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Abstract. We define a new height function on rational points of a DM (Deligne—Mumford) stack
over a number field. This generalizes a generalized discriminant of Ellenberg—Venkatesh, the height
function recently introduced by Ellenberg—Satriano—Zureick-Brown (as far as DM stacks over num-
ber fields are concerned), and the quasi-toric height function on weighted projective stacks by
Darda. Generalizing the Manin conjecture and the more general Batyrev—Manin conjecture, we for-
mulate a few conjectures on the asymptotic behavior of the number of rational points of a DM stack
with bounded height. To formulate the Batyrev—Manin conjecture for DM stacks, we introduce the
orbifold versions of the so-called a- and b-invariants. When applied to the classifying stack of a
finite group, these conjectures specialize to Malle’s conjecture, except that we remove certain thin
subsets from counting. More precisely, we remove breaking thin subsets, which have been studied
in the case of varieties by people including Hassett, Tschinkel, Tanimoto, Lehmann and Sengupta,
and can be generalized to DM stack thanks to our generalization of a- and b-invariants. The notion
of breaking thin subset enables us to reinterpret Kliiners’ counterexample to Malle’s conjecture.
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1. Introduction

The Batyrev—Manin conjecture [6, 19] and Malle’s conjecture [32,33] are two important
conjectures about asymptotic behaviors of arithmetic objects; rational points of a vari-
ety and G-extensions of a number field for a prescribed transitive subgroup G of the
symmetric group S,. There is a clear similarity between them. In a proper setting, for
each real B > 0, the number of rational points with height at most B is finite; and sim-
ilarly for the number of G-extensions of a number field with discriminant at most B.
In both cases, if we denote these numbers by N(B), then the conjectures claim asymp-
totic formulas of the form

N(B) ~ CB%*(log B)>™! (B — 0)

for some constants C > 0,a > 0 and b > 1, where a and b are invariants admitting simple
expressions. There are also works on formulas for the leading constant C, notably [7,37]
for rational points and [8] for S, -extensions.

In [48,49], the second-named author studied relations between these conjectures from
the viewpoint of the McKay correspondence. In particular, he showed that the constants
a and b in the two conjectures are closely related, and observed by a heuristic argument
using zeta functions that there are non-rigorous “implications” between the conjectures.
Key ingredients in this study were the discrepancy invariant of singularities and the
age invariant, as is often the case in studies on the McKay correspondence and quo-
tient singularities. Recently, the first-named author [13] and Ellenberg—Satriano—Zureick-
Brown [16] started studying distributions of rational points on algebraic stacks as a step
toward unifying the Batyrev—Manin conjecture and Malle’s conjecture. For this purpose,
they needed to introduce new height functions on stacks, based on different ideas. The
first-named author introduced the notion of quasi-toric heights on weighted projective
stacks and derived a precise asymptotic formula for rational points of these stacks. On
the other hand, Ellenberg—Satriano—Zureick-Brown introduced the height function asso-
ciated to a vector bundle 'V, motivated by the work of Wood—Yasuda [45]. Moreover,
under certain assumptions, they defined the Fujita invariant a (V) of a vector bundle and
conjectured that for any ¢ > 0, there exist constants C;, C, > 0 satisfying

ClBa('V) < N(B) < CzBa('V)-H"
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where N(B) is the number defined as before but with the height function associated to V.
They call this a weak form of the stacky Batyrev—Manin—Malle Conjecture. Note that
their definition of a (V) is not given in terms of the pseudo-effective cone as in the original
Batyrev—Manin conjecture.

The purpose of the present article is to introduce yet another height function for DM
(Deligne-Mumford) stacks and formulate a few conjectures on the asymptotic behavior
of the number of rational points with bounded height. In particular, we suggest two com-
patible ways of determining the exponent of log B in relevant asymptotic formulas, while
we “normalize” data necessary to define a height function in such a way that the expo-
nent of B is expected to be 1. On the other hand, we do not try to find a formula for the
leading constant C, except that we speculate upon conditions for such a formula to exist
(Remark 9.17). Our key ingredient is the stack of twisted 0-jets, denoted by $o X, of the
given stack X, which appears in motivic integration over DM stacks [46,47] and is also
known as the cyclotomic inertia stack in the Gromov—Witten theory for DM stacks [2].
The trivial connected component of $o X is called the nontwisted sector and the other con-
nected components are called twisted sectors. The set of all sectors, denoted by 7o(FoX),
is equipped with the age function, age: wo(foX) — Qs0. To get a meaningful height
function especially when X has a nontrivial generic stabilizer, we need to choose another
function c: mo(foX) — R, which we call a raising function, and define the function
age, := age +c¢ on mo(FoX). A line bundle &£ on a DM stack X endowed with a raising
function ¢ defines a height function Hg . on rational points of X, which is unique modulo
bounded functions. Specifying an adelic metric on £ and a raising datum c, refining the
raising function ¢ completely determines the height function. Our height function inherits
some nice properties of the classical height function on varieties, namely, multiplicativity,
functoriality and the Northcott property. This new height function generalizes those of
the first-named author [13] and Ellenberg—Satriano—Zureick-Brown mentioned above (as
far as DM stacks over a number field are concerned), and also the “ f-discriminant” of
Ellenberg—Venkatesh [17, p. 163]. Note that the paper [16] treats also Artin stacks over
global fields.

Our first conjecture, Conjecture 5.6, concerns the case where our stack X is Fano,
meaning that the anti-canonical line bundle w;cl corresponds to an ample QQ-line bundle
on the coarse moduli space. We also assume that the raising function is adequate, which
means that age,(¥) > 1 for every twisted sector ¥ and that if X is of dimension zero,
then there exists a sector ¥ with age.(¥) = c(¥) = 1. The conjecture claims that in this

situation, the asymptotic formula for H oy is of the form

CB(log B)p(X)+jc(X)—1’

where p(X) is the Picard number and j.(X) is the number of c-junior sectors, that
is, twisted sectors with age, = I, provided that a suitable “accumulation thin subset”
is removed. As evidence for this conjecture, we show that the conjecture is compatible
with taking products of Fano stacks and with the Manin conjecture for Fano varieties
with canonical singularities.
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The second conjecture, Conjecture 9.10, treats a more general situation and is for-
mulated in terms of a variant of the pseudo-effective cone, which we call the orbifold
pseudo-effective cone, like the original Batyrev—Manin conjecture for varieties. We define
a- and b-invariants for the pair (£, ¢) of a line bundle and a raising function ¢ and denote
them by a(&£, ¢) and b(&£, ¢). The conjecture claims that if the pair (£, ¢) is big (meaning
that the pair gives a point lying in the interior of the orbifold pseudo-effective cone), if we
assume the adequacy condition (Definition 9.4), which in particular implies a(£,¢) = 1,
and if we remove a suitable thin subset, then the asymptotic formula for Hg . is of the
form

CB(log B)P(&:9)~1,

We show that the second conjecture implies the first one; the proof is non-trivial unlike
in the case of varieties. Of course, our conjectures are formulated in such a way that
they specialize to the Manin and Batyrev—Manin conjectures for varieties. On the other
hand, applying these conjectures to the classifying stack B G of a finite group G, we
obtain a version of Malle’s conjecture with respect to a generalized discriminant, which
was considered in [17], except that the removed “accumulation subsets” are different. We
follow Peyre’s suggestion [38, p. 345] to remove a thin subset from the set of rational
points. Our second conjecture also incorporates the notion of breaking thin morphisms,
which have been studied in the case of varieties for example in [21,27,28,30]. That enables
us to interpret Kliiners’ counterexample [23] to Malle’s conjecture in terms of breaking
thin maps of stacks. A variation of this notion, weakly breaking thin morphism, is closely
related to Wood’s fairness [44]. The slightly more general case of classifying stacks B G
with G an étale finite group scheme is studied in more detail in another paper [15] of the
authors. It is proved there that our conjectures hold true for B G with G commutative.

In this paper, for the sake of simplicity, we focus on the case where the base field is a
number field. However, almost every argument and statement in this paper can be easily
translated to the case of an arbitrary global field, provided that we restrict ourselves to
tame DM stacks, that is, DM stacks having stabilizers of orders coprime to the character-
istic of the base field.

The paper is organized as follows. In Section 2, we set the basics of twisted sectors
and ages and define the residue map, which plays an important role in the definition of our
height function. In Section 3, we recall the correspondence between QQ-line bundles of a
stack and ones of the coarse moduli space. We also recall the height function associated
to a line bundle with an adelic metric in a generalized context of stacks. In Section 4,
we introduce the notion of raising data and define the height function associated to the
pair of a line bundle and a raising datum. In Section 5, we formulate our first conjecture
concerning Fano stacks. In Sections 6 and 7, we show that this conjecture is compatible
with taking products of Fano stacks and with the Manin conjecture for Fano varieties
with canonical singularities. In Section 8, we introduce the notions of the orbifold Néron—
Severi space and the orbifold pseudo-effective cone. In Section 9, we define the a- and
b-invariants of the pair of a line bundle and a raising function and formulate a few versions
of the Batyrev—Manin conjecture for DM stacks. We also see how one of these conjecture
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specializes to the first conjecture about Fano stacks as well as to Malle’s conjecture. We
then reinterpret Kliiners’ counterexample to Malle’s conjecture in our language. Lastly,
we introduce the notion of c-comprehensiveness for finite groups, which gives a sufficient
condition that for a finite group G, the set of connected G-torsors is disjoint from any
weakly breaking thin subset.

1.1. Notation

Throughout the paper, we denote by F a number field. A place of F is usually denoted
by v. We denote the set of places by M. The local field of F at a place v is denoted by F,.
If v is a finite place, the residue field of F,, is denoted by «,. We denote its cardinality
by g,. If S is a finite set of places including all infinite places, we denote the ring of
S-integers by O 5. We denote the absolute Galois group of F by I'fr.

We denote by X' a DM stack over F satisfying a certain condition. We denote the
dimension of X by d. We denote by X (F) the groupoid of F-points, and by X (F') the
set of isomorphism classes of F-points.

For a scheme T, notations such as X7 and G mean that these objects are defined
over T. They typically arise as either the base change to 7' from another scheme or the
extension to 7" from an open subscheme of 7. When T = Spec R, we also write X g
and GR.

2. Twisted sectors, residue maps and ages

2.1. Twisted sectors
Let us fix a number field F'.

Definition 2.1. A nice stack over F means a DM stack X over F satisfying the following
conditions:

(1) X is separated, geometrically irreducible, and smooth over F,
(2) a coarse moduli space of X is a projective F-scheme,

(3) X is not isomorphic to Spec F.

Remark 2.2. We exclude Spec F' from nice stacks. One reason for this is that Spec F'
has only one F-point and counting it is not very meaningful. Another reason is that the
orbifold Néron—Severi space of Spec F' (see Definition 8.1) is the trivial/zero space and we
cannot define meaningful a- and b-invariants. Note that we do not exclude the possibility
that a nice stack may have Spec F as its coarse moduli space. In fact, such stacks are of
great interest in relation to Malle’s conjecture.

Throughout the rest of the paper, we denote by X a nice stack, unless otherwise speci-
fied. We choose a finite set of places, S C MF, including all infinite places such that there
exists an irreducible, smooth, proper, and tame model Xo of X over Os. Here “tame”



R. Darda, T. Yasuda 6

means that for every point x € X (K) with K a field, the automorphism group Aut(x)
has order coprime to the characteristic of K. We see that such a finite set S exists.

Definition 2.3 (Stacks of twisted O-jets). Let u; g and ;o ¢ be the group schemes of /-th
roots of unity over F and O, respectively. Let B u; r := [Spec F/u; rland B pu; 0¢ ==
[Spec Os/11,04] be their classifying stacks, where the notation [—/—] means a quotient
stack. We define the stack of twisted 0-jets of X by

FoX := | [HomP (B s, . X).
>0

Here Homr;p (—, —) means the Hom stack of representable morphisms (see [36]). We also
define
FoXog = L[ Homr(;l; B 1,04, Xog)-
>0

Namely, for each F-scheme T, the fiber ($oX)(T) over T is the groupoid of repre-
sentable T-morphisms B p; 7 — X, with the subscript 7 meaning base change to T';
and similarly for o Xog. From [36], o X and o X are DM stacks locally of finite
type over F' and Og, respectively. From [51, Lemma 6.5], they are, in fact, of finite type.

Remark 2.4. If I X denotes the inertia stack of X, then we have a (noncanonical) iso-
morphism (g0 X) ®f F = (IX) ®F F (see [47, Proposition 22]).

Remark 2.5. Stacks of twisted 0-jets were used in [46,47] to develop motivic integration
over DM stacks. The same notion also appears in the orbifold Gromov—Witten theory
[1,2]. In [2], it is called the cyclotomic inertia stack. Motivic integration (or a variant of it,
p-adic integration) and Gromov—Witten theory for stacks may be regarded, respectively,
as local and geometric analogues of counting rational points of stacks. This explains why
looking at the stack of twisted O-jets is natural in the context of the present paper.

Definition 2.6 (Sectors). We call the trivial connected component Hom g (B 1,7, X)
of goX, which is canonically isomorphic to X, the nontwisted sector and denote it again
by X, abusing notation. We call the other connected components twisted sectors. We call
a connected component of $oX a sector, whether twisted or nontwisted. We denote by
mo(FoX) (resp. g (F0X)) the set of sectors (resp. twisted sectors).

Lemma 2.7. The stack $oX is smooth and proper over F. Moreover, if $oXog is flat
over Og, then it is also smooth and proper over Og.

Proof. By generic flatness, if we enlarge S, we can make o X o4 flat over Os. Thus, the
first assertion follows from the second. To show the second assertion, suppose that fo X o
is flat over Og. It suffices to show that for each geometric point Spec K — Spec Oy, the
fiber $o Xk is smooth and proper over K. The K-stack $o X g is isomorphic to the inertia
stack I Xg of Xk, which is well-known to be smooth and proper. The properness of I X
follows from the fact that the natural morphism I Xx — X is identified with the (say
first) projection
XK XA, XxxxXx,A Xk —> XK,
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which is proper. The smoothness follows from the local description of the inertia stack
[42, tag 0374]. m

Corollary 2.8. If $o Xy is flat over O, then the natural map 7o($oX) — mo(FoXoy)
is bijective. Here wo(—) denotes the set of connected components.

Proof. Let K/F be a finite Galois extension such that every connected component of
Jo0X g is geometrically connected. Let G be its Galois group. We have a natural G-action
on 79(FoX k) and can identify 7o(FoX) with the set of G-orbits in 7o(FoXk).

Let Ot be the integral closure of O in K. Since o X, is smooth over O, its irre-
ducible components are pairwise disjoint. This shows that connected components ¥ of
90Xk have closures ¥ in g X, which are pairwise disjoint. It follows that o (fo Xx)
and o (o X @, ) are canonically isomorphic G-sets. Accordingly, their orbit sets are iden-
tified, which implies the corollary. ]

Remark 2.9. For a more geometric (rather than algebraic) treatment of twisted sectors,
we refer the reader to [4].

It is sometimes more useful to express JoX by using the pro-finite group scheme
AF = l(i_r_np,l,F instead of finite ones u; r, [ € Z>o. Note that since transition mor-
phisms of the projective system u; g, [ € Zs¢, are all affine morphisms, the projective
limit LiLl’l/,Ll’F exists as a scheme (see [20, Proposition 8.2.3] or [42, tag 01YX]) and
has a natural structure of a group scheme. In other words, the limit 1(21 M, F as a func-
tor from F-schemes to groups is (represented by) a group scheme; and similarly for
Hog = lim pr,0-

To obtain such a description of $¢X, we need to slightly generalize the Hom stack
as follows. Let R be a ring, let Schr be the category of R-schemes and let U and V
be two categories fibered in groupoids over Schg. We define Hom (U, V) to be the
category fibered in groupoids over Schg as follows: for each R-scheme T, the fiber
Homp (U, V)(T) is

HOII]T (u XSpec R T, v XSpec R T),

the groupoid of 7-morphisms U Xgpec g T — V Xgpecr T+

Lemma 2.10. Let G be a group scheme over R. Let Kx g be the fibered category over
Schpg such that for each F-scheme T, the fiber Kx g (T) is the groupoid of pairs (x, ¢),
where x is an object of X(T) and ¢ is a homomorphism G;p — Auty(x) of group
schemes over T." Then

Homy (B G. X) = K.

Proof. Let T be an R-scheme. We will construct functors between the groupoids
Hom7 (B Gr, X1) and K x g (T) which are quasi-inverses of each other.

'We follow the convention that a group acts on a torsor from the left. Then the automorphism
group of a G-torsor is identified with a subgroup of the opposite group G°P.
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Construction of Homr (B G, X1) = Kx,6(T): Let f:B G — X1 be a T-morphism.
Suppose that the trivial torsor 7: G x T — T, which is an object of (B G7)(T'), maps to
a € X7(T) = X(T) by f. The morphism f induces a morphism of group schemes
over T,

Gy = Auty(v) — Auty(@).

Construction of Kx,g(T) — Homr(B G, X7): Let o be an object of X (7') and
¢: Gy’ — Auty () a homomorphism. Let [G}® = T]' (resp. [G) = T]) be the prestack
(resp. stack) associated to the trivial groupoid scheme G;p = T'. We define a morphism
[GF = T] — Xr so that amorphism S — T, regarded as an object in [T = G7]'(S),
maps to ag, and a morphism S — G, regarded as a morphism in [T = G*]'(S), maps

to the automorphism of og corresponding to the composition S — G;p f) Auty (). This
induces a morphism of stacks BGr = [T = G'] - Xr.

It is easy to see that these functors between Homr (B Gr, X1) and Kx g (T) are
quasi-inverses of each other, and induce the claimed isomorphism of the lemma. [

Proposition 2.11. We have
JoX 2= Homy(Bfr, X) and FoXog = Homy (B Rog, Xog).

Proof. For an F-scheme T, a representable morphism B p; 7 — X induces the (non-
representable) morphism
Bir - Bu,r — X.

This induces a morphism $oX — Hompg (B fir, X). Conversely, for a morphism
B ir — X, we have the associated morphism

Ar — Autp(x) (x € X(F))

from Lemma 2.10. Each point € T has an open neighborhood U C T such that the
induced morphism fiyy — Auty; (xy) canonically factors into the composition

Au — mu = Auty (xy)

of the canonical surjection fiy — p;,y and an injection p;,y > Auty (xy). Thus, we
get an object of $oX over U. They glue together to give an object over 7. Thus, we get
a morphism Homy, (B fir, X) — $0X. We see that these morphisms between $oX and
Hom; (B jir, X) are quasi-inverses to each other, which shows the first isomorphism of
the proposition. The second isomorphism is proved in the same way. ]

Remark 2.12. The stack B [ir is neither a DM or Artin stack.

Remark 2.13. If e is a sufficiently factorial positive integer, then we can describe $o X =
Hom (B fiF, X) also as Hom z (B i F, X).

Corollary 2.14. For a (not necessarily representable) morphism f:¥Y — X of nice
stacks, we have a natural morphism oY — $0 X and a natural map 7wo(Fo¥Y)— mo(FoY).
Moreover, if fog: Yog — Xog is a model of f, then we have a natural morphism
JoYog — JoXoy-
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Proof. The natural morphism $o¥ — X is defined by sending a morphism
h:B jir — Y to the composition f o h:B iz — ¥ — X. This morphism induces a map
mo($oY) — mo(go¥Y). The morphism oYo, — FoXo, is defined similarly. [ ]

Example 2.15. Let G be a finite étale group scheme over F and let X = B G. Let F be
an algebraic closure of F. Then we have the identifications

|doX 5| = mo(FoX F)
= Hom(A*(F), G®(F))/G(F)
= Hom({i(F), G(F))/G(F),

where | — | denotes the point set of a stack, the G(F)-action on Hom(ji(F), G(F)) is
induced by the conjugate action of G(F') on itself, and similarly for the G°P(F)-action
on Hom(a°P(F), G°P(F)). If e denotes the exponent of G(F'), then we also have

Hom(fi(F), G(F))/G(F) = Hom(ue (F), G(F))/ G(F).

The last set is denoted by G in [15]. These identifications are equivariant for natural
I'r-actions. We can then identify o (o X) with the set of I'g-orbits in one of these sets.
If G is a constant group, then 7o(FoX) is identified with the set of F-conjugacy classes.
If G = py, then 7o(FoX) is identified with Z/IZ (regardless of the field F'). For these
facts, see [15] (cf. [45, Theorem 5.4], [48, Proposition 4.5], [49, Proposition 8.5]).

2.2. Residue maps

Let v be a finite place of F with v ¢ S and let L be the maximal unramified extension
of F,. For a positive integer [ coprime to the residue characteristic of v, let L; denote
the unique degree-/ extension of L, which is given by adjoining the /-th roots of a uni-
formizer, and let @, denote its integer ring. There exists a natural action of u; @, on
Spec O1,, which induces the quotient stack [Spec Oy, /1,0, ]. Namely, this is the /-th
root stack associated to Spec Oz, and its closed point regarded as a Cartier divisor. We
can regard Spec L as an open substack of [Spec Oy, /41,0, | by the canonical open immer-
sion.

Lemma 2.16. With the above notation, for an L-point x:Spec L — X, there exists a
unique positive integer | and a unique representable morphism

X:[SpecOr, /10,1 = Xog
which extends x.

Proof. Let Xog, be the coarse moduli space of Xgg. The induced L-point,
X:Spec L — X, uniquely extends to an integral point Spec 91 — X@,, which is a
closed immersion. Replacing Xo, with an open neighborhood of this integral point,
we may reduce the problem to the case where X, is affine, say Xo, = Spec R. Let
X, o, be the formal completion Spec R (not as a formal scheme but as a scheme) of X,
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along this integral point and let DAC@ g = X, 0s XXog X.. We have a natural morphism

Spec L — DE@S. Let O be the relative normalization of DE@S in Spec L. Note that the
relative normalization for schemes is compatible with étale base change [42, tag 0ABP],
and hence generalizes to DM stacks. Then D is a regular, irreducible and one-dimensional
DM stack which contains Spec L as an open dense substack and has Spec O, as the coarse
moduli space.

We claim that D is of the form [Spec Oz, /1,0, | for some positive integer / coprime
to the residue characteristic of v. Indeed, there exists an étale atlas of O of the form

Spec 01, — D
for a tame finite extension L; /L. Consider the associated groupoid scheme
Spec O, xp Spec O, = SpecUr,.

Since L; has an algebraically closed residue field, the scheme Spec Oz, xp Spec U, is
isomorphic to a disjoint union of copies of Spec @1, . We conclude that the above groupoid
scheme is isomorphic to the groupoid scheme

Spec 01, x G = Spec Oy,

associated to an action of a constant group G on Spec Or,. Thus, © = [Spec O1,/G].
Since D contains Spec L as an open dense substack and has Spec (91, as the coarse moduli
space, the G-action on Spec L is free, and G is the Galois group of L;/L and isomorphic
to 7,0, for some /. We have proved the claim.

The induced morphism O — X 0 1s representable, since it becomes a relative nor-
malization of schemes after the base change to an étale atlas of the target. It follows that
D — Xo is also representable. In summary, we have proved the existence of a posi-
tive integer and a representable morphism as claimed in the lemma. To show uniqueness,
consider an arbitrary morphism &’ = [Spec Or,, /11,0, ] — Xo as in the lemma. This
induces a representable morphism O’ — 92(9 5» Which is again a relative normalization.
The uniqueness of relative normalization shows that there exists an isomorphism D =~ 9’
compatible with the morphisms to 92(9 5 as well as the ones to X o, which, in turn, shows
[ = I’. This completes the proof of the lemma. |

We keep the notation of Lemma 2.16 and let k be the residue field of L, which is an
algebraic closure of k. Suppose that $o X is flat at the point of Spec O corresponding
to v. The lemma shows that each L-point x of X induces the representable morphism

x
B pix = [SpecOr,/p,0,1 > Xos.
which is a k-point of $o Xe. Thus, foreach v € M \ S, we get the composite functor

X (Fy) = X(L) = (FoXos) (k).
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In particular, each Fy-point of X determines a connected component of $o X . From
Corollary 2.8, we have the corresponding sector of X; namely, for each v € Mfp \ S, we
get a map

Yot X (Fy) = mo(FoX).

where X (F,) denotes the set of isomorphism classes in the groupoid X (Fy).

Definition 2.17. We call the map ¥, the residue map of X at v, and ¥, (x) the residue
of x.

From [35, Section 2.1] (see also [11, Section 2.4]), X (F,) has a natural topology.

Proposition 2.18. The residue map Y, is locally constant. Equivalently, it is continuous
for the discrete topology on wo(FoX).

Proof. We keep the notation of the proof of Lemma 2.16. Let D := [Spec O e, -
We consider the stack
— T 1

Y = Hom(gi (D, Xo,).
LetyY, = ]_[;’:1 Y,.; be the decomposition into connected components. Then the natural
map

(Hom(D', Xo,)/=) = ¥1(OL) — mo(foX)
is constant on each open and closed subset ¥; ; (Or) C ¥(OL). Since
Y ®, L = Hom;" (D' ®v, L. Xo, ®e, L) = Hom}"(Spec L, X) = X.

we have Y; (L) = X (L). From [11, Proposition 2.9 (e)], the maps

Y1(OL) — ¥ (L) = X(L)

are open, and hence the images of ¥;;(Or) in X (L) are open. Since X (L) is covered
by the images of these maps, we see that X (L) — mo(FoX) is locally constant and
continuous. From [11, Corollary 2.7], X (F,) — X (L) is continuous. We conclude that
the composition ¥r,: X (F,) — X (L) — mo(FoX) is also continuous. |

Remark 2.19. Representable morphisms [Spec O ;/11,0,] = Xog asin Lemma 2.16
are a version of twisted arcs [46,47,50,51]. Associating twisted O-jets B u; x — Xog to
them is a special case of the truncation map. Morphisms [Spec O ;/1t1,0,] = Xog are
also an analogue of twisted stable maps [3] and of tuning stacks [16].

Proposition 2.20. Let ¥ and X be nice stacks having models Yo and Xog over Os,
respectively. Let Yo, — Xy be a morphism over Og. Suppose that $oYog and $oXog
are flat over Og. Then, for every finite place v & S, the following diagram is commutative:

y(Fv) E— X(Fv>

" %

wo(Fo¥Y) —— mo(FoX)

Here the horizontal morphisms are induced by the morphism Yo — Xoj.
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Proof. As before, we denote by L the maximal unramified extension of F, and by k
its residue field. An F,-point y: Spec F,, — ¥ induces an L-point y;:Spec L — ¥Y. It
follows from Lemma 2.16 that this L-point uniquely extends to a representable mor-
phism yz: [Spec Or,/11,0,] = Yo, . There exists a unique divisor m of / and a unique
representable morphism X7 : [Spec Or,, /im0, ] = Xo¢ making the following diagram
commutative:

~

Yy
B 1y — [Spec O, /1t1.0,] —— Yo

| Lo

B iy k — [Spec OL,, / tim.0, ] —— Xog

Here arrows without a label are natural morphisms and all horizontal arrows are repre-
sentable morphisms. This is basically [47, Proposition 23] with n = 0, co, except that we
work over a different base ring, but the proof there works also in our situation. We also
see that X7, is the same as the morphism induced from the point x := f(y) € X(Fy). Let

Yi:Speck = B uix = Yo, and  xx = f(yr):Speck — B im i —> Xog

be the induced k-points. The injections p; x < Auty (yx) and f,, x <> Auty (xg) that
correspond to B u; x — Yogand B w, x — X4 respectively fit into the commutative
diagram

7 M k€ Auty (yr)
,um,k(—> wk (xx)

This shows that if B € (fo¥Y0 ) (k) and a € (o X o ) (k) denote the k-points correspond-
ingtoB u; x — Yo, and B w,, x — X4 respectively, then f maps to a by the morphism
Fo¥05 — FoXos-

The residue v, (y) of the F,-point y is the sector containing 8 and the residue v, (x)
of the F,-point x = f(y) is the sector containing «. Thus, the above fact that § maps to
o proves the proposition. ]

2.3. Ages

A point X of (o X)(F) is represented by the pair (x, () of a point x € X (F) and a group
monomorphism ¢: y; < Aut(x). Letting 'V be a vector bundle of rank r on X, we get a
representation of the group y; C F:

px: 1 — Aut(x) — GL(Vy) = GL,(F).

Here V, is the fiber of V over x, in particular, an F-vector space of dimension r. If T
denotes the standard one-dimensional representation

i = F* = GL(F),
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then we can write
,
pr= Pt (@ €f0.1.....1-1)).
i=1

Definition 2.21. We define the age of X with respect to 'V to be

d
- 1
age(x;V) = 7 Zai € Qxo.

i=1

When V is the tangent bundle T X/, we simply call it the age of X and denote it by age(X).
When we wish to specify the stack X in question, we write age o (X).

Lemma 2.22. If we fix a vector bundle 'V, then the age age(X; V) depends only on the
sector to which X belongs.

Proof. We omit the proof, as this is well-known for V' = T X (for example, see [47,
p- 743]) and there is no essential difference in the general case. ]

Definition 2.23. For a sector ¥, we define age(¥; V) to be age(%; V) for any X € Y(F).
When V = T X, we write simply age(¥Y).

3. Line bundles and stable heights

Let X be a nice stack over F.

Definition 3.1. The Picard group of X, denoted by Pic(X), is the group of isomorphism
classes of line bundles on X'; the group structure is given by tensor product. We define
Pic(X)q := Pic(X) ®z Q and call its elements Q-line bundles.

A Q-line bundle is thus represented by a formal product ®;_, éﬁf" of line bundles
with 5; € Q or even by a formal power £°, s € Q, of a single line bundle £. Let 7: X —
X = X be the coarse moduli space morphism. We have the pullback map 7 *: Pic(X)g —
Pic(X)q.

Proposition 3.2. The map 7*:Pic(X)gq — Pic(X)q is an isomorphism.

Proof. Let r be a positive integer factorial enough so that the automorphism group of
every point of X has order dividing r. For any line bundle &£ on X, (L") is a line
bundle on X. The Q-linear map Pic(X)g — Pic(X)qg sending £ to the Q-line bundle
(74 (£7))V7 is the inverse of 7*. n

Since X is smooth, it has the canonical line bundle wx := det(2x,r). On the other
hand, the coarse moduli space X is not generally smooth, but has quotient singularities. In
particular, X is Q-factorial. The canonical sheaf wy is defined to be the unique reflexive
sheaf such that wy|x,, = wx,, With Xy, denoting the smooth locus. This is not a line

bundle in general. However, for some positive integer r, the r-th reflexive power a))[(r ],
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which can be constructed as the double dual (w})v"

[22,24] for more details. Thus, we get the canonical Q-line bundle of X as (a))[(r ])1/ " The
corresponding element of Pic(X)g is independent of the choice of r. The canonical line
bundle wx of X and the canonical Q-line bundle (a))[(r ])1/ " of X do not generally corre-
spond to each other under the isomorphism Pic(X)g = Pic(X)g. However, it X — X
is étale in codimension 1, then they do. This is the case, for example, when X — X is a
gerbe or when X has the trivial generic stabilizer and has no reflection (Definition 7.1).

For a place v € M, we denote by | - |, the v-adic norm on F,, normalized as follows.
For finite places, we normalize as ||, = ¢, with 7, a uniformizer of F,. For a real
place, we let | - |, be the standard absolute value. For a complex place, we let | - |, be the
square of the standard absolute value. Let £ be a line bundle on X and let v € Mp. We
have a continuous map

of wy, is an invertible sheaf. See

Nv: L(Fy) = X(Fy).

This is not quite a line bundle, but has a structure close to it. For an isomorphism class
[x] € X(Fy), the fiber n,!([x]) is the quotient of the line x*£ =~ F, by the action of
Aut(x). Since this action preserves the zero vector, we get the zero section X (F,) —
£(F,) and it makes sense to say that an element of £(F,) is zero or not. The following
definition restates [13, Definition 4.3.1.1] in a slightly different way:

Definition 3.3. A v-adic metric on £ means a continuous map ||-||y: £{Fy) = Rx¢ such
that

(1) fora € Fy and [s] € £(F), [l[as]llv = lalo - [[s]]lv,

(2) for each F,-morphism f:U — XF, from an F,-scheme U of finite type and for
every section s: U(F,) — £y (Fy), the composition

s I-llv
U(Fy) > £y (Fy) —> £(F,) — Rxp

is continuous.

As in the case of varieties, for almost every place v, there exists a canonical choice of
v-adic metric on the given &£ derived from a model. Let X ¢ be a model of X over Og
and let £ be a line bundle on X o which is a model of &£. For v € Mr \ S and for
x € X(F,), the F,-point Xpr € X (F,) induced from x uniquely extends to an OF,-
point X0 € X (OF;). Therefore, the one-dimensional F,-vector space (x7;)* &L has the
canonical lattice (X@Tv)*xg s = Op;. We denote again by |- [, the unique extension
of | - |, to Fy. We choose an isomorphism (xp)* L = F, under which (x(gFT)*cf(p s and
Og; correspond to each other, which induces a norm ||-[|, on (xz;)*& corresponding
to |- |y on Fy.

Oﬁ( E Ilv R

(X0 ) Los— (xg)*L

¢
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The norm ||-[|, given in this way is independent of the choice of the isomorphism (xz-)* &£
=~ F, as above and invariant under the actions of Aut(xg-) and Aut(x). Thus, we get a

continuous map ||-||y: £(Fy) = Rxo.

Definition 3.4 (Adelic metric). For v € MF \ S, the v-adic metric on £ induced by the
model £ g is defined to be the composite map
— Il
L(Fy) — L(Fy) > Rxo;
we denote it again by ||:||,. An adelic metric on £ is a collection (||-||y)vem, of v-adic
metrics such that for almost every v, ||-||,, is induced from a model.

Remark 3.5. When X is a variety, the v-adic metric ||-||, induced by a model takes values
in {0} U q% C Rxo. This is no longer true for stacks. For a point x € X (F,), the map

Fy = x* % — 2(Fy) % R,

takes values in {0} U ¢/ for some r € Q.

Definition 3.6 (Stable height). Let &£ be a line bundle on X given with an adelic metric
(II'llv)verr andlet x € X (F). We choose a nonzero element 0 # s € x* &£ = F. For each
place v € M, we get the induced F,-point x, € X (Fy) and 0 # s, € (xy)*EL =~ F,,. We
define the height function He: X (F) — R by

He(x) = [] lsoll™

veMp

This function is well-defined; it is independent of the choice of an F-point x from an
isomorphism class as well as of the choice of 5. If £ and £’ are line bundles given with
adelic metrics, then the tensor product £ ® £’ has the naturally induced adelic metric.
The height function has the following multiplicativity property:

Hyge (x) = Hg(x) - Hg(x).

The height function also has the following functoriality. For a morphism f:¥ — X of
nice stacks and a line bundle &£ on X given with an adelic metric, the pullback f*<£ has
a naturally induced adelic metric. For every y € Y(F),

Hpxg(y) = He(f(y)).

The above constructions have natural generalizations to Q-line bundles:

Definition 3.7. An adelic metric on a Q-line bundle ®)7_, £;’ is a collection consisting
of an adelic metric for each &£;. For a Q-line bundle £ = ®?:1 éﬁff with an adelic metric,
the height function of £ is defined by

Hy =[](Hg,)"

1
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Remark 3.8 (Stability properties). The height function Hg has the following stability
properties, which were observed already in [13, 16].

(1) Let K/F be a finite extension. For a line bundle &£ on X, let £x be the induced
line bundle on Xx. Suppose that £k is given an adelic metric, which induces one
on £ in the obvious way. In this situation, the associated height functions Hy and
Hg, are related as follows: for an F-point x € X (F) and for the induced K-point
xg € Xk (K),

Hg, (xg) = Hg (x)IF1,

(2) Let £ and L be Q-line bundles on X and X corresponding to each other. An adelic
metric on £ induces one on L, and vice versa. When the bundles are given adelic
metrics corresponding to each other in this way, the height functions Hy and Hj, are
related by

Hy = Hy o,

where 7 is the map X (F) — X(F).

Remark 3.9. Even if a line bundle &£ on X corresponds to an ample Q-line bundle on X,
the height function Hg: X (F) — R does not generally satisfy the Northcott property.”
This follows from either of the two stability properties in Remark 3.8. Indeed, for a map
X{(K)— X(F)or X{F)— X(F),it may happen that infinitely many distinct points map
to a single point. This is the main reason why we need to introduce “unstable” heights in
the next section.

4. Raising data and unstable heights

Definition 4.1. A raising function of X is a function
C:TTo (go X) - R

satisfying ¢(X) = 0. A raising datum of X is a collection ¢x = (¢, (¢y)vem ) of araising
function ¢ and continuous functions

Ccp: X(Fy) > R

such that for almost every v, ¢, factors as ¢, = ¢ o V¥, with ¥, the residue map (see

Definition 2.17):
Y

c
Cy © X(FU) —> ﬂo(go‘X) — R.
We call ¢ the generic raising function of c.«. We say that a raising function c is positive if
¢(Y) > 0 for every twisted sector . We say that a raising datum is positive if its generic
raising function is positive.

2We say that a function H: U — R has the Northcott property if for every B € R, the set
{x e U | H(x) < B} is finite.
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Note that from [11, Proposition 2.9], X (F,) are compact and the continuous maps ¢,
are bounded. Note also that if v, are surjective for infinitely many v, then the generic
raising function ¢ of cx = (c, (¢y)vem,-) is determined by the subcollection (cy)yemr,. . If
X = B G for an étale group scheme G over F, then v, is surjective for infinitely many v.
In this case, the raising function is essentially the same as what is called the rational class
function in [17] and the counting function in [15,44].

Definition 4.2. A raised line bundle (resp. strictly raised line bundle) on X means the
pair (£, ¢) (resp. (£, cx)) of aline bundle &£ on X and a raising function ¢ (resp. a raising
datum cy).

Definition 4.3 (Unstable height). For x € X (F) and v € F,, let x, denote the induced
Fy-point x, € X (Fy). Let (£, c«) be a strictly raised line bundle. We suppose that £ is
given an adelic metric so that the height function Hg is defined as in Definition 3.6. Then
we define the associated height function of (£, c«) to be

Hyo.(x):= He () x ] 5@

vEMfp

Here g, is the cardinality of the residue field «,, for a finite place v and we put ¢, := e for
an infinite place v.

Note that if we fix x € X (F), then for almost every v, the residue ¥, (x,) is the non-
twisted sector, and hence ¢, (xy) = 0. Thus, the above product [ ],c,. qf,”(x”) is a finite
product. For strictly raised line bundles (£, cx) and (£’, ¢}), the pair (£ ® £/, ¢« + )
is also a strictly raised line bundle. The height function satisfies the multiplicativity

H:ti@éti/,c*+c; (x) = He,, (x) - H:E/,c; (x).
The height function has the following functoriality.

Proposition 4.4. Let f:Y — X be a morphism of nice stacks, and let (£, cx) be a strictly
raised line bundle on X, which induces a strictly raised line bundle on Y. For every F -
point y of Y, we have

Hyxg fre, () = He e, (f (1))

Proof. Note that the raising datum c« = (¢, (cy)vem,-) for X induces the collec-
tion of maps, f*cx = (f*c, (f*cy)y), by natural maps mo(Fo¥) — mo(FoX) and
Y(F,) - X(F,). Using Proposition 2.20, we can show that this collection is again a
raising datum. Suppose that we have a morphism f:¥9; — X@ of models over Og of
nice stacks and that o¥ e, and Jo X, are flat over Og. The desired equality follows
from the functoriality of stable height functions mentioned in Section 3 and the definition
of unstable height functions. |

If two raising data ¢, and ¢/, have the same generic raising function ¢, then the func-
tion Hg ¢, /Hg . is bounded. Thus, a height function Hg . of a (nonstrictly) raised line
bundle (£, ¢) is determined modulo bounded functions. In what follows, we mainly con-
sider (nonstrictly) raised line bundles and their height functions.
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Remark 4.5 (Unstability, cf. Remark 3.8). Let K/F be a finite extension. Suppose that
a line bundle £ on X and the induced line bundle £ x on Xk have raising data c, and d
which are compatible with each other in the obvious way. Then, for an F-point x € X (F')
and for the induced K-point xg € X (K) = Xk (K), the formula

Hgy a,(xk) = Hg ¢, (x)KF]

does not hold unlike the case of stable height as in Remark 3.8. For example, if X = B G
for a finite group G and if x € X (F) is a G-torsor over F, then Hg ., (x) is a general-
ized discriminant as will be explained in Example 4.12 and can become arbitrarily large
as x varies. On the other hand, x is trivialized by some finite extension K/F and the
corresponding K-point xg € X (K) has height bounded by a constant independent of x.

Lemma 4.6. Let T be a connected Dedekind scheme and let X be a separated DM stack
overT. Leta,b,c € X(T). Let Isor(a, b)° denote the open and closed subscheme of the
Iso scheme Isor(a, b) consisting of one-dimensional connected components; and simi-
larly for Isor(a, ¢)°, Auty(a)®, etc.

(1) The scheme Isor(a, b)® is finite and étale over T. In particular, Auty(a)° is a finite
étale group scheme over T.

(2) If the scheme Isor(a, b)® is not empty, then it has a natural structure of Auty(b)°-
torsor as well as one of Auty(a)°-torsor. In particular, Isor(a, b)® is étale and finite
overT.

(3) Suppose that there exists an isomorphism Isor(a, b)° — Isor(a, c)® which is equiv-
ariant for Auty(a)°-actions. Then b and c are isomorphic in X (T).

Proof. Note that Iso(a, b) is finite and unramified over 7. From the local structure of
unramified morphisms [42, tag 04HJ], Isor(a, b)° is étale over T'. It is easy to see that
Autr(a)° is a subgroup scheme of Auty(a). The first assertion follows.

As for the second assertion, we easily see that there is a natural Auty (b)°-action on
Isor(a, b)® and that this action makes Iso;(a, b)° an Auty(b)°-torsor over an open dense
subscheme of T', provided that Iso;(a, b)° # 0. For a geometric point ¢ € T(K), the
action of Auty(b)°(t) on Iso(a, b)°(¢) is free. Since Auty(b)°(¢) and Isor(a, b)°(t)
have the same cardinality, the action is also transitive. It follows that Iso;(a, b)° is an
Autr (b)°-torsor over the whole T'; and similarly for the Auty (a)°-action.

We show the third assertion. Note that we have the obvious 7'-isomorphism
Isor(a,b)® = Isor (b, a)°. Consider the morphism

Isop(b.a)® xIsor(a.c)® — Isop(b.c)°, (f.8) —>go f.

This morphism is invariant under the Aut; (a)°-action given by a(f,g) := (o f,goa™!)
and induces a morphism

(Is_oT(b,a)° X Is_oT(a,c)°)/MT(a)° — Isor(b,c)°.
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The last morphism is a morphism of Aut (c)°-torsors, and hence an isomorphism. From
the assumption, we have the induced morphism

Isor(b,a)° — Isop(b,a)° x Isor(a,c)°,
which is equivariant for Aut; (a)°-actions. We get the composite morphism
T = Isor(a,b)®/Auty(a)® — (Isor (b, a)® x Isor(a,c)®)/Auty(a)® — Isor (b, ¢)°.
This shows that Iso (b, ¢)°(T') is nonempty, and that b and ¢ are isomorphicin X (7). m

Lemma 4.7. Let T be a connected Dedekind scheme and let G be a finite étale group
scheme of order r over T. Let P be a finite étale T -scheme of degree r. Then the number
of G-torsor structures that can be given to P is at most (r!)".

Proof. A G-torsor structure on P is determined by a homomorphism G — Aut,(P) of
group schemes over 7. The Aut scheme Aut- (P) is a finite étale 7-scheme of degree r!.
We can see this, for example, by taking a base change to reduce to the case where P is
the trivial 7-scheme 7' U --- U T — T of degree r. If 7: Spec K — T is the geometric
generic point, then there are (r!)” K-morphisms Gxg — Auty(P)k. It follows that the
number of T-morphisms G — Aut;(P) as well as the number of T-homomorphisms
G — Aut;(P) is at most (r!)". |

Proposition 4.8 (Northcott property). Let (£, ¢) be a raised line bundle on X and let L
be the Q-line bundle corresponding to £ on the coarse moduli space X. Suppose that L
is ample and c is positive. Let Hg . be the height function of (£, c). Then, for each real
number B, there are only finitely many points x € X (F) with Hg .(x) < B. Moreover,
there exist positive constants C and m such that for every B > 0,

#{x € X(F) | Hgo(x) < B) < CB".

Proof. We choose a raising datum c, refining ¢ and prove the proposition for
Hg . = Hg ,. Note that the second factor ]_[UeMF qgv("v) in the definition of Hg .,
is atleast 1, and hence Hg (x) < Hg ., (x) for every x. On the other hand, the first factor
Hg(x) is equal to Hy (7(x)) with r denoting the natural map X (F) — X(F). Using
[39, Corollary, p. 447] and basic properties of the Weil height machine, we can see that
for some positive constants Cy and m,

#({x € X(F) | Hg(x) < B}) <#{y € X(F) | HL(y) < B} < C;B™.

If H¢ ¢, (x) < B, then ]_[v q,f”(x”) < a1 B for some constant a;. It follows that there are
some positive constants a, and a3 such that if Hg (x) < B, then the F-point x extends
to an @7 -point of X for a finite set 7" of places satisfying

1_[ qv < ay B%3.

veT finite places
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Letx; € X (F),i €{0,1}, be F-points of X with Hg ., (x;) < B which have the same
image y € X (F). Suppose that x; extends to an O, -point with HveTi qv < a>B%.Then
the Auty (xg)-torsor Iso (xo, x1) extends to MOTQUT] (xg)°-torsor IS—00T0uT1 (x5, x1)°,
where x; are the Or,ur, -points induced from x; respectively. Let N be an integer such
that the automorphism group of every point of X has order < N and let M be an integer
such that for every finite place v, every finite étale cover Spec L — Spec F;, of degree < N
has discriminant exponent at most M. Then the torsor Iso (xp, x1)° has discriminant at
most (azB”3)2M . From [41] and Lemma 4.7, there exist positive constants C, and m,
such that the number of Auty (xo)-torsors with discriminant at most (a» B%3)2M g at
most C, B™2. Note that the result in [41] is about counting number fields, but it is easy to
generalize it to counting torsors. From Lemma 4.6, the number of lifts of y in X (F') is at
most C, B™2. In summary, we have

#{x € X(F)| Hgc,(x) < B} < (C;B™)(C,B™) = (C,Cy)B™ ™2, n

Remark 4.9. A slight change of the above proof yields a stronger version of the above
proposition: for every positive integer n, there exist positive constants C and m such that
for every B > 0,

#{x e |l xw ) [L:F]<nand Heo(x) < B} <cB™.
L/ F finite field ext.

For this purpose, we need to use a result in [40], a polynomial bound for algebraic
points with bounded degree and bounded height, in place of one in [39]. Note that for a
finite extension L’/ L, the map X (L) — X (L'} is not generally injective, and the height
Hg ., is not preserved by this map (Remark 4.5). This is why we take the disjoint union
Lz r X(L).

Example 4.10 (The height function associated to a vector bundle). Ellenberg—Satriano—
Zureick-Brown [16] introduced a new height function on stacks which is associated to a
vector bundle. They also consider Artin stacks, but if we restrict ourselves to DM stacks
over number fields, then our height function Hg ., generalizes theirs. Let V be a vector
bundle on a nice stack X. Translating their definition into the setting of multiplicative
heights, we can write the height function Hy associated to 'V as

Hy(x) = Haou(vy(x) x [ [ g5 ™).
v

The exponent &, (x,) is generalization of the w- and v-functions in [45, 50] to semilin-
ear representations. We claim that (e,), together with some raising function is a raising
datum. Indeed, at tame places v, &,(x,) is nothing but the age, age(—; V) (cf. [50,
Example 6.7], [45, Lemma 4.3]). To see this, let v € MF be a general finite place
and let x € X(L) with L = F*, following the notation of Lemma 2.16. We take the
induced representable morphism X: [Spec O, /1,0, ] = Xoy. The vector bundle X*V
on [Spec U1, /11,0, ] corresponds to a free Or,-module of finite rank with a semilinear
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action of yu; = Z/1Z. This module is equivariantly isomorphic to
r
M = @mgfl 0<a; <),
i=1

where iz, denotes the maximal ideal of @y, . If we put

p = )0 (@i =0)
U (@ #0),

then

ev(xy) = 7 length — length @ m /le

i=1

M- 0Oy,

= ;Z(bz —aj)

i=1

Note that the special fiber of X*V is identified with the representation (€B; mi’ a‘ + ).

The age computed from the last representation is equal to &, (x, ). From Lemma 2.22, the
age depends only on the sector associated to x,. Thus, for almost every place v, &, is the

composite map
Yo age(—V)
X (Fy) — mo(FoX) —— Rxo.
Namely, the collection (age(—; V), (€y)y) is a raising datum. The height function Hvy is
equal to Hyey(v),e, -

Example 4.11 (Raising functions not coming from any vector bundle). The raising func-
tion age(—; V) in the last example associated to a vector bundle V is Q-valued. Thus, any
raising function with nonrational values is not associated to any vector bundle. If a raising
function takes a rational value at some twisted sector and a nonrational value at another
twisted sector, then this raising function is not obtained by multiplying age(—; V) with
a positive real constant. There is also a more interesting example of raising function that
takes only rational values, but not coming from a vector bundle. Consider X = B u,
for a prime number p. Then wo(foX) = Z/pZ = {0, 1, ..., p — 1}. Consider a vector
bundle of X associated to the representation

d
V=@L® (0<i<p).
i=1
Here L is the standard one-dimensional representation of (. Since the summands with
a; = 0 do not contribute to the raising function, we may assume that a; > 0 for every i,
without loss of generality. Then the raising function associated to V, cy: mo(FoX) =
{0.1,....p— 1} —> Q, is given by cy(j) = X%, {jai/p}, where {—} denotes the
fractional part. In particular,

d/ip=<cy(j)=(p—-Dd/p (ell,....,.p—1}).
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This implies that for j, j/ € {1,..., p — 1},

ev(j) = (p—Dew(j).

If c:mo(F0X) = {0, 1,..., p — 1} — Q is any function violating the last inequality, it
never comes from a vector bundle, nor can it be a scalar multiple of a raising function
associated to a vector bundle. An example of such raising functions is the following one
for p > 3:

0 (j=0),
c(j)=491 (=1,....,p=2),
p (G=p-—10.

Example 4.12 (Generalized discriminants). Let G C S, be a transitive subgroup, let
G1 C G be the stabilizer subgroup of 1 € {1,...,n}, and let X = B GF. An object
of X(F) is a G-torsor K/F. Then KC1/F is an étale F-algebra of degree n. Similarly
for an object of X (Fy). For a finite place v and for a G-torsor K,/ F,, let d,(K,) € Z
denote the discriminant exponent of the degree n algebra KUG ! / F,. For an infinite place,
we put d, = 0. Then dx = (d,) is a raising datum and its generic raising function is given
by
c:mo(FoX) = F-Conj(G) — Zzo, [g] = ind(g).

Here ind(g) denotes the index appearing in the context of Malle’s conjecture [32,33]. The
height function associated to a general raising function ¢ (with ¢,, = 0 at wild places v) is
the modified discriminant considered by Ellenberg—Venkatesh [17, p. 163]. We refer the
reader to [15] for more details.

Remark 4.13. Landesman [25] shows that the Faltings height on M_ll in characteristic 3
is not induced from a vector bundle in the sense of [16]. The Faltings height in char-
acteristic 3 would not fit into our definition of height either. Indeed, the stack M/ ; in
characteristic 3 is wild. In that case, the stack $oX = Hom(B [i, X’) would not be the
right object to look at. In [51], the stack of twisted O-jets is considered also in the wild
case, but it is of infinite dimension and has a structure considerably more complex than
Hom(B /i, X). One might be able to generalize our height by using this version of the
stack of twisted O-jets or something similar to incorporate “wild aspects,” in particular,
the Faltings height in characteristic 3.

5. Fano stacks; the stacky Manin conjecture

Definition 5.1. We mean by a Fano stack a nice stack X such that the anti-canonical line
bundle w;cl corresponds to an ample QQ-line bundle on the coarse moduli space X by the
isomorphism Pic(X)g = Pic(X)g in Proposition 3.2.

Typical examples of Fano stacks are Fano varieties (except Spec F') and nice stacks of
dimension zero.
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Definition 5.2. Let ¢ be a raising function of a Fano stack X. We define a function age,
on 7o (o X) by age, := age +c. We say that c is adequate if

(1) age.(¥) > 1 for every twisted sector ¥,
(2) if dim X = 0, then min {c(¥) | ¥ twisted sector} = 1.

Note that if dim X = 0, then the height function Hg . depends only on ¢ = age, (up
to bounded functions) and the choice of &£ plays no role. Therefore, we usually choose
the structure sheaf @ = O (say with the standard adelic metric). For a constant r € R,
we have

H(Q,rc = (H(Q,c)r-

Thus, the second condition in the above definition is just a normalization condition and
does not lead to a loss of generality. As for the first condition, we speculate that without
this condition, it would be more difficult to control the asymptotic behavior of the number
of rational points with bounded height (see Remark 7.8).

Definition 5.3. Let X be a Fano stack given with an adequate raising function c. We say
a twisted sector ¥ of X is c-junior if age,(¥) = 1. We denote by j.(X) the number of
c-junior twisted sectors of X:

Je(X) :=#Y € m5(d0X) | age.(¥Y) = 1}.

Definition 5.4. Let f: ¥ — X be a morphism of nice stacks. We say that f is birational
if there exist open dense substacks V C ¥ and U C X such that f restricts to an isomor-
phism 'V = U. We say that f is thin if it is nonbirational, representable, and generically
finite onto the image. A rthin subset of X (F) is a subset contained in | J;_, f; (¥; (F)) for
finitely many thin morphisms f;: ¥; — X.

Definition 5.5. For a nice stack X, we denote its Néron—Severi space by N'(X)g, that
is, the R-vector space generated by the numerical classes of line bundles. We denote its
dimension by p(X) and call it the Picard number of X.

From Proposition 3.2, the Néron—Severi space of X is identified with the correspond-
ing space N'(X)Rr of the coarse moduli space X. In particular, X, and X have the same
Picard number. Below is our first conjecture, which concerns the number of rational points
with bounded height on a Fano stack.

Conjecture 5.6 (The Manin conjecture for Fano stacks). Let X be a Fano stack and let
¢ be an adequate raising function. Suppose that X (F) is Zariski dense. Then there exists
a thin subset T C X (F) and a positive constant C such that

#{x € X(F)\T | H,o1 .(x) < B} ~ CB(log B)PXI)+ie()—1 (B _; ).

Remark 5.7. The above conjecture, in particular, says that the left hand side is a finite
number, even if ¢ is not necessarily positive. On the other hand, we have proved the
Northcott property in Proposition 4.8 only when the raising function is positive and the
line bundle corresponds to an ample Q-line bundle on the coarse moduli space. Note
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that a version of the Northcott property (the Northcott property with a certain Zariski
closed subset removed) holds for a big (but not necessarily ample) divisor on a variety.
We speculate that the same would be true for a big raised line bundle defined later in
Definition 8.15, where the raising function is allowed to have negative values. In [14], we
proved this for the anti-canonical raised line bundle for a toric stack.

Example 5.8 (Malle’s conjecture). Let G be a finite group and let Gr be the corre-
sponding constant group scheme over F. Consider the DM stack X := B Gr over F.
From Example 2.15, we may identify 7o(JoX) with the set F- Conj(G) of F-conjugacy
classes of G. From Example 4.12, the height function Hp . of the raised line bundle
(0, ¢) is a generalization of discriminant. For a proper subgroup H < G, the induced
morphism B Hr — B GF is a thin morphism. Thus,

|J Im(B HF)(F) - X(F))
HSG

is a thin subset of X (F), whose complement is the set of connected G-torsors over F,
that is, G-Galois extensions of F. If we can take this thin subset as 7', then Conjecture 5.6
is the same as Malle’s conjecture for a generalized discriminant associated to ¢. See also
Section 9.4 for a discussion of the choice of a thin subset and of the value of the leading
constant.

Example 5.9 (Weighted projective stacks). Fora = (ao, ...,an) € (Zso)", we consider
the weighted projective stack

X = P(a) = Plao, ....an) = [(AF "\ {0})/Gu,r].

Here we follow the convention that G, r acts on A’}H byt - (x;); = (t7% x;);. Note that
using the alternative action ¢ - (x;); = (% x;); leads to an isomorphic stack via an auto-
morphism of G, r given by ¢ — ¢~ 1. Sectors of & (a) are in one-to-one correspondence

with elements of .
I := —Z | NnJ[o0,1).
(Usz)non

. 1
1

When the base field is C, this is proved in [34, Section 3.b], [12, p. 148]. But this is true
over any field, because the correspondence is valid over F and the natural action of the
absolute Galois group I'r on 7o (o X ) is trivial. From [12, p. 149] or [34, Proposition
3.9], for the sector ¥, of X corresponding to r € I we have

age(¥,) = > {—ajr}.
j=0

Here {—} denotes the fractional part. Let |a| := er.=0 aj, which is an important number
since a)g_cl = Ox(]a]). Consider the raising function of X’ given by

c(¥Y,)=r-|a|.
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Then ) ;
age,(Y,) =r Za_,- + Z{—ajr} = Z [a;r].
J=0 Jj=0 J

Here [—] denotes the ceiling function. In particular, if dim X = n > 0, then age,(Y,) > 2
for r # 0. If dim X = 0, then

=0 (r=0),
age.(¥.) 1 =1 (r =1/ay),
>1 (r>1/ap).
We see that (")D_Cl’ ¢) is adequate and

P(X) + je(X) = 1.

The height function associated to a quasi-toric degree |a| family of smooth functions

considered in [13] is, in our language, the height function H oyt associated to the raised

line bundle (a);cl, c¢) with the raising function ¢ described above. The equality p(X) +
Je(X) = 1 explains the result [13, Theorem 8.2.2.12] that the asymptotic formula for this
height is linear (that is, there is no log factor).

6. Compatibility with products of Fano stacks

For i = 1,2, let X; be nice stacks, and let (£;, ¢;) be raised line bundles on X;,
respectively. These line bundles induce the line bundle £; ® £, := prf £1 @ pr5 £»
on the product X1 x X5. The following lemma enables us to derive a raising function of
X1 x X, from ¢ and c5:

Lemma 6.1. There exists a natural isomorphism $o(X1 X X2) = (FoX1) X ($0X2).
Proof. From Proposition 2.11,
Fo(X1 x X3) = Hom(B ji, X1 X X>)
=~ Hom(B 1, X1) x Hom(B /i, X,)
= (F0X1) X (FoX2). L]
From the above lemma, there exist projections
pri: Fo(X1 X X2) = FoXi.
The raising functions ¢; of X; induce raising functions pr}(c;) of X1 x X5.

Definition 6.2. We define a raising function ¢; 8 ¢, of X1 x X5 to be pri(c1) + pr3(c2).
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It is easy to see that we have the following equality of functions on (X x X3)(F):

2
Haf]&xz,clEECz = 1—[ H;ﬁj,cl‘ o pr; .

i=1

Lemma 6.3. We have the following equality of functions on mwo($o(X1 X X3)):

agexlxxz = agexl EEagexz .

Proof. For an algebraically closed field K, points p; € ($0X;)(K) determine ji(K)-
representations Ty, X;, where x; € X;(K) are points induced by p;. The point (p1, p2) €
(Fo(X1 x X3))(K) then determines a ji(K)-representation Ty, x,)(X1 x X2), which is
isomorphic to Ty, X1 @ Ty, X>. This shows the lemma. [

As a consequence of this section, we obtain the following result:

Proposition 6.4. Fori € {1,2}, let X; be a Fano stack whose F -points are Zariski dense
and let c; be an adequate raising function of X;. Suppose that Conjecture 5.6 holds for
pairs (X1, c1) and (X3, c2). Then X1 x X5 is again a Fano stack whose F -points are
Zariski dense, ¢, B ¢, is an adequate raising function of X1 X X5, and Conjecture 5.6
hOldeOF (Xl X XZ, c1 H Cz).

Proof. 1t is easy to see that X7 x X, is again a Fano stack whose F-points are Zariski
dense. From Lemma 6.3, we know that age, m., = age., Bage,,. If ¥; and ¥, are sectors
of X1 and X, respectively, then the sector ¥; x Y, of X; x X is twisted if and only if
either Y, or ¥, is twisted. If this is the case, then

age. me, (Y1 X Ya) = age,, (Y1) +age, (¥2) = 1.

If X1 x X, is of dimension zero, then X is also of dimension zero and has a twisted
sector ¥; with ¢1 (Y1) = 1. Therefore, the twisted sector ¥ x X, of X1 x X, satisfies

(C1 22| C2)(y1 X Xz) = Cl(yl) + C2(X2) =1.

Thus, ¢1 8 ¢, is adequate.
To show the last assertion of the proposition, we first claim that

jC]EEcz(xl X XZ) = jC] (xl) + jCz(XZ)'

Indeed, a ¢ B c;-junior sector of X7 x X5 is either ¥; x X, with ¥ a cq-junior sec-
tor or X1 x Y, with ¥, a c-junior sector. Moreover, sectors of these forms are only
¢1 B c2-junior sectors, which shows the claim. As is well-known, we have p(X; x X5) =
p(X1) + p(X2).

Let T; C X;(F),i € {1,2}, be thin subsets as in Conjecture 5.6. Then 77 x X2 (F)
and X1 (F) x T are both thin subsets of (X1 x X5)(F) and we have

(X1 X X2)(F) \ ((T1 X X2(F)) U (X1(F) x T2)) = (X1(F) \ T1) x (X2(F) \ T).
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From the assumption that Conjecture 5.6 holds for pairs (X, ¢1) and (X3, ¢3) and from
[19, Section 1, 2. Proposition], we find that for some constant C > 0,

#Hx € (X1 x X)) (F)\ (T1 x X FY) U (X1(F)xT)) | H

—1
wxl

xxz,clEECz(x) = B}
=#x € (X(F)\T1) x (X2(F)\ T2) | Hw;CII o () Hw;c‘Z,Cz(x) < B}

~ CB(log B)PXD+p(X2)+jey (X)) +iep (X2)—1 — CB(log B)p(XIXX2)+jClEEQ(x1)_1.

This completes the proof of the proposition. ]

Example 6.5. Taking products enables us to construct new examples from known cases
where Conjecture 5.6 holds. For example, let X; = £ (ao, ..., a,) be a weighted pro-
jective stack endowed with the raising function described in Example 5.9 and let X, =
B m, F be the classifying stack of i, r endowed with an arbitrary adequate raising func-
tion ¢,. Then the product X; x X5 is the weighted projective stack P (may, ..., may).
Conjecture 5.6 holds for the Fano stack X; x X, endowed with the raising function
c1 B cy. The stack X7 x X5 has at least one ¢ B ¢;-junior sector, provided that m > 2; the
¢1 B cz-junior sectors are the sectors of the form X; x ¥ with ¥ a ¢,-junior sector of X5.
Thus, the function ¢; B ¢; is different from the raising function of P (may, ..., may)
described in Example 5.9. For example, applying this construction to the moduli stack of
elliptic curves, M_ll = P(4,6) = P(2,3) x B us, r, defines a height function for which
the asymptotic formula has the form #{---} ~ CB(log B). Note that the notation M ;
does not mean the coarse moduli space. Under the identifications

o (Fo(£(2,3))) = {0,1/3,1/2,2/3}, mo(Fo(B pa,r)) = {0,1/2},
mo(§o(P(2.3) x Bz, r)) ={0.1/3,1/2,2/3} x{0,1/2}

(see Example 5.9), invariants of sectors of (2, 3), B us,r and £(2,3) x B up, F are
summarized in Table 1.

Sectors of X1 = £(2,3) 0 1/3 1/2 2/3 Sectorsof Xo =By p 0 1/2

c1 0 5/3 5/2 10/3 1) 0
age 0o 1/3 1/2 2/3 age 0 0
age., 0 2 3 4 age., 0

Sectors of X1 x X2 (0,0) (0,1/2) (1/3,0) (1/3,1/2) (1/2,0) (1/2,1/2) (2/3,0) (2/3,1/2)

c1Hc 0 1 5/3 8/3 5/2 7/2 10/3 13/3
age 0 0 1/3 1/3 1/2 1/2 2/3 2/3
agee me,y 0 1 2 3 3 4 4 5

Tab. 1. Sectors and their invariants of $(2,3), By g and #(2,3) x Buy .
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7. Compatibility with coarse moduli spaces

We consider a Fano stack X with the trivial raising function ¢ = 0. Let X be the coarse
moduli space of X. The function Hg . is identical to the stable height function Hg con-
sidered in Section 3. In particular, it factors as

X(F) > X(F) 2% R,

where L is the Q-line bundle on X corresponding to £. We suppose that ¢ is adequate.
This means that age(¥) > 1 for every twisted sector ¥.

Definition 7.1. Let W be a DM stack. Let w € W(F) and let @ € Aut(w) \ {1}. We say
that « is a reflection if the automorphism of T,, W induced by « is a reflection, that is, the
fixed point locus has codimension 1. We say that ‘W has no reflection if there is no such
pair (w, «).

Lemma 7.2. The stack X has no reflection.

Proof. If x € X (F) and if o € Aut(x) \ {1} is a reflection, then its action on Ty X is

represented by a diagonal matrix diag(¢, 1, ..., 1) with ¢ a root of unity for a suitable
basis. This shows that the age of « is less than 1, which contradicts our assumption of
adequacy. ]

This lemma shows that the morphism X — X is an isomorphism in codimension 1. In
particular, the canonical line bundle wx of X corresponds to the canonical (Q-line bundle
of X by the isomorphism Pic(X)g = Pic(X)g (see Section 3); we denote the canonical
Q-line bundle of X by wy. Let U C X and U C X be the largest open substacks such
that X’ — X restricts to an isomorphism U — U. The height function H w0y | (F) and the
height function H (@) |u(F) are then identical through the identification U(F) = U(F).
We check that the asymptotic formula for H oy |u(F) expected by Conjecture 5.6 coin-
cides with the one for H (@) |u(F) expected by a version of the Manin conjecture for
singular Fano varieties.

We now briefly review the terminology on singularities appearing in the minimal
model program, which we will use. For details, we refer the reader to [24]. Let ¥ be
a variety over F' with the Q-Cartier canonical divisor Ky. A divisor over Y means a
prime divisor on some resolution of Y. We identify two divisors over Y when they deter-
mine the same valuation on the function field K(Y'). For a divisor over Y, say lying on
a resolution Z of Y, the discrepancy a(E;Y) is defined to be the multiplicity of E in
the relative canonical divisor Kz,y, which is a rational number. We say that Y has only
canonical singularities if a(E;Y) > 0 for every divisor E over Y. A divisor E over Y
is said to be crepant if it has zero discrepancy. When Y has canonical singularities, there
are at most finitely many crepant divisors over Y up to identification explained above. We
denote by y(Y) the number of crepant divisors over Y.
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Remark 7.3. A divisor over Y may not be geometrically irreducible. By the base change
to F, a crepant divisor over Y may split into several distinct crepant divisors over Yg.
Thus, we may have the strict inequality y(Yz) > y(Y).

Lemma 7.4. The coarse moduli space X has only canonical singularities.

Proof. This follows from the Reid—Shepherd-Barron—Tai criterion [24, Theorem 3.21]
and the adequacy condition that age(¥) > 1. |

Proposition 7.5 (cf. [48, Proposition 4.5], [49, Proposition 8.5]). We have y(X) = j.(X).

Proof. We only sketch the proof. Let W C X be the singular locus and let W C X be
its preimage, which is nothing but the locus of stacky points. From [47, Theorem 3], we
have X (X)w = Z(X)w (these invariants are also denoted by Mg (X )w and M (X)yw
in the literature). The left hand side has an expression in terms of a log resolution and
exceptional divisors, while the right hand side has an expression in terms of sectors. Tak-
ing the E-polynomial or Poincaré polynomial realization of this equality and comparing
the coefficients of the leading terms, we see that the number of geometric crepant divisors
(that is, crepant divisors over X ) is equal to the number of geometric junior sectors (that
is, junior sectors of X ). In fact, not only the numbers are equal, but also there is a natural
one-to-one correspondence

{geometric crepant divisors} <> {geometric junior sectors}. (7.1)

This follows from the correspondence between arcs on a resolution of X and twisted arcs
of X (see [47]). Correspondence 7.1 is I'p-equivariant. In particular, both sides have the
same number of I'r-orbits. This implies the proposition. ]

Let us recall the following version of the Manin conjecture for Fano varieties with
canonical singularities:

Conjecture 7.6 ([48, Conj. 2.3], [49, Conj. 5.6]). Let W be a Fano variety over F with
only canonical singularities, that is, a normal projective variety with only canonical sin-
gularities such that the anti-canonical Q-line bundle (a){,V)_l is ample. Suppose that W
has Zariski dense F-points. Then there exists a thin subset T C W (F) such that

#x e W(F)\T | Hyy,)-1(x) < B} ~ CB(log B)PW)+y(W)-1,
We have the following equivalence of conjectures:

Proposition 7.7. Let Z C X be the locus of stacky points given with the structure of a
reduced closed substack and let Z C X be the singular locus. Then the following condi-
tions are equivalent:

(1) Conjecture 5.6 holds for the pair (X, c) with a thin subset T containing Z({F).
(2) Conjecture 7.6 holds for X with a thin subset T containing Z(F).
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Proof. We first note that Z and Z are of codimension > 2 in X and X respectively, and Z
is the image of Z. If we identify (X \ Z)(F) and (X \ Z)(F), then the height functions
Ha);CI ,C|(X\Z)(F) and H(w})q l(x\z)(F) are the same. If T = Z(F) U T is a thin subset
of X(F) containing Z(F), then 7" is also a thin subset of X(F) through the identifi-
cation (X \ Z2)(F) = (X \ Z)(F). We also have p(X) = p(X) and j.(X) = y(X). It
follows that if Conjecture 5.6 holds for the pair (X, ¢) with a thin T = Z(F) U T’, then
Conjecture 7.6 holds for X with the thin set Z(F) U T’; and similarly for the opposite
implication. ]

Remark 7.8. If a nice stack X has trivial generic stabilizer and has no reflection, and if
some twisted sector of it has age < 1, then singularities of the coarse moduli space X are
not canonical but only log terminal. An observation in [49, Section 13.3] suggests that it
is more difficult to control the asymptotic of heights of rational points on such a variety
and to formulate a Batyrev—Manin-type conjecture for stacks which is compatible with
one for varieties. That is why we impose the condition of adequacy.

Example 7.9. Let X := #(1, 1, 2). This stack has only one twisted sector, which has
age 1. Its coarse moduli space X = P(1, 1, 2), the weighted projective space, is a toric
surface with a unique singular point. Applying a result in [5] (see also [7, Example 5.1.1])
to the minimal resolution of X, we get an asymptotic formula of the form #{---} ~
CB(log B) for the height function of the anti-canonical sheaf wy !, which is a genuine
line bundle (rather than a Q-line bundle), since X is Gorenstein. It follows that Conjec-
ture 5.6 holds for the stack X with the trivial raising function ¢ = 0; the exponent of the
log factor in this case is

(X)) + je(X)—1=1+1-1=1.

Note that the c-junior sector of X is of dimension zero, while ones in Example 6.5 have
the same dimension as the product stack X; x X, in question. Combining examples
of this kind with the product construction in Example 6.5 provides more cases where
Conjecture 5.6 holds.

8. The orbifold pseudo-effective cone

Our next goal is to formulate the Batyrev—Manin conjecture for DM stacks which treats
non-Fano stacks and line bundles different from the anti-canonical line bundle. Recall that
the original Batyrev—Manin conjecture was formulated in terms of the pseudo-effective
cone. In this section, we introduce an “orbifold version” of the pseudo-effective cone. Let
X be a nice stack over a number field F as before.

Definition 8.1. We define the orbifold Néron—Severi space to be

NpXOr:=N'Xre P R
Yend ($0X)
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This is a finite-dimensional R-vector space. Since X # Spec F from the definition
of nice stack, this space has positive dimension; if dim X > 0, then N!(X)r # 0, and if
dim X = 0, then 7§ (o X) # 0. Bach element 6 € N}, (X)r is uniquely written as

0 =06+ 0y[¥] (6 € N'(X)r. Oy € R)
Yy

Remark 8.2. It is worth noting that the orbifold Néron-Severi space N!, (X)r can be
regarded as a subspace of the Chen—Ruan orbifold cohomology @ie@ HER(X (C),R)
(for this notion, see [4]), like the usual Néron—Severi space N (l,rb (X)Rr of a smooth vari-
ety X can be regarded as a subspace of H>(X(C), R).

Definition 8.3. For a raised line bundle (£, ¢), we define its numerical class to be

[£.c] = [£]+ D c(D[Y] € Noy(X)r.
Y

For a Q-factorial projective variety X, the pseudo-effective cone Eff(X) c N!(X)r
is by definition the closure of the cone generated by the classes of effective divisors. By
[9], this cone is dual to the cone of moving curves.’ The pseudo-effective cone plays
an essential role in formulation of the Batyrev—Manin conjecture. This would be partly
because moving curves are a geometric analogue of “general” rational points. We consider
the following generalization of moving curves to stacks:

Definition 8.4. A stacky curve on X is a representable F-morphism € — X 7, where €
is a one-dimensional, irreducible, proper, and smooth DM stack over F' which has trivial
generic stabilizer. A covering family of stacky curves of X 7 is a pair

(1:€ > T, f:€ > Xf)
of F-morphisms of DM stacks such that
(1) 7 is smooth and surjective,
(2) T is an integral scheme of finite type over F,
(3) for each point ¢ € T'(F), the morphism
fln—m): 7Nt - X5

is a stacky curve on X 7,
(4) f is dominant.
We often omit 7 and write a covering family of stacky curves simply as ]7 € > X F-

Let f:€ — X be a stacky curve and let p € € (F) be a stacky point. The formal

neighborhood of p is written as [Spec F[t]/ W | for some positive integer /. The mor-
phism f induces a twisted arc of X z, that is, a representable morphism

[Spec Fﬂtﬂ/ul,f] - X5.

3The paper [9] proves this for smooth varieties, and the singular case is easily reduced to the
smooth case by desingularization.
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In turn, this induces a twisted O-jet

Bu, g — [Spec Fﬂt]]/ulj] — Xf.

which is an F-point of o X. We denote the sector of X (not of X #) containing this point
by ¥,. Note that this construction is an analogue of construction of the residue map v,
(see Definition 2.17). As an analogue of our unstable height function (Definition 4.3), we
introduce the following notion.

Definition 8.5. Let 6 = 6y + Y _y 0y[¥] be an element of N} (X)r and let /:€ — X5
be a stacky curve. The intersection number ( f,0) = (€, 0) is defined by

(€.,0) :=deg f*6y + > Oy, .

DPEE(F) stacky point

Lemma 8.6. Let (: € T, f~: ¢ — X ) be a covering family of stacky curves and
let 0 € N, (X). Then there exists an open dense subscheme To C T such that for all
t € To(F), the intersection numbers (f |1, 0) are the same.

Proof. Welet f vary among the morphisms ]7|7,_1(,): (1) > Xp,t € T(F). The first
term deg f*6p of the intersection number is constant on the entire 7'(F). We show that
the second term Zp Qyp is also constant on some open dense subset 7y C T'. There exists
a dominant morphism 7’ — T of F-varieties satisfying

(1) the base change 77: %T, — T’ of m:'€ — T has sections Sty 8T/ — ‘gTr such
that the union of their images, Ule Im(s; ), is precisely the stacky locus of €7,

(2) each reduced closed substack Im(s;) C ‘gT/ is isomorphic to B u;; 7/ over T’ for some
l,‘ > 0.
The morphism
Bl‘Ll,‘,T' —> \(?T/ d Xﬁ

defines a T’-point of o X 5 F and one of gox which in turn determines a sector of X.
This shows that when an F-point p € ‘C"T/( F) varies along Im(s;), then the associated
sector ¥ is unchanged. This shows that the second term ), y, of the intersection

number is constant, when ¢ varies in the image of T'(F) — T (F). |

Definition 8.7. For a covering family (7: ¢ T, f - X ) of stacky curves and
6 € Nl (X), we define the intersection number (f 0) to be (f|z—1(), ) for a general

orb

point ¢ € T(F).

Definition 8.8 (Orbifold pseudo-effective cone). We define the orbifold pseudo-effective
cone Effy,(X) to be the cone in N1 (%) consisting of elements 6 such that for every
covering family f ¢ — X7 of stacky curves, ( f 6) > 0. Elements in Eff,,(X) are
called pseudo-effective classes. We also define the (nonorbifold) pseudo-effective cone
Eff(X) to be Eff(X) := Effo, (X) N N (X)R.

We see that by the identification N (X)r = N!(X)gr, we have Eff(X) = Eff(X).
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Remark 8.9 (Intersection pairing). If Ny on(X)r denotes the dual space of N;rb(x )R,
we may define the intersection number in terms of the pairing

N(l)rb(x)]R X Nl,orb(x)]R — R.

The space Ny, (X)R is expressed as

Nian(Xr =Ni(Xr® € R[Y*
Yeng (F0X)

where N1 (X)R is the space of real 1-cycles modulo numerical equivalence and {[¥]*}y is
the dual basis of {[¥]}y, which is supposed to be orthogonal to N' (X)g. With a covering
family f € — X of stacky curves, we can associate an element

[Flow := [Fla-10] + > [%]* (fla100] € Ni(X))

pe(x—1(t))(F) stacky point

so that for every 6 € N!, (X)R, the intersection number ( f ) is expressed as the pairing
(0 f Jorbs 9) The dual cone of Efforb(x ) is then the closure of the cone generated by the
classes [ /o Of covering families f: € — X g of stacky curves.

Lemma 8.10. Let 6 = 0 + >y 0y[¥Y] € NL (X)R. If 0o is not pseudo-effective as an
element of NY(X), then 0 is not pseudo-effective either.

Proof. There exists a finite morphism W — X from a scheme W (see [42, tag 04V1]).
We may suppose that W — X is a Galois cover, say with Galois group G. Then W is
Q-factorial and we have an isomorphism

(N'(W)R)% = NY(X)r.

Moreover, this isomorphism preserves pseudo-effectivity. Thus, if fy € N!'(X)g =
N!(X)g is not pseudo-effective, then the corresponding 7 € (N'(W)g)? is not pseudo-
effective either. Therefore, there exists a moving curve C of W with (C, n) < 0. Then
C — X induces a covering family of stacky curves whose source is a scheme. Since C
has no stacky point, 8y’s do not contribute to the intersection number (C, #) and we have

(C.0) =(C.,n) <0.
We see that 6 is not pseudo-effective. ]
Corollary 8.11. We have

Eff(X) + ) " Rxo[¥] C Effon(X) C EF(X) + Y R[Y].
Yy Yy

Proof. The left inclusion is obvious. The right inclusion is the last lemma. ]
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Lemma 8.12. Let K be an infinite field and let n be a positive integer coprime to the char-
acteristic of K. Let C be a geometrically irreducible, smooth, and proper curve over K.
Let po, p1,-.., Pm € C(K) be K-points of C. Then there exist a geometrically irre-
ducible, smooth, and proper curve D over K and a finite morphism f: D — C of degree
n such that fori € {1,...,m}, f~1(pi)rea = Spec K and f is étale over py.

Proof. We take an affine open subscheme C’ = Spec R C C containing all of py, ..., pm
and suppose that it is embedded in the affine space A%. Since K is an infinite field, for
each i > 0 there exists a hyperplane H; = {f; = 0} C AZK which intersects C’ transver-
sally at p;, but does not meet p; for any j # i.Let f € R be the restriction of [[;_, fi
to C’. This function on C’ has zeroes of order 1 at each of p1,..., p, and does not vanish
at pg. It follows that the finite cover

D’ := Spec R[x]/(x" — f) — C’

has the desired properties except properness. We only need to take projective compactifi-
cation. |

Proposition 8.13. Let X be a nice stack and let Yy be a twisted sector of X.. Then, for
any positive integer n, there exists a covering family f:€ — Xz of stacky curves such
that if we write

Ulow =11+ D 054U (By € Zs)

Yeng (F0%X)

(see Remark 8.9), then
0}7,3/0 >n Z Qf",y.
Y#Yo
Proof. In this proof, we identify geometric points of a DM stack and ones of the coarse

moduli space. Using~a local Qessription of X7 as a quotient stack, ‘we can construct a
covering family (m: € — T, f: € — X ) such that 6 Ty > 0. Let C denote the coarse
moduli space of C. Let L = K(T) be an algebraic closure of the function field K(T')
of T'. Let

Po.--.. pm € EL(L) = CL(L)
be stacky points of €, For an integer n’ > nm, we take a finite cover Dy — Cp, of

degree n’ as in Lemma 8.12. The induced rational map Dy — Cp ——> X 7 uniquely
extends to a representable morphism

§LI°6L — XF_’

where Dy is a smooth proper DM stack over L with the coarse moduli space morphism
D1 — Dy. The only stacky L-points of Dy, are the n’ points ro 1, ..., 7o lying over
Po and possibly some of the points rq, ..., 1y, lying over pi, ..., pn respectively. If we
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define sectors of X associated to stacky L-points of Dy in the same way as we did for
stacky F -points before, then for every j € {1,...,n’}, we have ¥,,, . = Y. If we define
[8L]orb € N1,0b(X) as before, then we get

ro.j

[BLlom = [BL] + D o 1+ D[]

j=1 i=1

m
=@+ [Yol* + ) ¥
i=1
It follows that
0z, 9o =n" >nm=>n Z 0z, v
Y£Y,

This is basically the desired inequality, except that Dy, is defined not over an F -variety,
but over L = K(T). By a standard argument, we can find a ﬁnitely generated F-sub-
algebra R C L such that Dy is the base change of an R-stack Dg and the morphism
g1 is induced from a morphism J)R — X . The pair (J)R — Spec R, J)R — Xf)isa
covering family of stacky curves that has the desired property. ]

Proposition 8.14. Consider an element 1 € N({rb(X) of the formy_q ny[Y] with ny € R
and suppose that ny, < 0 for some twisted sector Yo. Then n ¢ Effo (Y). Hence,

Efan(X)N D REFI= ) Rxol¥

Yenrg(doX) Yenrg (FoX)

Proof. For each n > 0, we take a covering family ﬁ,: ‘én — X g of stacky curves as in
Proposition 8.13. Then

o= 07 gy =0z y gy + . 05 1y
Yy Y#Yy

=07y, o+ (Y 07,5) max{ny | Y # Yol.
Y£Yo

For sufficiently large 7, the last expression is negative, which implies that n ¢ Eff,(Y).
The equality of the proposition follows from Corollary 8.11. |

Definition 8.15. We say that a raised line bundle (£, ¢) on X is big if its numerical class
[£, c] lies in the interior of Effyq ().

Lemma 8.16. Let (£, ¢) be a raised line bundle on X. Suppose that X has positive
dimension. Then the following conditions are equivalent:

(1) &£ is big, that is, [£] is in the interior of the cone Eff(X).

(2) [£,c] is big.
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Proof. From Corollary 8.11, the second condition implies the first one. We now assume
the first condition and prove the second condition. For o € E_fforb(x )V, we have

(o, [£,¢]) = (a, [£]) > 0.
Corollary 8.11 implies

Effo (X)) C Ef(X)Y + Y Rao[¥]*.
Yy

It follows that there exists a hyperplane H C Ny o1, (X)Rr such that H does not contain the
origin and the intersection Eff,,(X)Y N H is a nonempty compact set. From the extreme
value theorem, the function given by the intersection pairing with [£, c],

ﬁforb(x)v m H - IR>07 o = (a» [ia c])7

has a positive minimum value. Perturbing [£, c] a little in N1, (X)g in an arbitrary
direction does not affect the positivity of the minimum value of the associated function
Effo(X)Y N H — R. This means that [£, c] is not pushed out from Effor (X) by a small
perturbation in an arbitrary direction. Hence, [£, c] is in the interior of Effyy, (X). |

9. a- and b-invariants; the stacky Batyrev—Manin conjecture

9.1. a- and b-invariants and breaking thin subsets
We keep denoting by X a nice stack over F.
Definition 9.1. We define the orbifold canonical class of X to be
[Kax.on) = [0x] + ) (age(¥) — D[Y] € Ny (X)r.
Y
Here wy denotes the canonical line bundle of X.

Remark 9.2. Generalizing Proposition 7.5, we can show that if X has trivial generic
stabilizer, some twisted sectors ¥ of X correspond to divisors E over the coarse moduli
space X. Then, for ¥ and E corresponding to each other, age(¥) — 1 is equal to the
discrepancy of E. This explains why the coefficient age(¥) — 1 in the above definition is
natural.

Now we are ready to define the a-invariant in the context of stacks:

Definition 9.3. We define the a-invariant of a big raised line bundle (£, c¢), denoted by
a(&£, c), to be the unique real number a such that a[£, c] + [K x o] lies on the boundary
of ﬁorb (X)

As for a (nonraised) big line bundle &£ on X, we define the a-invariant a(£) in
a similar way by using the (nonorbifold) pseudo-effective cone Eff(X) = Eff(X) in
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N!(X)r = N!'(X)g and the canonical class [wx]. Note that a(&£) may be different from
a(L) of the corresponding Q-line bundle L on X. This is because [wyx] may be different
from [a)’x], unless the morphism X — X is étale in codimension 1.

We generalize the notion of adequacy for a raising function of a Fano stack as follows:
Definition 9.4. Let (£, ¢) be a big raised line bundle. We say that (&£, ¢) is adequate if
(1) age.(¥) > 1 for every twisted sector ¥,

(2) ifdim X > 0, thena(£) =1,
(3) if dim X = 0, then min {c(¥) | ¥ twisted sector} = 1.
When X is a Fano stack, the raised line bundle (a);Cl, ¢) is adequate if and only if ¢ is

adequate.

Remark 9.5. The condition a(£) = 1 may be viewed as a normalization condition.
Indeed, forr € Q, a(£") = a(L)/r.

Proposition 9.6. If (£, c) is adequate, then a(L£,c) = 1.

Proof. The zero-dimensional case follows from Proposition 9.25 proved later. We prove
the case dim X > O here. Fora’ < 1,

d'[£,¢] + [Kox.on] = (@[2] + [0x]) + ) (@' - c(¥) + age(¥) - D[Y].
Y

Since a(£) = 1 > a’, we find that a’[£] + [wx] is not pseudo-effective. From
Lemma 8.10, a’[£, ¢] + [Kx o] & Efforn(X). This shows that a(£, ¢) > 1. On the other
hand,

(£, c] + [Kx.on) = (£] + [0x]) + ) _ (age (¥) — D[Y].
Yy

Since [£] + [wx] = a(£)[L] + [wx] is pseudo-effective and age,(¥) — 1 > 0, from
Corollary 8.11, [&£, c] + [Kx o] is pseudo-effective. This shows that a(&£,¢) < 1. n

Definition 9.7. We define the b-invariant b(£, ¢) of a big raised line bundle (£, ¢) to be
the codimension of the minimal face of Eff,,(X) containing a(£, ¢)[£, ¢] + [Kx.om)»
that is, the dimension of the following face of the dual cone Effon(X)Y C N1 o (X)R:

Effoin (%)Y N (@(L. L, ] + [KoxomD ™
Recall that for a morphism f:¥ — X of nice stacks, we have a natural morphism
FoY — FoX, and hence a raising function ¢ of X induces a raising function f*c¢ of Y.

Definition 9.8. Let us fix a big raised line bundle (&£, ¢) of X. A thin morphism f: ¥ — X
of nice stacks is called a breaking thin morphism (resp. weakly breaking thin morphism)
if the raised line bundle ( f*&£, f*¢) is big and

@(f*L. fFe).b(f* &L, f*0)) > (a(£.¢). b(£.¢))
(resp. (a(f* L, [ ). b(f*L. f*c)) = (a(L,c).b(L, c)))
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in the lexicographic order. A breaking thin (resp. weakly breaking thin) subset of X (F)
means a nonempty subset of X (F') which is the image of the map ¥ (F) — X (F') asso-
ciated to a breaking thin (resp. weakly breaking thin) morphism ¥ — X.

Remark 9.9. A breaking thin morphism is basically the same as a breaking thin map in
[27] except that we work with stacks and assume the representability condition. If we did
not assume the representability condition, then a morphism of the form X x BG — X
for a finite group scheme G would become a breaking thin morphism. We do not want to
include such a map, since it induces a surjection of F-point sets.

9.2. The stacky Batyrev—-Manin conjecture

We now formulate the first version of the Batyrev—Manin conjecture for DM stacks as
follows:

Conjecture 9.10 (The stacky Batyrev—Manin conjecture I). Let X be a nice stack over F
whose coarse moduli space is geometrically rationally connected. Let (£, ¢) be a raised
line bundle which is big and adequate. Suppose that X (F) is Zariski dense. Then the
union T of breaking thin subsets of X, {F) is a thin subset. Moreover, there exists a con-
stant C > 0 such that

#{x € X(F)\T | Hg c(x) < B} ~ CB(log B)>*9~1 (B - o0).

Remark 9.11. In the conjecture, we impose the geometric rational connectedness on the
coarse moduli space rather than the more restrictive (and more common) Fano condition,
following the version of the Batyrev—Manin conjecture in [29]. Since we would like to
allow singular coarse moduli spaces, it would be more suitable to use a condition which
is invariant under birational equivalences like geometric rational connectedness.

Remark 9.12. If X is a smooth variety, then this conjecture is a version of the Batyrev—
Manin conjecture for a smooth variety and a big line bundle L with a(L) = 1 such that
the removed accumulation subset is a thin subset. When the a-invariant is not equal to 1
but positive, then we can reduce it to the case with @ = 1 by considering the R-line bundle
L'/a(L) and generalizing the above conjecture to R-line bundles in the obvious way.

Remark 9.13. One may be tempted to remove also weakly breaking thin subsets. An evi-
dence for this idea in the case of varieties was provided by the work of Le Rudulier [31].
She showed that for some algebraic surface, the leading constant becomes the same as the
one conjectured by Peyre [37] only after removing a weakly breaking thin subset. How-
ever, if we remove all weakly breaking thin subsets, then it may happen that all F'-points
are removed, and no point is left to count. See Remark 9.33.

Remark 9.14. Checking the first assertion of Conjecture 9.10, that the union of breaking
thin subsets is a thin subset, is an interesting problem on its own. When the target X
is a geometrically uniruled variety, this problem was affirmatively solved by Lehmann—
Sengupta—Tanimoto [27]. The problem has an affirmative answer also when X is BG
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for a commutative group scheme G (see Corollary 9.29), and for some constant group
scheme G (see Proposition 9.39).

We also formulate a variant of Conjecture 9.10, incorporating the following notions.

Definition 9.15. A subset U C X (F) is said to be cothin if its complement X (F) \ U
is thin. When a raised line bundle (£, ¢) on X is fixed, we say that an element of
X(F) is secure (resp. strongly secure) if it is not contained in any breaking thin sub-
set (resp. any weakly breaking thin subset) of X (F). We say that a subset of X (F) is
secure (resp. strongly secure) if it contains only secure (resp. strongly secure) elements.

The following is the second version of the Batyrev—Manin conjecture for DM stacks,
which allows some freedom in the choice of the set of counted F-points.

Conjecture 9.16 (The stacky Batyrev—Manin conjecture II). Let X be a nice stack over F
whose coarse moduli space is geometrically rationally connected. Let (£, ¢) be a raised
line bundle which is big and adequate. Suppose that X (F) is Zariski dense. Let U C
X (F) be a secure cothin subset. Then there exists a constant C > 0 such that

#{x e U | Hg .(x) < B} ~ CB(log B)> &9~ (B - o).

Remark 9.17 (Speculation on a formula for the leading constant C). In the situation of
Conjecture 9.16, we speculate that if U is also strongly secure and if we use the height
function Hg ., for a strictly raised line bundle (&£, cx) equipped with an adelic metric
on £, then the constant C may admit an explicit expression similar to ones of Peyre [37]
and Bhargava [8]. Note that there are nice stacks X without any strongly secure F-point.
See Remark 9.32 and Section 9.39 for a related discussion in the case of zero-dimensional
stacks.

9.3. Fano stacks revisited

Proposition 9.18. Let X be a Fano stack and let ¢ be a raising function of X such that
(“)D_cl’ ¢) is adequate. Then

b(wy',c) = p(X) + je(X).
In particular, Conjecture 9.10 implies Conjecture 5.6.

Proof. We have

a(wy', oy, ] + [Kx.on) = [wx', €] + [Koon]

D (age.(¥) — D[Y].
Yy

n:

For a vector

we @B RY=W

Y not c-junior
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and for 0 < ¢ < 1, & ew € Effy,(X). On the other hand, if w is chosen outside W, then
from Proposition 8.14 and Lemma 8.10, either of 5 + ew is not contained in Effyy, (X).
This shows that the minimal face containing n has dimension equal to dim W. We have
proved the first assertion of the proposition.

To show the second assertion, we only need to check that the coarse moduli space X
of X is geometrically rationally connected. Let D be the branch divisor of the coarse
moduli space morphism 7: X — X with standard QQ-coefficients. Then the Q-divisor
Kx + D corresponds to the canonical line bundle wy of X and the pair (X, D) has only
Kawamata log terminal singularities. From [52, Theorem 1], X is geometrically rationally
connected. ]

Remark 9.19. To give a conjectural expression of the leading constant C in the asymp-
totic formula for rational points of a Fano variety X, Peyre [37] uses the three ingredients;
the volume of X(F) C X(A), the volume of the intersection of Eff(X) and the hyperplane
(—Kx, *) = 1, and the I'p-module N!(X ). We may speculate upon how to generalize
it to stacks. For a nice stack X, as soon as we find the correct topology and measure
on X (A), we can define the volume of X (F) C X (A). The pseudo-effective cone should
be replaced with the orbifold pseudo-effective cone Effy,(X). The volume of the hyper-
plane section Effy, (X) N {([K %,orb)s *) = 1} for an appropriate measure would be the

counterpart of the second ingredient. As for the I'r-module, we may consider

Noo e (X PR == NY(X7)R & @ R[Y].

Y c-junior sector

From Proposition 7.5, if X has trivial generic stabilizer and if the raising function ¢ = 0
is adequate, then this module is isomorphic to the I'r-module N' (X z)r ® D R[E],
where E runs over crepant divisors over the coarse moduli space X 7. Thanks to Proposi-
tion 7.5, this Galois module is an analogue of £-Picard group considered by Batyrev and
Tschinkel [7]. We do not know whether the literal translation of Peyre’s constant by using
the above orbifold versions of ingredients gives the correct value of the leading constant,
but we expect that the above speculation is heading in the right direction.

9.4. Malle’s conjecture revisited

In this subsection, we suppose that X over F' has dimension zero and has at least one
F-point. From [42, tag 06QK], this is equivalent to saying that X is a neutral gerbe
over F.From [26, (3.21)], for an F -point x € X (F'), there exists a canonical isomorphism
X = B Autg (x). In particular, X is isomorphic to the classifying stack B G of a finite
group scheme G over F. Note that the isomorphism class of such a group scheme G is
not generally uniquely determined by X, as the next result shows.

Lemma 9.20 ([10, Proposition 2.2.3.6], [18, p. 127]). Let G be a finite group scheme
over F, let x € (BG)(F) and let x' € (B Aut(G°P))(F) be the Aut(G°P)-torsor derived
from x and the conjugation morphism G — Aut(G) = Aut(GP). Then Autg (x) is iso-
morphic to the twisted form of G°P associated to x'.
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Corollary 9.21. If G is commutative, then for every x € (B G)(F), we have Auty (x)=G.

Proof. This follows from the last lemma and the fact that in the commutative case, the
conjugation map G — Aut(G) is the trivial map onto the identity point. ]

Our principal interest is in the stack X = B Gr, where G is a finite group and G
is the corresponding constant group scheme over F'. In this case, from Example 2.15, we
may identify mo(JoX) with the set F-Conj(G) of F-conjugacy classes of G. Thus, we
may write

Ny (X) = P Rl
[1]#[g]€F-Conj(G)
Proposition 9.22. Suppose that X = B G for a finite group G. Suppose that F contains
all the #G -th roots of unity. Then

ﬁorb(x) = Z RZO[g]'
[1]#[g]€Conj(G)

Proof. We first note that from the assumption, we have

N = @ Rlgl
[1]#[g]€Coni(G)

We claim that for any twisted sector ¥ of Xz, there exists a stacky curve f: € — Xz
such that for every stacky point p € €(F), the associated sector Y, is Y. To show this,
suppose that ¥ corresponds to an injection t: u; <> G. Let f := ]_[f;},(x — 1) and let
L := F(x)(f'!) be the I-cyclic extension of F(x) associated to f. Let C — IP’}E be
the associated p;-cover. This is ramified exactly at x = 0, 1,...,[ — 1. Note that the
cover is unramified over co € P }E, since f has degree /. The morphism C — Spec F is
t-equivariant and induces

fi€:=[C/w]— Xz = [Spec F/G].

By construction, stacky points of € are the images of 0,1,...,/ —1€P 113 Moreover, the
twisted sector corresponding to each stacky point is ¥. This proves the claim.
For a twisted sector ¥y, we choose fo: € — X as above. For § = )" 6y[¥] €
Nérb(x)’
(f0.0) = bby, (b>0).
Note that fy is a covering family of stacky curves of X 5. Thus, if 6 € Effo (X), then
Oy > 0 for every twisted sector Y. The converse is easy to show. ]

Corollary 9.23. We have
Effon(X) = Y Rso[¥].

Yeni(doX)
In particular, if X = B GF for a finite group G, then

Efforn (X) = > Rsolgl
[1]#[g]e F - Conj(G)
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Proof. There exists a finite Galois extension K/F such that Xx =~ B Gk for a finite
group G, and K contains all the #G-th roots of unity. From the last proposition,

Effon(Xx) = Y Rsol¥],
Yeni($oXk)

We have an isomorphism N2, (%) = (N! (X)) &/F) such that for a sector ¥ of X,

the class [¥] corresponds to the sum Y ;- [¥/], where {¥/, ..., ¥, } C mo(JoXk) is the
Galois orbit corresponding to ¥. By the isomorphism, Effy, (X) corresponds to

Effors (k) N (Ngyy (X50) S/,
The last cone is generated by such sums Y ;- [¥[] as above. This shows the corollary. m

As in Section 5, we only consider the structure sheaf @ as a line bundle on X. Corol-
lary 9.23 implies the following result.

Corollary 9.24. A raised line bundle (O, c) on X is big if and only if c is positive.

Proposition 9.25. For a positive raising function ¢ of X, we have

a(0,¢) = max{c(¥) " | Y € 75(F0%)}
= (min{c(¥) | ¥ € 75 (X))

and

b(O,¢) = 1Y € 75($0X) | c(¥) = a(0, )71},

Proof. Fora € R, we have

Vg = al0,c] + [Kx,on] = Z (a-c(¥)—DIY]
Yer (J0X)

Therefore, v, € Effo,(X) if and only if @ - ¢(¥) — 1 > 0 for every twisted sector ¥. The
minimum real number a satisfying the last condition is exactly the value of a(O, ¢) stated
in the proposition.

The minimal face of Eff,,(X) containing a (0, ¢)[0O, ¢] + [Kx o] is the cone gen-
erated by the classes [¥Y] of those twisted sectors that do not have the minimal c-value.
Thus, the codimension of this face is equal to the number of those twisted sectors that do
have the minimal c-value. The desired formula for the h-invariant follows. ]

Remark 9.26 (Malle’s conjecture revisited). If X = B GF for a finite group G, then
70(FoX) = F-Conj(G) as already mentioned. In this situation, Conjecture 9.10 with a-
and b-invariants computed in Proposition 9.25 is the same as the version of Malle’s con-
jecture for the generalized discriminant (see Example 4.12) associated to the given raising
function ¢, except that we count G-torsors over F giving points of X (F) \ T, while the
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original conjecture of Malle concerns G-fields over F (corresponding to connected G-
torsors over F'). Counting only G-fields amounts to removing the thin subset 7’ given
by
T'= | J (BHF)(F) — (BGF)(F)).
HSG

Points coming from breaking thin morphisms ¥ — B G (see Section 9.5 for an example)
are expected to give an asymptotic larger than the expectation of Malle’s conjecture and
should be removed. The same remark shows that 7" may include some G-fields.

Remark 9.27. Let f: Y — X be a thin morphism with ¥(F) # @ and let y € Y(F).
Then we have the injection Auty (y) — Autz(f(y)) of group schemes over F. Through
the canonical isomorphisms ¥ = B Autz(y) and X = B Aut, (f(»)), the morphism
f:¥Y — X is identified with the natural morphism B Auty (y) — B Auty (f()).

The following proposition enables us to check the secureness of each point x € X (F)
by looking only at (necessarily finitely many) subgroup schemes of Auty (x).

Proposition 9.28. A point x € X (F) is secure (resp. strongly secure) if and only if for any
proper subgroup scheme H of Autg (x), the induced morphism B H — B Autp(x) = X
is not breaking thin (resp. weakly breaking thin).

Proof. This result also appears in [15], but stated and proved in a slightly different lan-
guage. For completeness, we give a proof using our language. If there exists a proper
subgroup scheme H < Autg (x) such that B H — B Autp(x) = X is a breaking thin
morphism, then by definition, x is not secure. Conversely, if x is not secure, then there
exist a breaking thin morphism f:¥ — X and an F-point y € ¥(F) with f(y) = x. From
Remark 9.27, f is identified with B H — B Auty (x) for some proper subgroup scheme
H < Autg(x). We have proved the “secure” version of the assertion. The “strongly
secure” version is proved similarly. ]

Corollary 9.29. If G is commutative, then (B Gp){F) has no breaking thin subset.
Hence, (B Gg)(F) is a secure cothin subset of itself.

Proof. From Corollary 9.21 and Remark 9.27, every thin morphism ¥ — X with Y(F)
# @ is of the form B H — B G for a proper subgroup scheme H of G. From the com-
mutativity and from Example 2.15, the map 7o (o (B H)) — mo(fo(B G)) is identified
with

Hom(fi(F), H(F))/Tr — Hom(fi(F),G(F))/TF.

This is injective, which implies that ¥ — X is not a breaking thin morphism. ]

Remark 9.30. Suppose that X' = B G with G a commutative finite group scheme over F.
From Corollary 9.29, the subset T in Conjecture 9.10 is empty. In this case, Conjec-
ture 9.10 holds (see [15] and references therein).
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Example 9.31. Let p be a prime number and let X = B p1,,2 . We can identify 7o (o X)
with Z/ p?Z. For 0 < ¢1 < ¢, we define a raising function ¢ by

0 (@ =0),
c(i)=4qc1 (€pZ/p*L),
¢y (otherwise).

Then the natural morphism B u, r — X is weakly breaking thin with respect to c.

Remark 9.32. For an abelian group G, there may exist a weakly breaking thin morphism
Y — B G . Wood [44] introduces the notion of fairness to have a nice leading constant for
counting abelian extensions of a number field. If we adapt this notion into our language
and if a raising function ¢ of B G for an abelian finite group G is fair, then there is no
weakly breaking thin morphism ¥ — B G with ¥ (F) # 0.

Remark 9.33. Let X = B G with G a commutative finite group scheme over F. Then,
for any two points x, x” € X (F), there exists an automorphism X —> X mapping x to x’.
It follows that if x is in the image of the map ¥ (F) — X (F) associated to a morphism
f:Y — X of stacks, then x’ is in the image of the map ¥(F) — X (F) associated to

the composite ¥ L X 5 % of f and some automorphism g. Thus, if ¢ is a raising
function of X preserved by automorphisms of X and if X contains a weakly breaking
thin subset (see Example 9.31), then X ( F) is covered by weakly breaking thin subsets. In
particular, X (') has no strongly secure element. Note that this pathology does not occur
for breaking thin morphisms, since there is no breaking thin morphism to X at all.

9.5. Kliiners’ counterexample revisited

In this subsection, we explain Kliiners’ counterexample to Malle’s conjecture [23] in our
language. Consider the wreath product

GI:C32C2:(C3XC3)XIC2.

Here C, denotes the cyclic group of order n. This is a group of order 18 and real-
ized as the transitive subgroup of Sg generated by permutations (1,2, 3), (4,5, 6), and
(1,4)(2,5)(3, 6). Recall that the index function ind: G — Zs is defined by

ind(g) := 6 — #{g-orbits in {1, ..., 6}}.

This function restricted to G \ {1} takes the minimal value 2 exactly on the following four
elements:
(1,2,3),(1,3,2), (4,5,6), (4,6,5), 9.1

all of which have order 3. Note that there are also elements of order 3 having index 4, for
example, (1,2,3)(4,5,6).

Let us now consider the stack X := B Ggq. Its set of sectors, o(FoX), is identified
with the set of Q-conjugacy classes, Q- Conj(G). The four elements of index 2 are divided
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into two conjugacy classes {(1, 2, 3), (4,5, 6)} and {(1, 3, 2), (4, 6, 5)}. In turn, these
two conjugacy classes form one Q-conjugacy class. In summary, there is a unique Q-
conjugacy class of index 2.

We now discuss possible forms of breaking thin morphisms ¥ — X with ¥ (F') # @.
The stack ¥ has to be isomorphic to B H’ where H’ is a twisted form of a subgroup
H & G which contains an element of index 2. We can easily see that no subgroup of
order 2 or 6 contains an element of index 2. Thus, the order of H is either 3 or 9. It
follows that H is contained in the unique 3-Sylow subgroup

N :=((1.2,3).(4.5,6)) < G.

Let x: Spec L — Spec Q be a G-torsor and let Spec K := Spec LY — Spec Q be
the induced C,-torsor. We claim that the normal subgroup scheme N’ < Autg (x) corre-
sponding to N is isomorphic to the twisted form N &) of Ng induced by

o 5 ¢, % Aut(Ng), 9.2)

where tx is the map corresponding to the C,-torsor Spec K — Spec Q and ¢ is the one
used in the definition of the wreath product G = (3 C;. Since it induces the N -torsor
Spec L — Spec K, the group scheme N’ is trivialized by the scalar extension K/Q;

9 copies

Ng =~ Nk =~ Spec K L1 --- LI Spec K.

The Galois action on this trivial group is again induced by

o 25 ¢, % Aut(Ng) = Aut(Ny).
This shows the claim. Let
fe:BN® - BAut,(x) = X

be the induced morphism. Then the image of the induced map f,(Q): (B N K))(Q) —
X{Q) is exactly the set of G-torsors Spec M — Spec Q such that the associated C,-
torsor Spec MY — Spec Q is isomorphic to Spec K — Spec Q; namely, the fiber of
X{(Q) — (B C2)(Q) over the isomorphism class of Spec K — Spec Q. In particular, the
image of f5(Q) depends only on the isomorphism class of K.

We next show that there is no breaking thin morphism coming from a group scheme
of order 3. If K = Q?, that s, if Spec K — Spec Q is the trivial C,-torsor, then N’ is the
constant group Ng. It contains (necessarily constant) subgroup schemes of order 3 which
contains elements of index 2. But since B C3 ¢ has only one twisted sector, no morphism
B C3,0 — X is breaking thin. If K is a field, then N has six connected components and
is of the form

Spec Q L Spec Q II Spec Q@ LI Spec K LI Spec K LI Spec K.
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The first three components correspond to the diagonal elements of N = C3 x Cs, those
elements fixed by the Cs-action. The other three components correspond to the following
C,-orbits, respectively:

{(1,2,3),(4,5,6)}, {(1,3,2),(4,6,5)}, {(1,2,3)(4,6,5),(1,3,2)(4,5,06)}.

The only subgroup schemes of N of order 3 are the diagonal one Spec Q LI Spec Q LI
Spec Q and the union Spec Q LI Spec K of the identity component Spec Q and the com-
ponent Spec K corresponding to

{(1,2,3)(4,6.,5).(1,3,2)(4, 5, 6)}.

The diagonal elements, (1,2, 3)(4, 6,5) and (1, 3,2)(4, 5, 6), do not have index 2. Thus,
the induced morphisms B C3 g — X and B(Spec Q LI Spec K) — X are not breaking
thin. In conclusion, there is no breaking thin morphism of the form B H' — X, where H’
is of order 3.

It remains possible that H' is of order 9 and isomorphic to N )| the twisted form
of N associated to a C,-torsor Spec K — Spec Q. Since N contains elements of index 2,
the morphism B N ®) — X is always weakly breaking thin. To see when it is also break-
ing thin, we now compute o(Jo(B N K))). Recall that this set is identified with

Hom(uo(Q). N @)/ To.
Fixing a generator of 11o(Q), we may identify
Hom(us (Q). N (@) = N®(@Q) = N = C3 x Cs.

The I'g-action on this set is obtained by combining two actions; the one induced from
the I'g-action on fig (Q) and the one induced from the action on N ®)(Q). Through the
above identification, the first action transitively interchanges a nonidentity element g € N
with its square g2. The second action is given by (9.2). We see that the four elements of
index 2, listed in (9.1), are transitively permuted by the combined I'g-action except the
two cases: K = Q2 and K = Q(¢3) with {3 a primitive cubic root of 1. In the former
case, the second action is trivial, and hence the four elements of index 2 are divided into
the two I'g-orbits
{(1,2,3),(1,3,2)}, {(4,5,6),(4,6,5)}.

In the latter case, since 3 = Spec Q LI Spec Q(¢3), the two I'g-actions are synchronized:
whenever y € I'r maps (1,2,3) <> (1,3,2) and (4, 5, 6) <> (4, 6, 5) by the first action,
then the same element y maps (1,2, 3) <> (4,5,6) and (1, 3,2) <> (4,5, 6) by the second
action. Similarly, whenever y € I'r fixes the four elements by the first action, then the
same element fixes them also by the second action. Consequently, the combined action
divides the four elements into two orbits

{(1,2,3),(4,6,5)}, {(1,3,2),(4,5,6)}.
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Thus, the morphisms B N @) _ % and B NQE) 5 X are the only breaking thin
morphisms. In particular, the union 7" of breaking thin subsets of X (Q), which appears
in Conjecture 9.10, is a thin subset. Note that the image of (B N (Qz))(Q) — X(Q) con-
tains only nonconnected torsors, which are removed also in the usual version of Malle’s
conjecture. We can summarize these results as follows:

Proposition 9.34. For a C,-torsor Spec K — Spec Q, let Tk be the image of the map
(B NN Q) — X(Q). Then X(Q) = g Tk. Moreover, the following assertions hold:

(1) Every Tk is a weakly breaking thin subset.
(2) The subset Tk is a breaking thin subset exactly when K is isomorphic to Q2 or Q(3).

(3) The subset UK;EQZ,Q(§3) Tk C X{(Q) and each of its cothin subsets is a secure cothin
subset.

(4) There is no strongly secure subset of X (Q).

Remark 9.35. Tiirkelli [43] takes a different approach to modify Malle’s conjecture
incorporating Kliiners’ counterexample; he proposes changing the exponent of the log
factor instead of keeping the exponent unchanged and removing a thin subset.

9.6. Comprehensiveness

Definition 9.36. Let G be a finite group and let ¢: Conj(G) — R be a function such that
for C € Conj(G), ¢(C) = 0if and only if C = [1]. We say that G is c-comprehensive if
for any nonidentity conjugacy class C € Conj(G) with the minimal c-value, the elements
in C generate G.

Example 9.37. The subgroup generated by the elements of a conjugacy class is a normal
subgroup. Therefore, a simple subgroup is c-comprehensive for any c.

Example 9.38. For the symmetric group S,, consider the index function, ind: Conj(S,)
— Z>o. This takes the minimal value only at the conjugacy class of all transpositions.
Since S, is generated by transpositions, S, is ind-comprehensive.

Proposition 9.39. Let G be a finite group, let X, := B G and let x:Spec L — Spec F be
a connected G-torsor, that is, an F-point of X. Let c¢: mo(FoX) = F-Conj(G) — Rs¢
be a raising function. Denoting the composition Conj(G) — F-Conj(G) 5 R>¢ again
by ¢, suppose that G is c-comprehensive. Then x is a secure element of X (F). Hence, the
subset of X, (F) consisting of all connected G-torsors is a strongly secure cothin subset. In
particular, the union of weakly breaking thin subsets of X (F ), and the union of breaking
thin subsets, is a thin subset.

Proof. As for the first assertion, it suffices to show that the twisted form Autz (x) of G;-p
does not contain a proper subgroup scheme containing a c-minimal element. Since x is
connected, the map ¢x: 'r — G corresponding to x is surjective. From Lemma 9.20,

mo(Aut (x) = Aut: (x)(F)/ T = Conj(G).
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From c-comprehensiveness, if a subgroup scheme H of Autg (x) contains a c-minimal
element, then it is in fact the entire group scheme Aut (x). Thus, the first assertion of the
proposition holds.

The second and third assertions follow from the fact that the set of nonconnected
G-torsors over F is the union of the images of the maps (B Hr)(F) — (BGF)(F)
associated to proper subgroups H € G. ]

Remark 9.40. For a c-comprehensive group G, the stack X' = B G may have a breaking
thin morphism. For example, let n > 4 and let H := ((1,2), (3,4)) C S,. The induced
morphism B Hr — B(S,)F is breaking thin. However, every F-point in its image is a
nonconnected S,,-torsor.
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