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Abstract. We study algebraic cycles in the moduli space of PGL;-shtukas, arising from the diag-
onal torus. Our main result shows that their intersection pairing with the Heegner—Drinfeld cycle is
the product of the r-th central derivative of an automorphic L-function L(x, s) and Waldspurger’s
toric period integral. When L (7, 1/2) # 0, this gives a new geometric interpretation for the Taylor
series expansion. When L (7, 1/2) = 0, the pairing vanishes, suggesting higher order analogues of
the vanishing of cusps in the modular Jacobian, as well as other new phenomena.

Our proof sheds new light on the algebraic correspondence introduced by Yun and Zhang,
which is the geometric incarnation of “differentiating the L-function”. We realize it as the Lie
algebra action of e + f* € sl on (Q%)®2d. The comparison of relative trace formulas needed to

prove our formula is then a consequence of Schur—Weyl duality.

Keywords. L-functions, shtukas, Gross—Zagier formula, Waldspurger formula

1. Introduction

Let K/F be a quadratic extension of global function fields, corresponding to a double
cover v : ¥ — X of smooth, projective, geometrically connected curves over k = IF,.
We consider cuspidal automorphic representations 7 on G = PGL, r.Let T be the torus
K*/F> over F. For simplicity, we assume both 7 and K/ F are everywhere unramified.

1.1. Summary

Let Sht; be the moduli stack over k parameterizing G-shtukas with r legs. Yun and
Zhang define Heegner—Drinfeld cycles [Sht], € Ch[(Shty;) generalizing CM divisors
on (Drinfeld) modular curves. In [9, Cor. 1.4], they relate the self-intersection of [Shti ],
to the product of the r-th central derivative of the normalized L-function .Z (7, s) and the
central value of the twisted L-function .Z (7 ® 7, s):

L (w,1/2).2(x @, 1/2) = ([Sht7 ], [ShtF ] s, - (1.1)
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Here, 1 is the quadratic character associated to K. This is Waldspurger’s formula [7] when
r = 0, and a Gross—Zagier type formula when r = 1.

In this paper, we define Manin—Drinfeld cycles [Sht}], € Ch/(Shty;) coming from A-
shtukas, where A < G is the diagonal torus. They are generalizations of cuspidal divisors
on the (Drinfeld) modular curve. Our main result (Theorem 1) has the following shape:

206 1/2) [ $0)dr = (Sh]n. [Shir el (12)
[T]

for an appropriate spherical vector ¢ € w. When r = 0, this formula amounts to the state-
ment that £ (7, §) can be written as a Mellin transform. When r = 1, it is related to the
function field version of the Manin—Drinfeld theorem [2, 6], that the cusps on the mod-
ular Jacobian are torsion. For r > 2, our formula has no known analogue over number
fields. If Z(nk, 1/2) # 0, it shows that the Manin—Drinfeld cycles are non-vanishing
and our formula gives a new expression for the Taylor series expansion of .Z(r, s).
If Z(mwk,1/2) = 0, then we see that the Manin—Drinfeld cycle has trivial intersection
with the Heegner—Drinfeld cycle, leading to an “alternative”: either [Sht);] is torsion, or
[Sht);], and [Sht% ], are linearly independent.

1.2. Precise statement of results

Let Yo = X I X — X be the split double cover. The F-algebra of rational functions on
YO is K() =F&F.
There are natural closed immersions

T = Aut, o, (1:0y) A= Aut, 0, (10407,
Gy = Autg, (1:0y) G = Auty, (10.0y,)

of group schemes over X. Let T C Gy and A C G be the quotients by the central Gy,.
Then G is Zariski-locally isomorphic to PGL, and G = PGL, over X. The group scheme
T is a non-split torus, while A is the split diagonal torus in PGL,. On F-points, we have
T(F)=K*/F*and A(F) ~ F*.

Let A be the adele ring of F, and O the subring of integral elements. Define U =
G(0) and U; = G1(0). There is an isomorphism of spaces of cuspidal automorphic
forms

CAcusp(Gl)U1 = e74’cusp(G)U~

These are finite-dimensional C-vector spaces, and the space on the right carries a natural
action of the Hecke algebra .7 of Q-valued compactly supported U -bi-invariant func-
tions on G(A).

We adopt the usual notation

[T]=TE\T(A), [A] = A(F)\A(A).
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For any ¢ € ACUSP(G)U, consider the toric period integrals

Pa(.s) = / $@laP da. Pr(g) = / (1) d.
[A] [T]

The Haar measures are chosen so that the volume of A(Q) and 7 (Q) is 1.

To precisely define the geometric side of (1.2), recall from [8] the stack Shtf of
T -shtukas with r modifications, and the 2r-dimensional k-stack Sht’G of PGL,-shtukas
with r modifications. The former parameterizes shtukas of line bundles on Y, while the
latter parameterizes shtukas of rank 2 vector bundles on X. The k-stack Sht}. is proper
of dimension r, and v induces a finite morphism 67, : Sht: — Shtg;. Pushing forward
the fundamental class along 7. gives a class [Sht7-] € Ch{(Shtg) in the Chow group of
compactly supported cycles.

Remark 1.1. The definitions above require a choice of u = (u;) € {£1}" satisfying
> i_1 i = 0; in particular we assume that r is even. We suppress the choice of  in the
introduction.

Analogously, we define in Section 3 a stack Sht); parameterizing A-shtukas with r
modifications. It is not of finite type over k, but can be written as a union

sht} = |_J sht;=
d>0

of stacks Sht:fd which are proper over k, and which admit finite maps
Sht;=? — Shtl;.

Define [Sht; <d] € Ch. - (Shtg;) as the pushforward of the fundamental class.

Fix d > 0, and denote by W4, Wr C Ch, .~ (Shtg;) the 7-submodules generated by

the classes [Shty t" <d] [Sht7] respectlvely Restricting the intersection pairing on the Chow

group defines a pairing (-, ) : WA x Wr — Q. If we define

Wi = Wy/{c e We: (c.Wr) =0},
Wé = Wr/{c e Wr: (e, W) =0},

this pairing descends to WAd X W{f , and we extend it to an R-bilinear pairing
() : WER) x WER) — R.

We show in §4 that for d >> 0, the space Wﬁ is independent of d, and for each x € {4, T},
there is a decomposition into isotypic components

Wd(R) *E]s@@ *,7T0

where the sum is over all unramified cuspidal 7z, and 7 acts on W*“fn viadg :  — R.
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Let
[Sht;=“], € W, and [Shtj], € Wi,

be the projections of [Sht:l’sd] € WAd (R) and [Sht7] € WTd (R). These are the Manin—
Drinfeld and Heegner—Drinfeld classes, respectively.

Our main result is the following intersection formula. Write @f{)(qﬁ, s) for the r-
th derivative of Z4(¢, s). We assume d > 0, so that the Manin—Drinfeld cycles are

independent of d, and write [Sht],; instead of [Sht:fsd]n

Theorem 1. Let ¢ € 7V be non-zero and let r > 0 be even. Then

L@f({)@, 02r(¢) . )
(logq) (9. Phre (oMb [SHCrI)sn;

Remark 1.2. The left side is independent of the choice of ¢.

When r = 0, the formula is seen to be a tautology after unwinding the definition of the
right hand side. When r > 0, it is helpful to interpret the formula in terms of L-functions.
Let g be the genus of X. Then the normalized L-function

L, s) 1= > & VD (7, 5)

U

satisfies Z(, 1 —s) = Z(x, s). Moreover, for a suitably scaled ¢ € 77, we have

L, 25 +1/2) = P4(.5).

The kind of information we learn from Theorem 1 depends on whether the base
change L-function .Z (g, 1/2) vanishes at s = 1/2 or not. Recall

L(rg,s) = L(n,8)ZL(w ®1,s).

By Waldspurger’s formula [8, Rem. 1.3], Z(7g, 1/2) = 0 if and only if f[T] ¢dt =0.

Thus, if £ (g, 1/2) # 0, Theorem 1 gives a geometric interpretation for the non-
leading Taylor series coefficients of .Z(, s), after dividing by the non-zero toric period
integral. To formulate this better, we consider the ratio with the leading term:

Theorem 2. If £(ng,1/2) # O, then for even r > 0, we have [Sht);], # 0, and
L (w,1/2)

o (10 ), <[Sht:1]na [Sht;"]n)ShtE;
Ze172) 0 s ) g

Remark 1.3. That [Sht);], # 0 follows from the positivity of ") (rr,1/2) [8, Thm. B.2].
Remark 1.4. The precise version of (1.1) implies

LD, 1/2) (logq)" ([Sht7 ]z, [Sht7 ]z )sn,
26172 Y (Sh e S )

This suggests that when Z(ng, 1/2) # 0, we have [Sht:ffd],, = 2" ¢y, k[ShtT ], where
¢x,k 1s an explicit non-zero ratio of period integrals.
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If #(ng.1/2) = 0, Theorem 1 says nothing about £ (77, 1/2), but we still learn
interesting information about algebraic cycles:

Theorem 3. If £ (nk,1/2) = 0, then for even r > 0, we have

([Shtj]x, [Sht7]x)sne, = O.

Write r(r) for the order of vanishing of £ (m,s) ats = 1/2. If r > r() > 0 and
r(mw @ n) = 0, then [Sht}], # 0 by (1.1). As a consequence of Theorem 3, we have

Corollary 1.5. Ifr > r(w) > Oand r(w ® n) = 0, then either
(i) [Shtylz =0, or
(ii) any lifts of [Sht}]r and [ShtT ], to the group Ch, ,(Shty)r are linearly independent.

Remark 1.6. There is a similar corollary, without any mention of lifts, for the cycle
classes [Sht:l’sd],,,;k and [Sht} ], in H2" (Shty; ®k k, Q¢(r))z.1, as in [8, §1.5].

1.3. Questions

Which of (i) or (ii) actually holds? Our expectation is that [Sht);], # 0 precisely when
r > 2r(m). Indeed, our approach suggests a special value formula for the self-intersection
of the Manin-Drinfeld cycle [Sht}], in terms of the r-th derivative of the square
& (m,s)?, which would indeed imply [Sht}], # O for r > 2r (7). If true, it would suggest
an approach to the conjecture of Birch and Swinnerton-Dyer, for elliptic curves over func-
tion fields, that avoids the use of Heegner points or indeed any mention of the quadratic
extension K.

When the cycles [Sht; ], do vanish, one must wonder whether there is a related Euler
system. Indeed, Kato’s Euler system is constructed from Siegel units which witness the
torsion of the cuspidal divisors in the modular Jacobian. Are there similar such functions
for Manin—Drinfeld cycles?

1.4. Methods

Yun and Zhang’s proof of (1.1) proceeds by geometrizing Jacquet’s relative trace formula
(RTF) comparison approach to Waldspurger’s formula [4]. One side of this comparison
involves traces of Frobenius on 84Qg, where 8 : My — Ay is a version of the Hitchin
fibration (one for each integer d > 0). A crucial insight in [8] is that one can extend this
approach to the case r > 0, using a certain natural correspondence

My /YZd\Md
A

d
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which we call the Yun—Zhang correspondence. The induced operator

[YZ4] : B+Qy — B+Qy

plays the role of differentiation on the geometric side of the RTF comparison. When r > 0,
Yun and Zhang show that the traces of the operator [YZ;]" o Frob match up with the r-th
derivative of certain traces on the L-function side.

Our proof of (1.2) makes use of this RTF approach as extended in our work with
Howard [3]. In fact, one can view (1.2) as a degenerate version of our formula in [3] for
the intersection of Heegner—Drinfeld cycles coming from distinct quadratic field exten-
sions of F. In this work we suppose one of the quadratic F-algebras is split. The RTF
comparison becomes a tautology when r = 0, but to prove (1.2) for r > 0, we must
dig deeper into the representation theory of the Hitchin fibration. The key insight is a
representation-theoretic interpretation of the operator [YZg4]. In our setting, the local sys-
tem B,Qg comes from the representation (Q%)‘X’Zd of the symmetric group S,4. This is
also a representation of sl,, and the Yun—Zhang operator is given by the action of the
elemente + f = ((1’ (1)) € sl,. Using Schur—Weyl duality and some computations in rep-
resentation theory, this allows us to compare the two RTF’s and prove (1.2).

1.5. Outline

In Section 2, we define an analytic distribution on .7 . Following [3, 8], we relate it to L-
functions on the one hand, and weighted traces of Frobenius along the Hitchin fibration,
on the other. One new input here is Lemma 2.6. The Manin—Drinfeld cycles are defined
in Section 3. We then use intersection pairings to define a geometric distribution, and
relate it to traces of Frobenius along the same Hitchin fibration. In Section 4, we work out
the representation theory of this particular Hitchin fibration and relate it to the Yun—Zhang
correspondence. A computation shows that the analytic and geometric distributions agree,
and the main theorem follows quickly from this.

1.6. Notation

| X | is the set of closed points of X . The absolute value

1= [T 1 1x:4" - Q~

x€lX|

sends the uniformizer 7, € F, with residue field k, to q_[kxzk]. If H is an algebraic
group, Haar measure on H(A) is normalized so that H(Q) has volume 1.

2. Analytic distribution

2.1. Automorphic forms

We recall some notation from [3]. Denote by A(G) the space of automorphic forms
[1, §5] on G(A), and by shcusp(G) C A(G) the subspace of cuspidal automorphic forms.
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The subspace of unramified (U -invariant) cusp forms is finite-dimensional, and admits a

decomposition
Aap(G)Y = P =Y

unr. cusp. 7w

as a direct sum of lines, where the sum is over the unramified cuspidal automorphic rep-
resentations 7 C sAcusp(G).
Denote by 77 the Hecke algebra of compactly supported functions f : U\G(A)/U
— Q. The #-module of compactly supported unramified QQ-valued automorphic forms
is denoted
o = CX(G(F\G(A)/U, Q).

We let o/c = &/ @ C denote the corresponding complex space, so that
Aasp(G)Y C e C AG)Y. 2.1)

Following [8, §4.1], we view the Satake transform as a Q-algebra surjection ag;s :
A — Q[Picy (k)]*F<, for a particular involution tp;. of Q[Picy (k)]. The Eisenstein ideal
is

JES = ker(ag;, : A — Q[Picy (k)]"*). (2.2)

As in [8, §7.3], define (Q-algebras
Haw = Image(#” — Endg(#) x Q[Picx (k)]"*),
sy = Image(H — Endc (Acusp(G)Y)).
The quotient map ¢ — 2 factors through 4%, and the resulting map
Haw = Hausp X Q[Picy (k)]™e (2.3)

is an isomorphism [8, Lem. 7.16].
For each unramified cuspidal automorphic representation 7 C sAcusp(G), denote by

Ag 0 — C

the character through which the Hecke algebra acts on the line 7V, Asin [8, §7.5.1], the
Q-algebra S, is isomorphic to a finite product of number fields, and the product of all
characters A, induces an isomorphism

Ay ® C = @ C.

unr. cusp.
The above discussion holds word-for-word if G is replaced by G;.
Lemma 2.1 ([3, Lem. 3.3]). There is a canonical bijection
G(FI\G(A)/U — G1(F)\G1(A)/U;.

It induces an isomorphism A(G)Y 2= A(G1)Y, respecting the subspaces of cusp forms.
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2.2. Definition of the distribution

The X -scheme
J = IS—OOX (U*0Y7 VO*@Y())

is both a left G-torsor and a right G -torsor. Similarly J = J /G, is both a left G-torsor
and a right G -torsor. There are canonical identifications

A(F)\J(F)/T(F) = A(F)\J(F)/T(F) = K;\Iso(K, Ko)/K*.
Thus, [3, §2] allows us to define the invariant map
A(F)\J(F)/T(F) = {§ € K : Trg/p (€) = 1}. 2.4)
Since K and K are not isomorphic, the map inv is a bijection.

Remark 2.2. Here is an explicit description of inv when char k # 2. Choose F-algebra
embeddings o1 : K — M, (F) and as : Kg — M>(F).Lete = a»(1,0) and f = a2(0,1)
be the images of the two idempotents. Then M, (F) = ea;(K) + fo1(K). If

g € Kg\Iso(K, Ko)/ K™ ~ A(F)\G(F)/T(F)
is represented by e« + fB € G(F), then inv(g) = 2af/Tr(af).
Lemma 2.3 ([3, Lem. 3.4]). There is a canonical homeomorphism
U\J(A)/ U, =2 U\G(A)/U. (2.5)
Now fix f € . Use the bijection of Lemma 2.3 to view f as a function
fUNJ(A)/ U — Q.

and define a function on G(A) x G1(A) by

Kr(g.g0)= ) fg"'vg). (2.6)

yeJ(F)

Recall the notation [T] = T(F)\T (A) from the introduction, and recall the normal-
ization of Haar measures of §1.6. Define a distribution on 77 by

reg
J(f.s) = / Ky (a,t)|al* dadt. 2.7
[4]x[T]
Here, | - | : A(A) — R* is the homomorphism |(’” az)i = |ai/az|.

The integral in (2.7) need not converge absolutely, so we regularize it. First define
A(A)n ={a € A(A) :|a] = q7"}
and [A], = A(F)\A(A),, and set
L = [

Kr(a,t)la)* dadt :q_z'”/ Kr(a,t)ydadt. (2.8)
[A]x[T]

[4]nx[T]

This integral is absolutely convergent, by compactness of [A], and [T].
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Proposition 2.4. The integral J,( f, s) vanishes for |n| sufficiently large.
Proof. As in [3, Prop. 3.7]. ]
Using Proposition 2.4, the regularized integral (2.7) is defined as
I(fi5) = 3 Jn(fos).
nez
This is a Laurent polynomial in ¢°. Define
Lt = [ K0l dadr 9)
[A]n x[T]
I, f.5) =Y Tu(y. f.5).
nez

so that there are decompositions

J(fos) = > Ip. fr)= Y, JE L9 (2.10)

YEA(F)\J(F)/T(F) geK

Trg, Fp(£)=1

In the final expression, we have used (2.4) to define

JE fo5) =Ty, f.9)
for the unique double coset y € A(F)\J(F)/T(F) satisfying inv(y) = &.

2.3. Spectral decomposition

Define, for any ¢ € e7‘\scusp(G)U, the period integral

Pa(s) = /[A]¢>(a>|a|2s da.

This integral is absolutely convergent for all s € C. Using Lemma 2.3 to view ¢ €

Acusp(G1 )U1, define another period integral

Pr(p) = /[T]¢(z>dz.

As [T] is compact, this integral is also absolutely convergent.
Recall the Eisenstein ideal 45 C 2 of (2.2).

Proposition 2.5. Every f € 4 satisfies

Pa($,5)P1(9)
W= Y A 2aeD7r@)
unr. cusp. 7 <¢’ ¢>

@2.11)

where the sum is over all unramified cuspidal automorphic representations w C scusp(G),

and ¢ € 7Y

under the quotient map 5 — Hpy.

is any non-zero vector. Moreover, J(f, s) only depends on the image of f
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Proof. View (2.6) as a function on G(A) x G(A), and invoke the decomposition

Kf(x7 Y) = Kf,cusp(xv J’) + Kf,sp(x’ J’)

of [8, Thm. 4.3], to convert all three terms back into functions on G(A) x G1(A). The
result is a decomposition

Krggn= 3 in(f)- ¢(iz¢;‘f‘)+ S A(f) - 2(det(G)) - x(det(gn)).

unr. cusp. 7 unr. quad. x

The first sum is over all unramified cuspidal representations 7, and ¢ € w¥ is any non-

zero vector. The second sum is over all unramified quadratic characters
Pic(X) = FX*\AX/O0* 5 {£1},

and

() = [ flenee) d.
G(A)
The distribution (2.8) now decomposes as

In(fs)="Y_ ITLo+ Y, IX(fs),

unr. cusp. unr. quad. x

=0 [, olapaa)( [ Gwar).

J;‘(f,s>=xx(f>( [ x(det(a))lalzsda)( / x(det(t))dt). 2.12)
[Aln [T]

where we have set

I7(fos) =

Next we show that J(f.s) = 0 for all such y. Note that when y = 1, both toric
integrals in (2.12) are non-zero, so the proof from [3] does not carry over. The vanishing
in all cases follows from

Lemma 2.6. If f € J5 and y is unramified, then A (f) = 0.

Proof. Let B C G be the Borel subgroup of upper triangular matrices. Following [8, §4],
we consider the right translation representation p, of G(A) on the space V, of functions

¢:GA) - C

such that ¢ (bg) = x(b)¢(g) forall b € B(A) and g € G(A). The space Vy is canonically
identified (by restriction) with a space of functions on U. The latter space carries an inner
product

(#.¢) = [U PO () du.
Now let ¢ = 1y. Since f € JF5, we have [8, §4]

(px ()¢ ¢) = trpy(f) = x(agis(f)) = 0.
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On the other hand, we compute

mqm@=/

/ £ g) x(detb) dg du
U Jg=bu'eG(A)

= / f(@)x(detg)dg = A, (f).
G(A)

We have used the facts that y is unramified, f is spherical, and U has volume 1. We
conclude that A, (f) = 0. L]

‘We therefore have

In(fs)="Y_ IT(f9),

unr. cusp. 7w

and (2.11) follows by summing both sides over n.
For the final claim, suppose f has trivial image under J# — 5%, This implies that
f annihilates .7c, and lies in 4%, The first inclusion in (2.1) implies that A, (f) = 0 for
all r, and so J (f,5) = 0 by (2.11). L]

2.4. Geometric expression

Fix d > 0, and let i be an integer in the range 0 < i < 2d. Recall from [3, §3] the
commutative diagram of k-schemes

5
NG 2d—iy — Bi2qa-i(Y)

ﬁ,l | E

Ag - v . T4 (Y) (2.13)

|

Za(X)

in which the square is cartesian. We briefly recall the definitions of these schemes and
maps in terms of their S-points, for any scheme S.
First, X7 (X)(S) is the set of isomorphism classes of pairs (A, {) of

e aline bundle A on Xs = X X S of degree d,
e anon-zero section £ € H%(Xg, A).

We have a canonical isomorphism
Ta(X) = Sym?(X) = S;\ X9, (2.14)
and X4 (X) is a smooth projective k-scheme. We also set
Yi2a—i(Y) = Zi(Y) xg Zpg—i(Y),

parameterizing effective divisors of bidegree (i,2d —i)on Y 11 Y.
Next, A;4(S) is the set of isomorphism classes of pairs (A, &) consisting of

e aline bundle A on X of degree d,



A. Shnidman 3922

e asection £ € H%(Ys,v*A) with non-zero trace
Try x (§) = § + £ € H(Xs, A).
The arrows in (2.13) emanating from A, are

Tr(A.€) = (A Try/x(§) and (A5 = (V" A.9),
and Ay is a quasi-projective k-scheme.
Finally, N(; 24—i)(S) is the groupoid of triples (M, &£, ¢) consisting of
e line bundles M = (M', M) € Pic(Yys) and £ € Pic(Yy) satisfying
2deg(M') —i = deg(£) = 2deg(M") — (2d — i),
e amorphism ¢ : v L —> M’ @ M” of rank 2 vector bundles on X g with non-zero deter-

minant.
The Picard group Pic(Xs) acts on ]’\7,-,2,1_,- (S) by simultaneous twisting, and the quotient
Ni2a-iy = N2a—-iy/Picx

is a scheme by [3, Prop. 3.12]. The map § sends (M, £, ¢) to (div(a), div(d)), where a
and d are the diagonal matrix entries in the map v*¢ : £ & £% — v* M’ G v*M".
Proposition 2.7 ([3, Prop. 3.13]). Let g and g1 be the genera of X and Y, respectively.
(1) The morphisms B; and ® in (2.13) are finite.
(2) If d > 2g1 — 1 then N 24—y is smooth over k of dimension 2d — g + 1.

Now let D be an effective divisor on X of degree d. The constant function 1 defines a
global section of Oy (D), and hence a point (Ox (D), 1) € £4(X)(k). Define Ap as the

fiber product
Ap ——— Ag

J l

Ox (D),
Spec() — 20 2, (X)
Then there is a canonical bijection
Ap(k) = {€ € K : Trg/p(€§) = 1, div(§) + v*D > 0}. (2.15)

The Hecke algebra 7 has a Q-basis { fp} indexed by the effective divisors D €
Div(X), and defined as follows (see also [8, §3.1]). Let Sp be the image of the set

{M € Mat,(0) : div(det M) = D}

in PGL,(A) = G(A). Then fp : U\G(A)/U — Q is the characteristic function of Sp.
We are now ready to give a geometric interpretation of the orbital integral J (€, fp, s)
appearing in (2.10). Using Lemma 2.3, we regard fp as a compactly supported function

fp : U\J(A)/U; — Q. (2.16)
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Let £ be any prime different from the characteristic of k. The following theorem is proved
exactly as in [3, Prop. 3.17], this time with a trivial local system.

Theorem 2.8. Fix & € K with Trx/r (§) = 1, and view Ap (k) as a subset of K via (2.15).

(1) If § ¢ Ap(k) then J(§, fp.s) = 0.
(2) If £ € Ap(k) then

2d
JE fo,s) =Y "D - Te(Frobg; (BixQo)g).

i=0

where E_ is a geometric point above & : Spec(k) — Ap — Ag.

3. Geometric distribution

Fix an integer r > 0, and an r-tuple © = (U1, ..., ur) € {£1}" satisfying the parity
condition Z;Zl ni = 0. In particular, r is even.

3.1. Heegner—Drinfeld and Manin—Drinfeld cycles

We recall some notation from [3, 8]. Recall that G = PGL, over X.

Let Bung be the algebraic stack parameterizing G-torsors on X, and let Hk‘é be the
Hecke stack parameterizing G-torsors on X with r modifications of type . It comes
equipped with morphisms

po. - ... pr : HKg — Bung

and py : Hk’é — X7. For the definitions, see [8, §5.2].
The moduli stack Sht‘é of G-shtukas of type w sits in the cartesian diagram

© ©
Shtg; Hkg;
J l(po,pr)
(id,Fr)
Bung ———— Bung x Bung
It is a Deligne—-Mumford stack, locally of finite type over k, and the morphism
nG : Shtg — X©

induced by pyx is separated and smooth of relative dimension r.

The étale double covers vy : Yo — X and v : Y — X determine tori 4 and T, both
rank 1 over X. Let Buny be the moduli stack of 7'-torsors on X . Denote by Hk‘; the Hecke
stack parameterizing T -torsors with r modifications of type . It comes with morphisms

pi...., pr : HK — Bunp,

and py : HK. — Y. See [8, §5.4] for the definitions.
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The stack of T'-shtukas of type u is defined by the cartesian square

" ©
Shtr. Hk,
l l@o,pr) @)
(id,Fr)
Buny ————— Buny X Bunr
It is Deligne-Mumford over k, and the morphism
T Sht‘; — Y7

induced by py is finite étale. Thus, Sht‘; is smooth and proper over k, and of dimension r.
For the diagonal torus A, we similarly define the stack Shtﬁ by the cartesian square

St HK

l l@o,m (32)
(id,Fr)

Bungy ———  Buny x Buny

Here, Buny is the stack of A-torsors, whose S-points parameterize line bundles M =
(£1,£2) on Yys, modulo simultaneous twisting by &£ € Picy. More concretely, let §Vhtﬁ
be the stack whose S -points form the groupoid (M, y1,..., yr,t), where M = (£1, £2)
is a line bundle on Yyg, the y; : S — Yy are S-points of Yy, and ¢ is an isomorphism

LM ,M(Xr:,uil"yi).

i=1

Here, I'y, is the graph of y;. Then Shtﬁ = évhtf;“ /Picx (k), where Picy (k) acts by simul-
taneous twisting on &£ and £5.

Let 74 : Shtf;“ — Y be the morphism which remembers the legs y; € Y, of the A4-
shtuka.

Lemma 3.1. The morphism 74 is a Picy (k)-torsor. In particular, Shtfi is a smooth
Deligne—Mumford stack over k, locally of finite type.

Proof. The proof is exactly as for T -shtukas [8, Lem. 5.13], using the fact that

Picy (k) >~ (Picx (k) x Picy (k))/A(Picx (k)). |
For each d > 0, the open substack Shtf:’sd C Shtf: consisting of those (M, (y;), )

with
|deg(M)| := |deg(L2) —deg(£1)| = d

is proper over k. In fact, each of the substacks
d
Sty = (M. (7). 0) : |deg(#0)| = d)

is itself proper and closed.
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Pushforward of line bundles induces proper morphisms

w,<d "
Sht), Shtr,
ys
Shtg;
since Sht‘é is separated. We therefore obtain two classes
[Sht/], [Sht"=?] € Ch,,(Sht%),

by pushing forward the corresponding fundamental classes.

3.2. Geometric distribution

There is an intersection pairing
(-,7) : Chc,r(Shté) X Chc,r(Sht‘é) - Q,

as in [8, §A.1]. Recall the Hecke algebra .7 of §2.1 and its action * on Ch, , (Sht’é)
[8, §5.3]. Recall also [8, §7] that Sht’é can be written as the increasing union of open
substacks of finite type:
<d
Shig, = ) Shig*.
ded
Here, D is the set of functions Z/rZ — Z, which is partially ordered by pointwise com-
parison. The substack Shtgi parameterizes G -shtukas & such that the vector bundle p; (&)

has index of instability less than or equal to d (i), foralli =0,...,r.
For any f € ¢ define
I-(f) = ([Shey' =], f * [Shi7]) € Q, (33)

where d is any integer with the property that

/ [Sht}] € Ch, ,(Shts) = lim Ch, (Shty=%)
deD

is supported on Sht‘é’sd_r. In the last bit of notation, we view d — r as a constant function
in O. Note that this intersection number is independent of the choice of such d, since

n
[Sht,=?*"] = [Shtp =] + Y "[She{ /]
i=1

for any n > 0, and ([Sht/, ’d+i], f * [Sht}z]) = 0. In particular, it follows that the function
I (f) is additive, and hence defines a distribution on J.
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3.3. Intersections as traces
Fix d > 0, and recall from §2 the morphism

Bi i Nipza—iy — Aa.
defined for each non-negative i < 2d. Define

2d

Na = ]_[ N2a-i)-
i=0

Then Ny = Nd /Picy, where Nd is the moduli stack of triples
(M € Picy, £ € Picy,, ¢ : vaL — vos M)

such that ¢ has determinant of degree d. Write 8 : Ny — Ay for the union of the f;.
Let D be an effective divisor of degree d. To relate I (fp) to the local system B.Qy,
we define the Yun—Zhang correspondence

YZ,
2N
Ny Ny (3.4)
X /
Ad
as follows. Let YZ4 be the stack whose S -points form the groupoid of
e pairs of points (Mo, Lo, ¢o) and (My, L1, ¢1) in Ng(S),
e one S-point (yg, y1) of Yos5 Xxg Ys,

e injective line bundle maps sg : My — M; and sy : £9 = L.

The cokernels of s; are required to be invertible sheaves on the graphs of y;. Moreover,
we require that the diagram

51

e

50
Vox Mo — vox My

of Ox,-modules commutes. Then Picy acts on Y’Tzd by simultaneous twisting, and we
define YZ4 = YZ4 /Picy.

Let W =Y LY. Also let 54 (W) be the moduli stack of pairs (X, a) consisting of
a line bundle K of degree 2d on W together with a global section a. Recalling the spaces
¥;,j(Y) introduced in §2.4, we have

2d
S2aW) =] [ Ziza—i (V).
i=0
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Using the top horizontal arrow of (2.13), we may realize YZ,; as the pullback of a corre-
spondence on X, 4 (W). For this, define the following automorphisms t; of W over X:

(1) ryisoon Y 11 @ and the identity on @ L1 Y.
(2) 1 interchanges the copies.
(3) 13 =101, Whichsends y U@+ Uy and@Uy— yU@.

The first two are involutions, while 73 has order 4.
Then define the correspondence

Hy (W)

PN

T2a(W) Z2a(W) 3.5)

R

Zrq(Y)

where, for any k-scheme S, Hgz (W)(S) is the groupoid of
e apair of S-points (K;,a;) € Xpq(W) fori =0,1,
e an S-point y € W(S),
e an isomorphism
st Ko(y™ —y") = K
of line bundles on Wy such that s(ag) = a1, where we view ag as a rational section of
Ko(y™ —y™).
This data is determined by (Ko, @¢) and the point y € W(S), because from these we
may recover the line bundle K; = Ko(y*™ — y*) and its rational section a; = ag. The
condition that @, is a global section of K, as opposed to a merely rational section, is

equivalent to
div(ag) + y™ —y® > 0.

This is in turn equivalent to the condition that the effective Cartier divisor y*3 appears in
the support of div(ag). In other words, we may realize

Hy(Y) = Z0q(W) g W

as the closed subscheme of triples (Ko, ag, y) for which y™ appears in the support of
diV(a()).

Remark 3.2. H; (W) does not preserve the substacks X; 54— (Y) C Zp4(W). In fact, it
induces a correspondence from X; 54—;(Y) to

Yit12d—ic1(Y) O Zi g 00— i41(Y).

Accordingly, the correspondence YZ; does not preserve N(; 24—;) C Ng.
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Proposition 3.3. The diagram (3.4) is canonically identified with

Ag Xs,,0) Ha(W)

— T

Ag X3,,1) Z2d (W) Ag X3,,1) Z2qa (W)

obtained from (3.5) by base change along the map Ag — 224 (Y) in (2.13).

Proof. Itis enough to show that YZy; = Ay X5, ,v) Ha(W). We will use the construc-
tion in the proof of [3, Prop. 3.12]. Define a map

YZg — Aa Xs,,x) Hi(W)
as follows. Given

(Mo, Lo, ¢0). (M1, L1,91), (Yo. ¥1). 50, 51) € YZa(S),

we obtain, from the first two pieces of data, points (Ko, ag) and (K1, a) of g (W)(S).
We have

Ki = Hom((£;, £7), Mi|ws)-
Let y € W(S) correspond to the point (yg, y1) € (Yo Xx Y )(S). Then the isomorphisms
Lo(y1) = £1 and Mo (yo) = M; induce an isomorphism Ko (y* — y®3) = K; sending
ay to a;. This gives a point in Hyz (W)(S). Since (Mo, £o, ¢o) and (M7, L1, $1) lie over
the same point in A4, we obtain a map

YZy — Aa xx,,00) Ha(W),

which factors through YZ,.
Next, we construct a map in the other direction. Suppose we are given an S-point

(A,E,JCO,ao, JCl,al,y,s) S Ad X554(Y) Hd(W)

By (2.13), we have points (M;, £;, ¢;) € Ny(S) corresponding to (A, &, K, a;) for
i =0, 1. Let us show that there are isomorphisms M; = Mo(yo) and £; = Lo(y1)
inducing the given isomorphism

st Ko(y™ —y") = K.

Suppose first that y € @ L1 Y. Since we work modulo twisting, we may assume M; =
(Ox, M!'). If we write K; = (K, X!"), then £; = (K])~'. By the proof of [3, Prop. 3.12],
M is a canonical descent of the line bundle X ® £¢ on Y, down to X. Now, the
isomorphism Jo(y™ — y™) ~ JK; amounts to a pair of isomorphisms

Ko(=y1) ~ K; and  K{(y1) ~ K. (3.6)
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We deduce from this an isomorphism £¢(y;) >~ £1. To finish, we must produce an iso-
morphism Mg (yo) >~ M]. Now, (3.6) gives us an isomorphism v* (Mg (yo)) >~ v* M/,
and the descent data defining M{, and M| allows us to descend this to the desired isomor-
phism M (yo) ~ M. The case y € Y II @& is proved similarly. (]

Corollary 3.4. The stack YZg is a scheme, and vy, y1 : YZq — Ng are finite and sur-
jective. Hence, by Proposition 2.7, ifd > 2gy — 1 thendimYZy; =2d — g + 1.

The correspondence YZ; induces an endomorphism

[YZ4] : B+Qp — B+Qy

of sheaves on A4, given by the composition

B+Q¢ — ﬂ*)’O*VJQE >~ BrvoxQp = Bay1xQp — B Q.

The first and last maps are induced by adjunction, using the fact that yy and y; are finite.
Denote by [YZ;]" the r-fold composition of this endomorphism with itself.

Proposition 3.5. Fix an effective divisor D € Div(X) of degree d > 2g1 — 1, and recall
the closed subscheme Ap C Ay and the inclusion Ap(k) C K of (2.15). The distribu-
tion I, of (3.3) satisfies

L(fo)= Y, L /o)

teK
Trg/r(E)=1

where

LG fp) = {"(l)"r([YZd]g o Frobg: (B«Qq);) if § € Ap(k),

otherwise.
Here é is any geometric point above £ : Spec(k) — Ap.

Proof. The proof is similar to the proof of [3, Thm. 4.7], so we omit it. One slight dif-
ference is the analogue of [8, Lem. 6.11 (1)]. Specifically, we must show that the map
T Hk‘;w — Hk’é (y) discussed there remains a regular local immersion if we replace
Hk’fw with HkZ . The tangent complex computations are similar except that now both tan-
gent complexes have 1-dimensional H°. In particular, it is no longer true that Hk’é (»)
is Deligne-Mumford in the neighborhood of a point in the image of 7. Nevertheless, the
induced map on H? (resp. H!) is an isomorphism (resp. injection), which is enough to
conclude that the map is indeed a regular local immersion of algebraic stacks. ]

4. Comparison of traces

4.1. Representations

For now, £ is any prime and all representations are over Q.
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Let n > 1 be an even integer. For each 0 <i < n, view S; X S,_; as the subgroup
of S, preserving the subset {1,...,i}. Let 1 denote the trivial representation Q¢. Then
the induced representation

_ S
Vi =Indg, g 1

is the permutation representation for the Sj,-action on the ways of dividing the integers
{1,...,n} into two bins of size i andn —i.
Let V = @;_, V;. By the combinatorial description of V;, we see that
2
V>~ (Qz)®n~

where the action of S, on (Q7)®” is by permuting coordinates.

Recall that the irreducible representations p, of S, are indexed by partitions A - n.
Write A = [A1, ..., Ag] with A3 > -+ > Ax > 1 and )_; A; = n. We will also interpret
the symbol [r, 0] to mean [n]. Write

V=W Vi=EPV.
AFn AFn
where V) and V; , are the p,-isotypic components of V' and V;, respectively.
Proposition 4.1. If A - n, then
(@) Via #Oifandonly if A = [k,n —klwithn —k <i <k;
(b) if Vi a # O, then it has multiplicity 1, i.e. V; ; >~ p;.

Proof. This is a simple application of the Littlewood—Richardson rule. ]

Note that the diagonal action of GL,(Q,) on V' commutes with the S,-action. There
is also a Lie algebra action of sl on V =~ (Q%)®”, given by

X - viQu Q- ® vy
=X ® QU+ VI QX QUy+ -+ @ ® Xvy.

This too commutes with the S, -action. By Schur—Weyl duality, each V) is isomorphic to
M) ® p, for some irreducible sl,-representation M) (on which S;, acts trivially).

Corollary 4.2. If A = [k,n — k], then Vj ~ Sym* Q2 & p;.

Proof. By Proposition 4.1, we have dim V) = (2k —n + 1) dim p,. Since Symzk_"((ﬁ
is the unique irreducible representation of sl, of dimension 2k — n 4 1, we must have
M), ~ Sym?* Q2. n

Let {e4,e_} be abasis for Q%. For € € {£}", let e, be the corresponding basis element
of V. Also let ¢; be the element

(.4 o= ) €

with a minus sign in the i-th coordinate.
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Let H : V — V be the Q-linear map determined by

n
H(ee) = Z Ceg; -
i=1

Lemma 4.3. H commutes with the S,-action on V.

In fact, the map H is simply the action of (‘1)(1)) € sl, on V. Now suppose A =
[k,n — k]. Since H commutes with the S,-action, it acts on V) as H) ® 1 for some
Hj € End(Sym*Q?).

Corollary 4.4. Let A = [k, n — k). Then the eigenvalues of H; are
{—2k, -2k +2,...,-2,0,2,...,2k — 2,2k},
each appearing with multiplicity 1.

Proof. The matrix ((1’ (1)) is usually denoted e + f in the representation theory of sl,. It
is conjugate to the matrix ((1, _01 ), often denoted /. Thus, the characteristic polynomial of
H), is the same as that of 4 acting on the space SymZkQﬁ. The natural basis for Sym2k Q%
consists of eigenvectors for 4 with eigenvalues precisely the ones stated. ]

4.2. Local systems

Now let £ be a prime different from char k. Recall the split double cover W =Y L1 Y
of Y. Let Upy(Y) C Y24 be the open subscheme parameterizing 2d -tuples of distinct
points on Y, and let U4 (W) C W24 be its preimage under the morphism W24 — Y24,
Thus we have a cartesian diagram

Upg(W) —— w2

|

Upg(Y) —— Y24

in which the horizontal arrows are open immersions with dense image, and the vertical
arrows are finite étale. Both W2 and U,4 (W) are disconnected. The connected compo-
nents are

2d 2d
Wzd — L[(Yl X Y'Zd—i)7 U2d(W) — ]_[ Ui,Zd—i(W)'
i=0 i=0

Taking the appropriate quotients, and using the isomorphisms of (2.14), we obtain a
cartesian diagram

Si X 82q-i\Uipa—i(W) —— Z; 54— (W)

b,l le A.1)

S2d\Uza(Y) ———— E4(Y)
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in which the horizontal arrows are open immersions, the vertical arrows are finite, and b;
is étale.
The Galois cover
Uipa—i(W) = S24\U24(Y)
has group S,4, and the local system b;«Qg on Sy5\U,4(Y) corresponds to the induced
representation V; from the previous section. We define

2d

b Q¢ = (P bix Qe

i=0

This is a local system on S5\U,4(Y) corresponding to the S;;-representation V >~
(Q%)md. If A - n, we let Ly be the local system on S,4\U,4(Y) corresponding to p;.
Define A7 as the cartesian product

A ——— Ay

| Juﬁ

S2d\Uz2a(Y) —— Z24(Y)

and set L, = vy*L;. Recall from §2.4 the maps B; : N 24—iy = Agq for each i =
0,...,2d.

Proposition 4.5. For eachi € {0,1,...,d}, there is an isomorphism

BixQ¢ >~ (B2a—i)+Qq

and a decomposition
i
BixQr = P Lpa—ici-
k=0

Proof. By Proposition 4.1, we have

i
bixQe = P Lpa—rn-

k=0

On the other hand, it follows from proper base change and the smoothness of N 24_)
that

BixQp ~ vam*bixQy

(see [3, Prop. 5.3]). The proposition now follows. ]
Proposition 4.6. There is a decomposition

d
B+Qe = B (Sym™*Q} ® Liza—kx))-
k=0

and the endomorphism [YZ4) stabilizes each summand. The action of [YZ 4] on the tensor
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product SymZd_ZkQﬁ ® Lag—k k] s of the form Hy ® 1 for some Hy having character-
istic polynomial

d—k
det(t — Hy) = [] -2/
j=k—d

Proof. The proof of the first part is as in Proposition 4.5, this time using the decomposi-
tion

d
V= @ V2d—k.k]
k=0

and Corollary 4.2. The S,g-map H : V — V corresponds to a map H : b.Qy — b.Qy
of local systems. By Proposition 3.3, the map [YZ,]| 4 is identified with 7* H. Thus, the
second part of the proposition follows from Corollary 4.4. ]

4.3. The key identity

Fix an auxiliary prime £ # char k, and define 77 = 7 ® Qy, the £-adic analogue of the
Q-algebra JZ of §2.1.
The Hecke algebra .77 acts on the £-adic cohomology group

V = HZ"(Shtf @k k. Qq)(r),

as in [8, §7.1]. The cycle class map cl : Ch, ,(Shty;) — V is ¢ -equivariant, and the cup
product
() VXV —>Qy 4.2)

pulls back to the intersection pairing on the Chow group.
Recalling the map s — Q[Picy (k)] appearing in (2.2), define

Ay = Image(; — Endg, (V) x Endg, (/) x Q¢[Picx (k)]'"*),
Sy = Image(j% — Endg, (V) x Q¢[Picy (k)]lPic),
Ho = Image (54 — Endg, () x Q¢[Picx (k)]'"*).

These are finite type Q-algebras, related by surjections
A

Qe[Picy (k)]**e

Recalling the Q-algebra 77, of §2.1, there is a canonical isomorphism

%ul,l

/\

Ha ® Qp = Ay
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For any f € 2, the function J (£, s) of (2.7) is a Laurent polynomial in ¢° with rational
coefficients. Setting

Ty

Ir(f) = (logg)™ —=
s=0

we obtain a linear functional J, : 7 — Q. The following result shows that this coincides
with the linear functional I, : 57 — Q defined by (3.3).

Theorem 4.7. If f € 57, then 1. (f) = J,(f). Moreover, the Qg-linear extensions of 1,

and J, to 76, — Qg factor through 7.

Proof. The compatibility of the cup product pairing (4.2) with the intersection pairing on
the Chow group implies that the Q-linear extension I, : .7 — Q, factors through .7;.
The final claim of Proposition 2.5 implies that the Qg-linear extension J, : 77 — Qy
factors through 777, ¢. It follows that both I, and J, factor through the quotient ,%Ze

It remains to prove that [.( /) = J,(f) forall f € 5. Assume first that f = fp for
some effective divisor D € Div(X) of degree d > 2g; — 1. For each § € Ap (k), define

L&, fp) = Tr([YZd]g o Frobg: (B+Q0)g),
2d

Jr(§ fp) =27 ) (i —d)" Tr(Frob; (B(:.2a-«Qe)z)

i=0
By Proposition 3.5 and Theorem 2.8,
L(fo)= Y. L&), LU= Y &)
geAp (k) gedp (k)

so it suffices to show that I (¢, fp) = J, (&, fp) forall &.
There is a decomposition

2d
BeQe = D Bii2a—i«Qe.

i=0

but the endomorphism [YZ;] of .Q does not preserve this decomposition; see Remark
3.2. We instead consider the decomposition

d
B+Qe = B (Sym** Q] ® Lipa—kx)-
k=0

of Proposition 4.6, which has the property that [YZ;] takes the form Hy ® 1 on each
summand. We compute

I, fp) = Tf([YZd]g o Frobg: (B+Q¢)¢)
d

= Y Tr(Hj ® Frobg: Sym***Q} ® (Lpza—k41)g)
k=0
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I
M&

Tr(Hy) Tr(Frobg: (L2a—k.k1)z)

x~
Il
<)

Mﬁ.
M&.

2})’ Tr(Frobg; (Liad—k.k1)z)

x
Il

0j=k—d
d d—k
=271 N 7 Te(Frobe; (Liza—k 41)z)
k=0 =0
where the second to last equality follows from the last statement in Proposition 4.6.
On the other hand, using Proposition 4.5 we compute

2d
Jr (&, fp) =27 ) (d — i) Tr(Frobe; (B.2a—i)=Qe)g)
i=0
d
=271y "(d — i) Tr(Frobe; (B(i.2a—i«Qe)g)
i=0

d i
_ orl Z(d — iy Z Tr(Frobg; (Lipd—k k1))

i=0 k=0
d d—k
= ortl Z Z j" Tr(Frobg; (L[zd_k,k])é)-
k=0j=0

We conclude that I (¢, fp) = J, (&, fp), and hence I (fp) = J,(fp) for all effective D
of degree d > 2g; — 1.

The proof of [8, Thm. 9.2] shows that the image of .77 — %71 is generated as Q-
vector space by the images of fp € 7 as D ranges over all effective divisors on X of
degree d > 2g; — 1. Therefore I, = J,. [ ]

4.4. Proof of main theorems

The main theorems of the introduction follow from Theorem 4.7, by modifying the formal

arguments of [3, §5]. The additional subtlety in our context is that the intersection pairing

appearing in the definition of I, ( /') depends on the auxiliary integer d, which is itself a

function of f'. For the convenience of the reader, we spell out the argument below.
According to [8, (9.5)], there is a canonical (Q;-algebra decomposition

jizﬁ = %,Eis b @f%’zﬂ,mv (43)
m

where m runs over the finitely many maximal ideals m C j?i that do not contain the
kernel of the projection
Ay — Qe[Picy (k)] 4.4
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For each such m the localization J?i,m is a finite (hence Artinian) Qg-algebra. If we

denote by Ey, its residue field, then Hensel’s lemma implies that the quotient map %%m

— E,, admits a unique section, which makes %%m into an Artinian local E,-algebra.
The decomposition (4.3) induces a decomposition of j{’i—modules

V = Vais ® @ Vi (4.5)
m

in which each localization Vy, is a finite-dimensional E,,-vector space. It follows from
[8, Cor. 7.15] that this decomposition is orthogonal with respect to the cup product pairing.
Moreover, the self-adjointness of the action of .7#; with respect to the cup product pairing
(4.2) implies that there is a unique symmetric E,-bilinear pairing

(VB i Ve X Vin = Em

such that Trg, /@, () Ew = (-+°)-
Define [Sht]m € Vi to be the projection of the cycle class cl([Sht}]) € V. Next,

define [Sht!;]w € Vi to be the projection of cl([Shtf:’de]) e V,whered € Z C D is
any integer such that

[Shtt], € HZ (Shts=? @4 k, Qp)(r) C V.
We may form the intersection pairing
([Sht . [Shf ]} £,y € Enn.

Some maximal ideals 1 C ji;% appearing in (4.3) are attached to cuspidal automorphic
forms. Fix an unramified cuspidal automorphic representation 7 C ohcusp(G). Asin §2.1,
such a representation determines a homomorphism

Ax
%ut g %usp — C

whose image is a number field £,. The induced map

- A
Ay — Hawt —> Ex @ Qu = [ | Enx
e

determines, for every prime [ | £ of E,, a surjection A, : L%Z[ — E, 1 whose kernel is
one of those maximal ideals
m = ker(Ay ) (4.6)

appearing in the decomposition (4.5). This is a consequence of the isomorphism (2.3).
Recalling the period integrals &4 and &1 of §2.3, for every unramified cuspidal
automorphic representation 7 C cysp(G) define

_ 2469 Pr@.0)
(¢7 ¢)Pel .

C(m,s)

Here, ¢ is any non-zero vector in 7V
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Proposition 4.8. The complex number

r

, d
Cr(m) = (logq) ™" - 5 C(m.5)
§s=0

satisfies Cr(7)° = Cp(n?) for all 6 € Aut(C/Q). In particular, it lies in E.
Proof. As in [3, Prop. 5.7]. ]

Theorem 4.9. Ler m C %% be a maximal ideal that does not contain the kernel of (4.4).

(1) Ifwis of the form (4.6) for an unramified cuspidal automorphic representation & and
a place L| £ of E, the equality

([Sht,l:]m, [Shtlf"]m>Em = Cy(m)

holds in Exq = Ep 1.
(2) If w is not of the form (4.6) then

<[Shtﬁ]mv [Shtlzl:]m>Em =0.

Proof. Given Proposition 4.7, the proof follows that of [8, Thm. 1.6]. [

4.5. The proof of Theorem 1
As in the introduction, let [Sht’;] be the pushforward of the fundamental class under
67 : Sht}. — Shtg,

and let WT C Che,r (Sht‘é) be the #-submodule it generates.
Letd € Z C D be any large enough integer so that the finite-dimensional subspace

(D A ) - clliSts]) € H (Shi @4 k. Qu(r)

is supported on Sht‘é’sd_r (see (4.3)). Then define [Sht);] to be the pushforward of the
fundamental class under
0% : Sht=? — Shi.

Let Wy C Ch, , (Sht’é) be the #-submodule generated by [Sht);].
Define quotients

Wr = Wr/{c € Wr :(c.Wa) = 0}, Wa = Wa/tc € Wa: (e, Wr) =0},
so that the intersection pairing descends to (-,-) : Wy x Wpr — Q.
Proposition 4.10. The actions of 7 on Wr and Wy factor through the quotient
H — Hgw = Husp x Q[Picy (k)7

defined in §2.1.
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Proof. By Proposition 2.5 the distribution J, (/) only depends on the image of f under
I — Hyy. By Proposition 4.7 the same is true of the distribution I ( ) defined by (3.3),
and the claim follows as in [8, Cor. 9.4]. [

It follows from the discussion of §2.1 that s, R = Hiusp @@ R is isomorphic
to a product of copies of R, indexed by the unramified cuspidal automorphic represen-
tations 7. For each such 7, let e, € & r be the corresponding idempotent. Using
Proposition 4.10, these idempotents induce a decomposition, for x € {4, T'},

Wi (R) = W*,cusp 2] W*,Eis = (@ W*,yr) D W*,Eis
14

with sum over unramified cuspidal r, and where Wi , C Wi (R) is the A,-eigenspace
of .
The following is Theorem [ of the introduction.

Theorem 4.11. For x € {A, T}, let [Sht"],; denote the projections of the images of [Sht¥]

to the summand W . Then
([Shty]x. [Sht7]x) = Cy ().

Proof. This follows from Theorem 4.9, as in [3, Thm. 5.10]. [

Theorems 2 and 3 follow from Theorem 1, as explained in the introduction.
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