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Quantitative asymptotic regularity of the VAM iteration
with error terms for m-accretive operators
in Banach spaces

Paulo Firmino and Laurentiu Leustean

Abstract. In this paper, we obtain, by using proof mining methods, quantitative results on the
asymptotic regularity of the viscosity approximation method (VAM) with error terms for m-accretive
operators in Banach spaces. For concrete instances of the parameter sequences, linear rates are com-
puted by applying a lemma due to Sabach and Shtern.

1. Introduction

Let X be a normed space, A : X — 2% an accretive operator with a nonempty set of zeros,
and C C X anonempty closed convex subset of X such thatdom A € C C ran(Id + yA)
for all y > 0. Xu et al. [26] studied recently the following iteration:

VAM X =x, Xpy1=anf(xn) + (1 —an) T xp, (1.1)

where x € C, f : C — C is an «-contraction for @ € [0, 1), (4,) is a sequence in (0, 00),
() is a sequence in [0, 1], and, for every n € N, J ﬁ’ is the resolvent of order A, of A.

The VAM iteration is an instance of the viscosity approximation method applied to
resolvents of accretive operators in Banach spaces (see, for example, [2,16,19,21,22,25]).
If one takes f(x) = u € X in (1.1), one gets the Halpern-type proximal point algorithm
(HPPA), introduced by Kamimura and Takahashi [10] and Xu [24], a modification of the
proximal point algorithm that was studied in a series of papers in recent years. Thus, VAM
is a viscosity version of the HPPA.

Xu et al. [26] proved, in the setting of uniformly convex and/or uniformly Gateaux
differentiable Banach spaces, strong convergence results for the VAM iteration towards a
zero of A, extending results for the HPPA obtained by Aoyama and Toyoda [1].

As it is the case with numerous convergence proofs, an intermediate step is to obtain
the asymptotic regularity of the iteration. Asymptotic regularity was defined by Browder
and Petryshyn [5] for the Picard iteration and extended to general iterations by Borwein,
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Reich, and Shafrir [3]. By inspecting the proofs from [26], one can see that asymptotic
regularity of the VAM iteration holds, under some hypotheses on (¢ ), (1,), in the more
general setting of Banach spaces.

In this paper, we prove quantitative asymptotic regularity results for the VAMe iter-
ation for m-accretive operators, defined by adding error terms to the VAM iteration (see
(4.1)). These quantitative results provide uniform rates of asymptotic regularity, (J /{l )-
asymptotic regularity and, for allm € N, J fm -asymptotic regularity for VAMe. We com-
pute such linear rates for concrete instances of the parameter sequences (o), (A,,) as an
application of a lemma of Sabach and Shtern [23]. As VAM and HPPA for m-accretive
operators are particular cases of our VAMe iteration, we obtain rates for these iterations,
too. Furthermore, as an immediate consequence of our quantitative results, we obtain qual-
itative asymptotic regularity results for the VAMe iteration.

The results from the paper are obtained by applying methods of proof mining, a
research program concerned with the extraction, by using proof-theoretic techniques, of
new information from mathematical proofs. We refer to Kohlenbach’s textbook [12] for
details on proof mining and to [13, 14] for surveys of recent applications in nonlinear
analysis and optimization. Finally, let us remark that proof mining was applied recently
by Kohlenbach and Pinto [15] to obtain quantitative results, providing rates of metastabil-
ity, for viscosity approximation methods in W -hyperbolic spaces.

2. Preliminaries

Let X be a normed space and A : X — 2% a set-valued operator on X. As usual, we
identify the operator A with its graph graA = {(x,y) € X x X | y € Ax}.

Letdom A = {x € X | Ax # @} be the domain of A andran A = | Jcy Ax the range
of A. Furthermore, we denote by zer A the set of zeros of A, that is,

zerA={x e X|0e Ax}.
The definition of the inverse A~! of A is given through its graph:
grad ' ={(y.x) e X x X | (x,y) egrad} ={(y,x) € X x X | y € Ax}.

If A € R and B is another set-valued operator on X, then A4 = {(x,Ay) | x € X,y € Ax}
and A+ B ={(x,y+z)|xe X,y e Ax,z € Bx}. Forevery y > 0, the resolvent Jlj‘1
of order y of A is defined by J)j‘1 = (Id + yA)~!, where Id is the identity operator on X.
One can easily verify that dom J);“ = ran(Id + yA) and ran J );4 = dom A.

Let us recall that if d # C € X and T : C — X is a mapping, we denote by Fix(T")
the set of fixed points of T and T is said to be nonexpansive if | Tx — Ty|| < ||x — y| for
allx,y € X.

An operator A is said to be accretive [4,11] if forall x,y € dom A, u € Ax,v € Ay,
and y > 0,

[x =y +y@—v)|=Ilx—yl.



Quantitative asymptotic regularity of the VAM iteration 3

It is well known that, for any accretive operator A and for all y > 0,
J)f1 :ran(Id + yA) — dom A
is a nonexpansive mapping such that Fix(JyA) = zer A (see, for example, [9, Corollary
3.4.1] and [9, Proposition 6.7.1] for proofs).

Lemma 2.1. Assume that A is an accretive operator. Let A,y > 0.
(i)  Ifx €ran(Id 4+ AA), then L x + (1 — §)J*x € ran(Id +yA) and
A, _ 7A(7Y Y\ 4
Jix=J! (szr(l—x)JA x). @.1)
(i) Forall x € ran(Id + AA) Nran(Id + yA),

ke = gl = 1= X[ 7tx = x|, 22)

Proof. For the proof of (2.1), see [9, Proposition 3.4.1]. Inequality (2.2) follows immedi-
ately from (2.1) and the fact that J. yA is nonexpansive:

17 = il = | 7tx = 2 (S + (1= )|
14

SHx—xx—(l—%)fo”=)1—%‘”x—]{1x”. ]

An m-accretive operator is an accretive operator A that satisfies ran(Id + y4) = X for
all y > 0. It follows that, for an m-accretive operator A, (2.1) and (2.2) hold for all x € X.

3. Quantitative notions and lemmas

Let us recall the main quantitative notions that will be used in this paper. Suppose that
(an)nen is a sequence in a metric space (X, d). A mapping ¢ : N — N is said to be

(i)  aCauchy modulus of (a,) if, for all k € N and all n > ¢(k),
1
d(an+p,an) < k——l-l holds for all p € N,
(i)  arate of convergence of (a,) (towards a € X) if, forall k € N and all n > ¢(k),

1
d(an,a) < ——.
@ 4) < 125
Obviously, (a,) is Cauchy iff (a,) has a Cauchy modulus, and limy, . a, = a iff
(ay) has a rate of convergence towards a.
Assume that Y > by is a series of nonnegative real numbers and (b, = Y /_, b;) is
the sequence of partial sums. Then, a Cauchy modulus of the series is a Cauchy modulus
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of (l;n). A rate of divergence of the series is a mapping 6 : N — N satisfying Zfi"o) bi>n
forall n € N. Itis clear that Y _»., b, diverges iff it has a rate of divergence.
Let (yp,) be a sequence in a metric space (X,d), ® : N — N, C be a nonempty subset
of X, T:C — C,and (T, : C — C),eN be a countable family of mappings. We say that
(1) (yn)is asymptotically regular with rate ® (or @ is a rate of asymptotic regularity
of (yp)) if limy o0 d(¥n, yn+1) = 0 with rate of convergence ®;
(i)  (yn) is T-asymptotically regular with rate @ (or ® is a rate of T-asymptotic
regularity of (y,)) if lim, oo d(yn, Ty,) = 0 with rate of convergence ®;
@iii) (yn) is (T,)-asymptotically regular with rate ® (or @ is a rate of (7},)-asymp-
totic regularity of (y,)) if limy,—co d(Vn, Ty ¥») = 0 with rate of convergence .

3.1. Useful lemmas on sequences of real numbers

Lemma 3.1. If (b,) is a sequence in [0, 1] and 0 is a rate of divergence for Y .= o b,
then 6(n) > n —2 foralln € N.

Proof. Assume that 6(n) < n — 2 for some n € N. It follows that Z?L"O) b; < Z:’;g b; <
n — 1 < n, which is a contradiction. [

Lemma 3.2. Let (ay,), (by) be sequences of nonnegative real numbers, p,q € N, and
cn = pay + qby for alln € N. Assume that (ay,) is Cauchy with Cauchy modulus ¢, and
(by) is Cauchy with Cauchy modulus ¢,. Then, (cy,) is Cauchy with Cauchy modulus

p(k) = max{p12p(k + 1) — 1), 02(2q(k + 1) — D}.
Proof. Letk € N. We get that, foralln > ¢(k) and all p € N,
Cnt+p —Cn = P(an+p —ap) + ‘I(bn-i-p —by)

1 1 1
—+ . = .
i+ k) Tkt

<p

The following result is [18, Proposition 2.7], which is a reformulation of [8, Lemma
2.9 (1)], obtained by taking kL_H instead of ¢. It is a quantitative version of a particular
case of a very useful lemma on sequences of real numbers due to Xu [24].

Proposition 3.3. Let (ay,) be a sequence in [0, 1] and (cy,), (s,) sequences of nonnegative
real numbers such that for alln € N,

Sp+1 < (1 —ap)sp + can. 3.D

Assume that L € N* is an upper bound on (sn), Y neq an diverges with rate of diver-
gence 0, and ZZOZO ¢ converges with Cauchy modulus y.
Then, lim,_, s, = 0 with rate of convergence X defined by

S(k) = 0(x2k + 1) + 1 + [nQL(k + 1))]) + L.
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The next lemma is a slight variation of [23, Lemma 3], proved in [18, Lemma 2.8].

Lemma34. Let L >0,J > N >2,y €(0,1], (cn) be a sequence bounded above by L,
and a, = % for all n € N. Suppose that (s,) is a sequence of nonnegative real
numbers such that sg < L and, foralln € N,

Sp1 = (1 = yans1)sn + (@n — any1)cn.
Then, for alln € N,

_ L
S _—.
Ty +J)

4. VAM with errors for resolvents of m-accretive operators in Banach
spaces

Let X be a normed space, 4 : X — 2% an m-accretive operator such that zer A # @, and
f X — X an a-contraction for @ € [0, 1), that is, || f(x) — f(¥)| < «|x — y| for all
x,yeX.

We consider the iteration (x, ) defined as follows:

VAMe xo=x€ X, Xpp1=0nf(xn) + (1 —an)J xs + en. 4.1)

where (oty)neN is a sequence in [0, 1], (A,)neN is a sequence in (0, 00), and (ey),eN 1S a
sequence in X . Hence, (x,) is obtained from the VAM iteration studied in [26] by adding
error terms e;,.

For every z € zer A, let (K2 »)neN be a sequence of real numbers defined as follows:

K;o= max{||x —z|, W}, K:n=K;0+ :122 lei|| foralln > 1. (4.2)
Thus, K; ,4+1 = Kz n + |lex] foralln > 0.
Lemma4.1. Forallz € zer Aandm,n € N,
@ Mxn =zl 1 Cen) = 2l = Kz
() [xpr = xnll < 2Kz p41)
(i) [T xp — 2] < Kz
@) 12 xn = xnll 12 0 = f )| < 2Kz e
Proof. (i) We prove the two inequalities simultaneously by induction on 7.

n = 0:|xo — z|| < K;,o follows by (4.2). Furthermore, applying the fact that f is an
a-contraction and (4.2), we get that

1f (o) =zl = 1 f(x0) = I + [/ (2) =zl = etf|xo — z]| + (1 =) K70 = Kz 0.
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n = n + 1: we have that

[Xn41—z|| = “an(f(xn) —z2)+( _an)(J)ﬁxn - J)fiz) +en H as J)ﬁz =z
< anll f(xn) =zl + (A —an) lxn — 2] + [lenll
as J /{i is nonexpansive
< K; .+ |len]| by the induction hypothesis
= Kz,n+1~
Moreover, || f(xp+1) = zIl < @llxpt1 =z + [/ (2) — 2] = Kzt
1) [ xp41 — X ll < X — 2l + |Xn+1 — 2]l < Kon+ Kznt1 <2K; 5y1.
(i) [T xn =zl = 1V 3w = T2 2l < [|xn = 2| < Kz
(@iv) ||mexn — x|l < ||mexn —z|| + ||xn — z|| < 2K;,, and

172 xn = FO) | < T2 xn = 2] + 1/ (xn) = 2| < 2K . u

The following is the main inequality that will be used in the proof of one of our main
results from Section 5.

Proposition 4.2. Foralln € N,

lXn+2 = Xn41ll < (A = (1 —@)opy)IXn+1 — Xnll + Mz p + llent1 —enll.  (4.3)

[Xn+2 = Xp41ll < (1= (1 —)ant1) | xn+1 — xnll + Mz*,n + llent1 —enll, (4.4)

where
An-i-l
Mz,n =2Kz,n |Oln+1—Oln| +(1—Oln+1) 1-— 1 s
n
* An
MZ,n = 2K\ lon+1 —an| + (1 —apt1) |1 = .
An+t1

Proof. We have that

Xnt2 = Xni1 = (Cnr1 f(nt1) + (= @ni ) J5 | Xng1)
— (g1 fGon) + (1= s ) T x2)
+ (1S (xn) + (1 —Oln+1)J;[tXn)
— (o f(xn) + (1 —Oln)J/{an) +ent1—en
= opp1(f (eng1) — f(xn)) + (1 = an+1)(-’)ﬁ1+1xn+l — T xn)
+ (@1 — &) f(Xn) + (@ — 1) I} Xn + €nt1 — e
= ap1(f (xnt1) — f(xn)) + (1 —(Xn+1)(«];ﬁ+1xn+1 — T xn)

+ (on+1 — an)(f(xn) - J;{i-xn) +ent1 —ep.
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Thus,
%42 = Xng1ll < Gpgrfxns1s = xall + (1 = epp1) | Jﬁmxnﬂ — I x|
+ len+1 — an|” Sf(xn) — Jﬁ,xn ” + llen+1 — enll
< dpg10)xns1 — Xnll + (1 — @ngr) | Jﬁmxnﬂ - Jﬁxn I
+ 2Kz nlan+1 —an| + llent1 —en| by Lemma 4.1 (iv).
As

[ it = I = 15w = J5 x|+ 15 = I

< ont1 = xall + 2, 20 — I x

)

it follows that

X742 = Xpt1ll < (@pg10 + 1 —app1) || X1 — xal + (1 _an+1)|| J;{i_HXn - Jﬁlxn “

+ 2K, plany1 — onl| + llens1 —enll.

By (2.2) and Lemma 4.1 (iv), we have that

A A
[T, e = T x| < {1 - Z“ |V xn = xn|| < 2Kz|1 = 22520 @5)
n
A A
WA, xn = T x| < |1 Anil 12, xn = xa| < 2Kz n|l - Anil (4.6)
Apply (4.5) and (4.6) to conclude that (4.3) and (4.4) hold. ]

4.1. Quantitative hypotheses on the parameter sequences

We consider the following hypotheses on the parameter sequences (o), (A5), (e,) from
the definition (4.1) of the VAMe iteration (x):

(o)
(Hlay) Z o, = oo with divergence rate oy;
n=0
(e )
(H2ap) Z |ty — atp+1| < oo with Cauchy modulus o03;
n=0
(H3way,) lim oy = 0 with rate of convergence 03;
n—oo
> A
(H1Ay) Z 1 - 221 < o with Cauchy modulus yq;
n=0 n
> A
(H1A) Z 1- 7 ::1 < 0o with Cauchy modulus y;';
n=0 n
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1
(H2A,) A €N*and Nj € N are such that A,, > X foralln > Ny;

o0
(H3MAp) Z [An — An+1| < oo with Cauchy modulus y3;
n=0

o0
(Hley) Z llen || < oo with Cauchy modulus 6;;
n=0

(H2e,) lim |le,|| = 0 with rate of convergence 65;
n—o00

o0
(H3e,) E € N¥isanupper bound on Z llen]l-

n=0

Lemma 4.3. (i) Assume that (H3e,) holds. For every z € zer A, let K, € N* be such

that
K; > max{||x —z|, ”f(z)—_zll} + E.
1l—«
Then, K, , < K foralln € N. Hence, Lemma 4.1 and inequalities (4.3), (4.4) hold with
K instead of K, or K; py1.
(ii) Suppose that (H1e,) holds. Then, (H2ey,) is satisfied with 6, (k) = 61 (k) + 1 and
(H 3ey) is satisfied with E = [2?1:(8) lle:llT + 1.

Proof. Letus denote, forallm € N, &, = > i~ |lei .
(i) Itis obvious, by (4.2).

(i) Letk € N and n > 0,(k). We get that |le,|| = €, —ép—1 < k;—i-l’ asn—1>
01 (k), so we can apply (Hle,).
Obviously, if n < 6;(0), we have that €, < ég,(0) < E. Let n > 6;(0). By
(H1ey), we get that €, — €g,(0) < 1; hence, &, < E. [

Lemma 4.4. Assume (H2A,) and (H34,) hold. Then, (H1A,) and (H1A}) hold with
y1(k) = y{ (k) = max{Na, y3(A(k + 1) — 1)}. 4.7

Proof. Letus denote In =37 olAi = Ait1]|. We get that, foralln > y; (k) and all p € N,

n+p n
Ait1 Ait1
1— -
; Ai ; Ai
n+p 1 n+p
= 2 il D0 A=Al by (H2A)
i=n4+1"" i=n+1
= Ansp—In) < by (H3Ap).

The fact that (H14;) holds is obtained similarly. |
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5. Rates of asymptotic regularity, (J fn )-asymptotic regularity and,
forallm e N, J fm -asymptotic regularity

Throughout this section, X is a Banach space, 4 : X — 2% is an m-accretive operator
such that zer A # @, f : X — X is an a-contraction for o € [0, 1), x € X, and (x,) is the
VAMe iteration starting with x, defined by (4.1).

The first main result of the paper gives effective rates of asymptotic regularity of (x;,).

Theorem 5.1. Suppose that (H1a,), (H2ay), (H1Ay), and (H1ley,) hold. Let z € zer A,
K, € N* be such that

61(0)
K = ma{ e -2 S22 {2:wm]+1 5.1

and
x(k) = max{o2(6K;(k + 1) — 1), y1(6K,(k + 1) — 1), 01 (6k + 5)}.

Then, (xy,) is asymptotically regular with rate ® : N — N defined by
("}((zk + 1)+ 1+ [In(4K,(k + 1))]" )
01 +1).

l—«a

(k) =

Proof. We show that we can apply Proposition 3.3 with s, = || x4+1 — x»|l, L = 2K,

An+1

ay = (1 —a)ay+1, and cn=2Kz(|an+1—an|+’1— /X
n

)+wﬁrwm.

Let us remark first that (3.1) holds, as a consequence of (4.3) and Lemma 4.3 (i).
Furthermore, by Lemmas 4.1 (ii) and 4.3 (i), we have that L is an upper bound on (sy,).
For the rest of the proof, let k € N be arbitrary. Define

(k) = max{ol(’VL—‘ + 1) — 1,0}.
l—«o
It follows that

8(k) 0(k)+1 o1 £ 1+1)
Zan=(1—a)( > an—ao)z(l—a)< > an—ao)
n=0 n=0

n=0

>(1- a)([%—‘ r1- oeo) by (Hlay)

z(l—a)[—k —‘ asagp <1
l—«o
> k.

Thus, 6 is a rate of divergence of Y 2 o ay.
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Denote, forallm € N,

m m A
~ 'y i+1
Om =Zlai+1—ai|, Am =Z 1—- ;: ,
i=0 i=0
m m
§m=Z||e,~||, and Em=Zci.
i=0 i=0
We get that, for all n > y(k) and all p € N*,
_ _ n+p
Cntp = n = 2K:(@ntp —8n) + Antp = 2n) + D lleir1 —eill
i=n+1
4K n+p
<—F 41 —ei| by (H2ay,) and (H1A
S 5D +,~=§1”e’“ il by (H2ay) and (H1Ay)
2 n+p
AT e + lle;
T D izn;(n il + llei )
2 - - - -
= m + nt1+p —€n+1) + (€n+p —€n)
=< 2 + 2 >01(6k+5) ly (Hle,) twi
asn , SO wWe can a e wice
=3k+1) " 6(k+1) =" PRy L L
_ 1
k41

Thus, Y7~ ¢» converges with Cauchy modulus .
We can apply Proposition 3.3 to conclude that lim,_, o || Xp+1 — X5 || = O with rate of
convergence

oo [ £5] 1))

where P = y(2k + 1) + 1+ [In(4K; (k + 1)]. As [{£ 1+ 1> P +1>2+[In4] =4,
it follows, by Lemma 3.1, that 01([%] + 1) > 2; hence,

(k) = 01([%—‘ + 1) = o(k). -

Remark 5.2. Theorem 5.1 holds if we replace in the hypothesis (H14,) with (H1A})
and in the rates y; with y;". In the proof, we apply (4.4) instead of (4.3).

%(k) = 6(P) + 1 = max {01(’7%—‘ + 1) - 1,0} +1

Remark 5.3. By Lemma 4.4, Theorem 5.1 also holds if we assume (H2A,) and (H3A,)
instead of (H1A,). Then, y; is given by (4.7).
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The second main result shows that, given a rate of asymptotic regularity of (x,), one
can compute, under some quantitative hypotheses on the parameter sequences, rates of
v /{4 )-asymptotic regularity and of J f -asymptotic regularity for every m € N.

Theorem 5.4. Suppose that @ is a rate of asymptotic regularity of (x,), (H2ey) holds,
z € zer A, and K, € N* satisfies (5.1).

(i)  Assume that (H3ay) holds. Define ¥V : N — N by
W(k) = max{o3(6K.(k + 1) — 1), D3k + 2), 6 (3k + 2)}.

Then, V is a rate of (J j‘; )-asymptotic regularity of (xp).
(i)  Assume that (H3wy,) and (H2M,) hold. Define, for everym € N, ®,, : N — N
by
Onm(k) = max{Np, V(A Atk +1)—1),¥(2k + 1)},

where A,, € N* is such that A,;, > Ap,.
Then, for every m € N, Oy, is a rate of J fm -asymptotic regularity of (xp).

Proof. (1) Remark first that, for alln € N,
12 xn = Xng1 [l = 15 xn = (@n £ Gen) + (1= @) Tt xn + €0) |
= llan (J5t xn = f () = enll < anll T3t xn = fCea) | + llenl]
<20, K; + |len|| by Lemmas 4.1 (iv) and 4.3 (i).
It follows that, for all n > W(k),
12 %0 = xnll < 1972 %0 — Xngall + %41 — xal

<20, K; + [ xn41 — xnll + leall

1 1 1
3kt D) 3kt 3kt

1
abt
by (H3ay,), the fact that @ is a rate of asymptotic regularity of (x,), and (H2ey,).
Thus, W is a rate of (J )é, )-asymptotic regularity of (x,).
(ii) Let m € N. For all n € N, we have that

A A A A
||J)men — x| < ||J)tmxn - J)L,,xn” + ||J)Lnxn — Xn ||
< [An — Aml
An

An — Am
= (% + 1)||ngn — x|l
n

10 = T xnll + 1T X0 — xall - by 22)
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Letn > ®,,(k). We have two cases:

(a) Amzk"'Then’W“‘l:MA—:M-i-l:i—:',so

R = N
asn > U(ALAk+1)—1).
(b) Am < An.Then, Roztul 4 = 2udn 4 g =9 2n o
1950 = 3l = (2 72 ) V250 = 5l < 20000 = 3l =
m dop )1 " k+1
asn > W2k + 1).
Thus, ©,, is a rate of J fm—asymptotic regularity of (x,). |

As it is the case with applications of proof mining, we obtain effective uniform rates
that have a very weak dependency on the normed space X and the m-accretive operator
A, only via K, given by (5.1) for some zero z of A. The rates are computed for arbitrary
parameter sequences (¢t ), (A,), (e5) satisfying the quantitative hypotheses stated in The-
orems 5.1, 5.4 or Remarks 5.2, 5.3 and depend on the different moduli associated to these
hypotheses. As we will see in Section 5.3, we get linear rates for concrete instances of
such sequences.

Furthermore, if one forgets about the quantitative aspects, one gets, as an immediate
consequence, qualitative asymptotic regularity results for the VAMe iteration (x).

Corollary 5.5. Assume that Y -0 = 00, Y v [0ty — 0tnt1| < 00, Yy llen]l < o0,
and one of the following holds:
@ Yol =2 < oo,
An
(b) Yool - 22| < oo,
(¢) infreny An > 0and Y ;2o |An — Any1] < o0

Then, lim, o || Xn — Xp+1] = 0.
Corollary 5.6. Suppose that lim, .« || Xy — Xn+1]| = 0 and lim, s || ]| = 0.
(i) Iflimy—oo 0y = 0, then limy 0 || X — J,{ix" I = 0.

(1)  Iflimy—eo 0ty = 0 and infen Ay > 0 hold, then limy— o || X, — mex,,H =0
for everym € N.

5.1. Rates for the VAM iteration
By letting e,, = O for all n € N, the VAMe iteration becomes the VAM iteration:
VAM xg=x€X, Xxpt1=0,f(xp) + (1 —otn)J)éLx,,,

where A is an m-accretive operator.
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Letz € zer A and K € N* satisfy

L0 —z1) 52

K¥ > max{|x —z|, =————3.
2 = ma{ - 21, L2

By a slight modification of the proofs of Theorems 5.1, 5.4, taking into account that
e, = 0 for all n € N and that Lemma 4.3 (i) holds with £ = 0, we obtain rates for the
VAM iteration.

Proposition 5.7. Assume that (Hlay,), (H2ay,), (H1A,) hold and define
X" (k) = max{oa (4K (k + 1) — 1), y1(4KZ (k + 1) — D},
o* (k) = 01(")( 2k + 1)+ 1 + [In(4K7; (k + 1))]—‘ 4 1)'

l—«

Then, ®* is a rate of asymptotic regularity of the VAM iteration (x,).
Remarks 5.2 and 5.3 are true for the VAM iteration too.
Proposition 5.8. Ler ®* be a rate of asymptotic regularity of (x,). Define
U*(k) = max{o3(4K} (k + 1) —1),®*(2k + 1)} if (H3ay) holds,
and, form € N and A, € N* such that Ay, > A,

Oy, (k) = max{Nx, V* (A, Ak + 1) — 1), ¥*(2k + 1)}
if both (H3ay,) and (H2A,) hold.

Then, V* is a rate of (J )é; )-asymptotic regularity of (x,) and, for everym € N, O}, is a
rate of J fm -asymptotic regularity of (x).

Corollaries 5.5 and 5.6 (with the hypotheses Y 72 [len | < 0o, limy—o [len] = 0
removed) hold also for the VAM iteration.

We remark that in [26] the VAM iteration (x,,) is studied in a more general setting, by
considering an accretive operator A4, an «-contraction f : C — C, and x € C, where @ #
C C X is a nonempty closed convex subset of X satisfying dom A € C C ran(Id + yA)
for all y > 0. It is easy to see that the results from Section 4 specialized to e, = 0 hold
in this setting with basically the same proofs. Hence, Propositions 5.7 and 5.8 are true in
this more general setting, too.

5.2. Rates for the HPPA iteration
Another particular case of the VAMe iteration is the (inexact) HPPA iteration:
HPPA xo=x€ X, xp4+1 =ayu—+ (1 —oen)J/{ixn + ey,

obtained by letting f(x) = u € X in the definition (4.1) of VAMe. Obviously, the constant
mapping f(x) = u is an «-contraction with ¢ = 0.
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Theorems 5.1 and 5.4 hold for the HPPA iteration with K, € N* such that

01(0)
K > max{||x —z||. Ju — z||} + { > ||ei||w + 1.

i=0

Furthermore, Corollaries 5.5 and 5.6 are true for the HPPA (x;,), too.
By letting e, = 0, we get that Propositions 5.7 and 5.8 hold with K} € N* such that

K7 = max{||lx — z|. [lu —z|}.

Methods of proof mining were applied in [17,20] to the HPPA iteration associated to
a maximal monotone operator A in a Hilbert space X to obtain quantitative results on its
asymptotic behavior, including rates of ((J A“i), J fm (m € N))-asymptotic regularity.

In this paper, we compute such rates for the more general setting of m-accretive oper-
ators in Banach spaces.

5.3. Linear rates for concrete instances of the parameter sequences

[23, Lemma 3] or its slight variation, Lemma 3.4, were applied recently to obtain linear
rates of asymptotic regularity for the Tikhonov—Mann and modified Halpern iterations [6],
the alternating Halpern—Mann iteration [18], and different Halpern-type iterations [7]. In
the sequel, we use Lemma 3.4 to compute linear rates for the VAMe iteration for two
specific choices of the parameter sequences.

In the following, for alln € N,

B 2
(- +J)’

1
oy whereJ:2’V —‘
l—«a

As (o) is decreasing, we have that

S (l—-a)J T

oy < 0

Thus, o, is a sequence in [0, 1].

5.3.1. A first example. For all n € N, consider
Apn=A>0ande, =0.

Then, (x,) is the VAM iteration with a single mapping J;4, which is nonexpansive. It fol-
lows that (x,) is a particular case of the viscosity version of the Halpern iteration (where
one considers an arbitrary nonexpansive mapping 7 instead of Jj) introduced by Xu [25]
and studied by Sabach and Shtern [23] under the name of sequential averaging method
(SAM). As an application of [23, Lemma 3], Sabach and Shtern obtained linear rates of
(T-)asymptotic regularity for SAM. Cheval and the second author [7] applied Lemma 3.4
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to compute such linear rates in the more general setting of W -hyperbolic spaces; these
rates hold in our setting, too.

Consider the following mappings, defined in [7, Section 3.2, (15), (16)], with notations
adapted to this paper:

1 72 1
Do(k) = 4K {——‘ (k+1) —2{——‘,
l—« l—«

1 72 1 1
(k) = (4K;[——‘ + 4K;[_D(k L) _z(_],
1l—« l—« l—«

where z € zer A and K} € N* satisfies (5.2).

Then, (x,) is asymptotically regular with rate ®y and J f -asymptotically regular with
rate Wy. As A, =A forall neN, obviously (J /{1 )-asymptotic regularity and J fm -asymptotic
regularity (for m € N) coincide with J f—asymptotic regularity of (x,).

5.3.2. A second example. Let us take, foralln € N,

n=——— and e, =-———=e€, wheree € X.
n+J—1 (n+ J)?

Since Y7 it follows that (H 3ey,) holds with

Letz € zer A and K, € N* satisfying

K; > max{“x—ZH, ||f§zz;z|| } + ( le”] —‘

n= O(+J)2<J T

J—1
Proposition 5.9. Foralln € N,

3JK; + |le*|

[ Xn+1 —xall < T—on i) (5.3)

Thus,

Bo(k) = (3IK: + [lle* M ! W(kﬂ)—

2
—61{11 ]<k+1)+f||e M ! ](k+1)— [#W
l—«o

is a linear rate of asymptotic regularity of (xp,).

Proof. By Lemma 4.3 (i), we have that Lemma 4.1 and (4.3) hold with K, defined as
above instead of K, , or K; ,+1. Applying (4.3), we get that, foralln € N,

[xn+2 = Xn41ll = (A = (I —@)apt )| Xn+1 — Xnll + Pz,
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where
An—i—l
P, = 2K, |an+1 _an| + (1 _an+1) 1— P + ||en+1 — en”
n
1 - A _
= |ant1 —oz,,|(2KZ(1 T (I—ant1) [, Ans1 )+ llenti En”).
lotn 41 — o An |1 — o

2
-y n+NNm+1+J)
l-a)n+1+J)-2

loth 41 —otn| = 0ty —atpy1 =

1 - = ,
T T )+ 14 9)
1_)kn+1 =1—A"+1= 1
An An (n+ J)2’
we have that
(I=ps1) | Aunr| _ (A=) +14+)=2)n+J) 1
ot 41 — ot | An 2 (n + J)?
n+J -1 1
< — < —.
T~ 2m+J) 2
Furthermore,
lentr —enll _ @+ )+ Dle"[A =) _ fle*] _ [le*]|
lan+1 — atn 2m+S)n+J+1D) T n+J T J

It follows that, for alln € N,

e*
42 = sl < (1= (=) nes = 3]+ G = o) (3 + 171 ),

One can easily see that Lemma 3.4 can be applied with

_ _ lle* | _
sn—”xn-i-l_xn”y L_3KZ+Ty N_27

lle™|

1
J=2’71——‘, y=1—-a, a,=0o,, c,=3K,+
—o

to conclude that (5.3) holds, and, as a consequence, @y is a rate of asymptotic regularity
of (xy). |

Proposition 5.10. Define

2 . 1 1
e snen] = |a+n-2 2 |

2
W (k + 1)+6[||e*||1’71ia—‘(k+ 1)—2[1l W

Yo (k) = ISKZ[
11—«

S

Qp(k) = 36KZ’7
l—«a

S
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Then, Vg is a linear rate of(Jﬂ)-asymptotic regularity of (x,) and ®y is a linear rate of
J fm -asymptotic regularity of (x,) for every m € N.

Proof. We can apply Theorem 5.4, as (H3wy,) holds with o3(k) = Jk, (H2ey,) holds
with 6, (k) = max{[+/|le*||(k + 1)] — J, 0}, (H2A,) holds with A = 1, Ny = 0, and
Am =2 > Ay, forallm € N.

Using also Proposition 5.9, it follows that (x,) is (J )ﬁl )-asymptotically regular with
rate

W(k) = max{o3(6K,(k + 1) — 1), ®e(3k + 2), 60,(3k + 2)}.
Since
03(6K,(k+1)—1)=6JK,(k+1)—J,
1
; _J(k + 1)+ 3[lle*|] {EW(k +1)—J,
02(3k +2) = max{[ v/3|le*||(k + 1)| — J,0},

we have that 03(6K,(k + 1) — 1), 8,(3k + 2) < ®¢(3k + 2); hence,

o3k +2) = 9JKZ[

(k) = o3k + 2) = Wo(k).

Applying Theorem 5.4 (ii), we get that, for every m € N, (x,) is J fm-asymptotically reg-
ular with rate

Om(k) = max{Na, Uo(AmAlk + 1) — 1), Wo(2k + 1)}
= Wo(2k + 1) = O (k). -
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