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Propagation of polarization sets for systems of MHD type
Rayhana Darwich

Abstract. Polarization sets were introduced by Dencker (1982) as a refinement of wavefront sets
to the vector-valued case. He also clarified the propagation of polarization sets when the character-
istic variety of the pseudodifferential system under study consists of two hypersurfaces intersecting
tangentially (1992), or transversally (1995). In this paper, we consider the case of more than two
intersecting characteristic hypersurfaces that are intersecting transversally (and we give a note on
the tangential case).

Mainly, we consider two types of systems which we name “systems of generalized transverse
type” and “systems of MHD type”, and we show that we can get a result for the propagation of
polarization set similar to Dencker’s result for systems of transversal type. Furthermore, we give an
application to the MHD equations.

1. Introduction

In [10], Hormander defined the wavefront set of a distribution u, denoted by WF(u), which
is a refinement of the singular support of a distribution. The wavefront sets does not only
show the location of singularity, but also the direction in which the singularity occurs.
Concerning the propagation of the wavefront sets, many results were given. For example,
in [10], Hormander gave the result for the propagation of the wavefront set for pseudodif-
ferential operator P of real principal type, where he stated that the wavefront set of u; the
solution of Pu = f, is invariant under the bicharacteristic flow given that f is smooth.
Moreover, in [5], Dencker studied the propagation of singularities for pseudodifferential
operator P on a smooth manifold X, having characteristics of variable multiplicity. He
considered the characteristic set to be union of hypersurfaces S;, j = 1,...,7¢ tangent at
ﬂ;"zl S;. Under some assumptions he proved that the wavefront set of the solution of the
considered pseudodifferential operator is invariant under the union of the Hamilton flows
onSj, j =1,...,r9, given that Pu is smooth on X.

In [11], Hormander defined locally the wavefront set of distributional sections u in
D'(X; E), where E — X is a vector bundle over the smooth manifold X. He defined
the wavefront set of u locally as () WF(u;) where (u1,...,uy) are the components of
u with respect to a local trivialization of E. However, this definition does not specify
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in which components u is singular, that is why Dencker defined in [2] the polarization
set for vector-valued distribution ¥ which we will denote by Pol(u). The polarization
set also shows the location and the direction of the singularity as the wavefront set, but it
additionally shows the most singular components of a distribution. Hence, the polarization
set of a distribution is a refinement of the wavefront set, and the projection of Pol(u) \ 0
on the cotangent bundle 7* X gives the wavefront set of u. Similarly, the H"-polarization
set, Pol” (1), is defined as a refinement of the H"-wavefront set, where the H"-wavefront
set of a distribution u; denoted by WF" (1), shows the location and direction where the
distribution is not in the Sobolev space H” (X).

In [2], Dencker defined systems of pseudodifferential operators of real principal type;
note that the definition of systems of pseudodifferential operators of real principal type
differs from the case of scalar pseudodifferential operators of real principal type, and he
defined Hamilton orbits for systems of real principal type which are certain line bundles,
and then he proved that the polarization set of a solution u of systems of real principal
type P will be union of Hamilton orbits, given that Pu is smooth. In [8], Gérard pointed
out that the above result also holds for H"-polarization sets.

Moreover, in [6], Dencker considered pseudodifferential system having its character-
istic set is union of two non-radial hypersurfaces intersecting tangentially at an involutive
manifold of exactly order ko > 1. He also assumed that the principal symbol vanishes of
first order on the two-dimensional kernel at the intersection, and he assumed a Levi type
of condition. Then, he defined systems satisfying these conditions to be systems of uniax-
ial type. Outside the intersection of the hypersurfaces the system will be of real principal
type, hence the propagation result of the polarization set is already known there. In this
article, Dencker has also proved a propagation result of the polarization set at the inter-
section. In [7], Dencker considered pseudodifferential system having its characteristic set
is union of two non-radial hypersurfaces intersecting transversally at an involutive mani-
fold of codimension 2. He also assumed that the principal symbol vanishes of first order
on the two-dimensional kernel at the intersection. Systems satisfying these conditions are
systems of transversal type. In this article, Dencker has proved a propagation result of the
polarization set at the intersection. Outside the intersection the system is of real principal
type.

We worked on extending Dencker’s result stated above to pseudodifferential systems
having their characteristic sets is union of several non-radial hypersurfaces intersecting
transversally at an involutive manifold of codimension 2; not necessary just two hypersur-
faces as in the case of systems of transversal type and systems of uniaxial type. Note that
even if we assumed that the hypersurfaces are intersecting tangentially of exactly order
ko > 1instead of intersecting transversally, we get a similar result, and for the proof we use
the same weight and metric introduced by Dencker in [5] for the symbol classes S (1}, g) of
the Weyl calculus. We have considered two cases for that: the first case is the case where
we have ro non-radial hypersurfaces intersecting transversally at a manifold X,, and every
two hypersurfaces does not intersect outside 35, and we assumed that the roth-differential
of the determinant of the principal symbol is different than zero at the intersection, and
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the ith-differential of the determinant of the principal symbol vanishes at the intersec-
tion for i < ro. Moreover, we assumed that the dimension of the kernel of the principal
symbol to be r at the intersection, and we assumed a condition similar to the Levi type
condition considered in [6]. We called systems satisfying the above conditions systems of
generalized transverse type, and we proved that we have a similar propagation result of
the polarization set as that for systems of transversal type. The second case, is the case
where we also have ry non-radial hypersurfaces intersecting transversally at a manifold
35, every two hypersurfaces does not intersect outside X, and a condition similar to the
Levi type condition considered in [6], but here we assumed that the (ro + 1)th-differential
of the determinant of the principal symbol is different than zero at the intersection, and
the i th-differential of the determinant of the principal symbol vanishes at the intersection
for i < ro + 1. Moreover, we assumed that the dimension of the kernel of the principal
symbol to be ro + 1 at the intersection. We also assumed some additional conditions that
we did not assume in the case of systems of generalized transverse type. We defined sys-
tems satisfying these conditions to be systems of MHD type. We named them systems of
MHD type because we have first noticed such systems when we considered the linearized
ideal MHD equations. Thus we will have a section in which we study the propagation of
polarization sets for the linearized ideal MHD equations.

In our work, we will assume that we have P € \Ilg'k’lg(X )an N x N system of classical
pseudodifferential operators on a smooth manifold X of order m. Let p = o (P) be the
principal symbol, det p the determinant of p, and ¥ = (det p)~!(0) the characteristics of
P. We consider X to be union of several hypersurfaces non-radial in the covariable £ that
are intersecting transversally at an involutive manifold X,. Now, we state our main theo-
rem in this paper regarding the propagation of polarization sets for systems of generalized
transverse type, and systems of MHD type, but its proof will be postponed to Sections 3,
and 4 to prove it for systems of generalized transverse type, and systems of MHD type
respectively. Let

ry(w)=sup{r e R:ue H atv}, veT*X\O0

be the regularity function. The H"-polarization set, where H" is the usual Sobolev space
is defined as follows.

Definition 1.1. For u € D'(X,C"), the H"-polarization set is given by
Pol”(u) = [Nz S (T*X \0) x CV,

where Np = ker o (B), and the intersection is taken over those 1 x N systems B € \Ilghg
such that Bu € H”.

Theorem 1.2. Let P € ‘llgﬁg be an N x N system of generalized transverse type (or of
MHD type) at vy € X5, and let A € \Pghg be an N x N system such that the dimension of
the fiber of Ng N Np is equal to 1 at vy, and M4 = 71 (Nyg N Np \ 0) is a hypersurface
near vy, where wy : T*X x CN — T*X is the projection along the fibers. Assume that
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u € D'(X,CN) satisfies min(ry, + m — 1,r},) > r at vo. Then, Pol’ (u) is a union of
€ line bundles in Ng N Np over bicharacteristics of My = m1(Ng N Np \ 0) near vy.

The plan of this paper is as follows: in Section 2, we mention previous results on
the propagation of polarization sets. More precisely, we will state Dencker’s propagation
result for systems of real principal type which was proven in [2], and Dencker’s propaga-
tion result for systems of uniaxial type that was proven in [6]. Also, we state Dencker’s
result for the propagation of polarization sets for systems of transversal type; see [7]. Note
that in [6, 7], Dencker proved several results for the propagation of polarization sets under
different conditions. Here we just mention the result which is similar to the result in our
main theorem. In Sections 3 and 4, we define systems of generalized transverse type, and
systems of MHD type, and we prove Theorem 1.2 for both types of systems. In Section 5,
we give an application for the results in [9], and for the propagation of polarization sets for
systems of MHD type, so we divide it into two subsections. First, we give the set of equa-
tions describing the ideal MHD, and we linearize it. In Section 5.1, we write the linearized
ideal MHD equations in the form of a wave equation, and we give the characteristic vari-
ety of this wave equation which was calculated in [16] under some assumptions. Then, we
calculate the transport equation under these assumptions as an application to Hansen’s and
Rohrig’s results in [9]. In Section 5.2, we return to the linearized ideal MHD equations,
and we calculate the eigenvalues and their multiplicities which are not constant. Then,
we study the propagation of polarization sets, where we observe different cases, some in
which our system is of real principal type, some in which our system is of uniaxial type,
and one where our system is of MHD type.

2. Previous results

In this section, we state some previous results regarding the propagation of polarization
sets. More precisely, we state the results for systems of real principal type, systems of
uniaxial type, and systems of transversal type proven in [2, 6, 7], respectively. First, we
will state the definition of the wavefront set, the H”-wavefront set, and the polarization
set. For the H' -polarization set, see Definition 1.1.

As mentioned in the introduction, the definition of the wavefront set was first given by
Hormander in [10].

Definition 2.1. If u € D’(X), we have
WF(u) = () Char 4,

where the intersection is taken over all properly supported pseudodifferential operators
A € WO(X) such that Au € €%°(X), and Char A denotes the characteristic set of A given
by

Char 4 = {(x,§) € T*(X)\ 0; a(x,§) = 0}.

Here a is the principal symbol of A.
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Similarly, the H"-wavefront set was defined by Gérard in [8] using the Sobolev space.

Definition 2.2. If u € D’(X) we have
WF’ (u) = () Char A,

where the intersection is taken over all properly supported pseudodifferential operators
A € UO(X) such that Au € H (X).

loc

In [2], Dencker generalized the notion of wavefront set to polarization set when we
have vector-valued distribution.

Definition 2.3. For u € D’(X, C"), the polarization set of u is given by
Pol(u) = [\ Np S (T*X \0) x C",

where Np = kero(B), and the intersection is taken over those 1 x N systems B € \Ilghg
such that Bu € €%°.

2.1. Systems of real principal type

First, we want to state Dencker’s result regarding the propagation of polarization sets for
systems of real principal type. For the definition of real principal type, we will differentiate
between two cases, the scalar case, and the case of system of pseudodifferential operators.

Definition 2.4. We say that P € W (X) is of real principal type if the principal symbol
o(P) = p is real and the Hamilton field H, = ) d¢, pdx; — dx, pd¢; is non-vanishing,
and does not have the radial direction ) _ &; dg; when p = 0.

Definition 2.5 (Case of system of pseudodifferential operators). An N x N system P of
pseudodifferential operators on X with principal symbol p(x, £) is of real principal type
at (y,n) € T*X \ 0 if there exists an N x N symbol p(x, §) such that

p(x.§)p(x.8) =q(x.§) - 1dy 2.1

in a neighborhood of (y, n) where ¢ (x, £) is a scalar symbol of real principal type and Idy
is the identity in CV,

Assume P(x, D) tobe an N x N system of classical pseudodifferential operators on
an n-dimensional smooth manifold X of order m. The symbol of P is an asymptotic sum
of homogeneous terms: p(x, &) + pm—1(x,&) + pm—2(x,&) + - - - where p is the principal
symbol of P and p; is homogeneous of degree j. Assume P to be of real principal type,
thus there exists an N x N symbol p, and a scalar symbol g of real principal type such
that (2.1) is satisfied. Let

T = {(x,£) : det p(x,§) = 0}
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be the characteristic set of P. To state the result of the propagation of polarization set
given by Dencker in [2], we have to introduce first the connection he defined, and give the
definition of the Hamilton orbit. Let

| ..
Dpw = Hyw + ~{p. pjw + 1D Pm1 W,

where w is € function on 7*X \ 0 with values in CN, {, } is the Poisson bracket, that
is{p, p} = Hpp, and p;,_, is the subprincipal symbol of P defined by

Pt = Pmot = 2071 ) 8,0, p.

Dp is a connection on Np over X, that is, if w € ker p at one point of a bicharacteristic
of X, then Dpw € ker p along the bicharacteristic if and only if w € ker p there. Hence,
each parallel section (that is w such that Dpw = 0) is uniquely determined by one point.
Dp depends on the choice of p and g, however Dencker showed that different choices of
p and g only change the solution of Dpw = 0 in Np by a scalar factor. This motivated
him to define the following.

Definition 2.6 (Hamilton Orbit). A Hamilton orbit of a system P of real principal type is
aline bundle L € Np|,, where y is an integral curve of the Hamilton field of X, and L is
spanned by € section w satisfying Dpw = 0.

Theorem 2.7 (Dencker’s propagation result). Let P be an N x N system of pseudodif-
ferential operators on a manifold X, and let u € D'(X, CN). Assume that P is of real
principal type at (y,n) € X, and that (y,n) € WE(Pu). Then, over a neighborhood of
(y,n) in X, Pol(u) is a union of Hamilton orbits of P.

In [8], Gérard stated that we have similar propagation result for the H”-polarization
sets for systems of real principal type.

Theorem 2.8. Let P bean N x N system of pseudodifferential operators on a manifold X
of order m, and let u € D'(X,CN). Assume that P is of real principal type at (y,n) € X,
and that (y,n) ¢ WF" (Pu). Then over a neighborhood of (y,1) € X, Pol" ™™ Y(u) is a
union of Hamilton orbits of P.

2.2. Systems of uniaxial type

Let P € \Ill')'ég(X ) be an N x N system of classical pseudodifferential operators on a

smooth manifold X. Let p be the principal symbol of P. Let ¥ = (det p)~!(0) be the
characteristics of P, and let

Ty ={(x.§) € T:d(detp) =0at (x.§)},
and X1 = X\ X,. Assume that we have

¥ = 81 U S,, where S; and S, are non-radial hypersurfaces tangent at

3, = 81 N S, of exactly order kg > 1, 2.2)



Propagation of polarization sets for systems of MHD type 927

microlocally near vo € X,. This means that the Hamilton field of S; does not have the
radial direction (&, d¢), and it means also that the koth jets of S and S, coincide on X,
but no (kg + 1)th jet does. Note that we have P is of real principal type at ¥, since
d(det p) # O there; see Definition 2.5. (2.2) gives us that ¥, has to be a manifold of
codimension > 2. We assume that

Y., is an involutive manifold of codimension do > 2. 2.3)
Moreover, we assume that
the (complex) dimension of the fiber of ), is equal to 2 at X, 2.4)

and
d?(det p) # 0 at X5, (2.5)

that is, p vanishes of first order on the kernel. We want to consider the limits of Np|x,
when we approach X5, so let .
N} = Npls)\x, (2.6)

Ts,X :=Tx,S; = Tx,S> (note here ¥ is not a manifold), and 0%, := Tx, X/ T ¥,. Here
0% is the normal bundle of ¥, in S; which is equal to the normal bundle of ¥, in Ss.
Letip : ¥, — 0% denotes the zero section of dX ;. By the tubular neighborhood theorem
we know that there exists a diffeomorphism ® from some neighborhood U C S; of X,
to a neighborhood Uy C 9% of the zero section of X, and ® identifies X, itself with
the zero section. Actually, the tubular neighborhood theorem says that if N C M is a
submanifold and M and N both have empty boundary, and

VN := (TM|y)/TN — N,

is the normal bundle of the submanifold N C M, then there is a diffeomorphism ® from
some neighborhood U C M of N to a neighborhood Uy C VN of the zero-section in the
total space of its normal bundle, and ® identifies N itself with the zero-section.

Before giving the definition of systems of uniaxial type, we need to give the definition
of the limit polarizations.

Definition 2.9. For j = 1,2, we define the limit polarizations

BN}{ = {(v,p,z) €9z, xCN : p#0andz = lim zk},
k—o00

where zx € ker p(vg) and vg € S; \ X satisfy (v — vg)/|v — vk| = p/|p| when k — oo.

oN }{ is conical in & and p, and homogeneous in the fiber, but it may have (complex)
dimension > 1 at (v, p). We assume that the fiber of

INp NANE = {0} over 3% \ (23 x 0). 2.7

This condition means that no element in Np |5, can be the limit of polarization vectors on
both characteristic surfaces, along the same direction. Dencker showed that (2.7) implies
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that 8<N1{ is a complex line bundle over 0%, \ (X5 x 0), if we assume (2.2)—(2.5). Now,
we give the definition of systems of uniaxial type.

Definition 2.10. The system P is of uniaxial type at vy € X5, if (2.2)—(2.5) and (2.7) hold
microlocally near vg.

IfP e \Ill')'ég is of uniaxial type and Pu € H" near v € X, then we already know the
result as Gérard stated in [8] that Pol” ™™ -1 (u) is a union of Hamilton orbits in Np near
v because P is of real principal type at X;. Now, we want to give Dencker’s result for
the propagation of the polarization set when we approach X,. Here S and S, are tangent
at X5, so their Hamilton fields are parallel on X,. Since X, is involutive, the Hamilton
fields are tangent to X,. Therefore, ¥ and X, are foliated by the bicharacteristics of .
Also, Dencker proved that d3; \ (25 x 0) is foliated by limit bicharacteristics, which
are liftings of bicharacteristics in X5, and that 9N Pl, U oN 1% is foliated by limit Hamilton
orbits, which are liftings of limits of Hamilton orbits, and are unique line bundles over
limit bicharacteristics. The following theorem is Theorem 8.11 in [6].

Theorem 2.11. Let P € lllg’l‘lg be an N x N system of uniaxial type at vy € X5, and

let A € \I’ghg be a 1 x N system such that the dimension of the fiber of Ngq N Np is
equal to 1 at vo. Assume that u € D'(X,CN) satisfies min(r}, +m — 1,r},) > r at vo.
Then, Pol” (u) is a union of € line bundles in Ny N Np over bicharacteristics of X in
My = m1(Ng N Np \ 0) near vy, where w1 : T*X \ 0 x CN — T*X is the projection

along the fibers.

Moreover, in [6], Dencker showed under what assumptions we get Pol” (1) is union of
limits of Hamilton orbits in N4 N Np near vy € X».
2.3. Systems of transversal type

Finally, we want to state Dencker’s result regarding the propagation of polarization sets
for systems of transversal type; see [7]. Let P € lIJI’)’}]g be an N x N system of classical
pseudodifferential operators on a smooth manifold X, p = o (P) be the principal symbol,
and ¥ = (det p)~!(0) be the characteristics of P. Let

T = {(x.§) € T :d(detp) = 0at (x,§)},

and ¥; = X\ X,. For systems of transversal type we have X is a union of two non-radial
hypersurfaces intersecting transversally at X,. More precisely, the systems of transversal
type is defined as the following.

Definition 2.12. The system P is of transversal type at vy € X5 if

>, is a non-radial involutive manifold of codimension 2,

det p = e - ¢, where e #0 and ¢ is real valued with Hessian having rank 2
and positivity 1,
dimker p = 2 on X5,

microlocally near vg.
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Similar to the case of systems of uniaxial type, if P € \IJ phe is of transversal type and
Pu € H" nearv € X, then P is of real principal type at v. Let N’ be asin (2.6). In [7],
Dencker modified slightly the definition of limit polarizations.

Definition 2.13. For j = 1,2, the limit polarizations is defined by
BN}{ ={(v.2) € T x CV:z = lim Zk ),
k—o00
where z € ker p(vg) and Sj \ X2 3 v — v.

oN 1{ is conical in £ and linear in the fibers. Dencker showed that d.N If is a €% line
bundle over X5, j = 1,2, and that

INp NINE = {0} over Z,.

Here, S and S, are transversal at X5, so their Hamilton fields are non-parallel on %,.
Since X, is involutive of codimension 2, the Hamilton fields of S; are tangent to X,
and generate the two-dimensional foliation of X,. Moreover, d.N, If is foliated by limit
Hamilton orbits which are limits of Hamilton orbits in N 1{ , and are unique line bundles
over bicharacteristics in S at 3, for j = 1, 2. The following theorem is [7, Theorem 7.1].

Theorem 2.14. Let P € \Dl’)’l’lg be an N x N system of transversal type at vy € X5, and let
Ae \Ilghg be a1l x N system such that the dimension of the fiber of Ny N Np is equal to 1
at vy, and My = w1 (Ng 0 Np \ 0) is a hypersurface near vy. Assume thatu € D' (X,CN)
such that Pu € H™™™%! and Au € H" at vy. Then Pol” (u) is a union of (limit) Hamilton

orbits in Ny N Np. Here w1 : T*X x CN — T*X is the projection along the fibers.

Note that in this case M4 = S; for some j, and N4 N Np is a union of (limit) Hamilton
orbits.

3. Propagation of polarization sets for systems of generalized
transverse type

In this section, we generalize Dencker’s result stated in Section 2.3 by considering the
system to have its characteristic set is union of ry hypersurfaces intersecting transversally
at an involutive manifold of codimension 2, with rg > 2. Let P € lIJ;'lig (X)bean N x N
system of classical pseudodifferential operators on a smooth manifold X. Let p = o(P)
be the principal symbol and ¥ = (det p)~1(0) the characteristic set. Assume microlocally
near (xg, &) € X that

ro
Y= U Sj, ro =2, where S; are non-radial hypersurfaces
=1 ro
intersecting transversally at ¥, = m Si, 3.1
j=1
Y, is an involutive manifold of codimension 2, 3.2)
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and assume that every two hypersurfaces does not intersect outside X5, that is

SiNS; =%, fori#j. 3.3)
Moreover, assume that
the dimension of the fiber of Np is equal to rg at X5 3.4
and .
d'(detp) =0fori <ro and d'(detp) # 0at Xs. (3.5)

We want to consider the limits of Np|x, when we approach ¥, so let

ro
Ts, %= Ts,5;
j=1

(note that ¥ is not a manifold), and 0%, := Tx,X/T X,. Before giving the definition of
systems of generalized transverse type, we need to give the definition of the limit polar-
izations.

Definition 3.1. For j = 1,...,ry, we define the limit polarizations

BNI{ ={(.p,z) € 0%, xCV : p#0andz = lim z;},
k—o00

where zx € ker p(vg) and vg € S; \ X satisfy (v — vg)/|v — vk| = p/|p| when k — oo.

oN }{ is conical in £ and p, and homogeneous in the fiber. We will assume that the fiber
of
N N+ NIN = {0} over IZ; \ (22 x 0). (3.6)

This condition means that no element in Np |5, can be the limit of polarization vectors on
all characteristic surfaces along the same direction.

Definition 3.2. The system P is of generalized transverse type at vy € X, if (3.1)-(3.6)
hold microlocally near vg.

Proposition 3.3. Let P € \Ilghg be an N x N system of generalized transverse type at
Vo € X5. Then by choosing suitable symplectic coordinates, we may assume that X =
R x R"71 vy = (0;(0,...,1)), and

S;={(t.x:t.§) e T*RxR" ) : v+ B;(t.x.§) =0}, j=1....ro. (3.7

microlocally near vy. Here B; are real and homogeneous of degree 1 in &; with B = 0,
satisfies in a conical neighborhood of v

cl' <IBj|<CIE'), j=2,....r0,0<c<C, (3.8)

where (1,€,E") € R x R x R*72, which gives ¥» = {t = 0, &' = 0). By conjugating P
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with an elliptic, scalar Fourier integral operators, and multiplying with elliptic N x N
systems of order 0, we may assume that

F 0 oo
P=(O E) mod €%,

microlocally near vy, where E € WL is an elliptic (N — ro) X (N — ro) system and

phg
F ~1d,, D; + K(¢t,x, Dx) mod €. 3.9
Here,
K(1,x,Dyx) € €®°(R, V)
is an ro X ro system, such that k = o(K) has 0, B2, ..., Br, as eigenvalues.

Proof. We will prove it in a way similar to how Dencker proved the normal form for
systems of uniaxial type. Since the result is local, we may assume X = R”. Because X,
is involutive, we may choose symplectic, homogeneous coordinates (x, §) € T*R” near
Vg € X5, so that vg = (0; (0,...,1)) and

T, ={(x.§) e T*R" : £ =0},
where £ = (£/,£"”) € R? x R"2. We may also assume
S1={(x.§) e T*R" : & =0},

near vg. Now, we rename x; =, x; = x', and (x3,...,x,) = x”. Since S; is intersecting
transversally with S; at 35, we obtain

S; ={(t.xit,6) e T*R xR"™) 1 v + B,(t,x, &) = 0},
with f; real and homogeneous of degree 1 in £, 8; = 0, and

clg'| < 1B — Bkl = CIE'l. j #k,

in a conical neighborhood of vy. By taking £ = 1, we obtain (3.8) in a conical neigh-
borhood of vg. Using that dim Np = rg at X,, we can find an N x N elliptic matrix b
homogeneous of degree 0 in the £ variables which maps Im p to {z € CV; z; =0, j <ro}
over X, near vy, and we can choose an N x N matrix a homogeneous of degree 0 in the
£ variables such that ! maps ker p onto {z € CV; z; =0, j > ro} over X, near vy.

bpa = (S“ “2) (3.10)

521 e

Then we have

such that e is an (N — rg) x (N — rp) matrix which is elliptic at vy, and s11, 12, $21,
vanish on X, near vy.
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Now, we choose N x N systems of pseudodifferential operators A and B with princi-
pal symbols a, and b respectively. Then

BPA — (511 512)

S21 E

where its principal symbol is given by (3.10). As E is a system of order 1 which is elliptic
at X5, choose J to be its microlocal parametrix of order —1. Multiply BPA from the left

with
1d,, —Si2J
B, = 0 .
! ( 0 IdN—ro)

Multiply also By BPA from the right by

A4 — [ 1o 0
PT\-US Idy—n)

P=(O E) mod €%,

Hence, we get

microlocally near vy, where E € \Il;hg is an elliptic (N — rg) x (N — rp) system. If f is
the principal symbol for F, then conditions (3.5) and (3.7) imply

det f =ct l_O[(t +Bi), O0#ceSH,

i=2

thus 97°(det /) = det(d; ) # 0 at . By [6, Theorem A.3], and homogeneity, we may
find homogeneous system Coy € S° such that

f = Co(t1dy, +k(t.x.£)).

where det Cy # 0 at 3,. By multiplication with an elliptic system, we may assume Cy =
Id,,. Thus, det f = 7 [];%,(z + B;), which implies that k(7, x, £) has the eigenvalues 0,
Ba, ..., Br, If fo € S° is the term homogeneous of degree 0 in the expansion of F, then
[6, Theorem A.4], and homogeneity give

Jo=B_1f + By,

where By € €®(R, S°) is independent of 7, and B_; € S™'. By multiplying f with an
operator with symbol Id,, —B_;, we may assume B_; = 0. By induction over lower order
terms we obtain (3.9). [

We want to introduce symbol classes adapted to the functions B; defined in (3.8) for
Jj=2,...,r9. Let
() = (&), (3.11)
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where (£') = (1 + |€'|?)!/2, thus & ~ 1 + |B;|. Consider the metric
gldx,d§) = |dx|> + |d&'>(&") 7 + |dE"2(5) 2, (3.12)

and h? = sup g/g° = (§')72. We get that g is o temperate, and B; € S(9, g). Check
[13, Chapter X VIII] to know more about the symbol classes S(19, g) of the Weyl calculus.
Moreover, using Taylor’s formula we can write

Bj = a;§’. (3.13)
with a; € S9 is homogeneous of degree 0 in £.

Proposition 3.4. Let
P =1d,, D; + K(t,x, Dy) (3.14)

be an ry X rg system with K € € (R, \P;hg), such that the eigenvalues of k = o(K) are

0, B2, ..., Bry, with Bj as in (3.8), that is B; # 0. Then P is of generalized transverse type
ifand only if k € € (R, S(9, g)).

Proof. First, letk = (kij)1<i,j<r,- Let
o= (a1,...,0,) € EP(R, S,
witho; = (ki1,. ... ki) fori =1,...,ro homogeneous of degree 1 in £. By homogeneity,
k€ €®(R,S(,g)) & a= 0(8)).

forevery j =2,...,rp.
Assume that o = O(f;) and (v, p) € X1, p # 0. Choose X \ X5 > v; — v such that
(v —v)lv ="t = p/|p|. ] — oo. Let us define

N ki:
yY (v, p) ;= lim #(w) fors € {2,...,ro}and 1 <1i,j <. (3.15)
vi—v B

Since o = O(f;) does not depend on 7, so the above definition is independent of the
choice of v;. We get

INA (v, p) = ker (¥ (v, p))lsi,jsm)’ Vs €{2,...,r0},
where (ysij (v, P))1<i,j<r, denote the matrix with entries ysij (v,p)forl <i,j <rp.

AN (v, p) = ker (—1dy, +(y§j (v, p))lfi,jfro) fors € {2,...,r0}.

It is easy to see that the condition (3.6) is satisfied.
On the other hand, assume that o« # O(B;) at v € X,. Then, there exists a sequence
v; = (t7,x7:0,&) — v, such that

|Ol(l)1)| > l{ﬂj(w)L VIl € N.
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It is no restriction to assume that {(v — v;)[v — v;| 7'} has alimit 0 # p € 3% ], as [ — oo,
and that
g = lim k,-j(vl)/|a(vl)| exists.
=00

Since B; (v7)/|ee(v;)| — 0, we get that
8</VI§ (V,p) 2 ker ((Si’j)lfi,jgro) fors =1,...,rp.

Now, we want to show that ker((¢/)1<i,j<r,) 7 {0}. Since, we have detk = 0, we get
det((¢")1<i,j<r,) = 0. Hence, we get that the rank of (¢"/)1<; j<r, is less than or equal
to ro — 1, which gives in turn that dim ker((¢"/)1<;, j<r,) is greater than orequal to 1. m

We will introduce two spaces that we are going to use. These spaces were also given
by Dencker in [7] and he showed the relation between these two spaces by a lemma that
we will also state. Let H"™* be the space of u € §' (here u depends on ¢ and x) satisfying

2, = @)~ / ;

We say that u € H™® at v € T*R"” \ 0, that is, v ¢ WF**(u), if u = u; + u,, where
uy € H™ and v ¢ WF(u5).
Similarly, when we have u depends only on x then the norm becomes

(@) (0. 8)) drde < oo, (3.16)

lull7 = @m)™" / @) (€)2r ()>dE < oo.

We have S® C S(1, g). Note that the spaces H™* is a particular case of the spaces B, x
introduced by Hérmander; check [12], where p = 2 and k(z, §) = (7, §)" (7, &')%.

Proposition 3.5. Assume that P is an ro X ro system of pseudodifferential operators of
order 1 on R", on the form (3.14), with K € €*°(R, Op(S(J, g))) near vy € X,. Let
u € §'(R",C™) and assume Pu € H™* at vy. Then, for every § >0, and N € N, we can
find cs and Cs y > 0 and vs € H™*! at vy, such that us = u — vy satisfies

s (2. §)] < Cow((@ &)™, when|t| > c5((€)° + (£)). (3.17)
Proof. Follow the proof of [7, Proposition A.1]. ]

Let H,** be the Banach space of u € §’, satisfying

(i) = @m) ™ /

If we have u depends only on x then the norm becomes

(ull,)? = @7)~" f

Hence, |lu||;s = |lull»s when u depends only on x.

ég‘)| £Y25drdE < oo.

£Y25dE < oo.
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If u € H  then we get u|;=, € H™* for almost all p, by Fubini’s theorem. If u € §’
satisfies (3.17), then

”u”:—ﬁs_,s = C’ss(”u”rss + 1) = Cr/,s(||u”>rk+é's+,s + 1)’ Vr,s € R’

where s+ = max(=s, 0). Hence, we lose only O(§) derivatives when taking restriction to
{t = r}, for almost all r.

Definition 3.6. Let u € §'(R"), and assume & # 0 in WF(u). We say that u € H,”® at
(to. X0, £0), that is, (fo, X0, £0) ¢ WFY’ (u), if there exists ¢ (7, x,§) € €®(R, S7) such
that (7, x, Dx)u € Hy® and lim, _, | (%0, xo0. A£o)| # 0.

We have
(t0. xo0.80) # WF* (u) = (x0,&0) € WF™ (up), (3.18)

for almost all p close to g, where u, =u|;=,. If § #0 in WF(u), then from [3, Lemma 2.3],
we get that
7o (WE"%) (1) = WF° (u),

where 7o (¢, x; 7, ) = (¢, x, §). The following lemma gives the result for the more general
wavefront sets.

Lemma 3.7. Assume that u € §'(R") satisfies (3.17). Then Au satisfies (3.17), for any
A e € (R, V5" ) Vm and ¥§ > 0. We also obtain

WE, 555 (u) € 70 WF™ (1)) € WELT3 45 (),

where s3 = max(%s,0) and mo(t, x;7,£) = (1, x,£). Sinceu € €® in 7y (1) \ T by
(3.17), we find

to( WELT85=5 (u)) € WF™ (1) € 1o( WELT 5 (w))  on 3, (3.19)
where 19(t, x, &) = (¢, x;0,§).
Proof. See [7, Lemma A.3]. [

Note that H” = H" is the usual Sobolev space. Changing the notation, let x; = 7,
x' = xj,then x = (x1,x’,x”) € R x R x R*72, Introduce the symbol classes

ST =8(&)h,g)
where 172 = 1 + |£1]? + |£/|? and () are weights for the metric g defined by
gre(dx,dE) = |dx|* + |d§|*h>,

Let U™* = Op S be the corresponding pseudodifferential operators, which maps H"™*
into L2. Returning to the old notation where using ¢ instead of x, and assume that P €
€%°(R,0p(S(, g))) be as in (3.14), we get P € WO,
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In order to prove the main theorem, we need to study the regularity of a Cauchy prob-
lem that we will state. Consider the following N x N system

ro—1
Q=qldy+ Y 0.
i=0
Here ¢ is a scalar operator with symbol
ro
qt.xit.&) =7 [ [+ B)). (3.20)
j=2

where ; € S(9, g) is homogeneous and satisfies (3.8). We will assume
i
= Y af0f
k=0

with A;{, € Op S(¥*', g). We are going to study the following Cauchy Problem:

Qu = f,

(3.21)
Dfu|t:0 =uy, fork=0,...,r9—1.

We are going to assume that the £ # 0 in WF(u). Hence, the restrictions are well defined.

Proposition 3.8. Assume that u € D' (R", CN) satisfies (3.21), and & # 0 in WE(u). If
up € H™7% at (xo. &) fork =0,....,ro—1, f € HI* 7T a1 (¢, x0, &) for 0 < 1 < to,
and £y = 0, then u € Hy* at (1o, Xo, £).

Proof. By conjugating with an elliptic, scalar operator with symbol in S({§)"9°, g), we
may assume that r = s = 0. We will reduce to a first order symmetric system. Let vy =
)kk_lDf_lu fork =1,...,ry, where A € Op S@®~L, g) has symbol 91, Hence, v =
ADvg_y fork =2,...,r0. Then V = “(vy,...,v,) € D'(R",CN), & £ 0in WE(V),
and V satisfies

PV =F, V0|i=o=MW. (3.22)

Here P =1d,,xy D; + K, F = (0,... L0, A7 ) Vo = (ug, Auy, .. .,)Lro_luro_l), and
K € Op S(¥, g) has principal symbol k = (k;i;)1<i,j<r, such that
kijq1 = —v1dy forl <i <ry—1,
kroj =Y Biv++ Bigg_ya® Iy for2 < j <ro, (3.23)
kij =0 elsewhere,

where the sum in (3.23) is such that 2 < iy < j and ix—1 + 1 <ip < j + k —1 for
2<k<rg—j+1

We find Vo € H%0 = L2 at (xo, &) and F € HY? at (7, xo, &) for 0 < ¢ < f,. Thus the
result follows from the next proposition, which we will state after the following lemma. m
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Lemma 3.9. When the above assumptions are satisfied we get
&€ &€
/0 IVI@de < Cel/z(/0 ID:V + KVI[()dr + IIVII(O))

forV € €L R, C7N) ife > 0 is sufficiently small. Here |.||(t) denotes the L? norm
in the x variables, depending on t.

Proof. We are going to prove it in a similar way as the proof of Lemma 5.2 in [4]. As k is
diagonalizable in S(1, g), we get that k = Z;O:l Bjmj, with B1 = 0, where 7; (¢, x,§) €
S(1, g) is the projection on the eigenvectors corresponding to the eigenvalues ; along the
others when §” # 0. k is symmetrizable with symmetrizer M = ) Jrj’-"nj, thatis M > 0
and Mk is symmetric. Note that k is symmetrizable means there exists symmetric N x N
system M(z,x,£&) € S(1,g) suchthat0 < ¢ < M and Mk — (Mk)* € S(1, g). If we put
|V ||(¢) to be the L? norm in the x-variables, depending on ¢, and we put

VI = av.v) = [ (V0. Ve m)d

then

IV 13, @)

If D;V + KV = F, we obtain

IV I2,) = ((8: M —i(MK — K*M))V, V)(t) + (MF,V)(t) + (MV, F)(1)
< C(IVI3 @ + 1 F 3 ().

By Gronwall’s inequality we get, for bounded ¢,

t
V12, 0) < c(nvuﬁm +/0 ||F||%u<s)ds),

80 (3.24) and integration gives the result. ]

Proposition 3.10. Ler P = D; Idy +K where K € Op S(, g) has symbol which is
diagonalizable in S(1, g) with eigenvalues 0, B, ..., By, mod S(1,g), and B; € €% is
homogeneous, satisfying (3.8) for j =2, ...,ro. Assume that V. € D' (R*,CN), £ £ 0in
WE(V) and V satisfies (3.22). If Vo € L2 at (xo.&), F € H>® at (. xo, &) for 0 <t < to,
and §y =0, then V € H2C at (to, X0, &o).

The condition on k means that there exists a basis of eigenvectors {v;} € S(1, g), with
eigenvalues 0, B, ..., By, mod S(1, g).

The above proposition is similar to [6, Proposition 7.2]. To prove [6, Proposition 7.2],
Dencker used the parametrix constructed in [S] for P = D;Idy + K, where K € Op S(1%, g)
has principal symbol k satisfying the conditions in [6, Proposition 7.2], with ¢ and g are
given as in [6, (3.8) and (3.9)], respectively, and he used the microlocal uniqueness; see [5].
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In our case, case of generalized transverse type, we are using different weight and metric,
but we can still construct a parametrix for the Nyg x Ny matrix, where K € Op S(9, g)
has principal symbol k satisfying the conditions in Proposition 3.10, and we can prove
microlocal uniqueness as in [5]. The steps are similar to that in [5], except some details
are changed. Thus, we will not write about the construction of the parametrix and the
microlocal uniqueness and we invite the readers to check [5].

Proof of Proposition 3.10. The argument is all the same as in the proof of [6, Proposi-
tion 7.2], except that to get U € €®(R, D'(R*~1,CV)) N L?, we need to prove [4,
(5.6)] for our case, which we proved in Lemma 3.9. For the parametrix and the microlocal
uniqueness part we have mentioned above that it can be proven in our case in a similar
way. |

Note that here S} are transversal at X, so their Hamilton fields are non-parallel on 2.
That is why we considered in the main theorem, Theorem 1.2, that M4 is a hypersurface
near Vg, so one can consider M4 = S; for some j. Now, we will prove Theorem 1.2 for
the case of systems of generalized transverse type.

Proof. By multiplication and conjugation with elliptic, scalar pseudodifferential opera-
tors, we may assume that 7m = 1 and r = 0, and using the normal form we can assume
that N = rg, and P is of the form in Proposition 3.4. By using [6, Theorem A.4] for
all the terms in the expansion of A, we obtain that A € €*°(R, \Ilghg). As the dimen-
sion of the fiber of Ny N Np is 1 at vy € X5, and the dimension of the fiber of Np
is ro at X,, we get rank 0(A) = ro — 1 at ¥,. Hence, we can conjugate by suitable
elliptic systems in €*°(R, \Ilghg) to get that Au = (uy,...,ur—1,0) € H® in a con-
ical neighborhood U of vy, for some & > 0. Then, we find 71 (Pol®(u)) = WF(u,,)
in U. By shrinking U and decreasing ¢, we may assume Pu € H® in U. Remember
that we have P € W%!, hence we get Qu = "P°Pu € H® 701 there, where P is
the adjugate matrix of P. Let Q = (¢i;);;—;, and P = (P;;);%_,. Since gy,; are in
€®(R,0p S !, g)) fori =1,...,r9 — 1, we find that roroUry € H& o+l g U,
Similarly, we find that Py, u,, € H®~', which in turns gives D=1 P, u,, € H* ¥ for
k=1,...,rp — 1. We want to prove that u,, € HO at (t,x0;0,&) e U N X, fort < 1y,
implies u,, € HO at (19, x0:0, &) = vo.

Thus assume that u,, € HO% at (t,x0:0,&) € U N X, whent < to. We may assume
that § < 1, then Lemma 3.7 gives that o, Prorglres DX Prorotiyy fork =2,... 79 — 1
and g,y Uy, satisfies (3.17). Then & # 0 in WF(u,,), and assuming that (rp — 1)§ < ¢
in (3.17), we find that Pyoyotiy, € HY ', D¥1P, Loupy € HY F fork =1,....rg— 1
and Grorottr, € HY T in (U N 25), and u,, € HY at (1, X0, £0) € mo(U N ) for
t < to.Since Py, = D; mod €% (R,0p S(9,g)), we get Pryrotiry = Dyttyy € HY ™!
which implies, using DX~ Py, ouy, € HOF that DFu,, € HO ™  fork = 1,....rg — 1.
This gives

(Dfu,0)|,:, € Hf’_k at (xg,&0), fork =0,...,r0—1,
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for almost all r < #9, close to fo. Proposition 3.8 (with N =1 and Q = ¢,r,) gives
ur, € HY at (19, xo, &), and Lemma 3.7 gives u,, € H at (to, x0; 0, &). [ ]

4. Propagation of polarization sets for systems of MHD type

In this section, we define systems of MHD type which are also systems having their
characteristic sets are union of ry hypersurfaces intersecting transversally at an invo-
lutive manifold of codimension 2 and ro > 2. However, they satisfy some assumptions
different than that in case of systems of generalized transverse type. We named them sys-
tems of MHD type because we first noticed these types of systems when we considered
studying the propagation of polarization sets of the linearized ideal MHD equations. Let
P e \D;'}’lg(X ) be an N x N system of classical pseudodifferential operators of order m
on a smooth manifold X. Let p = o (P) be the principal symbol of P, det p the deter-
minant of p and ¥ = (det p)~1(0) the characteristic set of P. Assume microlocally near
vo = (X9, &) € X, that (3.1)—(3.3); which we will restate below, are satisfied. That is, we
have microlocally near vy = (x¢, &) € X

ro
Y= U Sj, ro > 2, where S; are non-radial hypersurfaces
j=1

ro
intersecting transversally at X, = ﬂ Si, 4.1
i=1

3, is an involutive manifold of codimension 2, “4.2)

and every two hypersurfaces does not intersect outside 3, that is

SiNS; =%, fori #j. 4.3)

Also, assume that
d’ (det p) = 0 for j < roand d™"!(det p) # 0 at X, 4.4)
the dimension of the fiber of Np is equal to ro 4+ 1 at X5, 4.5)
d(det p) = 0 and d*(det p) # 0 at S;, \ X5, for only one ip € {1,...,70}. 4.6)
d(detp) #0at S; \ X, foreach j € {1,...,ro}, suchthat j # io. 4.7

Moreover, assume that P the adjugate matrix of P can be written as
'P® = RLy + Lo, 4.8)

with R being a scalar pseudodifferential operator of order m, with o (R) vanishing on S;,
to the first order. L1, and L, are N x N system of pseudodifferential operators of order
m(N —2), and m(N — 3) respectively. Assume also that

o(Ly)p = f1dy, (4.9)



R. Darwich 940

with X ={f =0},anddf #0atS; \ ¥, fori ={1,...,ro}. We are using same notation
as the previous section.

In fact, the condition that every two hypersurfaces does not intersect outside X, gives
us that X, is of codimension 2 in case of systems of generalized transverse type and in
case of systems of MHD type. However, this is not true in general in the case where the
hypersurfaces intersect tangentially as the case of systems of uniaxial type in [6].

Definition 4.1. The system P is of MHD type at vy € 3, if (4.1)—(4.9), and (3.6) hold
microlocally near vg.

Note that for systems of generalized transverse type, in proving the main theorem we
dealt with Q = PP = det p1d,, where P was ro X ro matrix having eigenvalues 0,
Ba, ..., Br. Thus, we choose ¢ in (3.20) to be det p which is equal to 7 ]—[;":2(1 + B;)in
that case. However, when we have a system satisfying (4.1)—(4.7), one can see in the fol-
lowing proposition that P can be written as (7o + 1) x (rp 4+ 1) matrix having eigenvalues
0, B2, ..., Br, where we have outside the intersection, X5, 0 is double eigenvalue, and the
rest are simple. Thus, if we want to follow the same procedure done for systems of gen-
eralized transverse type to prove the main theorem and take Q = *P°P = det pIdyy+1,
we have to choose ¢ = det p = 7> [;L,(z + B;) in (3.20), and by that we get in Propo-
sition 3.10 a matrix which is not diagonalizable. Hence, we cannot get the result about the
regularity of the solution of the Cauchy problem in the same way we did for systems of
generalized transverse type. That is why we considered additionally the conditions (4.8)
and (4.9) for systems of MHD type, so we can in the proof of the main theorem deal with
Q =LP = f1d; +1, where L = Ly + Ly, instead of Q = PP, and here f will be
equal to 7 [T/L,(z + B;).

We want to write systems of MHD in a normal form.

Proposition 4.2. Let P € \Ijéhg be an N x N system of MHD type at vy € X5. Then
by choosing suitable symplectic coordinates, we may assume that X = R x R"71, vy =
0;(0,...,1)), and

S;={t.x:t.§) e T*RxR" )11+ ;(t.x.6§) =0}, j=1,....r0, (4.10)

microlocally near vy. Here B are real and homogeneous of degree 1 in &; with 1 = 0,
satisfies in a conical neighborhood of vg

clE| < IBj| < CIEl, j=2,....r9, 0<c <C, (4.11)

where (1, €, €") € R x R x R"72, which gives ¥, = {t = 0, & = 0}. By conjugating
P with elliptic, scalar Fourier integral operators, and multiplying with elliptic N x N
systems of order 0, we may assume that

_(F O oo
P:(O E) mod €,

microlocally near vg, where E € \P;hg is an elliptic (N —rg — 1) x (N —rg — 1) system,
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and
F = 1dyy+1 D¢ + K(t,x, Dx) mod €. 4.12)

Here K(t,x, Dy) € €*°(R, \D;hg) is an (ro + 1) x (ro + 1) system, and the eigenvalues

of k(t, x, §); the principal symbol of K(t, x, Dy), are O (double), B2, . .., Br,.

Proof. In a similar way as in the proof of Proposition 3.3, we get (4.10), (4.11), and

_(F 0 o
P=(0 E) mod €,

microlocally near vg, where E € \I!;hg is an elliptic (N —rg — 1) x (N —ro — 1) system.
If £ is the principal symbol for F', then conditions (4.6), (4.7), and (4.10) imply

ro
det f = c1? l_[(r +Bi), 0#ceS!,

i=2
thus 3;°+1(det f) = det(d; ) # 0 at 5. Same as before we get (4.12). |

We use the same weight and metric introduced in the previous section; see (3.11) and
(3.12). Thus, we have 8; € S(9, g).

Proposition 4.3. Let
P =1dyy4+1 D + K(2, x, Dx) (4.13)

be an (rg + 1) x (ro + 1) system with K € € (R, ‘I!;hg), such that the eigenvalues of
k = o(K) are 0 (double), B3, ..., Br,, with Bj as in (4.11), that is B; # 0. Then P
satisfies (3.6) if and only if k € €*° (R, S(9, g)).

Proof. Same proof as in Proposition 3.4, just we replace rg by rp + 1 when needed. m

Proposition 4.4. Assume that P is an (ro + 1) x (ro + 1) system of pseudodifferential
operators of order 1 on R", on the form (4.13), with K is in € (R, Op(S(¥, g))) near
Vo € X, and k(t, x, &) has the eigenvalues 0 (double), B1.,. .., Br, Letu € 8'(R", Crotly
and assume Pu € H™* at vg. Then, for every § > 0, and N € N, we can find cs and
Cs.n > 0and vs € H™*1 at vy, such that us = u — vy satisfies

)—N

|iig(z.8)] < Cs.n((z.8)) . when |t] > cs((€)° + (). (4.14)

Proof. Same proof as for Proposition 3.5, with replacing rg by ro + 1 when needed. =
Now, we are ready to prove Theorem 1.2 for systems of MHD type.

Proof of Theorem 1.2. Note that as My = m1(Ng N Np \ 0) is a hypersurface near vy,
we have My = §; for some j. By multiplication and conjugation with elliptic, scalar
pseudodifferential operators we may assume that m = 1 and r = 0, and using the normal
form we can assume that N = r¢ 4 1, and P is of the form in Proposition 4.3. By using
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[6, Theorem A.4] for all the terms in the expansion of A, we obtain that A € € (R, \Ilghg).
As the dimension of the fiber of N4 N Np is 1 at vy € X5, and the dimension of the fiber
of Np isrg + 1 at ¥y, we get rank o (A4) = rp at X,. Hence, we can conjugate by suitable
elliptic systems in € (R, \Ifghg) to get that Au = "(uy, ..., Ury, 0) € H? in a conical
neighborhood U of vy, for some ¢ > 0. Then, we find m; (Pol0 (n)) = WEF° (Urg+1) In U.
By shrinking U and decreasing ¢, we may assume Pu € H? in U. Remember that we have
PeW%l 1etL =L+ L,, where L; and L, are given in (4.8), and let Q = LP. We
have Qu = LPu € H® 0" there. Let Q = (q,-j):"’j':l, and P = (Pij);,oj—:r By (4.8) and
(4.9) we have g;; are in € (R, Op S(97°71, g)) fori # j, we find that gry+1ro+1Ure+1 €
H#& o+l in U, Similarly, we find that Protirg+1Urg+1 € H®~!, which in turns gives
Df_lPrOH,OHu,OH e H5 % fork =1,...,ro — 1. We want to prove that u,, 41 € H°
at (t,x9;0,&) € U N Xy fort < tg, implies uyy41 € HO at (19, x0: 0, &) = vo.

Thus assume that u,,4; € HO at (t,x9;0,&) € U N X, when t < ty. We may assume
that § < 1, then Lemma 3.7 gives that u,;+1, Pro+1ro+1Ure+1- Df_1Pr0+1ro+1Mro+1 for
k=2,...,r0 —1and gry+1ro+1Uro+1 satisfies (4.14). Then & # 0 in WF(u,,+1), and

assuming that (ro — 1)8 < ¢ in (4.14), we find that
-1 -1 —
Pr0+1r0+1ur0+1 € Hf’ s Dgc Pro+1,0+1u,0+1 € H,?’ k fork =1,... ,ro—1

and ¢ro 1 1rg4 1Uro 41 €HY O in 7o (U NS5), and uy, 11 € HY at (1, xo, £0) € 10 (U N 5)
for t < ty. Since Pry+1ro+1 = Dy mod € (R,0p S(D, g)), we get Pryt+1ro+1Urg+1 =
Dyuryr1 € HY™" which implies using D¥~1 P, 4 1,0 4114r041 € HOTF that D¥uy, 4 €
HY> ®fork =1,...,ro — 1. This gives

(Dfur0+1)|t:, € Hf’_k at (xg, &), fork =0,...,r9—1

for almost all r < £y, close to #9. Proposition 3.8 (with N = 1 and Q = ¢ry+1ry+1) gives
uro+1 € HY at (19, xo, &), and Lemma 3.7 gives u,,+1 € H® at (fg, x0; 0, £o). n

5. Application

Magnetohydrodynamics, or MHD couples Maxwell’s equations with hydrodynamics to
describe the behavior of electrically conducting fluids under the influence of electromag-
netic fields. In this section, we want to consider the simplest form of MHD, which is the
Ideal MHD to study the propagation of polarization set of the solution of the linearized
ideal MHD equations. Ideal MHD, assumes that the fluid has so little resistivity that it can
be treated as a perfect conductor. See [16] to know more about MHD equations.

We will show, under some assumptions, that the linearized ideal MHD equations is of
real principal type. As we mentioned before, systems of real principal type were defined
by Dencker; see [2], who studied the propagation of their solutions, and showed that the
propagation of polarization sets is governed by a certain connection on sections of the
kernel subbundle, ker p, where p» is the principal symbol of the system. In [9], Hansen
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and Rohrig merged the theory of real principal type systems with the calculus of Fourier
integral operators and constructed a Fourier integral solution for system of real princi-
pal type, and derived a transport equation for the principal symbol of this solution (note
that disregarding half densities this transport equation is the connection introduced by
Dencker).

We will divide this section into two subsections: first, we introduce the ideal MHD
equations and its linearization. In Section 5.1, we write the linearized ideal MHD equa-
tions in the form of a wave equation P = 0 where § is the displacement vector and P is
a second order 3 x 3 system; see [16, Lecture 20], and we show that under some assump-
tions, the characteristic variety of P is disjoint union of the Shear Alfvén wave, the slow
magnetosonic wave and the fast magnetosonic wave; see [16, Lecture 24]. Moreover, we
show that, under the considered assumptions, P is of real principal type and we calculate
the transport equation on X; the characteristic set of P, as an application to the result
in [9]. In Section 5.2, we return to the linearized ideal MHD equations, and we study the
propagation of polarization sets. It turns out that we can consider different cases, some
in which we have our system is of real principal type, some in which our system is of
uniaxial type, and we have a case where our system is of MHD type.

The set of equations describing the ideal MHD are

dip+u-Vp+ pdivu =0,
p(Ou+u-Vu)+Vp+ H xcurl H =0,
0H—-VxuxH)=0,
dp+u-Vp+ypdivu =0,

5.1)

where p, p € R denotes the density and the pressure respectively. u € R3 is the fluid
velocity, H € R? is the magnetic field, and y is the adiabatic index, see [16, Lecture 20].
Assuming a stationary equilibrium the linearized equations of (5.1) about (p, H, p) is:

0;p=—pdivit —u - Vp, (5.2a)
pdst = —Vp—H xcurl H— H x curl H, (5.2b)
0H =V x@xH), (5.2¢)
0;p=—ypdivu —u-Vp, (5.2d)

where (p, H, p) are the values in the equilibrium state (that is the solutions of the Ideal
MHD equations when d/d¢ =0, and as we assumed stationary equilibrium we have u =0).
Note that we used that

Vp+ H xcurl H =0, (5.3)
which we get from the stationary equilibrium assumption, and  can be written as
B
u=——, 54
o (5.4)

where f is the displacement.
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5.1. The ideal MHD wave equation and the transport equation

We can write the linearized ideal MHD equations (5.2) in the form of a wave equation;
see [16, Lecture 20]. Substituting (5.4) in (5.2a), (5.2¢), and (5.2d) respectively, and inte-
grating with respect to t we get

p=—pdiv—f-Vp, (5.52)
H=Vx(xH), (5.5b)
p=-ypdivp—B-Vp. (5.5¢)

Replace now (5.5b), (5.5¢), and (5.4) in (5.2b) to get
2B )
—5 =rV(pdivg) + V(8- Vp)

o
ot
+ (VX (VX (BxH)))x H+(VxH)x(Vx(xH)). (5.6)

Equation (5.6) is the ideal MHD wave equation. Consider from now on P where
0°p )
PB = ~Pya yV(pdivB)+V(B-Vp)+ (Vx (Vx(BxH)))x H
+(VxH)x(Vx(BxH))=0.

Now, we want to give the characteristic variety of P under some assumptions; for this part
we refer to [16, Lectures 23 and 24].

Lemma 5.1. Assume c> =yp/p>0,0<|H|?># pc?, §-H #0,and € x H # 0. The
characteristic variety of P is disjoint union of the Shear Alfvén wave, the slow magne-
tosonic wave, and the fast magnetosonic wave characteristic varieties {q1 = 0}, {g> = 0},
and {q3 = 0} respectively, where

q1 = pt> — (H - §)?,
g2 = p(t? — c2(x,8)).
g3 = p(v? — ¢} (x.9)),

with

F(x.6) = %((02 + h?)E 4+ /(c2 — h2)2E4 + 4b2c2£2),

20.8) = 5 (€ + W8~ @IV A,

where ¢ = yp/p > 0, and h* = |H|?/p are considered to be the sound speed and the
Alfvén speed respectively, and b> = |§ x H|?/p.

Proof. We have

p2B = pt?B —ypE(E - B) — (£ x (§ x (B x H))) x H, (5.7
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with p, is the principal symbol of P. Considering v = H/./p, equation (5.7) can be
written as

p(r? = (E-v)*)B = p((P+1*)(E-B) — (v-B)E-v))s —pv(E-P)E-v).  (58)

Without loss of generality, let v = |H|//pé., § = £1éx + £, with §2 = §7 + Sf, and
B = Bxéx + Byéy, + B-é; with é,, é,, and é, are unit vectors that points in the direction
of the x-axis, y-axis, and z-axis respectively. Substituting this in equation (5.8), we find

x-component: prBy = pcé1EL Bz + p(E> + E3) B (5.92)
y-component: pt2fy, = ph2$”2/3y, (5.9b)
z-component: pt>f; = p(c*§1EL)Bx + pcE] - (5.9¢)

Notice that the y-component decouples from the x- and z-components. This immediately
gives the shear Alfvén wave:

2 242
pt” = ph7¢ B
The characteristic equation for the coupled x- and z-component is

P>t — p*T?E2(c? + h?) + p> P hPEE = 0. (5.10)

Hence, we get

o> = 2(( + 108 + (2 - i)t + 4l

Still we want to prove that {g; = 0}, {g> = 0}, and {g3 = 0} are disjoint. Dividing (5.10)
by p?, it can be written as

(TZ _ hzéﬁ)(fz _ CZEZ) _ ‘L'ZI’ZZEJZ_.
Consider R(X) = (X2 — hzéf)()(2 —c?6%) — X2h?E2 {R<0} = [cszc}] and R(X) <0
for X € [min(hzéf, c2g?), max(hzéllz, c2£2)]. Thus,
c} > max(hzfg‘"z,czéz) > hzéﬁ,
cf = min(h*f.c*6%) < h?j.
As h*E} # 0, we have R(h*Ef) = —h*Efc*E? < 0. Hence, ¢ < h*E} < c}. "

Suppose that the conditions of Lemma 5.1 are satisfied. Now, we are interested in
calculating the transport equation as in [9]. The full symbol of P is p, + p1 + po, with p»
is the principal symbol of P homogeneous of degree 2, and p; and pg are homogeneous
terms of degree 1 and O respectively. One can check that the principal symbol of P is

p2=(pr> = (H-§))Ids—(yp+ |HP)E@E+(H-E®H + H®E), (5.11)
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and
p1=iy(Vp)®E+iE® (Vp)+i(V(H -§)-H + (H-§)divH)Id;
+ %(5 ®VIH*) +i(VIH* ® §) —2i(H - V)(H ® §)
—i(V(H-§))®QH—i(H-§)(V®H)—i(V-H)(¢®H).
Using (5.3), we get
=iy(Vp) ®§+i§®(Vp)—i(Vp) ®§
+i(V(H -£&)-H + (H-£)divH)1d; +%(§ ® V|H|?)
+ %(V|H|2 ®&)—i(H-V)(H®E)
—i(V(H-§))®H—i(H-§)(V®H)—i(V-H)(¢®H). (5.12)

One can check (5.11), (5.12), and the calculations given below by using “Mathematica”
for example.

Let 'y, ', and T3 be disjoint conic neighborhoods of {¢; = 0}, {g> = 0}, and {¢3 = 0}
respectively. Setg = ¢, inI';,q = g2 in ', and ¢ = g3 in I's.

Proposition 5.2. P is of real principal type with respect to the Hamilton field H, of
¥ ={q =0}

Proof. We have q1, g2, and g3 are scalar real principal type. Let
w = |HP$@E+§PHQOH — (H-§)(H®E+EQH).

In I'; we take

- q q1 (H - §)*w?
Pr=1ds+———(yp + |HP)§ @&~ ——((H-HE®H + H®E) + = —
4293 4293 4243
to get po p» = ¢q1 Id3. In I'; we take
. q 1 1 (H-§)*w?
hr= "2l +—(yp + [HP)E®E— —((H -HE®H + H®H) + ———
q1 q3 a3 N
to get pr pr = ¢q2 Id3. In I'; we take
. q 1 1 (H-§)*w?
hr= "1y +—(yp + [HP)E®E— —((H -HE®H + H®H) + ———
q1 92 12 N

to get prpr = ¢31ds. .



Propagation of polarization sets for systems of MHD type 947

Remarks. Now, we write p, and p; in terms of 71, 75, and 73, the orthogonal projectors
with ; + 7, 4+ 73 = 1, and we give the values of some terms on the characteristic set X.

* The principal symbol of P calculated before can be written as

P2 = q171 + q2my + g3,

where
2
T = Id3+(H~§)2_ |H|2|$|2’
1
i pc’?(x,é)—,ocj%(x,g)((yf”+| P)ERE—(H-EQH +H®E)
(H -£)>w? )
pc2(x,€) — (H -£)2)’
and
1
b Pcf(x»é)—pcsz(x,é)((ypﬂ P @t~ (H-6)E®H + H®E)

(H -§)>w? )
pc3(x.§) — (H -£)?
with 1, m, and w3 are orthogonal projectors and 7y + m, + 73 = Ids.

e In F],
D2 =m + q—ﬂz + q—1ﬂ3,
qz2 q3
and set w7 = my.

In Fz,

P2 =m + q_zm + q—2ﬂ3,
q q

and set 7 = 7m5.

In F3,
D2 =m3 + q—m + q—3ﬂ2,
q1 q2
and set 7 = 3.

On X, pp =7, por =0 = 7mp;y, and poa = 0if and only if a = 7a.

In what follows, let X = R x R3, A C T*X \ 0 be a closed Lagrangian subman-
ifold of the characteristic set of P, and let £, 12 denote the half- density bundle of A.
SEHL(AL () Y %)3) is the space of symbols of the space of Lagrangian distributions 7 (X,
A; (Ql/ 2) ); see [14, Section 25.1] to read more about Lagrangian distributions.

From [9], we know that there is a first order differential operator Tp, H, on A, uniquely
determined by P and H, which maps a a 3-vector of half densities with p,a = 0 to 3-
vector of half densities where

I . . -
{VP,an = ina + 5{]’2»[72}@ + lp2psa-
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Here

P’ = p; — — .1
1 Z axjagj’ (5.13)

is the subprincipal symbol of P, £p, is the Lie derivative with respect to Hy, and {.} is
the Poisson bracket.

Lemma 5.3. p,p’n =0on X.
Proof. Differentiating p, we get
2 9 pa
— 9%, %

=-2(V(H-§)-H+ (H-§divH)Id3—(yVp + V(H?)) ® &
—E®(yVp+VIHP?)+(divH + H-V)(QH + H®E)
+(VH-§))®H+(H-§)(VOH+(V®H))+HQ(V(H-§)).

Therefore, the subprincipal symbol is given as follows:

2ip° =y(ERVp—-VpRE) +divHER® H— H ® £)
+(H-H(-(VOH)T+(VQH))+(H -V)(HR®E—-§® H)
+(V(H-§))®H—-H®V(H-§))+2(VpR®E—EQ Vp).

We have
2i ppp’m =2inp’nt on X.

Using that 2i p* is a 3 x 3 skew-symmetric matrix with zero entries on the diagonal, and
7 is a symmetric matrix we get that 2i 7 p*m is a 3 x 3 skew-symmetric matrix. Therefore
to prove that it vanishes, it suffices to show that its rank is < 2. Since 7 is projection we
have rank 7 = trace 7. Calculating the trace of w we get that rank = = 1 and hence we
proved the lemma. ]

Lemma 5.4. Let A C X be a conic Lagrangian submanifold. Let a € S*T1(A, (Qk/z)z’).
Then, {p,, pa}wta = =2(Hm)a on X.

Proof. We will prove the result for 7 = m; and the same argument applies for 7, and
3. We have in a conic neighborhood of {g1 =0}, p2 = q171 + g272 + g373,and p; =
T + 712 + 713 Using that 72 = 7, and {g1.¢:} = 0 we get

{P2, p2ymia = {m1, q1}ma + qa{my, ma}mia + q3{my, myma + waiqr, ma}ma
3
+ Z—ﬂz{CI1,JT3}7Tla + ?ﬂs{ch,ﬂz}ﬂla + m3{q1, m3}ma.
2 3
Using that Hr; = Hzrj2 = (Hnj)mj + nj(Hm;) for j = 2,3, we getwj{q, wj}ma =

{q1, wj}ma for j = 2,3, and using 0 = H(mwpm3) = mp(Hms) + (Hmp)ms and 0 =
H(m3m,) = m3(Hmp) + (Hms)mp we get ma{q1, w3 )ma = m3{qy, ma}ma = 0.
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Using 7 = Ids —my — 73, {71, 1d3} = {q1,1d3} = 0 and {7y, 71} = 0 we get
{P2, p2}mia = —2(Hmy)ma + (g3 — g2){m1, m3}ma.
Now, we want to prove that {1, w3}m1a = 0. We have
0g, 1 = Bginlz = m10g w1 + 0, iy,

and similarly dx, 71 = 8xin12 =m0y 701 + Oy; M1 71 Also, 0 = g, (w1 7r3) = m10g, w3 +
0g, w1w3. Hence, m10g, w3 = —0g, 1 7w3. Similarly, we have 10y, 13 = —0x,; w1 7w3. Com-
bining these together we get

{m1, m3ymia = mi{my, m3jma.

We have
3

m{my, w3}mia = an (0g; m10x; T3 — Ox, 1 0g, T3) 014
i=1
Moreover,
n185in18xin3n1a = T[lagiﬂl(f[g,axiﬂ?, + 8xin37t3)n1a = ﬂ](agiﬂ1ﬂ3)axi7{37ﬁa
= —m10g; w3(0x; w371 )amy (0, w37w3) 0y, M1a

= 11 (0g; w3 — m30g; 3)0x, 1A = 71 0g; W30y, M1 4.

Using that m1a = a on X, we get 10, w1 0x, 314 = 710, w30, w1 w1 a. Therefore,

3
.7T1{7'[1, .7T3}7T1£Z = Zﬂ](agiﬂ_gaxiﬂl — aximagim)ma.
i=1
We have 0g, w30x; m1 — Ox; w10, 3 is a 3 x 3 skew-symmetric matrix with the entries in
the diagonal equal to zero. So same as before we get 71 {m1, w3}m1a = 0 as the rank of
1 equal to 1. Hence, the lemma is proved. ]

Proposition 5.5. Let A C Y. be a conic Lagrangian submanifold. Let a € S*T1(A, (912)3)
with poa = 0. Then
Tp.wa = £ya— (Hm)a onA.

5.2. Propagation of polarization sets for the linearized ideal MHD equations

Note that (5.2) is hyperbolic symmetric with symmetrizer

yp 0.0 0 0 0 0 —p
0 p00OO0O0O0 0
0 0 p0O0O0O0 O
0 00 p 000 0
=10 o0o0100 o0 (5.14)
0 000010 0
0 00000T1 0
- 0.0 00 0 0 H£
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The principal symbol of (5.2) is

o+ pE-u) =0,

i+ p lpE+p ' Hx (Ex H) =0,
tH+ (E-u)H —(H - =0,
tp+yp-u)=0.

(5.15)

We use here thAe notagion EA: (&1, &5, &3) for the spatial frequencies and § = |$|§, u) = g? u,
uy =u—ujf =—§x (& xu). ) )

We write (5.15) in the general form tU + A(U, £)U =0 with parameters U = (p, H, p),
and U = (p,u, H, p).

We have the following result.

Lemma 5.6. Assume that c> = yp/p > 0. The eigenvalues of A(U, §) are
Ao =244 =0,
A = £ @)IE
Asr = £(§-H)/J/p,
Az = s QIEL,

with & = £/|€| and

3(8) = %((c2 + %) + V(c? — h2)? + 4b2c?), (5.16)

2(§) = %((C2 + h?) = V(2 — h2)? + 4b2c2?), (5.17)

where h? = |H|?/p, b* = |E x H|?/p.

Moreover, if we assume that 0 < |H |? # pc?, then we have

(i) When&-H #0and& x H # 0: g = Ayq is double eigenvalue of A(U, §), and
the eigenvalues Ay1, Ayp and A3 are simple eigenvalues of A(U, §).

(i) When&-H =0, § # 0: A3 are simple eigenvalues, while Ao = A1 = Ao =
A4 is a multiple eigenvalue.

(ili) When £ x H =0, £ # 0: when |H|?> < pc? (resp. |H|*> > pc?), A+3 (resp.
Ax1) are simple; Ay # A_p are double, equal to i1 (resp. Ay3) depending
on& - H, Ay is double equal to A4.

The proof of this lemma is very similar to the explanation given in [15, Appendix A]
except here we have the additional eigenvalue A4 = 0. Also, here we will not state all the
eigenspaces as in [15].
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Proof. Let U = (p,u, H, p). The eigenvalue equation A(U, §)U = AU reads
Ap = puy,
priy=p+H-Hy,
Aptiy = —H||I-'Il,
AH) =y Hy — Hyiy,
AH) =0,

Ap = ypu.
On{p=0,11=0H =0,p=0}=Ey), Ais equal to A = 0. From now on we work
onEy = {Hll = 0} which is invariant by A.
Considerv = H/,/p, v = H/f,o'z = p/p,a = p/p,and & = p/p. The character-

istic system reads:

Ao =y,

/U?H =a—+v, -0,
)H;U_ = —U”l.}J_,

AV = 1:!||UJ_ — v||12J_,

Ad = you.

Take a basis of £+ such that v; = (b,0) and leta = v In such a basis, the matrix of the
system is

A -1 00 0 0 0
0 A 0 0 —b 0 —1
0 0 A 0 a 0 0
A—A=l0 0 0 A 0 a O (5.18)
0 =b a 0 A 0 0
0 0 0 a 0 X 0
0 —ya 0 0 0 0 A

The characteristic roots satisfy
A(A2 — az)((/\2 —a>)(A* =% — Azbz) =0.
Thus either

A=0or

A2 =da’or

~ 1
2 =ciE) = E(c2 + 1% + V/(c? — h?2)2 + 4b%c2) or

~ 1
A2 =c2E) = E(c2 +h? — \/(c? — h?)2 + 4b2c2),

with h%2 = a? + b = |H|*/p.
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As in Lemma 5.1, if we consider R(X) = (X —a?)(X —c?) —b?X,{R <0} =
[c2(§), c}(é)], and R(X) < 0 for X € [min(a?, ¢?), max(a?, c?)]. Thus,
cf(g) > max(a?, c?) > a?,
c§(§) < min(a?, ¢?) < a®.
At the case v # 0 thatis w = § X v # 0: we have the basis such that (5.18) holds is
smooth in £. In this basis, w = (0,b), b = |vy| > 0. Since R(c?) = —b?c? < 0 there
holds ¢2(§) < ¢? < c} (£). Suppose that @ # 0. Then R(a?) = —a®c? < 0 and c2(§) <
a’? < c} (&). Moreover, cf(é)c} (§) = a®c? and ¢2(£) > 0. However, when a = 0, we get
c2(§) = 0, but c}(é) >c2>0.
When a # 0, and b = 0, the eigenvalues of A are £c¢ (simple), O (simple), and £/
(double). Assume that ¢2 # h2. Note that when b = 0, then |a| = 4 and
when ¢? > h? : (:f(g) =c, cs(g) =h,
when ¢ < h? : Cf(g) =h, cs(g) =c. |

Let Q be a pseudodifferential operator of order 1, such that QU = 0 be the system
of the linearized ideal MHD equations, and ¢ = o (Q) be its principal symbol. We have

detg = 72(r? = 2 E)|E?)(2 - 2 E)EP) (2 — (£ - H)?/p).

Proposition 5.7. When we have X is disjoint union of the hypersurfaces
Si={n=t=0}, S;={g=1-c;EE[=0}, S3={g3=71+cs(E)IE] =0},
Se={qa=t1—(E-H)/Jp=0}, Ss=lgs=1t+(E -H)/J/p=0}
Ss=1{gs =t —crB)E| =0}, S7=1{q7 =7 +cr(E)E| =0}

that is when we are outside the intersection of any of these hypersurfaces, then Q is of
real principal type. Note that we have this case when & - H # 0, and £ x H # 0.

Proof. LetT'y,...,'; be the disjoint conic neighborhoods of Sy, ..., S7, respectively.
Let ?¢®° be the adjugate matrix (transpose of the cofactor matrix) of ¢. We can check
by using “Mathematica” for example that *¢°° can be written as

g = 1M, (5.19)

with M being an 8 x 8 matrix.
In I'y, we choose

q= (1/1_13611)1‘4’

So we get
qq = tldg.
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InTj, for j = 2,...,7 we choose
.
q= (1/(qf HC]i)) ‘4%,

i=2

i#j
so we get

49 = q; 1dg .

As g; for j =1,...,7 are of real principal type we get the result. ]

Remember that from Lemma 5.6, we know that CJ% (g?) #c? (§) and that CJ% (g?) # 0.

Proposition 5.8. If t # 0, and 2 # c}(§)|g|2, orift # 0and t> # c§(§)|§‘|2, then our
system is of uniaxial type at X».

Proof.

First case. If T # 0, and 12 # c} (£)|€|2, we have I is union of two hypersurfaces

S1 = {t —cs(®)g] = 0} U {r + 5 (B)|E] = 0},
S ={t—(-H)/J/p=0juf{t+(-H)//p=0}

intersecting at

%o = {v = [EIH|//p. € x H =0, [H < pc’. & #0}
U{r =—|¢|H|//p. § x H =0, |H|? < pc?, £ #0).

Second case. 1f T # 0, and t2 # ¢? (£)|£|2, we have T is union of two hypersurfaces
S1 = {r—csr®lel = 0y U {r + s @)l = 0},
S;={t—(¢E-H)/J/p=0U{r+(-H)//p=0}

intersecting at

Sy ={r = §|lH|/J/p. §x H =0, [H]> > pc?, § # 0}
U{t =—I§|lH|//p. § x H =0, [H]> > pc?, § # 0}.

In the first and in the second case we have: S; and S, are tangent of order 1 at 3,
the codimension of X, is three, the (complex) dimension of Ng is equal to 2 at X,
d?(detq) # 0 at X5, and d’(detg) = 0 at I, for i < 2. Hence, the conditions (2.2)—
(2.5) are satisfied. It remains only to prove (2.7). In [6], Dencker mentioned that by [0,
proposition 3.2], we only have to verify

0pq :kerqg —>Imgq at X,
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when p € Ty, X, since the order of tangency of Sy and S, is 1. T, X is characterized as
those p € T, X such that az(det q) = 0. Thus Tx, X is spanned by

Dy =860 —£10g,, Do =§£30g — 6105, D3 = 6208, — §30g,.

Ds = Hyd, — Hids,, Ds = Hidg, — H3ds,. Ds = Hadg, — H3d,.

D7 =10, Dg=5710:+|E[?;,. Do=§10:+|§[70,. Dio=§370:+[§[7 .
Dy =tH10:+(§-H)0¢,, Dia=tH0:+(§-H)d¢,, Diz=tH30:+(§- H)0g,.

We can check that if *(vq, ..., vg) € kerq at X5, then we find
qut(vl,...,l)g) =0,...,0), j=1,...,13, (5.20)

s0, (2.7) is satisfied. For D7 we clearly have D7q ‘v = 0. We will show how one can get
(5.20) for the other Dj, in particular we show the proof for Di, and one can prove it for
the other D; in a similar way. Let v € kerg at X, so we have

+ |ffﬁ$|vl + ,OSIVZ + 10521)3 + ,053‘}4_

+ %Vz —p~ (Haés+ Habr)vs+p 1 Have +p~ ' E1 H3vy +p~ 'E108 =0,

* %Vﬁ-[flfthvs —p N (H3&3+HiE1)ve+p &2 H3vr +p " 1605 =0,
lfyglv +p &3 Hyws+p &3 Have — p~ ' (Haba + Hi§1)v7+p ' E308 =0,

(5.21)
— (H262 + H3&3)va + 62 Hyvs + §3Hyva & lH—JlﬁE‘VSZO,

§1Hovy — (H181 4 H3&3)vz + §3Havy = ‘H—Jl—f‘v6=0,

§1H3vy + & Hzvs — (H &) + HyEz)vs £ uf/lg‘ v7 =0,

ypE1v2 + ypéavs + ypkave = EElvg =0,

We have
tv1 + p§1v2 + péavs + péavs
tvy — p H(H3és + Haba)vs + p Y61 Have + p 161 H3vy + p ' 61vs
tvs + p e Hyvs — p (H3és + Hi1)ve + p~ ' E2H3vg + p~ ' a8
Digv = D, tvg + p &3 Hivs + p '3 Have — p ' (Haby + HiE)vy + p 'Eavg

—(H2&2 + H3&3)v2 + §2Hivs + E3Hiva + Tus
§1Havy — (H11 + H33)vs + §3Havg + T
E1H3vy + & H3vs — (H1 &1 + Ha6)va + TV

yp&1v2 + ypéavs + ypéava + Tug
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TV + —llflﬁllf'v

TV, F —lff/”;lvz

Tv3 F |ff/|l|§|v3
Tvg F lIf}f'v‘;

' Hlg| ©.....0),

rvsiFlﬁ

Tvg F —lff}‘slvs

- 'H,',lfl

|H| EI

Tvg F

for v € kerg at X». ]

Proposition 5.9. If 12 # c} ()€, and & x H # 0, then our system is of MHD type at
5.

Proof. When 12 # c2(§)|é§|2 then X is union of the five hypersurfaces S; = {t = 0},
> = {r — ¢;B)IE| = 0}, S5 = {r + s () I§] = 0} Sa ={t—(-H)/\/p =0} and
Ss={t+ (§-H)//p =0}, intersecting at X, = ﬂ;:l Sj={r=0,6-H=0, & #0}.
We want to prove that our system is of MHD type at X,. We have S; intersect transver-
sally at X5, the codimension of X, is equal to two, (4.3) is satisfied, d 6 (det q) # 0, and
di(detq) = 0 fori < 6 at ¥, and the dimension of the fiber of Ng is equal to 6 at .
(4.6) is satisfied for iy = 1. Hence, still we want to check (3.6). Again, we will prove this
by proving the following
0,9 :kerg —Img at X,

when p € TEZE~ TEZE is spanned by Dy = 51851 + 52852 + .’;:3853, Dy =10;, D3 = 04,
D4 :Tag:l, D5 = ‘L'agz, D6 :‘L'ags, D7 :‘Eaxl, Dg = ‘Caxz, D9 :rax3, D10 = (E . H)8xl,
D11 =(§-H)0dx,, D12 =(§- H)dx;, D13 = (§ - H)0g,, and D14 = (§ - H)0g, (note that
we have not mentioned (§ - H)0g, as it can be written in terms of D13, D14, and Ds). We
have for (vy1,...,vg) € kerg at X,

D,-q’(vl,...,vg)z 0,...,0)at =, fori =1,...,14.

From (5.19) we lfnow that (4.8), Aand (4.9) are satisfied with R = Dy, 0(Ly) = M, and
[ =1 = EEPE — G EEP)E — (5 H)?/p). n

Note. As an application for systems of generalized transverse type, one can consider the
linearized isentropic MHD equations, which is 7 x 7 matrix; check [15, Appendic A]
where the first order term of the linearized isentropic MHD equations and its eigenvalues
are given, and then we can easily check the type of the system as we did in this section for
linearized ideal MHD equations.
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