sim. Nr/

and  jGL0v ' �sim.�/ for all v 2 Sp;L0 . Then [47, Theorem 3.4] provides a lift r 0 W GL0 �!
GSp4.E/ of Nr 0 such that r 0jGL0v and �v lie on the same component of potentially crystalline
deformation ring of Nr jGL0v for all v 2 Sp;L0 . By [20, Proposition A.6] (which is based on
[3, Theorem 4.5.1]), there exists a finite extension F=L0 of totally real fields in which
p splits completely and a regular algebraic cuspidal automorphic representation … of
GL4.AF / such that r…;p;� ' r 0jGF . Let � W A�F =F

� �! C� be a Hecke character such
that �p;�"�3 ' �sim.r

0/jGF . Then … is �-self dual, and it descends to a regular algebraic
cuspidal automorphic representation � of GSp4.AF /. Thus, the representation r WD r 0jGF
satisfies all desired properties.

Corollary 4.4.6. Suppose x� W GQp �! GSp4.F/ is 7-generic of weight .a3; a2; a2; a0/.
Then there is a suitable globalization .F; Nr; �cris/ of x� such that .�cris;p;� ˝ "

�3/jGFv D

"bnr�v for vjp.

Proof. By [26, Lemma 7.6.7], x� has an ordinary crystalline symplectic lift � of weight
x�x�;v C �. Twisting by unramified character, we can assume that �sim.�/ D "

bC3nr� with
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finite order nr� . Then std.�/ is potentially diagonalizable by [3, Lemma 1.4.3]. The claim
follows from Lemma 4.4.5 and Remark 4.2.4 with �cris;p;� D �sim.r/˝ "

3.

Corollary 4.4.7. For any .F; Nr; �/ suitable of weight .a3; a2; a1; a0/, there is a Hecke
character �cris such that .�cris ˝ "

�3/jGFv D "
bnr�v for vjp, and . Nr; �cris/ is modular of

weight F.�/ and level unramified outside p where �v D �x� for vjp.

Proof. As in the proof of Lemma 4.4.5, we can apply [47, Theorem 3.4] to construct a lift
r of Nr such that r jGFv is crystalline of weight x�v C � for each vjp and unramified outside
p, and �cris D �sim.r/˝ "

3. By Lemmas 4.4.4, 4.1.7, and [52, Theorem B], there exists an
automorphic representation � of G .AF / such that r ' r�;p;�. Moreover, such � arise from
A�cris;�.�/. Since �v is a lowest alcove weight the claim follows from Lemma 3.2.7.

From now on, we let .F; Nr; �cris/ be suitable of weight .a3; a2; a1; a0/ as in Corol-
lary 4.4.7 and G be as in Section 4.1. We write  cris D �cris"

�3 W GF �! O� and  v;cris WD

 jGFv D"
bnr�v for all vjp. We also write v;p-crisD z!

b�3"3nr�v for vjp. By Lemma 4.4.3,
there exists  p-cris W GF �! O� lifting �sim. Nr/ such that . p-cris/jGFv '  v;p-cris for all vjp.
Finally, we set � D �p-cris WD  p-cris ˝ "

3. Let Sp be the set of places of F dividing p.
Fix a choice of preferred place wjp. Since Nr is vast and tidy, we can find a finite place
v0 … Sp such that qv0 6� 1 (mod p), no two eigenvalues of Nr.Frobv0/ have ratio qv0 , and
the residue characteristic of v0 is > 5 [6, Section 7.7].

Let S be a finite set of finite places of F containing Sp [ ¹v0º. For v ¤ v0, we set
Uv WD G .OFv /, and we also define Uv0 D Iw1.v0/. Then set U p WD

Q
v−p Uv and Up WDQ

vjp Uv . Corollary 4.4.7 ensures that S�cris.U
pUp; F .�//Œm

S
Nr;�cris

� ¤ 0. The choice of v0
ensures that U pUp is sufficiently small.

Let T be a subset of S . For each v 2 S , if Dv (resp. Dcris
v ) denotes a deformation

problem on symplectic lifts of Nr jGFv and Rv (resp. Rcris
v ) is the corresponding quotient of

the universal symplectic lifting ring, the tuples

� D
�
S; T; ¹Dvºv2S ;  p-cris

�
; �cris D

�
S; T; ¹Dcris

v ºv2S ;  cris
�

are global deformation problems and we write DT
�

(resp. DT
�cris

) for the the functor of T -
framed symplectic deformations of type � (resp �cris/. To simplify the notations, we write
? 2 ¹;; crisº. Since Nr is absolutely irreducible, DT

�?
is representable by a ring RT

�?
. When

T D ;, we omit the superscript T . The natural map R�? ! RT
�?

is formally smooth of
relative dimension 11jT j � 1. Write T WD OJy1; : : : ; y11jT j�1K. The choice of a universal
lift r�? WGF !GSp4.R�?/ determines a canonical isomorphismRT

�?
ŠR�?

Ő OT . Define

R
T;loc
�?
DcN

v2TR
?
v . There is a natural map RT;loc

�?
! RT

�?
.

Definition 4.4.8. A Taylor–Wiles datum is a tuple .Q; .x̨v;1; : : : ; x̨v;4/v2Q/ where Q is a
finite set of finite places disjoint from S such that qv � 1 .mod p/ for all v 2 Q and an
ordering of the eigenvalues of Nr.Frobv/ which are assumed to be F -rational and pairwise
distinct: x̨v;1; x̨v;2 and x̨v;3 D �sim. Nr.Frobv//x̨�1v;2 and x̨v;4 D �sim. Nr.Frobv//x̨�1v;1.
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Given a Taylor–Wiles datum we define the augmented deformation problem

�Q D
�
S [Q; ¹Dvºv2S [ ¹D

�
v ºv2Q;  p-cris

�
and �cris;Q similarly. For v 2 Q let �v D k�v .p/

2 where k�v .p/ is the maximal p-power
quotient of k�v . Set �Q WD

Q
v2Q�v . There is a canonical map

OŒ�Q�! RT�?;Q

for any subset T � S such that the natural surjection RT
�?;Q
! RT

�?
has kernel aQR

T
�?;Q

.
Here aQ � OŒ�Q� denotes the augmentation ideal.

Proposition 4.4.9. Let q � h1.FS=F; ad. Nr/.1//. For every n � 1 there exists a choice of
Taylor–Wiles datum Qn such that

(1) jQnj D q;

(2) qv � 1 (mod pn) for each v 2 Qn;

(3) RS
�?;Qn

is a quotient of a power series ring over RS;loc
�?
D R

S;loc
�?;Qn

in

g WD 2q � 4jF W Qj C jS j � 1

variables.

Proof. This follows immediately from Corollary 7.6.3 of [6] because Nr is odd with large
image. The assumption that  D "�1 in this reference is not necessary for the proof.

Remark 4.4.10. Note that we can and do choose the same Taylor–Wiles datum Qn for
both ? D ; and ? D cris.

From now on, we take S D Sp [ ¹v0º, Dv DD
�; v;p-cris
v (resp. Dcris

v DD
�; v;cris
v ) for

v 2 S . Write R?n WD R
S
�?;Qn

. Let R?1 WD R
S;loc
�?
Ő Jx1; : : : ; xgK. By Proposition 4.4.9 (3)

we may choose surjections '?n W R
?
1� R?n for each n � 1. Define S1 WD OJZ2qp K Ő OT .

For each n � 1, choose a surjection S1� OŒ�Qn � Ő OT . This makes R?n into an S1
algebra. Note that if we let Ir;n � S1 be the ideal generated by the kernel of this map
together with $ r then the collection ¹Ir;nº obeys (4.3.6) by Proposition 4.4.9 (2).

Lemma 4.4.11. Suppose that � D �.�/ for a regular principal series � and � cris D

V.�x�/Qp ˝EjK , then we have dim.S1/ D dim.R?1.�
?// for ? 2 ¹;; crisº.

Proof. This follows from Lemma 2.1.1 and Proposition 2.4.2.

For each n � 1 we now define U p1 .Qn/ to be
Q
v−p U1.Qn/v , where U1.Qn/v D Uv

if v …Qn [ Sp and U1.Qn/v D Iw1.v/ if v 2Qn. Let G WD G .Fw/, Gp WD
Q
vjp G .Fv/,

and Kp D
Q
vjp G .OFv /. For r; n � 1 and H �c:o: Gp , we define

M ?
r .H/n D

�
S�?

�
H � U

p
1 .Qn/;O=$

r
�

m
S[Qn;r
Nr;�?

;m?
Qn

�_
˝R�?;Qn

R?n:
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where m
S[Qn;r
Nr;�?

is the image of m
S[Qn
Nr;�?

inside TS[Qn
�? .H � U

p
1 .Qn/;O=$

r / and m?
Qn

is the maximal ideal of
N
v2Qn

OŒT .Fv/=T .OFv /1� in EndO.S�?.H � U
p
1 .Qn/;O=$

r //

containing
N
v2Qn

OŒT .OFv /=T .OFv /1� such that

ˇ0.$v/ � x�v.$v/; ˇ1.$v/ � x̨v;1 and ˇ2.$v/ � x̨v;1 x̨v;2 .mod mQn/

(cf. [6, Section 2.4.29]). Note that

S�?
�
H � U

p
1 .Qn/;O=$

r
�

m
S[Qn;r;?
Nr;�?

;m?
Qn

is a RS
�?;Qn

-module by the natural map

R�?;Qn
! TS[Qn

�?

�
H � U

p
1 .Qn/;O=$

r
�

(4.4.12)

which exists by Proposition 4.2.7, and the action of OŒ�Qn � on M ?
r .H/n via OŒ�Qn �!

RS
�?;Qn

agrees with the canonical action via the surjection

U p=U
p
1 .Qn/ Š �Qn :

Note that (4.4.12) is surjective by Proposition 4.2.7 (ii) (since �? is fixed). Moreover, we
define

M ?
r .H/0 D

�
S�?.H � U

p;O=$ r /
m
S;r;?
Nr

�_
:

It follows from [6, Section 2.4.29] that there is an isomorphism

˛?n WM
?
r .H/n=a1 ŠM

?
r .H/0

compatible among different r � 1 and H �c:o: Gp .

Lemma 4.4.13. The data�
S1; R

?
1;
�
R?n; '

?
n ;
®
M ?
r .H/n

¯
r�1;H�c:o:G

; ˛?n
�
n�1

;
®
M ?
r .H/0

¯
r�1;H�c:o:G

�
defined in the paragraphs above forms a Gp-patching datum for both ? 2 ¹;; crisº.

Proof. Axiom (1) follows from the remarks above and axiom (2) holds because H � U p

is sufficiently small.

Hence we may form the patched moduleM ?
1 corresponding to thisG-patching datum

in Lemma 4.3.9.
We now take J D Sp and choose an isomorphism KJ ' Kp . The following is the

main result of this section.

Lemma 4.4.14. The pair .M1; M cris
1 / is a congruent patched module pair for . Nr jGFv ;

 v;p-cris;  v;cris/v2Sp satisfying (PM1)–(PM6), and we have d D jW j D 8 in (PM3).

Proof. (PM1) and (PM2) follow already from Lemma 4.3.9. Axiom (PM3) follows from
Lemmas 2.2.3 and 2.2.4 (which can be seen as the inertial local Langlands for principal
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series inertial type), Proposition 4.2.7 (iii) and Lemma 4.4.11 by the standard commuta-
tive algebra argument; see [11, proof of Lemma 4.18]. We may take d D jW j because
this is the dimension of the space of pro-p Iwahori invariants in a principal series repre-
sentation. Axiom (PM4) follows also from Proposition 4.2.7 (iii) similar to [11, proof of
Lemma 4.17]. (PM5) follows from the fact thatM ?

r .H/n in Lemma 4.4.13 for ?2 ¹;;crisº
are congruent modulo $ together with Lemma 4.3.4. Finally, (PM6) follows from Corol-
lary 4.4.7.

Fix a place w of F dividing p. We write Uw D
Q
v¤w Uv . Recall that

M1;w D HomOŒ
Q
v2Spn¹wº G .OFv /�

�
M1;

�
�.�0/

Spn¹wº
�d �d

;

R1;w D R
�; w;p-cris

NrjGFw
Jx1; : : : ; xhK

and m1;w the maximal ideal of R1;w . By Theorem 3.3.8 (1), we know that M1;w is
non-zero.

Lemma 4.4.15. We have

.M1;w=m1;w/
_
Š S�;0;�.�0/.U

w ;F/ŒmS
Nr;��:

Proof. By Lemma 4.3.9 there is a natural inclusion

.M1;w=m1;w/
_ ,! S�;0;�.�0/.U

w ;F/ŒmS
Nr;��:

It is surjective because we have arranged the map (4.4.12) to be surjective.

Remark 4.4.16. The R1;w -module M1;w is the patched module constructed by [11],
adapted to the group GSp4, using the space of automorphic forms with infinite level at w.
In contrast, the construction of theR1-moduleM1 uses the space of mod p automorphic
forms with infinite level at all places dividing p. We find it is more convenient to make a
comparison betweenM1 andM cris

1 rather than betweenM1;w and its crystalline version
to prove Theorem 3.3.8 (1). However, it is plausible that one can obtain the same result
using M1;w and its crystalline version.

4.5. Mod p local-global compatibility

We can now prove the main result.

Theorem 4.5.1. Let .F; Nr;�/ be suitable of weight .a3;a2;a1;a0/with �D�p-cris as in Sec-
tion 4.4, and G be as in Section 4.1. Let w be a place of F dividing p. Then the Fontaine–
Laffaille parameters of Nr jGFw can be recovered from the admissible F ŒGSp4.Fw/�-module
S�;0;�.�0/.U

w ;F/ŒmS
Nr;�� by the recipe described in Remark 3.3.10.

Proof. This follows from Lemmas 4.4.14 and 4.4.15 and Theorem 3.3.8.
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A. Tables and Figures
� 2Alcove h�C �0; ˛_0 i h�C �0; ˛_1 i h�C �0; ˛_2 i h�C �0; ˛_3 i

C0 .0; p/ .0; p/ .0; p/ .0; p/

C1 .0; p/ .0; p/ .0; p/ .p; 2p/

C2 .0; p/ .0; p/ .p; 2p/ .p; 2p/

C3 .0; p/ .0; p/ .p; 2p/ .2p; 3p/

D0 .0; p/ .p; 2p/ .p; 2p/ .2p; 3p/

D1 .0; p/ .p; 2p/ .p; 2p/ .3p; 4p/

E0 .p; 2p/ .0; p/ .p; 2p/ .p; 2p/

E1 .p; 2p/ .0; p/ .p; 2p/ .2p; 3p/

E2 .p; 2p/ .0; p/ .2p; 3p/ .2p; 3p/

E3 .2p; 3p/ .0; p/ .2p; 3p/ .2p; 3p/

Table A.1. List of some p-alcoves for GSp4. Here, ˛2 D 2˛0 C ˛1 and ˛3 D ˛0 C ˛1.

��0

s˛0

s˛1

s2˛0C˛1

s˛0C˛1

C0

C1C2

C3

D0

D1

E0

E1E2
E3

Figure A.2. A picture of the dominant Weyl chamber with labelled alcoves and reflection axes under
the dot action.

� 2 Alcove �.�/ D

C0 �p.�/

C1 �p.�/C �p.C0/

C2 �p.�/C �p.C1/

C3 �p.�/C �p.C2/

D0 �p.�/C �p.C3/

D1 �p.�/C �p.D0/C �p.E1/C �p.C3/

E0 �p.�/C �p.C2/

E1 �p.�/C �p.E0/C �p.C3/C �p.C2/C �p.C1/

E2 �p.�/C �p.E1/C �p.D0/C �p.C3/C �p.C2/C �p.C1/C �p.C0/

E3 �p.�/C �p.E2/C �p.C2/

Table A.3. This table gives the Jordan–Hölder factors of Weyl modules for GSp4. In it, we write
�p.A/ instead of �p.�A/, where �A is the unique weight linked to � in alcove A.
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� 2 C0

gr0 F.x; y/0 C F
0.y C p � 1; x/2

gr1 F.x � 2;y/0CF.x � 1;y � 1/0CF
0.p � 3� y;x/1CF

0.yCp � 1;p � 1� x/2
CF.y C p � 2; p � 2 � x/2 C F.x C p � 1; p � 1 � y/3

gr2
F 0.p � 2 � x; y � 1/0 C F.x � 2; y � 2/0 C F

0.p � 1 � x; y/0
CF 0.p � 3 � x; y � 2/0 C F

0.p � 3 � x; y/0 C F
0.p � 2 � y; x � 1/1

CF.p � 3� y;p � 1� x/1 C F
0.p � 1� y; x/1 C F.p � 2� y;p � 2� x/1

CF 0.y C p � 2; x � 1/2

gr3 F.p � 1 � y; p � 1 � x/1 C F.2p � 2 � x; p � 1 � y/3

� 2 C1

gr0 F.x; y/1 C F
0.y C p � 1; x/3

gr1
F 0.y � 2;p � 1� x/0 C F

0.y; p � 1� x/0 C F.p � 3� y;p � 3� x/0
CF 0.y � 1; p � 2 � x/0 C F

0.y � 2; p � 3 � x/0 C F.x � 2; y/1
CF.x � 1; y � 1/1 C F

0.x � 1; p � 2 � y/1 C F
0.x; p � 1 � y/1

CF 0.2p � 3 � x; p � 2 � y/2

gr2 F.p � 3 � y; p � 1 � x/0 C F.p � 2 � y; p � 2 � x/0 C F
0.x � 2; p � 1 � y/1

CF.2p � 2 � x; y/2 C F.2p � 3 � x; y � 1/2 C F.2p � 2 � y; x/3

gr3 F.p � 1 � y; p � 1 � x/0 C F
0.2p � 2 � x; p � 1 � y/2

� 2 C2

gr0 F 0.y; x � p C 1/0 C F.x; y/2

gr1 F 0.y � 1; x � p/0 C F
0.y � 2; x � p C 1/0 C F.2p � 4 � x; y/1

CF 0.x � 1; p � 2 � y/2 C F
0.x; p � 1 � y/2 C F

0.y C p � 1; 2p � 2 � x/3

gr2

F 0.y � 2; x � p � 1/0 C F.p � 2 � y; x � p/0
CF.p � 3� y;x � p � 1/0 CF.p � 3� y;x � pC 1/0
CF.p � 1 � y; x � p � 1/0 C F.2p � 3 � x; y � 1/1
CF.2p � 2 � x; y/1 C F

0.2p � 3 � x; p � 2 � y/1
CF 0.2p � 4 � x; p � 1 � y/1 C F.x � 1; y � 1/2

gr3 F 0.2p � 2 � x; p � 1 � y/1 C F.2p � 2 � y; 2p � 2 � x/3

� 2 C3

gr0 F 0.y; x � p C 1/1 C F.x; y/3

gr1
F.x � p � 1; p � 1� y/0 C F.x � p � 1; p � 3� y/0 C F.x � p;p � 2� y/0
CF 0.2p � 4� x;p � 3� y/0 C F.x � pC 1;p � 1� y/0 C F

0.y � 1; x � p/1
CF.y; 2p � 2 � x/1 C F.y � 1; 2p � 3 � x/1 C F

0.y � 2; x � p C 1/1
CF.2p � 2 � y; 2p � 2 � x/2 C F.2p � 3 � y; 2p � 3 � x/2

gr2
F 0.2p � 3 � x; p � 2 � y/0 C F

0.2p � 4 � x; p � 1 � y/0
CF.y � 2; 2p � 2 � x/1 C F

0.2p � 3 � y; x � p/2
CF 0.2p � 2 � y; x � p C 1/2 C F

0.3p � 3 � x; y/3

gr3 F 0.2p � 2 � x; p � 1 � y/0

Table A.4. For � D .x; yI z/ 7-deep inside a p-restricted alcove, this table gives the characters of
gri WD xM.�/F .s1s0s1; i/= xM.�//F .s1s0s1; i C 1/ (we have gri D 0 for i � 4 by Theorem 3.1.2).
We use the shorthand F.a; b/i WD F.a; bI z/ and F 0.a; b/i WD F.a; bI z C p � 1/, the subscript i
referring to the alcove Ci in which the Serre weight lies.
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