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Positive solutions for a p-Laplacian equation with
sub-critical singular parametric reaction term

Pasquale Candito, Giuseppe Failla, and Roberto Livrea

Abstract. The existence of at least two smooth positive solutions for a parametric quasilinear ellip-
tic problem driven by a p-Laplacian operator involving a mildly singular non-linearity perturbed
with a sub-critical term is established. Although, to get our conclusions, we combine variational and
truncation techniques, we do not use the usual trick of C! versus Sobolev minimizers. An explicit
quantitative estimate from below of the best theoretical parameters considered is furnished.

1. Introduction

In this paper, the following p-Laplacian problem involving a singular non-linearity per-
turbed with a sub-critical term is studied, namely,

—Apu = Af(x,u) + pg(x,u) in 2,
u>0 in 2, (P
u=~0 on d$2,

where @ € RV, (N > 3) is a bounded domain with a smooth boundary, 9Q € C2, the
driven operator is the usual p-Laplacian,

Apu = div(|Vu|P~2Vu)

with p € (1, N), A and pu are two positive parameters. Furthermore, we assume that
f Q2 x(0,400) = [0, +00) and g : Q X [0, +00) — [0 + 00) are two Carathéodory
functions fulfilling the following conditions:

(Q1) limg_,o+ f(x,s) = +oo uniformly w.r.t. x € Q;

(Q2) there exist positive constants ¢; fori € {1,...,4} and some y € (0, 1) such that
(021) f(x,s) <c1s7YV +cpforaa x € 2 Vs >0;
(022) g(x,5) <c3s97 ' +c4foraa. x € QVs>0,qe€e(l,pY),

with p* = NN—_‘; being the critical Sobolev exponent.
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A wide literature on parametric problems has been produced since the pioneering and
seminal papers due to Ambrosetti, Brézis, Cerami [1] and Garcia Azorero, Peral, Man-
fredi [16], where among the others results, in this latter the fundamental result of Brézis,
Nirenberg [8] concerning H! versus C! local minimizers is extended to the p-Laplacian
with p # 2, which is a well-known key point to allow merging sub-super-solution methods
with variational ones.

Subsequently, these ideas have been developed in singular settings, overcoming, in
an original way, many technical difficulties arising from the presence of the singularity on
the non-linearity, as, for instance, the lack of regularity of the energy functional associated
with the problem investigated; see Giacomoni, Saoudi [18] and Giacomoni, Schindler, and
Takac [19].

For a general look on p-Laplacian singular problems, we refer the interested reader to
the recent survey [20], the papers [28-31] (y < 1), [11, 15] for strongly singular problems
(y = 1) and references therein.

The study of this type of singular problems with a p-Laplacian operator is also largely
encouraged by a wide range of physical and engineering applications, particularly the so-
called non-Newtonian fluids, see [13, Remark 2.2] and references therein for more details.

Our main results, Theorems 3.1 and 3.4, establish the existence of at least one or two
smooth positive solutions for (7 ), respectively.

Adapting here some arguments introduced and developed in [9, 10], the first solu-
tion for (P ,) is obtained by applying a local minimum theorem (Theorem 2.12) due to
Bonanno [3], which beyond the existence of a solution, allows us to get two additional
features:

(B1) the first solution is a local minimum of the functional J,, regardless of the
asymptotic behavior at infinity of the perturbation g;

(B2) aquantitative estimate of the parameters A, (, for which (7, ,,) admits a positive
solution, i.e.,

)k(lc_—ly + Cz) + pules +cq)
o0 ifl <g < p,
< %n§|§2|_% ﬁ:f)p—l[l‘(r‘%(l):(;;\/(;’)%)]l’ ifqg = p,
%”g |Q|_% (%)p—l(%)q%’ [F(r%(—l)z(;;\;;\,)%)]p if p<qg<p*,

where I is the gamma function.

In a few words, we combine variational and truncation techniques, but we do not use
the usual trick of C ! versus Sobolev minimizers, recalled above, as well as we do not need
a priori estimates or to prove the existence of a super-solution. More precisely, we can use
the point (B;) together with the request on g to fulfill the classical unilateral Ambrosetti—
Rabinowitz condition (in the short (AR)-condition), see [2, 26], i.e., there exists n > p
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such that s s
essinf/ gx,t)dt >0, 0< r]/ glx,t)dt < g(x,s)s (AR)
0 s

xeQ L

for a.a. x € Q and for all s > s; > 0. Here, we realize that the functional J; satisfies two
key ingredients of the mountain pass theorem [2], that are, the so-called mountain pass
geometry, see [4, Theorem 2.1], and the Palais—Smale condition.

Roughly speaking, to obtain the second solution in the super-linear case, p < g <
p*, as in the above-mentioned papers, we apply the powerful mountain pass theorem of
Ambrosetti and Rabinowitz [2] to a C! energy functional J, associated to an auxiliary
problem, whose positive smooth solutions give back solutions of (P ).

We also highlight that the estimates achieved in (B;) are not the best theoretical ones,
as, for example, in [18] or [19], but are completely computable since they involve only the
constants ¢; given in (Q>) and an upper bound of the Sobolev embedding of Wol’p () in
L2(2) as in (2.1) below.

To summarize, Section 2 shows some preliminary results and describes the variational
setting adopted to solve (P ). Section 3 is devoted to the main results.

Finally, we observe that our results guarantee the existence of at least two solutions
for the following class of elliptic problems:

—Aqu = Jig +pud inQ,
u>0 in Q, (1.1
u=20 on 012,

withQ CRY 5<N <7).

2. Preliminaries

In this paper, we will use the symbol ||:||, to denote the norm in the Lebesgue space
LP(Q),ie.,

1
lull = ( [ lueoirax)” vace ooy
in addition, the symbol |-|| refers to the norm in Sobolev space Wol’p (Q),1ie.,
lull = IVull, Yu € Wy (<).
We recall that by compact embedding Wol’p () — L4(Q2) for g € [1, p*) we obtain
lullg < Cqllull Vu e Wol’p(g)a
where according to Talenti [34] and by Holder’s inequality, we have

i1 ey p—1N1-5[ T+ 5Hr(W)
Cp < 8= NP Q7 (£—) ”[FﬂrfN 7 |-
P Mra+n -5

2.1
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with I" being the gamma function. Since our problem involves a singular term, we also
need the inequality [27, Theorem 21.3] in the following particular theorem.

Theorem 2.1 (Hardy—Sobolev’s inequality). Let p € (1, N), v € [0, 1] and % =
Then, for any u € Wol’p(Q), we have ud—" € L"(2) and

1_ 1
p N

lud ™", < Dellull,
where D¢ is a positive constant and d denotes the distance function, i.e.,

d(x) :=dist(x,0R2) = min |x —y| Vx e Q.
yeiQ

As in [12, Definitions 3.14-3.15], we recall the definitions of sub-solution and weak
solution for the problem (P; ;).

Definition 2.2. The function u € Wol’p (€2) is called a (weak) sub-solution of (P ,,), if

/ |Vg|1’_2Vngdx§)t/ f(x,g)vdx—i—u/ g(x,Wvdx VYve W, P ()N L2 (Q);
Q Q Q

2.2)
likewise, the function u € Wol’p (£2) is called a weak solution of problem (P} ,,), if

/ |[Vu|P~2VuVvdx = )Lf f(x,u)vdx + /L/ g(x,u)vdx Vv e Wol’p(Q);
Q Q Q

(2.3)
in both cases, it is understood that the right-hand side is well posed.

Now, adopting some reasoning as in [9, 10], we prove the existence of a sub-solution
for (P; ).

Lemma 2.3. Suppose (Q1) holds, then, for all A, i > 0, there exist 0 <a < 1, § > 0,
I > 0 and a sub-solution u of problem (P;,_,,) such that u € C1+* (Q)andld(x) <u <§
fora.a. x € Q.

Proof. Notice that, from (Q1), there exists § > 0 small enough such that
f(x,s) >1 V(x,s) € Q2x(0,9). 2.4)

For A > 0, we study the auxiliary problem

—Aju=21 inQ,
(2.5)

u=20 on 0%2.

Since A € W17(Q) and negative p-Laplacian is strictly monotone for 1 < p < 2,
strongly monotone for p = 2 and uniformly monotone for p > 2 (see (2.18) below and
[25, Example 2.27 (c)]), by Minty—Browder’s theorem [6, Theorem 5.16] and combining
[35, Theorem 5], [24, Theorem 1.1] (see also [23]) and [21, Lemma 3.1], there exists
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e; e CLe (S_Z) with 0 < @ < 1 (see also [22, Theorem 4.8]), a unique positive solution of
(2.5). Let M := max{§, maxg e; } and choose ¢ such that c M < §. We put u = ce,, then,
by (2.4),

—Apu = PN Apey) = P S A< Af(xaw) < Af(xa0) + pg(x.w).

Therefore, u is a sub-solution of the problem (P, ,,). Moreover, from [32, Theorem 5.3.1],
there exists a positive constant / such that

ld(x)fgfcmgxe;t <6 (2.6)

and this achieves the proof. ]

To apply variational tools and to avoid blow up phenomena, we truncate the reaction
term as follows, set f* : Q xR > Rand g*: 2 xR - R

f(x,s) if s > u;
Sy =1 fw)fls) < eX)

f(x,—s) ifs < —u;

and
glx,s) ifs>u;

g (x,s) = glx,uw) if[s| <u 28)

glx,—s) ifs < —u.
Notice that f* and g* are Carathéodory functions. In particular, by (Q>) and (2.6), we
obtain

Fr(x,8) <ciuV(x)+ e <éd7V(x)+cp foraa.x e Q,VseR, 2.9)
where ¢; = ¢1177. Analogously, we get that by (2.6),

g¥(x,s) <cs|s|9 ! +¢5 foraa x € Q,VseR, (2.10)

where ¢5 = 38771 + ¢4.
Now, with the aim of applying variational methods for (P ,,), we consider the follow-
ing problem:
—Apu = Ahy  (x,u) inQ,
u>0 in 2, P*)
u=20 on 012,

where h1y ;, : 2 x R — R is given, fora.a. x € @, by

f*0cu) + gt (xu) if Ju] > u;

h} =
A1) {f(x,z) +5eCew) ifful <u
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Remark 2.4. We explicitly observe that the weak solution u of (P*) is well-defined, i.e.,
ue Wol’p(Q) is such that

f |Vu|P2VuVvdx = /\/ f*(x,u)vdx + M/ g (x,u)vdx Vv e Wol’p(Q).
Q Q Q

Indeed, if u,ve Wol’p (2), by (2.9), (2.10), Holder, Sobolev, and Hardy—Sobolev inequal-
ities, it follows that

hy  (x,u)vdx
Lo

< [ rranlldx + % [ o aloldx
Q AJa
< / (1d™" (x) + c2)|v|dx + E/(Cz,|u|q_1 + ¢s)|vldx
Q AJa
~ W _
< aDylvll + ezllvlly + x(03||7/¢||§,‘7 "wllg + eslvll1) < oo.
Now, we set
S
H; . (x,s) = / h} ,(x,0)dt foraa. x € Q,VseR.
0

Since hj{ M(x, s) is an even function and by (2.6) (we recall that one can choose u < § < 1),
we point out that for a.a. x € Q and for all s € R,

I u Is|
|Hj . (x,5)| 5/0 hiyﬂ(x,t)dt =/0 hj{,u(x,wdt—i— h:{yu(x,t)dt. (2.11)
u

Moreover, for a.a. x € €2, one has

= wof* €1 H
/ ﬂmzﬂr+—/‘ﬂmuﬂtf———+6r+—@3+u)
0 A Jo I—vy A

and

s1 o

-7

Is|
frend+ 5 [ g nde = FE I aalsl+ Kbl + aals).
u

u
which implies that

Is|

C C
R (x)dt < — e + Ees + ) + =2 |5 + cals| + Eeals]? + cals]).
0 11—y A 11—y A
At this point, it follows that
2[{% + 2+ Fles +ca)] if [s] < 1;

H; (x, ISI)S{ o “ o “ ¢
2 e+ et e) [ Ao+ et ed)]lsl? ifls| > 1

So, for a.a. x € Q and for all s € R, we have

C C
H(x,ISI)52[ﬁ+c2+%@3+c4)]+[ ! +c2+ﬁ(C3+c4)]ISI". (2.12)

1—y A
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To simplify the notation, for our convenience, let us put

C
Ajp o= ﬁ Yot %(Q + o) (2.13)

from (2.12), we get
|Hj ,(x,8)| < Hy ,(x,]s]) < A3 (2 +|s]) foraa.x € Q,Vs eR. (2.14)
Lemma 2.5. Forall A, > 0, every weak solution of (P*) is a weak solution of (P ;).

Proof. Letu € Wol’p (£2) be a solution of (P*). Following the idea in [12, Lemma 3.50], it
is enough to show that u > u. Indeed, by (2.7)—~(2.8), if u > u then M(x, s)= f(x,s)+
%g(x, s) for a.a. x € Q, for all s € R. Since u is a weak solution of (P*), then by (2.3),
one has

/s; [Vu|P~2VuVvdx=Ax /Q f’"(x,u)va’x+u/;2 ¥ (xau)vdx, veW,P(RQ). (2.15)
Therefore, u is a sub-solution of (P*), then by (2.2), we have
/Q|Vg|p_2Vngdx§/1/Qf*(x,u)vdx—ku/s;g*(x,g)vdx, veW, P (Q)NLE(Q).

(2.16)
Subtracting (2.16) and (2.15) and choosing v = (u — u)™,

/ (IVulP"2Vy — [VulP Vi)V — u)* dx
Q

<3 [ o=t [ 6 — g =0,
Notice that in {u > u}, from (2.7)—(2.8), we have that f = f*, g = g*, then
/Q(WW—ZW — |[Vu|?2Vu)V(u —u)tdx < 0. (2.17)
On the other hand, by monotonicity of (—=A,, Wol’p (2)) (see, [25, Example 2.27 (¢)] and
[12, Example 2.110]), it follows that

c1t(P)((ull + [vD?P 2l —v?) if1<p <2,

(2.18)
ca(p)llu—v|? if p>2,

(=Apu + Apv,u —v) > {

for suitable positive constants c¢1(p), c2(p). Moreover, by (2.17)—(2.18), there exists a
positive constant ¢ such that

0<w—u|? =/ IV — u)|Pdx

{u>u}

<c / (VP2 Vu — [Vul?~2V20)|V (u — ) |dx
{u>u}

= c/ (|Vu|?~2Vu — |[Vu|P2Vu)V(u —u)*dx < 0.
Q

Therefore, ||[(u —u)*||? = 0and u > u. -
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The energy functional associated to (P*) is defined by setting
J(u) = O(u) — AV (u), (2.19)
where

d(u) = %nunp, \Il(u)zf Hy . (x,u)dx Yu e Wy (Q). (2.20)
Q

Lemma 2.6. Suppose (Q1) and (Q3) hold. Then, V is well-posed, continuously Gdteaux
differentiable and V' is completely continuous (i.e., if x, — x then V' (x,) — V' (x), see
[12, Definition 2.95]).

Proof. By (2.14) W is well-posed. Now, we compute and show that
(W' (u),v) = /Qh;{’u(x,u)vdx Yu,v € Wol’p(Q).

Indeed, fixing u, v € W, * (), we get

W(u + tv) — ¥(u) _ lim [ HA,M(x,u—I—lv)—HA,M(x,u)dx
t—>0t Jo

(¥'(u),v) = lim ;

t—0t t

)

and Torricelli-Barrow’s theorem ensures that, for each ¢ € [0, 1] and for a.a. x € 2, we
get

1
d

Hy (o u+1v) — Hy y(x,u) = tv/ d—H;w(x,u + stv)ds
0 S

1
= tv/ hy  (x u + stv)ds.
0

Furthermore, fixed x € Q,

By +2) SGd7 @ e+ Ealy 207 + Ses vyzeq.

Then, by Fubini’s theorem and Lebesgue’s dominate convergence theorem (see, respec-
tively, [6, Theorems 4.5 and 4.2]), it follows that

fim Hj ,(x,u+tv) — Hy ,(x,u) dx
t—0t JQ t

Ltohs (x,u + stv)
lim (/ Astt ds)dx
t—0t Jo 0 t

1
lim (/ h/’{,ﬂ(x,u + stv)vdx)ds
0 Q

t—>0+

= [ hi (x,u)vdx.
[
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Finally, we prove that W’ is completely continuous and {u,} < Wol’p (R2) is a sequence
such that u, — u in W,"?(2) and let v € Wy (),

Tim (W) — W), v)|

= lim ‘/(hj{ L un) =Ry (e u))vdx
o ,

n—>oo

§nli)n;o/g|h;)u(x,u,,)—h:yu(x,u)||v|dx

n—oo

< lim (/QIf*(x,un)—f*(x,u)llvlder%/QIg*(x,un)—g*(X»u)IlvldX)-

By Rellich—-Kondrachov’s embedding theorem [6, Theorem 9.16], Wol’p (Q) = L1(Q)
is compact for ¢ € [1, p*). So, in L9(S2), there exists w € L?(2) such that v, — u in
L91(2), up — u ae. in Q and |u,| < w [6, Theorem 4.9]. Moreover, from (Q>), (2.9)—
(2.10) and the Lebesgue’s dominate convergence theorem, we get that W’ is completely
continuous. ]

Definition 2.7. Let X be a Banach space and J € C'(X,R). We say that J satisfies the
Palais—Smale condition (briefly, (PS)-condition), if any sequence {u,} € X such that

(1) J(uy) is bounded,

@) 1 un)llx+ — Oasn — +oo,

admitting a convergent subsequence.
A more general condition can be found in [3].

Definition 2.8 ([3, Section 2]). Let ®, ¥ be two continuously Gateaux differentiable func-
tions; put
J=0-V,
and fix r € [—o0, +00]; we say that the function J fulfills the Palais—Smale condition cut
off upper at r (in short (PS)"-condition), if any sequence {u,}, in addition to (1) and (2)
in the previous definition, accomplishing also
3) P(uy) <rvmneN,

possesses a convergent subsequence.

Lemma 2.9. Suppose that (Q1), (Q2), and (AR) hold. Then, for all p < q < p*, the
functional J, associated to (P*) satisfies the (PS)-condition.

Proof. Fix A, u > 0, let J be as in (2.19) and {u,} a (PS)-sequence in Wol’p(Q), ie., it
fullfills (1) and (2) introduced in the Definition 2.7, that is, for all n € N, there exists a
suitable constant ¢ such that

1
J(uy) = ;||un||1’ —)L/ Hj (x,un)dx < cp (2.21)
Q
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and

<lvll YveWwy ().

(2.22)
In order to prove that {u,} is bounded first we verify it on {u, }. From (2.22), with v =
—u,, , we obtain

|(J/{(un),v)|=‘/ |Vun|p_2Vuandx—A/ hy . (x un)vdx
Q Q 7

1 L T L) /Q B Gy dx < g .

then |lu;, || < 1. Now, we prove that also {u,/} is bounded. Arguing as in (2.14), putting

Ay = (lfy + ¢3), we have

Is|

frx,0)dt < Ay(2+|s]) Vs eR.

At this point, we use (AR). Let n € N for a.a. x € Q and for all s € R, we compute

uyb ut ut
Btz [ @ [T e wandizaeuh+ 8 [T et
0 0 0

Define
Qr:i={xeQ:ul(x)> R}

and
’R=Q\SZR.

We remember that we can choose u < 1 and R > max{s;, 1}. So, from the previous
inequalities, we point out

[ Hj p (x,u,h)dx
Q

uy u;f
S// f*(x,t)dtdx+E// g*(x,0)dtdx
2 Jo AlJaldo

§A1(2|Q|+S1||u;f||)+E/ / g*(x,z)dzdx+ﬁf [ g (x.0)dtdx.
A Jag Jo A Jar Jo
(2.23)

In particular, one has

ul
// g" (x,t)dtdx (2.24)
'r /0

R
< / / g¥(x,)drdx
'R VO

u R
= / f g(x,u)dtdx +/ / g(x,t)dtdx < (c3 + ¢c4)|R2](1 + RY). (2.25)
QR JO Qr Ju
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Moreover, we have

wt
/ / g"(x,t)drdx
Qr JO

u R Uy
:/ / g(x,wdtdx+f / g(x,t)dtdx+/ / g(x,t)dtdx, (2.26)
Qg JO Qr Ju Qr JR

where

/ / " e wdidx < (¢s + o), (2.27)
Qr JO

R
/ / ¢(r.0)didx < (c3 + ca)| 2RI, (2.28)
QrJu

since 2 = Qg U Q', we have

uyt u;t
/ / glx,t)dtdx < / / g(x,t)dtdx. (2.29)
Qr JR o Jr

So, combining (2.23)—(2.29), we get
/ H;L,M(x,u:[)dx
Q
ul
= il + Sl ) + S+ eoia sk + & [ [Tt i,
QJR
Furthermore, by (AR)-condition,
/ HA,M(x,u:[)dx
Q
+ K q i * +
= A1 2IQ] + Silluy ) + X(Z(Cz + c4)|2/(1 + RY)) + ) é (o, up)uy dx.
By (2.22), with v = uf, it follows that
17 = = = [ dx - [ gt dx
Q Q
< —u/ g*(x,un)u;:'dx. (2.30)
Q
By (2.21), we arrive at
L+ p + +
;Ilun I <cp + 2 A Hj o (x uf)dx < cp + AA1Q2IQ + Stlluy )

pQ(e + el + RY) + B | cgar, @
Q
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then, dividing (2.30) by n and adding to (2.31), we derive

1 1
(5 = )17 = (5 4+ AS1AL) 1 < €+ 220 + jr(es + a1+ R))
p n

So, {u;"'} is also bounded and our claim is shown, i.e., {u,} is bounded in Wol’p (2). By
Lemma 2.6, ¥’ is completely continuous, then

lim (' (up), u, —u) = hm (Jk(u,,) Uy —u) + A lim (¥ (up), u, —u) =0,
n—>0o0

n—>0o0
that is,
limsup(—A, (up), uy —u) = 0.
n—>o0
Thus, by (S4) property of (—A,, Wol’p (R2)) (see [12, Definition 2.96 and Lemma 2.111]),
we have that if u,, — u then u,, — u and J satisfies the (PS)-condition. ]

The following is folklore, but for completeness we prove it also in our setting.

Lemma 2.10. Suppose (Q1), (Q2), and (AR) hold. Then, for all p < q < p*, the func-
tional Jy, associated to (P*) is unbounded from below.

Proof. Fix A, 0 > 0. For all M > 1, we put Qp = {x € Q : Mpi(x) > R} and we
consider 24, =  \ Qp7, where R > max{s;, 1} and ¢; is the first positive eigenfunction
of (—A,, Wol’p (2)), normalized in L?(2). From (AR), for all w > R,

n/ gx,t)dt < g(x,w)w,
51
n_ ge)  _ aglfs 80r0dr)
> )

T [ g(x.t)dt 2 g(x.)dt

By integrating both sides for s > R in [R, s] w.r.t. @, we obtain
nln(s> (fslg(x ’)d’)
R/~ f g(x,Hdt

K R
/ g(x,t)dt zs"R—”/ g(x, t)de. (2.32)

1 S1

then,

Compute
1 Mo,
IaMg) = Ml =4 [ [T 8 i

Moy
= —Mp / / h; pxt)drdx,
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we focus on the right-hand side term, in particular,

Mo, Mo, w Mo,
/ / h; . (x, t)dtdx =/ / f*(x,0)dtdx + —/ / g"(x,t)drdx.
QJo ’ QJo A JaJo

Asin (2.14), we get

Mo,
/ / Pl 0drdx < 4, QIR0+ MSlrl) = A1 QIR + 151 M),
QJo

While, on the integral of g, we have

Mo, Mo, Mo,
/ / g(x,t)dtdx :/ / g(x,l)dtdx—i—/ / g(x,t)dtdx,
2 Jo Qu Jo Q) Jo

where
Mo, R
/ / g, )dtdx < / / ¢(r.)didx < (c3 + ca) R
), Jo ), Jo

a

nd
Mo, R Mo,
/ f g(x,t)dtdx =/ / g(x,t)dtdx+f / g(x,t)dtdx
Qp JO Qu Jo Quy JR

with R
/ / glx,t)dtdx < (¢c3 + c4)RY|Q|.
Qu Jo

Thanks to these estimates, we have

A MP
I(Mgy) < =

+ A4 2IQ] + S1A M)

Mo,
+ 2u(cs + c4)RY|Q| — p,/ / g(x,t)dtdx.
Qu JR

By (2.32), we get
K} sh R
JDdt > (———1 ,1)dt.
[ stende = (G5 -1) [ s

We use this inequality to see that

AL MP
I(Mgy) < =

+ A4 (2|Q] + S1A M)

M7 R
3 +enRIQ - pr [ [ glrnplwarax
R7 Qu Js1

then, Jy(M¢@{) - —ocoas M — +o0. |
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For the reader’s convenience, let us recall our two fundamental tools. The first one is
the celebrated Ambrosetti—-Rabinowitz’s mountain pass theorem (see [2, 7]).

Theorem 2.11 (Mountain pass theorem). Let X be a Banach space. Let J : X — R be a
functional such that J € C1(X,R). Let xo, x; € X, r > 0 such that ||x; — xo|| > r and

inf  J(u) > max {J(xo), J(x1)}.

lu—xoll=r

Let

c = 1nf max J(y(1)),
yel t€[0,1]

whereI' = {y € C([0,1], X) : y(0) = xo, y(1) = x1}. Suppose that J satisfies the Palais—
Smale condition. Then, c is a critical value for J.

For the second one, fixing r > 0, let ¢ () be as follows:

o(r) =  inf  —Puce7l0-corD W(u) — ¥(v)
ved—1(]—o0,r[) r — q)(v)

(2.33)

Theorem 2.12 ([3, Theorem 5.2]). Let X be a Banach space and let &,V : X — R be
two Gdteaux differentiable functions with ® bounded from below. Fix r > infy ® and
assume that for each A € 10, (p(r) [, where @ is given in (2.33), the function Jy = ® — AW
satisfies (PS)"-condition. Then, for each A € |0, ﬁ[ there is u* € ®~1(] — oo, r[) such
that J),(u*) < J,(u) Yu € @71(] — oo, r[) and J} (u*) = 0.

Remark 2.13. We point out that this type of local minima theorems follows from the
ideas introduced by Ricceri in [33], in which the author used the weakly closure of suit-
able sublevels. In [5], Bonanno and Candito got the result starting from direct methods
of calculus of variations and, in [3], Bonanno himself obtained the local minimum via
Ekeland variational principle.

3. Main results

In this section, we prove our main results. In particular, we obtain the existence of at least

one solution for 1 < g < p and the existence of at least two solutions for p < g < p* for

problem (P, ;). In addition, we derive a computable estimate of the parameters A, .
The following positive constants are central in the main results:

N g p(N=p\r [TGITA+N - 577
= N S1QI—F N —p\p=lrq—p\%" F(%)F(l‘i‘N—%) p
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Theorem 3.1. Assume that (Q1) and (Q2) hold. In addition, we suppose that
too ifl <q < p;
A(lc_—ly'ﬂ’z) +ules+ca) < Z1  ifqg=p,
Zy, ifp<gq<p*
where Zy, Z» are as in (3.1)—(3.2). Then, problem (P, ,) admits at least one solution
u € Cy*(Q), witha € (0,1).

Proof. Let Jy, ®,and W be as in (2.19)—(2.20). By Lemma 2.6, J, is a C!'-functional. Fix
r > 0,let {u,} be a (PS)"-sequence. Since ®(u,) < r and reasoning is as in Lemma 2.9,
we have that J, satisfies the (PS)"-condition as in Definition 2.8. In this setting, The-
orem 2.12 furnishes a local minimum u* = u*(A, u) of J, for all A € 10, A[. So, u* is
a weak solution of (P*) and then, by Lemma 2.5, a weak solution of (P; ). To give an
approximation of A we need to estimate (2.33). Since r > infy ® = ®(0) = ¥(0) = 0
and (2.14), we detect that

1
p(r) <= sup W(u)
T yed-1(1—oc0,r])

< l( sup |H;L,M(x,u)|dx)

"NMutzen? 70 (33)
< 1 sup Ap (24 [u|)dx

" Jull=or?

1 4 4q
S;AA’M(2|Q|+S519PVP) VYr > 0.

where A, , is defined in (2.13). We put
1
k() =~ (29 + Siprrr) forallr > 0.
A straightforward calculation shows that
1 4 a4
lim k(r) = lim —(2|Q| + SIp?r7r) = +oo foralll <gq < p*, (3.4)
r—>0t r—>0t r
and, for r — 400, three cases arise:
0 ifl <q < p;
: — P e . .
r_lgl_look(r) Syp ifqg=p; (3.5)
+oo ifp <gq < p*.

To guarantee that p(r) < % for some r > 0, by (3.3), it follows that

1
0(r) = A k() < .
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Considering that p > 1, g > 1, then by (3.4)—(3.5), we have the following cases:
(1) if 1 < g < p, since k(r) is a continuous function, there exists 7 ,, > 0 such that

1

k(ry,u) = AL
S

Moreover, from the strictly decreasing of k(r), our claim holds for all r > 7, ,,;
1
sip

k(r) is strictly decreasing, the result holds for all r > 7, ,,;

(2) if g = p, there exists 7, > O such that A4; , = % < =: Z1, then since

(3) if p < g < p*, then k(r) has a global minimum point for r > 0. We compute the
external point of k(r),

p2a 1-2
2p|Q 2p|Q
f:(#)q, infk(f)zsgp(M) .

Sapr(qg—p) r>0 a-r
Thus, by (3.3), it follows that

1 2pIQIN1-5 1
.= QP
Zy qu( ) =

q-—7p Ay,
So, also, in this case, our statement holds by keeping in mind (2.1).

Notice that our solution belongs to COl *(Q) with 0 < o < 1. In particular, from the
estimates in (2.9) and (2.10), it is sufficient first to apply [17, Theorem 1.5.5] to obtain
u* € L*°(R2); finally, from [17, Theorem 1.5.6], we derive u belongs to a Holder space. =

Remark 3.2. A careful reading of the proof of Theorem 3.1, gives us, for p < ¢ < p*,
an estimate on the Sobolev norm of the solution, i.e.,

yA

q

ull <7 = (=22
Sqp?(q—p)
Remark 3.3. Notice that since X = Wol’p (£2) is a reflexive Banach space (for 1 < p <
+00), W is also weakly sequentially continuous [36, Corollary 41.9]. Then, J, is a C!-
functional and it is weakly sequentially lower semi-continuous. For 1 < g < p, we can
obtain the existence of a solution for (P*) as global minimum of J,, given that, in this
case, the energy functional is also coercive. Indeed, from estimates in (2.14), one has

1 1
I = ) —A/Q Ha o) = —ul” = Az, Q121 + 7).

and so, we have the following cases:
1) ifl <g < p,
lim J(u) = +o0

||u||—>+o0

forall A, u > 0;
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(2) ifqg = p,
lim J(u) = +o0

[lu||——+o00

provided & — A4; , S5 > 0, i.e.,

C1 1

A(— +c ) + u(cs +c¢q) < .
1—y 2 p(c3 4) S2p
Then, by Tonelli-Weierstrass’ theorem [14, Theorem 1.2], there exists a weak solution
of (P*). Our approach (Theorem 2.12), allows us to guarantee the existence of a weak
solution also for the super-linear case and, in all three cases, without the assumption of

weakly lower semi-continuity on Jj.
Now, we prove the multiplicity result.

Theorem 3.4. Assume that (Q1) and (Q»2) hold. Moreover, we suppose that there exist
n > p and s1 > 0 such that

N

s
essinf/ glx,t)dt >0, 0< 17/ g(x,t)dt < g(x,s)s. (AR)
XEQ 0 S1
Then, if p < q < p*, the problem (P), ) admits at least two solutions: u* (A, i) a local
minimum and (A, &) a mountain pass point of the energy functional Jy, for all A, u such
that

c
/\<—1 + Cz) + ples +ca) < Zy,
-y

with Z, being as in (3.2).

Proof. From Lemma 2.5, it is enough to obtain solution of problem (P*). Moreover, the
energy functional
Jy =0 -\

satisfies the (PS)-condition (Lemma 2.9) and it is a C!-functional (Lemma 2.6). So, by
Theorem 3.1, there exists ™ local minimum of J, such that Jy(u*) < J,(u) for all
u € B(0,r) for a suitable r > 0 as in Theorem 3.1 (see also Remark 3.2). Since Jj, is
unbounded from below (Lemma 2.10), [4, Theorem 2.1] ensures that it satisfies also the
mountain pass geometry and the proof is completed, owing the Theorem 2.11. ]

We desire to conclude our work by giving the following example.

Example 3.5. For every A, u > 0 such that

5 o/3125
< 2P

TTm \4
54V 64 ”) '

1024

Theorem 3.4 guarantees the existence of at least two solutions for the problem (1.1) pro-
posed in the Introduction, where  C R® is a bounded domain with smooth boundary and



P. Candito, G. Failla, and R. Livrea 18

Q=1,p=49g=94<n<9andy = % Moreover, taking into account Remark 3.2,
the first solution u* (corresponding to a local minimum of the energy functional) satisfies

. 10 o/ 8 /77w \4
el = 54 = (3o ) -
27 V 625\1024
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