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Abstract. We define a new height function on rational points of a DM (Deligne–Mumford) stack
over a number field. This generalizes a generalized discriminant of Ellenberg–Venkatesh, the height
function recently introduced by Ellenberg–Satriano–Zureick-Brown (as far as DM stacks over num-
ber fields are concerned), and the quasi-toric height function on weighted projective stacks by
Darda. Generalizing the Manin conjecture and the more general Batyrev–Manin conjecture, we for-
mulate a few conjectures on the asymptotic behavior of the number of rational points of a DM stack
with bounded height. To formulate the Batyrev–Manin conjecture for DM stacks, we introduce the
orbifold versions of the so-called a- and b-invariants. When applied to the classifying stack of a
finite group, these conjectures specialize to Malle’s conjecture, except that we remove certain thin
subsets from counting. More precisely, we remove breaking thin subsets, which have been studied
in the case of varieties by people including Hassett, Tschinkel, Tanimoto, Lehmann and Sengupta,
and can be generalized to DM stack thanks to our generalization of a- and b-invariants. The notion
of breaking thin subset enables us to reinterpret Klüners’ counterexample to Malle’s conjecture.
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1. Introduction

The Batyrev–Manin conjecture [6, 19] and Malle’s conjecture [32, 33] are two important
conjectures about asymptotic behaviors of arithmetic objects; rational points of a vari-
ety and G-extensions of a number field for a prescribed transitive subgroup G of the
symmetric group Sn. There is a clear similarity between them. In a proper setting, for
each real B > 0, the number of rational points with height at most B is finite; and sim-
ilarly for the number of G-extensions of a number field with discriminant at most B .
In both cases, if we denote these numbers by N.B/, then the conjectures claim asymp-
totic formulas of the form

N.B/ � CBa.logB/b�1 .B !1/

for some constants C > 0, a > 0 and b � 1, where a and b are invariants admitting simple
expressions. There are also works on formulas for the leading constant C , notably [7, 37]
for rational points and [8] for Sn-extensions.

In [48,49], the second-named author studied relations between these conjectures from
the viewpoint of the McKay correspondence. In particular, he showed that the constants
a and b in the two conjectures are closely related, and observed by a heuristic argument
using zeta functions that there are non-rigorous “implications” between the conjectures.
Key ingredients in this study were the discrepancy invariant of singularities and the
age invariant, as is often the case in studies on the McKay correspondence and quo-
tient singularities. Recently, the first-named author [13] and Ellenberg–Satriano–Zureick-
Brown [16] started studying distributions of rational points on algebraic stacks as a step
toward unifying the Batyrev–Manin conjecture and Malle’s conjecture. For this purpose,
they needed to introduce new height functions on stacks, based on different ideas. The
first-named author introduced the notion of quasi-toric heights on weighted projective
stacks and derived a precise asymptotic formula for rational points of these stacks. On
the other hand, Ellenberg–Satriano–Zureick-Brown introduced the height function asso-
ciated to a vector bundle V , motivated by the work of Wood–Yasuda [45]. Moreover,
under certain assumptions, they defined the Fujita invariant a.V/ of a vector bundle and
conjectured that for any " > 0, there exist constants C1; C2 > 0 satisfying

C1B
a.V/
� N.B/ � C2B

a.V/C";



The Batyrev–Manin conjecture for DM stacks 3

where N.B/ is the number defined as before but with the height function associated to V .
They call this a weak form of the stacky Batyrev–Manin–Malle Conjecture. Note that
their definition of a.V/ is not given in terms of the pseudo-effective cone as in the original
Batyrev–Manin conjecture.

The purpose of the present article is to introduce yet another height function for DM
(Deligne–Mumford) stacks and formulate a few conjectures on the asymptotic behavior
of the number of rational points with bounded height. In particular, we suggest two com-
patible ways of determining the exponent of logB in relevant asymptotic formulas, while
we “normalize” data necessary to define a height function in such a way that the expo-
nent of B is expected to be 1. On the other hand, we do not try to find a formula for the
leading constant C , except that we speculate upon conditions for such a formula to exist
(Remark 9.17). Our key ingredient is the stack of twisted 0-jets, denoted by J0X, of the
given stack X, which appears in motivic integration over DM stacks [46, 47] and is also
known as the cyclotomic inertia stack in the Gromov–Witten theory for DM stacks [2].
The trivial connected component of J0X is called the nontwisted sector and the other con-
nected components are called twisted sectors. The set of all sectors, denoted by �0.J0X/,
is equipped with the age function, ageW �0.J0X/ ! Q�0. To get a meaningful height
function especially when X has a nontrivial generic stabilizer, we need to choose another
function cW �0.J0X/ ! R, which we call a raising function, and define the function
agec WD ageCc on �0.J0X/. A line bundle L on a DM stack X endowed with a raising
function c defines a height functionHL;c on rational points of X, which is unique modulo
bounded functions. Specifying an adelic metric on L and a raising datum c� refining the
raising function c completely determines the height function. Our height function inherits
some nice properties of the classical height function on varieties, namely, multiplicativity,
functoriality and the Northcott property. This new height function generalizes those of
the first-named author [13] and Ellenberg–Satriano–Zureick-Brown mentioned above (as
far as DM stacks over a number field are concerned), and also the “f -discriminant” of
Ellenberg–Venkatesh [17, p. 163]. Note that the paper [16] treats also Artin stacks over
global fields.

Our first conjecture, Conjecture 5.6, concerns the case where our stack X is Fano,
meaning that the anti-canonical line bundle !�1

X
corresponds to an ample Q-line bundle

on the coarse moduli space. We also assume that the raising function is adequate, which
means that agec.Y/ � 1 for every twisted sector Y and that if X is of dimension zero,
then there exists a sector Y with agec.Y/ D c.Y/ D 1. The conjecture claims that in this
situation, the asymptotic formula for H!�1

X
;c is of the form

CB.logB/�.X/Cjc.X/�1;

where �.X/ is the Picard number and jc.X/ is the number of c-junior sectors, that
is, twisted sectors with agec D 1, provided that a suitable “accumulation thin subset”
is removed. As evidence for this conjecture, we show that the conjecture is compatible
with taking products of Fano stacks and with the Manin conjecture for Fano varieties
with canonical singularities.
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The second conjecture, Conjecture 9.10, treats a more general situation and is for-
mulated in terms of a variant of the pseudo-effective cone, which we call the orbifold
pseudo-effective cone, like the original Batyrev–Manin conjecture for varieties. We define
a- and b-invariants for the pair .L; c/ of a line bundle and a raising function c and denote
them by a.L; c/ and b.L; c/. The conjecture claims that if the pair .L; c/ is big (meaning
that the pair gives a point lying in the interior of the orbifold pseudo-effective cone), if we
assume the adequacy condition (Definition 9.4), which in particular implies a.L; c/ D 1,
and if we remove a suitable thin subset, then the asymptotic formula for HL;c is of the
form

CB.logB/b.L;c/�1:

We show that the second conjecture implies the first one; the proof is non-trivial unlike
in the case of varieties. Of course, our conjectures are formulated in such a way that
they specialize to the Manin and Batyrev–Manin conjectures for varieties. On the other
hand, applying these conjectures to the classifying stack BG of a finite group G, we
obtain a version of Malle’s conjecture with respect to a generalized discriminant, which
was considered in [17], except that the removed “accumulation subsets” are different. We
follow Peyre’s suggestion [38, p. 345] to remove a thin subset from the set of rational
points. Our second conjecture also incorporates the notion of breaking thin morphisms,
which have been studied in the case of varieties for example in [21,27,28,30]. That enables
us to interpret Klüners’ counterexample [23] to Malle’s conjecture in terms of breaking
thin maps of stacks. A variation of this notion, weakly breaking thin morphism, is closely
related to Wood’s fairness [44]. The slightly more general case of classifying stacks BG
with G an étale finite group scheme is studied in more detail in another paper [15] of the
authors. It is proved there that our conjectures hold true for BG with G commutative.

In this paper, for the sake of simplicity, we focus on the case where the base field is a
number field. However, almost every argument and statement in this paper can be easily
translated to the case of an arbitrary global field, provided that we restrict ourselves to
tame DM stacks, that is, DM stacks having stabilizers of orders coprime to the character-
istic of the base field.

The paper is organized as follows. In Section 2, we set the basics of twisted sectors
and ages and define the residue map, which plays an important role in the definition of our
height function. In Section 3, we recall the correspondence between Q-line bundles of a
stack and ones of the coarse moduli space. We also recall the height function associated
to a line bundle with an adelic metric in a generalized context of stacks. In Section 4,
we introduce the notion of raising data and define the height function associated to the
pair of a line bundle and a raising datum. In Section 5, we formulate our first conjecture
concerning Fano stacks. In Sections 6 and 7, we show that this conjecture is compatible
with taking products of Fano stacks and with the Manin conjecture for Fano varieties
with canonical singularities. In Section 8, we introduce the notions of the orbifold Néron–
Severi space and the orbifold pseudo-effective cone. In Section 9, we define the a- and
b-invariants of the pair of a line bundle and a raising function and formulate a few versions
of the Batyrev–Manin conjecture for DM stacks. We also see how one of these conjecture
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specializes to the first conjecture about Fano stacks as well as to Malle’s conjecture. We
then reinterpret Klüners’ counterexample to Malle’s conjecture in our language. Lastly,
we introduce the notion of c-comprehensiveness for finite groups, which gives a sufficient
condition that for a finite group G, the set of connected G-torsors is disjoint from any
weakly breaking thin subset.

1.1. Notation

Throughout the paper, we denote by F a number field. A place of F is usually denoted
by v. We denote the set of places byMF . The local field ofF at a place v is denoted byFv .
If v is a finite place, the residue field of Fv is denoted by �v . We denote its cardinality
by qv . If S is a finite set of places including all infinite places, we denote the ring of
S -integers by OS . We denote the absolute Galois group of F by �F .

We denote by X a DM stack over F satisfying a certain condition. We denote the
dimension of X by d . We denote by X.F / the groupoid of F -points, and by XhF i the
set of isomorphism classes of F -points.

For a scheme T , notations such as XT and GT mean that these objects are defined
over T . They typically arise as either the base change to T from another scheme or the
extension to T from an open subscheme of T . When T D SpecR, we also write XR

and GR.

2. Twisted sectors, residue maps and ages

2.1. Twisted sectors

Let us fix a number field F .

Definition 2.1. A nice stack over F means a DM stack X over F satisfying the following
conditions:

(1) X is separated, geometrically irreducible, and smooth over F ,

(2) a coarse moduli space of X is a projective F -scheme,

(3) X is not isomorphic to SpecF .

Remark 2.2. We exclude Spec F from nice stacks. One reason for this is that Spec F
has only one F -point and counting it is not very meaningful. Another reason is that the
orbifold Néron–Severi space of SpecF (see Definition 8.1) is the trivial/zero space and we
cannot define meaningful a- and b-invariants. Note that we do not exclude the possibility
that a nice stack may have SpecF as its coarse moduli space. In fact, such stacks are of
great interest in relation to Malle’s conjecture.

Throughout the rest of the paper, we denote by X a nice stack, unless otherwise speci-
fied. We choose a finite set of places, S �MF , including all infinite places such that there
exists an irreducible, smooth, proper, and tame model XOS

of X over OS . Here “tame”
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means that for every point x 2 XOS
.K/ with K a field, the automorphism group Aut.x/

has order coprime to the characteristic of K. We see that such a finite set S exists.

Definition 2.3 (Stacks of twisted 0-jets). Let�l;F and�l;OS
be the group schemes of l-th

roots of unity over F and OS , respectively. Let B�l;F WD ŒSpecF=�l;F � and B�l;OS
WD

ŒSpec OS=�l;OS
� be their classifying stacks, where the notation Œ�=�� means a quotient

stack. We define the stack of twisted 0-jets of X by

J0X WD
a
l>0

Homrep
F .B�l;F ;X/:

Here Homrep
F .�;�/ means the Hom stack of representable morphisms (see [36]). We also

define
J0XOS

WD

a
l>0

Homrep
OS
.B�l;OS

;XOS
/:

Namely, for each F -scheme T , the fiber .J0X/.T / over T is the groupoid of repre-
sentable T -morphisms B�l;T ! XT , with the subscript T meaning base change to T ;
and similarly for J0XOS

. From [36], J0X and J0XOS
are DM stacks locally of finite

type over F and OS , respectively. From [51, Lemma 6.5], they are, in fact, of finite type.

Remark 2.4. If I X denotes the inertia stack of X, then we have a (noncanonical) iso-
morphism .J0X/˝F xF Š .I X/˝F xF (see [47, Proposition 22]).

Remark 2.5. Stacks of twisted 0-jets were used in [46,47] to develop motivic integration
over DM stacks. The same notion also appears in the orbifold Gromov–Witten theory
[1,2]. In [2], it is called the cyclotomic inertia stack. Motivic integration (or a variant of it,
p-adic integration) and Gromov–Witten theory for stacks may be regarded, respectively,
as local and geometric analogues of counting rational points of stacks. This explains why
looking at the stack of twisted 0-jets is natural in the context of the present paper.

Definition 2.6 (Sectors). We call the trivial connected component HomF .B �1;F ;X/
of J0X, which is canonically isomorphic to X, the nontwisted sector and denote it again
by X, abusing notation. We call the other connected components twisted sectors. We call
a connected component of J0X a sector, whether twisted or nontwisted. We denote by
�0.J0X/ (resp. ��0 .J0X/) the set of sectors (resp. twisted sectors).

Lemma 2.7. The stack J0X is smooth and proper over F . Moreover, if J0XOS
is flat

over OS , then it is also smooth and proper over OS .

Proof. By generic flatness, if we enlarge S , we can make J0XOS
flat over OS . Thus, the

first assertion follows from the second. To show the second assertion, suppose that J0XOS

is flat over OS . It suffices to show that for each geometric point SpecK ! Spec OS , the
fiber J0XK is smooth and proper overK. TheK-stack J0XK is isomorphic to the inertia
stack I XK of XK , which is well-known to be smooth and proper. The properness of I XK

follows from the fact that the natural morphism I XK ! XK is identified with the (say
first) projection

XK ��;XK�KXK ;� XK ! XK ;
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which is proper. The smoothness follows from the local description of the inertia stack
[42, tag 0374].

Corollary 2.8. If J0XOS
is flat over OS , then the natural map �0.J0X/! �0.J0XOS

/

is bijective. Here �0.�/ denotes the set of connected components.

Proof. Let K=F be a finite Galois extension such that every connected component of
J0XK is geometrically connected. Let G be its Galois group. We have a natural G-action
on �0.J0XK/ and can identify �0.J0X/ with the set of G-orbits in �0.J0XK/.

Let OT be the integral closure of OS in K. Since J0XOT
is smooth over OT , its irre-

ducible components are pairwise disjoint. This shows that connected components Y of
J0XK have closures xY in J0XOT

which are pairwise disjoint. It follows that �0.J0XK/

and �0.J0XOT
/ are canonically isomorphicG-sets. Accordingly, their orbit sets are iden-

tified, which implies the corollary.

Remark 2.9. For a more geometric (rather than algebraic) treatment of twisted sectors,
we refer the reader to [4].

It is sometimes more useful to express J0X by using the pro-finite group scheme
y�F WD lim

 �
�l;F instead of finite ones �l;F , l 2 Z>0. Note that since transition mor-

phisms of the projective system �l;F , l 2 Z>0, are all affine morphisms, the projective
limit lim

 �
�l;F exists as a scheme (see [20, Proposition 8.2.3] or [42, tag 01YX]) and

has a natural structure of a group scheme. In other words, the limit lim
 �

�l;F as a func-
tor from F -schemes to groups is (represented by) a group scheme; and similarly for
y�OS
WD lim
 �

�l;OS
.

To obtain such a description of J0X, we need to slightly generalize the Hom stack
as follows. Let R be a ring, let SchR be the category of R-schemes and let U and V

be two categories fibered in groupoids over SchR. We define HomF .U; V/ to be the
category fibered in groupoids over SchR as follows: for each R-scheme T , the fiber
HomR.U;V/.T / is

HomT .U �SpecR T;V �SpecR T /;

the groupoid of T -morphisms U �SpecR T ! V �SpecR T .

Lemma 2.10. Let G be a group scheme over R. Let KX;G be the fibered category over
SchR such that for each F -scheme T , the fiber KX;G.T / is the groupoid of pairs .x; �/,
where x is an object of X.T / and � is a homomorphism G

op
T ! AutT .x/ of group

schemes over T .1 Then
HomF .BG;X/ ŠKX;G :

Proof. Let T be an R-scheme. We will construct functors between the groupoids
HomT .BGT ;XT / and KX;G.T / which are quasi-inverses of each other.

1We follow the convention that a group acts on a torsor from the left. Then the automorphism
group of a G-torsor is identified with a subgroup of the opposite group Gop.
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Construction of HomT .BGT ;XT /!KX;G.T /: Let f WBGT !XT be a T -morphism.
Suppose that the trivial torsor � WG � T ! T , which is an object of .BGT /.T /, maps to
˛ 2 XT .T / D X.T / by f . The morphism f induces a morphism of group schemes
over T ,

G
op
T
�
�! AutT .�/! AutT .˛/:

Construction of KX;G.T / ! HomT .BGT ; XT /: Let ˛ be an object of X.T / and
�WG

op
T ! AutT .˛/ a homomorphism. Let ŒGop

T � T �0 (resp. ŒGop
T � T �) be the prestack

(resp. stack) associated to the trivial groupoid scheme Gop
T � T . We define a morphism

ŒG
op
T � T �0!XT so that a morphism S ! T , regarded as an object in ŒT � G

op
T �
0.S/,

maps to ˛S , and a morphism S ! G
op
T , regarded as a morphism in ŒT � G

op
T �
0.S/, maps

to the automorphism of ˛S corresponding to the composition S ! G
op
T

�
�! AutT .˛/. This

induces a morphism of stacks BGT D ŒT � G
op
T �! XT .

It is easy to see that these functors between HomT .BGT ;XT / and KX;G.T / are
quasi-inverses of each other, and induce the claimed isomorphism of the lemma.

Proposition 2.11. We have

J0X Š HomF .B y�F ;X/ and J0XOS
Š HomOS

.B y�OS
;XOS

/:

Proof. For an F -scheme T , a representable morphism B�l;T ! X induces the (non-
representable) morphism

B y�T ! B�l;T ! X:

This induces a morphism J0X ! HomF .B y�F ; X/. Conversely, for a morphism
B y�T ! X, we have the associated morphism

y�T ! AutT .x/ .x 2 X.F //

from Lemma 2.10. Each point t 2 T has an open neighborhood U � T such that the
induced morphism y�U ! AutU .xU / canonically factors into the composition

y�U ! �l;U � AutU .xU /

of the canonical surjection y�U ! �l;U and an injection �l;U � AutU .xU /. Thus, we
get an object of J0X over U . They glue together to give an object over T . Thus, we get
a morphism HomF .B y�F ;X/! J0X. We see that these morphisms between J0X and
HomF .B y�F ;X/ are quasi-inverses to each other, which shows the first isomorphism of
the proposition. The second isomorphism is proved in the same way.

Remark 2.12. The stack B y�F is neither a DM or Artin stack.

Remark 2.13. If e is a sufficiently factorial positive integer, then we can describe J0X D

HomF .B y�F ;X/ also as HomF .B�e;F ;X/.

Corollary 2.14. For a .not necessarily representable/ morphism f W Y ! X of nice
stacks, we have a natural morphism J0Y!J0X and a natural map �0.J0Y/!�0.J0Y/.
Moreover, if fOS

W YOS
! XOS

is a model of f , then we have a natural morphism
J0YOS

! J0XOS
.
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Proof. The natural morphism J0Y ! J0X is defined by sending a morphism
hWB y�T ! Y to the composition f ı hWB y�T ! Y ! X. This morphism induces a map
�0.J0Y/! �0.J0Y/. The morphism J0YOS

! J0XOS
is defined similarly.

Example 2.15. Let G be a finite étale group scheme over F and let X D BG. Let xF be
an algebraic closure of F . Then we have the identifications

jJ0X xF j D �0.J0X xF /

D Hom.y�op. xF /;Gop. xF //=Gop. xF /

D Hom.y�. xF /;G. xF //=G. xF /;

where j � j denotes the point set of a stack, the G. xF /-action on Hom.y�. xF /; G. xF // is
induced by the conjugate action of G. xF / on itself, and similarly for the Gop. xF /-action
on Hom.y�op. xF /;Gop. xF //. If e denotes the exponent of G. xF /, then we also have

Hom.y�. xF /;G. xF //=G. xF / D Hom.�e. xF /;G. xF //=G. xF /:

The last set is denoted by G� in [15]. These identifications are equivariant for natural
�F -actions. We can then identify �0.J0X/ with the set of �F -orbits in one of these sets.
If G is a constant group, then �0.J0X/ is identified with the set of F -conjugacy classes.
If G D �l , then �0.J0X/ is identified with Z=lZ (regardless of the field F ). For these
facts, see [15] (cf. [45, Theorem 5.4], [48, Proposition 4.5], [49, Proposition 8.5]).

2.2. Residue maps

Let v be a finite place of F with v … S and let L be the maximal unramified extension
of Fv . For a positive integer l coprime to the residue characteristic of v, let Ll denote
the unique degree-l extension of L, which is given by adjoining the l-th roots of a uni-
formizer, and let OLl

denote its integer ring. There exists a natural action of �l;OL
on

Spec OLl
, which induces the quotient stack ŒSpec OLl

=�l;OL
�. Namely, this is the l-th

root stack associated to Spec OLl
and its closed point regarded as a Cartier divisor. We

can regard SpecL as an open substack of ŒSpecOLl
=�l;OL

� by the canonical open immer-
sion.

Lemma 2.16. With the above notation, for an L-point xW SpecL ! X, there exists a
unique positive integer l and a unique representable morphism

zxW ŒSpec OLl
=�l;OL

�! XOS

which extends x.

Proof. Let XOS
be the coarse moduli space of XOS

. The induced L-point,
xxW Spec L ! X , uniquely extends to an integral point Spec OL ! XOL

, which is a
closed immersion. Replacing XOL

with an open neighborhood of this integral point,
we may reduce the problem to the case where XOL

is affine, say XOL
D SpecR. Let

yXOL
be the formal completion Spec yR (not as a formal scheme but as a scheme) of XOL
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along this integral point and let yXOS
WD yXOS

�XOS
X. We have a natural morphism

SpecL! yXOS
. Let D be the relative normalization of yXOS

in SpecL. Note that the
relative normalization for schemes is compatible with étale base change [42, tag 0ABP],
and hence generalizes to DM stacks. Then D is a regular, irreducible and one-dimensional
DM stack which contains SpecL as an open dense substack and has SpecOL as the coarse
moduli space.

We claim that D is of the form ŒSpec OLl
=�l;OL

� for some positive integer l coprime
to the residue characteristic of v. Indeed, there exists an étale atlas of D of the form

Spec OLl
! D

for a tame finite extension Ll=L. Consider the associated groupoid scheme

Spec OLl
�D Spec OLl

� Spec OLl
:

Since Ll has an algebraically closed residue field, the scheme Spec OLl
�D Spec OLl

is
isomorphic to a disjoint union of copies of SpecOLl

. We conclude that the above groupoid
scheme is isomorphic to the groupoid scheme

Spec OLl
�G � Spec OLl

associated to an action of a constant group G on Spec OLl
. Thus, D Š ŒSpec OLl

=G�.
Since D contains SpecL as an open dense substack and has SpecOL as the coarse moduli
space, theG-action on SpecLl is free, andG is the Galois group ofLl=L and isomorphic
to �l;OL

for some l . We have proved the claim.
The induced morphism D ! yXOS

is representable, since it becomes a relative nor-
malization of schemes after the base change to an étale atlas of the target. It follows that
D ! XOS

is also representable. In summary, we have proved the existence of a posi-
tive integer and a representable morphism as claimed in the lemma. To show uniqueness,
consider an arbitrary morphism D 0 D ŒSpec OLl0

=�l 0;OL
�! XOS

as in the lemma. This
induces a representable morphism D 0 ! yXOS

, which is again a relative normalization.
The uniqueness of relative normalization shows that there exists an isomorphism D ŠD 0

compatible with the morphisms to yXOS
as well as the ones to XOS

, which, in turn, shows
l D l 0. This completes the proof of the lemma.

We keep the notation of Lemma 2.16 and let k be the residue field of L, which is an
algebraic closure of �v . Suppose that J0XOS

is flat at the point of Spec OS corresponding
to v. The lemma shows that each L-point x of X induces the representable morphism

B�l;k ,! ŒSpec OLl
=�l;OL

�
zx
�! XOS

;

which is a k-point of J0XOS
. Thus, for each v 2MF n S , we get the composite functor

X.Fv/! X.L/! .J0XOS
/.k/:
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In particular, each Fv-point of X determines a connected component of J0XOS
. From

Corollary 2.8, we have the corresponding sector of X; namely, for each v 2MF n S , we
get a map

 vWXhFvi ! �0.J0X/;

where XhFvi denotes the set of isomorphism classes in the groupoid X.Fv/.

Definition 2.17. We call the map  v the residue map of X at v, and  v.x/ the residue
of x.

From [35, Section 2.1] (see also [11, Section 2.4]), XhFvi has a natural topology.

Proposition 2.18. The residue map  v is locally constant. Equivalently, it is continuous
for the discrete topology on �0.J0X/.

Proof. We keep the notation of the proof of Lemma 2.16. Let D l WD ŒSpec OLl
=�l;OL

�.
We consider the stack

Yl WD Homrep
OL
.D l ;XOL

/:

Let Yl D
`n
iD1 Yl;i be the decomposition into connected components. Then the natural

map
.Hom.D l ;XOL

/=Š/ D YlhOLi ! �0.J0X/

is constant on each open and closed subset Yl;i hOLi � YhOLi. Since

Yl ˝OL
L D Homrep

L .D
l
˝OL

L;XOL
˝OL

L/ D Homrep
L .SpecL;X/ D XL;

we have YlhLi D XhLi. From [11, Proposition 2.9 (e)], the maps

YlhOLi ! YlhLi D XhLi

are open, and hence the images of Yl;i hOLi in XhLi are open. Since XhLi is covered
by the images of these maps, we see that XhLi ! �0hJ0Xi is locally constant and
continuous. From [11, Corollary 2.7], XhFvi ! XhLi is continuous. We conclude that
the composition  vWXhFvi ! XhLi ! �0.J0X/ is also continuous.

Remark 2.19. Representable morphisms ŒSpec OL;l=�l;OL
�! XOS

as in Lemma 2.16
are a version of twisted arcs [46, 47, 50, 51]. Associating twisted 0-jets B�l;k ! XOS

to
them is a special case of the truncation map. Morphisms ŒSpec OL;l=�l;OL

�! XOS
are

also an analogue of twisted stable maps [3] and of tuning stacks [16].

Proposition 2.20. Let Y and X be nice stacks having models YOS
and XOS

over OS ,
respectively. Let YOS

!XOS
be a morphism over OS . Suppose that J0YOS

and J0XOS

are flat over OS . Then, for every finite place v … S , the following diagram is commutative:

YhFvi //

 v

��

XhFvi

 v

��

�0.J0Y/ // �0.J0X/

Here the horizontal morphisms are induced by the morphism YOS
! XOS

.



R. Darda, T. Yasuda 12

Proof. As before, we denote by L the maximal unramified extension of Fv and by k
its residue field. An Fv-point yW Spec Fv ! Y induces an L-point yLW SpecL! Y. It
follows from Lemma 2.16 that this L-point uniquely extends to a representable mor-
phism fyLW ŒSpec OLl

=�l;OL
�! YOS

. There exists a unique divisor m of l and a unique
representable morphism fxLW ŒSpec OLm

=�m;OL
�! XOS

making the following diagram
commutative:

B�l;k //

��

ŒSpec OLl
=�l;OL

�
eyL //

��

YOS

��

B�m;k // ŒSpec OLm
=�m;OL

�
exL // XOS

Here arrows without a label are natural morphisms and all horizontal arrows are repre-
sentable morphisms. This is basically [47, Proposition 23] with n D 0;1, except that we
work over a different base ring, but the proof there works also in our situation. We also
see that fxL is the same as the morphism induced from the point x WD f .y/ 2X.Fv/. Let

yk WSpec k ! B�l;k ! YOS
and xk D f .yk/WSpec k ! B�m;k ! XOS

be the induced k-points. The injections �l;k ,! Autk.yk/ and �m;k ,! Autk.xk/ that
correspond to B�l;k ! YOS

and B�m;k ! XOS
respectively fit into the commutative

diagram
y�k // //

!! !!

�l;k
� � //

����

Autk.yk/

��

�m;k
� � // Autk.xk/

This shows that if ˇ 2 .J0YOS
/.k/ and ˛ 2 .J0XOS

/.k/ denote the k-points correspond-
ing to B�l;k! YOS

and B�m;k!XOS
respectively, then ˇ maps to ˛ by the morphism

J0YOS
! J0XOS

.
The residue  v.y/ of the Fv-point y is the sector containing ˇ and the residue  v.x/

of the Fv-point x D f .y/ is the sector containing ˛. Thus, the above fact that ˇ maps to
˛ proves the proposition.

2.3. Ages

A point zx of .J0X/. xF / is represented by the pair .x; �/ of a point x 2X. xF / and a group
monomorphism �W�l ,! Aut.x/. Letting V be a vector bundle of rank r on X, we get a
representation of the group �l � xF :

�zx W�l ,! Aut.x/! GL.Vx/ Š GLr . xF /:

Here Vx is the fiber of V over x, in particular, an xF -vector space of dimension r . If �
denotes the standard one-dimensional representation

� W�l ,! xF � D GL1. xF /;
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then we can write

�zx Š

rM
iD1

�ai .ai 2 ¹0; 1; : : : ; l � 1º/:

Definition 2.21. We define the age of zx with respect to V to be

age.zxIV/ WD
1

l

dX
iD1

ai 2 Q�0:

When V is the tangent bundle T X, we simply call it the age of zx and denote it by age.zx/.
When we wish to specify the stack X in question, we write ageX.zx/.

Lemma 2.22. If we fix a vector bundle V , then the age age.zxIV/ depends only on the
sector to which zx belongs.

Proof. We omit the proof, as this is well-known for V D T X (for example, see [47,
p. 743]) and there is no essential difference in the general case.

Definition 2.23. For a sector Y, we define age.YIV/ to be age.zxIV/ for any zx 2 Y. xF /.
When V D T X, we write simply age.Y/.

3. Line bundles and stable heights

Let X be a nice stack over F .

Definition 3.1. The Picard group of X, denoted by Pic.X/, is the group of isomorphism
classes of line bundles on X; the group structure is given by tensor product. We define
Pic.X/Q WD Pic.X/˝Z Q and call its elements Q-line bundles.

A Q-line bundle is thus represented by a formal product
Nn
iD1 L

si
i of line bundles

with si 2Q or even by a formal power Ls , s 2Q, of a single line bundle L. Let � WX!
xX DX be the coarse moduli space morphism. We have the pullback map ��WPic.X/Q!

Pic.X/Q:

Proposition 3.2. The map ��WPic.X/Q ! Pic.X/Q is an isomorphism.

Proof. Let r be a positive integer factorial enough so that the automorphism group of
every point of X has order dividing r . For any line bundle L on X, ��.Lr / is a line
bundle on X . The Q-linear map Pic.X/Q ! Pic.X/Q sending L to the Q-line bundle
.��.L

r //1=r is the inverse of ��.

Since X is smooth, it has the canonical line bundle !X WD det.�X=F /. On the other
hand, the coarse moduli spaceX is not generally smooth, but has quotient singularities. In
particular, X is Q-factorial. The canonical sheaf !X is defined to be the unique reflexive
sheaf such that !X jXsm D !Xsm with Xsm denoting the smooth locus. This is not a line
bundle in general. However, for some positive integer r , the r-th reflexive power !Œr�X ,
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which can be constructed as the double dual .!rX /
__ of !rX , is an invertible sheaf. See

[22,24] for more details. Thus, we get the canonical Q-line bundle ofX as .!Œr�X /1=r . The
corresponding element of Pic.X/Q is independent of the choice of r . The canonical line
bundle !X of X and the canonical Q-line bundle .!Œr�X /1=r of X do not generally corre-
spond to each other under the isomorphism Pic.X/Q Š Pic.X/Q. However, if X ! X

is étale in codimension 1, then they do. This is the case, for example, when X ! X is a
gerbe or when X has the trivial generic stabilizer and has no reflection (Definition 7.1).

For a place v 2MF , we denote by j � jv the v-adic norm on Fv normalized as follows.
For finite places, we normalize as j�vjv D q�1v with �v a uniformizer of Fv . For a real
place, we let j � jv be the standard absolute value. For a complex place, we let j � jv be the
square of the standard absolute value. Let L be a line bundle on X and let v 2 MF . We
have a continuous map

�vWLhFvi ! XhFvi:

This is not quite a line bundle, but has a structure close to it. For an isomorphism class
Œx� 2 XhFvi, the fiber ��1v .Œx�/ is the quotient of the line x�L Š Fv by the action of
Aut.x/. Since this action preserves the zero vector, we get the zero section XhFvi !

LhFvi and it makes sense to say that an element of LhFvi is zero or not. The following
definition restates [13, Definition 4.3.1.1] in a slightly different way:

Definition 3.3. A v-adic metric on L means a continuous map k�kvWLhFvi ! R�0 such
that

(1) for a 2 Fv and Œs� 2 LhFvi, kŒas�kv D jajv � kŒs�kv ,

(2) for each Fv-morphism f WU ! XFv
from an Fv-scheme U of finite type and for

every section sWU.Fv/! LU .Fv/, the composition

U.Fv/
s
�! LU .Fv/! LhFvi

k�kv
��! R�0

is continuous.

As in the case of varieties, for almost every place v, there exists a canonical choice of
v-adic metric on the given L derived from a model. Let XOS

be a model of X over OS
and let LOS

be a line bundle on XOS
which is a model of L. For v 2 MF n S and for

x 2 X.Fv/, the Fv-point xFv
2 X.Fv/ induced from x uniquely extends to an OFv

-
point xO

Fv
2X.OFv

/. Therefore, the one-dimensional Fv-vector space .xFv
/�L has the

canonical lattice .xO
Fv
/�LOS

Š OFv
. We denote again by j � jv the unique extension

of j � jv to Fv . We choose an isomorphism .xFv
/�L Š Fv under which .xO

Fv
/�LOS

and
OFv

correspond to each other, which induces a norm k�kv on .xFv
/�L corresponding

to j � jv on Fv .

OFv

� � //

o

Fv
j�jv //

o

R

.xO
Fv
/�LOS

� � // .xFv
/�L

k�kv

<<
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The norm k�kv given in this way is independent of the choice of the isomorphism .xFv
/�L

Š Fv as above and invariant under the actions of Aut.xFv
/ and Aut.x/. Thus, we get a

continuous map k�kvWLhFvi ! R�0.

Definition 3.4 (Adelic metric). For v 2 MF n S , the v-adic metric on L induced by the
model LOS

is defined to be the composite map

LhFvi ! LhFvi
k�kv
��! R�0I

we denote it again by k�kv . An adelic metric on L is a collection .k�kv/v2MF
of v-adic

metrics such that for almost every v, k�kv is induced from a model.

Remark 3.5. When X is a variety, the v-adic metric k�kv induced by a model takes values
in ¹0º [ qZ

v � R�0. This is no longer true for stacks. For a point x 2 X.Fv/, the map

Fv Š x
�L! LhFvi

k�kv
��! R�0

takes values in ¹0º [ qrCZ
v for some r 2 Q.

Definition 3.6 (Stable height). Let L be a line bundle on X given with an adelic metric
.k�kv/v2MF

and let x 2X.F /. We choose a nonzero element 0¤ s 2 x�LŠ F . For each
place v 2MF , we get the induced Fv-point xv 2X.Fv/ and 0¤ sv 2 .xv/�LŠ Fv . We
define the height function HLWXhF i ! R by

HL.x/ WD
Y
v2MF

ksvk
�1
v :

This function is well-defined; it is independent of the choice of an F -point x from an
isomorphism class as well as of the choice of s. If L and L0 are line bundles given with
adelic metrics, then the tensor product L˝ L0 has the naturally induced adelic metric.
The height function has the following multiplicativity property:

HL˝L0.x/ D HL.x/ �HL0.x/:

The height function also has the following functoriality. For a morphism f WY ! X of
nice stacks and a line bundle L on X given with an adelic metric, the pullback f �L has
a naturally induced adelic metric. For every y 2 Y.F /,

Hf �L.y/ D HL.f .y//:

The above constructions have natural generalizations to Q-line bundles:

Definition 3.7. An adelic metric on a Q-line bundle
Nn
iD1 L

si
i is a collection consisting

of an adelic metric for each Li . For a Q-line bundle LD
Nn
iD1L

si
i with an adelic metric,

the height function of L is defined by

HL D

Y
i

.HLi
/si :
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Remark 3.8 (Stability properties). The height function HL has the following stability
properties, which were observed already in [13, 16].

(1) Let K=F be a finite extension. For a line bundle L on X, let LK be the induced
line bundle on XK . Suppose that LK is given an adelic metric, which induces one
on L in the obvious way. In this situation, the associated height functions HL and
HLK

are related as follows: for an F -point x 2 XhF i and for the induced K-point
xK 2 XKhKi,

HLK
.xK/ D HL.x/

ŒKWF �:

(2) Let L and L be Q-line bundles on X and X corresponding to each other. An adelic
metric on L induces one on L, and vice versa. When the bundles are given adelic
metrics corresponding to each other in this way, the height functions HL and HL are
related by

HL D HL ı �;

where � is the map XhF i ! X.F /.

Remark 3.9. Even if a line bundle L on X corresponds to an ample Q-line bundle onX ,
the height function HLWXhF i ! R does not generally satisfy the Northcott property.2

This follows from either of the two stability properties in Remark 3.8. Indeed, for a map
XhKi!XhF i or XhF i!X.F /, it may happen that infinitely many distinct points map
to a single point. This is the main reason why we need to introduce “unstable” heights in
the next section.

4. Raising data and unstable heights

Definition 4.1. A raising function of X is a function

cW�0.J0X/! R

satisfying c.X/D 0. A raising datum of X is a collection c� D .c; .cv/v2MF
/ of a raising

function c and continuous functions

cvWXhFvi ! R

such that for almost every v, cv factors as cv D c ı  v with  v the residue map (see
Definition 2.17):

cv W XhFvi
 v
��! �0.J0X/

c
�! R:

We call c the generic raising function of c�. We say that a raising function c is positive if
c.Y/ > 0 for every twisted sector Y. We say that a raising datum is positive if its generic
raising function is positive.

2We say that a function H W U ! R has the Northcott property if for every B 2 R, the set
¹x 2 U j H.x/ � Bº is finite.
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Note that from [11, Proposition 2.9], XhFvi are compact and the continuous maps cv
are bounded. Note also that if  v are surjective for infinitely many v, then the generic
raising function c of c� D .c; .cv/v2MF

/ is determined by the subcollection .cv/v2MF
. If

X D BG for an étale group schemeG over F , then  v is surjective for infinitely many v.
In this case, the raising function is essentially the same as what is called the rational class
function in [17] and the counting function in [15, 44].

Definition 4.2. A raised line bundle (resp. strictly raised line bundle) on X means the
pair .L; c/ (resp. .L; c�/) of a line bundle L on X and a raising function c (resp. a raising
datum c�).

Definition 4.3 (Unstable height). For x 2 X.F / and v 2 Fv , let xv denote the induced
Fv-point xv 2 X.Fv/. Let .L; c�/ be a strictly raised line bundle. We suppose that L is
given an adelic metric so that the height functionHL is defined as in Definition 3.6. Then
we define the associated height function of .L; c�/ to be

HL;c�.x/ WD HL.x/ �
Y
v2MF

qcv.xv/
v :

Here qv is the cardinality of the residue field �v for a finite place v and we put qv WD e for
an infinite place v.

Note that if we fix x 2 X.F /, then for almost every v, the residue  v.xv/ is the non-
twisted sector, and hence cv.xv/ D 0. Thus, the above product

Q
v2MF

q
cv.xv/
v is a finite

product. For strictly raised line bundles .L; c�/ and .L0; c0�/, the pair .L˝L0; c� C c
0
�/

is also a strictly raised line bundle. The height function satisfies the multiplicativity

HL˝L0;c�Cc
0
�
.x/ D HL;c�.x/ �HL0;c0�

.x/:

The height function has the following functoriality.

Proposition 4.4. Let f WY!X be a morphism of nice stacks, and let .L; c�/ be a strictly
raised line bundle on X, which induces a strictly raised line bundle on Y. For every F -
point y of Y, we have

Hf �L;f �c�.y/ D HL;c�.f .y//:

Proof. Note that the raising datum c� D .c; .cv/v2MF
/ for X induces the collec-

tion of maps, f �c� D .f �c; .f �cv/v/, by natural maps �0.J0Y/ ! �0.J0X/ and
YhFvi ! XhFvi. Using Proposition 2.20, we can show that this collection is again a
raising datum. Suppose that we have a morphism f WYOS

! XOS
of models over OS of

nice stacks and that J0YOS
and J0XOS

are flat over OS . The desired equality follows
from the functoriality of stable height functions mentioned in Section 3 and the definition
of unstable height functions.

If two raising data c� and c0� have the same generic raising function c, then the func-
tion HL;c�=HL;c0�

is bounded. Thus, a height function HL;c of a (nonstrictly) raised line
bundle .L; c/ is determined modulo bounded functions. In what follows, we mainly con-
sider (nonstrictly) raised line bundles and their height functions.
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Remark 4.5 (Unstability, cf. Remark 3.8). Let K=F be a finite extension. Suppose that
a line bundle L on X and the induced line bundle LK on XK have raising data c� and d�
which are compatible with each other in the obvious way. Then, for an F -point x 2X.F /

and for the induced K-point xK 2 X.K/ D XK.K/, the formula

HLK ;d�.xK/ D HL;c�.x/
ŒKWF �

does not hold unlike the case of stable height as in Remark 3.8. For example, if X D BG
for a finite group G and if x 2 X.F / is a G-torsor over F , then HL;c�.x/ is a general-
ized discriminant as will be explained in Example 4.12 and can become arbitrarily large
as x varies. On the other hand, x is trivialized by some finite extension K=F and the
corresponding K-point xK 2 X.K/ has height bounded by a constant independent of x.

Lemma 4.6. Let T be a connected Dedekind scheme and let X be a separated DM stack
over T . Let a; b; c 2 X.T /. Let IsoT .a; b/

ı denote the open and closed subscheme of the
Iso scheme IsoT .a; b/ consisting of one-dimensional connected components; and simi-
larly for IsoT .a; c/

ı, AutT .a/
ı, etc.

(1) The scheme IsoT .a; b/
ı is finite and étale over T . In particular, AutT .a/

ı is a finite
étale group scheme over T .

(2) If the scheme IsoT .a; b/
ı is not empty, then it has a natural structure of AutT .b/

ı-
torsor as well as one of AutT .a/

ı-torsor. In particular, IsoT .a; b/
ı is étale and finite

over T .

(3) Suppose that there exists an isomorphism IsoT .a; b/
ı ! IsoT .a; c/

ı which is equiv-
ariant for AutT .a/

ı-actions. Then b and c are isomorphic in X.T /.

Proof. Note that IsoT .a; b/ is finite and unramified over T . From the local structure of
unramified morphisms [42, tag 04HJ], IsoT .a; b/

ı is étale over T . It is easy to see that
AutT .a/

ı is a subgroup scheme of AutT .a/. The first assertion follows.
As for the second assertion, we easily see that there is a natural AutT .b/

ı-action on
IsoT .a; b/

ı and that this action makes IsoT .a; b/
ı an AutT .b/

ı-torsor over an open dense
subscheme of T , provided that IsoT .a; b/

ı ¤ ;. For a geometric point t 2 T .K/, the
action of AutT .b/

ı.t/ on IsoT .a; b/
ı.t/ is free. Since AutT .b/

ı.t/ and IsoT .a; b/
ı.t/

have the same cardinality, the action is also transitive. It follows that IsoT .a; b/
ı is an

AutT .b/
ı-torsor over the whole T ; and similarly for the AutT .a/

ı-action.
We show the third assertion. Note that we have the obvious T -isomorphism

IsoT .a; b/
ı Š IsoT .b; a/

ı. Consider the morphism

IsoT .b; a/
ı
� IsoT .a; c/

ı
! IsoT .b; c/

ı; .f; g/ 7! g ı f:

This morphism is invariant under the AutT .a/
ı-action given by ˛.f;g/ WD .˛ ı f;g ı˛�1/

and induces a morphism�
IsoT .b; a/

ı
� IsoT .a; c/

ı
�
=AutT .a/

ı
! IsoT .b; c/

ı:
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The last morphism is a morphism of AutT .c/
ı-torsors, and hence an isomorphism. From

the assumption, we have the induced morphism

IsoT .b; a/
ı
! IsoT .b; a/

ı
� IsoT .a; c/

ı;

which is equivariant for AutT .a/
ı-actions. We get the composite morphism

T D IsoT .a; b/
ı=AutT .a/

ı
!
�
IsoT .b; a/

ı
� IsoT .a; c/

ı
�
=AutT .a/

ı
! IsoT .b; c/

ı:

This shows that IsoT .b; c/
ı.T / is nonempty, and that b and c are isomorphic in X.T /.

Lemma 4.7. Let T be a connected Dedekind scheme and let G be a finite étale group
scheme of order r over T . Let P be a finite étale T -scheme of degree r . Then the number
of G-torsor structures that can be given to P is at most .rŠ/r .

Proof. A G-torsor structure on P is determined by a homomorphism G ! AutT .P / of
group schemes over T . The Aut scheme AutT .P / is a finite étale T -scheme of degree rŠ.
We can see this, for example, by taking a base change to reduce to the case where P is
the trivial T -scheme T t � � � t T ! T of degree r . If t W SpecK ! T is the geometric
generic point, then there are .rŠ/r K-morphisms GK ! AutT .P /K . It follows that the
number of T -morphisms G ! AutT .P / as well as the number of T -homomorphisms
G ! AutT .P / is at most .rŠ/r .

Proposition 4.8 (Northcott property). Let .L; c/ be a raised line bundle on X and let L
be the Q-line bundle corresponding to L on the coarse moduli space xX. Suppose that L
is ample and c is positive. Let HL;c be the height function of .L; c/. Then, for each real
number B , there are only finitely many points x 2 XhF i with HL;c.x/ � B . Moreover,
there exist positive constants C and m such that for every B > 0,

#¹x 2 XhF i j HL;c.x/ � Bº � CB
m:

Proof. We choose a raising datum c� refining c and prove the proposition for
HL;c D HL;c� . Note that the second factor

Q
v2MF

q
cv.xv/
v in the definition of HL;c�

is at least 1, and henceHL.x/ �HL;c�.x/ for every x. On the other hand, the first factor
HL.x/ is equal to HL.�.x// with � denoting the natural map XhF i ! X.F /. Using
[39, Corollary, p. 447] and basic properties of the Weil height machine, we can see that
for some positive constants C1 and m1,

#�.¹x 2 XhF i j HL;c.x/ � Bº/ � #¹y 2 xX.F / j HL.y/ � Bº � C1Bm1 :

If HL;c�.x/ � B , then
Q
v q

cv.xv/
v � a1B for some constant a1. It follows that there are

some positive constants a2 and a3 such that if HL;c.x/ � B , then the F -point x extends
to an OT -point of X for a finite set T of places satisfyingY

v2T finite places

qv � a2B
a3 :
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Let xi 2X.F /, i 2 ¹0;1º, be F -points of X withHL;c�.xi /�B which have the same
image y 2 xX.F /. Suppose that xi extends to an OTi

-point with
Q
v2Ti

qv � a2B
a3 . Then

the AutF .x0/-torsor IsoF .x0; x1/ extends to AutOT0[T1
.x00/

ı-torsor IsoOT0[T1
.x00; x

0
1/
ı,

where x0i are the OT0[T1
-points induced from xi respectively. Let N be an integer such

that the automorphism group of every point of X has order � N and let M be an integer
such that for every finite place v, every finite étale cover SpecL! SpecFv of degree�N
has discriminant exponent at most M . Then the torsor IsoF .x0; x1/

ı has discriminant at
most .a2Ba3/2M . From [41] and Lemma 4.7, there exist positive constants C2 and m2
such that the number of AutF .x0/-torsors with discriminant at most .a2Ba3/2M is at
most C2Bm2 . Note that the result in [41] is about counting number fields, but it is easy to
generalize it to counting torsors. From Lemma 4.6, the number of lifts of y in XhF i is at
most C2Bm2 . In summary, we have

#¹x 2 XhF i j HL;c�.x/ � Bº � .C1B
m1/.C2B

m2/ D .C1C2/B
m1Cm2 :

Remark 4.9. A slight change of the above proof yields a stronger version of the above
proposition: for every positive integer n, there exist positive constants C and m such that
for every B > 0,

#
°
x 2

G
L=F finite field ext.

XhLi
ˇ̌̌
ŒL W F � � n and HL;c.x/ � B

±
� CBm:

For this purpose, we need to use a result in [40], a polynomial bound for algebraic
points with bounded degree and bounded height, in place of one in [39]. Note that for a
finite extension L0=L, the map XhLi ! XhL0i is not generally injective, and the height
HL;c� is not preserved by this map (Remark 4.5). This is why we take the disjoint unionF
L=F XhLi.

Example 4.10 (The height function associated to a vector bundle). Ellenberg–Satriano–
Zureick-Brown [16] introduced a new height function on stacks which is associated to a
vector bundle. They also consider Artin stacks, but if we restrict ourselves to DM stacks
over number fields, then our height function HL;c� generalizes theirs. Let V be a vector
bundle on a nice stack X. Translating their definition into the setting of multiplicative
heights, we can write the height function HV associated to V as

HV .x/ D Hdet.V/.x/ �
Y
v

q"v.xv/
v :

The exponent "v.xv/ is generalization of the w- and v-functions in [45, 50] to semilin-
ear representations. We claim that ."v/v together with some raising function is a raising
datum. Indeed, at tame places v, "v.xv/ is nothing but the age, age.�I V/ (cf. [50,
Example 6.7], [45, Lemma 4.3]). To see this, let v 2 MF be a general finite place
and let x 2 X.L/ with L D F nr

v , following the notation of Lemma 2.16. We take the
induced representable morphism zxW ŒSpec OLl

=�l;OL
�! XOS

. The vector bundle zx�V
on ŒSpec OLl

=�l;OL
� corresponds to a free OLl

-module of finite rank with a semilinear
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action of �l D Z=lZ. This module is equivariantly isomorphic to

M D

rM
iD1

m
ai

Ll
.0 � ai < l/;

where mLl
denotes the maximal ideal of OLl

. If we put

bi WD

´
0 .ai D 0/;

l .ai ¤ 0/;

then

"v.xv/ D
1

l
length

M

M�l �OLl

D
1

l
length

rM
iD1

m
ai

Ll
=m

bi

Ll

D
1

l

rX
iD1

.bi � ai /:

Note that the special fiber of zx�V is identified with the representation .
L
i m

ai

Ll
=m

aiC1
Ll

/_.
The age computed from the last representation is equal to "v.xv/. From Lemma 2.22, the
age depends only on the sector associated to xv . Thus, for almost every place v, "v is the
composite map

X.Fv/
 v
��! �0.J0X/

age.�IV/
�����! R�0:

Namely, the collection .age.�IV/; ."v/v/ is a raising datum. The height function HV is
equal to Hdet.V/;"� .

Example 4.11 (Raising functions not coming from any vector bundle). The raising func-
tion age.�IV/ in the last example associated to a vector bundle V is Q-valued. Thus, any
raising function with nonrational values is not associated to any vector bundle. If a raising
function takes a rational value at some twisted sector and a nonrational value at another
twisted sector, then this raising function is not obtained by multiplying age.�IV/ with
a positive real constant. There is also a more interesting example of raising function that
takes only rational values, but not coming from a vector bundle. Consider X D B�p;F
for a prime number p. Then �0.J0X/ D Z=pZ D ¹0; 1; : : : ; p � 1º. Consider a vector
bundle of X associated to the representation

V D

dM
iD1

L˝ai .0 � i < p/:

Here L is the standard one-dimensional representation of �p . Since the summands with
ai D 0 do not contribute to the raising function, we may assume that ai > 0 for every i ,
without loss of generality. Then the raising function associated to V , cV W �0.J0X/ D

¹0; 1; : : : ; p � 1º ! Q, is given by cV .j / D
Pd
iD1

®
jai=p

¯
, where ¹�º denotes the

fractional part. In particular,

d=p � cV .j / � .p � 1/d=p .j 2 ¹1; : : : ; p � 1º/:
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This implies that for j; j 0 2 ¹1; : : : ; p � 1º,

cV .j / � .p � 1/cV .j
0/:

If cW �0.J0X/ D ¹0; 1; : : : ; p � 1º ! Q is any function violating the last inequality, it
never comes from a vector bundle, nor can it be a scalar multiple of a raising function
associated to a vector bundle. An example of such raising functions is the following one
for p � 3:

c.j / D

8̂̂<̂
:̂
0 .j D 0/;

1 .j D 1; : : : ; p � 2/;

p .j D p � 1/:

Example 4.12 (Generalized discriminants). Let G � Sn be a transitive subgroup, let
G1 � G be the stabilizer subgroup of 1 2 ¹1; : : : ; nº, and let X D BGF . An object
of X.F / is a G-torsor K=F . Then KG1=F is an étale F -algebra of degree n. Similarly
for an object of X.Fv/. For a finite place v and for a G-torsor Kv=Fv , let dv.Kv/ 2 Z
denote the discriminant exponent of the degree n algebra KG1

v =Fv . For an infinite place,
we put dv � 0. Then d� D .dv/ is a raising datum and its generic raising function is given
by

cW�0.J0X/ D F - Conj.G/! Z�0; Œg� 7! ind.g/:

Here ind.g/ denotes the index appearing in the context of Malle’s conjecture [32,33]. The
height function associated to a general raising function c (with cv � 0 at wild places v) is
the modified discriminant considered by Ellenberg–Venkatesh [17, p. 163]. We refer the
reader to [15] for more details.

Remark 4.13. Landesman [25] shows that the Faltings height on M1;1 in characteristic 3
is not induced from a vector bundle in the sense of [16]. The Faltings height in char-
acteristic 3 would not fit into our definition of height either. Indeed, the stack M1;1 in
characteristic 3 is wild. In that case, the stack J0X D Hom.B y�;X/ would not be the
right object to look at. In [51], the stack of twisted 0-jets is considered also in the wild
case, but it is of infinite dimension and has a structure considerably more complex than
Hom.B y�;X/. One might be able to generalize our height by using this version of the
stack of twisted 0-jets or something similar to incorporate “wild aspects,” in particular,
the Faltings height in characteristic 3.

5. Fano stacks; the stacky Manin conjecture

Definition 5.1. We mean by a Fano stack a nice stack X such that the anti-canonical line
bundle !�1

X
corresponds to an ample Q-line bundle on the coarse moduli space xX by the

isomorphism Pic.X/Q Š Pic. xX/Q in Proposition 3.2.

Typical examples of Fano stacks are Fano varieties (except SpecF ) and nice stacks of
dimension zero.



The Batyrev–Manin conjecture for DM stacks 23

Definition 5.2. Let c be a raising function of a Fano stack X. We define a function agec
on �0.J0X/ by agec WD ageCc. We say that c is adequate if

(1) agec.Y/ � 1 for every twisted sector Y,

(2) if dim X D 0, then min ¹c.Y/ j Y twisted sectorº D 1.

Note that if dim X D 0, then the height function HL;c depends only on c D agec (up
to bounded functions) and the choice of L plays no role. Therefore, we usually choose
the structure sheaf O DOX (say with the standard adelic metric). For a constant r 2R�0,
we have

HO;rc D .HO;c/
r :

Thus, the second condition in the above definition is just a normalization condition and
does not lead to a loss of generality. As for the first condition, we speculate that without
this condition, it would be more difficult to control the asymptotic behavior of the number
of rational points with bounded height (see Remark 7.8).

Definition 5.3. Let X be a Fano stack given with an adequate raising function c. We say
a twisted sector Y of X is c-junior if agec.Y/ D 1. We denote by jc.X/ the number of
c-junior twisted sectors of X:

jc.X/ WD #¹Y 2 ��0 .J0X/ j agec.Y/ D 1º:

Definition 5.4. Let f WY !X be a morphism of nice stacks. We say that f is birational
if there exist open dense substacks V � Y and U �X such that f restricts to an isomor-
phism V

�
�!U. We say that f is thin if it is nonbirational, representable, and generically

finite onto the image. A thin subset of XhF i is a subset contained in
Sn
iD1 fi .Yi hF i/ for

finitely many thin morphisms fi WYi ! X.

Definition 5.5. For a nice stack X, we denote its Néron–Severi space by N1.X/R, that
is, the R-vector space generated by the numerical classes of line bundles. We denote its
dimension by �.X/ and call it the Picard number of X.

From Proposition 3.2, the Néron–Severi space of X is identified with the correspond-
ing space N1. xX/R of the coarse moduli space xX. In particular, X and xX have the same
Picard number. Below is our first conjecture, which concerns the number of rational points
with bounded height on a Fano stack.

Conjecture 5.6 (The Manin conjecture for Fano stacks). Let X be a Fano stack and let
c be an adequate raising function. Suppose that XhF i is Zariski dense. Then there exists
a thin subset T � XhF i and a positive constant C such that

#¹x 2 XhF i n T j H!�1
X
;c.x/ � Bº � CB.logB/�.X/Cjc.X/�1 .B !1/:

Remark 5.7. The above conjecture, in particular, says that the left hand side is a finite
number, even if c is not necessarily positive. On the other hand, we have proved the
Northcott property in Proposition 4.8 only when the raising function is positive and the
line bundle corresponds to an ample Q-line bundle on the coarse moduli space. Note
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that a version of the Northcott property (the Northcott property with a certain Zariski
closed subset removed) holds for a big (but not necessarily ample) divisor on a variety.
We speculate that the same would be true for a big raised line bundle defined later in
Definition 8.15, where the raising function is allowed to have negative values. In [14], we
proved this for the anti-canonical raised line bundle for a toric stack.

Example 5.8 (Malle’s conjecture). Let G be a finite group and let GF be the corre-
sponding constant group scheme over F . Consider the DM stack X WD BGF over F .
From Example 2.15, we may identify �0.J0X/ with the set F - Conj.G/ of F -conjugacy
classes of G. From Example 4.12, the height function HO;c of the raised line bundle
.O; c/ is a generalization of discriminant. For a proper subgroup H ¨ G, the induced
morphism BHF ! BGF is a thin morphism. Thus,[

H¨G

Im..BHF /hF i ! XhF i/

is a thin subset of XhF i, whose complement is the set of connected G-torsors over F ,
that is,G-Galois extensions of F . If we can take this thin subset as T , then Conjecture 5.6
is the same as Malle’s conjecture for a generalized discriminant associated to c. See also
Section 9.4 for a discussion of the choice of a thin subset and of the value of the leading
constant.

Example 5.9 (Weighted projective stacks). For a D .a0; : : : ; an/ 2 .Z>0/n, we consider
the weighted projective stack

X D P .a/ D P .a0; : : : ; an/ D Œ.A
nC1
F n ¹0º/=Gm;F �:

Here we follow the convention that Gm;F acts on AnC1F by t � .xi /i D .t�aixi /i . Note that
using the alternative action t � .xi /i D .taixi /i leads to an isomorphic stack via an auto-
morphism of Gm;F given by t 7! t�1. Sectors of P .a/ are in one-to-one correspondence
with elements of

I WD

�[
i

1

ai
Z

�
\ Œ0; 1/:

When the base field is C, this is proved in [34, Section 3.b], [12, p. 148]. But this is true
over any field, because the correspondence is valid over xF and the natural action of the
absolute Galois group �F on �0.J0X xF / is trivial. From [12, p. 149] or [34, Proposition
3.9], for the sector Yr of X corresponding to r 2 I we have

age.Yr / D
nX

jD0

¹�aj rº:

Here ¹�º denotes the fractional part. Let jaj WD
Pr
jD0 aj , which is an important number

since !�1
X
D OX.jaj/. Consider the raising function of X given by

c.Yr / D r � jaj:
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Then

agec.Yr / D r
nX

jD0

aj C

nX
jD0

¹�aj rº D
X
j

daj re:

Here d�e denotes the ceiling function. In particular, if dim X D n > 0, then agec.Yr /� 2
for r ¤ 0. If dim X D 0, then

agec.Yr /

8̂̂<̂
:̂
D 0 .r D 0/;

D 1 .r D 1=a0/;

> 1 .r > 1=a0/:

We see that .!�1
X
; c/ is adequate and

�.X/C jc.X/ D 1:

The height function associated to a quasi-toric degree jaj family of smooth functions
considered in [13] is, in our language, the height function H!�1

X
;c associated to the raised

line bundle .!�1
X
; c/ with the raising function c described above. The equality �.X/C

jc.X/D 1 explains the result [13, Theorem 8.2.2.12] that the asymptotic formula for this
height is linear (that is, there is no log factor).

6. Compatibility with products of Fano stacks

For i D 1; 2, let Xi be nice stacks, and let .Li ; ci / be raised line bundles on Xi ,
respectively. These line bundles induce the line bundle L1 � L2 WD pr�1 L1 ˝ pr�2 L2

on the product X1 �X2. The following lemma enables us to derive a raising function of
X1 �X2 from c1 and c2:

Lemma 6.1. There exists a natural isomorphism J0.X1 �X2/ Š .J0X1/ � .J0X2/.

Proof. From Proposition 2.11,

J0.X1 �X2/ Š Hom.B y�;X1 �X2/

Š Hom.B y�;X1/ � Hom.B y�;X2/

Š .J0X1/ � .J0X2/:

From the above lemma, there exist projections

pri WJ0.X1 �X2/! J0Xi :

The raising functions ci of Xi induce raising functions pr�i .ci / of X1 �X2.

Definition 6.2. We define a raising function c1 � c2 of X1 �X2 to be pr�1.c1/C pr�2.c2/.
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It is easy to see that we have the following equality of functions on .X1 �X2/hF i:

HL1�L2;c1�c2
D

2Y
iD1

HLi ;ci
ı pri :

Lemma 6.3. We have the following equality of functions on �0.J0.X1 �X2//:

ageX1�X2
D ageX1

� ageX2
:

Proof. For an algebraically closed field K, points pi 2 .J0Xi /.K/ determine y�.K/-
representations Txi

Xi , where xi 2Xi .K/ are points induced by pi . The point .p1;p2/ 2
.J0.X1 �X2//.K/ then determines a y�.K/-representation T.x1;x2/.X1 �X2/, which is
isomorphic to Tx1

X1 ˚ Tx2
X2. This shows the lemma.

As a consequence of this section, we obtain the following result:

Proposition 6.4. For i 2 ¹1; 2º, let Xi be a Fano stack whose F -points are Zariski dense
and let ci be an adequate raising function of Xi . Suppose that Conjecture 5.6 holds for
pairs .X1; c1/ and .X2; c2/. Then X1 �X2 is again a Fano stack whose F -points are
Zariski dense, c1 � c2 is an adequate raising function of X1 �X2, and Conjecture 5.6
holds for .X1 �X2; c1 � c2/.

Proof. It is easy to see that X1 �X2 is again a Fano stack whose F -points are Zariski
dense. From Lemma 6.3, we know that agec1�c2

D agec1
�agec2

. If Y1 and Y2 are sectors
of X1 and X2 respectively, then the sector Y1 � Y2 of X1 �X2 is twisted if and only if
either Y1 or Y2 is twisted. If this is the case, then

agec1�c2
.Y1 � Y2/ D agec1

.Y1/C agec2
.Y2/ � 1:

If X1 �X2 is of dimension zero, then X1 is also of dimension zero and has a twisted
sector Y1 with c1.Y1/ D 1. Therefore, the twisted sector Y1 �X2 of X1 �X2 satisfies

.c1 � c2/.Y1 �X2/ D c1.Y1/C c2.X2/ D 1:

Thus, c1 � c2 is adequate.
To show the last assertion of the proposition, we first claim that

jc1�c2
.X1 �X2/ D jc1

.X1/C jc2
.X2/:

Indeed, a c1 � c2-junior sector of X1 �X2 is either Y1 �X2 with Y1 a c1-junior sec-
tor or X1 � Y2 with Y2 a c2-junior sector. Moreover, sectors of these forms are only
c1 � c2-junior sectors, which shows the claim. As is well-known, we have �.X1 �X2/D

�.X1/C �.X2/.
Let Ti � Xi hF i, i 2 ¹1; 2º, be thin subsets as in Conjecture 5.6. Then T1 �X2hF i

and X1hF i � T2 are both thin subsets of .X1 �X2/hF i and we have

.X1 �X2/hF i n ..T1 �X2hF i/ [ .X1hF i � T2// D .X1hF i n T1/ � .X2hF i n T2/:
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From the assumption that Conjecture 5.6 holds for pairs .X1; c1/ and .X2; c2/ and from
[19, Section 1, 2. Proposition], we find that for some constant C > 0,

#¹x 2 .X1 �X2/hF i n ..T1 �X2hF i/ [ .X1hF i � T2// j H!�1
X1�X2

;c1�c2
.x/ � Bº

D #¹x 2 .X1hF i n T1/ � .X2hF i n T2/ j H!�1
X1
;c1
.x/ �H!�1

X2
;c2
.x/ � Bº

� CB.logB/�.X1/C�.X2/Cjc1
.X1/Cjc2

.X2/�1 D CB.logB/�.X1�X2/Cjc1�c2
.X1/�1:

This completes the proof of the proposition.

Example 6.5. Taking products enables us to construct new examples from known cases
where Conjecture 5.6 holds. For example, let X1 D P .a0; : : : ; an/ be a weighted pro-
jective stack endowed with the raising function described in Example 5.9 and let X2 D

B�m;F be the classifying stack of�m;F endowed with an arbitrary adequate raising func-
tion c2. Then the product X1 �X2 is the weighted projective stack P .ma0; : : : ; man/.
Conjecture 5.6 holds for the Fano stack X1 � X2 endowed with the raising function
c1 � c2. The stack X1 �X2 has at least one c1 � c2-junior sector, provided thatm� 2; the
c1 � c2-junior sectors are the sectors of the form X1 � Y with Y a c2-junior sector of X2.
Thus, the function c1 � c2 is different from the raising function of P .ma0; : : : ; man/

described in Example 5.9. For example, applying this construction to the moduli stack of
elliptic curves, M1;1 D P .4; 6/ D P .2; 3/ � B�2;F , defines a height function for which
the asymptotic formula has the form #¹� � � º � CB.logB/. Note that the notation M1;1

does not mean the coarse moduli space. Under the identifications

�0.J0.P .2; 3/// D ¹0; 1=3; 1=2; 2=3º; �0.J0.B�2;F // D ¹0; 1=2º;

�0.J0.P .2; 3/ � B�2;F // D ¹0; 1=3; 1=2; 2=3º � ¹0; 1=2º

(see Example 5.9), invariants of sectors of P .2; 3/, B�2;F and P .2; 3/ � B�2;F are
summarized in Table 1.

Sectors of X1 D P .2; 3/ 0 1=3 1=2 2=3

c1 0 5=3 5=2 10=3

age 0 1=3 1=2 2=3

agec1
0 2 3 4

Sectors of X2 D B�2;F 0 1=2

c2 0 1

age 0 0

agec2
0 1

Sectors of X1 �X2 .0; 0/ .0; 1=2/ .1=3; 0/ .1=3; 1=2/ .1=2; 0/ .1=2; 1=2/ .2=3; 0/ .2=3; 1=2/

c1 � c2 0 1 5=3 8=3 5=2 7=2 10=3 13=3

age 0 0 1=3 1=3 1=2 1=2 2=3 2=3

agec1�c2
0 1 2 3 3 4 4 5

Tab. 1. Sectors and their invariants of P .2; 3/, B�2;F and P .2; 3/ � B�2;F .
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7. Compatibility with coarse moduli spaces

We consider a Fano stack X with the trivial raising function c � 0. Let X be the coarse
moduli space of X. The function HL;c is identical to the stable height function HL con-
sidered in Section 3. In particular, it factors as

XhF i ! X.F /
HL
��! R;

where L is the Q-line bundle on X corresponding to L. We suppose that c is adequate.
This means that age.Y/ � 1 for every twisted sector Y.

Definition 7.1. Let W be a DM stack. Let w 2 W. xF / and let ˛ 2 Aut.w/ n ¹1º. We say
that ˛ is a reflection if the automorphism of Tw W induced by ˛ is a reflection, that is, the
fixed point locus has codimension 1. We say that W has no reflection if there is no such
pair .w; ˛/.

Lemma 7.2. The stack X has no reflection.

Proof. If x 2 X. xF / and if ˛ 2 Aut.x/ n ¹1º is a reflection, then its action on Tx X is
represented by a diagonal matrix diag.�; 1; : : : ; 1/ with � a root of unity for a suitable
basis. This shows that the age of ˛ is less than 1, which contradicts our assumption of
adequacy.

This lemma shows that the morphism X!X is an isomorphism in codimension 1. In
particular, the canonical line bundle !X of X corresponds to the canonical Q-line bundle
of X by the isomorphism Pic.X/Q Š Pic.X/Q (see Section 3); we denote the canonical
Q-line bundle of X by !0X . Let U � X and U � X be the largest open substacks such
that X!X restricts to an isomorphism U!U . The height functionH!�1

X
jUhF i and the

height functionH.!0
X
/�1 jU.F / are then identical through the identification UhF i DU.F /.

We check that the asymptotic formula for H!�1
X
jUhF i expected by Conjecture 5.6 coin-

cides with the one for H.!0
X
/�1 jU.F / expected by a version of the Manin conjecture for

singular Fano varieties.
We now briefly review the terminology on singularities appearing in the minimal

model program, which we will use. For details, we refer the reader to [24]. Let Y be
a variety over F with the Q-Cartier canonical divisor KY . A divisor over Y means a
prime divisor on some resolution of Y . We identify two divisors over Y when they deter-
mine the same valuation on the function field K.Y /. For a divisor over Y , say lying on
a resolution Z of Y , the discrepancy a.EI Y / is defined to be the multiplicity of E in
the relative canonical divisor KZ=Y , which is a rational number. We say that Y has only
canonical singularities if a.EI Y / � 0 for every divisor E over Y . A divisor E over Y
is said to be crepant if it has zero discrepancy. When Y has canonical singularities, there
are at most finitely many crepant divisors over Y up to identification explained above. We
denote by 
.Y / the number of crepant divisors over Y .
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Remark 7.3. A divisor over Y may not be geometrically irreducible. By the base change
to xF , a crepant divisor over Y may split into several distinct crepant divisors over Y xF .
Thus, we may have the strict inequality 
.Y xF / > 
.Y /.

Lemma 7.4. The coarse moduli space X has only canonical singularities.

Proof. This follows from the Reid–Shepherd-Barron–Tai criterion [24, Theorem 3.21]
and the adequacy condition that age.Y/ � 1.

Proposition 7.5 (cf. [48, Proposition 4.5], [49, Proposition 8.5]). We have 
.X/Djc.X/.

Proof. We only sketch the proof. Let W � X be the singular locus and let W � X be
its preimage, which is nothing but the locus of stacky points. From [47, Theorem 3], we
have †.X/W D †.X/W (these invariants are also denoted by Mst.X/W and Mst.X/W
in the literature). The left hand side has an expression in terms of a log resolution and
exceptional divisors, while the right hand side has an expression in terms of sectors. Tak-
ing the E-polynomial or Poincaré polynomial realization of this equality and comparing
the coefficients of the leading terms, we see that the number of geometric crepant divisors
(that is, crepant divisors over X xF ) is equal to the number of geometric junior sectors (that
is, junior sectors of X xF ). In fact, not only the numbers are equal, but also there is a natural
one-to-one correspondence

¹geometric crepant divisorsº $ ¹geometric junior sectorsº: (7.1)

This follows from the correspondence between arcs on a resolution of X and twisted arcs
of X (see [47]). Correspondence 7.1 is �F -equivariant. In particular, both sides have the
same number of �F -orbits. This implies the proposition.

Let us recall the following version of the Manin conjecture for Fano varieties with
canonical singularities:

Conjecture 7.6 ([48, Conj. 2.3], [49, Conj. 5.6]). Let W be a Fano variety over F with
only canonical singularities, that is, a normal projective variety with only canonical sin-
gularities such that the anti-canonical Q-line bundle .!0W /

�1 is ample. Suppose that W
has Zariski dense F -points. Then there exists a thin subset T � W hF i such that

#¹x 2 W hF i n T j H.!0
W
/�1.x/ � Bº � CB.logB/�.W /C
.W /�1:

We have the following equivalence of conjectures:

Proposition 7.7. Let Z � X be the locus of stacky points given with the structure of a
reduced closed substack and let Z � X be the singular locus. Then the following condi-
tions are equivalent:

(1) Conjecture 5.6 holds for the pair .X; c/ with a thin subset T containing ZhF i.

(2) Conjecture 7.6 holds for X with a thin subset T containing Z.F /.
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Proof. We first note that Z andZ are of codimension� 2 in X andX respectively, andZ
is the image of Z. If we identify .X nZ/hF i and .X nZ/.F /, then the height functions
H!�1

X
;c j.XnZ/hF i and H.!0

X
/�1 j.XnZ/.F / are the same. If T D ZhF i t T 0 is a thin subset

of XhF i containing ZhF i, then T 0 is also a thin subset of X.F / through the identifi-
cation .X n Z/hF i D .X n Z/.F /. We also have �.X/ D �.X/ and jc.X/ D 
.X/. It
follows that if Conjecture 5.6 holds for the pair .X; c/ with a thin T D ZhF i t T 0, then
Conjecture 7.6 holds for X with the thin set Z.F / t T 0; and similarly for the opposite
implication.

Remark 7.8. If a nice stack X has trivial generic stabilizer and has no reflection, and if
some twisted sector of it has age < 1, then singularities of the coarse moduli space X are
not canonical but only log terminal. An observation in [49, Section 13.3] suggests that it
is more difficult to control the asymptotic of heights of rational points on such a variety
and to formulate a Batyrev–Manin-type conjecture for stacks which is compatible with
one for varieties. That is why we impose the condition of adequacy.

Example 7.9. Let X WD P .1; 1; 2/. This stack has only one twisted sector, which has
age 1. Its coarse moduli space X D P .1; 1; 2/, the weighted projective space, is a toric
surface with a unique singular point. Applying a result in [5] (see also [7, Example 5.1.1])
to the minimal resolution of X , we get an asymptotic formula of the form #¹� � � º �
CB.logB/ for the height function of the anti-canonical sheaf !�1X , which is a genuine
line bundle (rather than a Q-line bundle), since X is Gorenstein. It follows that Conjec-
ture 5.6 holds for the stack X with the trivial raising function c � 0; the exponent of the
log factor in this case is

�.X/C jc.X/ � 1 D 1C 1 � 1 D 1:

Note that the c-junior sector of X is of dimension zero, while ones in Example 6.5 have
the same dimension as the product stack X1 � X2 in question. Combining examples
of this kind with the product construction in Example 6.5 provides more cases where
Conjecture 5.6 holds.

8. The orbifold pseudo-effective cone

Our next goal is to formulate the Batyrev–Manin conjecture for DM stacks which treats
non-Fano stacks and line bundles different from the anti-canonical line bundle. Recall that
the original Batyrev–Manin conjecture was formulated in terms of the pseudo-effective
cone. In this section, we introduce an “orbifold version” of the pseudo-effective cone. Let
X be a nice stack over a number field F as before.

Definition 8.1. We define the orbifold Néron–Severi space to be

N1orb.X/R WD N1.X/R ˚
M

Y2��
0
.J0X/

RŒY�:
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This is a finite-dimensional R-vector space. Since X ¤ SpecF from the definition
of nice stack, this space has positive dimension; if dim X > 0, then N1.X/R ¤ 0, and if
dim X D 0, then ��0 .J0X/ ¤ ;. Each element � 2 N1orb.X/R is uniquely written as

� D �0 C
X

Y

�Y ŒY� .�0 2 N1.X/R; �Y 2 R/:

Remark 8.2. It is worth noting that the orbifold Néron–Severi space N1orb.X/R can be
regarded as a subspace of the Chen–Ruan orbifold cohomology

L
i2Q HiCR.X.C/;R/

(for this notion, see [4]), like the usual Néron–Severi space N1orb.X/R of a smooth vari-
ety X can be regarded as a subspace of H2.X.C/;R/.

Definition 8.3. For a raised line bundle .L; c/, we define its numerical class to be

ŒL; c� WD ŒL�C
X

Y

c.Y/ŒY� 2 N1orb.X/R:

For a Q-factorial projective variety X , the pseudo-effective cone Eff.X/ � N1.X/R
is by definition the closure of the cone generated by the classes of effective divisors. By
[9], this cone is dual to the cone of moving curves.3 The pseudo-effective cone plays
an essential role in formulation of the Batyrev–Manin conjecture. This would be partly
because moving curves are a geometric analogue of “general” rational points. We consider
the following generalization of moving curves to stacks:

Definition 8.4. A stacky curve on X xF is a representable xF -morphism C!X xF , where C

is a one-dimensional, irreducible, proper, and smooth DM stack over xF which has trivial
generic stabilizer. A covering family of stacky curves of X xF is a pair

.� W zC ! T; zf W zC ! X xF /

of xF -morphisms of DM stacks such that

(1) � is smooth and surjective,

(2) T is an integral scheme of finite type over xF ,

(3) for each point t 2 T . xF /, the morphism

zf j��1.t/W�
�1.t/! X xF

is a stacky curve on X xF ,

(4) zf is dominant.

We often omit � and write a covering family of stacky curves simply as zf W zC ! X xF .

Let f WC ! X xF be a stacky curve and let p 2 Ch xF i be a stacky point. The formal
neighborhood of p is written as ŒSpec xF JtK=�l; xF � for some positive integer l . The mor-
phism f induces a twisted arc of X xF , that is, a representable morphism

ŒSpec xF JtK=�l; xF �! X xF :

3The paper [9] proves this for smooth varieties, and the singular case is easily reduced to the
smooth case by desingularization.
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In turn, this induces a twisted 0-jet

B�l; xF ,! ŒSpec xF JtK=�l; xF �! X xF ;

which is an xF -point of J0X. We denote the sector of X (not of X xF ) containing this point
by Yp . Note that this construction is an analogue of construction of the residue map  v
(see Definition 2.17). As an analogue of our unstable height function (Definition 4.3), we
introduce the following notion.

Definition 8.5. Let � D �0 C
P

Y �Y ŒY� be an element of N1orb.X/R and let f WC !X xF

be a stacky curve. The intersection number .f; �/ D .C ; �/ is defined by

.C ; �/ WD degf ��0 C
X

p2Ch xF i stacky point

�Yp
:

Lemma 8.6. Let .� W zC ! T; zf W zC ! X xF / be a covering family of stacky curves and
let � 2 N1orb.X/. Then there exists an open dense subscheme T0 � T such that for all
t 2 T0. xF /, the intersection numbers . zf j��1.t/; �/ are the same.

Proof. We let f vary among the morphisms zf j��1.t/W�
�1.t/!X xF , t 2 T . xF /. The first

term deg f ��0 of the intersection number is constant on the entire T . xF /. We show that
the second term

P
p �Yp

is also constant on some open dense subset T0 � T . There exists
a dominant morphism T 0 ! T of xF -varieties satisfying

(1) the base change �T 0 W zCT 0 ! T 0 of � W zC ! T has sections s1; : : : ; sl WT 0 ! zCT 0 such
that the union of their images,

Sl
iD1 Im.si /, is precisely the stacky locus of zCT 0 ,

(2) each reduced closed substack Im.si /� zCT 0 is isomorphic to B�li ;T 0 over T 0 for some
li > 0.

The morphism
B�li ;T 0 ,! zCT 0 ! X xF

defines a T 0-point of J0X xF and one of J0X, which in turn determines a sector of X.
This shows that when an xF -point p 2 zCT 0h xF i varies along Im.si /, then the associated
sector Yp is unchanged. This shows that the second term

P
p �Yp

of the intersection
number is constant, when t varies in the image of T 0h xF i ! T h xF i.

Definition 8.7. For a covering family .� W zC ! T; zf W zC ! X xF / of stacky curves and
� 2 N1orb.X/, we define the intersection number . zf ; �/ to be . zf j��1.t/; �/ for a general
point t 2 T . xF /.

Definition 8.8 (Orbifold pseudo-effective cone). We define the orbifold pseudo-effective
cone Efforb.X/ to be the cone in N1orb.X/ consisting of elements � such that for every
covering family zf W zC ! X xF of stacky curves, . zf ; �/ � 0. Elements in Efforb.X/ are
called pseudo-effective classes. We also define the (nonorbifold) pseudo-effective cone
Eff.X/ to be Eff.X/ WD Efforb.X/ \ N1.X/R.

We see that by the identification N1.X/R D N1. xX/R, we have Eff.X/ D Eff. xX/.
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Remark 8.9 (Intersection pairing). If N1;orb.X/R denotes the dual space of N1orb.X/R,
we may define the intersection number in terms of the pairing

N1orb.X/R � N1;orb.X/R ! R:

The space N1;orb.X/R is expressed as

N1;orb.X/R D N1.X/R ˚
M

Y2��
0
.J0X/

RŒY��;

where N1.X/R is the space of real 1-cycles modulo numerical equivalence and ¹ŒY��ºY is
the dual basis of ¹ŒY�ºY , which is supposed to be orthogonal to N1.X/R. With a covering
family zf W zC ! X xF of stacky curves, we can associate an element

Œ zf �orb WD Œ zf j��1.t/�C
X

p2.��1.t//h xF i stacky point

ŒYp�
� .Œ zf j��1.t/� 2 N1.X/R/

so that for every � 2 N1orb.X/R, the intersection number . zf ; �/ is expressed as the pairing
.Œ zf �orb; �/. The dual cone of Efforb.X/ is then the closure of the cone generated by the
classes Œ zf �orb of covering families zf W zC ! X xF of stacky curves.

Lemma 8.10. Let � D �0 C
P

Y �Y ŒY� 2 N1orb.X/R. If �0 is not pseudo-effective as an
element of N1. xX/, then � is not pseudo-effective either.

Proof. There exists a finite morphism W ! X from a scheme W (see [42, tag 04V1]).
We may suppose that W ! xX is a Galois cover, say with Galois group G. Then W is
Q-factorial and we have an isomorphism

.N1.W /R/G Š N1. xX/R:

Moreover, this isomorphism preserves pseudo-effectivity. Thus, if �0 2 N1.X/R D
N1. xX/R is not pseudo-effective, then the corresponding � 2 .N1.W /R/G is not pseudo-
effective either. Therefore, there exists a moving curve C of W with .C; �/ < 0. Then
C ! X induces a covering family of stacky curves whose source is a scheme. Since C
has no stacky point, �Y’s do not contribute to the intersection number .C; �/ and we have

.C; �/ D .C; �/ < 0:

We see that � is not pseudo-effective.

Corollary 8.11. We have

Eff.X/C
X

Y

R�0ŒY� � Efforb.X/ � Eff.X/C
X

Y

RŒY�:

Proof. The left inclusion is obvious. The right inclusion is the last lemma.
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Lemma 8.12. LetK be an infinite field and let n be a positive integer coprime to the char-
acteristic of K. Let C be a geometrically irreducible, smooth, and proper curve over K.
Let p0; p1; : : : ; pm 2 C.K/ be K-points of C . Then there exist a geometrically irre-
ducible, smooth, and proper curve D over K and a finite morphism f WD! C of degree
n such that for i 2 ¹1; : : : ; mº, f �1.pi /red Š SpecK and f is étale over p0.

Proof. We take an affine open subscheme C 0 D SpecR � C containing all of p0; : : : ; pm
and suppose that it is embedded in the affine space AlK . Since K is an infinite field, for
each i > 0 there exists a hyperplane Hi D ¹fi D 0º � AlK which intersects C 0 transver-
sally at pi , but does not meet pj for any j ¤ i . Let f 2 R be the restriction of

Q
i>0 fi

to C 0. This function on C 0 has zeroes of order 1 at each of p1; : : : ;pm and does not vanish
at p0. It follows that the finite cover

D0 WD SpecRŒx�=.xn � f /! C 0

has the desired properties except properness. We only need to take projective compactifi-
cation.

Proposition 8.13. Let X be a nice stack and let Y0 be a twisted sector of X. Then, for
any positive integer n, there exists a covering family zf W zC ! X xF of stacky curves such
that if we write

Œ zf �orb D Œ zf �C
X

Y2��
0
.J0X/

� zf ;Y ŒY�
� .�Y 2 Z�0/

.see Remark 8.9/, then
� zf ;Y0

> n
X

Y¤Y0

� zf ;Y :

Proof. In this proof, we identify geometric points of a DM stack and ones of the coarse
moduli space. Using a local description of X xF as a quotient stack, we can construct a
covering family .� W zC ! T; zf W zC ! X xF / such that � zf ;Y0

> 0. Let zC denote the coarse

moduli space of zC . Let L D K.T / be an algebraic closure of the function field K.T /
of T . Let

p0; : : : ; pm 2 zCLhLi D zCL.L/

be stacky points of zCL. For an integer n0 > nm, we take a finite cover zDL ! zCL of
degree n0 as in Lemma 8.12. The induced rational map zDL ! zCLÜ X xF uniquely
extends to a representable morphism

zgLW zDL ! X xF ;

where zDL is a smooth proper DM stack over L with the coarse moduli space morphism
zDL ! zDL. The only stacky L-points of zDL are the n0 points r0;1; : : : ; r0;n0 lying over
p0 and possibly some of the points r1; : : : ; rm lying over p1; : : : ; pm respectively. If we
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define sectors of X associated to stacky L-points of zDL in the same way as we did for
stacky xF -points before, then for every j 2 ¹1; : : : ; n0º, we have Yr0:j

D Y0. If we define
ŒzgL�orb 2 N1;orb.X/ as before, then we get

ŒzgL�orb D ŒzgL�C

n0X
jD1

ŒYr0;j
�� C

mX
iD1

ŒYri �
�

D Œzg�C n0ŒY0�
�
C

mX
iD1

ŒYri �
�:

It follows that
�zgL;Y0

� n0 > nm � n
X

Y¤Y0

�zgL;Y :

This is basically the desired inequality, except that zDL is defined not over an xF -variety,
but over L D K.T /. By a standard argument, we can find a finitely generated xF -sub-
algebra R � L such that zDL is the base change of an R-stack zDR and the morphism
zgL is induced from a morphism zDR ! X xF . The pair . zDR ! SpecR; zDR ! X xF / is a
covering family of stacky curves that has the desired property.

Proposition 8.14. Consider an element � 2 N1orb.X/ of the form
P

Y �Y ŒY� with �Y 2 R
and suppose that �Y0

< 0 for some twisted sector Y0. Then � … Efforb.Y/. Hence,

Efforb.X/ \
M

Y2��
0
.J0X/

RŒY� D
X

Y2��
0
.J0X/

R�0ŒY�:

Proof. For each n > 0, we take a covering family zfnW zCn ! X xF of stacky curves as in
Proposition 8.13. Then

. zfn; �/ D
X

Y

� zfn;Y
� �Y D � zfn;Y0

� �Y0
C

X
Y¤Y0

� zfn;Y
� �Y

� � zfn;Y0
� �Y0

C

� X
Y¤Y0

� zfn;Y

�
max ¹�Y j Y ¤ Y0º:

For sufficiently large n, the last expression is negative, which implies that � … Efforb.Y/.
The equality of the proposition follows from Corollary 8.11.

Definition 8.15. We say that a raised line bundle .L; c/ on X is big if its numerical class
ŒL; c� lies in the interior of Efforb.X/.

Lemma 8.16. Let .L; c/ be a raised line bundle on X. Suppose that X has positive
dimension. Then the following conditions are equivalent:

(1) L is big, that is, ŒL� is in the interior of the cone Eff.X/.

(2) ŒL; c� is big.
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Proof. From Corollary 8.11, the second condition implies the first one. We now assume
the first condition and prove the second condition. For ˛ 2 Efforb.X/

_, we have

.˛; ŒL; c�/ � .˛; ŒL�/ > 0:

Corollary 8.11 implies

Efforb.X/
_
� Eff.X/_ C

X
Y

R�0ŒY�
�:

It follows that there exists a hyperplaneH �N1;orb.X/R such thatH does not contain the
origin and the intersection Efforb.X/

_ \H is a nonempty compact set. From the extreme
value theorem, the function given by the intersection pairing with ŒL; c�,

Efforb.X/
_
\H ! R>0; ˛ 7! .˛; ŒL; c�/;

has a positive minimum value. Perturbing ŒL; c� a little in N1orb.X/R in an arbitrary
direction does not affect the positivity of the minimum value of the associated function
Efforb.X/

_ \H !R. This means that ŒL; c� is not pushed out from Efforb.X/ by a small
perturbation in an arbitrary direction. Hence, ŒL; c� is in the interior of Efforb.X/.

9. a- and b-invariants; the stacky Batyrev–Manin conjecture

9.1. a- and b-invariants and breaking thin subsets

We keep denoting by X a nice stack over F .

Definition 9.1. We define the orbifold canonical class of X to be

ŒKX;orb� WD Œ!X �C
X

Y

.age.Y/ � 1/ŒY� 2 N1orb.X/R:

Here !X denotes the canonical line bundle of X.

Remark 9.2. Generalizing Proposition 7.5, we can show that if X has trivial generic
stabilizer, some twisted sectors Y of X correspond to divisors E over the coarse moduli
space xX. Then, for Y and E corresponding to each other, age.Y/ � 1 is equal to the
discrepancy of E. This explains why the coefficient age.Y/ � 1 in the above definition is
natural.

Now we are ready to define the a-invariant in the context of stacks:

Definition 9.3. We define the a-invariant of a big raised line bundle .L; c/, denoted by
a.L; c/, to be the unique real number a such that aŒL; c�C ŒKX;orb� lies on the boundary
of Efforb.X/.

As for a (nonraised) big line bundle L on X, we define the a-invariant a.L/ in
a similar way by using the (nonorbifold) pseudo-effective cone Eff.X/ D Eff. xX/ in
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N1.X/R D N1. xX/R and the canonical class Œ!X �. Note that a.L/ may be different from
a.L/ of the corresponding Q-line bundle L on xX. This is because Œ!X � may be different
from Œ!0

xX
�, unless the morphism X ! xX is étale in codimension 1.

We generalize the notion of adequacy for a raising function of a Fano stack as follows:

Definition 9.4. Let .L; c/ be a big raised line bundle. We say that .L; c/ is adequate if

(1) agec.Y/ � 1 for every twisted sector Y,

(2) if dim X > 0, then a.L/ D 1,

(3) if dim X D 0, then min ¹c.Y/ j Y twisted sectorº D 1.

When X is a Fano stack, the raised line bundle .!�1
X
; c/ is adequate if and only if c is

adequate.

Remark 9.5. The condition a.L/ D 1 may be viewed as a normalization condition.
Indeed, for r 2 Q, a.Lr / D a.L/=r .

Proposition 9.6. If .L; c/ is adequate, then a.L; c/ D 1.

Proof. The zero-dimensional case follows from Proposition 9.25 proved later. We prove
the case dim X > 0 here. For a0 < 1,

a0ŒL; c�C ŒKX;orb� D .a
0ŒL�C Œ!X �/C

X
Y

.a0 � c.Y/C age.Y/ � 1/ŒY�:

Since a.L/ D 1 > a0, we find that a0ŒL� C Œ!X � is not pseudo-effective. From
Lemma 8.10, a0ŒL; c�C ŒKX;orb� … Efforb.X/. This shows that a.L; c/ � 1. On the other
hand,

ŒL; c�C ŒKX;orb� D .ŒL�C Œ!X �/C
X

Y

.agec.Y/ � 1/ŒY�:

Since ŒL� C Œ!X � D a.L/ŒL� C Œ!X � is pseudo-effective and agec.Y/ � 1 � 0, from
Corollary 8.11, ŒL; c�C ŒKX;orb� is pseudo-effective. This shows that a.L; c/ � 1.

Definition 9.7. We define the b-invariant b.L; c/ of a big raised line bundle .L; c/ to be
the codimension of the minimal face of Efforb.X/ containing a.L; c/ŒL; c�C ŒKX;orb�,
that is, the dimension of the following face of the dual cone Efforb.X/

_ � N1;orb.X/R:

Efforb.X/
_
\ .a.L; c/ŒL; c�C ŒKX;orb�/

?:

Recall that for a morphism f WY ! X of nice stacks, we have a natural morphism
J0Y ! J0X, and hence a raising function c of X induces a raising function f �c of Y.

Definition 9.8. Let us fix a big raised line bundle .L; c/ of X. A thin morphism f WY!X

of nice stacks is called a breaking thin morphism (resp. weakly breaking thin morphism)
if the raised line bundle .f �L; f �c/ is big and

.a.f �L; f �c/; b.f �L; f �c// > .a.L; c/; b.L; c//

.resp. .a.f �L; f �c/; b.f �L; f �c// � .a.L; c/; b.L; c///
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in the lexicographic order. A breaking thin (resp. weakly breaking thin/ subset of XhF i

means a nonempty subset of XhF i which is the image of the map YhF i ! XhF i asso-
ciated to a breaking thin (resp. weakly breaking thin) morphism Y ! X.

Remark 9.9. A breaking thin morphism is basically the same as a breaking thin map in
[27] except that we work with stacks and assume the representability condition. If we did
not assume the representability condition, then a morphism of the form X � BG ! X

for a finite group scheme G would become a breaking thin morphism. We do not want to
include such a map, since it induces a surjection of F -point sets.

9.2. The stacky Batyrev–Manin conjecture

We now formulate the first version of the Batyrev–Manin conjecture for DM stacks as
follows:

Conjecture 9.10 (The stacky Batyrev–Manin conjecture I). Let X be a nice stack over F
whose coarse moduli space is geometrically rationally connected. Let .L; c/ be a raised
line bundle which is big and adequate. Suppose that XhF i is Zariski dense. Then the
union T of breaking thin subsets of XhF i is a thin subset. Moreover, there exists a con-
stant C > 0 such that

#¹x 2 XhF i n T j HL;c.x/ � Bº � CB.logB/b.L;c/�1 .B !1/:

Remark 9.11. In the conjecture, we impose the geometric rational connectedness on the
coarse moduli space rather than the more restrictive (and more common) Fano condition,
following the version of the Batyrev–Manin conjecture in [29]. Since we would like to
allow singular coarse moduli spaces, it would be more suitable to use a condition which
is invariant under birational equivalences like geometric rational connectedness.

Remark 9.12. If X is a smooth variety, then this conjecture is a version of the Batyrev–
Manin conjecture for a smooth variety and a big line bundle L with a.L/ D 1 such that
the removed accumulation subset is a thin subset. When the a-invariant is not equal to 1
but positive, then we can reduce it to the case with aD 1 by considering the R-line bundle
L1=a.L/ and generalizing the above conjecture to R-line bundles in the obvious way.

Remark 9.13. One may be tempted to remove also weakly breaking thin subsets. An evi-
dence for this idea in the case of varieties was provided by the work of Le Rudulier [31].
She showed that for some algebraic surface, the leading constant becomes the same as the
one conjectured by Peyre [37] only after removing a weakly breaking thin subset. How-
ever, if we remove all weakly breaking thin subsets, then it may happen that all F -points
are removed, and no point is left to count. See Remark 9.33.

Remark 9.14. Checking the first assertion of Conjecture 9.10, that the union of breaking
thin subsets is a thin subset, is an interesting problem on its own. When the target X

is a geometrically uniruled variety, this problem was affirmatively solved by Lehmann–
Sengupta–Tanimoto [27]. The problem has an affirmative answer also when X is BG
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for a commutative group scheme G (see Corollary 9.29), and for some constant group
scheme G (see Proposition 9.39).

We also formulate a variant of Conjecture 9.10, incorporating the following notions.

Definition 9.15. A subset U � XhF i is said to be cothin if its complement XhF i n U

is thin. When a raised line bundle .L; c/ on X is fixed, we say that an element of
XhF i is secure (resp. strongly secure) if it is not contained in any breaking thin sub-
set (resp. any weakly breaking thin subset) of XhF i. We say that a subset of XhF i is
secure (resp. strongly secure) if it contains only secure (resp. strongly secure) elements.

The following is the second version of the Batyrev–Manin conjecture for DM stacks,
which allows some freedom in the choice of the set of counted F -points.

Conjecture 9.16 (The stacky Batyrev–Manin conjecture II). Let X be a nice stack overF
whose coarse moduli space is geometrically rationally connected. Let .L; c/ be a raised
line bundle which is big and adequate. Suppose that XhF i is Zariski dense. Let U �
XhF i be a secure cothin subset. Then there exists a constant C > 0 such that

#¹x 2 U j HL;c.x/ � Bº � CB.logB/b.L;c/�1 .B !1/:

Remark 9.17 (Speculation on a formula for the leading constant C ). In the situation of
Conjecture 9.16, we speculate that if U is also strongly secure and if we use the height
function HL;c� for a strictly raised line bundle .L; c�/ equipped with an adelic metric
on L, then the constant C may admit an explicit expression similar to ones of Peyre [37]
and Bhargava [8]. Note that there are nice stacks X without any strongly secure F -point.
See Remark 9.32 and Section 9.39 for a related discussion in the case of zero-dimensional
stacks.

9.3. Fano stacks revisited

Proposition 9.18. Let X be a Fano stack and let c be a raising function of X such that
.!�1

X
; c/ is adequate. Then

b.!�1X ; c/ D �.X/C jc.X/:

In particular, Conjecture 9.10 implies Conjecture 5.6.

Proof. We have

� WD a.!�1X ; c/Œ!�1X ; c�C ŒKX;orb� D Œ!
�1
X ; c�C ŒKX;orb�

D

X
Y

.agec.Y/ � 1/ŒY�:

For a vector
w 2

M
Y not c-junior

RŒY� DW W
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and for 0 < "� 1, �˙ "w 2 Efforb.X/. On the other hand, ifw is chosen outsideW , then
from Proposition 8.14 and Lemma 8.10, either of �˙ "w is not contained in Efforb.X/.
This shows that the minimal face containing � has dimension equal to dimW . We have
proved the first assertion of the proposition.

To show the second assertion, we only need to check that the coarse moduli space X
of X is geometrically rationally connected. Let D be the branch divisor of the coarse
moduli space morphism � WX ! X with standard Q-coefficients. Then the Q-divisor
KX CD corresponds to the canonical line bundle !X of X and the pair .X;D/ has only
Kawamata log terminal singularities. From [52, Theorem 1],X is geometrically rationally
connected.

Remark 9.19. To give a conjectural expression of the leading constant C in the asymp-
totic formula for rational points of a Fano varietyX , Peyre [37] uses the three ingredients;
the volume ofX.F /�X.A/, the volume of the intersection of Eff.X/ and the hyperplane
.�KX ; �/ D 1, and the �F -module N1.X xF /. We may speculate upon how to generalize
it to stacks. For a nice stack X, as soon as we find the correct topology and measure
on XhAi, we can define the volume of XhF i � XhAi. The pseudo-effective cone should
be replaced with the orbifold pseudo-effective cone Efforb.X/. The volume of the hyper-
plane section Efforb.X/ \ ¹.ŒKX;orb�; �/ D 1º for an appropriate measure would be the
counterpart of the second ingredient. As for the �F -module, we may consider

N1orb;c-jun.X xF /R WD N1.X xF /R ˚
M

Y c-junior sector

RŒY�:

From Proposition 7.5, if X has trivial generic stabilizer and if the raising function c � 0
is adequate, then this module is isomorphic to the �F -module N1.X xF /R ˚

L
E RŒE�,

where E runs over crepant divisors over the coarse moduli space X xF . Thanks to Proposi-
tion 7.5, this Galois module is an analogue of L-Picard group considered by Batyrev and
Tschinkel [7]. We do not know whether the literal translation of Peyre’s constant by using
the above orbifold versions of ingredients gives the correct value of the leading constant,
but we expect that the above speculation is heading in the right direction.

9.4. Malle’s conjecture revisited

In this subsection, we suppose that X over F has dimension zero and has at least one
F -point. From [42, tag 06QK], this is equivalent to saying that X is a neutral gerbe
over F . From [26, (3.21)], for an F -point x 2X.F /, there exists a canonical isomorphism
X Š B AutF .x/. In particular, X is isomorphic to the classifying stack BG of a finite
group scheme G over F . Note that the isomorphism class of such a group scheme G is
not generally uniquely determined by X, as the next result shows.

Lemma 9.20 ([10, Proposition 2.2.3.6], [18, p. 127]). Let G be a finite group scheme
over F , let x 2 .BG/.F / and let x0 2 .B Aut.Gop//.F / be the Aut.Gop/-torsor derived
from x and the conjugation morphism G ! Aut.G/ D Aut.Gop/. Then AutF .x/ is iso-
morphic to the twisted form of Gop associated to x0.
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Corollary 9.21. IfG is commutative, then for every x2.BG/.F /, we have AutF .x/ŠG.

Proof. This follows from the last lemma and the fact that in the commutative case, the
conjugation map G ! Aut.G/ is the trivial map onto the identity point.

Our principal interest is in the stack X D BGF , where G is a finite group and GF
is the corresponding constant group scheme over F . In this case, from Example 2.15, we
may identify �0.J0X/ with the set F - Conj.G/ of F -conjugacy classes of G. Thus, we
may write

N1orb.X/ D
M

Œ1�¤Œg�2F - Conj.G/

RŒg�:

Proposition 9.22. Suppose that X D BGF for a finite groupG. Suppose that F contains
all the #G-th roots of unity. Then

Efforb.X/ D
X

Œ1�¤Œg�2Conj.G/

R�0Œg�:

Proof. We first note that from the assumption, we have

N1orb.X/ D
M

Œ1�¤Œg�2Conj.G/

RŒg�:

We claim that for any twisted sector Y of X xF , there exists a stacky curve f WC ! X xF

such that for every stacky point p 2 C. xF /, the associated sector Yp is Y. To show this,
suppose that Y corresponds to an injection �W�l ,! G. Let f WD

Ql�1
iD0.x � i/ and let

L WD xF .x/.f 1=l / be the l-cyclic extension of xF .x/ associated to f . Let C ! P1
xF

be
the associated �l -cover. This is ramified exactly at x D 0; 1; : : : ; l � 1. Note that the
cover is unramified over1 2 P1

xF
, since f has degree l . The morphism C ! Spec xF is

�-equivariant and induces

f WC WD ŒC=�l �! X xF D ŒSpec xF=G�:

By construction, stacky points of C are the images of 0; 1; : : : ; l � 1 2 P1
xF

. Moreover, the
twisted sector corresponding to each stacky point is Y. This proves the claim.

For a twisted sector Y0, we choose f0W C ! X xF as above. For � D
P
�Y ŒY� 2

N1orb.X/,
.f0; �/ D b�Y0

.b > 0/:

Note that f0 is a covering family of stacky curves of X xF . Thus, if � 2 Efforb.X/, then
�Y � 0 for every twisted sector Y. The converse is easy to show.

Corollary 9.23. We have

Efforb.X/ D
X

Y2��
0
.J0X/

R�0ŒY�:

In particular, if X D BGF for a finite group G, then

Efforb.X/ D
X

Œ1�¤Œg�2F - Conj.G/

R�0Œg�:
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Proof. There exists a finite Galois extension K=F such that XK Š BGK for a finite
group G, and K contains all the #G-th roots of unity. From the last proposition,

Efforb.XK/ D
X

Y02��
0
.J0XK /

R�0ŒY
0�;

We have an isomorphism N1orb.X/ Š .N
1
orb.XK//

Gal.K=F / such that for a sector Y of X,
the class ŒY� corresponds to the sum

Pm
iD1ŒY

0
i �, where ¹Y01; : : : ;Y

0
mº � �0.J0XK/ is the

Galois orbit corresponding to Y. By the isomorphism, Efforb.X/ corresponds to

Efforb.XK/ \ .N1orb.XK//
Gal.K=F /:

The last cone is generated by such sums
Pm
iD1ŒY

0
i � as above. This shows the corollary.

As in Section 5, we only consider the structure sheaf O as a line bundle on X. Corol-
lary 9.23 implies the following result.

Corollary 9.24. A raised line bundle .O; c/ on X is big if and only if c is positive.

Proposition 9.25. For a positive raising function c of X, we have

a.O; c/ D max ¹c.Y/�1 j Y 2 ��0 .J0X/º

D
�
min ¹c.Y/ j Y 2 ��0 .J0X/º

��1
and

b.O; c/ D ]¹Y 2 ��0 .J0X/ j c.Y/ D a.O; c/
�1
º:

Proof. For a 2 R, we have

va WD aŒO; c�C ŒKX;orb� D
X

Y2��
0
.J0X/

.a � c.Y/ � 1/ŒY�:

Therefore, va 2 Efforb.X/ if and only if a � c.Y/ � 1 � 0 for every twisted sector Y. The
minimum real number a satisfying the last condition is exactly the value of a.O; c/ stated
in the proposition.

The minimal face of Efforb.X/ containing a.O; c/ŒO; c�C ŒKX;orb� is the cone gen-
erated by the classes ŒY� of those twisted sectors that do not have the minimal c-value.
Thus, the codimension of this face is equal to the number of those twisted sectors that do
have the minimal c-value. The desired formula for the b-invariant follows.

Remark 9.26 (Malle’s conjecture revisited). If X D BGF for a finite group G, then
�0.J0X/ D F - Conj.G/ as already mentioned. In this situation, Conjecture 9.10 with a-
and b-invariants computed in Proposition 9.25 is the same as the version of Malle’s con-
jecture for the generalized discriminant (see Example 4.12) associated to the given raising
function c, except that we count G-torsors over F giving points of XhF i n T , while the
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original conjecture of Malle concerns G-fields over F (corresponding to connected G-
torsors over F ). Counting only G-fields amounts to removing the thin subset T 0 given
by

T 0 D
[
H¨G

..BHF /hF i ! .BGF /hF i/:

Points coming from breaking thin morphisms Y!BGF (see Section 9.5 for an example)
are expected to give an asymptotic larger than the expectation of Malle’s conjecture and
should be removed. The same remark shows that T may include some G-fields.

Remark 9.27. Let f W Y ! X be a thin morphism with YhF i ¤ ; and let y 2 Y.F /.
Then we have the injection AutF .y/! AutF .f .y// of group schemes over F . Through
the canonical isomorphisms Y Š B AutF .y/ and X Š B AutF .f .y//, the morphism
f WY ! X is identified with the natural morphism B AutF .y/! B AutF .f .y//.

The following proposition enables us to check the secureness of each point x 2XhF i

by looking only at (necessarily finitely many) subgroup schemes of AutF .x/.

Proposition 9.28. A point x 2XhF i is secure (resp. strongly secure) if and only if for any
proper subgroup scheme H of AutF .x/, the induced morphism BH ! B AutF .x/ Š X

is not breaking thin .resp. weakly breaking thin/.

Proof. This result also appears in [15], but stated and proved in a slightly different lan-
guage. For completeness, we give a proof using our language. If there exists a proper
subgroup scheme H ¨ AutF .x/ such that BH ! B AutF .x/ Š X is a breaking thin
morphism, then by definition, x is not secure. Conversely, if x is not secure, then there
exist a breaking thin morphism f WY!X and anF -point y 2YhF iwith f .y/D x. From
Remark 9.27, f is identified with BH ! B AutF .x/ for some proper subgroup scheme
H ¨ AutF .x/. We have proved the “secure” version of the assertion. The “strongly
secure” version is proved similarly.

Corollary 9.29. If G is commutative, then .BGF /hF i has no breaking thin subset.
Hence, .BGF /hF i is a secure cothin subset of itself.

Proof. From Corollary 9.21 and Remark 9.27, every thin morphism Y ! X with YhF i

¤ ; is of the form BH ! BG for a proper subgroup scheme H of G. From the com-
mutativity and from Example 2.15, the map �0.J0.BH//! �0.J0.BG// is identified
with

Hom.y�. xF /;H. xF //=�F ! Hom.y�. xF /;G. xF //=�F :

This is injective, which implies that Y ! X is not a breaking thin morphism.

Remark 9.30. Suppose that X DBG withG a commutative finite group scheme over F .
From Corollary 9.29, the subset T in Conjecture 9.10 is empty. In this case, Conjec-
ture 9.10 holds (see [15] and references therein).
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Example 9.31. Let p be a prime number and let X DB�p2;F . We can identify �0.J0X/
with Z=p2Z. For 0 < c1 < c2, we define a raising function c by

c.i/ D

8̂̂<̂
:̂
0 .i D 0/;

c1 .i 2 pZ=p2Z/;

c2 .otherwise/:

Then the natural morphism B�p;F ! X is weakly breaking thin with respect to c.

Remark 9.32. For an abelian group G, there may exist a weakly breaking thin morphism
Y!BGF . Wood [44] introduces the notion of fairness to have a nice leading constant for
counting abelian extensions of a number field. If we adapt this notion into our language
and if a raising function c of BG for an abelian finite group G is fair, then there is no
weakly breaking thin morphism Y ! BG with YhF i ¤ ;.

Remark 9.33. Let X D BG with G a commutative finite group scheme over F . Then,
for any two points x;x0 2XhF i, there exists an automorphism X

�
�!X mapping x to x0.

It follows that if x is in the image of the map YhF i ! XhF i associated to a morphism
f W Y ! X of stacks, then x0 is in the image of the map YhF i ! XhF i associated to

the composite Y
f
�! X

g
�! X of f and some automorphism g. Thus, if c is a raising

function of X preserved by automorphisms of X and if X contains a weakly breaking
thin subset (see Example 9.31), then XhF i is covered by weakly breaking thin subsets. In
particular, XhF i has no strongly secure element. Note that this pathology does not occur
for breaking thin morphisms, since there is no breaking thin morphism to X at all.

9.5. Klüners’ counterexample revisited

In this subsection, we explain Klüners’ counterexample to Malle’s conjecture [23] in our
language. Consider the wreath product

G WD C3 o C2 D .C3 � C3/ Ì C2:

Here Cn denotes the cyclic group of order n. This is a group of order 18 and real-
ized as the transitive subgroup of S6 generated by permutations .1; 2; 3/, .4; 5; 6/, and
.1; 4/.2; 5/.3; 6/. Recall that the index function indWG ! Z�0 is defined by

ind.g/ WD 6 � #¹g-orbits in ¹1; : : : ; 6ºº:

This function restricted toG n ¹1º takes the minimal value 2 exactly on the following four
elements:

.1; 2; 3/; .1; 3; 2/; .4; 5; 6/; .4; 6; 5/; (9.1)

all of which have order 3. Note that there are also elements of order 3 having index 4, for
example, .1; 2; 3/.4; 5; 6/.

Let us now consider the stack X WD BGQ. Its set of sectors, �0.J0X/, is identified
with the set of Q-conjugacy classes, Q-Conj.G/. The four elements of index 2 are divided
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into two conjugacy classes ¹.1; 2; 3/; .4; 5; 6/º and ¹.1; 3; 2/; .4; 6; 5/º. In turn, these
two conjugacy classes form one Q-conjugacy class. In summary, there is a unique Q-
conjugacy class of index 2.

We now discuss possible forms of breaking thin morphisms Y ! X with YhF i ¤ ;.
The stack Y has to be isomorphic to BH 0 where H 0 is a twisted form of a subgroup
H ª G which contains an element of index 2. We can easily see that no subgroup of
order 2 or 6 contains an element of index 2. Thus, the order of H is either 3 or 9. It
follows that H is contained in the unique 3-Sylow subgroup

N WD h.1; 2; 3/; .4; 5; 6/i C G:

Let xW SpecL ! Spec Q be a G-torsor and let SpecK WD SpecLN ! Spec Q be
the induced C2-torsor. We claim that the normal subgroup scheme N 0 C AutQ.x/ corre-
sponding to N is isomorphic to the twisted form N .K/ of NQ induced by

�Q
�K
��! C2

�
�! Aut.NQ/; (9.2)

where �K is the map corresponding to the C2-torsor SpecK ! Spec Q and � is the one
used in the definition of the wreath product G D C3 o C2. Since it induces the N -torsor
SpecL! SpecK, the group scheme N 0 is trivialized by the scalar extension K=Q;

N 0K Š NK Š

9 copies‚ …„ ƒ
SpecK q � � � q SpecK:

The Galois action on this trivial group is again induced by

�Q
�K
��! C2

�
�! Aut.NQ/ D Aut.NK/:

This shows the claim. Let

fx WBN .K/
! B AutF .x/ Š X

be the induced morphism. Then the image of the induced map fxhQiW .BN .K//hQi !
XhQi is exactly the set of G-torsors SpecM ! Spec Q such that the associated C2-
torsor SpecMN ! Spec Q is isomorphic to SpecK ! Spec Q; namely, the fiber of
XhQi ! .BC2/hQi over the isomorphism class of SpecK ! Spec Q. In particular, the
image of fxhQi depends only on the isomorphism class of K.

We next show that there is no breaking thin morphism coming from a group scheme
of order 3. If K D Q2, that is, if SpecK ! Spec Q is the trivial C2-torsor, then N 0 is the
constant group NQ. It contains (necessarily constant) subgroup schemes of order 3 which
contains elements of index 2. But since BC3;Q has only one twisted sector, no morphism
BC3;Q ! X is breaking thin. If K is a field, then N has six connected components and
is of the form

Spec Qq Spec Qq Spec Qq SpecK q SpecK q SpecK:
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The first three components correspond to the diagonal elements of N D C3 � C3, those
elements fixed by the C2-action. The other three components correspond to the following
C2-orbits, respectively:

¹.1; 2; 3/; .4; 5; 6/º; ¹.1; 3; 2/; .4; 6; 5/º; ¹.1; 2; 3/.4; 6; 5/; .1; 3; 2/.4; 5; 6/º:

The only subgroup schemes of N of order 3 are the diagonal one Spec Qq Spec Qq
Spec Q and the union Spec Qq SpecK of the identity component Spec Q and the com-
ponent SpecK corresponding to

¹.1; 2; 3/.4; 6; 5/; .1; 3; 2/.4; 5; 6/º:

The diagonal elements, .1; 2; 3/.4; 6; 5/ and .1; 3; 2/.4; 5; 6/, do not have index 2. Thus,
the induced morphisms BC3;Q ! X and B.Spec Qq SpecK/! X are not breaking
thin. In conclusion, there is no breaking thin morphism of the form BH 0!X, whereH 0

is of order 3.
It remains possible that H 0 is of order 9 and isomorphic to N .K/, the twisted form

of N associated to a C2-torsor SpecK ! Spec Q. Since N contains elements of index 2,
the morphism BN .K/!X is always weakly breaking thin. To see when it is also break-
ing thin, we now compute �0.J0.BN .K///. Recall that this set is identified with

Hom.�9.xQ/; N .K/.xQ//=�Q:

Fixing a generator of �9.xQ/, we may identify

Hom.�9.xQ/; N .K/.xQ// D N .K/.xQ/ D N D C3 � C3:

The �Q-action on this set is obtained by combining two actions; the one induced from
the �Q-action on �9.xQ/ and the one induced from the action on N .K/.xQ/. Through the
above identification, the first action transitively interchanges a nonidentity element g 2N
with its square g2. The second action is given by (9.2). We see that the four elements of
index 2, listed in (9.1), are transitively permuted by the combined �Q-action except the
two cases: K D Q2 and K D Q.�3/ with �3 a primitive cubic root of 1. In the former
case, the second action is trivial, and hence the four elements of index 2 are divided into
the two �Q-orbits

¹.1; 2; 3/; .1; 3; 2/º; ¹.4; 5; 6/; .4; 6; 5/º:

In the latter case, since �3 D SpecQq SpecQ.�3/, the two �Q-actions are synchronized:
whenever 
 2 �F maps .1; 2; 3/$ .1; 3; 2/ and .4; 5; 6/$ .4; 6; 5/ by the first action,
then the same element 
 maps .1; 2; 3/$ .4; 5; 6/ and .1; 3; 2/$ .4; 5; 6/ by the second
action. Similarly, whenever 
 2 �F fixes the four elements by the first action, then the
same element fixes them also by the second action. Consequently, the combined action
divides the four elements into two orbits

¹.1; 2; 3/; .4; 6; 5/º; ¹.1; 3; 2/; .4; 5; 6/º:
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Thus, the morphisms BN .Q2/ ! X and BN .Q.�3// ! X are the only breaking thin
morphisms. In particular, the union T of breaking thin subsets of XhQi, which appears
in Conjecture 9.10, is a thin subset. Note that the image of .BN .Q2//hQi ! XhQi con-
tains only nonconnected torsors, which are removed also in the usual version of Malle’s
conjecture. We can summarize these results as follows:

Proposition 9.34. For a C2-torsor SpecK ! Spec Q, let TK be the image of the map
.BN .K//hQi !XhQi. Then XhQi D

F
K TK . Moreover, the following assertions hold:

(1) Every TK is a weakly breaking thin subset.

(2) The subset TK is a breaking thin subset exactly whenK is isomorphic to Q2 or Q.�3/.

(3) The subset
F
K¤Q2;Q.�3/

TK �XhQi and each of its cothin subsets is a secure cothin
subset.

(4) There is no strongly secure subset of XhQi.

Remark 9.35. Türkelli [43] takes a different approach to modify Malle’s conjecture
incorporating Klüners’ counterexample; he proposes changing the exponent of the log
factor instead of keeping the exponent unchanged and removing a thin subset.

9.6. Comprehensiveness

Definition 9.36. LetG be a finite group and let cWConj.G/!R�0 be a function such that
for C 2 Conj.G/, c.C / D 0 if and only if C D Œ1�. We say that G is c-comprehensive if
for any nonidentity conjugacy class C 2 Conj.G/ with the minimal c-value, the elements
in C generate G.

Example 9.37. The subgroup generated by the elements of a conjugacy class is a normal
subgroup. Therefore, a simple subgroup is c-comprehensive for any c.

Example 9.38. For the symmetric group Sn, consider the index function, indWConj.Sn/
! Z�0. This takes the minimal value only at the conjugacy class of all transpositions.
Since Sn is generated by transpositions, Sn is ind-comprehensive.

Proposition 9.39. LetG be a finite group, let X WD BGF and let xWSpecL! SpecF be
a connected G-torsor, that is, an F -point of X. Let cW�0.J0X/ D F - Conj.G/! R�0

be a raising function. Denoting the composition Conj.G/! F - Conj.G/
c
�! R�0 again

by c, suppose thatG is c-comprehensive. Then x is a secure element of XhF i: Hence, the
subset of XhF i consisting of all connectedG-torsors is a strongly secure cothin subset. In
particular, the union of weakly breaking thin subsets of XhF i, and the union of breaking
thin subsets, is a thin subset.

Proof. As for the first assertion, it suffices to show that the twisted form AutF .x/ of Gop
F

does not contain a proper subgroup scheme containing a c-minimal element. Since x is
connected, the map �x W�F ! G corresponding to x is surjective. From Lemma 9.20,

�0.AutF .x// D AutF .x/. xF /=�F D Conj.G/:
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From c-comprehensiveness, if a subgroup scheme H of AutF .x/ contains a c-minimal
element, then it is in fact the entire group scheme AutF .x/. Thus, the first assertion of the
proposition holds.

The second and third assertions follow from the fact that the set of nonconnected
G-torsors over F is the union of the images of the maps .BHF /hF i ! .BGF /hF i
associated to proper subgroups H ¨ G.

Remark 9.40. For a c-comprehensive groupG, the stack XDBGF may have a breaking
thin morphism. For example, let n � 4 and let H WD h.1; 2/; .3; 4/i � Sn. The induced
morphism BHF ! B.Sn/F is breaking thin. However, every F -point in its image is a
nonconnected Sn-torsor.
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