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Abstract. We prove a theorem that generalizes Schmidt’s Subspace Theorem in the context of met-
ric diophantine approximation. To do so we reformulate the Subspace Theorem in the framework
of homogeneous dynamics by introducing and studying a slope formalism and the corresponding
notion of semistability for diagonal flows.
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Introduction

In 1972, Wolfgang Schmidt formulated his celebrated subspace theorem [36, Lemma 7],
a far reaching generalization of results of Thue [41], Siegel [39], and Roth [31] on rational
approximations to algebraic numbers. Around the same time, in his work on arithmetic-
ity of lattices in Lie groups, Gregory Margulis [29] used the geometry of numbers to
establish the recurrence of unipotent flows on the space of lattices GL;(R)/GLy4(Z).
More than two decades later, a quantitative refinement of this fact, the so-called quantita-
tive non-divergence estimate, was used by Kleinbock and Margulis [25] in their solution
to the Sprindzuk conjecture regarding the extremality of non-degenerate manifolds in
metric diophantine approximation. As it turns out, these two remarkable results — the
subspace theorem and the Sprindzuk conjecture — are closely related and can be under-
stood together as statements about diagonal orbits in the space of lattices. In this paper we
prove a theorem that generalizes both results at the same time. We also provide several
applications. This marriage is possible thanks to a better understanding of the geometry
lying behind the subspace theorem, in particular the notion of Harder—Narasimhan filtra-
tion for one-parameter diagonal actions, which leads both to a dynamical reformulation
of the original subspace theorem and to a further geometric understanding of the family
of exceptional subspaces arising in Schmidt’s theorem. The proof blends the diophantine
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input of Schmidt’s original theorem with the dynamical input arising from the Kleinbock—
Margulis approach and refinements recently obtained in [2,9].

We now formulate the main theorem. Let M = ¢(U) be a connected analytic sub-
manifold of GL4 (R) parametrized by an analytic map ¢ : U — GL4(R), where U C R”
is a connected open set and n € N. Let u be the push-forward in M of the Lebesgue
measure on U. The Zariski closure of M is said to be defined over Q if for (a;;)i; € GLg
the ideal of polynomial functions in Cla;;, det™!] that vanish on M can be generated by
polynomials with coefficients in Q.

Theorem 1 (Subspace theorem for manifolds). Assume that the Zariski closure of M
in GLg is defined over Q. Then there exists a finite family of proper subspaces V1, . .., Vy
of Q4 withr = r(d) such that, for p-almost every L in M, for every & > 0, all but finitely
many integer solutions x € Z2 to the inequality

d
[TIzi] < Ix]~* )
i=1

lie in the union V1 U --- U V.

Here the L; are the linear forms on R¢ given by the rows of L € GLy(R), and || - || is
the canonical Euclidean norm on R¥. Note that we only assume that the Zariski closure
of M is defined over Q, so that the manifold M itself may well be transcendental. We
will in fact prove the theorem under a slightly weaker assumption on M requiring only
that what we call the Pliicker closure of M be defined over @; see §1.8 for the definition
of Pliicker closure.

Of course, the main motivation to derive the above theorem was the usual subspace
theorem and its numerous applications, for which the reader is referred to Schmidt [37],
Vojta [42], Edixhoven—Evertse [10], or Bombieri—-Gubler [5]. And we recover the original
Schmidt subspace theorem as the special case of Theorem 1 when M is a singleton {L}
(then n = 0 and p is the Dirac mass at L). However, since we shall use Schmidt’s result to
derive the above theorem, our approach does not yield a new proof of the subspace theo-
rem. The main interest of our statement is when the manifold M is positive-dimensional.
The theorem is then non-trivial even in the case where M is defined over Q. Indeed, as we
shall see in Section 3.1, it recovers the main result of Kleinbock and Margulis regarding
the Sprindzuk conjecture.

The exceptional subspaces V; are independent of ¢, as in Vojta’s refinement [38,42],
and they depend only on the rational Zariski closure of M. In fact, they are determined
by what we call the rational Schubert closure of M, that is, the intersection of all rational
translates S, g := BoB containing M, where g € GL4(Q) and S, is a standard Schubert
variety associated to a permutation o and a Borel subgroup B containing the diagonal
subgroup. Each V; contains infinitely many solutions to (1), regardless of &. The number r
of exceptional subspaces can be bounded by a number depending only on d (see Lemma 3
and the remark following it).
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The proof of Theorem | goes via the proof of a stronger result, a parametric sub-
space theorem for manifolds, Theorem 3 below. The idea behind parametric versions of
the subspace theorem, already present in Schmidt’s work [35, Theorem 3], is to study the
behavior of the successive minima of a lattice along the orbit of a one-parameter diagonal
subgroup (a;)ser in GL;z(R), ie. a; = e' for some diagonal matrix A. Former ver-
sions of the parametric subspace theorem, such as Faltings—Wiistholz [16, Theorem 9.1],
Evertse—Schlickewei [15] or Evertse—Ferretti [13, Theorem 2.1], essentially state that
short vectors in the lattices from the (a;)-orbit are all contained in some fixed proper
subspace. We refine this statement and show that it is in fact possible to obtain a complete
description of the shape of the lattices along the diagonal orbit.

We may summarize the result informally as follows:

Theorem 2 (Parametric version). For p-almost every L in M the lattice a; LZ? assumes
a fixed asymptotic shape as t tends to +oo.

By “fixed asymptotic shape” we mean two things. Firstly, the successive minima are
asymptotic to e®4? for some real numbers Ay, Lyapunov exponents of sorts, depending
only on M and a = (a;)s>¢ (the dependence on a is piecewise linear). In particular, as
t varies there can only be oscillations of subexponential size for successive minima. And
secondly, the successive minima determine a fixed partial flag in Z<¢. In other words,
there is a fixed (independent of L) partial rational flag Wy < --- < Wy in Q¢ such that if
Ak < Ag41, then the k first successive minima of a;, L7 are always realized by vectors
from Wj when ¢ is large enough. The constants Ay and the flag {W}; depend only
on a and on the rational Schubert closure of M. As a first example, it is instructive to
understand Theorem 2 in dimension 2, where it is equivalent to Roth’s theorem.

Example (Roth’s theorem and diagonal flows). In dimension 2, taking a; = ((1) eO, ) and

L = (_1a ‘1)), where « is any real algebraic number, one can observe two different behav-
iors. If ¢ € Q, then A1 = 0, A, = 1, and the first minimum is always attained on the
line generated by ( L ) If o ¢ Q however, given any non-zero v € Z2, ||a; Lv|| grows at
the highest possible rate of ¢’. Hence Theorem 2 forces A; = A, and this common value

must be % since A; + A, = 1. This is another way to formulate Roth’s theorem.

In general, this rational flag arises naturally as the Harder—Narasimhan filtration
associated to a certain submodular function on the rational grassmannian: the maximal
expansion rate of the subspace under the flow. We recall in §1.3 that any submodular
function on a grassmannian gives rise to a Grayson polygon, a notion of semistability, a
Harder—Narasimhan filtration and certain coefficients, the slopes of the polygon, which in
our case will correspond to the Lyapunov exponents A mentioned above. This is the so-
called “slope formalism”, which arises in particular in the study of Euclidean lattices as
first described by Stuhler [40] and Grayson [17], and in many other subjects as well [6,30].
The family of exceptional subspaces V; appearing in Theorem 1 is obtained by grouping
together the different W; appearing when one varies the one-parameter subgroup a.

Although we have restricted to the current setting for clarity of exposition in this
introduction, the result will be proved for more general measures p than push-forwards
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of the Lebesgue measure by analytic maps; the exceptional subspaces then depend only
on the Zariski closure of the support of w. The right technical framework is that of good
measures, which are closely related to the friendly measures of [20]; see §1.9.

The paper is organized as follows. In Section 1 we begin by formulating the technical
version of Theorem 2 and then proceed to describe the slope formalism on the grassman-
nian associated to a one-parameter flow and in particular discuss the associated notion of
Harder—Narasimhan filtration. The proof of Theorems 1 and 2 is carried out in §1.5 and
§ 1.6 after a discussion of the Kleinbock—Margulis quantitative non-divergence estimates.
In Section 2 we formulate and sketch a proof of an extension of Theorem 1 to arbitrary
number fields, which is analogous to the classical extension of Schmidt’s subspace theo-
rem due to Schlickewei to multiple places and targets [5, 34,43]. Finally, in Section 3 we
prove several applications of the main result.

For the sake of brevity we do not state these applications in the introduction and refer
the reader to Section 3 directly instead. Let us only briefly mention that there are five
main applications: (i) we explain how to recover the Sprindzuk conjecture (Kleinbock—
Margulis theorem) from Theorem 1; (ii) we establish a manifold version of the clas-
sical Ridout theorem regarding approximation by rationals whose denominators have
prescribed prime factors; (iii) we recover the main results of [2] regarding (weighted)
diophantine approximation on submanifolds of matrices showing that they also hold for
submanifolds defined over Q (and not only over Q); (iv) we prove an optimal criterion
for strong extremality (Corollary 3), which answers in this case a question from [4,21];
(v) we prove a Roth-type theorem for non-commutative diophantine approximation on
nilpotent Lie groups, extending to algebraic points what was done for Lebesgue almost
every point in our previous work with Aka and Rosenzweig [1,2].

Further applications and an extension of some of the results of this paper to other
reductive groups and homogeneous varieties can be found in the second author’s forth-
coming work [33].

Notation. Given two variable quantities A and B in R, we use the Vinogradov notation
A < B to indicate that there exists a constant C > 0 such that A < CB. When we wish
to specify the dependence of the constant C involved on some parameter L, we write
AL B.

1. The main result

1.1. Dynamical formulation
A lattice, that is, a discrete subgroup A of rank d in ]Rd, can be written as
A=Zu; ®---® Zug,

where (4;)1<ij<q is a basis of R4. And the space €2 of lattices can be identified with the
homogeneous space
Q >~ GLy(R)/GL4(Z).
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The position of a lattice A in the space €2, up to a bounded error, is described by its
successive minima A1(A) < --- < A47(A), defined by

Ai(A) = inf{1 > 0; tk(A N B(0, 1)) > i},

where 1k(A4) for A C A denotes the rank of the free abelian subgroup of A generated
by A, and B(0, 1) is the Euclidean ball of radius A centered at the origin in R4,

Theorem | will be deduced from the following description of the asymptotic behavior
of the successive minima along a diagonal orbit of the lattice LZ?, where L is a j-generic
point of M. Here, as in Theorem 1, M = ¢(U) is the image of a connected open set in
some Euclidean space U C R” under an analytic map ¢ : U — GL;(R), and p is the
push-forward under ¢ of the Lebesgue measure on U .

Theorem 3 (Strong parametric subspace theorem for manifolds). Assume that the Zariski
closure of M is defined over Q. Let (a¢)e>0 be a diagonal one-parameter semigroup in
GL; (R). Then there exist real numbers A1 < --- < Ay such that for p-almost every
L € M and eachk € {1,...,d},

1
lim —logAx(a;LZ%) = Ay. (2)
t—>+o0 t
Moreover, if0 =dy <dy <---<dp, =d in{0,...,d} are chosen so that
Al ="':Ad1 <Ad1+1 ="':Ad2 <"'<Adh,1+l :...:Ad’
then there exist rational subspaces Vy, £ = 0,...,h, in Qd such that

o dimVy; =dyand {0} = Vo < V) < -+ <V = Q7,

o for p-almost every L € M the first dy successive minima of a; LZ? are attained in Vy
provided t is large enough.

In other words: for all € > 0, for w-almost every L € M, there is t1, . > 0 such that for
t>tr e b=1,... h andx € 79,

la;Lx| < e'®a™® — x e V,_,. (3)

In the proof of this result, we will make crucial use of the special case when M is
reduced to a singleton. In that case the theorem appears,' albeit in a slightly different
but equivalent language, in a paper of Evertse and Ferretti [14, Theorem 16.1]. It is a
refinement of the parametric subspace theorem, often attributed to Faltings and Wiistholz
[16, Theorem 9.1]. As shown below, the case when M is a singleton can also be obtained
directly from Schmidt’s subspace theorem in its original form. The two results are really
equivalent. For convenience we will give a self-contained derivation of this special case
and we note that our argument shares many similarities with that of [14, Sections 15
and 16].

'We thank the anonymous referee from whom we learned about this reference.
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An important point to make is that (2) is a limit and not only a liminf or a limsup.
This can be understood as saying that the diagonal orbit of a lattice defined over Q has
an asymptotic shape at infinity. Of course the A; can fluctuate, but only up to a small
exponential error. This is of course in sharp contrast with what happens for certain specific
values of L. Indeed, it is possible to construct matrices L for which the successive minima
have an almost arbitrary behavior along a given diagonal orbit; see [32, Theorem 1.3] and
[8, Theorem 2.2].

Corollary 1 (Parametric subspace theorem for manifolds). Keep the same assumptions
as in Theorem 3. Let a = (a;)t>0 be a one-parameter diagonal semigroup in SLg(R).
There exists a proper subspace V(a) of Q% such that given & > 0, for pw-almost every
L € M, thereisty ¢ > 0 such that if t >ty , and X € 74,

la:Lx| < e™® = x € V(a).

Proof. Here we have assumed that a; is unimodular. By Minkowski’s theorem the product
of all d successive minima of a, LZ is bounded above and below independently of 7. In
view of (2), this implies that Z?:l A; =0.So Az > 0. Hence we can take V(a) = Vj_
in the notation of Theorem 3. ]

The rational subspaces V; appearing in Theorem 3 depend only on (a;);>0 and on the
rational Zariski closure of M, namely the intersection of the closed algebraic subsets of
GL, defined over Q and containing M. This will be clear from the proof of Theorem 3
given below, where a more precise description of V(a) and the V; will be given. As we
will see, the filtration {V;}; is the Harder—Narasimhan filtration associated to M and
(at)s>0, and the A; are the slopes of the Grayson polygon. The next few subsections
contain preparations towards the proof of Theorem 3 given at the end of this section.

1.2. Expansion rate and submodularity

In this subsection M is an arbitrary subset of GL;(R) and a = (a;);>0 a one-

parameter diagonal semigroup. We write a; = diag(e4!?, ..., e4d’) for some real
numbers Aj, ..., Ag. For a non-zero subspace V < RY we define its expansion rate
with respect to a by 1
(V) := lim -log|a;v| 4
t—>+oo

where v represents V' in an exterior power /\k R¢. This quantity takes values in the finite
set of eigenvalues of log a; in exterior powers. More precisely,

(V) =max{l(a); I C[l.d], |I| =k, vi #0} 5)

where I(a) = Zie] A; and vy is the coordinate of v in the basis e = ¢;; A+ Ae;,
of /\k R?, where I = {i1,....ix}, k = dim V. By convention we will also set 7({0}) = 0.
We leave it to the reader to check that if A; > --- > Ay, then

(V) =1Iy(@) with Iy:={ie[l.d;VNF>VNFii) (6)

where ; = (e;,...,eq) and (ey, ..., eg) is the canonical basis of R4,
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For a subset M C GL;(R), we set
(V)= max T(LV). @)
Similarly we see readily that
(V) =max{l(a); I C[l1,d], |I| =dimV, (Lv); # Oforsome L € M}. (8)
From this formula it is clear that for all subspaces V,
™ (V) = tzan) (V)
where Zar(M) is the Zariski closure.

Lemma 1 (Submodularity of expansion rate). Let M C GL4(R) and assume that its
Zariski closure is irreducible. Then the map V +— tp (V) is submodular on the grass-
mannian, i.e. satisfies, for every pair of subspaces Wy, W»,

(W) + e (W) = 1y (W N Wa) + e (W + W), 9)

Proof. Given a subspace W in R?, it is clear from (8) that the Zariski closure of the
set {L € M; 1, (W) < tpy (W)} is a proper subset of Zar(M ). By irreducibility, we may
choose L in M such that tpy = 77 on all four subspaces Wy, W, Wi N W, and W; + W,.
It is therefore enough to prove the lemma for M = {L}. Now let u be a vector representing
U = W; N W, in some exterior power of R . Let also w’ and w}, be such that u A w and
u A W, represent Wy and W, respectively. The subspace Wy + W, is then represented by
u A W, A W, and moreover, for every ¢,

las LA W) llasLaAWwy)ll = lla;Lu|l - la; LA wy AWw).

Together with formula (4), this shows that t7, is submodular. Note that this is compatible
with the convention 77 ({0}) = 0. L]

1.3. Harder—Narasimhan filtration

Submodular functions on partially ordered sets give rise to a “slope formalism” as in
[6, 16, 17, 30, 40]. This is well known. In this subsection we recall the main facts we
need and for the reader’s convenience we give short proofs. The key to them is the
following submodularity lemma, which in implicit form goes back at least to Stuhler
[40] and Grayson [17] in the context of Euclidean sublattices and their covolume and
which we rediscovered in [2] in the present context (subspaces and their expansion rate).
Let k be a field and Grass(k?) the grassmannian of non-zero subspaces of k%. Let ¢ :
Grass(k?) — R be a submodular function, that is, one satisfying (9) with ¢ in place
of tpy.

Lemma 2 (Submodularity lemma). There is a subspace Vg € Grass(k?) achieving the

infimum of %, V € Grass(k?), and containing all other such subspaces.

Proof. Let I be that infimum. Without loss of generality, up to changing ¢ to ¢ — ¢(0),
we may assume that ¢ (0) = 0. We begin by observing that ¢ is bounded below: if (1},), is



E. Breuillard, N, de Saxcé 4280

a sequence of distinct subspaces of maximal dimension with ¢ (V},) — —oo, pick a fixed
line L with L ¢ V, for infinitely many V,; by submodularity inf, ¢(V,, + L) = —oo0,
contradicting the maximality of dim V},. So [ is finite. For k > 1, we set I to be the same
infimum restricted to those subspaces V' with dim V' > k. There is a maximal k¢ such that
I = Iy,. If kg = d, then we can take Vy = k< and there is nothing to prove. Otherwise
let & > 0 be such that I 11 > I + 2¢. If a subspace W satisfies

d(W) < (I +¢)dimW, (%)

then dim W < k. By definition there is such a subspace with dim Vy > ko; call it V. If
Z is another subspace with (), then

P(Z +Vy) = p(Z) + ¢ (Vy) —d(Z N V)
< +¢&)(dimZ + dim V) — I dim(Z N V)
< I dim(Z + V) + 2edim(Z + V),

which forces dim(Z + V) < ko, and hence Z < Vj, as desired. [
Definition 1 (Semistability). We say that k¢ is semistable with respect to ¢ if Vj; = k9.

Definition 2 (Grayson polygon). Let Py : [0, d] — R be the convex piecewise linear
function that is the supremum of all linear functions whose graph in [0, d] x R lies below
all points (dim V, ¢(V)), V € Grass(k%) U {0}. Its graph is called the Grayson polygon

of ¢.
Va
1 2 3 4 /

1

Vs Vs

Fig. 1. A Grayson polygon.

Let (d;, fi),i = 0,..., h, be the vertices of the Grayson polygon with dy = 0 and

dyp = d, that is, the angular points, where the slope changes, i.e. fori = 1,...,h — 1,
Ji— fiz
Si < S8j where §; :(= ————.
i i+1 i di — di—l
The main result is the following:
Proposition 1 (Harder—Narasimhan filtration). For eachi = 0,..., h, there is a unique

k-subspace V; < k? such that dim V; = d; and ¢ (V;) = fi. Moreover, the subspaces V;
arenested, i.e. 0 = Vo <V <--- < Vp = kd, forming the so-called Harder—Narasimhan
filtration of ¢.
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In particular, we see that k¢ is semistable if and only if its Harder—Narasimhan filtra-
tion is the trivial one, {0} < k<.

Remark. Note that given any k-subspace V < k< the function ¢y (W) := ¢ (W) — (V)
defined on the quotient k¢ / V', where W = W/ V for any k-subspace W containing V', is
submodular on Grass(k¢/ V). It is clear from the proposition that V;/V;_, is semistable
with respect to ¢y,_, fori = 1,...,h, and that {V;/V1};>1 is the Harder-Narasimhan
filtration of V/V; with respect to ¢y, .

Proof of Proposition 1. The existence and uniqueness of V; is exactly what the submod-
ularity lemma tells us. Suppose V; has been defined. We may apply the submodularity
lemma again to ¢y, on the quotient k< /V; and thus obtain a subspace V; ; containing V;
strictly and such that the function (¢(V) — ¢(V;))/(dim V — dim V;) reaches at V; 11 its
unique minimum ¢; 1 ; among subspaces V' containing V;. By construction, £; < £; 1 for
eachi > 1.

We now need to show that the Grayson polygon coincides with the polygon P drawn
out of the points (dim V;, ¢ (V;)). In other words, we have to prove that if V' is a subspace
of k9 and i is such that dim Vi <dimV < dim V;4q, then

o(V) —¢(Vi) z Liy1(dim V —dim V). (10)
If V; <V, this is by definition of V1. Otherwise V' N V; < V; and by induction we may
assume that (dim(V N V;), ¢ (V N V;)) lies above P. So
¢(Vi) —o(V N Vi) < {i(dim V; — dim(V N V7). (1)
Moreover, again by definition of V; 4, we have
(Vi +V)—o(Vi) = lit1(dim(V; + V) —dim V). (12)

On the other hand, ¢ is submodular, so ¢(V; + V) + ¢ (Vi N V) < ¢(V;) + ¢(V). Com-
bining this with (11) and (12) we obtain

$(V) = ¢ (Vi) + Lir (dim(V) —dim(V; N V) = &(dim V; —dim(V N V7). (13)

But £;+1 > £;. So (10) follows.

This shows the existence of the V; and the fact that they are nested. To see the unique-
ness note that if dim V' = dim V; and ¢(V) = ¢(V;) but V # V;, then £; > £; 11 in view
of (13), which is a contradiction. |

In the following, we apply this general theory by taking k = Q and ¢ (V) the expan-
sion rate tas (V') defined in (7) on the grassmannian of rational subspaces. The above
definition of semistability reads:

Definition 3. A non-zero rational subspace V in R? will be called M -semistable with
respect to a = (a;);>o if for every rational subspace W < V,

(W) - wm (V)
dimW ~— dimV "’
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Similarly this yields the notions of Grayson polygon and Harder—Narasimhan filtra-
tion of M with respect to a.

Remark (unstable subspace). When deta = 1, a subspace V with t(V') < 0 corresponds
to a point v in some /\k R?, which is unstable with respect to a in the terminology of
geometric invariant theory, i.e. its a-orbit contains 0 in its closure. So R? is M -semistable
if and only if there are no unstable subspaces in the full grassmannian.

Next we make a remark about the dependence of the Harder—Narasimhan filtration
on the choice of a one-parameter semigroup. It is easy to see that the Grayson polygon
depends continuously on a. This is not so for the filtration, because new nodes can appear
under small deformations, but the following lemma shows that the subspaces involved
remain confined to a fixed finite family. Let b(n) be the ordered Bell number, that is, the
number of weak orderings (i.e. orderings with ties) on a set with n elements.

Lemma 3. Let M C GL;(R) with irreducible Zariski closure. There is a finite set Sy
of rational subspaces of R? with |Syr| < b(2%) such that, as a = (a;) (>0 varies among
all one-parameter diagonal semigroups of GL;(R), the subspaces V;(a) arising in the
Harder—Narasimhan filtration all belong to Syy.

Proof. For I C [d],let1(a) = ﬁ > ics Ai, where a, = diag(e41?, ..., e44"). We claim
that the entire Harder—Narasimhan filtration of M depends on a only via the ordering of
the various T(a) for I C [d]: namely, if 7(a) and T(a/ ) define the same weak ordering
on the family of subsets of [d], then the filtrations coincide. To see the claim, note that
every slope (ty (V) — iy (W))/(dim V —dim W) for W < V is equal to 7((1) for some /
(because Iy C Iy as follows from (6) and 7ps can be replaced by tz, for some fixed L
as in the proof of Lemma 1), and Proposition 1 tells us that V;(a) is defined as the unique
solution to an extremal problem involving the comparison of slopes. So only their order
matters. Since there are at most b(2¢) possible orders, we are done. |

We also see from this proof that the slopes A; are continuous and piecewise linear in
log a and actually linear on each one of the cells cut out by the hyperplanes I (a) = I'(a)
for I,1' C [1,d].

Remark. The ordered Bell number b(n) grows superexponentially with n. This gives a
rather poor bound on the number of exceptional subspaces in Theorem 1, especially in
view of Schmidt’s bound d24> from [38]. A more refined argument, which we do not
include here and which is based on the study of the set of permutations arising from the
Schubert closure of M (see §1.8), allows one to improve this to (2d)d.

1.4. Dynamics of diagonal flows

We now describe the dynamical ingredient of the proof. Using the quantitative non-
divergence estimates (see Theorem 5 below), Kleinbock [19] showed the existence of
a well-defined almost sure diophantine exponent for analytic manifolds. As described in
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our previous work [2] with Menny Aka and Lior Rosenzweig, this holds for more general
measures and the exponent actually depends only on the Zariski closure of the support of
the measure, a property called inheritance in this paper, because the measure inherits its
exponent from the Zariski closure of its support. We will need the following version of
these results:

Theorem 4 (Inheritance principle). Let (a;);>0 be a one-parameter diagonal semigroup
in GL4 (R) and for L € GL4(R), set

1

L) :=liminf Y = log A;(a,LZ%).

1 (L) t‘inl?.‘o_z];; ogA;(a;LZY)
J=

Let U C R” be a connected open set, ¢ : U — GL4 (R) an analytic map, and | the image
of the Lebesgue measure under ¢. Let M := ¢ (U) and let Zar(M ) be its Zariski closure
in GLg4 (R). Then for p-almost every L in M and eachk = 1,...,d,

wr(L) = sup  pg(L)).
L’€Zar(M)
Remark. When the Zariski closure of M is defined over Q, this inheritance principle,
combined with Schmidt’s subspace theorem, will allow us to show that the suprema in
the above theorem are attained on some algebraic points of Zar(M). In fact, there exists
L € Zar(M) N GL4(Q N R) such that 11k (L) = SUppczaar) ik (L)) fork =1,....d,
and in some sense, this is true for most elements L € Zar(M) N GL4(Q N R). This will
be of central importance in the proof of Theorem 3.

Proof of Theorem 4. A lemma of Mahler [28, Theorem 3], which is a simple consequence
of Minkowski’s second theorem in the geometry of numbers, asserts that A ( /\k gZ%) is

comparable to [] i<k Aj (gZ%) to within multiplicative constants depending only on d.

Since the k-th wedge representation px : GL(RY) — GL(/\k R9) is an embedding of
algebraic varieties, it maps Zar(M) onto Zar(px (M)). These observations allow us to
reduce the proof to the case where k = 1, which we now assume. To this end we first
recall the quantitative non-divergence estimates in a form established in [18]:

Theorem 5 ([18, Theorem 2.2]). Let M = ¢(U) and p be as in Theorem 4. There are
C,a > 0 such that the following holds. Let p € (0,1] andt > 0, and let B := B(z,r) be
an open ball such that B(z,3"r) is contained in U. Assume that for any vy, . . ., v in Z9
Withw := v] A -+ A v # 0,

sup [la;p(y)w > pF.
yE€B

Then for every € € (0, p], we have

[{x € B: A1(arp(x)Z%) < e}| < C(¢/p)*| BI.
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Given B € R, we say that a subset S C GL,4(R) satisfies condition (€g) if

Je>0,Vke{l,....d}, Vi >0, Vw=1uv A--- Avg € AF 27\ {0},

sup [la;gw| > cekPt. (€p)
ges

And we set
B(S) :=sup{B € R; S satisfies (€p)}. (14)

Note that by construction, if S C §’, then 8(S) < B(S’).

Claim 1. Forall L € S, we have B(S) > pu1(L). If S = ¢(B), where ¢ and B are as in
Theorem 5, equality holds for -almost every L € ¢(B).

Proof of claim. If B > B(S), then (€p) fails. This implies that there exists ¢ arbitrarily
large such that supg ¢ g [|a; gw|| < kPt for some w # 0. However by Minkowski’s theorem
applied to the sublattice represented by a, gw, this means that sup,c g A1(a; gZ%) < &Pt
Hence (L) < B.

The opposite inequality for S = ¢ (B) will follow from the quantitative non-diver-
gence estimate combined with Borel-Cantelli. Let B < B(¢(B)). Then (€g) holds and,
given § > 0, Theorem 5 applies with p := ceP? and & = eB=9) 5o that

|{.x € B, Al(at¢(.x)zd) S e(ﬂ_(g)t}l S Ce_a8t|B|_

Summing this over all # € N, we obtain by Borel-Cantelli that for almost every x € B,
M(arp(x)Z%) > eB=9" if ¢ is a large enough integer. But this clearly implies that
M(arp(x)Z%) > eB=29 for all large enough ¢ > 0. Hence 1 (¢p(x)) > B — 26 for
Lebesgue almost every x € B. Since § > 0 is arbitrary, this proves the first claim.

Now we make the following key observation. For every bounded set S C GL; (R) and
compact set K D S,

B(S) = B(Zar(S) N K) = B(H(S) N K). (15)

Here #(S) is the preimage in GL4 (R) under p of the linear span #g of all p(g), g € S,
where p is the linear representation with total space E = @Z:l /\k R?. This follows
immediately from the following claim:

Claim 2. There is C = C(S) > 0 such that for all w and t we have

sup  largwl| < C sup [|a;gw]. (16)

geH(S)NK ges
Proof of claim. We note that #Hs = Hzu(s) = Hzar(s)nk, because S and Zar(S) N K
have the same Zariski closure. Now consider the space £ (Hs, E) of linear maps from g
to E.If X C Hs is a bounded set that spans g, then the quantity L +> supscy ||[L(A4)]|
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defines a norm | - [x on £(HKs, E). Therefore for any two such sets X, X’ there is a
constant Cx/ x > 0 such that for all L € £(Hs, /\k R%) we have

|Llx» < Cx’ x|Llx.

This applies in particular to the sets X := p(S) and X’ := p(Zar(S) N K). Now (16) fol-
lows by setting L : A — a; Aw, an element of £(Hg, E). This ends the proof of Claim 2.

We may now finish the proof of Theorem 4. Since M is connected, it follows from
Claim 1 that the p-almost sure value of @1 (L) for L € M is unique and well-defined and
equals B(¢(B)) for any ball B as in Theorem 5. It is also equal to sup; ¢, t1(L) by the
first part of the claim. However, since ¢ is analytic, the Zariski closure of ¢»(B) coincides
with Zar(M). So (15) entails B(¢(B)) = B(H (M) N K) for any compact K D ¢(B).
But Claim 1 applied to S = Zar(M) N K implies that w1 (L) < B(Zar(M) N K) for all
L € Zar(M) N K. Since K is arbitrary, we get supy cz,,ary 1(L) < f(Zar(M) N K).
The right-hand side is the p-almost sure value of (L), so this inequality is an equality.
This ends the proof of Theorem 4. ]

1.5. Proof of Theorem 3

Without loss of generality we may assume that A; > --- > Ay, where A =
diag(A,....,Ag) and a;, = exp(tA). Let0 = Vo < V} < --- < V}, = Q¢ be the Harder—
Narasimhan filtration associated to the submodular function 734 on the grassmannian
of Q%. Let d; = dim V; and

v (V) — i (Ve1)

Ag = ifdg—y <k <d.
k di —dyp, Wde—1 <k =dy

We need to show that for each £ = 1,..., & and for p-almost every L the limit (2)
holds when dy_; < k < d; and that for # large enough the first dy_; successive min-
ima of a; LZ¢ are attained in V,_;. Suppose this has been proved for all £ < i and let us
prove it for £ = i.

By Minkowski’s second theorem, for every L € M,

1
lim sup > logAk(a LZ?) < tn(Vi) < e (V7).

t—+00 k<d;

On the other hand, we already know that for p-almost every L,

lim L > logh(aLZY) = Y Ap = (Viny). (17

t—>+oo [
k=<di— k=di—

Hence {
lim sup — Z log)Lk(a,LZd) <ty (Vi) — (Vi)

t
t—>+00 di_ <k<d;
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Therefore to prove (2) it suffices to show that for p-almost every L,

o1 (Vi) —tu (Vir)
liminf — log A4, LZ%) > -
lim inf - log di_1+1(as ) > 4 —dis

Ag,. (18)

This will also prove (3) for £ = i as we now explain. By Minkowski’s theorem,

. 1
lim = > logAi(@LVi—1(Z)) = i(Vio1) <t (Vio).

t—>+oo t
k<d;i—

In view of (17) this quantity is actually equal to tas (V;—1). Therefore the d;_; first min-

ima of a,LZ are attained in V;_;, and (3) follows from (18). We now establish (18)
separating two cases.

First case: M = {L} with L € GL4(Q). Fixing ¢ > 0, we want to show that for > 0
large enough, any integer solution v € Z¢ to

la; Lv|| < e'Pdi=®) (19)

satisfies v € V;_;. Argue by contradiction and suppose that for arbitrarily large t > 0
there are integer solutions v to (19) with v ¢ V;_;. Let V D V;_; be a subspace of Qd of
minimal dimension containing such solutions.

Consider the linear forms Ly, ..., Ly on R? given by the rows of L. They are linearly
independent and have coefficients in Q. Note that (19) implies

Vke{l,....d}, e"“|Li(v)| <P, (20)

Recall the subsets of indices [y and [y,_, defined as in (6). For k ¢ Iy, _, the restriction
Li|v,_, of Ly to V;_ lies in the span of the Lg|y,_, for £ < k, £ € Iy,_,. Since the
linear forms {L¢|v,_, }¢e Iy, , are linearly independent, there is a unique choice of scalars
O € Q N R such that Lilv,_, = Zfélvi_l <k ¥, Lelv;_, . We define

Mp:=Li— Y ol
Lely. <k

i—1’

By construction M} vanishes on V;_; and induces a linear form Mk on the quo-
tient V/V;_;. Also by construction, the linear forms {My }rer,\1,, ) have coefficients
i

in Q@ N R and are linearly independent on V/ V;_.
It follows from (20) that

Vk ¢ ly,_,, e |Mp(v)| <p P, 1)

where UV = v mod V;_;. But Zkelv\lvi_l A = (V) — 1.(Vi—1), so

‘ l—[ i, (5)‘ & e~ @imV—die
kEIV \Ivi—l

because by definition of V; and Ay, we know that A4, < %j}fr‘). On the other
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hand, |Ag; | < |A| := max |Ag|, and in view of (19) we have ||v]| < [Jv]| <L e2l4lt g0
setting &’ = ¢/(2d|A|), we obtain

| TT @] <l 22)
kEIv\IVl._l

We are thus in a position to apply Schmidt’s subspace theorem [37, Theorem 1F] and
conclude that all but finitely many integer solutions to this inequality lie in a finite union
of proper rational subspaces of V/V;_;. This contradicts the minimality of V.

General case: Note that Zar(M) is an irreducible algebraic variety, so 7 is submodular.
In view of (5), given any rational subspace V in R¥ the set of elements L in M such that
t1.(V) # (V) is a proper closed subvariety of Zar(M) that is defined over Q and of
bounded degree. By Lemma 4 below (applied to F = R N Q) we may choose a point L
of Zar(M) in GL4(Q) such that 71,(V) = (V) for all rational V. Then the Harder—
Narasimhan filtrations and the Grayson polygons of M and {L,} coincide. By the first
part of the proof,

lim inf log Ay, +1(a:LoZ%) > Ag,. (23)

t—+oo t

Now we may invoke Theorem 4. In view of (23) and (17) this implies (18).

Lemma 4 (Countable unions of proper subvarieties). Let X be an irreducible algebraic
variety defined over a number field K. Let F be an algebraic extension of K of infinite
degree. Let k > 1 and suppose (X;);>1 is a countable family of proper closed subvarieties
of X of degree at most k, each defined over a field K; of degree at most k over K. Then
X(F) is not contained in the union of the X; @), j > 1.

Proof. Looking at a finite cover by affine varieties, we may assume that X is affine. Then
by Noether’s normalization theorem, there is a finite morphism f : X — A¢ defined
over Q, where d = dim X. So again without loss of generality, we may assume that
X = A9, the d-dimensional affine space. But we can of course find elements x; € F,
i =1,...,d, such that x; has degree > k? over K(x1,...,xi—1). Then Kj(xy,...,x;)has
degree > k over K (xy,...,x;—1) forall j, so (x;,...,xg) will not belong to any X;. m

1.6. The subspace theorem
We are now ready for the proof of Theorem 1.

Proof of Theorem 1. Without loss of generality, we may assume that M is a bounded
subset of GLg4(R). In particular, there is C = C(M) > 1 such that || Lx|| < C|x| for
every x € R? and L € M. We are going to show that there is a finite set P with |P| <
(2Cd?e™1)4 of one-parameter unimodular diagonal semigroups a = (a;) >0 Wwith the
following property. If L € M and x € Z¢ is a solution to (1) such that the integer part ¢
of 5 log|[x| is at least 1, then there is @ € P such that

la:Lx|| < de™. (24)
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To see this, let £; = log |L;(x)|. By (1) we have £; + --- + {4 < —4dt. Note
that ¢; < log | x|| +logC < (8d/e 4+ log C)t. Let {; = max {{;, —Dt}, where D =
5d(log C + 8d/e). If there is an index i such that ¢; # ¢;, then £} + --- + £, <
—Dt + (d —1)(D/5d)t < —4dt. We conclude that £} + --- + £/, < —4dt always. Now
define b; := %(5/1 4+ 4 Z;) — ;. Then by + --- 4 by = 0, and for each i,

€i+bi§£;+bi§—4[.

On the other hand, |¢;| < Dt, so |b;| < 2Dt. Let B be set of integers points in 74 with
coordinates in [-3D, 3D]. Choose (n1,...,n4) € B such that |b;/t —n;| < 1/2 for
all 7. In particular, | ZZ:l n;| < d/2. Changing some 7; to the next or previous integer
if needed, we may ensure that Zf=1 n; = 0and |b;/t —n;| < 3/2. Then we set a; =
diag(e™’, ..., e"@") and let P be the finite set of such diagonal semigroups. Note that
|P| < (6D)%. Clearly £; 4+ n;t < —t and (24) follows.

Now we may apply Corollary 1 and conclude that for p-almost every L € M, if x is
a large enough solution of (1), it must lie inside V(@) for some a in P. This shows that
the number of exceptional rational subspaces is finite. However, by Lemma 3 above the
subspace V(a) can take at most b(24) possible values as a varies among all unimodular
diagonal semigroups. This ends the proof. ]

Remark. Note that conversely, each V(a), and hence each V; in Theorem 1, contains
infinitely many solutions to (1) for every ¢ > 0.

Remark. Furthermore, the rational subspaces V; U --- U V. depend only on the rational
Zariski closure of M and not on the choice of L. And because they are defined by a simple
slope condition, their height is effectively bounded in terms of the height of Zar(M). On
the other hand, the finite set of exceptional solutions lying outside the V; depends on L
and ¢ and there is no known bound on their height or number; see [12, Proposition 5.1].
When M is a single point it is however possible to group together the finitely many
exceptional solutions into another set of proper subspaces whose number, but not height,
can be effectively bounded; see [11].

1.7. Varieties defined over R

What happens if we remove the assumption in Theorem 3 that the Zariski closure of M
is defined over Q? Without this assumption, diagonal flow trajectories may not behave
as nicely and typically no limit shape is to be expected. However, we may give a simple
upper and lower bound on the almost sure value of ui (L) fork = 1,...,d, which exists
by Theorem 4, in terms of the rational and real Grayson polygons, as we now discuss. So
far we have only considered the rational Harder—Narasimhan filtration { ViQ}?SO and its
rational polygon €@ with slopes le , because we have restricted ourselves to considering
the grassmannian of rational subspaces. But we may also take k = R in §1.3 with the same
submodular function 7. This yields a new Harder—Narasimham filtration {ViR}?EO for
the real field and a new Grayson polygon R with slopes s:.R, which obviously lies below

the rational polygon.
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Let as before M = ¢(U) be the image of a connected open set U C R” under an
analytic map ¢ : U — GL;(R) and u the measure on M that is the image of the Lebesgue
measure on U . In this subsection we no longer assume that Zar(M ) is defined over Q. Let
i be the p-almost sure value of g (L) as given by Theorem 4 and M;UP the supremum
overall L € M of M;{Up (L), where ,u‘;:p (L) is defined by the same formula as jx (L) with a
limsup in place of the liminf. Consider the points (k, ux) fork = 1,...,d and interpolate
linearly between them, so as to form a polygon §,, as in Fig. 1. Similarly form §,,"” with
(k, ,u;:p). Note that §,," is convex (being a supremum of convex polygons), but §,, may

not be.

Proposition 2 (“Sandwich theorem”). The polygons §,,, 5" lie between the rational
Grayson polygon €2 and the real Grayson polygon §®. In other words, for each k =

I....d,
R S
SR <= P =) sQ,

i<k i<k

where m;. n; defined by dim VX | <i < dim VR anddimV,2 | <i < dimV,2.

Q _ R
1 2 3 4
1 1 1 %

v o
V.
2 V3Q
R
VR Va
25

R
V3
Fig. 2. 9, lies between the rational and the real polygons.

Proof. The upper bound follows from Minkowski’s theorem: the first d; successive min-
imain a ,LZd are smaller than those attained in ViQ, SO

. 1
pi(L) < limsup — 3 log Ak (a: LZY) < w0 (V) <t (V7).

t—-+o00 k=<d;

Since this holds for each i = 0,..., hq, and the polygons are convex, we conclude that
G,," lies below §Q.

The lower bound follows from a modified version of the proof of Theorem 4 that uses
instead the refined quantitative non-divergence estimates for successive minima already
mentioned and established in [33, Chapter 6] or [27, Theorem 5.3]. We now explain this
briefly and refer to [33, Theorem 7.3.1] for the details of a more general statement. Let
B be a small ball around some x € U. Note that ¢(B) is Zariski dense in M and thus
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M = Tg(B)- Let Bx be the infimum of all 737 (W), where W ranges among real subspaces
with dimension k. In view of (8) this implies that there is I with /(a) > B such that
(Lw); # 0 for some L € M. By compactness of the grassmannian of k-dimensional
subspaces there is ¢ > 0 such that maxy,_ja)>g, supyeas [[(LW)r]l > c||w]| for all W. It
follows in particular that sup; ¢, |la; Lwl|| > ek uniformly in > 0 and in non-zero
integer-valued w. Now let y, < B be the largest such function of k that is convex in k.
Then the exact same Borel-Cantelli argument used in the proof of Claim 1 in Theorem 4,
using instead the refined quantitative non-divergence in the form of [27, Theorem 5.3],
shows that for p-almost every L in B, px(L) > yi. Since B4, = rM(ViR), we have
shown that §,, lies above gR. m

This proposition also holds for measures @ on GL4(R) which are good in the sense
of §1.9 below; see [33, Theorem 7.3.1].

If Zar(M) is defined over Q, then by uniqueness of the Harder—Narasimhan filtration,
we see that the real and rational filtrations coincide. In particular, in this case all three
polygons coincide. If Zar(M) is defined over Q, then the filtration over R is in fact defined
over @, and Theorem 3 asserts that §,, coincides with €92 However, R may be different.

Similarly:

Corollary 2. Let M be as in Theorem 1, except we no longer assume that Zar(M) is
defined over Q. Let a = (a;, = exp(tA)); be a diagonal flow. Assume that R¢ is M-
semistable with respect to a (see Def. 3). Then for w-almost every L € M,

1
.. dy~ L
ltlinﬁgf/\l(a,LZ ) > 7 Tr(A).

1.8. Pliicker closure

In this subsection we define the notion of Pliicker closure of a subset M C GL4(R) and
we explain why in Theorems 1 and 3 instead of assuming that Zar(M) is defined over Q,
it is enough to assume that the Pliicker closure of M is defined over Q.

Let M C GL;4(R) be a subset and (E, p) be the direct sum of the exterior power
representations of GL;, namely £ = @gzl /\k R?. We denote by #ys the R-linear
span in End(E) of all p(g), g € M. We further define the Pliicker closure # (M) of M
as the inverse image of #3 under p in GL4(R). Note that # (M) contains the Zariski
closure Zar(M) of M. We say that # (M) is defined over Q if # has a basis with
coefficients in Q in the canonical basis of E. An obvious sufficient condition for this to
hold is to ask for Zar(M) to be defined over Q.

We also say that M is Pliicker irreducible if p(M) is not contained in a finite union
of proper subspaces of #js in End(E). Clearly Zariski irreducibility implies Pliicker
irreducibility. It is clear that Pliicker irreducibility of M is enough to guarantee that 77 is
submodular by the argument of Lemma 1. It is also clear that 7ay = T3 ).

For simplicity of exposition, we have chosen to state the assumptions in our main
theorems in terms of the Zariski closure of M, but in fact Theorems 1 and 3 hold assuming
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only that the Pliicker closure is defined over Q. The proof is verbatim the same, except
that in Theorem 4 we get the following slightly stronger statement: for p-almost every L
in M and each k,

pmi(L) = sup  pg(L)).
L'eH (M)

Again the proof of this equality is exactly the one of Theorem 4 when k = 1. However,
the reduction to the case k = 1 via Mahler’s lemma no longer works here, because # (M)
may differ from ¢ (p(M)). Instead one may use the enhanced version of the quantitative
non-divergence estimates already mentioned in the proof of Proposition 2, namely [33,
Chapter 6] or [27, Theorem 5.3] in place of Theorem 5, which enables one to run the
argument simultaneously for all k. This shows that the almost sure value of each w (L),
and thus the polygon §, defined in the previous subsection, depend only on the Pliicker
closure of M.

There is another notion of envelope of M that is also natural to consider, namely the
intersection Sch(M) of all translates S, g of Schubert varieties S, = BoB containing M.
Here B is one of the d! Borel subgroups containing the diagonal subgroup and the clo-
sure is the Zariski closure. This Schubert closure contains the Pliicker closure. It is easy
to see from (6) that the submodular function )y depends only on Sch(M). Restricting
to rational translates ;g with g € GL;(Q) one obtains the rational Schubert closure
SchQ(M). The asymptotic shape and the exceptional subspaces appearing in Theorems 1
and 3 depend only on SchQ(M). A natural question we could not answer is whether or not
the main theorem remains valid under the (weaker) assumption that Sch(M) is defined
over Q. The answer is clearly yes when Sch(M ) is defined over Q as follows readily from
Proposition 2.

1.9. More general measures

In this subsection, we define a class of measures called good measures, which is wider
than the family considered so far of push-forwards of the Lebesgue measure under ana-
lytic maps, and for which Theorems 1, 3 and 4 continue to hold. This class is very closely
related to the so-called friendly measures of [20, 24]: instead of being expressed in terms
of an affine span, the non-degeneracy condition is defined in terms of local Pliicker clo-
sures.

First we need to recall some terminology. We fix a metric on GL4(R), say induced
from the euclidean metric on the matrices M; (R). Given two positive parameters C and
o, a real-valued function f on the support of u is called (C, o)-good with respect to u if
for any ball B in GL;(R) and all € > 0,

ux € B: | f(x)] < el fllu.B}) < Ce*u(B),

where || f[|,.,B = SUPxepnsuppy |/ (X)|- The measure p is doubling on a subset X C
GL,; (R) if there exists a constant C’ such that for every ball B(x,r) C X,

1(B(x,2r)) < C'u(B(x,r)).
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Then we say that a Borel measure  is locally good at L € GL4(R) if there exists a ball B
around L and positive constants C, @ such that

(i) the measure u is doubling on B;

(ii) for every k € {1,...,d}, for every pure k-vector w = vi A --- A V¢ in /\k R4, and
every a € GL;(R), the map y - |lay - w| is (C, @)-good on B with respect to .

Recall next that given a subset S C GL4(R) and a point x € S, the local Pliicker clo-
sure H(S) of S at x is the intersection over r > 0 of the Pliicker closures of S N B(x,r):

He(S) = () H(S N B(x.r)).

r>0

We may now define the class of good measures.

Definition 4. A locally finite Borel measure ;1 on GLy (R) will be called a good measure
if supp u is Pliicker irreducible and for w-almost every L,

(1) the measure p is locally good at L;
(2) the local Pliicker closure of supp u at L is equal to that of supp u.

Of course, the most important example of a good measure is that of the push-forward
of the Lebesgue measure under an analytic map.

Proposition 3 (Analytic measures are good). Let n € N, let U be a connected open set
inR", and let ¢ : U — GL4(R) be a real-analytic map. Then the push-forward under ¢
of the Lebesgue measure on U is a good measure on the Zariski closure M of ¢ (U).

Proof. Note that the maps of the form u — |lap(u) - w||?> are linear combinations of
products of matrix coefficients of ¢(u) and hence belong to a finite-dimensional lin-
ear subspace of analytic functions on U depending only on ¢. So [19, Proposition 2.1]
applies. ]

Theorem 4 holds for all good measures @ on GL; (R) with the same proof (suitably
modified via the enhanced quantitative non-divergence estimates as mentioned in the pre-
vious subsection). In fact, the definition of good measures has been tailored precisely for
Theorem 4 to hold. Thus the subspace theorem for manifolds and the parametric subspace
theorem, Theorems | and 3, hold for good measures w such that the Pliicker closure of
supp p is defined over Q.

2. A generalization to number fields

Schmidt himself observed in [36] that his theorem for Q implied a more general ver-
sion for any number field K, and this was generalized shortly after by Schlickewei [34],
who gave a statement allowing also finite places. In this section, we formulate a similar
generalization of Theorems 1 and 3.
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For a place v of a number field K, the completion of K at v is denoted by K,. As
in Bombieri—Gubler [5, §§1.3—1.4] we use the following normalization for the absolute
value | - |, on Ky.

x|y := Nk, g, (x)/KQ

where Q, is the completion of Q at the place v restricted to QQ and Nk, /@, () is the norm
of x in the extension K, /Q,. The product formula then reads [ [, |x|, = 1 forall x € K.
If S is a finite set of places of K containing all archimedean ones, the ring Og s C K of
S-integers is the set of x € K such that |x|, < 1 for all places v lying outside S. Elements
of its group of units are called S-units.

Let d be a positive integer. The d-dimensional space Kfj' will be endowed with
the supremum norm || - ||, i.e. for an element x = (xiv), ey xz(iv)) in K¢, |x||, =
maxj <j <4 |xl.(v)|v. More generally, we let Ksg = [[,cg Kv be the product of all com-
pletions of K at the places of S, and if x = (x(v))ves is an element of K¢, we define its
norm ||x||, its content c(x) and height H(x) by

Ixll = max [x®ly.  cx) = [TIx" s, H@® = [Tmax {1 x®l,}.

veS veS

It is clear that c(x) < H(x) and |x|| < H(x) < max {1, ||x|/!S!}. It follows from the
product formula that ||x| > 1 if 0 # x € Ok s. The image of Ok s in Ks under the
diagonal embedding is discrete and cocompact in K [26, Chapter VII], and norm-closed
balls in Kg are compact. Furthermore, it is easily seen from Dirichlet’s unit theorem that
there is a constant C = C(K, S) > 0 such that for all x € Kg with ¢(x) # 0, there is an
S-unit @ € Ok, s such that

e Cllax|!S! < e(x) < fJax|!S. (25)

For each v € S, we denote by GL;(K,) the group of invertible d x d matrices with
coefficients in K, and we set

GL4(Ks) = [ | GL4(Ko).

veS

A product measure it = &), g 4v 0n GL; (Ks) will be called a good measure if each
Wy is a good measure on GL;(Ky). The definition of a good measure given in §1.9 for
K, = R extends verbatim to other local fields K.

Examples of good measures are provided by push-forwards of Haar measure under
strictly analytic maps. Indeed, Proposition 3 continues to hold for analytic maps ¢ :
U — GLy4(Ky) whose coordinates are defined by convergent power series on a ball
U:= B(x,r) ={y € Kj; max]_, |y; — x;| < r}in K. This is because, on the one
hand the push-forward of Haar measure on K, under ¢ will be locally good everywhere
by [24, Proposition 4.2], and on the other hand, the Pliicker closure of the image of a ball
B C U of positive radius is independent of the ball, because convergent power series that
vanish on an open ball must vanish everywhere.
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Let Ey := Py <4 /\k K I‘f. We will say that the Pliicker closure of j is defined over Q
if for each v € S,_the subspace Hgupp i, Of End(Ey) (see §1.8) is defined over @ i.e.
is the zero set of a family of linear forms on End(E,) with coefficients in Q N K.
Clearly this is the case if for each v € §, the Zariski closure of supp p, in GL;(Ky)
is defined over Q. We will also denote by J (i) the cartesian product of all #(/i,),
where J (i) 1= {g € GL4(Ky); pv(8) € Hsupppuy }-

We are now ready to state:

Theorem 6 (Subspace theorem for manifolds, S-arithmetic version). Let K be a number
field, S a finite set of places including all archimedean ones, Ok s its ring of S -integers,
and d in N. Let . be a good measure on GL;(Kg) whose Pliicker closure is defined
over Q. Then there are proper subspaces V1., ..., V, of K¢, with r = r(d,|S|), such that
for w-almost every L and for every € > 0, the inequality

d
1
[T el < - o (26)

veSi=1

has only finitely many solutions x € (91% s \ (V1 U---UV;) up to multiplication by an
S -unit.

Here L = (L™)yes € GLy(Ks) and each Lgv) denotes the i-th row of the matrix
L™ e GL4(K,). Note that the left- and right-hand sides of (26) are unchanged if x is
changed to ax for some S-unit o, so we will focus on the equivalence classes of solutions.
The bound on the number r of exceptional subspaces depends only on d and | S|, and each
subspace contains infinitely many (classes of) solutions to (26).

If 4 is a Dirac mass at a point L = (L™),cs with L® € GL;(Q) N GL4(Ky), then
the theorem is exactly the S-arithmetic Schmidt subspace theorem as stated in [5, §7.2.5].

2.1. Parametric version

Theorem 6 is deduced from Theorem 7 below, which is a parametric version analogous to
Theorem 3. To formulate it, we need to define the S-arithmetic analogues of a lattice and

its successive minima. A family of vectors Xy, ..., Xy in Kg is said to be linearly inde-
pendent if it spans a free K g-submodule of rank k. Equivalently, the vectors X(lv), . ,x,(c")

are linearly independent over K, for each place v.

Definition 5 (Lattice in a number field). For any positive integers k < d, we define a
sublattice in Kg of rank k to be a discrete free Ok, s-submodule of rank k in K 31 In other
words, it is a subgroup A < Kgl that can be written as

A =0Ogsx1® & 0Ok,sX

for some linearly independent elements x; = (xgv))ves in K g .Ifk = d we say that A is
a lattice in Kg.
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If L is any element of GL;(Kys), then A = L(91k< 5 is a sublattice of rank k in ngi.

Conversely, they are all of this form. Note that if xy, ..., X; are vectors from a lattice A,
they are linearly independent if and only if x(lv), cees x,(cv) are linearly independent for some
place v.

Definition 6 (Successive minima). If A is a sublattice in ngi and k € [1,d],
Ax(A) = inf{A > 0; Ixy,...,xX¢ € A linearly independent with V j, c(x;) < A}
is its k-th successive minimum, where c(X; ) is the content defined earlier.

It follows from (25) that we may have defined the successive minima using |/X; IS
in place of c(x;) without much difference. In particular, either definition will suit the
theorem below.

The analogue of Theorem 3 now reads as follows. Fix a diagonal element a =
diag(al(v)) in GL;(Ks), and consider the flow a; = a’ for every ¢ € N.

Theorem 7 (S-arithmetic strong parametric subspace theorem). Let K be a number field
and S a finite set of places containing all archimedean ones. Let (a;):eN be a diagonal
flow in GL;(Kg) and u a good measure on GL4 (K g) whose Pliicker closure is defined
over Q. Then there are K-subspaces 0 = Vo <V} <--- < Vp = K and real numbers
§1 < ...< sy such that foreachi = 1,...,h and for w-almost every L,

(1) ifdimVi_y < k < dim V}, then lim; o0 1 log Ak (a;L(Ok,5)?) = si;

(2) for all t > 0 large enough, the first dim V; successive minima of atL((DK,S)d are

attained in V;.

In other words, for every ¢ > 0 and p-almost every L, there is tg 1 such that if t >ty 1,
L=1,...,h,andx € ((91(,3)”’,

clarLx) < '™ — x e V. 27)

The K-subspaces V;, i = 1,...,h, appearing in Theorem 7 are the terms of the
Harder—Narasimhan filtration associated to M := supp u C GL;(Ks) and the quanti-
ties s; are its slopes. We describe this filtration in the next subsection.

2.2. Harder—Narasimhan filtrations for Kg

In this subsection we define a submodular function on the grassmannian Grass(K 4y that
generalizes the expansion rate 7y defined earlierin §1.2. Given a K g-submodule V in K g
we define its expansion rate as follows:

o1
(V)= t_l)n}_loo " logc(a;v)

where ve A* K¢ = [],cs /A" Ky and c(v) is the content as defined earlier. Here we

identify /\k K, with K,ﬂv ,N = (Z) and use the standard basis e;; A --- A ¢;, to define the
norm, and note that V' = [, V%, where each V}, is a K,-vector subspace represented by
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an element v, € A\ K,. So 7(V) is just the sum of the expansion rates of V,, in K{f over
all places v € S. For a subset M C GL;(Kg) we also define

(V) = 11415)} T(LV).

As in (8) above, we see that if V represented by v e A* K¢, then

(V) = max{I(a); I = (Iy)yes. IL € M, Vv € S, (LOV®), 0},
where I, C [1.d], |I,| = dim Vy, I(a) = 3,5 Iv(a) and Iy(a) = Y ;¢;, log e,
and wy is defined by the expression w = Z|I|=k wrey, where e = ¢;; A--- A e, when
I ={i1,... ik}

We will say that M is Pliicker irreducible if its projection to GL;(K,) is Pliicker
irreducible for each v € S. Under this assumption we see by the same argument as in
Lemma 1 that 737 is submodular on the set of all K g-submodules of ngi.

If we restrict Tp7 to the set of K-subspaces of K¢, i.e. the grassmannian Grass(K?),
then we obtain a well-defined notion of Harder—Narasimhan filtration, Grayson polygon
and slopes. This gives what we will call the rational Grayson polygon §% . And a K-linear
space V will be M -semistable for the semigroup (a;,) if for every K-subspace W < V,

(W) _ (V)
dimW ~— dimV "’

But we may also consider t3s as a function on the set of all Kg-submodules of K fgi .
Since the dimension of each projection to K, may not be the same for all v, we use the
following definition for the dimension of a submodule V' = [, V3:

1
dimV = S > dimg, V.

veS

Then dim V is a modular function on the “full grassmannian”, i.e. the set of all Kg-
submodules of Kg. Thus Proposition 1 and its proof are still valid and we obtain a “full”
Harder—Narasimhan filtration and a “full” Grayson polygon §Xs whose nodes now have
x-coordinates in |T1\N'

2.3. Inheritance principle and proofs

In this section we discuss the proof of Theorems 6 and 7. A basic ingredient is the S-
arithmetic version of Minkowski’s second theorem, which without paying attention to
numerical constants takes the following form:

Theorem 8 (Minkowski’s second theorem). Let A be a sublattice in Kfé as in (5). Then
c(xp A Ax)VIEQ < 31 (A) - Ak (A) € e(xp A - Axg) VIEQD

where the constant involved in the Vinogradov notation < depends only on K, S and d,
but not on A.
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The content ¢(X; A -+ A Xg) is proportional to the covolume of A in its Kg-span. See
[5, Theorem C.2.11, p. 611] for a proof when S has no non-archimedean places and [23]
in the general case with the caveat that the normalizations used in the latter paper differ
from ours especially at the complex place, leading to a slightly different definition of the
successive minima.

The derivation of Theorem 6 from Theorem 7 goes verbatim as that of Theorem 1
from Theorem 3 given in §1.6. One replaces d with d|S| and treats all linear forms ngv)
on an equal footing. The constant D needs to be increased appropriately, and at non-
archimedean places v the exponential used in the definition of the flow will be replaced
by a power of a uniformizer 7, of Ky, namely a'" = diag(zy """, ..., 7y®"") for inte-
gers n;,. One also needs to recall that in view of (25), for each T > 0O there are only
finitely many classes of x € (91‘1(’ g with ¢(x) < T, so we may assume that ¢(x) is large.
The number r of distinct V;’s obtained is bounded by 5(2¢/51) similarly to Lemma 3.

Now the proof of Theorem 7 is again verbatim as that of Theorem 3, treating all Lg”)
on an equal footing and keeping the argument unchanged. One needs to invoke the S-
arithmetic subspace theorem (in the form of Theorem 6 for a single point, or as in [5,
Corollary 7.2.5]) in place of the ordinary subspace theorem. For the dynamical ingredient
at the end, one applies instead the following generalization of Theorem 4.

Theorem 9 (Inheritance principle). Let K be a number field, S a finite set of places
containing all archimedean places, and d in N. Let (a;) be a diagonal one-parameter
semigroup in GL; (Ks), and p a good measure on GLg (Kg) with # (1t) = [[,es H (4v)
the Pliicker closure of its support. For k € [1,d] let

| d
wr(L) = lltrgg.}f; Zlogli(a,LQK,S)

i<k

for each L € GL;(Kg). Then, for u-almost every L,

(L) = sup  pr(L)).
L'edt ()
Sketch of proof. When k = 1 the proof is identical to the proof of Theorem 4 with the
following adjustments. Theorem 5 was extended to this context by Kleinbock—Tomanov
[24, §8.4] (technically speaking only for K = Q, but the general case is entirely analo-
gous). The norm there and in the definition (€g) of B must be replaced by the content
of the corresponding vector. Theorem 8 must be used in place of the original Minkowski
theorem to prove the first claim. Also (16) continues to hold with the content in place of
the norm for subsets of GLy(Ks) that are cartesian products of subsets of GLy4 (K, ) for
v € S, which is the case for supp(i) by definition of a good measure. So Claim 2 also
holds. The case k > 1 is analogous, but as in the proof of Proposition 2, one needs to use
the refined quantitative non-divergence estimate proved in [33, Chapter 6] and [27, Theo-
rem 5.3] instead of Theorem 5. [

We end this section by stating the analogue of Proposition 2 in the S -arithmetic con-
text. The following describes what is left of Theorem 7 if we remove the assumption that
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the Pliicker closure of the good measure p is defined over Q. In §2.2 we have defined
two Grayson polygons: the rational one §X coming from Grass(K?) and the full one
§%s coming from the full grassmannian of all K g-submodules. And of course we have
as before the polygon §,, with nodes (k, ix), k € [1, d], where py is the p-almost sure
value of ux (L) provided by Theorem 9 and the polygon §,,"” with nodes (k, /L;:p), where
M;CUP is the supremum of /LZUP(L) over L € M, and ;L;CUP(L) is defined as g (L) with
limsup in place of liminf.

Proposition 4 (S-arithmetic sandwich theorem). The polygons §,,,8,," lie between gk
and €%s | ie.
gks < g, <gwr < gk

Again the proof is mutatis mutandis that of Proposition 2.

3. Examples and applications

In this last section we present a number of applications of the main theorem.

3.1. Sprindzuk conjecture

We begin by the demonstration of how the main result of Kleinbock and Margulis [25,
Conjectures H1, H2], namely the Sprindzuk conjecture, can be easily deduced from The-
orem 1. Let us recall this result. For q € Z¢ we define I, (q) := ]_[fl=1 |qi |+, where
|x|+ := max {1, |x|} for all x € R. A point y € R” is said to be very well multiplica-
tively approximable (or VWMA for short) if for some ¢ > 0 there are infinitely many
(p.q) € Z x Z2 such that

lp+q-y|-Tli(q) < 4(q)~°. (28)

A manifold M C R is said to be strongly extremal if Lebesgue almost every point on M
is not VWMA.

Theorem 10 (Kleinbock—Margulis [25]). Let U C R” be a connected open set and let
f1,..., fa : U = R be real analytic functions, which together with 1, are linearly inde-
pendent over R. Write f = (f1,..., fa). Then M :={ f(x); x € U} is strongly extremal.

As often with applications of the subspace theorem, proofs proceed by induction on
dimension. The induction hypothesis will be as follows: if g = (go, ..., gq) is a tuple of
linearly independent analytic functions on U and b1, . ..,bg € Z4*! are linearly indepen-
dent, then for almost every x € U and every ¢ > 0, there are only finitely many solutions
v € Z4%1 to the inequalities

d
0<[]ILmi= (29)
i=0

~ vl
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where ||v|| = max |v;|, Lo(V) = g(x) -vand L;(v) = b; - vfori > 1.1t is straightforward
that this statement implies Theorem 10, by letting v = (p,q), g = (1, f) and by, ..., by
the standard basis of {0} x Z¢.

Let ¢(x) be the matrix whose rows are Lo/go, L1, ..., Lg. The linear independence
assumption implies that ¢(x) € GL;41(R) on an open subset U’ C U, and without loss
of generality we may assume that U’ = U. The equations defining the Pliicker closure
of ¢ (U) are linear combinations of k x k minors of ¢(x). Since those are linear combi-
nations of the g;/go, the Pliicker closure of ¢(U) is the Pliicker closure of the set of all
matrices in GLg 4 (R) whose first row is (1, y) with y € R¢ arbitrary and whose other
rows are L1, ..., Lg. Soitis defined over Q.

We may thus apply Theorem | and conclude that there are a finite number of proper
rational hyperplanes V' such that for almost every x, the large enough solutions v to (29)
are contained in some V.

Now pick one such V', and consider the restriction of Lo to V. For v € V we can write
v = Zflzl kivi fork = (ky,...,kg) € Z%, where vy,. .., vg is a basis of V N Z4+1, Set
Ly(k):= Loy (v)=v-g=k-h,where h = (hy,...,hg)and h; =v; - g. And fori > 1,
Li(k) := Ljjy(v) = v-b; =k-¢;, where ¢; = (b; - v1,...,b; -vg). The L; are linearly

independent, so the (L;');Lo have rank at least d on R?, and thus (c1, ..., c¢g) has rank at
least d — 1. Up to reordering, we may assume that cq, ..., c 1 are linearly independent.
Similarly we see that iy, ..., hy are linearly independent.

Finally observe that a solution v € V to (29) yields ak € Z< such that

d
0<[]ILimw] < —.
1 Ik
But L, (k) = v-bg € Z\ {0}. Thus 0 < ]_[idz_o1 |L;(k)| < 1/]k]||® and thus, by induction
hypothesis, k belongs to a finite set of points. Hence so does v. This ends the proof.

3.2. Ridout’s theorem for manifolds

Ridout’s theorem [5, 43] is an extension of Roth’s theorem where p-adic places are
allowed. This improves the exponent in Roth’s theorem from 2 to 1 in case the ratio-
nal approximations have denominators with prime factorization in a fixed subset. In this
subsection, we present one possible similar variant of the Kleinbock—Margulis theorem
(Theorem 10). This will rely on the S-arithmetic subspace theorem for manifolds (Theo-
rem 0).

Theorem 11. Let S be a finite set of primes. Let U C R" be a connected open subset
and f1,..., fa : U = R be real analytic functions, which together with 1 are linearly
independent over R. Then for every ¢ > 0 and for Lebesgue almost every u € U, we have

max |qfi(u) — pil > q° (30)
1<i<d

forall (q, pi, ..., pa) € 22+ with all but finitely many prime factors of q in S.
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This is in contrast with the same result [25] without the restriction on the denomina-
tor ¢, where the right-hand side of (30) needs to be replaced by the weaker bound g ~1/¢~¢,
We have chosen simultaneous approximation for a change, but a similar statement with
similar proof also holds for linear forms. Moreover, the theorem holds under the weaker
assumption that the subspace of R¢*! spanned by all vectors (1, fi(u), ..., fi(u)),
u € U, is defined over @

Proof of Theorem 11. The proof is similar to the one we gave of Theorem 10 in §3.1,
but it is convenient to formulate things projectively. Let x € P4~ denote the point with
homogeneous coordinates [1 : fi(u) :---: fz ()], let v € P4=1(Q) be the line containing
v = (¢, p1, ..., pa), and denote by d(x, v) the usual distance on P4~1(R). We want to
show that if x is chosen randomly on an analytic submanifold not contained in any proper
rational subspace, and if ¢ is a non-zero integer linear form on Q¢, then almost surely the
conditions

d(x.v) <|Iv|7'7* and ¢(v)=[]p™. m,eN* (31)
PES

have only finitely many solutions v € Z< \ {0}. Define linear forms
L,(zg)(v) = ¢(v) and Ll(fj)(v) =qfitu)—p; ifi >0
andif p € S,
Lff”g(v) = ¢(v) and L;{’i)(v) = ¢; (v),

where ¢;, i > 1, are chosen arbitrarily so that (¢, @1, . .., ¢g) is a basis of Hom(Z¢ !, Q).
We note that if v := (g, p1, ..., pq) € Z9+! satisfies (31) and ||| is large enough then

[T IT oo =ivies.

0<i<d pe{oo}US

so Theorem 6 applies and if ¢ is large enough, v belongs to a finite family of proper
rational subspaces. But since such a subspace almost surely does not contain x, it can
contain only finitely many solutions to (31). ]

3.3. Submanifolds of matrices: extremality and inheritance

In this subsection, we describe the extension of the Kleinbock—Margulis theorem to the
case of submanifolds of matrices and we show how to recover from the subspace theorem
for manifolds one of the main results of [2], which is a criterion for extremality in terms
of so-called constraining pencils and an explicit computation of the exponent.

In what follows, £ and V are two finite-dimensional real vector spaces with a Q-
structure. We fix a lattice A in V, which defines the rational structure. For x in Hom(V, E),
we define

B(x) = inf{B > 0; 3c > 0, Yv € A\ {0}, [[x(W)]| = c[v]|7}.

Note that 8(x) only depends on the subspace ker x in V.
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Given a subspace W in V' and an integer r, we define the pencil of endomorphisms
Pw,r by
Pwr = {x € Hom(V, E); dimx (W) < r}.

We say that Py, is constraining if dim W/r < dim V/dim E, and rational if W is so. In
the case of algebraic sets defined over Q, the following theorem was proved in joint work
with Menny Aka and Lior Rosenzweig [2, Theorem 1.2]. The approach taken here yields
a different proof of that result, and allows us to generalize it to subsets defined over Q.

Theorem 12 (Diophantine exponent for submanifolds of matrices). Let U C R” a con-
nected open set and ¢ : U — Hom(V, E) an analytic map. Assume that the Zariski
closure of M = ¢(U) is defined over Q. Then, for Lebesgue almost every u in U, setting
x = ¢(u),

B(x) = max {di“; W

— 1; W a rational subspace such that M C JPWJ}.

Remark. For any sublattice A’ < A, one may define
r(A") = max {dimspang x(A); x € M}.

Then the formula in the above theorem is simply, for almost every x in M,

/

B(x) = B := max { kA

—— -1, A <AL
r(a) _}

Proof of Theorem 12. We prove the theorem by induction on d = dim V/, using the sub-
space theorem.

d = 1: The result is clear because, for every x, the subgroup x (A) is a discrete subgroup
of E.

d — 1 — d: Suppose the result has been proven for d — 1 > 1. Let m = dim E and
d = dim V. Fixing bases for £ and A, we identify Hom(V, E) with m x d matrices.
Given x in M, we denote by x;, 1 <i <d, its columns, which are vectors in E. The rank
of x is almost everywhere constant, and taking a coordinate projection if necessary, we
assume that this rank is m < d and that for almost every x in M, the vector space E is
spanned by the first 72 columns x;, 1 <i < m. We want to show that, for almost every x
in M, for all ¢ > 0, the set of inequalities

[v1xi1 4 vaxiz 4 -+ 4 vaxig] < V| 7P7E, 1 <i <m, (32)

has only finitely many solutions v = (v1,...,v4) in 74 . For 1 < i < m, define a linear
form on V ~ R4 by

L;(v) = vixjt + vaxio + - + vgXiq.

andform <i <d,
L;(v) = v;.
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Since (x;)1<i<m spans E, the family (L,-)l‘.i=1 of linear forms is linearly independent.
k A d—
1=

Moreover, as > - @A) —, condition (32) certainly implies

d

[ 11zl < vl

i=1

We may therefore apply Theorem 1: there exists a finite family V7, . .., V}, of hyperplanes
in QF such that, for almost every x in M, all but finitely many integer solutions to (32)
lie in the union V; U --- U Vj,. It now suffices to check that in each V;, there can only be
finitely many solutions. This follows from the induction hypothesis applied to V' = V;,
A’ = V; N A and to the manifold M’ that is the image of M under restriction to V.
The converse inequality S(x) > B is true for all x in M, as is easily seen by using the
classical Dirichlet argument. ]

It is also worth observing the following relation between the notions of extremality
and semistability. In [21,25] an analytic submanifold M of M,, ,(R) is said to be extremal
if for almost every ¥ € M and every ¢ > 0 there are only finitely many vectors ¢ € Z"
and p € Z™ such that |[Yq — p|| < |lg||~®/™*+#). Now consider the matrix

(1)
n

The image M of M under Y +> Ly defines a submanifold of GL,, +m(R). Using Propo-
sition 2 and Theorem 3, it is then easy to see the following:

Proposition 5 (Extremality vs. semistability). If R* ™™ is M -semistable with respect to
the unimodular flow

tn tn —tm —tm
a, = (",...,e'" e se.,e )

then M is extremal. If the Zariski (or Pliicker) closure of M is defined over Q, then the
almost sure diophantine exponent 3 from Theorem 12 can be read off from the rational
Grayson polygon of M by the formula

n—+m
y+m’

1+ 8=

where y is the smallest slope of the rational Grayson polygon. In particular, Q"™ is
M -semistable if and only if M is extremal.

3.4. Multiplicative approximation and strong extremality

Following the suggestion of Baker [3, p. 96] to study the multiplicative diophantine
properties of the Mahler curve, Kleinbock and Margulis introduced the notion of strong
extremality for manifolds in R”. This was later generalized in [4,21] to the context of dio-
phantine approximation on matrices, but in that generalized setting the optimal criterion
for strong extremality remained to be found [4,21]. The method of the present paper can
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be used to answer this problem. Below we apply Theorem 1 and give a complete solution
when the Zariski closure of the manifold is defined over Q.

Let m and n be positive integers, and M,, ,(R) the space of m x n matrices with
real entries. Following Kleinbock and Margulis [25], we say that a matrix ¥ € My, »,(R)
is very well multiplicatively approximable (VWMA) if there exists & > 0 such that the

inequality
m n
[Tva—pil < [Tlasl
i=1 j=1

has infinitely many solutions (p, q) € Z™ x Z". In the above inequality, ¥; denotes the
i-throwof Y, fori = 1,...,m, and |¢|+ = max(|¢|, 1). More generally, we define as in
[9, §1.4] the multiplicative diophantine exponent of Y € My, »(R) as

m n
wx(Y) = sup {w > 0; 1_[ |Yiq — pi| < l_[ lg; 15 for infinitely many (p,q)}.
i=1 j=1

With this definition, we see that a matrix ¥ is VWMA if and only if wx (Y) > 1. Using the
Borel-Cantelli lemma, it is not difficult to check that for the Lebesgue measure, almost
every Y in M, ,(R) satisfies wx(Y) = 1. It is therefore natural to ask what other mea-
sures 1 on My, ,(R) have this property.

We now set up some notation to formulate our criterion for strong extremality. Given

amatrix ¥ in M,, ,(R), with rows Y1, ..., Y, we let
-1 Y
Ly =
v ( : 1) ,

and denote by L;,i = 1,...,m + n, the linear forms on Rmtn given by the rows of the
matrix Ly:

Yiq—p; fori e{l,...,m},

Lipgg=3 "7 7 .

Gi—m fori e{m+1,...,m+ n}.

If W is a linear subspace of R**t™ and [ a non-empty subset of {1,...,m + n}, we let

spw =1k(Li|lw)ier-

Definition 7 (Multiplicative pencils). Let I, J be proper subsets of {1,...,m + n} such
that I C {1,...,m} C J, and r, s non-negative integers. Given a subspace W < R"+™
we define a subvariety of endomorphisms #; 7, s, w C M, »(R) by

Prirsw =Y € Mp n(R); spw <randsyw < s}.

To justify the relevance of this definition to our problem, we start by an easy propo-
sition, which is a consequence of Minkowski’s first theorem or Dirichlet’s pigeonhole
principle.
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Proposition 6 (Dirichlet’s principle). Fix Y € My, ,(R), and denote by L;, i =1,...,
m + n, the rows of the matrix Ly. Assume that W is a k-dimensional rational subspace
of R™"*" and that @ # 1 C {1,...,m} C J S {1,...,m + n} are such that

r =rtk(Li|lw)ier and s =r1k(Li|w)ieJ.

Then
wx(Y) > M
r(n+m—\|J|)
Remark. By convention, if r = 0, the ratio is equal to +oco. Note that one can always
take W = R™*" [ = J = {1,...,m}, and r = s = m, in which case the ratio is equal
to 1.

Proof of Proposition 6. If r = 0, then one must have Y;q — p; = 0 for some integer vector
(p. q) in Z™*" 1t is then clear that wx(Y) = co. So we may assume that r # 0. Since
by definition wx(Y) > 0, we may also assume that s < k, otherwise there is nothing to
prove.

Assuming that Y € &7 j 5w, we shall prove that there exists a constant C > 0
depending only on Y and W such that the inequality

m n
__(k=9)I]
1_[ ILi(v)| = C 1_[ | Ly j(v)|” roiFm=17D

i=1 j=1

has infinitely many solutions v in W. This will yield the desired lower bound on wx (Y').

Let O > 0 be alarge parameter. Pick iy,...,i, in [ suchthat L;, |w,...,L;, |w are linearly
independent, pick i, 41, ...,is in J such that L; |w. ..., L;;|w are linearly independent,
and complete with isy 1, ..., i suchthat L;, |w, ..., L;, |w are linearly independent. The

symmetric convex body in W defined by

ILi,0)| < 0=® =9 forl <t <r,
[Li,(v)] K 1 forr <€ <s,
|Lig(v)| = Qr fors < £ <k,

has volume >> 1 and therefore, by Minkowski’s first theorem, it contains a non-zero point
vin W N Z"*t™ By our choice of the indices iy, 1 < £ < k, such a point satisfies

|L; (v)] < Q_(k_s) fori e 1,

ILi(v)] < 1 fori € J\ I,
[Li(v)| = O" fori & J,
and therefore
“ “ k=)
[T1Liw) < 07M1E=) « [T |Lmej (v)| " ForEm=1D -

i=1 j=1
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Now, as in the introduction, let M = ¢(U) be a connected analytic submanifold of
My, » (R) endowed with the measure p equal to the push-forward of the Lebesgue mea-
sure under the analytic map ¢ : U — M,, ,(R). When the Zariski closure of M is defined
over Q — for example when ¢ is given by a polynomial map with coefficients in Q — the
above proposition actually provides a formula for wx(Y) when Y is a p-generic point
of M. In other words:

Theorem 13 (Formula for the multiplicative exponent). Assume that the Zariski closure
of M is defined over Q. Then for w-almost every Y in M,

(dim W —s)|1|

ax _—.
McPr g rsw Fm+n—|J|)
W rational

wx(Y) =

We stated the result for analytic submanifolds for convenience, but it holds with the
same proof for all good measures p in the sense of §1.9 provided the Zariski closure of
the support of y is defined over Q. We shall say that a multiplicative pencil P17, rs.w 18
constraining if

(dim W —s)|1|

- > 1.
r(m+n—\J|)

Our criterion” for strong extremality immediately follows from the above formula.

Corollary 3 (Criterion for strong extremality). If M is an analytic submanifold of
My, n (R) whose Zariski closure is defined over Q, then M is strongly extremal if and
only if it is not contained in any rational constraining pencil.

The proof of Theorem 13 is inspired by Schmidt’s proof of an analogous result on
products of linear forms [37, §12, p. 242].

Proof of Theorem 13. Let w > 0 be such that for Y in a set of positive measure in M, the
inequality
m m
[1a—pil < []lgiI5° (33)
i=1 j=1
has infinitely many solutions (p, q) in Z™*". We want to show that M is included in a

pencil &7,y »s,w such that
(dim W —s)|1]

—— > w.
r(m+n—|J1)
Let W be arational subspace of minimal dimension k containing infinitely many solutions

to (33). If k = 1, then there must exist i € {1,...,m)} and (p, q) € Z™" such that
Yiq— pi =0,andonecantake I ={i},J ={1,...,m},r =0,and s = 1. So we assume

2We were informed by David Simmons (private communication) that he and Tushar Das also
obtained a similar criterion for strong extremality of submanifolds defined over R.
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k > 2. Reordering the indices if necessary, we may assume that W contains infinitely
many solutions to (33) satisfying

0<|Yiq—p1] <+ = |Ymq — pml (34)

and
g1 < -+ < |qnl. (35)
Define iy <--- < iy <m inductively so that each iy is minimal withrk(L;, |w...., L;,|w)
=¥, and then m < j; < -+ < jg < m + n such that j, is minimal with

tk(Lilw, ..., Lilw, Ljlw, ..., Ljlw) = f + £. Note that in our notation, f + g =
k =dimW.
Given a large solution v = (p, q) to (33) in W, choose numbers ¢y, . . ., cy,y such that

[Li, (V)| = |[v]| ¢~ forl=1,...,f
and dyy, ..., dg,y such that
IL;, (V)| = ||v]9> fore=1,...,g.

Extracting a subsequence of solutions v if necessary, we may assume that ¢y and dy v
converge to some limits ¢, and dj.

By (34), one has ¢y > --- > ¢y > 0. By (35) and the fact that always |L;, (v)| < ||v]|,
one finds 0 < d; <--- < dg < 1. Moreover, by minimality of W, the subspace theorem
applied in W to the set of linear forms

L,’l |W, ey L,'_/ |W, L_jl |W, ce. ,ng|W

shows that —¢y + -+ — ¢y +di + -+ + dg > 0. In conclusion, one sees that the k-tuple
(c1,....¢r,d1, ..., dg) belongs to the convex polytope (P) defined by

- )

(P) 0<dy<---<dg <1,
di+-+dg>ci+-+cy.

c1z--2cr 20

Now inequality (33) implies
crliz—iy) + - +cr(m—iy) —wldi(j1 —m) + -+ +dg(m +n— jg)] > 0.
The linear map
fled)=cilia—i)+-+cpm—ir)—owldi(j1 —m)+ - +dg(m+n— jg)]

is non-negative at some point in the convex polytope (P), so it must be non-negative at
one of its vertices. The polytope (P) has g f vertices, given by

. 0=d1=---=da<da+1="'=dg=1, a=0,...,g—1,
Pa,b - g—a _ where

5o =Cl = =Cp>Cpp1 ==¢r =0, b=1,...,f.
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Choose (a, b) such that f(p, ) > 0, and let

I =A{1,...,ip},

J={1,....ja}s

r=s,

s=f+a.
We then obtain g—a

0 =< f(pap) = Tlll—w(ern—lJl),

whence

(k —s)|1]

—_——— > w. u
rm+n—1|J)) ~

Remark. Strong extremality also relates to semistability in a similar way to Proposi-
tion 5. We leave it to the reader to check that in the setting of Theorem 13, M is strongly
extremal if and only if Q1" is semistable for {Ly; Y € M} with respect to all unimod-
ular flows a; = (e!41, ... e!4n+tm) with

A1 > > A, >0>Apt1 > > Apsn.

See [21] where the relevance of this family of flows for strong extremality was uncovered.

3.5. Roth’s theorem for nilpotent Lie groups

Diophantine approximation on nilpotent Lie groups was studied in [1, 2]. In this subsec-
tion we continue this study and derive an analogue of Roth’s theorem [31] in this context.
In doing so we extend Theorem 12 to approximation with quasi-norms.

Diophantine approximation in nilpotent Lie groups. In this subsection G will denote a
simply connected nilpotent Lie group, endowed with a left-invariant riemannian metric.
We identify it with its Lie algebra g under the exponential map, so that its Haar measure
is given by the Lebesgue measure on g. For a finite symmetric subset S of G and I' = (S)
the subgroup it generates, the diophantine exponent of I in G is

B(I') = inf{B: 3¢ > 0, Vn € N*, Vx € "\ {1}, d(x,1) > cn™#},

where S” denotes the set of elements of I" that can be written as a product of at most n
elements of S. Because I' is nilpotent, this definition does not depend on the choice of S.
The following theorem was proved in [2, Theorem 7.4].

Theorem 14 (Existence of the exponent). Let G be a connected and simply connected
real nilpotent Lie group endowed with a left-invariant riemannian metric d. For each
k > 1, there is By € [0, 00] such that for almost every k-tuple g = (g1,. .., gx) € G with
respect to the Haar measure, the subgroup I'y generated by g1, . . ., gi satisfies

B(Tg) = Br.
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We also showed in [2] that when G is rational, i.e. when its Lie algebra g admits a
basis with rational structure constants, 8 can be explicitly computed and in particular is
rational. In fact, By = F (k) for some rational function F' € Q(X) when k is large enough.
Using the subspace theorem for manifolds (Theorem 1), we can now show the following.

Theorem 15 (Roth’s theorem for nilpotent groups). Let G be a connected simply con-
nected nilpotent Lie group and k a positive integer. Assume that the Lie algebra g of G
admits a basis with structure constants in a number field K. Then

Br € Q.

Moreover, for every k-tuple g € q(Q)¥ we have B(Iy) € Q. Furthermore, there is C =
C(dimg) > 0 and a countable union U of proper algebraic subsets of g* defined over K
and of degree at most C such that

B(Ty) = Pi foreveryge g¥(Q)\ U

The case when k = 2 and G = (R, +) is exactly Roth’s theorem. In this case 8, = 1
and U is the family of lines in R? with rational slopes.

The basic idea for the proof of Theorem 15, developed in [2], is to reduce the problem
to a question of diophantine approximation on submanifolds. For that, we introduce the
free Lie algebra ¥ over k generators xi, . .., X¢. Inside %, the ideal of laws £ 4 on the
Lie algebra g of G is the set of elements r in %% such that r(Xy, ..., Xz) = 0 for every
X1,..., Xy in g, and the ideal of rational laws &£ 4 @ is the real span of the intersection
of £x g with F (Q), the natural Q-structure on F%. The Lie algebra ¢ ¢ 0 = Fx/Lk,q,0
has a graded structure s
Frao = EB‘ }Vk[léQ

i=1

where ka[fé’Q is the homogeneous part of F% 4 @ consisting of brackets of degree i. For

r=>r withr; € ?7,([2,@, we let
Irl ;= max ||, (36)
i=1,...,s

=1,...,

where || - || is a fixed norm on i 4 . Endowed with this quasi-norm, the Lie algebra
F,q,0 18 quasi-isometric to the group of word maps on G, endowed with the word metric
[2, Proposition 7.2]. This yields the following characterization for the above diophantine
exponent B(I'y) proved in [2, Proposition 7.3]. We say that Iy is relatively free in G if
the only relations satisfied by g are the laws of G. This holds for all g outside a countable
union of proper algebraic subvarieties of bounded degree defined over QQ, and in particular
for Lebesgue almost every g € G*.

Proposition 7. Let G be a simply connected nilpotent Lie group with Lie algebra g.

Let g = (eX1, ... eXk) be a k-tuple in G such that Iy is relatively free in G. Then the
exponent B(I'y) defined above is also the infimum of all B > 0 such that
(X1, Xl = 1~ (37)

for all but finitely many r € Fi ¢ o (Z).
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Below, we show how Theorem 1 yields a formula for diophantine exponents defined
with quasi-norms, as in the above proposition.

Weighted diophantine approximation. We now generalize the results of §3.3 to diophan-
tine approximation with quasi-norms, also called weighted diophantine approximation
(see e.g. [22, §1.5] and references therein). Again, E and V' are two finite-dimensional
real vector spaces, and A is a lattice in V, defining a rational structure.

We fix anorm || - || on E. On V, we measure the size of vectors using a quasi-norm
| - | given by the formula

o] = max |{v,u;)", (38)
1<i<d
where o = (@1, ..., aq) is a d-tuple of positive real numbers and (u});<;<q a basis of

Hom(V, R). Given x in Hom(V, E), define the diophantine exponent of x by
Bo(x) = inf{B > 0; 3¢ > 0, Vv € A, |xv| = c|v|P}.

Definition 8 (Growth rate for a quasi-norm). Let W be a linear subspace in V. The growth
rate of balls in W for the quasi-norm | - | is given by

1
R log Vol{v € W; |v| < R}.

a(W) = lim
R—oo log

Remark. It is not hard to see that this limit exists and equals » ¢, @; for a certain
subset Iy C [1, d]. Indeed, the restriction of | - | to W is itself comparable up to multi-

plicative constants to a quasi-norm with exponents «;, i € Iy, where Iy = {iy,...,ir}
is defined as follows. Choose i; minimal such that the restriction of u;“l to W is non-
zero, then inductively choose i; minimal such that the linear forms ulf‘l lw,..., ul*j |w are

linearly independent.

This gives us a lower bound for the diophantine exponent, using a standard Dirichlet
type argument:

Lemma 5. Let V and | - | be as above. For any x in Hom(V, E),

a(W Nkerx) ) .
Ba(x) > max ; W <V arational subspace ;.

dim W —dim W N kerx

Proof. Let R > 0 be some large parameter. The number of points v in W N A such that
|v| < R is roughly R*W) and their images in x (W) ~ W/(W N ker x) lie in a distorted
ball of volume O(R*W)—e(Wnkerx)) "Comparing volumes, we find that balls of radius &

. e . _ o (W Nker x)
around those points cannot be disjoint if & 3> R™ @mW—dim Wkerx . n

It turns out that this lower bound is in fact attained almost everywhere on analytic
submanifolds of Hom(V, E) whose Zariski closure is defined over Q. This is the content
of the next theorem. As earlier, we endow M := ¢(U) with the push-forward p of the
Lebesgue measure on the connected open subset U C R? via the analytic map ¢ : U —
Hom(V, E).
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Theorem 16 (Diophantine exponent for quasi-norms). Assume that V and | - | are as
above, and the Zariski closure Zar(M ) of M is defined over Q. Then, for almost every x
inM,

a(W Nkery)

B (x) = max {)1}211‘1/} Gim W —dim W N kery : W <V arational subspace}. (39)

This equality is also true for every Q-point of Zar(M ) outside a union of proper algebraic
subsets of M defined over Q and of bounded degree.

Remark. Note that o can take only finitely many values, so the maximum and minimum
in the above formula are indeed attained.

Remark. The theorem implies that 8 (x) > B for almost every x on M if and only if
Ba(y) = B forevery y on M, if and only if there exists a rational subspace W such that M
is included in the (closed) algebraic subset of all y € Hom(V, E) such that (W Nkery) >
B(dim W — dim W N ker y).

Proof of Theorem 16. Since we can always reorder the u*, 1 <i < d, we may assume
without loss of generality that 0 < o; < --- < ag. Then, for x in Hom(V, E), let

m =dimx(V) and n = dimkerx.
and define inductively a subset I = {i1x,...,inx}in{l,...,d} by

i1,x = min{i; u] |xerx # 0},

ij+1,x = min{i; (quXIkerx, e ufj!x|kerx,u;~"|kerx) is linearly independent}.

Now suppose L is an element of GL(d, R) with rows L; x satisfying
(1) kerx = (\7_, ker L,
(2) Vje{l,....n}, Liyyjx =u}

ijx
Then By (x) is the minimal 8 > 0 such that, for all ¢ > 0, for Q large enough, the set of
inequalities
Li.(W)| <0 8¢ forl<i<m,
ILjx(W)| = Q N <i=< 40)
|ILmtjx(W) = Q7Y forl<j<n,

has no non-zero solution v in A.

Let B be the right-hand side of (39). We want to show that for p-almost every x, for
all ¢ > 0 and for Q > 0 large enough, the inequalities (40) have no non-zero solution in A.
We prove this by induction on d, using our subspace theorem (i.e. Theorem 1).

d = 1: There is not much to prove in this case, since ker x is equal to {0} or V, for
p-almost every x.

d — 1 — d: Assume the result is already proven for d — 1. The map x + I, is constant
on a dense Zariski open subset of Zar(M); we denote by I = {iy,...,i,} its value on
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this dense open subset, and by M the set of all L, for x in that subset and in M. Since
B=alV)/m= Z;’:l a;,; /m, the solutions v to (40) satisfy

d
[]1Lix()] < Q™ Eime <y~

i=1

and therefore, by Theorem 1, there exist proper subspaces Vi, ...,V in Q¢ containing

all but a finite number of solutions. All we need to check is that in each V;, there can

only be finitely many solutions. But this follows from the induction hypothesis, applied

toV' =V, AN =ANV;,|-|=]-|p (the restriction of a quasi-norm to a subspace is

comparable to a quasi-norm [2, §4.1]), and to the submanifold M’ = {x|y+; x € M }-
Indeed, the almost sure diophantine exponent of a point in M is

B’ := max { min (W N kery)
’ yeM’ dim W — dim W N ker y

; W < V' arational subspace},
which satisfies 8/ < B. [
We can now easily derive our theorem about nilpotent groups.
Proof of Theorem 15. Let
V= ff:'k,g’@, A= ‘rFk,g,Q(Z) and E = q.

For each k-tuple g = (eX1,...,e%) in G¥, we obtain an element Xg in Hom(V, E) given
by evaluation at (X1, ..., Xk):

Xg(N) =r(X1,..., Xg).

The map G¥ — Hom(V, E), g — Xg, is a polynomial map with coefficients in K. In
particular, the Zariski closure of its image is defined over Q. When I is relatively free,
Proposition 7 shows that 8(I'y) = B(x,), where B(x,) is the diophantine exponent with
respect to the quasi-norm | - | on V defined in (36). By Theorem 16,

B(xg) = max { min (W 0 ker xi)

- - ; W < V arational subspace
negk dim W — dim W N ker xy,

for Lebesgue almost every g € G¥. This shows that Sy, is well defined, and since « takes
rational values, this formula shows that 8; € Q. For each rational W < V, the set of
all h € G¥ such that «(W N ker xp) > Bi dim(W/(W N ker xy) is a proper algebraic
subset of G¥ defined by equations of bounded degree with coefficients in K. The union
of those subsets forms a proper subset of G¥ by Lemma 4, and Theorem 16 implies that
B(I'g) = B for every g outside this union. L]
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