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Mod p local-global compatibility for GSp,(Q),) in the
ordinary case

John Enns and Heejong Lee

Abstract. Let F be a totally real field of even degree in which p splits completely. Let 7 : G —
GSpy (Fp) be a modular Galois representation unramified at all finite places away from p and
upper-triangular, maximally nonsplit, and of parallel weight at places dividing p. Fix a place w
dividing p. Assuming certain genericity conditions and Taylor—Wiles assumptions, we prove that
the GSp, (Fy )-action on the corresponding Hecke-isotypic part of the space of mod p automorphic
forms on a compact mod center form of GSp, with infinite level at w determines 7|g Fu
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1. Introduction

The mod p local Langlands correspondence for the group GL,(Q),) gives a tight connec-
tion between continuous Galois representations Gg, — GL» (Fp) and admissible smooth
Fp-representations of GL,(Q,) (see [12, 16]). It is hoped that this result generalizes
in some form to the group GL,(K) for any finite extension K/Q,. However, mod p
representations of GL, (K) remain poorly understood and the eventual form of the cor-
respondence (should one exist) is still mysterious outside the cases GL,(Qp) or n = 1.
Going further still, in accordance with the general Langlands philosophy one may spec-
ulate about the relationship between continuous Galois representations Gg — LG(Fp)
(suitably interpreted) and admissible Fp -representations of G(K) for any reductive group
G over K. This paper establishes a concrete connection between certain special classes of
these objects when G = GSp, and K = Q,,.
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If F is a number field having K as one of its p-adic completions and G is defined
over F, then generally one hopes that the correspondence should be compatible with the
association of Galois representations of Gr to automorphic representations of G (A r)—
that is, mod p local-global compatibility. More concretely, if for example p : Gx —
GL, (Fp) is a local component of a modular Galois representation 7 : Gr — GL, (Fp)
then using spaces of mod p automorphic forms (or étale cohomology) it is possible to
construct admissible ]Fp -representations I1(#) of GL,, (K) naturally associated with 7. The
question of mod p local-global compatibility is then to study the relationship between p
and I1(#). In particular one could ask whether I1(7) only depends on p as opposed to
all of 7. This question has been answered in the affirmative for GL,(Q,) by [19] using
the mod p local Langlands correspondence for GL,(Q)), but in no other cases are there
results to this effect. Indeed the question is closely related to the existence of a mod p
local Langlands correspondence.

Instead, one can ask the opposite question of whether IT(7) uniquely determines p.
This is what we do in this paper for GSp,(Q,). Previous work on this question has con-
sidered the cases GLz(pr) [7,17], GL3(pr) ([30,42] for f =1, [23] for f > 1),
GL,(Qjp) [45], and recently GL, (Q » £) [39]. Except in the most recent work [39], which
was not yet available at the time this paper was developed, one considers a family of
representations p which are either upper-triangular or block-upper-triangular (the latter
considered only in [42]) with fixed diagonal blocks in the Fontaine—Laffaille range. One
then gives a very explicit recipe using certain group algebra operators in Fp [G(K)] act-
ing on I1(r) which pick out the isomorphism class of p within its family. This knowledge
gives us clues as to how the elusive mod p local Langlands correspondence should behave.

The main idea used in previous work (except [39]) is that T1(#) admits a characteristic
0 lift T, which is closely related to automorphic representations of G(A ). The p-adic
Galois representations associated with these automorphic representations lift 7 by con-
struction, and one uses their p-adic Hodge-theoretic properties at the completion K in
order to show that the generic fibre of IT recovers p. More specifically, one locates the
parameters of p within potentially crystalline deformation rings of p of various prescribed
types and then uses classical local-global compatibility of automorphic representations to
transfer this data to the generic fibre of II. Crucially, one must then show that this infor-
mation can be “reduced mod p” and is not lost in I1. This typically involves some form of
Taylor—Wiles patching and some subtle modular representation theory with group algebra
operators.

In this paper, we work with a version of the patched module M, first constructed
for GL,(K) in [11] instead of IT. This is an upgrade of IT(F) in the sense that it is an
RE [G(K)]-module, where R[—? is the universal lifting ring of p, which determines I1(r)
modulo the maximal ideal of RE. The combined R%‘- and G(K)- actions essentially
allow us to axiomatize the relationship between deformations of p and classical local-
global compatibility described in the previous paragraph. This makes Mo, convenient for
expressing local-global compatibility. As a result, p can be recovered by the eigenvalues
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of certain “normalized Hecke operators” acting on the generic fibre of M. In particular,
we avoid the complicated arguments with group algebra operators. An optimistic hope
is that M, actually realizes the mod p and p-adic local Langlands correspondence in
general (see [11, Section 6]), so its use here is completely natural.

By taking quotient modulo the maximal ideal of R%], we recover p from the eigenval-
ues of “normalized Hecke operators” acting on a certain Iwahori eigenspace in I1(7). The
most subtle part of our argument is proving the non-triviality of the operator. Namely, we
need to show that the Iwahori eigenspace is non-zero and the “normalized Hecke operator”
acts on it non-trivially. In the case of GL,,, the former follows from a standard argument
using Taylor—Wiles patching and combinatorics between types and weights. Its naive gen-
eralization does not work for GSp,, due to the fixed similitude character in the patching
argument. Instead, we construct a congruent pair of patched modules, a pair of patched
modules with different similitude characters that are congruent modulo p. This allows us
to perform the usual patching argument in our case.

Another tool we introduce is the Jantzen filtration. The Jantzen filtration arises to
compute p-divisibility of the image of Carter—Lusztig intertwiners. We use it to describe
the image of the mod p reduction of “normalized Hecke operators” and thus to determine
when the image is non-zero.

To state our main Theorem, we explain our global setup. We let O be a sufficiently
large finite extension of Z, and I be the residue field of @. Let F' be a totally real field
in which p splits completely, 7 : GF — GSp,(IF) be a continuous representation, and y
be a Hecke character. We write @ for the mod p cyclotomic character of Gg, and nrg
for the unramified character sending geometric Frobenius to § € F*. We assume that 7
is unramified at all finite places away from p, and upper triangular, maximally nonsplit,
and generic at places above p. We also assume that (7, y) is potentially diagonalizably
automorphic (Definition 4.2.5). Other technical assumptions on F, 7, and y, including the
usual Taylor—Wiles conditions, can be found in Definition 4.4.1 (also see Remark 4.4.2
for comments on the assumptions). The assumptions at places v|p imply that

w?3nrg, *1 * *
as
_ - o%nrg, *q *
"Gr, = o*'nr *
& 3
wnrg,

where the extensions *p, %5, %3 are nonsplit. We call (a3, a», ay, ag) the weight of f|GFv.
We choose the weight (a3, az, a1, ap) independent of v|p. We denote by S, the set of
places of F dividing p. Fix a place w € S, and write p = 7|, . We parameterize all such
p using Fontaine—Laffaille theory, giving rise to a family of representations depending on
two “Fontaine—Laffaille parameters” which lie in [F. Similarly to previous work, we only
consider the “most generic” elements of this family. Thus, as in [30], our p is assumed
to be maximally nonsplit with Fontaine—Laffaille invariants lying outside certain special
loci. Our precise genericity assumption on p, which we call strong genericity can be found
in Definition 2.3.7.
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Let § be an inner form of GSp, over F that is compact mod center at infinity and
splits at all finite places. Let o be an @-module with smooth GSp,(Z,)-action. We view
o as O[§(OF,)]-module for v|p via a chosen isomorphism §(Of,) ~ GSp,(Z,) and
oS \wh = [Tves,\qw} 0 as asmooth representation of [, ¢\ fuy ¥ (Ov). For a dominant
weight p, we let V(i) be the algebraic representation of [ [, Sp\(w) 5(0,) with highest
weight p. We choose a level UY away from w that is sufficiently small and unramified
at all places v € S,\{w}. Given o, u and a Hecke character y’, we consider the space of
mod p automorphic forms

Sewo WP )= lim S, (U Uy, V() @05\ Q).
Uw<9(Or,) o 5

This is an admissible smooth GSp,(Fy,)-module with an action of the abstract Hecke
algebra T? generated by Hecke operators at places away from a finite set P containing
Sp. Let m; be the maximal ideal of T P determined by 7. Our assumptions on 7 implies
that Sy ;.o (U™, IF)[m7] # 0 for a certain choice of ', u, 0. We take y' = yp.cris (defined
in Section 4.4), u = 0, and 0 = o (79) where 7y is carefully chosen tame principal series
type (Definition 2.3.6) and o (79) denotes the smooth representation of GSp,(OF,) cor-
responding to 7o under the inertial local Langlands correspondence for principal series
representation (Lemma 2.2.4). Our main result is the following.

Theorem (Theorem 4.5.1). Following the above notations, the Fontaine—Laffaille invari-
ants of p can be recovered from the admissible smooth F[GSp,(Fy)]-module T1(r) :=

SXp-criSsOyU(rO) (Uw ’ ]F)[mf]'

We now give a more precise description of the contents of this article. Let p : Gg, —
GSp,(F) be a continuous upper triangular, maximally nonsplit, and strongly generic rep-
resentation. The first part of the argument is to find Fontaine—Laffaille parameters of p
inside certain symplectic potentially crystalline deformation rings of p of type (7, 1),
where n = (3,2, 1,0) is a Hodge type and t a tame inertial type. In fact, it will suf-
fice for us to consider the single tame principal series type to. We begin in Section 2.1 by
giving an explicit description of these deformation rings by adapting the work of [40,41]
(for GL,) to the case of GSp, using some ideas of [38] about duality for Kisin mod-
ules. Using this, we prove that the strong genericity of p implies Rg,ro is formally smooth
(Theorem 2.3.10). (We actually work with a fixed similitude character as well.)

The Fontaine—Laffaille parameters of p can be found as the reduction modulo the
maximal ideal of certain “universal Frobenius eigenvalues™ in R7"™. We make this com-
pletely explicit in Theorem 2.3.10. In order to apply this result in the setting of the
patched module M., we express these universal eigenvalues in terms of a morphism
Oz, : H(o(10)) — Rg’m[l / p] which interpolates the local Langlands correspondence
for GSp,(Qp) in the Bernstein block corresponding to 7. Here # (0 (to)) is the Hecke
algebra of the K-type corresponding to the inertial type 7. This follows ideas of [11] and
is described in Section 2.2.
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In Section 3.3 we prove an abstract local-global compatibility result (Theorem 3.3.8)
assuming the existence of a congruent pair of patched modules (Mo, M) satisfying
certain axioms (PM1)—(PM®6). This result shows how the Fontaine—Laffaille invariants of
p may be recovered from the admissible smooth [F[GSp, (Q,)]-representation 7 related to
M. See Section 3.3 for precise construction of 7 using M. One of the axioms (which
follows from classical local-global compatibility of automorphic representations in the
construction of M) states that the universal Frobenius eigenvalues may be recovered as
the eigenvalue of a certain “U,-operator” T} in the pro-p Iwahori-Hecke algebra acting
on well-chosen Iwahori eigenspaces of (the dual of) M, up to powers of p. One therefore
needs to pick out the leading term of these eigenvalues modulo p. To do this, one writes the
action of T on M, as the composite of a Carter—Lusztig intertwiner and an Iwahori nor-
malizing element in GSp,(Q)) (see (3.3.6)). The power of p by which the Carter-Lusztig
intertwiner is divisible is described by the Jantzen filtration of principal series represen-
tations of GSp,(F,). We show in Theorem 3.3.8 that the Carter—Lusztig intertwiner is
divisible by the “correct” power of p on these Iwahori eigenspaces and consequently that
the Fontaine—Laffaille invariant can be recovered from . To do this, we show that there
is a unique modular Serre weight occurring in J H(m). This requires the combinatorics
between types and weights using a patching argument. On the Galois side, this requires
both potentially crystalline and crystalline lifts of p. However, it is necessary to fix the
similitude character in the patching argument. That is why we have the second patched
module MggiS designed for the crystalline setting, and the congruence between the two
patched modules (PMS5) allows us to prove the uniqueness of the modular Serre weight.
Finally, we show that the modular Serre weight appears in the correct layer of the Jantzen
filtration. This requires a somewhat tedious calculation with the Jantzen sum formula. We
also interpret this theorem in terms of group algebra operators in Remark 3.3.10. All this
is contained in Section 3.3. The computation with the Jantzen filtration is contained in
Sections 3.1 and 3.2.

The goal of Section 4 is to show the existence of a congruent pair of patched mod-
ules (Moo, Mggs) obeying the axioms of Section 3.3. We accomplish this under certain
conditions by ultrapatching spaces of p-adic automorphic forms on a compact mod cen-
tre form ¥ of GSp, over a totally real field F, essentially following [11] but with ideas
from [6] for the symplectic case. The congruence between patched modules is obtained
by choosing the same Taylor—Wiles datum and ultrafilter. In order to attach Galois rep-
resentations to a regular algebraic cuspidal automorphic representation of ¥, we need to
apply Jacquet-Langlands for GSp, proven in [52] under stable and tempered assump-
tions. In Lemma 4.1.7, we show that automorphic representations of ¥ of our concern
are indeed stable and tempered by using various results on Arthur multiplicity formula
[2,28,54]. In Section 4.4, we assume that p is a local component of a Galois representation
7 : Gr — GSp4 () modular with respect to § satisfying several assumptions (A1)—(AS)
including standard Taylor—Wiles type assumptions, but also an unramifiedness away from
p assumption that is made mainly for simplicity. In Corollary 4.4.7, we prove the modu-
larity of the obvious weight (PM6) by the change of weight argument using the main result
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of [47]. We also show the existence of such globalization F' and 7 for given p by follow-
ing [20]; see Corollary 4.4.6. Then our main result showing that the Fontaine-Laffaille
invariants can be recovered from I1(#) is Theorem 4.5.1.

We expect that most of this article should generalize with the same methods to Q,, s for
any f > 1. However, for simplicity, we have tended to state results only in the generality
that we need.

Recently, [39] proved mod p local-global compatibility for GL,(Q,s) and generic
Fontaine—Laffaille (but not necessarily upper-triangular) p using a more geometric argu-
ment. We expect that one can adapt this idea to GSp,(Q,, ) and prove mod p local-global
compatibility in a similar generality. We plan to investigate this further in our future work.

1.1. Notation and preliminaries

Throughout we fix a prime p > 2. Most of our results require p to be larger than this due
to genericity assumptions.

We let E denote a finite extension of Q,, which will serve as a field of coefficients.
We always assume that E is sufficiently large. Write @ and F for its ring of integers
and residue field. We write Q, for a choice of algebraic closure of E. Let €p denote
the category of artinian local (9-algebras with residue field I, and ‘é@ the category of
complete noetherian local @-algebras with residue field F.

We sometimes write K instead of Q,. Let (pn)n>0 denote a compatible choice of
p"th roots of —p, with pg = —p and define Koo = |J,»¢ Qp(pn). Let e :== p — 1 and
choose roots (,)n>0 Where ¢ = p, and ]T:+1 = 1,. Define L = Qp(m) and Lo =
Unso Qp(@n). Let A := Gal(L/K) = Gal(Loo/Ko). Let & : G, — Z, denote the
p-adic cyclotomic character and write w for its reduction mod p, which factors through
A. Let @ denote the Teichmiiller lift of w.

The symbol F will denote a number field. If F,, is a completion at a finite place, we
write Frob,, for geometric Frobenius and g, for the size of the residue field of F,. Write

ArtQp : Q; — Ggp

for the Artin reciprocity map of local class field theory, normalized so that uniformizers
correspond to geometric Frobenii. We write nr¢ for the unramified character of Gg,, send-
ing geometric Frobenius Frob — £. We choose the convention on Hodge-Tate weights
whereby ¢ has Hodge—Tate weight 4 1.

Write B4 and Ty for the upper-triangular Borel and diagonal maximal torus of GL4
respectively. Let S4 be the group of permutations of {0, 1,2, 3}. We identify X *(Ty) =~ Z*
in the usual way and identify the Weyl group of GL4 with S4 via the embedding S4 —
GL, which takes o € S4 to the monomial matrix M, such that (40);; = As@)e(j) for
all A € GL4. Let wo € S4 denote the longest element. Let W4V denote the extended affine
Weyl group of GL4, identified with X, (74) x S4 respectively (the dual notation is chosen
to be compatible with [40]). We write all vectors as row vectors so matrices act on the
right. Let n = (3,2, 1,0) € X«(T}y), except in Section 2.1, where it is allowed to be a more
general cocharacter.
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Let GSp, denote the reductive group over Z defined by
GSp4(R) = {4 € GL4(R) | A"JA = vJ for some v € R*}

for any commutative ring R, where

Write vgim : GSpy — Gy, for the similitude character taking A — v. We also write std :
GSp4 — GL4 for the standard representation and std’ : GSp, — GL5 for the composition
of the projection GSp, —> SOs with the standard representation of SOs. Let T C GSp, be
the torus of diagonal matrices and B C GSp, the Borel subgroup of upper-triangular matri-
ces with its unipotent radical U C B. We define the following subgroups of GSp,(Qp).
We let Iw and Iw; the upper triangular Iwahori and pro-p Iwahori subgroups, i.e., the
inverse images of B(IF,) and U(IF,) under the natural map GSp,(Z,) —> GSp,(FF,). We
also define 7(Zp)1 := T(Zp) NIwy C T(Zp). If v is a finite place of a number field F,
we write Iw; (v) for the pro-p Iwahori subgroup of GSp, (Fy).

We identify X *(T) with {(a,b;c) € Z* | ¢ = a + b (mod 2)}, where (a, b; c) is the
character

I

t —a—b
2 > 18hy s
Vi, »
v
There is an isomorphism
spin : X*(T) = X.(T)
p=(a.bic)~p
where
cta+b
t 2
cta—b
o t
/L(t) = c—a+b
{2
c—a—=b
t 2

The system of positive roots determined by B consists of
RY = {ap. a1, 0 + 1, 2000 + a1},

where g = (1,—1;0) and o7 = (0,2;0). Let W denote the Weyl group and s; € W the
simple reflection corresponding to root «; fori = 0, 1. Then W = (so. 51 | 53, 5%, (s051)*)
has size 8, with the longest element being (sos1)2. We define

WY = (T(Qp)/ T(Zp)1) x W
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which can be viewed as a subgroup of GSp,(Qj). It contains X.(7") as a subgroup by
w € Xo(T) > p(p) € WY,

We implicitly identify X.(T) with a subgroup of X.«(74), in which case we also
identify W with the subgroup of S4 of permutations s obeying woswo = s. We fix the
following elements which form a basis of X, (T):

ﬁ() = (1’ 1’ 17 1)»
B1=(1,1,0,0),
B> =(2,1,1,0).

Let I be any topological group and R any topological ring. Fix a continuous character
Y : T — R*.By Rep}g (I") we mean the groupoid of pairs (V, ¢) where V is a finite free
R-module of rank 4 having a continuous R-linear I"-action, and ¢ : V Syv ® ¥ is an
isomorphism which obeys the condition that

[(()7'®y]ow=—idy.

In Section 2.1 we will also implicitly work with the setoid of triples (V, ¢, §), where § is a
morphism from (V, 1) to R* with the standard symplectic pairing. The set of equivalence
classes of this setoid naturally identifies with the set of continuous homomorphisms I" —
GSp,4(R).

The following lemma is useful in Section 4.2.

Lemma 1.1.1. Let I' be a compact group and p : I' — GSp,(E) a continuous homo-
morphism. Let p be the semisimple mod p reduction of p. If p is irreducible and ¥ is
sufficiently large then there exists a GL4(E)-conjugate p° of p which is valued in GSp4(O)
and has the same similitude character as p. The resulting (irreducible) representation
p° : ' = GSp,(IF) does not depend on the choice of p° up to GSp4(F)-conjugation. m

Let F,,/Qy be a finite extension. We recall some aspects of the local Langlands corre-
spondence for GSp,(Fy). The symbol recgr denotes the finite-to-one map from isomor-
phism classes of irreducible smooth C-representations of GSp,(F,) to equivalence classes
of admissible L-parameters constructed in [25]. Fix an isomorphism of fields ¢ : Q p 5.
This induces a correspondence recgr,, over @ . We define a normalized version of the cor-
respondence by

recgr,p () 1= recGT,L(n ® |vsim|_3/2).
It should be true that recgr,, depends only on a choice of square root of p in Q p, but we
do not need to use this.

We use Ind to denote the unnormalized parabolic induction functor for GSp,(F,) and
ind for compact induction.

If M is a topological @-module then MY = Homg’ (M, E /O) denotes its Pontryagin
dual. We also use Schikof duality M — M which is described in the Notation section of
[11].

If R is a local ring, we often denote by m g its maximal ideal.
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2. Symplectic Galois deformations

Let p: Gg, — GSpy(IF) be a continuous representation. In this section we study sym-
plectic deformations of p with a fixed similitude character ¥ : Gg, — O™. Let R?’w
denote the universal lifting ring for lifts p : Gg, — GSp4(0) such that vy, 0 p = V. In
Section 2.1 we adapt techniques of [38,41] to give an explicit description of potentially
crystalline quotients of R> =4
type. Using this, in SCCUOH 2.2 we construct an interpolation of the characteristic 0 tame
principal series local Langlands correspondence for GSp,(Q,), which is an ingredient in
the axioms for our patched module. In Section 2.3 we define a family of representations p
using Fontaine—Laffaille theory and prove the main result Theorem 2.3.10. This theorem
shows where to find the data of p inside certain of the aforementioned deformation rings.
In Section 2.4 we study crystalline quotients of R? ¥ with Hodge—Tate weights in the
Fontaine—Laffaille range when p is ordinary.

with Hodge type 1 and generic tame principal series inertial

2.1. Some potentially crystalline deformation rings

If v : Ig, — GL4(0) is an inertial type and n € X« (T4) a Hodge type, we let R" =¥ denote
the unique p-torsion free quotlent of R5 O.¥
morphism of @-algebras ¢ : R — B factors through R v iff ¢ o p""V (considered as
a GL4(B)-valued representatlon) is potentially crystalhne of Hodge type 1 and inertial
type 7. This quotient exists by Corollary 2.7.7 of [36].

such that for any local finite E- algebra B, a

Lemma 2.1.1. If Rg’t’w[l/p] is nonzero then it is formally smooth over E of dimen-
sion 14.

Proof. This can be proved using the argument of [26, Proposition 7.2.1]. |

In this section, we give an explicit description of R%S’Z’I’O)’r’w when t is a generic
tame principal series type. For now let 1 be arbitrary. We assume that n is contained in
[0, 1] for some 2 > 0, and not contained in [0, /] for any A’ < h. In order for R" ¥ (o be
nonzero we must have ¥ = ¢"@? nrg for some b € Z and £ € 0%, so we assume this for
the rest of Section 2.1. In particular vy, 0 p = /1P nrg.

The strategy is to relate R:’—)’T’v’ to deformations of Kisin modules, adapting methods
of [38,41] to the symplectic case. We begin by recalling some notation and results from

[40] concerning Kisin modules with tame descent data over Q.

Remark 2.1.2. Although we restrict attention to the case of tame principal series types
(as this is all we need), everything in this section can be generalized to generic higher
niveau tame types over an arbitrary unramified extension of Qp, as in [41].

If A = (bo, b1, bs,b3) € X*(T,), we write

(1,4) = @ &b 2 Ig, — Ta(0)

for the associated tame principal series type (the notation comes from [40]).
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Definition 2.1.3 (cf. [40, Definition 2.2.5]). Let § > 0. We say that a tame principal series
type 7 : Ig, — T4(0O) is §-generic if it is isomorphic to T(1,A) where § < b; —b; < p—§
foreach0 <i < j <3.

A lowest alcove presentation of t is a choice of A obeying this condition with § = 0
such that T =~ t(1, A).

A lowest alcove presentation exists precisely when t is 0-generic. A necessary con-
dition for RZ’”” to be nonzero is that its lowest alcove presentation A = (bg, by, b2, b3)
obeys bg + b3 = by + b, = b (mod e), so without loss of generality we can assume

bo + bz = by + by = b. 2.1.4)

From now on we let T denote a 1-generic tame principal series type with lowest alcove
presentation A satisfying (2.1.4).

Let R denote a complete noetherian local @-algebra with residue field F’ which is a

finite extension of F. The group A has an action on R[u] by ring automorphisms uniquely
determined by the formula y(ru’) = @(y) ru’ fory € A,r € R. Setv = u€ and P(v) =
v + p € R[u]. Note that R[u]*=' = R[v]. Let ¢ : R[u] — R[u] denote the R-linear
ring morphism sending u > u”.
Definition 2.1.5. We let Y [%71-7(R) denote the groupoid of rank 4 Kisin modules over
R of height < h and descent data of type 7. Objects are free R[u]-modules M of rank 4
with a ¢-semilinear endomorphism ¢z : M — M such that P(v)" kills the cokernel of
the linearization of ¢js. Moreover, M has a semilinear A-action which commutes with
@pm such that M/uM =~ 17! ® R as an R[A]-module (note the minus sign). Morphisms
in this category are the obvious ones.

Definition 2.1.6. If M € Y%#17(R) an eigenbasis of M is an R[u]-basis B = (Bo. 1.
B2. B3) such that A acts on 8; by @ % for 0 < i < 3. Eigenbases always exist.

Definition 2.1.7. Let M € Y[0/17(R) with eigenbasis f. Let
Cp € Maty (R[u]) N GL4 (R(()))
denote the matrix such that
om(B) = B - Cp.
Let Ag € Mats(R[v]) N GL4(R((v))) denote the matrix defined in [40, Proposition 3.2.9].
We have

Ap =D'CyD (2.1.8)

bo—b3 ubl —b3 ub2

where D = Diag(u ~b3_1). Note that A g is upper triangular mod v.

Definition 2.1.9 (cf. [38, Definition 5.12]). If M € Y[%"7(R) we define a new object
MY e Y0ALT(R) by setting

M"Y = Homgp,) (M, R[u])



Mod p local-global compatibility for GSp,(Qp) in the ordinary case 873

and defining gpv : MY — MY by
o ()m) = & ¢(/ (03 (P()"'m)))

forall f € MY, m € M. This definition makes sense because ¢y is automatically injec-
tive, by an argument similar to [37, Lemma 1.2.2 (1)].

We endow M with descent data by defining (g - f)(m) = &(g)%g- f(g~" - m) for
g €A, feMY, me M.One checks that this defines an involutive functor

y©OAT(Ry - yOALT(R).

Note that our definition of M"Y depends on v and should be interpreted as “the dual
of M twisted by ¥”.

Lemma 2.1.10. Let M € YIORLT(R). If B is an eigenbasis of M then B wo and B J are
eigenbasis of M. We have Agv,, = & - P(v)hwoAE’wo and Agvy =& - P(v)hJAE’J.

Proof. This follows from a simple computation. ]

Let I(R) denote the subgroup of GL4(R[v]) consisting of matrices that are upper
triangular mod v. In what follows we identify VT/I with a subgroup of GL4(R((v))) by
sending 1;,5 > v*s for A € X4(Ty4) and s € S4. Thus GL4(F’((v))) is the disjoint union
of I(F")wI(F') for w € W,".

Definition 2.1.11 (cf. [40, Definition 3.2.11]). If M € Y[%1L7(F’) and B is an eigenbasis,
we define the shape of B to be the unique W € I;f/4v such that Ag € I(F")wI(F’). The
1-genericity of t ensures that the shape of § is independent of 8, so we call W the shape
of M.

Ifw e W4V we define the set of matrices Uy (F') C GL4(F’((v))) as in the paragraphs
before Definition 3.2.23 in [40], and we say that 8 is a gauge basis of M if it is an
eigenbasis such that Ag € WUy ().

Lemma 2.1.12. Assume that t is 4-generic. Let M € Y 91T (F"). The set of gauge bases
of M is a torsor for T4(F").

Proof. The existence of a gauge basis follows immediately from the definition. The
remark after Example 3.2.24 in [40] shows that since 7 is 4-generic, gauge bases are
unique up to scaling by diagonal matrices. ]

Definition 2.1.13. Let M € Y[0717(R) and suppose that M (mod m g) is of shape . We
say that an eigenbasis 8 of M is a gauge basis if
(i) B (mod mpg) is a gauge basis of M (mod mg) in the sense above, and

(i) Ag € I (R)w N I(R), where I~ (R) is defined to be the subgroup of
GL, (R[v™']) consisting of matrices that are lower-triangular mod v~!.

The second condition is equivalent to asking that Ag satisfies the degree bounds in [40,
Proposition 3.4.3].
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Proposition 2.1.14 (cf. [40, Proposition 3.4.3]). Assume that t is 4-generic. Let M €
Y01t (R) and fix a gauge basis B of M/wmg. Then there exists a gauge basis B of M
lifting B, and B is unique up to multiplication by an element of ker(T4(R) — T4(FF')).

Proof. This is a straightforward generalization of the argument of [41, Section 4] from
GLj3 to GL4. | ]

Lemma 2.1.15. If M € YO"2(F") has shape W then MY has shape v wow ™" wq. If B
is a gauge basis of M € YO"T(R) then BV J is a gauge basis of M.

Proof. The first statement follows from a computation using Lemma 2.1.10. The proof of
the second statement then follows in the case R = F’ by a computation with affine root
groups (and the definition of Ug (F")). Given this, the case of general R now follows from
Lemma 2.1.10 and the definition of gauge basis. ]

Definition 2.1.16. (i) We define Y [%#1.%¥ (R) to be the groupoid of pairs (M, &) where
M e Y[O"T(R)yand @ : M — M is an isomorphism of Kisin modules such that

(@V) Voo = —idy.

This equation will be referred to as the alternating condition. Morphisms in this category
are the obvious ones.

(ii) We say that (M, «) € Y012 (F’) has shape W € VT/4V if M has shape .

(i) If (M, ) € Y [01-5¥(R) we define an eigenbasis (resp. a gauge basis) of (M, «)
to be an eigenbasis (resp. gauge basis) f of M such that

a(B) = BYJ. (2.1.17)

Remark 2.1.18. (i) If (M, «) € Y[OA2¥ (F’) has shape @ then we must have @ =
v3wew " wo by Lemma 2.1.15 (i).
(i1) The existence of a basis satisfying (2.1.17) implies that ¢« satisfies the alternating

condition.

Lemma 2.1.19. Assume that t is 4-generic.
(i) Let (M, ) € YOV (F). The set of gauge bases of (M, ) is nonempty and
is a torsor for T'(F'), where T’ is the diagonal torus of Sp,.
(i) Let (M,a) € Y10V (R) and fix a gauge basis B of M/mpg. The set of gauge
bases of (M, @) lifting B is nonempty and is a torsor for ker(T'(R) — T'(F")).

Proof. (i) Let 8 be any gauge basis of M. Then «(f) is a gauge basis of M. By Lem-
mas 2.1.12 and 2.1.15 (ii) we have a(B) = BV Jt~! for some t € Ty4(FF’). The alternating
condition implies that #J¢t~! = J. An arbitrary gauge basis of M is of the form Bc¢~! for
some ¢ € T4(FF’) by Lemma 2.1.12. Replacing 8 by Bc ™!, the condition (2.1.17) becomes
equivalent to cJc = Jt~!, which can be solved in T4(F’) by the condition on ¢ above.
This proves the existence of gauge bases.
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If B and Bc~! are both gauge bases of (M, ) for some ¢ € T4(F’) then (2.1.17)
implies cJc = J, i.e., ¢ € T'(IF’). This proves the uniqueness.

(i1) The proof follows the same strategy as (i), but by appealing to Proposition 2.1.14.

(]

If M is a Kisin module with descent data we let M = M ®z,[4] Og,L denote the
associated étale ¢-module with descent data defined in [41, Section 2.3]. We have the
contravariant functor to G, -representations (loc. cit.)

T - YOt (R)  Repr(Gk.,).

given by T4(M) := V(M) := Homy o , (M, Ogm k) given a Gk, -action via g - f =
go f og ! Here g denotes the image of g in Gal(Loo/Koo) = A.

Proposition 2.1.20. If M € Y9417 (R) there is a canonical isomorphism of
can: Tgg(MY) — Tg(M)" Qr Vg,

Gk, -representations where the dual on the right-hand side is the R-linear dual. More-
over, if f : M — N is a morphism of Kisin modules then under the identification above,

we have Tg(fY) = Tg(f)Y ®r ¥loy,, -
Proof. This can be shown similarly to [8, Proposition 3.4.1.7] (cf. [38, Proposition 5.13]).
L]

‘We define a contravariant functor
Ty - Y15 (R) - Rep%(Gk.,) (2.1.21)

by sending (M, &) to (T};(M),cano T (c)™").
We now put Hodge type 1 conditions on our Kisin modules. Recall from [41] the
subgroupoid Y ""%(R) C Y[0AL7(R).

Definition 2.1.22. We define the groupoid Y%¥ (R) C YI%AL%¥ (R) to consist of the
pairs (M, o) with M € Y7 (R).

Finally we can establish the connection between Kisin modules and potentially crys-
talline lifting rings.

Notation 2.1.23. In what follows, if R is a symplectic lifting ring (perhaps with vari-
ous super- and subscripts) then R’ (with the same decorations minus the fixed similitude
character) denotes the corresponding GL4-valued lifting ring. For example, Rg’r"/’ having
been defined at the beginning of this section, we write Rg”r for the GL4-valued potentially
crystalline lifting ring of p of type (7, 7).

Proposition 2.1.24. Assume that t is 4-generic.

@ If R%"’r # 0 there exists a unique M € Y™"*(F) up to isomorphism such that
T(M) = pleg,,-
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(i) Assume that Rg’t’w # 0. Fix a choice of M as in (i) and an isomorphism 5
Tdfi(]VI) — PlGg,,- There exists a unique map @ : M — MY making (M, @)
an object of Y "%V () such that Td*d(]\7l , @) identifies with the symplectic Gk, -
representation plg_  under 5.

Proof. (1) The existence of M follows from [13, Corollary 5.18]. The uniqueness follows
from a straightforward generalization of [41, Theorem 3.2] (triviality of the Kisin variety).

(ii) Let M denote the étale @-module associated with M. By full faithfulness of Vs
the given isomorphism

— — can~! —
Ta(M) = Ta(M)Y @ y —— Ti(MY)

induces an alternating isomorphism « : M — M. Both (M) and M are lattices in MY
belonging to Y [%717 (). By triviality of the Kisin variety, we deduce that (M) = M

This proves existence. If there were two such maps oy and o, then by faithfulness of V5,
im(c; — a2) would be a submodule of MV which vanishes upon tensoring with Og 1,
hence must be 0. ]

Definition 2.1.25. If R%"’r # 0 we define the shape of (p, 7) to be the shape of (the unique)
M in Proposition 2.1.24 (i).

Situation 2.1.26. From now on specialize to the case n = (3,2,1,0) (and 2 = 3). Let p
and v be as at the beginning of Section 2.1 and let T be a 4-generic tame principal series
type such that R7"® V' £ 0. Fix data (M, @), § as in Proposition 2.1.24 (ii), as well as a
gauge basis 8 of (M «). Let w denote the shape of (p, 7). We also assume that ad(p) is
cyclotomic-free in the sense of [41, Section 3.3].

Cyclotomic-freeness holds if p is sufficiently generic and, in particular, holds in our
applications.

We now define some deformation problems. All data in the following is assumed to be
compatible with p, (1\71, a), E §.ForA e Co:

. n,TY
Dﬁ

is the deformation problem represented by R%’”".

. DZ;—;’%DE(A) is the set of tuples (M, «, p,§) where (M,a) € YT"%Y (A), p e Dg’”/’(A),

and 6 : Tg5(M, o) = plGy., is a symplectic isomorphism.

. D:’A; Z)E/‘S _(A) is the set of tuples (M, «, B, p, 8) where (M, «, p, §) is as above and

is a gauge ba51s of (M, ).
. D?A; N —(A) is the set of tuples (M, «, B, B’) as above, where B’ is a symplectic basis
of T (M o) making (75(M, ), B’) a symplectic framed deformation of plgy__ .

n,T,Y
D(M a),B

Proposition 2.1.27. The map D">V"2 — D" V taking (M, a, p,8) — p is an isomor-

(M ,@),p
URA'AN oY
A5 is represenmble by R

—(A) is the set of tuples (M, o, §) as above.

phism. In particular, D
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Proof. By [41, Corollary 3.6] (actually its natural generalization to GL4) says that since ©
is 4-generic the map D mnd D/"’r taking (M, p, §) + p is an isomorphism. It follows

that the deformation problem D" T V” of tuples (M, p, §) as above but with p € D" S (A4)
is isomorphic to D" =V via the sarl;le map (M, p, ) — p. To conclude the proof, We need
to show the followmg statement: given (M, p,§) € DZ{,;’ (A), there exists a unique map
o : M — MY making (M, «) an object of Y "%V (A) lifting (M , &) such that § induces a
symplectic isomorphism 75 (M, @) = p|gy._ . This now follows from an argument similar
to the proof of Proposition 2.1.24. |

We next give an explicit description of the universal symplectic lift of (M, @, ,g) of
type (1, 7).
Definition 2.1.28. Let A denote a matrix belonging to % Ug (F). The deformation prob-
lem which assigns to R € € the set of matrices in Mat4(R[v]) lifting A modulo 1 g and
satisfying the degree conditions in Definition 2.1.13 is representable by a power series
ring Ry 7. Let A" € Maty(Ry; z[v]) denote the universal lift.

Let 157 < R z denote the collection of polynomial equations resulting from the
following Hodge type < 7 conditions on A"":
+ all 2 x 2 minors of A" are divisible by P(v), and
 all 3 x 3 minors are divisible by P(v)3, and
o det(4"") is a unit times P (v)®.
Let IV <R, .4 denote the collection of polynomial equations resulting from imposing
the followmg symplecticity condition on A4":
. (Auniv)t JAuniv — §P(v)3J
Lemma 2.1.29. D?M %) 3 is representable by an object R"— i1.).F
((Rig g/ 1=TyPFred) [ 19,

of ‘6(9 isomorphic to

Proof. Let D'™ rﬁ denote the deformation problem of pairs (M, ). Proposition 3.4.7 of
[40] shows that it is representable by

R;&—’IE = (Rujj’AE/Ign)p—ﬂat,red.
The condition for (M, B) € D/’7 T (A) to belong to D”f . /3(‘4) is for there to exist an
isomorphismo : M — MY such that a(f)=pvJ. Such an isomorphism is clearly unique
and by Lemma 2.1.10 exists iff A} JAg = £P(v)3J. The claim follows. m

Remark 2.1.30. It follows that the remaining deformation problems deﬁned above are

representable. To see this note that the natural map D?A; V’)Dﬂ 5 D? il e 2 which forgets
the gauge basis is formally smooth of relative dimension 2 by Lemma 2.1.19 (ii), and the
natural map DZI\; w)i — D?A; 10) i which forgets the symplectic basis on T5(M, ) is
formally smooth of relative dimension 10 by elementary considerations. In each case, we

denote the representing ring by R with the appropriate decorations.
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Monodromy. We recall the monodromy condition on R”"_ defined in [40, Section 3.4]
(cf. [41, Section 5] for background), which cuts out the locus of Spec(R"’ ot [1 /p]) whose

closed points correspond to Kisin modules that arise via restriction to GKoo of Gg,-
representations having Hodge—Tate weights < n (which are necessarily potentially crys-
talline of inertial type 7). Let (M """, BU"V) be the universal object over R;g[% and write
A= Aguiv. Let ’

d : 3 4-1 m,
Py (A) = ( — ev——A— [Diag(bo. by. b3, ba). A])P(v) A7" & Maty (R [v)).
The monodromy condition can be expressed as

—PN(A) + M| — PN(A) + M) =0, (2.1.31)

v=—p = E( v=—p

where M € Mat4((9 R ) is an “error term” such that
Rii g

Mly=——p. ;—UM| € p4Mat4 (th—)

v=-p Mp

For this, see [40, proof of Proposition 3.4.12]. Let /™" denote the ideal of R 2" corre-

/3
sponding to the 32 equations in (2.1.31), and let R'77 ™V be the corresponding p-flat and

reduced quotient. Moreover, define

RPEY = RID ®pne R

m,t,V
MB -

This allows us to define two more symplectic deformation problems which take into
account the monodromy condition.

«  We define R":5V:V_ = R":%V ® gt ROV

(M &).B (M@).B "Rz MpB
. .. n,T,¥,0,V _ pnry,0 /n,t,\],V
Similarly, R(A?,&),E = R(M 0 F ®R M,E

The following diagram relates all the symplectlc deformation problems defined above.
It is analogous to [41, Diagram (5.9)]. Hooked arrows denote closed immersions, and
f.s. stands for a formally smooth map. The square is cartesian by definition.

fRanDV fRanV
SPER 758 SPER 73,5

fR nﬁ/fD RnrllfD fRnﬁ/f
SR g & P RGtms o P Riige 5 (21:32)

[is

n,T, ¥ n,7,%,0
Spr <—P ¥ WSpf R(A_L&),E

The only map which has yet to be discussed is &. It is defined to take (M, «, B, p, §) to
(M., B, B') where B’ is the symplectic basis of Tj5(M, «) induced by the isomorphism 8.
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The assumption that ad(p) is cyclotomic-free implies that £ is a closed immersion by
appealing to [41, Proposition 3.12].

Proposition 2.1.33. In Situation 2.1.26, the map £ above induces a closed immersion

n,7,¥,0 n,7,%,0,V\ pflat,red
Spf (Rl 5.0 SPH(RGi a5 ) )

which is an isomorphism if and only if every @p-poinl of the latter corresponds to a

potentially crystalline lift of Hodge—Tate weights exactly n.

Proof. Since Rg,mﬁ is p-flat and reduced (by Lemma 2.1.1), it follows that & factors

through a map
n,7,%,0 n,7,%,0,V p-flatred
Spf(R(M,&),E,E) > Spf ((R(Mﬁ)j ) )-
Since both these rings are p-flat and reduced, it suffices to show factorization at the level
of Qp-points. But this follows from the argument in [41, proof of Theorem 5.12].
To see that the induced map is an isomorphism, by the same argument it suffices to
show that for every finite extension O’/© and O’-point (M, «, 8, B’) of Spf((R:’i;’g;Dﬁ;v),
p1 = Tgq(M.)[1/p] : Gk, — GSp4(E’)

extends to a symplectic potentially crystalline representation of Gg,, of type (7, 7). By
the condition on Hodge-Tate weights, it only remains to show the symplecticity. This
follows rom the isomorphism between p; and p} ® ¥ and the uniqueness of the extension
[41, Corollary 3.6]. [

Definition 2.1.34. We say that (p, 7) is good if the condition on the Hodge-Tate weights
in the previous proposition holds.

In practice, goodness can be read off the shape of (p, 7) after applying the Hodge type
< 7 conditions to the universal Kisin module. In this situation, Proposition 2.1.33 and
(2.1.32) furnish our desired description of Rg’r’w.

Corollary 2.1.35. In Situation 2.1.26, if (p, ) is good then there is an isomorphism
mon -flat,red
Rg’r’w[[xl,xz]] >~ (Rw,AE/(Iﬁn + I‘/f + 1™ ))pﬂat ¢ [[yl, .. ,ylo]]. [ ]

For the remainder of the section, we discuss universal Frobenius eigenvalues. By defi-
nition, a closed point x € Spec(Rg’r"/’) with residue field E gives rise to a representation
px : Gg, — GSp,(Ex) such that WD(,ox)|1@p =~ t. Write ry := WD(py). For0 <i <3,
letzy ; € Ey be the eigenvalue of rx (Frob) on the I, = w? eigenspace. By symplecticity
we have ty ofx 3 = tx.11x.2 = WD(¥)(Frob) = &£p3.

Definition 2.1.36. For 0 < i < 3 we define the universal Frobenius eigenvalue

. n,T,Y
A; € R(M,&),B

to be the image of (A""");; (mod v) € Ry, Az under the quotient of Lemma 2.1.29.
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The next proposition explains this terminology.
Proposition 2.1.37. For0 <i <3, let0; € R?A;Z)DE 5 denote the image of A; under the
composite morphism in (2.1.32). Then S

n,7,¥,0

(i)  6; lies in the subalgebra R (1 p

(i1)  For any closed point x € Spec Rg’t’w [1/p], the image of 0; in Ex is equal to t ;.

Proof. The map
n,%,%,0 n,%,%,0
Rt o.s ™ Ruta.pa
which forgets the gauge basis § is formally smooth (Remark 2.1.30). As 6; is clearly

independent of the choice of S, it lies in the subalgebra R7=VH

(M.@),0°
Observe that if x € Spec(Rz]}"_;’;_/j;:;7 ,3[1 /p]) is a closed point with residue field Ey
then there is a canonical ¢- and A-éqﬁi\;ariant isomorphism of E,-modules (cf. [36, Sec-
tion 2.5(1)])

(Mx/uM>)[1/p] = D3 (Tg(M)[1/pl|g, )-

It follows that Dy (py) has an eigenbasis e = (eg, €1, €2, €3) such that A acts on e; by wbi
and ¢(e;) = ((Ap,)ii (mod v))~'e;. The second claim now follows from the definition of
WD(px). u

Remark 2.1.38. Note that the symplecticity condition says 663 = 660, = £p3. In par-
ticular, the 6; are units in Rg’”p (1/p].

2.2. Hecke algebras and deformation rings

In this section G denotes GSp4(Qp) and K = GSpy(Zy). Let p : Gg, — GSpy(F) be a
continuous representation, ¥ = 835b_3nr$ : Gg, — O afixed similitude character, and
v : Ig, — GSp,(0O) a generic tame principal series inertial type. In this section we refor-
mulate Proposition 2.1.37 as the existence of a morphism of @-algebras Oz, : K (o (7)) —
Rg’w’[l / p] which interpolates the local Langlands correspondence for G in the Bern-
stein block corresponding to t. Here # (0 (7)) is a Hecke algebra over E which is defined
below. This morphism will be used to express classical local-global compatibility in Sec-

tion 3.3.

Remark 2.2.1. In[11, Section 3], given any inertial type t for GL,, (F’), the authors show
the existence of a “K-type” o (7) for the Bernstein block corresponding to t which detects
irreducible smooth representations 7 whose corresponding L-parameter has trivial mon-
odromy operator. In Section 4 they show the existence of a morphism (there denoted 1)
analogous to ®z ;. The case we are concerned with here is more concrete, and in fact, we
make it completely explicit.

Definition 2.2.2. We say that u = (x, y;z) € X*(T) is regular if its W -orbit has size
|W| = 8. We say that it is irreducible if none of x, y, x + y is equal to 1.
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In this section let u = (x, y;z) € X*(T) be a regular and irreducible weight. Let
t=1(id, 1) : Ig, — GSp,(0O); this is a lowest alcove presentation. If y = yx X xy X xz:
T(Qp) — Qp is a smooth character such that y;|zx = @' o Artg, for i € {x, y} and
Xzlzy = @E—x=9/2 o Artg, the irreducibility of w guarantees that the principal series

representation
GSp4(Qp)
B(Q)) (0

is irreducible (see [6, Proposition 2.4.6]). These & form the set of irreducible representa-
tions belonging to a Bernstein block which we denote 2.

7w = Ind

Lemma 2.2.3. For any principal series representation 1 = Indgfg‘:? ? )( x) as above,

(i) recgr,p(mw) = (p,0) where

Xxdyxzl -7 .
P= poret| ozl o Arlg, -
Xz
(ii)  The inverse image of (p, 0) under recgr,p is equal to {m}.
Proof. See the references in [6, Proposition 2.4.6]. [

If R is any -algebra we write fig for the character
Iw —» B(F,) - T(F,) & F) — R
where the final map is the Teichmiiller lift. We define
o(r) := IndX (jip).

This is an irreducible E-representation of K because p is regular. The next lemma
expresses the fact that o(7) is a K-type for Q.

Lemma 2.2.4. If 70 is an irreducible smooth Q p-representation of G then
Homg (o(z),7) # 0
if and only if w € Q. In this case Homg (0 (t), ) is 1-dimensional.

Proof. The first claim follows from [50, Theorem 7.7]. The second claim follows from
Frobenius reciprocity and the Iwasawa decomposition G(Q,) = B(Qp)K. ]

We define the associated Hecke algebra
H (0 (7)) := Endgg (ind§ (o (1))).

We will describe the structure of J€ (o (7)) in terms of the integral pro-p Iwahori-Hecke
algebra
#1 := Endg|g] (indlc\;,vl(l(g)).
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Forw € WY let Ty = [IwywIwi]. The set (T3 ) g vy forms an O-basis of H#; (the
Iwahori-Matsumoto basis) satisfying the braid and quadratic relations (cf. [56]). If ¢ €
T(Zp)/T(Zp); then we have Ty Ty = Ty and Ty Ty = Ty, so foreach 6 : T(F,) — O
there is an idempotent &g = WT%T;:)\ DteT(Z,)/ TZp) 6(t)~'T, € H, such that #¢ :=
egH1eg identifies with Ende(g)(indZ,(6)).

Let X, (T)+ C X«(T) be the submonoid of dominant cocharacters. There is a homo-
morphism

E[X.(T)] — H1[1/ p]

A=xy" e 87 (x(P) T (85 (0 (0)) Tyiy)

for A € X«(T), x,y € X«(T)™". Here, 8 denotes the modulus character.
Let 7 be as in Lemma 2.2.3. By [6, Propositions 2.4.3 and 2.4.4], there is an isomor-
phism of E[X«(7T)]-modules

7~ @ E@w- 8,
wew (2.2.5)

VYR ~ By - 5113/2)(_1).

For the second isomorphism, we can view aW= a5 E[X,(T)]-module by a @-monoid
map O[X«(T)*] — H;"" which sends A € X«(T)™ to SE/Z(A(p))awﬁTMP). When w =
id, this extends to an isomorphism

E[X(T)] = #(o(z)) (2.2.6)
by [50, Section 5].

Remark 2.2.7. Following [55], we use the right action of J¢; on ™1 In particular, this
is different from the Hecke algebra action in [6], which is defined as the left action. If
f € JH1, viewed as a Iw;-biequivariant function on G, right action by f on 7™! is the
same as the left action by f defined as a function on G sending g € G to f(g™'). In
particular, the right action by T3 on 7™! is the same as the left action by 7_;. This
explains the difference between (2.2.5) and [6, Proposition 2.4.4].

Now fix a continuous representation p : Gg, — GSp4(IF) and a similitude character
¥ : Gg, — O*. Assume Rg’r"/' #0.If x € Spec(Rg’r"/’[l/p]) is a closed point with
residue field Ey, let px : Gg, — GSpy(Ex) denote the corresponding lift of p. Since
WD(,ox)|1Qp =~ t is regular, by Lemma 2.2.3 (ii) the L-packet of (WD(py), 0) under
recar,p consists of a unique principal series representation 7, € 2. defined over Ey.

Proposition 2.2.8. Assume that t is 4-generic. There exists a unique map of E-algebras
Op @ H(o(r)) = R:—;’r’w[l / p] characterized by the property that for any closed point
X € Spec(Rg’r"/'[l/p]), the tautological action of H(o(r)) on Homggj(o(7), 7y) is
given by the character

evy

J (0 (1)) Ore, RI™V[1/p] =5 E..
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Proof. Given (2.2.5), (2.2.6), this statement is just a reformulation of Proposition 2.1.37.
By Lemma 2.2.3, ©p,, must take By > £71, B1 > p30; ! and B, > p>60516, L. This
gives a well-defined map because of Remark 2.1.38. Uniqueness follows from the fact
that Rg,m/f [1/p] is a reduced Jacobson ring. L]

Remark 2.2.9. The statement of this proposition is modeled after Theorem 4.1 of [11].
We could prove more general results by using their method, but the situation at hand is
rather concrete, so we gave an explicit proof.

If w € W, note that o (7)¥ := Indl{i(w/l@) is isomorphic to a K-equivariant @-lattice
in o(t). Hence H (o (7)?) := End@[G](indg(G(t)w)) ~ J{’lwﬁ is isomorphic to an O-
subalgebra of # (o (7)). It follows from the definition of O that for each closed x €
Spec(R:—;’T’w [1/ p]) the composite map

JP" < (0 (1)) Ore, RZ™V[1/p] (2.2.10)

when composed with ev, gives the natural action of #;"" on 7;"~"". We write the

composition map (2.2.10) by ©%.

Corollary 2.2.11. Let A = (0,0, —1,—1) € X (T). Under the map (2.2.10), the image of
T)ewj is given by

w image in Rg’t’w[l/p]
id, So '93
51,5051 6>
5150, 505150 01
515051, (5051)* to
Proof. This calculation is similar to the previous one. ]

2.3. Frobenius eigenvalues and extension classes

Let i be as in Section 2.2. We now specify a family of mod p Galois representations. Let
p: G, — GSp4(IF) be a continuous representation of the form

w?nrg, * * *
az
_ w%nr * *
B~ 2 (2.3.1)
onrg, *
wonrg,

for some a; € Z and §; € F*. Note that ag + a3 = a; + a» = b and §yé3 = £1& = &.
We say that p is maximally nonsplit if the off-diagonal extension classes are nonzero. For
an integer § > 0 we say that p is inertially §-generic if

d<ai—aj <p—8 Vi>j
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This implies that p > 2§. From now on, assume that p is maximally nonsplit and iner-
tially 2-generic. As in [30, Section 2.1], this implies that p is Fontaine—Laffaille with
filtration jumps at ag, ai, az, as. Moreover, if My is a Fontaine-Laffaille module such
that 7% (Mp) = p, there exists a basis e unique up to scalar multiple such that

cris

o 1 Xxo2 Xo3
&1 1 xi3
&1

&

Mat, (oum,) = (2.3.2)

for some x;; € FF.
Let M(;’ be the (b-twisted) dual Fontaine—Laffaille module of My (cf. [5, Defini-
tion 4.5]). It is defined in terms of the following data:
- My = Homg(M,,F),
« Fil' My ={f € My | flgp-i+1 y4, = 0},
« for f € Fil’ My and x € Fil’ M, (/)Ma’,i( f) is the unique element satisfying

o
on £ () omo s () = {g(f () - : .

(Here, ¢ denotes the absolute Frobenius.)

Lemma 2.3.3. We have T*

cris

(My) ~p¥ ® b

Proof. This can be proven using the analogous statement for Breuil modules. Let § =
Flu]/u? and Moy = Fp(My) := My QF S be a Breuil module associated to My [30,
Appendix A]. Recall the dual Breuil module M from [21, Definition 3.2.8] (we take r
in loc. cit. as b). Since T (M) >~ Ty (F5(My')) (see [30, proof of Proposition 2.2.11)

cris
and T,y (M) =~ Ty (Mo)Y (b) [21, Definition 3.2.8], it suffices to show that 5, (M) ~
Fp(Mo)*.
One can identify underlying modules

F»(My') = Homg (Mo, F) ®F S = Homg(M, ®F S, S) = Fj(Mo)*.
Using Fil' § = u'S for 0 < i < b, we have
Fil® #,(My') = Fil® My ®F S + Fil>™' My @ uS + --- + My ®r u®S,
Fil® F3,(Mo)* = {f € F»(Mo)* | YO <i < b, f(Fil' Mo ® u’'S) C u®S}.

Noting that Fil' My ®p u?~'§ = {ub~" f | f € F(My)*, S lgp-i+1 po@ps = 0}, one can
easily see that Fil® %3 (My) C Fil® #3,(Mp)*. Conversely, note that if f € Fil® %, (Mo)*
satisfies

Slgio=i+1 4y = 05 S lpp=i pgy 7 O,



Mod p local-global compatibility for GSp,(Qp) in the ordinary case 885

there exists f’ € Fil’ My ®F ub~' S such that f — S gpp—i m, = 0. Using this argument
inductively, we can show that

Fil® %, (My)* C Fil® F3,(My).

Taking sub~ ® f € Fil®™ § ® Fil' My and s'u®~/ @ m € Fil®~/ § @ Fil/ My, one
can explicitly check that Frobenius ¢, of both %3 (M) and 3 (Mo)* satisfies

- 1 bei _ Jelss'fm) ifi+j=b
op(su”™ @ [)(0p(s"u" @ m)) {0 i) 2b

and @y is uniquely characterized by this property. (Here, ¢ is defined in [21, Section 3.2].)
[

By the symplecticity of p, we have My ~ M ® F (§) where F (£) is a rank 1 Fontaine—
Laffaille module with ¢ = £ and filtration jump at 0. Let ¢V be the dual basis of e. A simple
computation tells us that

%'Matngo (‘pMOV) = Ewo Matg((PMo)_l Wo
g0 —&1671 11 —&x13) —xo3 + & iz + £ Txgp — 7!
& -1 51 (1 = E1x02)
& —&k, !
&3

Conjugating this by Diag(—1, ££5", —&1&5", 1), we can show that My ® [F(£) has a
basis with associated Frobenius matrix given by

g0 1 &'(1—&x13) xo3—& 'xiz—& g +E7!
&1 1 £1(1 — &1x02)
13 1
&3

We can conclude that the symplecticity of p is equivalent to
E1x02 + E2x13 = 1. (2.3.4)

Remark 2.3.5. The isomorphism class of p is therefore uniquely determined by its
semisimplification as well as the parameters xg3, Xo3.

Definition 2.3.6. Associated with p as above, we define the symplectic inertial type 7y =
7(id, ;to) where o = (az — ag,a; —ap + 1; a9 + a3 — 3). This is a lowest alcove pre-
sentation.

We now introduce the genericity assumptions on the extension classes of p that we
will use.
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Definition 2.3.7. Let p be a continuous representation as in (2.3.1).

(1)  We say that p is weakly §-generic (of weight (a3, as,ay, agp)) if it is maximally
nonsplit, inertially §-generic, and in (2.3.2) we have

Xo3 # 0,
§1x03 —x13 # 0.

(i) We say that p is strongly §-generic (of weight (as, az, ay, ag)) if it is weakly
8-generic and furthermore

(az — ao)érxo3 — (a2 —ai)xo2 # 0.
Proposition 2.3.8. Assume that p is weakly 4-generic and Rg’m’w # 0. Then

V2
w(p,T0) = W :=
v

and if (M, &) € Y"™V(F) and § are as in Proposition 2.1.24 (ii), then (M, &) has a
gauge basis B such that

0 0 0 — 02
£xo3 2 o 2
A/§ — 0 Erxos—x13 U 0 Erxos—x13 U ) (2.3.9)
_& (1 _ x13%02),,2 &i1x03—X13 _X13,,2
0 &o (1 X03 )v xo3 U 03 Y
Xo3V —%‘1)60202 ov 5002

Proof. Let F denote the matrix in (2.3.2). Let ¥ denote the functor from Fontaine—
Laffaille modules to étale p-modules constructed in [30, Appendix A.1]. Let M = M ®
F((u)) denote the étale p-module with descent data associated with M. By [30, Proposi-
tion 2.2.1], we must have

MA=T =~ F(M,).
It now follows from [30, Lemma 2.2.7] that IM2=1 has a basis " such that g (8”) =
B” - Diag(v®, v¥, v v93) . F. Now observe that

u—a3+1
—ar+2
2l . pn -1 u
B i=pB"-F wo y—ai+1
u—a0+2
is an eigenbasis of 9t such that
E3u®
e—az+taz—1 2e
omB)=p5-| " s st
x13ue—a3+a1 u2€—az+a|+1 g_—lue
x03ue—a3+a0—1 x02u22—a2+a0 ue—a1+a0—l é_—OuZe



Mod p local-global compatibility for GSp,(Qp) in the ordinary case 887

It follows from the triviality of the Kisin variety that E’ is an eigenbasis of M. We compute

£3v
2
v v
X130V v &v

Xo3V Xp2v2 v Egu?

Using (2.3.4) and weak genericity, one computes that Az, € I(F)wI(F), which proves
the claim about the shape of (p, tg). We compute that there exists X € I1(IF) and ¢ € Ty (IF)
such that t_lXAE,t is equal to (2.3.9). By [41, Lemma 2.20] this implies that M has an
eigenbasis B obeying (2.3.9). Since A 7 obeys the symplecticity condition the proof is
complete. ]

We can now prove our main theorem on the Galois side. As in the previous section we
write A = (0,0, —1,—1) € X.(T).

Theorem 2.3.10. Assume that p is strongly 4-generic and Rg’m’w # 0. Then Rg’m’w is
Sformally smooth over O, and for w € W the image of T) ey, i, under the morphism (2.2.10)
is equal to pkw Tw, Wwhere ky, € Z and ry, € Rg’r"’w
maximal ideal is given by the following table.

is a unit whose reduction modulo the

w ky | ry (mod mRz,ro,w) e F*
D
id, 5o 2 {1
S1,5081 1 &)
5150, 505150 2 £551
stsos1. (sos1)? | 1 gt
where
. 1 £o0X02
& T — [(03 ag)éo — (az al)&x% ,
X
{2 =61 — ﬁ-
X03

Remark 2.3.11. Observe that given the diagonal characters of p, ¢; and {, uniquely deter-
mine p by Remark 2.3.5.

Proof. Fix (M,&, 8, B) as in Proposition 2.3.8. Let A" denote the universal object of
Ry, A7 a3 in Definition 2.1.28. We may write

€00 o1+ co1 P(v) Con o3+ oz P(0) + i3 P(v)?
Auniv 0 cfy+cp P(v) +cfy P(v)? C12 ¢34+ i3 P()+c13P(v)?
0 ch v+ c210P (V) Chy 4+ €3y P(V) €Yy 4 chy P(V) + c23 P(v)?

C3oV c5 v+ c31vP(v) C32V 43+ s P(v) + c33P(v)?
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with cl.'/. € Ry, Az reducing modulo the maximal ideal to (2.3.9) (the superscript * indi-
cates a unit). We now apply the Hodge type < n and symplecticity equations to this matrix
and p-saturate the result. First, the 2 x 2 minor condition and p-flatness immediately
imply that
" " / / "
Clp = C12 = €13 = €31 = €3 = €3 = 0.
Then applying the 3 x 3 minor condition on the (0, 3)- and (1, 1)-minors immediately
gives
! /
¢y =c;3=0.
With A" simplified in this way, we may apply the remainder of the Hodge and sym-
plecticity equations to it. After simplifying the resulting numerous equations (using p-
flatness), there are 10 variables coo, €13, €21, €55, €39, €31, c§’3, c’33, ¢33 remaining and Avniv
becomes the matrix

coo ¢ (c3 + ca1P(v)) T & [(coochs + peoocss — p?8) + (coocss — pE) P(v) — P (v)?]

0 éP(v)z 0 c13P(v)?
0 cwP) PO e[ (G FEEER)PO) + (G - @) PO)]
C3oV €50+ c310P(v) %v %y + 43 P(v) + ¢33 P(v)?

satisfying the single equation
" / 2 _ 3
coo(c33 + pcy3 + piess) = ép°. (2.3.12)

We now apply the monodromy equation (2.1.31) to this matrix. The result is 32 equations
(some empty) each consisting of a polynomial part, which come from the vanishing of
Py (A" and (d/dv) Py (A"™") at v = —p, together with an error term which is O(p*)
by genericity.

A tedious calculation shows that after simplification (using p-flatness), the effect of
applying the monodromy equations and (2.3.12) is that ¢}, c%, and ¢35 can be solved for
in terms of the other variables, leaving 7 variables satisfying the single equation

ag—az—1—e

e+ay—ax+1
00[4013C31C;Z =+ 1&6’33] = Ezp + 0(p2) (2.3.13)

e+ag—az—1 e+ayg—asz—

The strong genericity condition ensures that the expression in square brackets is a unit. We
can therefore use this equation to eliminate cgg, leaving 6 free variables. From the form
of the universal Kisin module it is now clear that (p, t) is good so by Corollary 2.1.35 it
follows that Rg’r"’w is formally smooth (of relative dimension 14) over O.

For the second claim, note first that 6, = (£/c3,) p* and 6, = ¢, p. Moreover, (2.3.13)
makes it clear that 6y = cg¢ is equal to p times a unit whose reduction modulo the maximal
ideal is equal to

§0X02:|_1'

£(az —ap +2) |:(a3 —ag)éo — (a2 —ay)
£2X03

The claim now follows from Corollary 2.2.11. ]



Mod p local-global compatibility for GSp,(Qp) in the ordinary case 889

2.4. Crystalline deformation rings

In this section, we show that certain symplectic crystalline deformation rings in the
Fontaine—Laffaille range are formally smooth. While this result should hold in general,
we make the assumption that the residual Galois representation is ordinary and generic in
order to use an ad hoc argument.

Let A = (az,as.a;,ap) € Z* andletp: Gq, —> GSp,(IF) be asin (2.3.1). Assume that
aj+1—a; >2fori =0,1,2andaz —agp < p—2.WriteIF4 =ﬁ0 Dﬁl D ---Dﬁ3 20
for the unique full flag preserved by p. Fix a character ¥ = &” nrg : Gg, — O™ lifting the
similitude character of p. We define a deformation functor i)ﬁA * by sending 4 € ‘é@ to the
set of continuous homomorphisms p : Gg, — GSp4(A4) lifting p of similitude character yr
such that there exists a filtration A* = Fil® > Fil} DD Fil® D 0 by A-direct summands
which is preserved by p such that Fil' @ 4F = Fil' and (Fil' / Fil' Y| Io, = = A(e*) for
0 <i < 3. Note that if such a filtration ex1sts it is unique by [15, Lemma 2.4.6]. It follows
that JD— is representable by an object R ‘e ‘6(9

Lemma 2.4.1. RE" is formally smooth of dimension 15.
Proof. This follows from arguments similar to those of [15, Lemmas 2.4.7 and 2.4.8]. =

Similar to Section 2.1, we let R’X’w denote the crystalline symplectic deformation ring

of Hodge type A. By [26, Lemma 3.1.4], R * is a quotient of R

Proposition 2.4.2. Under the conditions on A above, the map R'l N R * is an isomor-
phism. In particular R— is formally smooth of dimension 15.

Proof. We deduce this from the corresponding fact for GL4. Let Rg’w and R/EAA denote
the corresponding GL4-valued deformation rings. Then R?’w is known to be formally

smooth of dimension 22 by [15, Lemma 2.4.1]. On the other hand R}?’1 is also formally
smooth of dimension 22 by Lemmas 2.4.7 and 2.4.8 of [15]. Hence, they are equal, and
the corresponding result for GSp, follows. ]

3. Abstract mod p local-global compatibility

3.1. The Jantzen filtration for finite reductive groups

In this section, we recall some results from [34]. Let G denote a connected reductive
group containing a Borel subgroup B = T'U with maximal torus 7 all defined over F,.
Let RT C R denote the corresponding system of positive roots. Assume that the derived
subgroup of G splitsover Fp,. Let W = Ng(T)/T = Ng(T)(F,)/ T (IF,) denote the Weyl
group. For w € W set

RT = {a e R |w() e —R+}.

w
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A character A € X*(T) defines a map A T(Fp) — Z, via the Teichmiiller lift. If A is
any Zp,-algebra, we define the induced left A[G(F,)]-module

M\ 4= A[G(F,)]/3; = Indggj)) (a),

where 3 is the left ideal of A[G(F,)] generated by the elements {b — Aa (b)-1|be€
B(F,)}. Note that M (1) is a free A-module, and if A — B is a morphism of Z ,-algebras
then M(A)4 ® B = M(A)p.

Let J€1f 4 denote the Hecke algebra End(IndgEgl’; ;(1 4)). Identifying J(’lf 4 With the
algebra of U(IF,)-biinvariant functions G(IF,) — A under convolution, we let

Twlel{A

denote the characteristic function of U(F,)wU(IF,) for any w € W with lift w € Ng (T) (IF,).
Then T, induces an intertwining homomorphism M(1)4 — M(wA)4 which we denote
by the same letter. Explicitly for S € A[G(F,)]/3) we have

Tp(S)=S- > g .

geUFE)wU(Fp)

Remark 3.1.1. If G is the base change of a split reductive group over Z,, there is a
natural inclusion of A-algebras Jflf 4 &> #1,4 into the pro-p Iwahori-Hecke algebra
of G(Qp) which identifies it with the subalgebra generated by the elements (73;)wew
and (T¢)rer(F,)- In particular, the element Ty, € Jflf 4 defined above and the Iwahori-
Matsumoto basis element Ty, € H#; 4 defined in Section 2.2 are identified under this
inclusion. We use this without comment later on.

Given A € X*(T) and w € W, Jantzen in [34] defines a filtration
M)z, = M(M)z,(w.0) 2 M(A)z,(w.1) 2 -
of subrepresentations by setting
M)z, (w,i) = {m € M(M)z, | Ty, (m) € p'M(wA)z,}

fori > 0 (it does not depend on the choice of w). Let M(A)F, (w, i) denote the image of
M)z, (w,i) in M(1)F,. We get an induced filtration

M)r, = M(Mr, (w,0) 2 M(D)F,(w.1) 2 --- .
Theorem 3.1.2 (Satz 4.4 of [34], ¢ = p case). Let A € X(T) and w € W. We have
M)F, (w,i) =0

if and only if i > £L(w). [
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In what follows, we view M(A)F, (w, i) as a G-character. Jantzen’s main result con-
cerning this filtration is an explicit “sum formula” for

v w) =Y MM, (w.i)
i>0

in terms of the reduction mod p of Deligne-Lusztig characters. For (o, u) € W x X*(T)
let Ry (1) denote the (virtual) Deligne—Lusztig character over Q, corresponding to it in
[33] and let R, (1) denote its reduction mod p.

Theorem 3.1.3 (Sum formula). Let A € X*(T'). For all @ € R let ro, mg € N be such
that
May=ryg+me(p—1), O0<ry<p-—1.

Then forallw € W,

reg—1
v(Aw) = Y [Esa(x + mge) — % D> (Ri(h = ja) = Rey (A= (j —ma)oz)):|.

a€Ry j=1
Proof. This is the special case ¢ = p of Satz 4.2 in [34]. ]
Remark 3.1.4. Jantzen uses only Z,-coefficients in his paper, but if we define
Mo (w,i) = {m e MQ)o | Ty(m) € p'M(wi)o}
and let M (A1) (w, i) be the image of M(A)g(w,i) in M(A)F, then

Mo (w.i) = M)z, (w.i) ®z, O,
M) (w,i) = M(AF, (w, i) ®F, F

and the sum formula continues to hold over F.

3.2. Representation theory of GSp4(IF;,)

The goal of this section is to compute one of the Jantzen filtrations for the group GSp,4(F,)
for a generic principal series. The method is based on the one used by Jantzen in [34,
Section 5] for SL3(IF,,), but the computations in our case are more tedious. Specialize the
notation of the previous section to G = GSp, /F, and let B and T the standard upper-
triangular Borel and diagonal torus respectively. We use the notation of Section 1.1 for
roots and the Weyl group. Let p’ := (2,1;1) € % Y wer+ @ + X°(T)q. We make use of
the dot action of W on X™*(T') with respect to p'.

We refer to [35] for background concerning the representation theory of G like the
notion of p-alcoves and linkage. Let X;(7") denote the set of p-restricted weights, and
XO(T) the set of W-invariant weights.



J. Enns and H. Lee 892

Definition 3.2.1. We use the notations C., De, E,. for the various dominant p-alcoves
defined in Table A.1 and depicted in Figure A.2. In particular Cyp, C;, C,, C3 comprise all
the p-restricted dominant alcoves, with Cy being the lowest alcove.

Definition 3.2.2. We say that A € X *(T) lies §-deep in its alcove if
<)\‘ + p/aav) € (87 pP— 8) (mOd p)
foreacha € R™.

Definition 3.2.3. A Serre weight is an irreducible Fp—representation of G(F,). All Serre
weights are defined over IF),.

Definition 3.2.4. If A € X*(T) we write y(A) for the G-character defined in [35, Sec-
tion IL.5.7] given by the Weyl character formula. A useful property is that

x(w-2) = (=)@ y) (3.2.5)

forallw € W, A € X*(T).If A € X(T)*, we write y, (1) for the character of the unique
irreducible G-representation L (A) of highest weight A. If A € X;(T'), we write F(A) for
the restriction of L(A) to a G(IF,)-representation. It is irreducible, and in fact the map
A+ F(X) induces a bijection [27, Lemma 9.2.4]

X1(T)/(p — 1) X°T) < {Serre weights}.

We now wish to recall a sequence of well-known results in the representation theory of
G and G(F)) that allow us to compute the right-hand side of the sum formula as an explicit
sum of Serre weights. The first is Jantzen’s decomposition formula which expresses the
mod p reductions of Deligne-Lusztig characters in terms of Weyl characters y(—): for
any o € Wand u € X*(T) we have

Re() =Y VX (Wil =06l 120.) + PP, — ). (3.2.6)

wi,wreW

See [29, Section 5.1] for this result, and [31, pp. 14—15] for the y{uhwz in the case G =
GSp, at hand. Using this formula as well as (3.2.5), we can write the right-hand side of
the sum formula as a sum of Weyl characters of dominant highest weight lying inside the
alcoves of Definition 3.2.1.

Second is the decomposition of y(A4) into irreducible G-representations when A lies
in the alcoves of Definition 3.2.1. These formulas are easy to deduce inductively using
Jantzen’s filtration of Weyl modules [35, Section II.8.19] and its corresponding sum for-
mula.

Lemma 3.2.7. For A lying inside the stated alcoves, x(A) decomposes into irreducibles
Xp(—) as in Table A.3. |

The third and final ingredient is the method for decomposing y,(1) as a G(IF,)-
representation when A € X*(T)™ lies sufficiently deep inside an alcove. If A € X{(T),
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the result is (1) as explained above. In general, write A = A9 + pA; +--- + p"A, with
A; € X1(T). Then it follows from Steinberg’s theorem [35, Section 11.3.17] that

X0 =] ]2
i=0

as a G(Fp)-character. This product can be simplified by the tensor product theorem (cf.
[32, Proposition 6.4]) in certain cases. In fact, we will only need to consider the case when
n = 1, Ag is sufficiently deep inside a p-restricted alcove Ce., and A; is a “small weight”.
Then the tensor product says

)= Y F(o+v). (3.2.8)
vex, (i)

The notation means that v € X *(T') runs over all weights occuring in y,(A1). We illustrate
this technique with an example.

Example 3.2.9. Suppose that A = (x, y; z) lies 1-deep in alcove Eg. Then Steinberg’s
theorem implies that L(A) = L(x — p,y;z + p) ® L(1,0;—1) as a G(IF,)-representation.
Since L(1,0; —1) is 4-dimensional, having weights

v =(1,0;—1),(0,1;-1),(0,—-1;—1), (—1,0; —1),

and each weight (x — p, y;z + p) + v lies in Cy, the tensor product theorem implies that
Lix—p,y;z+p)®L(1,0;-1) =P, L((x — p,y;z+ p) + v) as a G-representation.
We deduce that x, (1) =Y, F((x — p,y;z + p) + v) as a G(F,)-representation, v run-
ning over the four weights above.

Lemma 3.2.10. Assume that A = (x, y; z) is 7-deep inside a p-restricted alcove Ce,.
Then the principal series representation Ri(A) has 20 distinct Jordan—Holder factors
each occurring with multiplicity 1. These factors are listed in Table A.4.

Proof. The list of 20 Jordan—Holder factors is easily deduced from Jantzen’s decomposi-
tion theorem (3.2.6) and Lemma 3.2.7. The fact that they each occur with multiplicity 1
can be established by a dimension count. ]

Proposition 3.2.11. Assume that A = (x, y; z) is 7-deep inside a p-restricted alcove C,.
Then the characters of the graded pieces of M(A)F (515051, ®) are as in Table A.4.

Proof. Since the principal series representation is multiplicity 1 by Lemma 3.2.10, the
graded piece of the filtration to which a given Jordan—Holder factor belongs is uniquely
determined by its coefficient in v(A, s15051). This can be evaluated explicitly using the
method described above via (3.2.6), Lemma 3.2.7, and (3.2.8), the latter holding by the
assumption of deepness. ]

One can obviously use this method to compute the graded pieces of M(1)(w, ) for
any w € W, but we will only need to use the case w = 51505 .
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3.3. Abstract mod p local-global compatibility

In this section, let G and K denote GSp,(Q,) and the maximal compact subgroup
GSp4(Z,) respectively and G¥ = [I4G, K# = [I4 K for some finite set &. In the
application, § will denote the set of places above p of a totally real field. For each
J € &, fix continuous representation p; : Gg, — GSp4(F) of weight (a3, az, a1, ao)

and similitude character v/} p.cris = @° > 3nr§ as in Section 2.3 so that R77 T peris £ 0.

Also we need a crystalline character v cris = &b nrg; as in Section 2.4. We can and do
choose £; as the Teichmiiller lift of vgm(p;)(Frob) € > (this is necessary for our global

setup; see Lemma 4.4.3). Let Roo (resp. RSES) denote (®]Eg RD Vi “)[x1s. .., xp] (resp.

(®jeg R5 0.V “®)[x1, - .., xz]) for some h > 0 and write Mo (resp. m<) for its maximal
ideal. Let » € {@, cris}, so that for example R}, = Roo or RS,

Definition 3.3.1. We say that a pair of a Re-module and a RZ-module (Moo, M)
is a congruent pair of patched modules for (0j, V¥ p-cris» ¥j,cris)jeg if it satisfies axioms
(PM1)—(PM6) below.

(PM1) M2 is a finitely generated R’ [K#]-module with a compatible R% [G¥]-
action.

(PM2) M is a projective profinite O K #]-module.

If V is a finitely generated @-module with a continuous K #-action, we define the R} -
module
M, (V) = Homg . (V (MZL)V)".

By (PM2) M (—) is an exact functor. Observe that there is a tautological right action of
. G¥
H (V) :=Endgg (1nng (V))
on M2 (V). If VV is O-torsion free, then there is a canonical isomorphism

* ~ *\d\d
ML(V) = Homgs[Kg] (V. (MZ)“)
[11, Lemma 4.14]; in particular M3 (V') is also O-torsion free.
Definition 3.3.2. If 7 is a regular principal series type we set
w(0(1)) : (®Rn“//“’°"5) sy Xp]-

JEG

Ifue X*(T)" ando = V(n)q, ® E|k is the restriction to K of a Weyl module for
G of highest weight p with E-coefficients then we define

RS () := (® Rg+n’wj’“ri‘) [x1,...,xn]-

j€d
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For any K -representation o, we write o for the K #-representation ® 40.

(PM3) Leto =o(7) and 0 = V(wq, ® E|k. Let (0*%)° c 0*? be a K#-equiva-
riant O-lattice. If Mgo((o*’g)°) # 0 then the action of R, on Mgo((o*’g)°)
is maximal Cohen—Macaulay over R’ (c*). Furthermore,

M (0™F) i= ML ((0*9)°)[1/p]

is projective of (constant) rank d > 1 over R} (0™)[1/p].

(PM4) Let t be a regular principal series type and w; € W for each j € g. The
tautological action of # ((0(7)*/))g := QjegH (c(r)") on My (o (2)#) is
through

&y (0(0") 22 @ R (1/p] = Reo(0(@)[1/p).

S

(PM5) There is a canonical isomorphism between Ry /@ = RS /w-modules
My/w >~ M/ w.

Fix an element w € ¢ and write p 1= Py, ¥ 1= Yy . We write

dvd
Moow = HomO[]_[g\{w}K] (Moo» (0(70)1\{“}}) ) )
D, -cris
Roo,w =Rl7 e [[Xl,...,Xhﬂ,
and Mo 4 its maximal ideal. Note that Ro is @ Roo,y-algebra and My 1S Roo,y -module
in an obvious way. From (PM1) and (PM2) we see that

T i= (Moo,w/moo,w)v (3.3.3)

is a smooth admissible IF [G]-module with G-action induced by w component in G#. Our
abstract mod p local-global compatibility result says that one can recover (the Fontaine—
Laffaille invariants of) p from the G-action on 7.

Definition 3.3.4. We define W (M) to be the set of irreducible F[K #]-representations
(Serre weights) F such that M} (F) # 0.

Axioms (PM1)—(PM5) make sense for any p, but the next axiom is specialized to our
particular choice.

(PM6) Let pup:= (ax —aop —2,a1 —aop — ;a0 +az —3) € X*(T)*. We assume
F(up)? € W(MES).

Remark 3.3.5. (i) The existence of a congruent pair of patched modules for (o, ¥, Yeyis)
is proved in Section 4 using the Taylor—Wiles patching method for two different setups
under certain hypotheses. The variables x1, . .., xj, which play no role in the argument in
this section, come from the patching construction.

(@ii) In [11], analogues of (PM3) and (PM4) hold for all locally algebraic types . We
have decided to work only in the generality that we need.
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In the next theorem, we write

p

It normalizes Iw and Iw;. Fix 1o and A = (0,0, —1, —1) € X, (T) as in Section 2.3. The
action of IT"! on a space of Iwy-invariants is the same as that of the element Ty, € H#,
where Wy :=t_j,wp € WY wm = 515051 € W. Since Wiy has length zero, we have

T3.Tgy = Twn (3.3.6)

inside #; by the braid relations (cf. for example [56]). If w € W, we have the notation
o(to)¥ = Indllv(v(wuo)@ from Section 2.2 and we write o(79)¥>! for what was denoted
M (wpio)(wrr, i) in Section 3.1 so we have a natural inclusion o : o (19)** — o(1o)¥.
Note these are isomorphic to K-equivariant O-lattices in o (o). Write w’ := wpw so we
have the morphism of O[K]-modules Ty,; : 0(79)* — o(to)¥". If M is any O-module
we write M := M ®q IF. We will use the diagram of F[K]-modules

—w, oQF —w
o(to)  ——0(t0)

lmm (33.7)

—_—w
o (7o)
where 77 : o (19)?" — o(1)?" is equal to ﬁTwn oa.

Theorem 3.3.8. Let (0), ) pcris: Wj,cris)jeg be as above and (Moo, Mggs) be a congruent
pair of patched modules for (pj, ¥} p-cris Vj,cris)jeg- Suppose that p; is strongly 7-generic
for each j € §. Then with notation as in the above paragraph,
(1) W(Moo) NIH(0(v0)#) = {F(up)*}, and
(2) Letw €{id, sg,5150, 805150} and set kyy,ryr as in Theorem 2.3.10. Taking i = ky,,
both maps in (3.3.7) become isomorphisms after applying Homg (—, ). Moreover
the resulting composite isomorphism gv=w'io s plw=wio (by Frobenius reci-
procity) is equal to Py T 7L

Remark 3.3.9. In particular the scalars i, € F* for w € {id, s¢, 5150, 505150} are uniquely
determined by the action of G on 7. By Remark 2.3.11, these scalars (together with the
diagonal characters of p) uniquely determine p.

Proof. By Theorem 2.3.10, Roo(0(1p)) is formally smooth over . Let o, 0™ be as in
(PM3) with 7 = 79 and u = pup. It follows from (PM3), (PM6), and the Auslander—
Buchsbaum formula that M, ((0%)°) is free of rank d over Roo (0 (z0)). Similarly by Propo-
sition 2.4.2, MS%((01%#)°) is free of rank d over R%(0°"). Hence by Lemma 3.2.7,
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dimp (Mggs(F(;Lﬁ)g)/moo) = d. By (PM5), we have
Moo (F(1p)?) = MZ(F(115)%)

as modules over Roo /@ = RS /7.

We can choose o(7p)° so that its reduction modulo w has either socle or coso-
cle isomorphic to F(uz) by [22, Lemma 4.1.1], giving rise to maps MOO(F(/LE)J) —
Moo (W) and Moo ((0#)°) = Moo (F (/,L,a)g) respectively. The former choice together
with the paragraph above shows that My, (F(u 5)4) is free of rank d over

Reo (0(10))/13 = R"5(0) /™

and the latter choice now implies that W(Meo) N JH(o (19)#) = {F (,u,;)g } as claimed.
Now applying the functor Moo ((0#\M%})° ® (—)) to (3.3.7) taking i = ky, by (1), o ®
F will become an isomorphism if and only if F(j5) is a constituent of its image, which
is to say a constituent of M (wito)(wrt, k). This follows when w € {id, s¢, 5150, S05150}
by Proposition 3.2.11.
On the other hand, by Theorem 2.3.10, (PM4), and (3.3.6) we have a commutative
diagram

Mo (07" © 0(20)" k') s Moo (07\)° © 0 (0)")

lr le.,;

Moo (67\21)° @ 0:(10) ") +—2— Moo ((67\))° @ 0(70)™").

In particular, 7" ® F is also an isomorphism. Claim (2) follows now by reducing this
diagram modulo m 4, and applying Pontryagin duality. ]

Remark 3.3.10. The statement of Theorem 3.3.8 (2) can be interpreted more concretely.
It says that for any v € 7™='H0 there exist (many) S € M(wo)r (wi, kw') such that
S’v # 0 and there is an equality

STty =r, 'Sy

where §’ € M(w'10)F is given by T'(S) (mod @), with § € M(wo)e being the Teich-
miiller lift of S. In fact, by (1) we may choose an S that works for all v simultaneously:
choose any S whose image in the unique quotient of M (wpo)F of socle F'(u5) is nonzero.

4. Existence of patched modules

In this section, we prove in some circumstances the existence of a congruent pair of
patched modules (Mo, ME™) satisfying the axioms of Section 3.3, by patching spaces
of automorphic forms on a compact mod centre form of GSp,. Consequently, we obtain a
mod p local-global compatibility theorem for this group.
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4.1. Some automorphic representations

Let F be atotally real number field of even degree over Q. Let § be the F-group GU, (D)
where D is a quaternion algebra over F' ramified at all infinite places and split at all finite
places (such a D exists because | F' : Q| is even). Then § is an inner form of GSp, which is
compact mod centre at infinity and split at all finite places. The centre is isomorphic to G,.
Choosing a maximal order Op defines an (O g -structure on §; for each finite place v we fix
an isomorphism Op , = M>(OF,). This determines an isomorphism ¢, : §f, — GSp, /F,
which restricts to an isomorphism §(Or,) = GSp,(OF, ). For each infinite place v we also
fix an isomorphism ¢, : § ® r,, C —GSp, /C- Let Seo denote the set of infinite places of F'.

If v € Soo, equivalence classes of discrete L-parameters Wr, — GSp,(C) are in bijec-
tion with a triple (wy: ky:1,) € Z> such that k, > [, > 0 and ky + [, = w, + 1 (mod 2)
(cf. [44, Section 3.1]). Explicitly, if we write Wg, = C* U C*j, the discrete L-parameter
D(wy:ky,1,) corresponding to (wy; ky; ly) is given by

10y +1y)
. i0(ky—1Iy)
re'® i rmv. ¢ i0(—ky+1y)
i6(ky—1y)

and
J (_1)wu+1
(_l)wv+1

Note the similitude character takes z > |z|72¥» and j > (—1)¥».

For a dominant weight py, = (ay, by; ¢y) € X*(T)™, we let &, be the irreducible
C-representation of § (F,) corresponding to the L-parameter ¢, —6:a,+2,6,+1)- If & €
(X*(T)T)5> we define

bu = ® I

vES
On the other hand, the L-packet of u, for GSp,(Fy) contains two representations, one
of which is holomorphic and the other generic. We write Hﬁv and I1%, for these, respec-
tively.

Fix a Hecke character j : A; — C*, serving as a central character in all that follows.
We always assume that our co-types (o are compatible with y, which is to say that y, =
(a > |a|*) forall v € Seo.

Let A, denote the space of automorphic forms on §(Afr) of central character y,
and let 4, , denote the &, -isotypic part. Since §(Fu) is compact mod centre, /A, =

EBM Ay, and
Ay = @mﬂ -7
4

for some finite multiplicity m, > 1, the sum running over automorphic representations
of § of central character y such that mo, = .
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A multiplicity-preserving Jacquet-Langlands transfer from automorphic representa-
tions of ¥ to GSp, was proven by Sorensen in [52, Theorem B] for stable and tempered
representations. (See [52, Section 1] for the definition of stable and tempered.)

Arthur described a classification of the discrete spectrum of GSp, with central charac-
ter y in [1]. This classification was proven in [28], conditional on unpublished results of
Arthur, Moeglin and Waldspurger. We freely use consequences of the classification below.

Corollary 4.1.1. Stable and tempered automorphic representations of § occur with mul-
tiplicity one in the discrete spectrum.

Proof. Automorphic representations of GSp, of general type (meaning its Arthur param-
eter is a y-self dual cuspidal automorphic representation of GL4 of symplectic type—
equivalently IT is non-CAP and non-endoscopic) occur with multiplicity one in the dis-
crete spectrum by Arthur’s multiplicity theorem (cf. [28] or [6, Theorem 2.9.3]). It follows
from Arthur’s classification that an automorphic representation of GSp, being of general
type is equivalent to being stable and tempered. Now the claim follows from [52, Theo-
rem B]. [ ]

From now on we assume that there exists w € Z such that
¢y = w for each infinite place v. “4.1.2)

This assumption is necessary because any algebraic Hecke character over a totally real
field has a constant weight.

Definition 4.1.3 (cf. [6, Definition 7.6.2]). If r : GF — GSp, (Qy) is a continuous homo-
morphism, we say that r is odd if for each infinite place v and corresponding choice of
complex conjugation ¢, € Gg we have vgn(r(cy)) = —1.

Theorem 4.1.4. Assume that x satisfies (4.1.2), and let w be a stable and tempered auto-
morphic representation of § that contributes to A, . For any prime £ and choice of

isomorphism 1 : Qq — C there exists a (unique up to isomorphism) continuous semisim-
ple representation

Frta i GF — GSpy(Qy)
satisfying:
(i)  rgy, is de Rham at places dividing {.
(ii)  7q, obeys local-global compatibility

Lo WD(rn,Z,L|GFv )F_SS = reCGT(T[v ® |Vsim|_3/2)

for each finite place v of F. If v|{, the Hodge—Tate weights of rx |G, are
given by iy, + (3,2, 1,0).

(iii) 77, has similitude character )((,[8_3 (where yy, is the £-adic realization of x
through ).
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Proof. The existence of r; ¢, satisfying the local-global compatibility with the stated
Hodge-Tate weights follows from [52, Theorem B] together with [44, Theorem 3.5].
The symplecticity and similitude character in (i) follow from [4, Corollary 1.3] (cf. [44,
Remark 3.3 (3)]). [

For 7 a regular cuspidal automorphic representation of GSp, (A ) with central char-
acter y, we also write r,, ¢, for a continuous semisimple representation

Frd, - Gr — GSP4(@Z)
satisfying items (i)—(iii) above constructed by [44, Theorem 3.5].

Remark 4.1.5. (i) One expects r ¢, to always be irreducible if 7 is of general type. This
is known for F = Q and £ > 5 [59, Theorem 1.1] and F totally real and sufficiently large
£ [58, Theorem Al.

(i1) The existence of these Galois representations is compatible with the conjectures of
[9]: the automorphic representation of GSp, corresponding to m is C-algebraic and one
twists this into an L-algebraic automorphic representation (see [9, Section 5]).

(iii) It follows immediately from the theorem that r, ¢, : GF — GSp, (Qy) is 0dd in
the sense of Definition 4.1.3.

We finish this subsection by proving that all automorphic representations of § (A r) of
our interest are stable and tempered.

Let 7 be a regular algebraic cuspidal automorphic representation of GSp,(AF) or
% (AF). We say that a continuous representation 7 : Gr — GSp,(IF) is attached to w if
for almost all finite places v at which & and r are unramified, we have

Flgp, = recgr,p(my) (mod ).

Lemma 4.1.6. Let ' be a regular algebraic cuspidal automorphic representation of
G(AF). Suppose that there exists a continuous semisimple representation v : G —
GSp,(F) attached to '. Then there exists a regular algebraic cuspidal automorphic rep-
resentation 7 of GSp,(A F) which is a weak Jacquet-Langlands transfer of ©’. In other
words, we have 1, ~ 7, for almost all finite places v of F.

Proof. Let H := 8% be the derived subgroup of §. Then J# is an inner form of Sp, which
splits at all finite places. By a theorem of Hiraga—Saito [28, Theorem 5.1.2], 7’| s (4 ) con-
tains a regular algebraic cuspidal automorphic representation of J# (A ) which we denote
by 7’. By [54, Theorem 4.0.1], there exists a self-dual regular algebraic discrete automor-
phic representation IT of GL5(A r) which is a transfer of ’. It is moreover cuspidal by
[49, Theorem A]. Then by [2, Theorem 1.4.1], there exists a regular algebraic discrete
automorphic representation 7 of Sp, (A r) whose transfer to GLs(A r) is I1. Since IT is
algebraic, [1 is essentially tempered by [14, Lemma 4.9], and 7 is also essentially
tempered, so that v is cuspidal by [57, Theorem 4.3]. Note that at all finite places v, 7,,
and 7, have the same L-parameter (these L-parameters are constructed in [2]).
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By [46, Proposition 3.1.4], there exists a cuspidal automorphic representation s of
GSp,(AF) lifting 7 and whose central character is equal to the central character of 7’.
For any finite place v of F, std’(F), and std’(7y,p,), are isomorphic, as they are mod p
reduction of L-parameters attached to 7, and 7, respectively (here, we use the compat-
ibility between the local Langlands correspondence for GSp, and Sp, upon restriction;
see [24, Main Theorem (v)]). By Brauer-Nesbitt Theorem, we have std’(7) =~ std' (7, p.,)-
Since 75, p,, and 7 also have the same similitude character, we have 7 ~ ' , , ® € for some
quadratic character 0 : Gg — @; By twisting 7 by 61, we can ensure that 7, ,, ~ F.

Let v be a finite place of F at which = and n’ are unramified. Then recgr(m, ®
|vsim|_3/ 2) and recgr (7, ® |vsim|_3/ 2) have the same similitude character and are isomor-
phic after composed with std’ (again, by using the local Langlands for Sp,). Thus,

recar (s ® [Vsim ~>?) = recar(7) ® |vsim| T/?) ® 6,

for some quadratic character 6, : Wr, — Q;,‘ However, by the previous paragraph, we
have
recgr(my ® |vsim|_3/2) ~ recgr(m) ® |vsim|_3/2) (mod @),

which means 6, is trivial modulo @ . Since 6, has order at most 2 and p > 2, this implies
that 6, is trivial and recgr(7my ® |vsim|>/2) ~ recor (7], ® |vgim|~/?). Since the L-packet
of an unramified L-parameter valued in GSp, is a singleton, we have m,, >~ 7). ]

Lemma 4.1.7. Let w be a regular cuspidal automorphic representation of G(A ) where
G = GSp, or G = §. Suppose that there exists a continuous irreducible representation
7 : Gr — GSp,(F) attached to m, then m is stable and tempered.

Proof. If G = §, then we can apply Lemma 4.1.6 to replace 7 by a regular cuspidal
automorphic representation of GSp, (A ) to which 7 is attached. Since being stable and
tempered is characterized by components at almost all finite places, it suffices to prove the
claim for G = GSp,, and 7 >~ 7 p, in this case. By [6, Theorem 2.9.3], the irreducibility
of 7 implies that w is of general type, which implies that 7 is stable and tempered by
Arthur’s classification (see item (a)—(f) at the end of [1]).

To be more precise, suppose that 7 is not stable, i.e. & is either CAP or endoscopic
(again, in the sense of [52]). If & is CAP, then by the results of Piatetski—Shapiro and
Soudry [48,53], 7 can be realized as a theta lift (such & corresponds to either Soudry type
or Saito—Kurokawa type in [1]). Using this, one can easily see that 7 has to be reducible.
If 7 is endoscopic, it corresponds to Yoshida type in loc. cit., and 7 in this case has to be
reducible as well.

To show that m is tempered, note that the transfer IT of = to GL4 is cuspidal. By
Ramanujan conjecture (proven in [51] in this case), IT, is tempered for all places v. This
implies that the L-parameter attached to IT, has a bounded image. By [25, Main Theo-
rem (vii)], the L-packet containing 7, has a unique generic tempered element. Then for
any finite place v at which r is unramified, m, is generic tempered because the L-packet
containing it is a singleton. ]
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4.2. p-adic automorphic forms

We now define integral models of spaces of automorphic forms on § over . Fix a choice
of isomorphism ¢ : @p — C, and let ¥ := )(p,ta_3. All the constructions in this section
depend on ¢, so we omit it from the notation. If V' is an @-module with a linear action of
§(0OF,) and U < ﬁ(A;o’p) X §(OF,) is a compact open subgroup, we define Sy (U, V) to
be the @-module of functions f : §(F)\§(AF) — V suchthat f(zg) = T (x(2) f(g)
and f(gu) = u;lf(g) forz € Z(AY), g € 9(AF) and u € U. Note this space is zero
unless V has central character equal to t~! o y ™! |(91va'

Definition 4.2.1. We say that a compact open subgroup U as above is sufficiently small if
its projection to § (F,) contains no element of exact order p for some finite place v.
We say that U is unramified at a finite place v if U = U, U"” where U, = §(OF,).

By finiteness of class numbers, S, (U, V) is finitely generated (resp. free) over @
whenever V is, and if U is sufficiently small then S, (U, V ®p A) = Sy (U, V) ®p A
for any @-module A with trivial §(O F,)-action.

Let Py denote the finite set of finite places at which U is ramified. Let S, denote the
set of places of F dividing p. If P O Py U S, is any finite set of finite places we let
T PV denote the polynomial @-algebra generated by variables Sy, Ty, Ty for each
v ¢ P. Then T Puniv hag a natural action on Sy(U, V), where the elements above act
through the double coset operators of B¢ (wy), B1(w@y), B2(wy) in the spherical Hecke
algebra O[GSp,(Fy)// GSp4(OF, )] respectively.

For simplicity, we now assume that p splits completely in F'. Then we can identify
places above p with Q-embeddings F' < E and ¢ induces a bijections v — ¢(v) : S, —
Soo. For A € X*(T)™, let V), denote the Weyl module of GSp, over O of highest weight
A. So V) is a finite free @ p-module with an action of GSp, (O ). Now if 1 = (jiy)y|p €

(X*(T)+)H°m@(F’@P) we let V() denote the O[GSp,(OF,)]-module

V() = ) Vi, ®0y, O

vES)

which we regard a O[§ (O F,,)]-module. Then V(1) ®@,, C has a natural action of § (Fuo)
making it isomorphic to §,). Moreover, ¢ induces an isomorphism of Q p[9(AF)]-
modules
lim Sy (U, V() 2= Ay ®ct Qp- (4.2.2)
U
where U runs over all compact open subgroups of §(A%"?) x §(OF ). See for example
[15, proof of Proposition 3.3.2]. We define

Syu(U.W) := S, (U V(1) ®0 W)

for any O[§(O,)]-module W and level U < §(AZ"") x §(OF,p).
Suppose that 7 : Gr — GSp,(IF) is an absolutely irreducible continuous representa-
tion. Let P; denote the set of finite places either dividing p or at which 7 is ramified.
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For any finite set of finite places P © P; we define a maximal ideal mf y = T P0iv with
residue field F by demanding that for each v ¢ P,

Sy (mod mf’x) = J(Frobv),
and the characteristic polynomial 7 (Frob,) in F[X] is given by

X*— Tv,IX3 + (QUTv,z + (5113; + Qv)Sv)Xz _quv,ISvX + 61653 (mod mf’x)

v r

(cf. [6, Section 2.4.7]; note m£ y is well-defined by symplecticity of 7).

Definition 4.2.3. We say that a pair (7, y) as above is modular of weight | (resp. weight
F(w)) and level U if there exists a weight 1 € (X*(T)T)5 (resp. u € (X{(T))5» and
F(n) := ®ues, F(uy)), alevel U < ﬁ(A?’p) x §(0OF,), and a finite set of finite places
P containing Py U Pr such that S, , (U, (9)m£X # 0 (resp. Sy (U, F(u))m£X #0).

Remark 4.2.4. A pair (7, x) being modular is equivalent to asking that there exists a
regular cuspidal automorphic representation 7’ of § (A r) to which 7 is attached such that
7Y # 0and (=1 (1) contributes to (4.2.2). As such we are free to shrink U and enlarge P.
Moreover, such 7 is necessarily stable and tempered by Lemma 4.1.7, and we can apply
Theorem 4.1.4 to obtain
Fa,pu - Gr — GSP4(QP)

such that vgim (7', p,) = )(p,ts_3 and the reduction mod p of ry ,, is GL4(FP)-conjugate
tor.

Also, by applying [52, Theorem B], (7, y) being modular is in turn equivalent to asking
that there exists a regular algebraic cuspidal automorphic representation = of GSp,(AF)
with central character y such that 75 ,, >~ 7.

Definition 4.2.5. We say that a pair (7, y) is potentially diagonalizably automorphic if it
is modular and 7 as above can be taken so that std(rz,p,.)| G, is potentially diagonalizable
(in the sense of [3, Section 1.4]) for all v|p.

For any finite set of finite places P O Py let T;j (U) denote the image of T £univ
inside Endp (Sy,, (U, ©)). Observe that TfM(U, ), 1is an object of ‘é(g.
. 1.
Lemma 4.2.6. The ring TL (U),,p is reduced.
; £
Proof. By commutative algebra the semisimplicity of Sy, (U, 9) ®¢ Q », which follows

from (4.2.2), shows that T; 1 (U) is reduced. The claim follows. |

Proposition 4.2.7. Assume that ¥ : Gg — GSp,(F) is absolutely irreducible and (7, )
is modular of weight | and level U. Then for any finite set P D Py there exists a unique
continuous homomorphism

rf,U):Gr — GSp, (TﬁM(U)mix)
lifting v such that
() vimorf, U) =1y,
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(ii) lva ¢ P then Iy, {L(U 30” unramified ?nd the characteristic polynomial of
ryu(U)(Froby) in T, (U)mf,x [X] is equal to

X =Ty 1 X2+ (9 To 2+ (45 +40) 1o (@) X2 =43 To,1 o (@) X +45 10 (@),
(iii) and for every Q-algebra homomorphism { : T;J’M(U)mp — E' where E' is a

finite extension of E, the representation ¢ o rf’u (U)lGp, is de Rham of Hodge—
Tate weights (1, + (3,2,1,0) forall v € Sp.

Proof. By Lemma 4.1.7 and the irreducibility of 7, we know that the automorphic repre-
sentation associated with Hecke eigensystem TX (U)o r— E’ is stable and tempered.
Then the Proposition can be shown by using Theorem 4.1 "4 and a standard argument using
Lemma 4.2.6; see, for example, the proof of [15, Proposition 3.4.4]. In order to ensure the
resulting representation is symplectic, one applies Lemma 1.1.1. Item (ii) follows from
[6, Section 2.4.7]. [

From now on, we fix a preferred place w|p. If W is any O[§(OF,, )]-module and o is
a finite @-module with smooth GSp,(Zp)-action, we define

SyuoU®. W) = lim S (U Uy, V(i) ® 57\ @9 W)
Uw<8(Or,)

where ' is equal to u but with jt,, replaced by (0, 0;0), and 57 \%} is viewed as smooth
Ol 1,e Sp\w} 9(0OF,)]-module by identifying §(OF,) >~ GSp,(Z,). Note that the functor
W= Sy u,o(UY, W)isexactif U is sufficiently small.

By definition S, ;o (U™, F) is an admissible representation of §(F,) = GSp,(Q,)
over F with central character (™! o y,,. Suppose that 7 : G — GSp,(F) is modular of
some weight and level. We will show that S, , o(U",F )[m£ o 18 nonzero for certain
1 and 0. We are interested in studying the relationship between the F[$ (Fy,)]-module
Sy, (UY, ]F)[mf X] and the local Galois representation 7|, . The main tool for doing
this is the patching method described in the next two sections.

4.3. A patching lemma

In order to clarify the patching method used in the next section, we present here a for-
malized version. In this section, G denotes a locally profinite group having a countable
fundamental system of open neighborhoods at the identity.

Definition 4.3.1. Let A be a commutative ring and j = {j; 2 j» 2 ---} a system of
ideals. A (G, A, j)-inverse system is an inverse system It = {M,(H)},>1,H <., G of finite
A-modules together with a collection of morphisms of inverse systems g« : M,(H) —
M, (g~ Hg) for each g € G satisfying (gh)« = g«h and idx = id. We assume that the
transition maps have the property that they induce isomorphisms

Mr+1(H)/jr :) MV(H)7
M, (H)g = M,(H)
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for all r > 1, H <., G, and any open normal subgroup H' C H. (In particular, all
transition maps are surjective.) These objects form a category in an obvious way.

We say that I is projective if M, (H') is a projective (4/j,)[H/H']-module when-
ever H' C H is an open normal subgroup.

Remark 4.3.2. If b = {b; D b, D ---} is another system of ideals of 4 such that b, D j,
then {M, (K)/b,}, k is a (projective) (G, A, b)-inverse system.

Definition 4.3.3 (cf. [18]). Let A be a complete local noetherian (9-algebra with finite
residue field. We let Mody;’ **¥(A) denote the abelian category of left A[G]-modules M
equipped with a profinite topology such that for any compact open H C G, the A[H]-
action extends to an action of A[H] making M into a linear topological A[H ]-module
for the profinite topology on A[H].

Lemma 4.3.4. Let A be a complete local noetherian O-algebra with finite residue field,
and suppose that the topology determined by j is the max-adic one. The functor

M Moo = 1<i£1Mr(H)
r,H

is an equivalence of categories between the category of (G, A, j)-inverse systems and
ModpGro "&(A). Moreover, if M is projective then Moo is a finitely generated projective
A[ H]-module for any compact open H C G.

Proof. The equivalence of categories follows from [18, Lemma 2.2.6]. In particular, for
any open subgroup H € G we have (Moo)r/ir = M,(H). Using this, the topologi-
cal Nakayama lemma for A[H ] shows that M is finitely generated over A[H]. The
argument in the proof of [11, Proposition 2.10] now shows that M is a projective A[H |-
module if 9! is projective. ]

Definition 4.3.5. A G-patching datum over O is a tuple

(SOOa ROOs (anq)na gﬁnaan)nzlvm}o)7

where

* S is a power series ring over @ with augmentation ideal as, = ker(Seo — 0),

* R is a complete local @-algebra with finite residue field,

* R, isalocal S-algebraforn > 1,

*  ¢n: Roo — R, is alocal O-algebra surjection forn > 1,

e My, ={M(H)n}r>1,H<.,6 15 a (G, Ry, (w");>1)-inverse system for n > 0 with
Mo projective (where we define Ry := O),

* and oy My /ace — M is an isomorphism of (G, Seo, (") ,>1)-inverse systems for
n>1.
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This data is assumed to be satisfying the following axioms:

(1) For all r,n > 1 the Soo-module M, (H ), is free over a quotient S/ I, (inde-
pendent of H) such that I, , C (w”, ax) and

for any openideal b € Sy, I, C (w’,b) foralmostalln > 1. (4.3.6)

(2) Whenever H' C H is an open normal subgroup, M, (H'), is a projective Soo/
I n[H/H']-module for all ,n>1. Also M, (H’) is a projective (0 /w")[H/H']-
module.

One can visualize a G-patching datum via the commutative diagram

Roo 2% Ry —» Ry/w" ~ M, (H),.

/I\

| / 4.3.7)
|

The dotted arrow exists for each n > 1 because S is a power series ring.

Definition 4.3.8 (cf. [43]). Let ¥ C 2N be a nonprincipal ultrafilter. If S is a ring and
@ = (Qn)n>1 is a sequence of left S-modules we let U g (@) denote their ultraproduct
over ¥ . The properties of this construction that we will use are

(1) Ug(—) is an exact functor from the category of sequences of S-modules with
F -morphisms, and

(2) if S is finite and the cardinalities of the Q,, are uniformly bounded, then U # (@) =
Q, for F-many i > 1.

Lemma/Definition 4.3.9. Fix a nonprincipal ultrafilter ¥ . Given a G -patching datum as
in Definition 4.3.5 we define the associated patched module fo be

Mo = lim U ({M, (H)p 5, Seo/ 05,2,
r,H

It is a finitely generated projective object in Mod%m M8(Soo) such that Moo/ aoo 2= (M) oo-
It also has a compatible Ro[G-module structure via a local O-algebra map Soo — Roo.

Proof. For each r, H, the isomorphisms o, imply that M, (H), ®s., Sco/ mgoo is of
uniformly bounded cardinality, so the ultraproduct is well behaved. Axioms (1) and (2)
together with the properties of U g above imply that

‘u}'({M’(H)" ® Soo Soo/m.rgoo}nzl)rzl,Hsc,o_G

is a projective (G, Seo, (Mg _)r>1)-inverse system whose reduction mod aq is isomorphic
to Mo. The first claim now follows from Lemma 4.3 .4.

For the second claim, at each finite level n > 1 the S action on It,, factors through
the local map Soo — R in (4.3.7). Since this map is independent of r and H the same
is true of M. [
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4.4. Patching

We give the precise conditions of the global Galois representations to which our main
result applies.

Definition 4.4.1. A triple (F, 7, y) of a totally real field F, a continuous representation
7 : Gr — GSp4(IF), and a Hecke character y : A% /F* — C* is called suitable of weight
(as,az,aq, ap) if it satisfies the followings:

(A1) F has even degree over Q,
(B2) risodd,

(C3) r isvast and tidy in the sense of [6, Section 7.5] (this implies that r is absolute-
lyirreducible),

(D4) (F, y) is potentially diagonaliazably automorphic of some weight & and level
unramified away from p,

(ES) ’7|GF,, is strongly 7-generic of weight (a3, as, ay, ap) as in Definition 2.3.7 (ii)
for each v|p.

Let p : G, — GSp,(F) be strongly 7-generic of weight (a3, az, a1, ag). We say that a
triple (F, r, x) is a suitable globalization of p if it is suitable of weight (a3, az, a1, agp),
and there is a place w|p of F such that 7|g, = p.

Remark 4.4.2. In (A4), we assume (7, x) to be potentially diagonalizably automorphic
as opposed to being modular. This is used to show that (7, y) is modular of the “obvious”
Serre weight F(u) in Corollary 4.4.7 by applying the automorphy lifting result for poten-
tially diagonalizable lifts [3, Theorem 4.2.1]. The unramifiedness in (A4) is assumed for
simplicity in the construction of patched modules. Assumption (AS5) is not important for
the construction of patching modules.

For the following series of Lemmas, we let K/Q, be a finite unramified extension.
We only need the case K = Q,, for this article.

The first Lemma provides a lift of global residual character with prescribed local lifts.
This must be well-known but we give the proof as we could not find it in the literature.

Lemma 4.4.3. Let F be a totally real field and S be a finite set of places of F containing
all places dividing p. Suppose we have a continuous character ¥ : Gg — F* and ¥, :
Gr, — O™ lifting \[_’|GFU forallv € S. We further assume that for all v|p, ¥, is de Rham
with fixed Hodge—Tate weight ¢ and yye=¢ has finite image. Then there is a continous
character ¥ : Gg — O lifting 6 and ViGr, = Vv forallv e S.

Proof. Twisting by a power of cyclotomic character, we can assume ¢ = 0. Also, we
use class field theory to consider ¥ and 1, as characters of A% /F>* and F* respec-
tively. Following the argument in [15, Lemma 4.1.1], we let U C (Af,)x be the open
compact subgroup such that ¥ is trivial on U, and 1, is trivial on U N F*. We define
VU [lyes F/(U N FX)— O by setting trivial on U and v/, on F,. Since the quotient



J. Enns and H. Lee 908

(A%/FX) /(U [1yes Fo /(U N FX)) is a finite abelian group, we can choose a sequence
of subgroups

=

UHFUX/(UOFX)ZUOEUIC"'_,C,_UrZA;/FX,
vesS

where each quotient U; /U;_; is a finite cyclic group. We can inductively extend ¥ from
Ui_ to U; while ensuring that v lifts ¥|y, at each step. ]

The following Lemma shows that the modularity lifting for potentially diagonalizable
representations for GSp, follows from that for GL4.

Lemmad4.4.4. Letr : Gr — GSp,(E) be a continuous representation. Let y : Ay, | F* —
C* be a Hecke character such that ype™> = vsim(r). Suppose that

(1) for all v|p, std(r)|Gp, is potentially diagonalizable with distinct Hodge—Tate
weights;

(2) risvast;

(3) (7, x) is potentially diagonalizably automorphic for some y : A% /F* — C*.
Then there exists a regular algebraic cuspidal automorphic representation w of GSp, (A F)
suchthatr >~ ry p,.

Proof. By [28, Theorem 7.4.1], std(7) is potentially diagonalizably automorphic in the
sense of [3]. Thus, Theorem 4.2.1 in loc. cit. implies that there exists a regular algebraic
cuspidal automorphic representation IT of GL4(A r) such that a continuous representation
M, p, (see Theorem 2.1.1 in loc. cit.) is isomorphic to std(r). Such IT is then y-self dual.
Again by applying [28, Theorem 7.4.1] (also see [6, Theorem 2.9.3]), this proves the
existence of m such that r >~ ry , . |

We now prove the existence of a suitable globalization of p following the strategy of
[20, Appendix Al].

Lemma 4.4.5. Assume that p > 7. Let p: Gk — GSp,4(F) be a continuous representation.
Suppose there is a lift p : Gk — GSp,(E) such that std(p) is potentially diagonalizable.
Then there is a totally real field F of even degree over Q such that F, >~ K for all v|p
and a continuous representationr : G g — GSp4(E), with its reduction modulo w denoted
by r, satisfying that

(1) 7 is odd,

(2) 7 is vast and tidy,

(3) Flgp, = pforallv|p,
(4) 7 is unramified at all finite places not dividing p,

(5) rlep, and p correspond to points contained in the same component of a potentially
crystalline deformation ring for all v|p (in particular, std(r|gy, ) is potentially
diagonalizable), and
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(6) there is a regular algebraic cuspidal automorphic representation w of GSp4(AF)
suchthatr >~ ry p,.

Proof. In this proof, we let S, 1 (resp. Seo,1.) be the set of places of a number field L
dividing p (resp. 00).

Let L be a totally real field of even degree over Q satisfying L, >~ K for all v|p. We
apply [10, Proposition 3.2]. In the notation of loc. cit., we set G := GSp,(F), E := L,
S =80 USeo,, F:=L({), Hy := L_vkerp and ¢, given by p with image D, and the
isomorphism L, >~ K for v € S, 1, and ¢ to be a Chevalley involution for all v € Se ..
Then there exist extensions of totally real fields L”/L’/ L such that

» all places in S split completely in L/,
* L"/L is linearly disjoint from L(¢,)/L,
e L"/L is Galois and Gal(L"/L) ~ GSp,(F),

 for all places w of L' above v € S, 1, the isomorphism Gal(L”/L) ~ GSp4(F)
induces Gal(L/} /L},) >~ D,.

We write 7/ : Gr» — Gal(L"/L) = GSp,(F). Then 7’ satisfies conditions (1) and (3)
above. Moreover, such 7’ is tidy by [6, Lemma 7.5.12]. By Lemma 7.5.15 of loc. cit., F' is
vast if

Sp,(Fp) C "/(GL/(;;V))

for all N > 1. For N = 1, this is true because L”/L is linearly disjoint from L(&,)/L.
Then this holds for all N > 1 because Sp,(IF,) has no p-power order quotient. Moreover,
using the argument explained in the last two paragraphs of the proof of [20, Proposi-
tion A.2], we can and do replace L’ by its totally real extension such that 7 further satisfies
4).

Using Lemma 4.4.3, choose an odd continuous character ¥ : Gy — O™ lifting vgip, (7)
and INGLL >~ Vsim(p) for all v € S, /. Then [47, Theorem 3.4] provides a lift 7’ : Gp» —
GSp,(E) of 7 such that r'| g n and p, lie on the same component of potentially crystalline
deformation ring of f|GL;, for all v € S, /. By [20, Proposition A.6] (which is based on
[3, Theorem 4.5.1]), there exists a finite extension F/L’ of totally real fields in which
p splits completely and a regular algebraic cuspidal automorphic representation IT of
GL4(AF) such that rr p, ~ r'|g,. Let y : A% /F* — C* be a Hecke character such
that yp.e~> = Vgm(r’)|Gp. Then IT is y-self dual, and it descends to a regular algebraic
cuspidal automorphic representation 7w of GSp4 (A r). Thus, the representation r := 1’| g
satisfies all desired properties. ]

Corollary 4.4.6. Suppose p : Gq, — GSp,(F) is 7-generic of weight (a3, az, az, ao).
Then there is a suitable globalization (F, T, Yuis) of p such that (Xcris,p, ® 8_3)|GFv =
sbnrgv for v|p.

Proof. By [26, Lemma 7.6.7], p has an ordinary crystalline symplectic lift p of weight
Hpw + n. Twisting by unramified character, we can assume that vsm(p) = eb +3nr§ with



J. Enns and H. Lee 910

finite order nrg. Then std(p) is potentially diagonalizable by [3, Lemma 1.4.3]. The claim
follows from Lemma 4.4.5 and Remark 4.2.4 with Ycris, p,. = Vsim () ® &3, [

Corollary 4.4.7. For any (F,r, y) suitable of weight (a3, az, ay, ao), there is a Hecke
character Xeis such that (Xeis ® €2)|Gp, = ebnrg, for v|p, and (F, yeris) is modular of
weight F () and level unramified outside p where (1, = [z for v|p.

Proof. As in the proof of Lemma 4.4.5, we can apply [47, Theorem 3.4] to construct a lift
r of 7 such that r|g, is crystalline of weight i, + 7 for each v|p and unramified outside
P, and Yeris = Vsim(r) ® &3, By Lemmas 4.4.4, 4.1.7, and [52, Theorem B], there exists an
automorphic representation i of (A ) such thatr >~ r, ,,. Moreover, such r arise from
Aot () SINCE Ly 18 a lowest alcove weight the claim follows from Lemma 3.2.7. m

From now on, we let (F, 7, y.is) be suitable of weight (a3, az, ay, ag) as in Corol-
lary 4.4.7 and § be as in Section 4.1. We write ¥eis = Yerisé - : GF — O and Yo,cris 1=
Vg, =ePnrg, forall v| p. We also write Yy p.oris = @°~>&>nrg, for v| p. By Lemma 4.4.3,
there exists Ypcris : GF — O lifting v () such that (Vp.cris) |G, = Yo p-cris forall v|p.
Finally, we set ¥ = Yp-cris 1= Vp-cris ® 3. Let S, be the set of places of F dividing p.
Fix a choice of preferred place w|p. Since r is vast and tidy, we can find a finite place
vo ¢ Sp such that g,, # 1 (mod p), no two eigenvalues of 7 (Frob,,) have ratio ¢y,, and
the residue characteristic of vy is > 5 [6, Section 7.7].

Let S be a finite set of finite places of F containing S, U {vo}. For v # vy, we set
Uy := §(0F,), and we also define Uy, = Iw;(vp). Thenset U? := ]_[UJrP Uy and U, :=
[ 1, Uy Corollary 4.4.7 ensures that Sy, (U? Uy, F(“))[m;‘g,xcns] # 0. The choice of vg
ensures that U2 U, is sufficiently small.

Let T be a subset of S. For each v € S, if D, (resp. @5“5) denotes a deformation
problem on symplectic lifts of 7|, and R (resp. RS™) is the corresponding quotient of
the universal symplectic lifting ring, the tuples

S = (Sv T, {‘DU}UGS» wp—cris), Seris = (Sv T, {eris}veS, wcris)

are global deformation problems and we write D‘Dg (resp. J)STC W) for the the functor of T'-
framed symplectic deformations of type § (resp S¢;is). To simplify the notations, we write
* € {@, cris}. Since 7 is absolutely irreducible, JOST* is representable by a ring Rg*. When
T = 0, we omit the superscript 7. The natural map Rg, — Rg* is formally smooth of
relative dimension 11|7'| — 1. Write 7 := O[y1, ..., y117|-1]- The choice of a universal

liftrg, : GF — GSp4(Rs, ) determines a canonical isomorphism RT* =~ Rs, ®0oT . Define

RT,loc

_ * . T,loc T
s, = Quver R;. There is a natural map Rg™ — Ry .

Definition 4.4.8. A Taylor—Wiles datum is a tuple (Q, (0y,1,...,0y 4)veg) Where Q isa
finite set of finite places disjoint from S such that g, = 1 (mod p) for all v € Q and an
ordering of the eigenvalues of 7 (Frob,) which are assumed to be FF-rational and pairwise
distinct: &y, 1, 0y,2 and &, 3 = vsim(f(FrobU))&;é and 0y 4 = vsim(F(Frobv))&;’ll.
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Given a Taylor—Wiles datum we define the augmented deformation problem

So = (S U Q,{Dy}ves U {QE}UEQs 1,/fp—cris)

and S5, similarly. For v € Q let A, = k)X (p)? where k(p) is the maximal p-power
quotient of k. Set Ag := [],ep Av- There is a canonical map

OlAg] — R§*’Q

for any subset 7 C S such that the natural surjection RY 0™ RY has kernel ag R o
Here ap < O[A] denotes the augmentation ideal. ’ !

Proposition 4.4.9. Let ¢ > h'(Fs/F,ad(7¥)(1)). For every n > 1 there exists a choice of
Taylor—Wiles datum Q, such that

M) |Qnl =gq;

(2) gy =1 (mod p") for each v € Q,;

3) R:g*’Qn is a quotient of a power series ring over R?:k’c = R:gi‘;cn in
g:=2q—4F:Q|+|S|—1

variables.

Proof. This follows immediately from Corollary 7.6.3 of [6] because 7 is odd with large
image. The assumption that # = ¢! in this reference is not necessary for the proof. m

Remark 4.4.10. Note that we can and do choose the same Taylor—Wiles datum Q, for
both x = @ and » = cris.

From now on, we take S = S, U {vo}, Dy = JDUD Vo (resp. DS = Dy for
vesS. Write R := Rg*’@n. Let R}, = R?:IOCQAZ)[[M, ..., Xg]. By Proposition 4.4.9 (3)
we may choose surjections ¢, : Ry, — R;; foreachn > 1. Define So := (9[[Z§qﬂ®(9 T.
For each n > 1, choose a surjection Se, —> O[Ag,]®e7 . This makes R} into an Se,
algebra. Note that if we let I, , < S be the ideal generated by the kernel of this map
together with " then the collection {/, , } obeys (4.3.6) by Proposition 4.4.9 (2).

Lemma 4.4.11. Suppose that o = o () for a regular principal series T and o =
V(up), ® Elk, then we have dim(Ss) = dim(R5,(0*)) for x € {0, cris}.

Proof. This follows from Lemma 2.1.1 and Proposition 2.4.2. ]

For each n > 1 we now define Ulp(Qn) to be ]_[v+p U1(Qn)v, where U1 (Qp)y = U,y
ifvég 0, USp,and Ui(Qp)y =Iwi(v)ifv e Q,.Let G :=§(Fy), Gp 1= ]_[Ulpﬁ(Fv),
and K, = ]_[vlp‘g(@FU). Forr,n > land H <., Gp, we define

M (H)n =[Sy, (H - UL (Q0).0/0") ysvour o 1 @k, R
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where mS;Q"’r is the image of mS;?” inside TSUQ” (H - U1 (Qn),0/w") and m
is the maximal ideal of ®veQ O[T (Fy)/T(OF,)1]in Ende(Sy, (H - UF (Qn), (9/w’))
containing Qe o, O[T (OF,)/T(OF,)1] such that

Bo(wy) = xu(wy), Bi(wy) =ay,1 and  Bor(wy) = &y, 10y,2 (Mmod mg,)
(cf. [6, Section 2.4.29]). Note that

Sk (H ) Ulp(Qn)v O/Wr)mfig"”’*,m*g

isa Rg*,Qn -module by the natural map

Rs, o, = T 9" (H - UL (Qn), O/w") (4.4.12)

which exists by Proposition 4.2.7, and the action of O[Ag,] on M} (H), via O[Agp,] —
Rgﬁ o, 28rees with the canonical action via the surjection

UP /U (Qn) = Ag,.

Note that (4.4.12) is surjective by Proposition 4.2.7 (ii) (since y. is fixed). Moreover, we
define
M} (H)o = [Sy.(H -UP.0/w")_sr]"

It follows from [6, Section 2.4.29] that there is an isomorphism
oy MY (H)p/as = M (H)o
compatible among different r > 1 and H <., Gp.

Lemma 4.4.13. The data

(SOO’ R;o’ (Rr:’ (,0,:, {Mr* (H)"}rzl,Hsc,o_G’ o[;l()nzl > {Mr* (H)O}rzl,ch_o‘G)
defined in the paragraphs above forms a G,-patching datum for both x € {@, cris}.

Proof. Axiom (1) follows from the remarks above and axiom (2) holds because H - U?
is sufficiently small. ]

Hence we may form the patched module M J corresponding to this G-patching datum
in Lemma 4.3.9.

We now take § = S, and choose an isomorphism K ¢~ K ». The following is the
main result of this section.

Lemma 4.4.14. The pair (Moo, M) is a congruent patched module pair for (FlGp, »
Wv,p-criSv v/v,cris)vesp satisfying (PM])—(PM6), and we have d = |W| =8in (PM3)

Proof. (PM1) and (PM2) follow already from Lemma 4.3.9. Axiom (PM3) follows from
Lemmas 2.2.3 and 2.2.4 (which can be seen as the inertial local Langlands for principal
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series inertial type), Proposition 4.2.7 (iii) and Lemma 4.4.11 by the standard commuta-
tive algebra argument; see [11, proof of Lemma 4.18]. We may take d = |W| because
this is the dimension of the space of pro-p Iwahori invariants in a principal series repre-
sentation. Axiom (PM4) follows also from Proposition 4.2.7 (iii) similar to [11, proof of
Lemma 4.17]. (PM5) follows from the fact that M, (H ), in Lemma 4.4.13 for » € {@, cris}
are congruent modulo w together with Lemma 4.3 4. Finally, (PM6) follows from Corol-
lary 4.4.7. ]

Fix a place w of F dividing p. We write UY = ]_[v#v U,. Recall that

Moo,y = HOMo[[], . ) 80 5)] (Moo (0/(10) W) ),

Dﬂpw,p-cris
Roo,w = flch [Xl,...,Xh]]

and My, the maximal ideal of Ry . By Theorem 3.3.8 (1), we know that Mgy, is
non-zero.

Lemma 4.4.15. We have
(Moo, /Moow)” = Sy,0.0) (U F) 7 ).
Proof. By Lemma 4.3.9 there is a natural inclusion

(Moo, /Moow)” = Sy.0.060) (U F)[m ],
It is surjective because we have arranged the map (4.4.12) to be surjective. ]

Remark 4.4.16. The R -module My, is the patched module constructed by [11],
adapted to the group GSp,, using the space of automorphic forms with infinite level at w.
In contrast, the construction of the Ro-module M, uses the space of mod p automorphic
forms with infinite level at all places dividing p. We find it is more convenient to make a
comparison between Mo, and M S rather than between M 4, and its crystalline version
to prove Theorem 3.3.8 (1). However, it is plausible that one can obtain the same result
using M 4 and its crystalline version.

4.5. Mod p local-global compatibility

We can now prove the main result.

Theorem 4.5.1. Let (F,7, x) be suitable of weight (a3, az,a1,ap) with Y = Yp-cris as in Sec-
tion 4.4, and § be as in Section 4.1. Let w be a place of F dividing p. Then the Fontaine—
Laffaille parameters of |G, can be recovered from the admissible F [GSp, (Fy,)]-module
Sy0,0G) U, ]F)[m;-gjx] by the recipe described in Remark 3.3.10.

Proof. This follows from Lemmas 4.4.14 and 4.4.15 and Theorem 3.3.8. ]
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A € Alcove A+ 0 ay) A+ 0. af) A+ 0. a)) A+ 0, af)
Co ©, p) 0, p) 0, p) (0, p)
C ©, p) 0, p) 0, p) (p.2p)
C ©, p) 0, p) (p,2p) (p.2p)
Cs ©, p) 0, p) (p,2p) (2p,3p)
Dy ©, p) (p,2p) (p.2p) (2p,3p)
Dy ©, p) (p.2p) (p.2p) (3p,4p)
Ey (p,2p) 0, p) (p,2p) (p.2p)
E; (p,2p) 0, p) (p.2p) (2p,3p)
E, (p.2p) 0, p) (2p,3p) (2p.3p)
Es (2p,3p) 0, p) (2p,3p) (2p.3p)

Table A.1. List of some p-alcoves for GSp,. Here, aa = 209 + o1 and @3 = o0 + o7.

¢ Sag
Dy
S200+a1 Do
N |
N ‘ C3
o LCIOXEE,
A
N C() E() E'; Sy
AN
_p N
l AN
| AY
‘ s Sag+ag

Figure A.2. A picture of the dominant Weyl chamber with labelled alcoves and reflection axes under

the dot action.

A € Alcove x(A) =
Co Ip(A)
Ci Xp(A) + xp(Co)
Cy 1pA) + xp(C1)
Cs Xr (D) + xp(C2)
Dy XpA) + xp(C3)
D, Ap(A) + xp(Do) + xp(E1) + xp(C3)
Ey Xr (D) + xp(C2)
E, X)) + xp(Eo) + 1p(C3) + xp(C2) + xp(C1)
E; Ao Q) + xp(E1) + xp(Do) + xp(C3) + xp(C2) + xp(C1) + xp(Co)
Es IpA) + xp(E2) + xp(C2)

Table A.3. This table gives the Jordan—Holder factors of Weyl modules for GSpy. In it, we write
xp(A) instead of yp,(A4), where A4 is the unique weight linked to A in alcove A.
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g | F(x.y)o+ F'(y+p—1Lx)

reCo | g Fx=2,y)0+ Fx—1Ly—-1)o+F'(p-3—-y,xn+F(y+p—1p—1—x)
+F(y+p—-2.p—2—-x)p+Fx+p-1.p—1-y)3

F'(p—2—x,y—1)o+F(x—=2,y=2)0+ F(p—1—x,y)

2 | FF'(p=3-x,y=2o+F'(p—=3—x,9)0+ F(p—2—y,x—1)
+F(p=3-y,p—1=-xn+F(p—1-yx)1+F(p-2-y,p—2-x)
+F'(y+p—2,x=1)

g | F(p—1—y,p—1—x)1 +FQp—2—x,p—1—y)3

g | Fx.yhi+ F'(y +p—1,x)3

reC F'(y=2,p=1=x)o+F'(y,p—1=x)o+ F(p—3—y,p=3—-x)o
orl +F(y=1,p=2=x)o+ F'(y=2,p=3=x)o+ F(x =2,y
+Fx—-Ly—-D1+F(x=Lp=-2=yh+F(x,p—1-yh
+F'2p—-3—x,p—2—y)
2 | Fo=3-y.p—1=-x)o+F(p—2-y,p—2-x)o+ F'(x=2,p—1-y)
+FQ2p—2—x,9)2+FQ2p—-3—-x,y—1)2+ F2p—2—1y,x)3
g | F(p—1—y,p—1-x)0+ F2p—2—x,p—1—-y)
g | F'(y,x=p+ Do+ F(x,y)
AeC | ot F'(y—1Lx=po+F(y—-2x—p+Do+FQ2p—4—x,yh
HF (=1, p—=2=y)2+ F'(x.p—1—-y)2+ F'(y + p—1.2p —2—x);

F'(y—=2x—p—1)o+F(p—2—y,x—p
+F(p=3—-y,x—p—1o+F(p-3—-y,x—p+1)
g | +F(p—1—-y.x—p—1o+FQp—-3—x.y—1)
+FQp—=2—x,y1+ F'Qp—-3—-x,p—=2—yh
+F'Qp—d4—x,p—1=yh+Fx—1,y—1)

e | F'Qp—2—x,p—1—y)1 + FQp—2—y,2p—2—x)3
g® | F'(y.x—p+ 11+ F(x,»)3

L eCs Fx—p—Lp—1=y)o+Fx—-—p—-1Lp=3-y)o+Fx—p.p—2-y)
or! +F'Q2p—4—x,p=3—y)o+Flx—p+Lp—1-y)o+F(y—1Lx—ph
+F(y.2p—2—x)1 +F(y—=12p=3—x)1 + F'(y—=2,x—p+ 1)
+FQ2p—2—y.2p—2-x)2+FQ2p—-3—-y.2p—3—-x),
F'p=3—x,p=2=y)o+FQp—4-x,p—1-y)

gr? | +F(y—2.2p—2—-x)1+ F'2p—-3—y.x—p)
+F'2p—2—y,x—p+1)+F@Bp—-3—-x,y)3
g’ | FFQp—2—x,p—1-y)o

gr

gr

Table A.4. For A = (x, y; z) 7-deep inside a p-restricted alcove, this table gives the characters of
gl == M(A)F(s15051.1)/ M (A)F (s15051.1 + 1) (we have gri = 0 fori > 4 by Theorem 3.1.2).
We use the shorthand F(a, b); := F(a,b;z) and F'(a,b); := F(a,b;z + p — 1), the subscript i
referring to the alcove C; in which the Serre weight lies.
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