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Abstract. We introduce the volume entropy semi-norm and the systolic volume semi-norm in real
homology and show that they satisfy functorial properties similar to the ones of the simplicial vol-
ume. Along the way, we also establish a roughly optimal upper bound on the systolic volume of the
multiples of any homology class. Finally, we prove that the volume entropy semi-norm, the systolic
volume semi-norm and the simplicial volume semi-norm are equivalent in every dimension.
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1. Introduction

This article deals with topology-geometry interactions and the comparison of functo-
rial geometric semi-norms on the real homology groups of topological spaces. In his
book [27, Section 5, GC-HC], M. Gromov pointed out directions where such geomet-
ric semi-norms might arise in connection with curvature (e.g., sectional, Ricci, scalar)
properties for instance. Yet, the corresponding invariants have not been properly defined
or studied as semi-norms, except for the simplicial volume which is a purely topologi-
cal invariant. (General comparison results between functorial topological semi-norms in
relation to the simplicial volume semi-norm have recently been established in [15, 19].)
As part of this program to investigate the interactions between geometry and topology
through the study of functorial geometric semi-norms, we introduce the volume entropy
semi-norm and the systolic volume semi-norm in real homology and carry out a sys-
tematic study of these invariants. Both semi-norms require a substantial amount of work
in order to properly define them. The volume entropy semi-norm relies on the notion
of volume entropy, a geometric invariant of considerable interest closely related to the
dynamics of the geodesic flow and the growth of the fundamental groups. The systolic
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volume semi-norm rests on a new asymptotically optimal estimate in systolic geome-
try. Both the volume entropy semi-norm and the systolic volume semi-norm share similar
functorial properties with the simplicial volume semi-norm (also called the Gromov semi-
norm). The equivalence of the three semi-norms in real homology is established in this
article.

Let M be a connected closed m-dimensional manifold with a Riemannian metric g.
Let H C �1.M/ be a normal subgroup of the fundamental group of M . The volume
entropy (or simply entropy) of .M; g/ relative to H , denoted by entH .M; g/, is the expo-
nential growth rate of the volume of balls in the Riemannian coveringMH corresponding
to the normal subgroupH C �1.M/, that is, �1.MH / D H . More precisely, it is defined
as

entH .M; g/ D lim
R!1

1

R
logŒvolBH .R/� (1.1)

where BH .R/ is a ball of radius R centered at any point in the covering MH . The limit
exists and does not depend on the center of the ball. When H is trivial, the covering MH

is the universal covering zM of M and we simply denote its volume entropy by ent.M; g/
without any reference to H . Note that

entH .M; g/ � ent.M; g/

for every normal subgroupH C �1.M/. The definition extends to connected closed pseu-
domanifolds (see Definition 2.1), to connected finite graphs, and more generally to finite
simplicial complexes with a length metric.

The importance of this notion was first noticed by Efremovich [38]. Subsequently,
Shvarts [46] and Milnor [37] related the growth of the volume of balls in the universal
covering zM to the growth of the fundamental group �1.M/ of M . Note that the volume
entropy of a connected closed Riemannian manifold is positive if and only if its funda-
mental group has exponential growth. The connection with the dynamics of the geodesic
flow was established by Dinaburg [18] and Manning [35]. More specifically, the volume
entropy bounds from below the topological entropy of the geodesic flow on a connected
closed Riemannian manifold and the two invariants coincide when the manifold is non-
positively curved; see [35].

The minimal volume entropy of a closed m-pseudomanifold M relative to a normal
subgroup H C �1.M/ is defined as

!H .M/ D inf
g

entH .M; g/ vol.M; g/1=m

where g runs over the space of all piecewise Riemannian metrics onM . For convenience,
we also introduce

�H .M; g/ D entH .M; g/m vol.M; g/

and
�H .M/ D inf

g
entH .M; g/m vol.M; g/

where g runs over the space of all piecewise Riemannian metrics on M . As previously, if
H is trivial, we drop the subscript H .
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As an example, the minimal volume entropy of a closed m-manifold M which
carries a hyperbolic metric is attained by the hyperbolic metric and is equal to
.m � 1/ vol.M; hyp/1=m; see [8, 30] for m D 2 and [9] for m � 3. Furthermore, the min-
imal volume entropy of a closed manifold which carries a negatively curved metric is
positive; see [24].

For a connected closed orientable m-manifold M , the minimal volume entropy
of M is a homotopy invariant (see [1]), which only depends on the image h�.ŒM �/ in
Hm.�1.M/IZ/ of the fundamental class of M by the homomorphism induced by the
classifying map h WM ! K.�1.M/; 1/ of M in homology; see [13].

This homological invariance leads us to consider the volume entropy of a homology
class as follows. Given a path-connected topological space X , the volume entropy of a
homology class a 2 Hm.X IZ/ is defined as

!.a/ D inf
.M;f /

!kerf�.M/ (1.2)

where the infimum is taken over all m-dimensional geometric cycles .M; f / represent-
ing a, that is, over all maps f W M ! X from an oriented connected closed m-pseudo-
manifold M to X such that f�.ŒM �/ D a. As previously, we define

�.a/ D !.a/m:

For every map f W X ! Y between two path-connected topological spaces and every
a 2 Hm.X IZ/, we have

�.f�.a// � �.a/: (1.3)

By [13, Theorem 10.2], every orientable connected closed m-manifold M with m � 3
satisfies

�.M/ D �.h�.ŒM �// (1.4)

where h WM ! K.�1.M/; 1/ is the classifying map of M .
The following result shows that � induces a pseudo-distance in homology.

Theorem 1.1. Let X be a path-connected topological space. Then for all a; b in
Hm.X IZ/, we have

�.aC b/ � �.a/C�.b/:

In particular, the quantity �.a � b/ defines a pseudo-distance between a and b
in Hm.X IZ/,

Thus, for every homology class a 2 Hm.X IZ/, the sequence �.ka/ is subadditive.
As a result, we can apply the following stabilization process and define

kakE D lim
k!1

�.ka/
k

: (1.5)

Note that k�kE is homogeneous, that is, kkakE D jkj kakE for every k 2 Z. By homo-
geneity and density of Hm.X IQ/ in Hm.X IR/, this functional extends to a functional
on Hm.X IR/, still denoted by k�kE .
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For an orientable connected closed m-manifold M , define

kMkE D kŒM �kE

where ŒM � 2 Hm.M IZ/ is the fundamental class of M .
The following result, which is a direct consequence of Theorem 1.1, justifies the use

of the term volume entropy semi-norm to designate the functional k�kE .

Corollary 1.2. Let X be a path-connected topological space. Then the functional k�kE is
a semi-norm on Hm.X IR/.

Functorial properties of the volume entropy semi-norm are described in Section 3,
where it is shown that the volume entropy semi-norm of a closed orientable manifold
depends only on the image of its fundamental class under the classifying map.

The simplicial volume is a much-studied topological invariant sharing similar proper-
ties with the volume entropy semi-norm. Let us recall its definition and its basic proper-
ties, referring to [24] for foundational constructions and results regarding this invariant.
Let X be a path-connected topological space. Every real singular m-chain c 2 Cm.X IR/
of X is a real linear combination of singular simplices fs W �m ! X , that is,

c D
X
s

rsfs

where rs 2 R. The `1-norm on the real chain complex is defined as

kck1 D
X
s

jrsj:

The simplicial volume of a real homology class a 2 Hm.X IR/ is defined as

kak� D inf
c
kck1

where the infimum is taken over all real singular m-cycles c representing a. The sim-
plicial volume of an integral homology class is defined as the simplicial volume of the
corresponding real homology class. It is clear that the simplicial volume k�k� is a functo-
rial semi-norm on Hm.X IR/. This means that the real homology of a topological space
with its simplicial volume semi-norm defines a functor from the category of topological
spaces (whose morphisms are continuous maps) to the category of semi-normed vector
spaces (whose morphisms are semi-norm-nonincreasing homomorphisms); see [10]. In
other words, every continuous map between topological spaces induces a semi-norm-
nonincreasing homomorphism in real homology.

As previously, for an orientable connected closed m-manifold M , we let

kMk� D kŒM �k�

where ŒM � 2 Hm.M IZ/ is the fundamental class of M . By [24, Section 3.1], the simpli-
cial volume ofM depends only on the image of its fundamental class under the classifying
map.
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The following inequality of M. Gromov [24, p. 37] connects the minimal volume
entropy of an orientable connected closed manifold to its simplicial volume (see [41]
for other topological conditions ensuring the positivity of the minimal volume entropy
through a different approach). Namely, every orientable connected closedm-manifoldM
satisfies

�.M/ � cmkMk� (1.6)

for some positive constant cm depending only onm. Extending this inequality to the semi-
norm level (see Theorem 4.12), we obtain that every homology class a 2 Hm.X IR/ of a
path-connected topological space X satisfies

kakE � cmkak�

with the same constant cm as in (1.6).
A central question regarding the metrization of homotopy theory is to compare two

given semi-norms in homology; see [27, Section 5.41]. In particular, one can ask whether
a reverse inequality to (1.6) holds.

The following result affirmatively answers this question.

Theorem 1.3. Let m be a positive integer. Then there exist two positive constants cm
and Cm such that every homology class a 2 Hm.X IR/ of a path-connected topological
space X satisfies

cmkak� � kakE � Cmkak�:

We immediately deduce the following corollary.

Corollary 1.4. Let X be a path-connected topological space and a 2 Hm.X IR/ be a
homology class. Then kakE vanishes if and only if kak� vanishes.

In particular, for every orientable connected closed manifold M , the volume entropy
semi-norm kMkE is zero if and only if the simplicial semi-norm kMk� is zero.

In relation with Corollary 1.4, note that we do not know whether the volume entropy
of an orientable connected closed manifold with zero simplicial volume necessarily van-
ishes. See [6] for polyhedral counterexamples.

In this article, we also introduce the systolic volume semi-norm, whose definition rests
on a new asymptotically optimal estimate in systolic geometry; see Theorem 1.5. Before
stating this result, we need to introduce various notions.

Let M be a closed m-dimensional manifold or pseudomanifold with a (piecewise)
Riemannian metric g. Let f W M ! X be a map to a topological space X . The systole
ofM relative to f , denoted by sysf .M;g/, is defined as the least length of a loop  inM
whose image by f is noncontractible in X . The systolic volume of M relative to f is
defined as

�f .M/ D inf
g

vol.M; g/
sysf .M; g/m

(1.7)

where the infimum is taken over all (piecewise) Riemannian metrics g on M . When f W
M ! X is �1-injective, for instance, when f W M ! K.�1.M/; 1/ is the classifying
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map of M , we simply denote its systolic volume by �.M/ without any reference to f .
By [2, 3, 13], the systolic volume of a closed orientable manifold depends only on the
image of its fundamental class under the classifying map.

As with (1.2), the systolic volume of a homology class a 2 Hm.X IZ/, where X is a
path-connected topological space, is defined as

�.a/ D inf
.M;f /

�f .M/ (1.8)

where the infimum is taken over all m-dimensional geometric cycles .M; f / represent-
ing a.

Let us present some known estimates on the systolic volume. There exist positive
constants A and B such that every closed genus g surface †g satisfies

A
g

.logg/2
� �.†g/ � B

g

.logg/2
:

The first inequality was established by M. Gromov [25, 26]. The second inequality was
proved by P. Buser and P. Sarnak [14], who constructed hyperbolic genus g surfaces with
a systole roughly equal to logg.

In higher dimension, M. Gromov [25,26] related the systolic volume �.a/ of a homol-
ogy class a 2 Hm.X IZ/ to its simplicial volume kak� through the lower bound

�.a/ � �m
kak�

.log.2C kak�//m
(1.9)

where �m is a positive constant depending only on m. In particular, for every a in
Hm.X IZ/ with nonzero simplicial volume, we have

�.ka/ � �
k

.log k/m
(1.10)

where � D �.a/ > 0.
In a different direction, one can ask for an asymptotic upper bound on �.ka/. This

problem was considered in [4], where a sublinear upper bound in k was established, and
in [5], where the upper bound was improved.

Using different techniques, we obtain an asymptotically optimal upper bound
on �.ka/. When the simplicial volume of a is nonzero, this upper bound shows that the
lower bound (1.10) is roughly optimal in k, which positively answers a conjecture of [5].

Theorem 1.5. Let X be a path-connected topological space. Then for every homology
class a 2 Hm.X IZ/, there exists a constant C D C.a/ > 0 such that for every integer
k � 2, we have

�.ka/ � C
k

.log k/m
:

This estimate allows us to define the systolic volume semi-norm in real homology
of dimension m � 3 as follows. By [5, Corollary 5.3], the systolic volume induces a
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translation-invariant pseudo-distance % on Hm.X IZ/ with m � 3, defined by %.a; b/ D
�.a � b/. Define a new translation-invariant pseudo-distance y% on Hm.X IZ/ by

y%.a;b/ D lim sup
k!1

.log k/m

k
%.ka; kb/:

See Lemma 6.1 for further detail. Denote by

y�.a/ D y%.0; a/

the distance from the origin and apply a stabilization process to y� as in (1.5). Namely, for
every a 2 Hm.X IZ/ with m � 3, define

kak� D lim
k!1

y�.ka/
k

: (1.11)

This functional extends to Hm.X IR/ ' Hm.X IZ/ ˝ R in a canonical way and gives
rise to a semi-norm, still denoted by k�k� , on Hm.X IR/, called the systolic volume semi-
norm. Note that this definition differs from the one proposed in [27, Section 5.41].

For an orientable connected closed m-manifold M , define

kMk� D kŒM �k�

where ŒM � 2 Hm.M IZ/ is the fundamental class of M .
The systolic volume semi-norm satisfies similar functorial properties to the volume

entropy semi-norm and the simplicial volume semi-norm; see Theorem 6.4.
It follows from (1.9) that every homology class a 2 Hm.X IZ/ of a path-connected

topological space X satisfies
kak� � �mkak�

with the same positive constant �m as in (1.9); see Section 7 for further detail and an
alternative approach based on a comparison between the systolic volume semi-norm and
the volume entropy semi-norm.

As previously, we show that the systolic volume semi-norm and the simplicial volume
semi-norm are equivalent in homology.

Theorem 1.6. Letm� 3 be an integer. Then there exist two positive constants �m and�m
such that every homology class a 2 Hm.X IR/ of a path-connected topological space X
satisfies

�mkak� � kak� � �mkak�:

Theorem 1.6 contrasts with the existence of a sequence of closed m-manifolds (e.g.,
closed hyperbolic 3-manifolds) with bounded simplicial volume and arbitrarily large sys-
tolic volume; see [40]. This illustrates the effect the double stablization process can have
on the systolic volume by significantly lowering its value.

Combining the recent result [29] on the spectrum of the simplicial volume with The-
orem 1.3, we immediately deduce that the volume entropy semi-norm and the systolic
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volume semi-norm are not bounded away from zero in dimension greater than 3. (In
dimensions 2 and 3, there is a gap in the simplicial volume spectrum, and so in the volume
entropy spectrum and the systolic volume spectrum by Theorem 1.3 and Theorem 1.6.)
More generally, we have the following result.

Corollary 1.7. Let m � 4 be an integer. Then the sets of all volume entropy semi-
norms kMkE and of all systolic volume semi-norms kMk� , where M is an orientable
connected closed m-manifold, are dense in Œ0;1/.

In his book [27, Section 5.41], M. Gromov suggests studying some functionals of geo-
metric nature in homology. These functionals measure the minimal volume of a singular
Riemannian manifold representing a given homology class with some constraint on the
metric. After a stabilization process as in (1.5) or (1.11), they should give rise to homology
semi-norms. Our definitions of the volume entropy semin-norms and the systolic volume
semi-norm are inspired by this general idea. However, they differ from the constructions
sketched in [27, pp. 310–311], which do not consider relative volume entropy or relative
systole and lead to a number of technical difficulties.

Articles about minimal volume entropy closely related to our paper include [1–3,8,9,
13, 24, 36, 39, 41–43]. Connections between the systolic volume and the minimal volume
entropy can be found in [13, 31, 39].

This article is organized as follows. In Section 2, we establish lower and upper bounds
on the minimal volume entropy of the connected sum of closed manifolds, and derive
that the functional k�kE is a semi-norm in real homology. Functorial properties of the
volume entropy semi-norm are presented in Section 3. In Section 4, we show that the
volume entropy semi-norm of a homology class is bounded from above and below by
its simplicial volume, up to some multiplicative constants depending only on the degree
of the homology class. Therefore, the volume entropy semi-norm and the simplicial vol-
ume are equivalent homology semi-norms. Our approach for the upper bound relies on a
geometrization of the simplicial volume and the universal realization of homology classes
established by A. Gaifullin [21, 22] regarding Steenrod’s problem. More than the result
about the universal realization of homology classes, we will need to retrieve combina-
torial features of the construction to apply our argument leading to an upper bound on
the volume entropy semi-norm of a homology class. The reverse inequality is obtained
through the use of bounded cohomology by adapting M. Gromov’s chain diffusion tech-
nique. In Section 5, we bound from above the systolic volume of the multiple of a given
homology class. The proof relies on topological properties of the universal realizators in
homology used in the previous section and on systolic estimates in geometric group the-
ory. This optimal asymptotic estimate allows us to define the systolic volume semi-norm
in Section 6. Functorial properties and comparison results for the systolic volume (semi-
norm) are also presented. In Section 7, we show that the systolic volume semi-norm and
the simplicial volume semi-norm are equivalent in every homology degree. In the last sec-
tion, we derive the density of the volume entropy and systolic volume semi-norm spectra
in dimension at least 4.
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2. Entropy of connected sums

In this section, we first establish an additive formula for the functional � of the bouquet
of simplicial complexes. We also obtain lower and upper bounds on the minimal volume
entropy of the connected sum of two closed manifolds, and derive that the functional k�kE
is a semi-norm in real homology. Finally, we present a couple of applications of these
estimates.

2.1. Preliminaries

Let us first recall the definition of a pseudomanifold.

Definition 2.1. A connected closed m-dimensional pseudomanifold is a finite simplicial
complex M such that

(1) every simplex of M is a face of some m-simplex of M ;

(2) every .m � 1/-simplex of M is the face of exactly two m-simplices of M ;

(3) given two m-simplices s and s0 of M , there exists a finite sequence s D s1; s2; : : : ;
sn D s

0 ofm-simplices ofM such that si and siC1 have an .m� 1/-face in common.

The mth homology group Hm.M IZ/ of a connected closed m-dimensional pseudo-
manifold is either isomorphic to Z or trivial; see [47]. In the former case, we say that the
pseudomanifold M is orientable.

Consider a finite simplicial complex K with a piecewise Riemannian metric g (also
called polyhedral Riemannian metric). Denote by � the distance induced by g on K and
on all the coverings of K. Let H C G where G D �1.K/. The quotient group G=H
acts by isometries on the H -covering KH . Furthermore, the action of G=H on KH is
proper, discontinuous, without any fixed point. Fix q 2 KH . The orbit of q under the
action of G=H on KH is denoted by q � .G=H/. Let also

BH .t; qIg/ D ¹x 2 KH j �.q; x/ � tº

be the ball of radius t centered at q in KH .
The volume entropy of K relative to H is equal to the exponential growth rate of the

number of points in the orbit of q under G=H , as stated in the following classical result;
see [39, Lemma 2.3] for instance.

Proposition 2.2. Let K be a finite simplicial complex with a piecewise Riemannian met-
ric. Let H C G where G D �1.K/. Then

entH .K; g/ D lim
t!1

1

t
log jBH .t; qIg/ \ q � .G=H/j: (2.1)

2.2. Minimal volume entropy of a bouquet of simplicial complexes

Let us recall a few results established in [1]; see also [39, Lemma 3.5].
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Definition 2.3. A simplicial map f W K1 ! K2 between two m-dimensional simplicial
complexes is m-monotone if for every point x2 in the interior of an m-simplex of K2, the
preimage f �1.x2/ is connected (and so is either empty or a singleton).

We will need the following comparison principle proved in [1, Section 2].

Proposition 2.4. For i D 1; 2, let Ki be an m-dimensional simplicial complex and �i W
�1.Ki / ! G be an epimorphism. Suppose that there exists an m-monotone map f W
K1 ! K2 such that �1 D �2 ı f�. Then

�H1
.K1/ � �H2

.K2/ where Hi D ker�i .

Actually, Proposition 2.4 is a straighforward consequence of the following result
proved in [1, Section 2] and [2, Lemme 3.1], which will also be used in what follows.

Lemma 2.5. Let f W K1 ! K2 be an m-monotone map between two m-dimensional
simplicial complexes. Then for every polyhedral Riemannian metric g on K2 and every
" > 0, there exists a polyhedral Riemannian metric g" on K1 with

vol.K1; g"/ � vol.K2; g/C "

such that f is nonexpanding.

Let G be a finitely presented group. For every subgroupH of G, denote by hhH ii the
normal closure of H in G.

The following result provides a formula for the minimal volume entropy of the bou-
quet of two simplicial complexes.

Theorem 2.6. Let m � 2. For i D 1; 2, let Ki be a connected m-dimensional simplicial
complex and Hi C �1.Ki / be a normal subgroup. Then

�hhH1�H2ii
.K1 _K2/ D �H1

.K1/C�H2
.K2/ (2.2)

where the basepoint of the bouquet K1 _K2 is a vertex.

Proof. First we prove the inequality

�H1
.K1/C�H2

.K2/ � �hhH1�H2ii
.K1 _K2/: (2.3)

Let K D K1 _K2. By van Kampen’s theorem [28, Section 1.2], we have

�1.K/ ' �1.K1/ � �1.K2/:

Let g be a polyhedral Riemannian metric onK and gi be its restriction toKi for i D 1; 2.
Let yKi and yK be the normal covers corresponding to the normal subgroupsHi C �1.Ki /

and hhH1 �H2ii C �1.K/, with the lifted metrics ygi and yg. Observe that the canonical
inclusions yKi � yK are isometric. This implies

entHi
.Ki ; gi / � enthhH1�H2ii

.K; g/:
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Thus, for every i D 1; 2,

�Hi
.Ki / � entHi

.Ki ; gi /
m vol.Ki ; gi / � enthhH1�H2ii

.K; g/m vol.Ki ; gi /:

Adding the two inequalities so obtained for i D 1; 2, and using the relation

vol.K; g/ D vol.K1; g1/C vol.K2; g2/;

we finally derive
�H1

.K1/C�H2
.K2/ � �hhH1�H2ii

.K; g/

for every polyhedral Riemannian metric g on K. This yields inequality (2.3).
Now, let us prove the reverse inequality

�hhH1�H2ii
.K1 _K2/ � �H1

.K1/C�H2
.K2/: (2.4)

We proceed in two steps. Without loss of generality, we can assume that the two sub-
complexes K1 and K2 of K are glued at a common vertex. Let pi 2 Ki be a vertex such
that

K1 _K2 D K1 [
p1Dp2

K2:

Define the m-dimensional simplicial complex

P D K1 [
p1D¹1º

Œ1; 2� [
¹2ºDp2

K2: (2.5)

For the first step, let us show that

�hhH1�H2ii
.P / D �hhH1�H2ii

.K1 _K2/:

Contracting the interval Œ1; 2� in P to a point gives rise to an m-monotone simplicial map

P ! K1 _K2

inducing a �1-isomorphism. By Proposition 2.4, we derive

�hhH1�H2ii
.P / � �hhH1�H2ii

.K1 _K2/: (2.6)

For the reverse inequality, let �i be a triangulation of Ki for every i D 1; 2. Denote
by St.pi / the open star of pi for the triangulation �i . Let � 0i be the triangulation of Ki
which agrees with �i inKi n St.pi / and with the semi-barycentric triangulation of St.pi /
in St.pi / (obtained by adding a vertex at the barycenter of every simplex of St.pi /). The
bouquet K1 _ K2 is endowed with the triangulations given by � 01 and � 02. The complex
P D K1 [ Œ1; 2�[K2 is endowed with the triangulation given by �1, �2 and the barycen-
tric subdivision of Œ1; 2� into I1 D Œ1; 3=2� and I2 D Œ3=2; 2�.

Consider the simplicial map

f W K1 _K2 ! P
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which agrees with the identity map on Ki n St.pi /, and takes pi to the midpoint of Œ1; 2�
and all the vertices of � 0i corresponding to the barycenters of the simplices of St.pi / for
the triangulation �i to i . By construction, the map f is m-monotone and induces a �1-
isomorphism.

The inequality obtained by applying Proposition 2.4 to f , combined with the inequal-
ity (2.6), yields the relation

�hhH1�H2ii
.P / D �hhH1�H2ii

.K1 _K2/: (2.7)

For the second step, we need to show that

�hhH1�H2ii
.P / � �H1

.K1/C�H2
.K2/: (2.8)

Fix ˇi > �Hi
.Ki /

1=m. By definition, there exists a metric hi on Ki such that

entHi
.Ki ; hi /

m vol.Ki ; hi / < ˇmi : (2.9)

By scale invariance, this inequality holds for every homothetic metric �2i hi with �i > 0.
Choose the factors �1 and �2 so that

entH1
.K1; �

2
1h1/ D entH2

.K2; �
2
2h2/ (2.10)

and
vol.K1; �21h1/C vol.K2; �22h2/ D 1: (2.11)

Let ˛ D entH1
.K1; �

2
1h1/ D entH2

.K2; �
2
2h2/. The relations (2.9) and (2.10) combined

with (2.11) show that
˛m < ˇm1 C ˇ

m
2 : (2.12)

Consider the metric gd on P which is defined on the three parts of P given by (2.5)
as follows:

gd D

8̂̂<̂
:̂
�21h1 on K1;

4d2dx2 on Œp1; p2�;

�22h2 on K2;

(2.13)

where x is the coordinate on Œp1; p2� D Œ1; 2� and d > 0 is a parameter. By construction,
we have lengthgd

.Œp1; p2�/ D 2d and vol.P; gd / D 1, where the second equality comes
from (2.11).

We will need the following result.

Lemma 2.7. Let " > 0. For d large enough, we have

enthhH1�H2ii
.P; gd / < ˛ C ":

Proof. Let yKi and yP be the normal covers corresponding to the normal subgroups
Hi C �1.Ki / and hhH1 � H2ii C �1.P /. The cover yP of P D K1 [ Œp1; p2� [ K2
can be described as follows:
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(1) the cover yP decomposes into the union of the lifts of the subsets K1 and K2 of P ,
also called leaves of yP , and the lifts of Œp1; p2�;

(2) every lift of Œp1; p2� in yP is adjacent to two leaves homeomorphic to yK1 and yK2;

(3) removing a lift of Œp1; p2� from yP separates the cover into two connected compo-
nents.

The group G D �1.P /=hhH1 �H2ii where

�1.P / ' �1.K1 _K2/ ' �1.K1/ � �1.K2/

decomposes into
G ' G1 �G2

where Gi D �1.Ki /=Hi (this relation is left to the reader as an exercice in group theory).
With this decomposition, the action of G on yP can be described as follows. Let F ' yKi
be a leaf of yP . The subgroup Gi D �1.Ki /=Hi of G acts on F � yP . For every lift qi
of pi in F , the orbit qi �Gi of qi in F is composed of all the lifts of pi lying in F under
the cover yP ! P .

Denote by y�i the distance on yKi induced by �2i hi and denote by ygd the metric on yP
induced by gd ; see (2.13). Let Œq1; q2� be a lift of Œp1; p2� in yP and let q be the midpoint
of Œq1; q2�. In view of (2.1), the desired bound on enthhH1�H2ii

.P; gd / will follow from a
bound on v.t I d/ D jV.t I d/j where

V.t I d/ D BhhH1�H2ii
.t; qIgd / \ .q �G/: (2.14)

By the normal form theorem for free product of groups (see [33]), every element
 2 G ' G1 �G2 can be uniquely written in normal form as

 D 1 : : : l (2.15)

where s is a nontrivial element ofG1 or G2 for s 2 ¹1; : : : ; lº, and s and sC1 do not lie
in the same factorG1 orG2 for s 2 ¹1; : : : ; l � 1º. For s 2 ¹1; : : : ; lº, denote by is 2 ¹1; 2º
the index such that s 2 Gis . The length l./ of  is the number l of elements in the
decomposition (2.15). It follows from the description of the cover yP (see (1)–(3)) and of
the action of Gi on every leaf F ' yKi of yP that every path from q to q �  , where  is of
length l , passes through the points

q; : : : ; qis � .s�1 : : : 1/; qis � .s : : : 1/; qsC1 � .sC1 : : : 1/; : : : ; q � 

where s runs over ¹1; : : : ; l � 1º. Indeed, removing any of these points between q and q � 
from yP disconnects q and q �  . SinceG acts by isometries on yP , the ygd -distance between
qis � .1 : : : s�1/ and qis � .1 : : : s/ is equal to distygd

.qis ; qis � s/. Since the restriction
of the distance distygd

to a leaf F ' yKi of yP agrees with the distance y�i on yKi and since
the action of Gi on F as a subgroup of G coincides with its action on yKi under the
identification F ' yKi , we have

distygd
.qis ; qis � s/ D y�i .pis ; pis � s/:
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Thus,

distygd
.q; q � /

D d C y�i1.pi1 ; pi1 � 1/C 2d C y�i2.pi2 ; pi2 � 2/C 2d C � � � C y�il .pil ; pil � l /C d:

Hence,

distygd
.q; q � / D 2dl C

lX
sD1

y�is .pis ; pis � s/: (2.16)

To estimate the exponential growth rate of the orbit of G in yP , it will be useful
to decompose G by the filtration induced by the length on G. Under this filtration, the
group G decomposes into the disjoint union

G D

1[
lD1

G.l/

where G.l/ is formed by the elements of G of length l . We deduce from (2.14) that

V.t I d/ D
[
l�1

V .l/.t I d/ (2.17)

where
V .l/.t I d/ D BhhH1�H2ii

.t; qIgd / \ .q �G
.l//:

Since the union (2.17) is disjoint, we can write

v.t I d/ D
X
l�1

v.l/.t I d/

where v.l/.t I d/ D jV .l/.t I d/j.
Suppose q �  2 V .l/.t I d/. Let ts be the smallest integer greater than or equal to

y�is .pis ; pis � s/. Then pis � s 2 Vis .ts/ where

Vi .t/ D BHi
.t; pi I y�i / \ .pi �Gi /:

Furthermore,
ts < y�is .pis ; pis � s/C 1:

By (2.16), this inequality leads to

lX
sD1

ts <

lX
sD1

y�is .pis ; pis � s/C l

< t � 2dl C l D t � .2d � 1/l: (2.18)

Therefore, every element  2 G with q �  2 V.t I d/ decomposes into a product  D
1 : : : l with s 2Gis (see (2.15)) such that pis � s 2 Vis .ts/where the integers ts defined
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from s satisfy (2.18). The number of elements  2 G of length l with q �  2 V.t Id/ and
given integers ts satisfying (2.18) is at most

jVi1.t1/j � jVi2.t2/j � � � jVil .tl /j:

By definition of ˛, see below (2.11), the exponential growth rate of jVis .t/j agrees
with ˛. Thus, for every ˛1 > ˛ (arbitrarily close to ˛, which will be specified afterwards),
there exists t0 > 0 such that jVis .t/j < e

˛1t for every t > t0.
Let I be the subset of L D ¹1; : : : ; lº given by

I D ¹s 2 L j ts � t0º:

Let C D max ¹V1.t0/; V2.t0/º. For every s 2 L, we have

jVis .ts/j �

´
C if s 2 I;

e˛1ts if s … I:

These estimates yield an upper bound on the product

jVi1.t1/j � jVi2.t2/j � � � jVil .tl /j � C
jI je˛1.

P
s…I ts/ � C le˛1.t�.2d�1/l/ (2.19)

where the last inequality follows from jI j � l and the bound (2.18).
Now, the number of l-uplets � D .t1; : : : ; tl / with nonnegative integral coordinates

satisfying (2.18) is bounded by

Œt � .2d � 1/l�l

lŠ
:

Combined with (2.19), this leads to

v.l/.t I d/ �
X
�

jVi1.t1/j � jVi2.t2/j � � � jVil .tl /j � C
le˛1.t�.2d�1/l/

Œt � .2d � 1/l�l

lŠ

where � runs over all l-uplets satisfying (2.18). For d > 1
2

, we have t � .2d � 1/l � t
and so

v.l/.t I d/ � C le˛1te�˛1.2d�1/l
t l

lŠ
D
e˛1t

lŠ

�
Cd

e˛1.2d�1/

�l�
t

d

�l
:

For d large enough, we have
Cd

e˛1.2d�1/
< 1: (2.20)

Thus,

v.l/.t I d/ �
e˛1t

lŠ

�
t

d

�l
:

Therefore,

v.t I d/ D
X
l�1

v.l/.t I d/ �
X
l�1

e˛1t

lŠ

�
t

d

�l
D e˛1tC

t
d :
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Hence,

lim
t!1

log v.t I d/
t

� ˛1 C
1

d
: (2.21)

For ˛1 < ˛C " and d > 1=" large enough so that inequality (2.20) is satisfied, we deduce
from (2.21) that

enthhH1�H2ii
.P; gd / < ˛ C 2";

which finishes the proof of the lemma.

Let us resume the proof of Theorem 2.6. Since ˇmi can be arbitrarily close to�Hi
.Ki /,

inequality (2.12) combined with Lemma 2.7 leads to

�hhH1�H2ii
.P / � �H1

.K1/C�H2
.K2/:

Along with (2.7), this inequality yields the desired result.

2.3. Upper bound on the minimal volume entropy of connected sums

The following result compares the minimal volume entropy of the connected sum of two
(pseudo)manifolds with the minimal volume entropy of the two (pseudo)manifolds. Here,
the connected sum of the two connected m-pseudomanifolds is defined in the usual way
by removing an m-simplex �m from each pseudomanifold and by identifying the bound-
ary @�m of the resulting pseudomanifolds.

Theorem 2.8. For i D 1; 2, let Mi be a connected closed pseudomanifold of dimension
m � 3 and Hi C �1.Mi / be a normal subgroup. Then

�hhH1�H2ii
.M1 ] M2/ � �H1

.M1/C�H2
.M2/: (2.22)

Remark 2.9. In dimension 2, the result remains valid by replacing the normal subgroup
hhH1 �H2ii with f �1.hhH1 �H2ii/ where f WM1 ] M2 !M1 _M2 is the canonical
projection.

Remark 2.10. Inequality (2.22) is the analogue for the volume entropy of a similar bound
holding for the systolic volume; see [5, Proposition 3.6] and Proposition 6.6. Note how-
ever that the proof for the minimal volume entropy is more intricate.

Proof of Theorem 2.8. Consider the canonical m-monotone map

f WM1 ] M2 !M1 _M2

obtained by collapsing the attaching sphere to a point (in order to get a simplicial map, we
may have to take two barycentric subdivisions of M1 and M2). Since m � 3, the induced
homomorphism f� W �1.M1 ]M2/! �1.M1 _M2/ is an isomorphism. The comparison
principle (see Proposition 2.4) and Theorem 2.6 yield

�hhH1�H2ii
.M1 ] M2/ � �hhH1�H2ii

.M1 _M2/ D �H1
.M1/C�H2

.M2/:
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Corollary 2.11. Let X be a path-connected topological space. Then for all a1; a2 in
Hm.X IZ/, we have

�.a1 C a2/ � �.a1/C�.a2/:

In particular, the quantity �.a1 � a2/ defines a pseudo-distance between a1 and a2
in Hm.X IZ/, and the functional k�kE is a semi-norm on Hm.X IR/.

Proof. Let a1; a2 2 Hm.X IR/. Fix " > 0. There exists a map fi W Mi ! X from an
oriented connected closed m-pseudomanifold Mi representing ai for i D 1; 2 such that

�ker.fi /�.Mi / � �.ai /C ":

LetM DM1 ]M2. Consider the canonical map f D f1 _ f2 WM !X obtained from f1
and f2 by first collapsing the attaching sphere to a point. Note that

kerf� ' hhker .f1/� � ker .f2/�ii:

Furthermore, by Theorem 2.8, we have

�kerf�.M/ � �ker.f1/�.M1/C�ker.f2/�.M2/

� �.a1/C�.a2/C 2":

Hence, �.a1 C a2/ � �.a1/C�.a2/.
Replacing ai with kai in the previous inequality, dividing by k and letting k go to

infinity, we obtain
ka1 C a2kE � ka1kE C ka2kE :

Since k�kE is clearly homogeneous by the stabilization process (see (1.5)), the func-
tional k�kE is a semi-norm.

2.4. Lower bound on the minimal volume entropy of connected sums

In a different direction, taking the connected sum with an orientable pseudomanifold does
not decrease the minimal volume entropy, as the following result shows.

Theorem 2.12. For i D 1; 2, let Mi be a connected closed pseudomanifold of dimension
m � 3 and Hi C �1.Mi / be a normal subgroup. Let H C �1.M1/ � �1.M2/ be a nor-
mal subgroup such that the canonical inclusion �1.M1/ 6 �1.M1/ � �1.M2/ induces an
inclusion

�1.M1/=H1 6 .�1.M1/ � �1.M2//=H: (2.23)

Suppose M2 is orientable. Then

�H1
.M1/ � �H .M1 ] M2/: (2.24)

Combining this with Theorem 2.8, we obtain
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Corollary 2.13. For i D 1; 2, let Mi be a connected closed pseudomanifold of dimen-
sion m � 3 and Hi C �1.Mi / be a normal subgroup. Suppose M2 is orientable and
�H2

.M2/ D 0. Then

�hhH1�H2ii
.M1 ] M2/ D �H1

.M1/:

In order to prove Theorem 2.12, we first establish the following result. For a CW -
complex X , denote by X.k/ its k-skeleton.

Proposition 2.14. Let M be an orientable connected closed pseudomanifold of dimen-
sion m � 3. Suppose that

M D Dm
[
�
M.m � 1/ (2.25)

is a cell decomposition with a single m-cell. Then the space

M [
M.m�2/

Cone.M.m � 2//

obtained by gluing the cone Cone.M.m � 2// over M.m � 2/ to M along M.m � 2/ is
homotopy equivalent to a finite bouquet of spheres

M [
M.m�2/

Cone.M.m � 2// '
_
s

Sm�1s _ Sm:

Proof. We have

M [
M.m�2/

Cone.M.m � 2// 'M=M.m � 2/ '
_
s

Sm�1s [
y�

Sm

where the number of .m� 1/-spheres Sm�1s is equal to the number of .m� 1/-cells ofM
and

y� W Sm�1
�
�!M.m � 1/!M.m � 1/=M.m � 2/ '

_
s

Sm�1s

is the projection of the attaching map �.
To derive the proposition, we need to show that � is null-homotopic. Consider the

triple .M;M.m � 1/; M.m � 2// and the corresponding long exact sequence with Z-
coefficients

� � � ! 0
i�
�! Hm.M;M.m � 2//

j�
�! Hm.M;M.m � 1//

@
�! Hm�1.M.m � 1/;M.m � 2//! � � � :

From the long exact sequence of the pair .M;M.m � 2//, we obtain

Hm.M;M.m � 2// ' Hm.M/:

The orientability of M implies that

Hm.M;M.m � 1// ' Hm.M/:

Thus, j� is an isomorphism, which implies that @ D 0.
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Thinking of the homology groups Hk.M.k/; M.k � 1/IZ/ as free abelian groups
with basis the k-cells ek˛ ofM , the cellular boundary formula (see [28, Section 2.2]) gives

@.em/ D
X
s

deg.�s/em�1s

where �s W Sm�1 ! M.m � 1/! Sm�1s is the composite of the attaching map � of the
m-cell em D Dm with the quotient map collapsing M.m � 1/ n em�1s to a point. (Note
that �s factorizes through O�.) Since @ D 0, every map �s is contractible. Hence � is null-
homotopic as desired.

We can now prove Theorem 2.12.

Proof of Theorem 2.12. Choose a cell decomposition of M2 with only one cell of maxi-
mal dimensionm, which is coherent with the triangulation of the pseudomanifold. Denote
by Cone.M2.m � 2// the cone over the .m � 2/-skeleton M2.m � 2/ of M2. By Propo-
sition 2.14, the space

M2 [
M2.m�2/

Cone.M2.m � 2//

obtained by gluing the cone Cone.M2.m � 2// to M2 along M2.m � 2/ is homotopy
equivalent to a finite bouquet of spheres

M2 [
M2.m�2/

Cone.M2.m � 2// '
_
s

Sm�1s _ Sm

with only one m-dimensional sphere Sm. Thus, the canonical inclusion M1 n B
m �

M1 ] M2 extends to the missing ball Bm and gives rise to an m-monotone map (see
Definition 2.3)

f WM1 !M1 ] M2 [
M2.m�2/

Cone.M2.m � 2//: (2.26)

Fix " > 0. Consider a metric g onM1 ]M2 with vol.M1 ]M2;g/D 1which is "-extremal,
that is,

entH .M1 ] M2; g/
m
� �H .M1 ] M2/C ": (2.27)

Extend the metric g to a metric g0 on M1 ] M2 [
M2.m�2/

Cone.M2.m � 2// as follows.
First, observe that

Cone.M2.m � 2// DM2.m � 2/ � Œ0; 1�=M2.m � 2/ � ¹1º:

The extension g0 of g, which agrees with g onM1 ] M2, is defined on Cone.M2.m� 2//

by

g0 D

´
gjM2.m�2/ C 10D dt2 if 0 � t � 1=2;

4.1 � t /2gjM2.m�2/ C 10D dt2 if 1=2 � t � 1;

where D D diam.M2.m � 2/; gjM2.m�2//. Technically, the metric g0 is singular, but it
still induces a distance distg0 . Note also that for dimensional reasons,

vol
�
M1 ] M2 [

M2.m�2/
Cone.M2.m � 2//; g

0
�
D vol.M1 ] M2; g/ D 1:
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By construction of g0, the canonical inclusion

i WM1 ] M2 ,!M1 ] M2 [
M2.m�2/

Cone.M2.m � 2// (2.28)

is distance-preserving. That is, for all p1; p2 2M1 ] M2, we have

distg.p1; p2/ D distg0.i.p1/; i.p2//:

Since m � 3, the composite map

M1 n B
m
�M1 ] M2 ,!M1 ] M2 [

M2.m�2/
Cone.M2.m � 2// (2.29)

induces an isomorphism between the fundamental groups. Denote by G1 6 G D

�1.M1 ] M2/ the image of �1.M1/ in �1.M1 ] M2/.
Let q1 2M1 nB

m �M1 ]M2. Since Cone.M2.m� 2// is simply connected and the
map (2.29) is distance-preserving, every loop  � M1 ] M2 [

M2.m�2/
Cone.M2.m � 2//

based at q1 is homotopic to a loop  0 �M1 ] M2 based at the same point such that

lengthg.
0/ � lengthg0./: (2.30)

The group G=H acts on the cover yM of M1 ] M2 with fundamental group H . Simi-
larly, the groupG1=H1 acts on the cover yM 0 ofM1 ]M2 [

M2.m�2/
Cone.M2.m� 2// with

fundamental group H1. Let yg and yg0 be the metrics on yM and yM 0 induced by g and g0.
Fix some lifts q 2 yM and q0 2 yM 0 of q1. Denote by BH .t; qI yg/ and BH1

.t; q0I yg0/ the
balls of yM and yM 0 of radius t centered at q and q0. Since G1=H1 6 G=H (see (2.23)), it
follows from (2.30) that for every t � 0,

jBH1
.t; q0I yg0/ \ q0 � .G1=H1/j � jBH .t; qI yg/ \ q � .G=H/j: (2.31)

Applying Lemma 2.5 to the m-monotone map f (see (2.26)), we derive a polyhedral
Riemannian metric g" on M1 such that the map f is nonexpanding and

vol.M1; g"/ < vol.M1 ] M2; g/C ": (2.32)

The group G1=H1 acts both on yM 0 and on the cover yM 00 of M1 with fundamental
group H1. Let yg00" be the metric on yM 00 induced by g". Fix a lift q00 of q1 in yM 00. The
nonexpanding map f lifts to a .G1=H1/-equivariant, nonexpanding map yf W yM 00 ! yM 0.
This implies that the ball BH1

.t; q00I yg00" / of yM 00 satisfies

jBH1
.t; q00I yg00" / \ q

00
� .G1=H1/j � jBH1

.t; q0I yg0/ \ q0 � .G1=H1/j: (2.33)

Combining the bounds (2.31) and (2.33), we derive the following inequalities on the
exponential growth rates of the orbits of G1=H1 and G=H :

entH1
.M1; g"/ � entH1

�
M1 ] M2 [

M2.m�2/
Cone.M2.m� 2//; g

0
�
� entH .M1 ] M2; g/:
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Since vol.M1 ]M2; g/D 1 and vol.M1; g"/ < 1C " (see (2.32)), this estimate combined
with (2.27) yields the desired bound

�H1
.M1/ � �H .M1 ] M2/:

Remark 2.15. The proof of Theorem 2.12 does not apply when M2 is nonoriented. The
conclusion is unclear in this case.

2.5. Fundamental class of finite order

The following result is a direct application of Theorem 2.12.

Proposition 2.16. Let M be an oriented connected closed manifold of dimension m � 3
and f WM ! K.�1.M/; 1/ be its classifying map. Suppose f�.ŒM �/ 2 Hm.�1.M/IZ/
is a finite order homology class. Then

�.M/ D 0:

Proof. Let N D M ] � � � ] M be the manifold obtained by taking the connected sum
of k copies of M . Consider the map F D f _ � � � _ f W N ! K.�1.M/; 1/ obtained
by collapsing each attaching sphere to a point and by applying f to each term M in
the bouquet M _ � � � _M . The class F�.ŒN �/ is equal to ka where a D f�.ŒM �/. Sup-
pose ka D 0. Since N is an oriented connected closed manifold and the homomorphism
F� W �1.N /! �1.M/ induced by F is surjective, we deduce from [13, Theorem 10.2]
(see (1.4)) that

�kerF�.N / D 0:

Apply Theorem 2.12 to M1 D M and the connected sum M2 D M ] � � � ] M of k � 1
copies of M by taking H D kerF�. This immediately leads to the desired result.

Remark 2.17. In order to contextualize this result, recall that under the assumption of
Proposition 2.16, the volume entropy semi-norm of M (and its simplicial volume) van-
ishes. Proposition 2.16 asserts that the volume entropy of M also vanishes, without any
stabilization process.

Example 2.18. Every manifold M with fundamental group SL.2;Z/ ' Z4 �Z2
Z6 or

PSL.2;Z/ ' Z2 � Z3 has zero minimal volume entropy, that is, �.M/ D 0. Indeed,
the homology of an amalgamated product can be computed through a Mayer–Vietoris
sequence involving the homology groups of its factors. Since the homology of every cyclic
group is composed of finite groups (except in dimension zero), the same holds for the
homology groups of SL.2;Z/ and PSL.2;Z/; see [32, Theorem 4.1.1].

2.6. Volume entropy semi-norm comparison

Let us give an application of Corollary 2.13.
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Theorem 2.19. LetG be a finitely presented group andH be a finite index subgroup ofG.
Let m � 3. Suppose that the canonical inclusion i W H ,! G induces a monomorphism
between the m-dimensional rational homology groups

.i�/m W Hm.H IQ/! Hm.GIQ/:

Then for every homology class a 2 Hm.H IZ/,

kakE D ki�.a/kE :

Proof. Still denote by i W K.H; 1/! K.G; 1/ the classifying map induced by the canon-
ical inclusion i W H ,! G. By (1.3), for every integer k � 1, we have

�.ki�.a// D �.i�.ka// � �.ka/:

Hence
kakE � ki�.a/kE :

Thus, we only have to show the converse inequality. The idea is to start with an almost
extremal geometric cycle ofK.G;1/ representing ki�.a/, to add handles to it to make sure
it is �1-surjective and to take a lift corresponding to the subgroup H 6 G. The resulting
geometric cycle is almost extremal and represents dka up to some torsion element, where
d D ŒG W H�.

Denote by p the number of generators inG and by d D ŒG WH� the index ofH onG.
Let

M2 D .S
1
� Sm�1/ ] � � � ] .S1 � Sm�1/

be the connected sum of p copies of S1 � Sm�1. Let f2 WM2!K.G;1/ be a map induc-
ing a surjective homomorphism between the fundamental groups. Observe that�.M2/D0

and .f2/�.ŒM2�/ D 0 2 Hm.GIZ/.
Fix " > 0. By definition of k�kE , for every integer k � 1, there exists a map f1 W

M1 ! K.G; 1/ defined on an oriented connected closed m-pseudomanifold representing
the class ki�.a/ 2 Hm.GIZ/ such that

�ker .f1/�.M1/ � k.ki�.a/kE C "/:

Consider the connected sum M DM1 ] M2 and the canonical map f D f1 _ f2 WM !
K.G; 1/ obtained from f1 and f2 by collapsing the attaching sphere to a point. Note that

kerf� ' hhker .f1/� � ker .f2/�ii:

Since .f2/�.ŒM2�/ D 0 2 Hm.GI Z/, the map f W M ! K.G; 1/ still represents the
class ki�.a/ 2 Hm.GIZ/. Since �ker.f2/�.M2/ D 0, we deduce from Corollary 2.13 that

�kerf�.M/ � k.ki�.a/kE C "/: (2.34)

Since f2 induces a surjective homomorphism between the fundamental groups, the
same holds for the map f . Let yM be the cover of M of fundamental group f �1� .H/.
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Denote by
yf W yM ! K.H; 1/

the corresponding lift of f . Let b D yf�.Œ yM�/ 2 Hm.H I Z/. Since H is of index d
in G, the cover � W yM ! M is of degree d . Thus, ��.Œ yM�/ D dŒM�. Still denote by
i WK.H;1/!K.G;1/ the classifying map induced by the canonical inclusion i WH ,!G.
It follows from the commutation relation i ı yf D f ı � that

i�.b/ D i�. yf�.Œ yM�// D df�.ŒM �/ D dki�.a/:

Since the canonical inclusion i W H ,! G induces a monomorphism between the
m-dimensional rational homology groups, we deduce that b D dka C c where c 2
TorHm.H IZ/. Thus,

kbkE D dkkakE :

Let g be an "-extremal metric on M , that is,

�kerf�.M; g/ � �kerf�.M/C ": (2.35)

Denote by yg the lift of g on yM . The cover of .M; g/ of fundamental group ker f� is iso-
metric to the cover of . yM; yg/ of fundamental group ker yf�. Thus, the exponential growth
rates of the volume of balls in the two coverings are equal. Since � W yM ! M is of
degree d , we have vol. yM/ D d vol.M/. Therefore,

�ker yf�
. yM; yg/ D d�kerf�.M; g/:

Now, by construction, . yM; yf / represents b. Hence,

dkkakE D kbkE � �ker yf�
. yM; yg/ D d�kerf�.M; g/:

This inequality combined with the bounds (2.34) and (2.35) yields

kakE � ki�.a/kE C 2":

Hence the desired inequality kakE � ki�.a/kE by letting " go to zero.

3. Functorial properties of the volume entropy semi-norm

In this section, we present functorial properties of the volume entropy semi-norm and
observe similarities to the ones satisfied by the simplicial volume.

Theorem 3.1. (1) Let f W X ! Y be a continuous map between path-connected topo-
logical spaces. Then for every a 2 Hm.X IR/,

kf�.a/kE � kakE :
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(2) Let f WM ! K.�1.M/; 1/ be the classifying map of an orientable connected closed
manifold M . Then

kf�.ŒM �/kE D kMkE :

(3) Let f W M ! N be a degree d map between oriented connected closed manifolds.
Then

kMkE � jd j kN kE :

(4) Let f W M ! N be a d -sheeted covering map between orientable connected closed
manifolds. Then

kMkE D dkN kE :

(5) Let M1 and M2 be orientable connected closed manifolds of dimension m � 3. Then

kM1 ] M2kE � kM1kE C kM2kE : (3.1)

(6) LetM be an orientable connected closedm-manifold with a negatively curved locally
symmetric metric g0. Then

kMkE D �.M; g0/:

In particular, if M is a closed genus g surface then

kMkE D �kMk� D 4�.g � 1/:

Remark 3.2. Properties (1)–(5) are also satisfied by the simplicial volume. However,
the simplicial volume is additive under connected sum in dimension at least 3; see [24].
That is, there is equality in (3.1) if one replaces the volume entropy semi-norm with
the simplicial volume. This leads to the following questions. Is there equality in (3.1)?
Similarly, is there equality in (2.22)? A difficulty to overcome is that, in contrast to the
simplicial volume, there is no cohomological interpretation of the volume entropy semi-
norm.

Remark 3.3. It follows from (3) that both the simplicial volume and the volume entropy
semi-norm of an orientable connected closed manifold admitting a map to itself of degree
different from 0 and ˙1 are equal to zero. In a different direction, by Theorem 4.12,
neither the simplicial volume nor the volume entropy semi-norm vanishes for orientable
connected closed manifolds admitting a negatively curved Riemannian metric; see [24].

Proof of Theorem 3.1. (1) Observe that if .M; '/ is a geometric cycle representing a 2
Hm.X I R/ then .M; f ı '/ is a geometric cycle representing f�.a/ 2 Hm.Y I R/.
Moreover, !kerf�.M/ � !ker .'ıf /�.M/ since ker f� 6 ker .' ı f /�. This immediately
implies (1).

(2) For m D 2, the assertion is obvious since the classifying map is the identity map
when M ¤ S2. In case M D S2, all the terms of the relation vanish.

Suppose that m � 3. The inequality kf�.ŒM �/kE � kMkE follows from (1). For
the reverse inequality, consider Mk D M ] � � � ] M (k copies) and the degree k map
fk WMk !M contracting all attaching spheres to a point. By definition,

�ker .fk/�.Mk/ � �.kŒM�/: (3.2)
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The composite map
Fk D f ı fk WMk ! K.�1.M/; 1/

represents the class kf�.ŒM �/ 2 Hm.�1.M/I Z/, that is, .Fk/�.ŒMk �/ D kf�.ŒM �/.
Observe also that it is �1-surjective. By [13, Theorem 10.2], this implies that

�.kf�.ŒM �// D �ker .Fk/�.Mk/: (3.3)

Since f is �1-injective, �ker .Fk/�.Mk/ D �ker .fk/�.Mk/. Combining this with (3.2)
and (3.3), we derive

�.kf�.ŒM �//

k
�
�.kŒM�/

k
:

By letting k go to infinity, we obtain kf�.ŒM �/kE � kMkE , which implies (2).
(3) By definition, assertion (3) immediately follows from (1).
(4) Let .Q;  / be a geometric cycle representing the class kŒN � 2 Hm.N IZ/. By

adding handles to Q and mapping them to a generating set of �1.N / if necessary (con-
tracting the meridian spheres of the handles to points), we can assume that the map
 WQ!N is �1-surjective. By Theorem 2.8 (and Remark 2.9 whenmD 2), adding such
handles does not increase the (relative) minimal volume entropy of the geometric cycle.
Now, denote by P !Q the covering ofQ corresponding to the subgroup . �/�1.Imf�/.
Note that P is an oriented connected closedm-pseudomanifold and that the covering map
P ! Q is of degree d . The map  W Q ! N lifts to a map ' W P ! M such that the
diagram

P M

Q N

'

f

 

commutes. Observe that the geometric cycle .P; '/ represents the class kŒM� 2

Hm.M IZ/.
Fix a piecewise Riemannian metric onQ and lift it to P . Since P !Q is a d -sheeted

covering map and ker'� D ker �, we have �ker'�.P / � d�ker �.Q/. Thus,

�.kŒM�/ � d�.kŒN �/:

Dividing this inequality by k and letting k go to infinity, we obtain

kMkE � dkN kE :

The reverse inequality kMkE � dkN kE follows from (3).
(5) The idea is to realize ŒM1 ] M2� as the sum of ŒM1� and ŒM2� in a common topo-

logical space and to apply Corolllary 2.11. LetKi DK.�1.Mi /; 1/ be a classifying space
for Mi . Since m � 3, the bouquet K D K1 _K2 is a classifying space for M1 ] M2. By
the Mayer–Vietoris theorem, we have

Hm.KIZ/ ' Hm.K1IZ/˚Hm.K2IZ/:
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Denote by ŒMi �K 2Hm.KIZ/ the image of the fundamental class ofMi under the homol-
ogy homomorphism induced by the composite f Ki W Mi ! K of the classifying map
fi WMi ! Ki and the inclusion map Ki ,! K D K1 _K2. Observe that

f�.ŒM1 ] M2�/ D ŒM1�K C ŒM2�K

where f W M1 ] M2 ! K is the classifying map of M1 ] M2. By (2) and the triangle
inequality for the volume entropy semi-norm (see Corollary 2.11), we derive

kM1 ] M2kE D kf�.ŒM1 ] M2�/kE � kŒM1�KkE C kŒM2�KkE :

By (1), we also have kŒMi �KkE � kŒMi �kE D kMikE . Hence the result follows.
(6) The proof proceeds from a mild improvement on the minimal volume entropy esti-

mate for closed manifolds admitting nonzero maps onto closed negatively curved locally
symmetric manifolds; see [9]. This mild improvement, leading to (3.6), was carried out
in [42, Theorem 2.5] for n � 3 with the construction of a volume-nonexpanding map fol-
lowing [9]. Our approach is similar, except that it rests on the calibration argument of [9]
(which can be applied to pseudomanifolds) and applies to both cases n� 3 and nD 2. We
refer to [9] for the notations (accordingly renaming M to X ), the definitions and further
details.

Let f W Y ! X DM be a map from an oriented connected closedm-pseudomanifold
representing kŒX�. The map f lifts to a map xf W xY ! QX where xY is the covering of Y with
�1. xY / D ker f�. (This is the main difference with [9, Section 8], where the map is lifted
to QY ! QX .) Given a piecewise Riemannian metric g on Y , denote by xg the lifted metric
on xY . Fix c > 0. Consider the �1.Y /=kerf�-equivariant map‰c W xY !S1C �L

2.@ QX;d�/

defined as

‰c.y; �/ D

�R
xY
e�cdxg.y;z/p0. xf .z/; �/ dvxg.z/R

xY
e�cdxg.y;z/ dvxg.z/

�1=2
where p0 is the Poisson kernel of . QX; Qg0/; see [9]. The arguments of [9] show that the
map ‰c is only defined when c > entkerf�.Y; g/ and thatp

detxg.g‰c
/ � cm

.4m/m=2 (3.4)

where g‰c
is the pull-back under‰c of the Hilbert metric onL2.@ QX;d�/. Loosely speak-

ing, the equivariant map ‰c converges to the composite of xf with the embedding
p
p0

of QX into L2.@ QX; d�/ given by the Poisson kernel when c goes to entkerf�.Y; g/. The
Poisson embedding

p
p0 is an isometry up to some factor (i.e., gpp0

D
entker f� .Y;g/

4m
g0)

admitting an equivariant calibration form in the infinite-dimensional sphere S1C as
explained below.

Denote by � W S1C ! QX the barycenter map, i.e., �.�/ D bar.�2.�/d�/; see [9]. The
following calibration result was established in [9, Proposition 5.7] for m � 3 and in [9,
Theorem 6.2] for m D 2. Let !0 be the volume form on . QX; Qg0/. The �1.X/-equivariant
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closed m-form ��!0 on S1C calibrates the embedding ˆ0 W QX ! S1C � L
2.@ QX; d�/

defined as ˆ0.x/ D
p
p0.x; �/. Furthermore,

comass.��!0/ D
.4m/m=2

ent.X; g0/m
: (3.5)

Now, the map � ı‰c is homotopic to � ı‰0, where ‰0 D ˆ0 ı xf , through equivariant
maps from xY to QX . By (3.4) and (3.5), we derive

j.� ı‰c/
�.!0/j D j‰

�
c .�

�!0/j �

�
c

ent.X; g0/

�m
j!xg j:

By a calibration argument, we deduce that

jdeg.f /j � vol.X; g0/ �
Z
Y

j.� ı‰c/
�.!0/j �

�
c

ent.X; g0/

�m
vol.Y; g/

passing the volume form to the quotient. As c goes to entkerf�.Y; g/, we obtain

�.X; g0/ �
�kerf�.Y; g/

k
: (3.6)

Taking the infimum over all piecewise Riemannian metrics g on Y and over all geometric
cycles .Y;f / representing kŒX�, we derive�.X;g0/� kXkE after letting k go to infinity.

The reverse inequality is obvious.

Remark 3.4. The assertion (6) can be extended to the following case. If M is an ori-
entable connected closed 2m-manifolds given by a compact quotient of the product of
m hyperbolic planes H2 then

kMkE D �.M; g0/

where g0 is the unique locally symmetric metric of minimal volume entropy onM among
all locally symmetric metrics of given volume. Indeed, the proof can be adapted to follow
the argument of [36] based on the same calibration method as in [9]. Loosely speaking,
we replace QX by the m-fold product H2 � � � � � H2, @ QX by the Furstenberg boundary
@F .H2 � � � � �H2/ D Tm, d� by the product Lebesgue probability measure on Tm, and
p0.x; �/ by the product p0.x1; �1/ � � �p0.xm; �m/ of the Poisson kernel of @H2. The main
difference is that the calibration form ��!0 of the �1.X/-equivariant embedding ˆ0 is
not constructed from the barycenter map � , but is given by a combinatorial .2m � 1/-
cocycle of Tm; see [36] for details.

We need a couple of definitions to present the next result.

Definition 3.5. For i D 1; 2, let Vi be an R-vector space endowed with a semi-norm k�ki .
The tensor product V1 ˝ V2 inherits the semi-norm k�k˝ given by the tensor product
of k�k1 and k�k2; see [44]. By definition, for every u 2 V1 ˝ V2, we have

kuk˝ D inf
°X
s

kxsk1kysk2

ˇ̌̌
u D

X
s

xs ˝ ys

±
(3.7)

where the infimum is taken over all representations of u by finite sums of simple tensor
products.
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Below, we endow the direct sum of semi-normed vector spaces with the direct sum
of the semi-norms. With this convention, the graded vector space of the real homol-
ogy H�.X IR/ of a path-connected topological space X is endowed with the graded
volume entropy semi-norm k�k�E given on each homogeneous component by

kakmE D
1

mm
kakE

for every a 2 Hm.X IR/.
The real homology of the direct product X1 � X2 of path-connected topological

spaces X1 and X2 is canonically endowed with two semi-norms. The first one is the usual
volume entropy semi-norm k�k�E . The second one is defined via Künneth’s formula

Hm.X1 �X2IR/ '
M

iCjDm

Hi .X1IR/˝Hj .X2IR/

as the tensor product norm (see (3.7)), of the graded volume entropy semi-norms k�k.i/
�E

on H�.Xi IR/. It is denoted by k�k˝E .

We can now state our next result.

Theorem 3.6. Let X1 and X2 be path-connected topological spaces. Then, for every
a 2 H�.X1 �X2IR/,

kak�E � kak˝E :

Proof. It is enough to prove the inequality for homogeneous elements. Every homology
class a 2 Hm.X1 �X2IR/ admits a representation as a sum of simple tensor products

a D
X
s

xs ˝ ys (3.8)

where xs 2His .X1IR/ and ys 2Hjs
.X2IR/with is C js Dm. By the triangle inequality,

kak�E �
X
s

kxs ˝ ysk�E : (3.9)

By multiplying if necessary the homology class a by an appropriate natural number, we
can suppose that all classes xs and ys in (3.8) are represented by closed manifolds. Propo-
sition 2.6 of [1] implies that

kxs ˝ ysk�E � kxsk�Ekysk�E :

Plugging this bound in (3.9) and minimizing over all the simple tensor product represen-
tations (3.8), we obtain the desired inequality.

4. Volume entropy semi-norm and simplicial volume

In this section, we show that the volume entropy semi-norm of a homology class is
bounded from above and below by its simplicial volume, up to some multiplicative con-
stants depending only on the dimension of the homology class. Therefore, the volume
entropy semi-norm and the simplicial volume are equivalent homology semi-norms.
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4.1. Geometrization of the simplicial volume

Let us introduce some topological invariants.

Definition 4.1. Let K be an m-dimensional topological space supplied with a finite
pseudo-triangulation (also referred to as a pseudo-simplicial complex or a �-complex;
see [28, Section 2.1]). Loosely speaking, the space K is a finite cell complex where the
closure of each cell is homeomorphic to the standard simplex of the same dimension.
In comparison with usual simplicial complexes, a simplex in a pseudo-triangulation is
not uniquely defined by its vertices. An m-dimensional geometric �-cycle is a disjoint
finite union of m-dimensional �-complexes whose pseudo-triangulations satisfy condi-
tions (1)–(3) of Definition 2.1.

The geometric complexity ofK, denoted by �.K/, is the number ofm-simplices ofK.
Define the geometric complexity of a homology class a 2 Hm.X IZ/ as

�.a/ D inf
P
�.P /

where P runs over them-dimensional geometric�-cycles representing a. That is, there is
a map h WP !X such that h�.ŒP �/D a where the class ŒP � is the sum of the fundamental
classes of the connected components of P with the appropriate orientations. Define also
the average geometric complexity of a as

�1.a/ D lim
n!1

�.na/
n

: (4.1)

Note that the function �.na/ is subadditive in n, which ensures the existence of the
limit (4.1). Furthermore, �1.a/ � �.na/=n for every n � 1.

We will also need the following definition extending the notion of simplicial volume
to homology classes with coefficients in more general rings.

Definition 4.2. Let X be a topological space and AD Z or Q. For every a 2Hm.X IA/,
define

kakA� D inf
c
kck1

where the infimum is taken over all m-cycles c 2 Cm.X IA/ with coefficients in A repre-
senting a.

We present a couple of known results, including the proofs for the sake of com-
pleteness. The first result can be found in [45, Lemma 2.9]. See [27, item 5.41 (a)] for
a previous statement.

Lemma 4.3. Every homology class a 2 Hm.X IZ/ satisfies

kak� D kakQ� :

Proof. Let � (resp. � 0) be a real (resp. rational) m-cycle representing the real homol-
ogy class induced by a. The difference � � � 0 is the boundary of an .m C 1/-chain
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c 2 CmC1.X IR/, that is,
� � � 0 D @c:

By density of Q in R, there is a rational .mC 1/-chain c0 (with the same support) such
that kc � c0k1 is arbitrarily small. Since the boundary of every .mC 1/-simplex is formed
of mC 2 simplices of dimension m, we have

k@zk1 � .mC 2/kzk1

for every .mC 1/-chain z 2 CmC1.X IR/. Thus,

k� � .� 0 C @c0/k1 � k@.c � c
0/k1 � .mC 2/kc � c

0
k1

is arbitrarily small. Therefore, the real cycle � and the rational cycle � 0C @c0, which both
represent the real homology class induced by a, have arbitrarily close k�k1-semi-norms.
Hence the result follows.

Proposition 4.4. Every homology class a 2 Hm.X IZ/ satisfies

kakZ� D �.a/; (4.2)

kak� D �1.a/: (4.3)

Proof. The inequality kakZ� � �.a/ is obvious and the reverse inequality �.a/ � kakZ�
can be found in [34, Proposition 2.1] (and also follows from [28, pp. 108–109]). This
yields (4.2).

Applying the average procedure of (4.1) to the obvious inequality kak� � �.a/ yields
the bound kak� � �1.a/. For every " > 0, we also have

�.na/
n
D
knakZ�
n
� kakQ� C "

for some positive integer n, where the first equality follows from (4.2). Thus, �1.a/ �
kakQ� C " by subadditivity of the function �.na/ with respect to n. By Lemma 4.3, this
yields the bound �1.a/ � kak� C " for every " > 0. This shows (4.3).

4.2. Universal realization of homology classes

Let us introduce some results in geometric topology following [20–22], which rely on
C. Tomei’s work [49].

Definition 4.5. The m-permutahedron …m is the convex hull of the .m C 1/Š points
obtained by permutations of the coordinates of the point .1; 2; : : : ; mC 1/ of RmC1. It is
an m-dimensional simple convex polytope of RmC1 with 2mC1 � 2 facets, i.e., .m � 1/-
faces, that lies in the hyperplane

x1 C � � � C xmC1 D

mC1X
jD1

j D
.mC 1/.mC 2/

2
:

Here, an m-polytope is simple if each of its vertices is contained in exactly m facets.
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From a more geometric point of view (see [23]), the m-permutahedron …m can be
obtained by truncating the standard simplex �m � RmC1 given by

x1 C � � � C xmC1 D 1

with xi � 0 as follows. First, truncate the vertices of �m by the hyperplanes xi D 1 � 1
4

.
Then, truncate the edges of �m by the hyperplanes

xi1 C xi2 D 1 �

�
1

4

�2
:

At the k-th step, truncate the .k � 1/-faces of �m by the hyperplanes

xi1 C � � � C xik D 1 �

�
1

4

�k
:

The resulting polytope is combinatorially equivalent to the m-permutahedron …m. The
faces F of …m correspond to the faces � D �F of �m after truncation of which they
appear.

Consider the canonical piecewise linear map‚ W…m!�m which takes every face F
of …m to its corresponding face �F in �m. More precisely, define ‚ on the barycen-
ters bF of the faces of Tm by sending bF to the barycenter of �F . Then extend this map
linearly to every simplex of the barycentric subdivision of Tm; see [20]. Note that ‚ is a
degree 1 map which is injective in the interior of …m.

Definition 4.6. Consider the manifold M0 of real symmetric tridiagonal matrices of
size m C 1 with eigenvalues �i D i , for i D 1; : : : ; m C 1. Here, a matrix A D .ai;j /

is tridiagonal if ai;j D 0 whenever ji � j j > 1. The manifold M0 will be referred to as
the isospectral m-manifold.

It was proved by C. Tomei [49] that the isospectral manifoldM0 is an orientable closed
aspherical m-manifold. By [16, 20–22, 49], the isospectral m-manifold M0 is tiled by 2m

copies of them-permutahedron…m. More precisely, the manifoldM0 can be decomposed
as

M0 ' .Z
m
2 �…

m/=�

where the equivalence relation is generated by .s; x/� .rj!js; x/ whenever x 2 F! . Here,
the elements ri are the standard generators of Zm2 .

We will rely on the following universal property established by A. Gaifullin [21, 22]
regarding Steenrod’s problem and the realization of cycles by closed manifolds.

Theorem 4.7 ([21, 22]). Let X be a path-connected topological space. Then for every
homology class a 2 Hm.X IZ/, there exist a connected finite-fold covering yM0 !M0 of
the isospectral manifold and a map f W yM0 ! X such that

f�.Œ yM0�/ D qa

for some positive integer q depending on a.
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Remark 4.8. When m D 2, the isospectral surface M0 is a genus 2 surface. More pre-
cisely, the permutahedron is a hexagon, the surface M0 is tiled with four copies of this
hexagon, and these four copies surround every vertex of M0; see [49].

4.3. Homology norm comparison: upper bound on the volume entropy semi-norm

Let us state the main theorem of this section.

Theorem 4.9. Let m be a positive integer. Then there exists a constant Cm > 0 such that
every homology class a 2 Hm.X IZ/ of a path-connected topological space X satisfies

kakE � Cmkak�:

Proof. Let a 2 Hm.X IZ/. By Proposition 4.4 (see (4.3)), for every " > 0 and every inte-
ger s large enough, there exists a map hD hs W P !X from anm-dimensional geometric
�-cycle P D Ps such that

h�.ŒP �/ D sa; (4.4)

skak� � �.P / � s.kak� C "/: (4.5)

The second barycentric subdivision of P gives rise to a simplicial structure on P ;
see [28]. In general, the complex P is not connected. After the second barycentric sub-
division, we can take the connected sum of the connected components by omitting some
m-simplices and gluing together the components to obtain an orientable connected closed
pseudomanifold, still denoted by P . Note that this operation does not increase the number
of m-simplices. Taking a third barycentric subdivision ensures that the simplicial struc-
ture admits a regular coloring in mC 1 colors (that is, any two vertices connected by an
edge are of distinct colors) in order to apply some constructions of [20]. Recall that the
barycentric subdivision of a simplicial complex admits a regular coloring where every ver-
tex which is the barycenter of an r-simplex of the original triangulation is of color r . The
pseudomanifold P with this simplicial structure is denoted by Z. Since the barycentric
subdivision of an m-simplex gives rise to mŠ simplices of dimension m, we obtain

�.Z/ � .mŠ/3�.P /: (4.6)

By Theorem 4.7, there exists a map f W yM0 ! Z from a finite covering yM0 of M0

such that
f�.Œ yM0�/ D qŒZ� 2 Hm.ZIZ/ (4.7)

for some positive integer q.
Consider the piecewise flat metric on M0 where all permutahedra are isometric to the

standard permutahedron …m with its canonical Euclidean metric. The volume of M0 is
equal to 2mvm where vm is the Euclidean volume of …m.

By construction (see [20–22]), the map f W yM0 ! Z has the following features. The
map f W yM0 ! Z takes every permutahedron …m of yM0 to a simplex �m of Z and its
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restriction to …m agrees with the canonical piecewise linear map ‚ W …m ! �m intro-
duced in Definition 4.5. Furthermore, the number of permutahedra of the covering yM0

is equal to q�.Z/ where q is the degree of f ; see [20, end of proof of Proposition 5.3].
Therefore, the volume of yM0 satisfies

vol. yM0/ D q�.Z/vm (4.8)

where vm is the Euclidean volume of …m.
Consider the composite map ' D h ı f W yM0 ! Z ' P ! X . We derive from (4.7)

and (4.4) that
'�.Œ yM0�/ D qsa:

By definition of the volume entropy semi-norm, we have

kqsakE � ent'. yM0/
m vol. yM0/:

It follows from (4.8), (4.6) and (4.5) that

vol. yM0/ � q.mŠ/
3s.kak� C "/vm:

Since ent'. yM0/ � ent.M0/, we deduce that

qskakE � qs.mŠ/3C 0m.kak� C "/

where C 0m D ent.M0/
mvm is a constant which only depends onm. Simplifying by qs and

letting " go to zero, we obtain
kakE � Cmkak�

where Cm D .mŠ/3C 0m.

Remark 4.10. An estimate on the volume entropy ent.M0/ of the isospectralm-manifold
provides an estimate on the constant Cm in Theorem 4.9.

Remark 4.11. A referee pointed out to us that Theorem 4.9 can be derived from [15,
Proposition 7.11] combined with Theorem 3.1 (4), once the notion of the volume entropy
semi-norm is well established. The current presentation allows us to make a connection
with the proof of Theorem 5.1.

4.4. Homology norm comparison: lower bound on the volume entropy semi-norm

Let us show a reverse inequality to Theorem 4.9.

Theorem 4.12. Letm be a positive integer. Then there exists a constant cm > 0 such that
every homology class a 2 Hm.X IZ/ of a path-connected topological space X satisfies

kakE � cmkak�:

In order to prove this theorem, we will need the following classical interpretation of
the simplicial volume in terms of bounded cohomology; see [24] for the definitions.
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Proposition 4.13. Let X be a topological space. Then every homology class a 2
Hm.X IR/ satisfies

kak� D sup ¹1=k˛k1 j ˛ 2 Hm
b .X IR/; h˛; ai D 1º

where Hm
b
.X IR/ denotes the bounded cohomology of X of degree m.

The following result is a technical extension of M. Gromov’s inequality (1.6).

Proposition 4.14. Let m be a positive integer. Then there exists a constant cm > 0 such
that for every map ˆ W M ! X from an oriented connected closed m-manifold M to a
path-connected topological space X , we have

�kerˆ�.M/ � cmkˆ�.ŒM �/k�:

Proof. Fix a Riemannian metric g on M . Let NM ! M be the covering of M with
fundamental group kerˆ�. The quotient group � D �1. NM/=kerˆ� acts by deck transfor-
mations on NM . Denote by M. NM/ the Banach space of finite (signed) measures � on NM
with the norm

k�k D

Z
NM

j�j:

Denote also by MC. NM/ � M. NM/ the cone of positive measures. Following [24, Sec-
tion 2.4], a smoothing operator on NM is a smooth �-equivariant map S W NM !MC. NM/.
Define

ŒS � D sup
x2 NM

kdxS k

kS .x/k
:

Let ˛ 2 Hm
b
.X IR/ such that h˛; ˆ�.ŒM �/i D 1 where h�; �i is the bilinear pairing

between cohomology and homology given by the Kronecker product. Define ˇDˆ�.˛/2
Hm
b
.M IR/. Clearly, kˇk1 � k˛k1 and hˇ; ŒM�i D 1. By [24, Proposition, p. 33], there

exists a closed m-form ! on M representing the cohomology class ˇ 2 Hm.M IR/ such
that

k!k � mŠkˇk1ŒS �m (4.9)

for every smoothing operator S W NM !MC. NM/.
For � > entkerˆ�.M/, define S D S�;R W

NM !MC. NM/ as

S .x/ D .e�Rd Ng.x;�/ � e��R/1B Ng.x;R/.�/dvol Ng.�/:

By [24, Section 2.5] (see also [7] for further details), there exists a positive constant Am
depending only on m such that

ŒS � � Am� (4.10)

for R large enough. Technically speaking, the bound is stated in [7, 24] when NM is the
universal covering of M , but the proof is exactly the same for intermediate coverings.

Integrating ! onM using the relation h!; ŒM�i D 1 and the combination of (4.9) with
the bounds kˇk1 � k˛k1 and (4.10), we obtain

1 � mŠ.Am/
m
k˛k1entkerˆ�.M/m vol.M/:
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Hence,
cmkˆ�.ŒM �/k� � �kerˆ�.M/

by Proposition 4.13, with cm D .mŠ.Am/
m/�1 where Am is the multiplicative constant

in (4.10).

We can now proceed to the proof of Theorem 4.12.

Proof of Theorem 4.12. For every " > 0, there exists a positive integer k such that

�.ka/ � k.kakE C "/:

Thus, there exists a map ' W P ! X defined on an oriented connected closed m-pseudo-
manifold P such that '�.ŒP �/ D ka and

�ker'�.P / � �.ka/C " � kkakE C .k C 1/": (4.11)

By Thom’s theorem [48], there exists a map f W M ! P defined on an oriented
connected closed m-manifold M such that

f�.ŒM �/ D dŒP � 2 Hm.P IZ/

for some suitable nonzero integer d . Extend f W M ! P by handle attachments to a
�1-surjective map f 0 WM 0 ! P where

M 0 DM ]
� l

]
iD1

S1 � Sm�1
�
:

Clearly, f 0�.ŒM
0�/ D f�.ŒM �/ D dŒP �. By [1, Proposition 2.2], we have

�kerˆ�.M
0/ � d�ker'�.P / (4.12)

where ˆ WM 0 ! X is the composite map ˆ D ' ı f 0.
Now observe that ˆ�.ŒM 0�/ D dka. By Proposition 4.14, we derive

cmdkkak� � �kerˆ�.M
0/: (4.13)

Combining (4.11)–(4.13), dividing by dk and letting " go to zero, we obtain

cmkak� � kakE

as desired.

Remark 4.15. By a density argument, it follows from Theorems 4.9 and 4.12 that the
volume entropy semi-norm and the simplicial volume semi-norm are equivalent in real
homology, and not only in integral homology. A natural question would be to determine
whether the two semi-norms are proportional in every degree, though we do not have any
strong evidence for whether they are or not.
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5. Systolic volume of a multiple homology class

The following asymptotically optimal upper bound on the systolic volume of the multiples
of a given homology class positively answers a conjecture of [5], where a sublinear upper
bound was established.

Theorem 5.1. Let m be a positive integer. For every homology class a 2 Hm.X IZ/ of a
path-connected topological space X , there exists a constant C D C.a/ > 0 such that for
every k � 2, we have

�.ka/ � C
k

.log k/m
:

The proof of Theorem 5.1 rests on some systolic estimates in geometric group theory
based on the following notion.

Definition 5.2. Let G be a finitely generated group and S be a finite generating set of G.
Denote by dS the word distance induced by S . For every finite index subgroup � 6 G,
define

sys.�; dS / D inf
2�n¹eº

dS .e; /:

The systolic growth of finitely generated linear groups has been described by K. Bou-
Rabee and Y. Cornulier; see [11]. Originally stated in terms of residual girth rather than
systolic growth, their result can be written as follows.

Theorem 5.3. Let G be a finitely generated linear group over a field and let S be a finite
symmetric generating set ofG. Then there exist a constantC0 >0 and an infinite sequence
of subgroups �k 6 G of finite index k such that

sys.�k ; dS / � C0 log k:

Remark 5.4. A similar estimate has been previously stated without proof by M. Gro-
mov for finitely generated subgroups G of SLd .Z/ under the extra assumption that no
unipotent element lies in G; see [26, Elementary Lemma, p. 334].

We need to review some features of the isospectral m-manifold M0 introduced in
Definition 4.6.

It was proved by C. Tomei [49] thatM0 is an orientable closed asphericalm-manifold.
By M. Davis [16], its fundamental group G D �1.M0/ is isomorphic to a torsion-free
subgroup of finite index of the Coxeter group

W D hs1; : : : ; sm; r1; : : : ; rm j s
2
i D r

2
i D 1; sisj D sj si for ji � j j > 1;

sisiC1si D siC1sisiC1 ; rirj D rj ri ; sirj D rj si for i ¤ j i:

Recall that J. Tits showed that every Coxeter group admits a faithful linear representation
in a finite-dimensional vector space; see [12, Chapter V, Section 4, Corollary 2]. Thus, the
group G is linear. This is an important feature in view of Theorem 5.3.

We can now proceed to the proof of Theorem 5.1.
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Proof of Theorem 5.1. Let G D �1.M0/. Fix a finite symmetric generating set S of G
once and for all. The metric on M0 induced by the Hilbert–Schmidt metric (also called
the Frobenius metric) on the space MmC1.R/ of square matrices of size mC 1 lifts to
a metric d0 on the universal covering zM0 of M0. (Here, the choice of the metric does
not matter. We simply fix one once and for all.) Since M0 is compact, its universal cover-
ing zM0 is quasi-isometric to .G;dS /; see [17, Section IV.B, Theorem 23]. More precisely,
there exist some constantsA0 >1 andB0 >0 such that for every  2G and every x 2 zM0,
we have

A�10 dS .e; / � B0 � d0.x;  � x/ � A0dS .e; /C B0: (5.1)

Note that A0 and B0 only depend on m.
By Theorem 4.7, there exist a map f W yM0! X from a finite covering yM0 ofM0 and

a positive integer q such that
f�.Œ yM0�/ D qŒa�: (5.2)

Let � 6 yG WD �1. yM0/ be a finite index subgroup of yG. Denote by f� W zM0=� ! X

the lift of f W yM0 ! X under the canonical projection �� W zM0=� ! yM0. By the first
inequality of (5.1), we have

A�10 sys.�; dS / � B0 � sys. zM0=�/ � sysf�
. zM0=�/: (5.3)

Now, apply Theorem 5.3 about the systolic growth of linear groups to the finitely
generated linear group yG. Thus, there exists a sequence of subgroups �k 6 yG of finite
index Œ yG W �k � D k � 2 such that

sys.�k ; dS / � C0 log k (5.4)

for some C0 > 0 which does not depend on k.
Let yMk D

zM0=�k . We deduce from (5.3) that

sysfk
. yMk/ � A

�1
0 C0 log k � B0 � D0 log k (5.5)

where fk W yMk ! X is the lift of f W yM0 ! X and D0 > 0 does not depend on k. Since
�k is of index k in yG and the map f W yM0 ! X represents qa, we deduce that

.fk/�.Œ yMk �/ D kqa:

Since vol. yMk/ D k vol. yM0/, this yields the inequalities

�.kqa/ � �fk
. yMk/ � C

0 k

.log k/m

for every k � 2, where C 0 D C 0.a/ does not depend on k. Since � is subadditive (see [5,
Proposition 3.6]), we derive

�.ka/ � �
��
k

q

�
qa
�
� C

k

.log k/m

for every k � 2, where C D C.a/ does not depend on k.



I. Babenko, S. Sabourau 4430

6. Systolic volume semi-norm and functorial properties

In this section, we define the systolic volume semi-norm and present its functorial prop-
erties along with some comparison results.

6.1. Systolic volume semi-norm

Theorem 5.1 allows us to define the systolic volume semi-norm in real homology of
dimension m � 3. This definition is based on the following observation, whose proof
is left to the reader.

Lemma 6.1. Let M be a Z-module endowed with a translation-invariant pseudo-dis-
tance %. Given a function h W N ! RC with limk!1 h.k/ D 1, suppose that for every
a 2M, there is a positive constantC DC.a/ such that %.0;ka/�Ch.k/ for every k 2N.
Then

y%.a;b/ D lim sup
k!1

%.ka; kb/
h.k/

(6.1)

defines a translation-invariant pseudo-distance on M.

Let X be a path-connected topological space. Apply Lemma 6.1 with h.k/ D k
.logk/m

(see Theorem 5.1) to the translation-invariant pseudo-distance % defined on Hm.X IZ/
with m � 3 by %.a; b/ D �.a � b/; see [5, Corollary 5.3]. This yields a new translation-
invariant pseudo-distance y% on Hm.X I Z/. Define the systolic volume semi-norm of
a 2 Hm.X IZ/ as

kak� D lim
k!1

y�.ka/
k

(6.2)

where y�.a/ D y%.0; a/.

Remark 6.2. The behavior of �.ka/ as a function of k can be quite irregular; see [5,
Section 5.4]. This suggests it may not be possible to replace the lim sup in (6.1) by the
usual limit for %.a; b/ D �.a � b/. It is also unclear whether, though unlikely that the
second stablization process in (6.2) can be omitted in the definition of the systolic volume
semi-norm.

The following lemma is useful to establish upper bounds on the systolic volume semi-
norm.

Lemma 6.3. Let a;b 2 Hm.X IZ/ with m � 3, where X is a path-connected topological
space.

(1) Suppose that there exists � � 0 such that

�.ka/ � ��.kb/

for every integer k � 1. Then kak� � �kbk� .
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(2) Suppose that there exists �0 � 0 such that

�.ka/ �
k

.log k/m
�0

for every integer k � 2. Then kak� � �0.

Proof. (1) By assumption, replacing k by kp, we have �.kpa/ � ��.kpb/. Dividing this
inequality by k

.logk/m and letting k go to infinity, we obtain y�.pa/��y�.pb/. Dividing this
inequality by p and letting p go to infinity, we derive the desired bound kak� � �kbk� .

(2) By assumption, replacing k by kp, we have

�.kpa/ �
kp

.log k C logp/m
�0:

Dividing this inequality by k
.logk/m and letting k go to infinity, we derive y�.pa/ � p�0.

Dividing this inequality by p and letting p go to infinity yields kak� � �0 as desired.

6.2. Functorial properties of the systolic volume semi-norm

As in Section 3, we establish functorial properties of the systolic volume semi-norm sim-
ilar to the ones satisfied by the simplicial volume.

Theorem 6.4. Let m � 3 be an integer.

(1) Let f W X ! Y be a continuous map between path-connected topological spaces.
Then for every a 2 Hm.X IR/,

kf�.a/k� � kak� :

(2) Let f WM ! K.�1.M/; 1/ be the classifying map of an orientable connected closed
manifold M . Then

kf�.ŒM �/k� D kMk� :

(3) Let f W M ! N be a degree d map between oriented connected closed manifolds.
Then

kMk� � jd jkN k� :

(4) Let f W M ! N be a d -sheeted covering map between orientable connected closed
manifolds. Then

kMk� D dkN k� :

(5) Let M1 and M2 be orientable connected closed manifolds of dimension m � 3. Then

kM1 ] M2k� � kM1k� C kM2k� : (6.3)

Remark 6.5. As in Remark 3.2, we can ask whether equality holds in (6.3). Here is a
reasoning suggesting this question might be rather subtle. By [4, Theorem A], for every
essential m-manifold M1 with m � 4, there exists an essential m-manifold M2 such that

�.M1 ] M2/ < �.M1/C �.M2/:
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Now, it is unclear whether this strict inequality subsists or not under the double stabi-
lization process in the definition of the systolic volume semi-norm. More generally, the
inequalities (3.1), (6.3) and the one for the simplicial volume reflect convexity properties
of the semi-norms. Even if the three semi-norms are equivalent (as we will see), we have
no strong evidence that the volume entropy semi-norm and the systolic volume semi-norm
satisfy the same additivity property as the simplicial volume.

Proof of Theorem 6.4. We argue as in the proof of Theorem 3.1, pointing out only the
differences.

(1) Observe that if .M; '/ is a geometric cycle representing a 2 Hm.X IR/ then
.M; f ı '/ is a geometric cycle representing f�.a/ 2 Hm.Y IR/. Since every .f ı '/-
noncontractible loop of M is f -noncontractible, we get sysf .M/ � sysf ı'.M/. Hence,
�f .M/ � �f ı'.M/. This implies that �.f�.a// � �.a/. Replacing a by ka and applying
Lemma 6.3 (1), we obtain the desired inequality kf�.a/k� � kak� .

(2) We consider the degree k map fk W Mk ! M defined on the connected sum
Mk DM ] � � � ] M of k copies of M . By definition, �fk

.Mk/ � �.kŒM�/. Consider also
the composite map Fk D f ı fk WMk!K.�1.M/;1/, where .Fk/�.ŒMk �/D kf�.ŒM �/.
Note that Fk is �1-surjective. By [13, Theorem 10.2], this implies that �Fk

.Mk/ D

�.kf�.ŒM �//. Since f is �1-injective, sysFk
.Mk/ D sysfk

.Mk/. Hence, �Fk
.Mk/ D

�fk
.Mk/. Combining the previous estimates, we obtain

�.kf�.ŒM �// � �.kŒM�/:

By Lemma 6.3 (1), we derive kf�.ŒM �/k� � kMk� . Since the reverse inequality follows
from (1), this implies (2).

(3) By definition, assertion (3) immediately follows from (1).
(4) Construct a geometric cycle .Q;  / representing kŒN � 2 Hm.N I Z/ with  W

Q ! N �1-surjective, whose (relative) systolic volume � .Q/ is arbitrarily close
to �.kŒN �/. Consider the geometric cycle .P; '/ representing kŒM� 2 Hm.M IZ/ where
P is the cover of Q corresponding to the subgroup . �/�1.Imf�/ and ' W P !M is the
lift of  W Q! N . Since P ! Q is a d -sheeted covering map and ker'� D ker �, we
have �'.P / � d� .Q/. Thus,

�.kŒM�/ � d�.kŒN �/:

By Lemma 6.3 (1), we derive the inequality kMk� � dkN k� . The reverse inequality
follows from (3).

(5) The proof is similar to the proof of point (5) in Theorem 3.1. Simply replace the
volume entropy semi-norm k�kE by the systolic volume semi-norm k�k� .

6.3. Systolic volume comparison

We present analogues of comparison results obtained for the minimal volume entropy
(semi-norm) in Section 2 to the systolic volume (semi-norm) case.
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It is convenient to introduce the following definitions. Let M be a connected closed
m-manifold with a Riemannian metric g. Let H C �1.M/ be a normal subgroup. Define
the systole of M relative to H , denoted by sysH .M; g/, as the length of the shortest loop
of M whose homotopy class does not lie in H . As in (1.7), define the systolic volume
of M relative to H as

�H .M/ D inf
g

vol.M; g/
sysH .M; g/m

where the infimum is taken over all (piecewise) Riemannian metrics g on M . This is a
slight modification of the definition (1.7). For f W M ! X and H D ker f�, the invari-
ants �f and �H coincide. Note that the definition of �H extends to finite simplicial
complexes.

Though [5, Proposition 3.6] is stated for the absolute systolic volume, its short proof
based on the comparison principle [2, Proposition 3.2] can easily be adapted to cover the
relative case. Thus, we obtain

Proposition 6.6. For i D 1; 2, letMi be a connected pseudomanifold of dimensionm� 3
and let Mi C �1.Mi / be a normal subgroup. Then

�hhH1�H2ii
.M1 ] M2/ � �H1

.M1/C �H2
.M2/:

Theorem 2.12 holds true if one replaces the relative minimal entropy to the power m,
namely �H , with the relative systolic volume �H . (A previous version valid for “admis-
sible” pseudomanifolds can be found in [5, Corollary 3.5].) More precisely, we have

Theorem 6.7. For i D 1; 2, let Mi be a connected closed pseudomanifold of dimension
m � 3 and Hi C �1.Mi / be a normal subgroup. Let H C �1.M1/ � �1.M2/ be a nor-
mal subgroup such that the canonical inclusion �1.M1/ 6 �1.M1/ � �1.M2/ induces an
inclusion

�1.M1/=H1 6 .�1.M1/ � �1.M2//=H:

Suppose M2 is orientable. Then

�H1
.M1/ � �H .M1 ] M2/:

Proof. The proof is similar to the one of Theorem 2.12, except that the bound on the
volume entropy entH1

.M1; g"/ at the end of the proof of Theorem 2.12 should be replaced
with

sysH1
.M1; g"/ � sysH1

�
M1 ] M2 [

M2.m�2/
Cone.M2.m � 2//; g

0
�

� sysH .M1 ] M2; g/:

As previously, combining Theorem 6.7 and Proposition 6.6, we obtain the following
analogue of Corollary 2.13 for the (relative) systolic volume. In the case of “admissible”
pseudomanifolds, it follows from [5, Corollary 3.5 and Proposition 3.6].
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Corollary 6.8. For i D 1; 2, let Mi be a connected closed pseudomanifold of dimen-
sion m � 3 and let Hi C �1.Mi / be a normal subgroup. Suppose M2 is orientable and
�H2

.M2/ D 0. Then
�hhH1�H2ii

.M1 ] M2/ D �H1
.M1/:

The analogue of Theorem 2.19 for the systolic volume semi-norm holds true. Note
however that its proof differs from the one of Theorem 2.19. This is due to the fact that
the systolic volume and the minimal volume entropy do not have the same behavior under
finite coverings.

Theorem 6.9. LetG be a finitely presented group andH be a finite index subgroup ofG.
Let m � 3. Suppose that the canonical inclusion i W H ,! G induces a monomorphism
between the m-dimensional rational homology groups

.i�/m W Hm.H IQ/! Hm.GIQ/:

Then for every homology class a 2 Hm.H IZ/,

kak� D ki�.a/k� :

Proof. Let a 2 Hm.H IZ/. By Thom’s theorem [48], there exists an integer q � 1 such
that qi�.a/ 2Hm.GIZ/ can be represented by a geometric cycle f WM !K.G;1/where
M is a closed m-manifold. By adding handles if necessary, we can further assume that
f� W �1.M/! G is surjective. Arguing as in the proof of Theorem 2.19, we construct a
commutative diagram

yM K.H; 1/

M K.G; 1/

yf

f

where the vertical maps are d -sheeted coverings, such that

f�.ŒM �/ D qi�.a/ and yf�.Œ yM�/ D dqaC c

where c 2 TorHm.H IZ/.
Denote by t the order of the torsion class c. For every integer k � 1, consider the

connected sum Mk of kt copies of M and the map fk W Mk ! K.G; 1/ obtained by
collapsing the attaching spheres of the connected sum Mk to a point and by applying f W
M ! K.G; 1/ to each term M of the bouquet so obtained. By construction, the map
fk WMk ! K.G; 1/ is �1-surjective with

.fk/�.ŒMk �/ D ktf�.ŒM �/ D ktqi�.a/:

Since Mk is a closed manifold and fk W Mk ! K.G; 1/ is �1-surjective, we infer from
[2, 3] or [13, Theorem 10.2] that

�fk
.Mk/ D �.ktqi�.a//:
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The lift yfk W yMk ! K.H; 1/ of fk W Mk ! K.G; 1/ to the corresponding covers yMk

of Mk represents

. yfk/�.Œ yMk �/ D kt yf .Œ yM�/ D kt.dqaC c/ D ktdqa:

Since the vertical map yMk!Mk is a d -sheeted covering, we have � yfk
. yMk/�d�fk

.Mf /.
Hence,

�.ktdqa/ � � yfk
. yMk/ � d�fk

.Mk/ D d�.ktqi�.a//

for every k � 1. By Lemma 6.3 (1) and the homogeneity of the systolic volume semi-
norm, we deduce that kak� � ki�.a/k� .

The reverse inequality ki�.a/k� � kak� follows from Theorem 6.4 (1).

7. Systolic volume semi-norm and simplicial volume semi-norm

In this section, we show that the systolic volume semi-norm and the simplicial volume
semi-norm are equivalent in real homology.

Let us show that the systolic volume semi-norm bounds from above the simplicial
volume semi-norm and/or the volume entropy semi-norm (up to a multiplicative constant).
Recall that every homology class a 2Hm.X IZ/withm� 3, whereX is a path-connected
topological space, satisfies

�.a/ � �m
kak�

.log.2C kak�//m

where �m is a positive constant depending only on m; see (1.9). Therefore,

.log k/m

k
�.ka/ � �mkak�

�
log k

log.2C kkak�/

�m
:

Letting k go to infinity, we obtain y�.a/ � �mkak� (arguing separately for kak� being
zero and nonzero). Thus, kak� � �mkak�.

Alternatively, every homology class a 2 Hm.X IZ/ satisfies

�.a/ � �0m
�.a/

.log.2C�.a///m

for some constant �0m > 0 depending only on m; see [13, 39]. Therefore,

.log k/m

k
�.ka/ � �0m

�.ka/
k

�
log k

log.2C k�.a//

�m
:

Again, letting k go to infinity, we obtain y�.a/ � �0mkakE (arguing separately for �.a/
zero and nonzero). Thus, kak� � �0mkakE .

We establish a reverse inequality in the following theorem.
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Theorem 7.1. Let m � 3 be an integer. Then there exists a constant �m > 0 such that
every homology class a 2 Hm.X IZ/ of a path-connected topological space X satisfies

kak� � �mkak�:

Proof. We argue as in the proof of Theorems 4.9 and 5.1. Let a 2 Hm.X IZ/. For every
" > 0 and every integer s large enough, we consider the map h W Z ! X from a closed
connected simplicial m-pseudomanifold Z to X such that

h�.ŒZ�/ D sa; �.Z/ � s.mŠ/3.kak� C "/

obtained at the beginning of the proof of Theorem 4.9. By Theorem 4.7, there exists a
map f W yM0 ! Z from a finite covering yM0 of M0 such that

f�.Œ yM0�/ D qŒZ� 2 Hm.ZIZ/

for some positive integer q. Applying Theorem 5.3 as in (5.4) yields a sequence of sub-
groups �k in the finitely generated linear group yG WD �1. yM0/with finite index Œ yG W �k �D
k � 2 such that

sys.�k ; dS / � C0 log k

for some positive constant C0 (which does not depend on k), by applying Theorem 5.3
as in (5.4). Denote by fk W yMk ! Z the lift of f W yM0 ! Z to the cover yMk D

zM0=�k
corresponding to the subgroup �k 6 yG. Since �k is of index k in yG, we derive

.fk/�.Œ yMk �/ D kqŒZ�:

Define 'k D h ı fk W yMk ! Z ! X . Observe that

.'k/�.Œ yMk �/ D kqsa: (7.1)

As in (5.5), we have
sys'k

. yMk/ � sysfk
. yMk/ � D0 log k (7.2)

where D0 is a positive constant (which does not depend on k or a). As in (4.8), we also
have

vol. yMk/ D k vol. yM0/ D kq�.Z/vm � kqs.mŠ/
3.kak� C "/vm: (7.3)

It follows from (7.1)–(7.3) that

�.qksa/ � �'k
. yMk/ �

kqs.mŠ/3

Dm
0 .log k/m

.kak� C "/vm:

By Lemma 6.3 (2), this implies

qskak� � qs
.mŠ/3

Dm
0

.kak� C "/vm:

Hence, kak� � �nkak� where �n D
.mŠ/3

Dm
0

vm.

Remark 7.2. By a density argument, the systolic volume semi-norm and the simplicial
volume semi-norm are equivalent in real homology, and not only in integral homology.
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8. Density of the volume entropy and systolic volume semi-norms of manifolds

The following density result can be deduced from the equivalence of the semi-norms given
by Theorems 1.3 and 1.6 together with the recent work [29].

Corollary 8.1. Let m � 4 be an integer. Then the sets of all volume entropy semi-
norms kMkE and of all systolic volume semi-norms kMk� , where M is an orientable
connected closed m-manifold, are dense in Œ0;1/.

Proof. Denote by k�k� the volume entropy semi-norm k�kE or the systolic volume semi-
norm k�k� . Fix " > 0. By [29, Theorem A], there exists an orientable connected closed
m-manifoldM with 0 < kMk� < min ¹"=Cm; "=�mº where Cm and �m are the positive
constants in Theorems 1.3 and 1.6. Define

Mk DM ] � � � ] M (k copies).

By additivity of the simplicial volume under connected sums in dimension at least 3
(see [24]), we have kMkk� D kkMk�. It follows from the equivalence of the semi-
norms (see Theorems 1.3 and 1.6) that the sequence kMkk� starts from the interval .0; "/,
with 0 < kMk� < ", and goes to infinity. Now, the map MkC1 ! Mk collapsing one
copy of M to a point is of degree 1. By the functorial properties of the volume entropy
semi-norm, namely (3) and (5) of Theorems 3.1 and 6.4, we derive

kMkk� � kMkC1k� � kMkk� C kMk�:

Thus, the sequence kMkk� is nondecreasing and increases by at most kMk� < " at
each step. We deduce from the properties of the sequence kMkk� that every subinter-
val of Œ0;1/ of length " contains at least one term kMkk�, proving the desired density
result.

Acknowledgments. The second author thanks the Fields Institute and the Department of Mathemat-
ics at the University of Toronto for their hospitality while part of this work was carried out. The
authors thank the referees for their relevant comments, which helped improve the exposition.

Funding. This work was partially supported by the ANR project Min-Max (ANR-19-CE40-0014).

References

[1] Babenko, I. K.: Asymptotic invariants of smooth manifolds. Izv. Ross. Akad. Nauk Ser. Mat.
56, 707–751 (1992) Zbl 0812.57022 MR 1208148

[2] Babenko, I. K.: Topologie des systoles unidimensionnelles. Enseign. Math. (2) 52, 109–142
(2006) Zbl 1236.53037 MR 2255530

[3] Babenko, I.: Addenda à l’article intitulé “Topologie des systoles unidimensionnelles”.
Enseign. Math. (2) 54, 397–398 (2008) Zbl 1160.53352 MR 2478093

[4] Babenko, I., Balacheff, F.: Géométrie systolique des sommes connexes et des revêtements
cycliques. Math. Ann. 333, 157–180 (2005) Zbl 1149.53024 MR 2169832

https://doi.org/10.1070/IM1993v041n01ABEH002181
https://zbmath.org/?q=an:0812.57022
https://mathscinet.ams.org/mathscinet-getitem?mr=1208148
https://zbmath.org/?q=an:1236.53037
https://mathscinet.ams.org/mathscinet-getitem?mr=2255530
https://zbmath.org/?q=an:1160.53352
https://mathscinet.ams.org/mathscinet-getitem?mr=2478093
https://doi.org/10.1007/s00208-005-0668-9
https://doi.org/10.1007/s00208-005-0668-9
https://zbmath.org/?q=an:1149.53024
https://mathscinet.ams.org/mathscinet-getitem?mr=2169832


I. Babenko, S. Sabourau 4438

[5] Babenko, I., Balacheff, F.: Systolic volume of homology classes. Algebr. Geom. Topol. 15,
733–767 (2015) Zbl 1318.53036 MR 3342674

[6] Babenko, I., Sabourau, S.: Minimal volume entropy and fiber growth. arXiv:2102.04551
(2021)

[7] Balacheff, F., Karam, S.: Macroscopic Schoen conjecture for manifolds with nonzero simpli-
cial volume. Trans. Amer. Math. Soc. 372, 7071–7086 (2019) Zbl 1450.53049
MR 4024547

[8] Besson, G., Courtois, G., Gallot, S.: Volume et entropie minimale des espaces localement
symétriques. Invent. Math. 103, 417–445 (1991) Zbl 0723.53029 MR 1085114

[9] Besson, G., Courtois, G., Gallot, S.: Entropies et rigidités des espaces localement symétriques
de courbure strictement négative. Geom. Funct. Anal. 5, 731–799 (1995) Zbl 0851.53032
MR 1354289

[10] Borceux, F.: Higher order sheaves and Banach modules. In: Categorical aspects of topology
and analysis (Ottawa, Ont., 1980), Lecture Notes in Mathematics 915, Springer, Berlin, 40–49
(1982) Zbl 0484.46058 MR 659882

[11] Bou-Rabee, K., Cornulier, Y.: Systolic growth of linear groups. Proc. Amer. Math. Soc. 144,
529–533 (2016) Zbl 1369.20040 MR 3430831

[12] Bourbaki, N.: Lie groups and Lie algebras. Chapters 4–6. Elements of Mathematics (Berlin),
Springer, Berlin (2002) Zbl 0983.17001 MR 1890629

[13] Brunnbauer, M.: Homological invariance for asymptotic invariants and systolic inequalities.
Geom. Funct. Anal. 18, 1087–1117 (2008) Zbl 1160.53021 MR 2465685

[14] Buser, P., Sarnak, P.: On the period matrix of a Riemann surface of large genus. Invent. Math.
117, 27–56 (1994) Zbl 0814.14033 MR 1269424

[15] Crowley, D., Löh, C.: Functorial seminorms on singular homology and (in)flexible manifolds.
Algebr. Geom. Topol. 15, 1453–1499 (2015) Zbl 1391.57008 MR 3361142

[16] Davis, M. W.: Some aspherical manifolds. Duke Math. J. 55, 105–139 (1987)
Zbl 0631.57019 MR 883666

[17] de la Harpe, P.: Topics in geometric group theory. Chicago Lectures in Mathematics, Univer-
sity of Chicago Press, Chicago, IL (2000) Zbl 0965.20025 MR 1786869

[18] Dinaburg, E. I.: A connection between various entropy characterizations of dynamical sys-
tems. Izv. Akad. Nauk SSSR Ser. Mat. 35, 324–366 (1971) (in Russian) Zbl 0216.44704
MR 0286091

[19] Fauser, D., Löh, C.: Exotic finite functorial semi-norms on singular homology. Glasgow Math.
J. 61, 287–295 (2019) Zbl 1432.55005 MR 3928640

[20] Gaifullin, A.: Universal realisators for homology classes. Geom. Topol. 17, 1745–1772 (2013)
Zbl 1316.57017 MR 3073934

[21] Gaı̆fullin, A. A.: The manifold of isospectral symmetric tridiagonal matrices and the realiza-
tion of cycles by aspherical manifolds. Tr. Mat. Inst. Steklova 263, 44–63 (2008) (in Russian)
Zbl 1203.57013 MR 2599370

[22] Gaı̆fullin, A. A.: Realization of cycles by aspherical manifolds. Uspekhi Mat. Nauk 63, no. 3,
157–158 (2008) (in Russian) Zbl 1175.55002 MR 2483168

[23] Gaifullin, A. A.: Combinatorial realisation of cycles and small covers. In: European Congress
of Mathematics, European Mathematical Society, Zürich, 315–330 (2013) Zbl 1364.57021
MR 3469129

[24] Gromov, M.: Volume and bounded cohomology. Inst. Hautes Études Sci. Publ. Math. 56, 5–99
(1982) Zbl 0516.53046 MR 686042

[25] Gromov, M.: Filling Riemannian manifolds. J. Differential Geom. 18, 1–147 (1983)
Zbl 0515.53037 MR 697984

[26] Gromov, M.: Systoles and intersystolic inequalities. In: Actes de la Table Ronde de Géométrie
Différentielle (Luminy, 1992), Séminaires et Congrès 1, Société Mathématique de France,
Paris, 291–362 (1996) Zbl 0877.53002 MR 1427763

https://doi.org/10.2140/agt.2015.15.733
https://zbmath.org/?q=an:1318.53036
https://mathscinet.ams.org/mathscinet-getitem?mr=3342674
https://arxiv.org/abs/2102.04551
https://doi.org/10.1090/tran/7765
https://doi.org/10.1090/tran/7765
https://zbmath.org/?q=an:1450.53049
https://mathscinet.ams.org/mathscinet-getitem?mr=4024547
https://doi.org/10.1007/BF01239520
https://doi.org/10.1007/BF01239520
https://zbmath.org/?q=an:0723.53029
https://mathscinet.ams.org/mathscinet-getitem?mr=1085114
https://doi.org/10.1007/BF01897050
https://doi.org/10.1007/BF01897050
https://zbmath.org/?q=an:0851.53032
https://mathscinet.ams.org/mathscinet-getitem?mr=1354289
https://zbmath.org/?q=an:0484.46058
https://mathscinet.ams.org/mathscinet-getitem?mr=659882
https://doi.org/10.1090/proc12747
https://zbmath.org/?q=an:1369.20040
https://mathscinet.ams.org/mathscinet-getitem?mr=3430831
https://doi.org/10.1007/978-3-540-89394-3
https://zbmath.org/?q=an:0983.17001
https://mathscinet.ams.org/mathscinet-getitem?mr=1890629
https://doi.org/10.1007/s00039-008-0677-4
https://zbmath.org/?q=an:1160.53021
https://mathscinet.ams.org/mathscinet-getitem?mr=2465685
https://doi.org/10.1007/BF01232233
https://zbmath.org/?q=an:0814.14033
https://mathscinet.ams.org/mathscinet-getitem?mr=1269424
https://doi.org/10.2140/agt.2015.15.1453
https://zbmath.org/?q=an:1391.57008
https://mathscinet.ams.org/mathscinet-getitem?mr=3361142
https://doi.org/10.1215/S0012-7094-87-05507-4
https://zbmath.org/?q=an:0631.57019
https://mathscinet.ams.org/mathscinet-getitem?mr=883666
https://zbmath.org/?q=an:0965.20025
https://mathscinet.ams.org/mathscinet-getitem?mr=1786869
https://zbmath.org/?q=an:0216.44704
https://mathscinet.ams.org/mathscinet-getitem?mr=0286091
https://doi.org/10.1017/S0017089518000216
https://zbmath.org/?q=an:1432.55005
https://mathscinet.ams.org/mathscinet-getitem?mr=3928640
https://doi.org/10.2140/gt.2013.17.1745
https://zbmath.org/?q=an:1316.57017
https://mathscinet.ams.org/mathscinet-getitem?mr=3073934
https://doi.org/10.1134/S0081543808040044
https://doi.org/10.1134/S0081543808040044
https://zbmath.org/?q=an:1203.57013
https://mathscinet.ams.org/mathscinet-getitem?mr=2599370
https://doi.org/10.1070/RM2008v063n03ABEH004540
https://zbmath.org/?q=an:1175.55002
https://mathscinet.ams.org/mathscinet-getitem?mr=2483168
https://zbmath.org/?q=an:1364.57021
https://mathscinet.ams.org/mathscinet-getitem?mr=3469129
https://zbmath.org/?q=an:0516.53046
https://mathscinet.ams.org/mathscinet-getitem?mr=686042
https://zbmath.org/?q=an:0515.53037
https://mathscinet.ams.org/mathscinet-getitem?mr=697984
https://zbmath.org/?q=an:0877.53002
https://mathscinet.ams.org/mathscinet-getitem?mr=1427763


Volume entropy semi-norm and systolic volume semi-norm 4439

[27] Gromov, M.: Metric structures for Riemannian and non-Riemannian spaces. Progress in Math-
ematics 152, Birkhäuser Boston, Boston, MA (1999) Zbl 0953.53002 MR 1699320

[28] Hatcher, A.: Algebraic topology. Cambridge University Press, Cambridge (2002)
Zbl 1044.55001 MR 1867354

[29] Heuer, N., Löh, C.: The spectrum of simplicial volume. Invent. Math. 223, 103–148 (2021)
Zbl 1475.57036 MR 4199441

[30] Katok, A.: Entropy and closed geodesics. Ergodic Theory Dynam. Systems 2, 339–365 (1983)
(1982) Zbl 0525.58027 MR 721728

[31] Katz, M. G., Sabourau, S.: Entropy of systolically extremal surfaces and asymptotic bounds.
Ergodic Theory Dynam. Systems 25, 1209–1220 (2005) Zbl 1097.53027 MR 2158402

[32] Knudson, K. P.: Homology of linear groups. Progress in Mathematics 193, Birkhäuser, Basel
(2001) Zbl 0997.20045 MR 1807154

[33] Kurosh, A. G.: The theory of groups. Chelsea Publishing, New York (1960) Zbl 0094.24501
MR 0109842

[34] Lafont, J.-F., Pittet, C.: Comparing seminorms on homology. Pacific J. Math. 259, 373–385
(2012) Zbl 1260.57038 MR 2988497

[35] Manning, A.: Topological entropy for geodesic flows. Ann. of Math. (2) 110, 567–573 (1979)
Zbl 0426.58016 MR 554385

[36] Merlin, L.: Minimal entropy for uniform lattices in product of hyperbolic planes. Comment.
Math. Helv. 91, 107–129 (2016) Zbl 1366.37088 MR 3471938

[37] Milnor, J.: A note on curvature and fundamental group. J. Differential Geometry 2, 1–7 (1968)
Zbl 0162.25401 MR 232311

[38] Novikov, S. P., Smirnov, Y. M., Shvarts, A. S.: Vadim Arsen’evich Efremovich. Uspekhi Mat.
Nauk 39, no. 1, 175–176 (1984) (in Russian) MR 733984

[39] Sabourau, S.: Systolic volume and minimal entropy of aspherical manifolds. J. Differential
Geom. 74, 155–176 (2006) Zbl 1112.53030 MR 2260931

[40] Sabourau, S.: Systolic volume of hyperbolic manifolds and connected sums of manifolds.
Geom. Dedicata 127, 7–18 (2007) Zbl 1132.53022 MR 2338511

[41] Sabourau, S.: Small volume of balls, large volume entropy and the Margulis constant. Math.
Ann. 369, 1557–1571 (2017) Zbl 1391.53052 MR 3713550

[42] Sambusetti, A.: Minimal entropy and simplicial volume. Manuscripta Math. 99, 541–560
(1999) Zbl 0982.53033 MR 1713806

[43] Sambusetti, A.: On minimal entropy and stability. Geom. Dedicata 81, 261–279 (2000)
Zbl 1010.53033 MR 1772208

[44] Schaefer, H. H.: Topological vector spaces. The Macmillan Company, New York; Collier
Macmillan, London (1966) Zbl 0141.30503 MR 0193469

[45] Schmidt, M.:L2-Betti numbers of R-spaces and the integral foliated simplicial volume. Ph.D.
thesis, University of Münster (2005) Zbl 1076.57024

[46] Shvarts, A. S.: A volume invariant of coverings. Dokl. Akad. Nauk SSSR (N.S.) 105, 32–34
(1955) (in Russian) Zbl 0066.15903 MR 0075634

[47] Spanier, E. H.: Algebraic topology. McGraw-Hill, New York (1966) Zbl 0145.43303
MR 0210112

[48] Thom, R.: Quelques propriétés globales des variétés différentiables. Comment. Math. Helv.
28, 17–86 (1954) Zbl 0057.15502 MR 61823

[49] Tomei, C.: The topology of isospectral manifolds of tridiagonal matrices. Duke Math. J. 51,
981–996 (1984) Zbl 0558.57006 MR 771391

https://zbmath.org/?q=an:0953.53002
https://mathscinet.ams.org/mathscinet-getitem?mr=1699320
https://zbmath.org/?q=an:1044.55001
https://mathscinet.ams.org/mathscinet-getitem?mr=1867354
https://doi.org/10.1007/s00222-020-00989-0
https://zbmath.org/?q=an:1475.57036
https://mathscinet.ams.org/mathscinet-getitem?mr=4199441
https://doi.org/10.1017/S0143385700001656
https://zbmath.org/?q=an:0525.58027
https://mathscinet.ams.org/mathscinet-getitem?mr=721728
https://doi.org/10.1017/S0143385704001014
https://zbmath.org/?q=an:1097.53027
https://mathscinet.ams.org/mathscinet-getitem?mr=2158402
https://doi.org/10.1007/978-3-0348-8338-2
https://zbmath.org/?q=an:0997.20045
https://mathscinet.ams.org/mathscinet-getitem?mr=1807154
https://zbmath.org/?q=an:0094.24501
https://mathscinet.ams.org/mathscinet-getitem?mr=0109842
https://doi.org/10.2140/pjm.2012.259.373
https://zbmath.org/?q=an:1260.57038
https://mathscinet.ams.org/mathscinet-getitem?mr=2988497
https://doi.org/10.2307/1971239
https://zbmath.org/?q=an:0426.58016
https://mathscinet.ams.org/mathscinet-getitem?mr=554385
https://doi.org/10.4171/CMH/379
https://zbmath.org/?q=an:1366.37088
https://mathscinet.ams.org/mathscinet-getitem?mr=3471938
https://zbmath.org/?q=an:0162.25401
https://mathscinet.ams.org/mathscinet-getitem?mr=232311
https://mathscinet.ams.org/mathscinet-getitem?mr=733984
https://zbmath.org/?q=an:1112.53030
https://mathscinet.ams.org/mathscinet-getitem?mr=2260931
https://doi.org/10.1007/s10711-007-9146-8
https://zbmath.org/?q=an:1132.53022
https://mathscinet.ams.org/mathscinet-getitem?mr=2338511
https://doi.org/10.1007/s00208-016-1502-2
https://zbmath.org/?q=an:1391.53052
https://mathscinet.ams.org/mathscinet-getitem?mr=3713550
https://doi.org/10.1007/s002290050190
https://zbmath.org/?q=an:0982.53033
https://mathscinet.ams.org/mathscinet-getitem?mr=1713806
https://doi.org/10.1023/A:1005247027248
https://zbmath.org/?q=an:1010.53033
https://mathscinet.ams.org/mathscinet-getitem?mr=1772208
https://zbmath.org/?q=an:0141.30503
https://mathscinet.ams.org/mathscinet-getitem?mr=0193469
https://zbmath.org/?q=an:1076.57024
https://zbmath.org/?q=an:0066.15903
https://mathscinet.ams.org/mathscinet-getitem?mr=0075634
https://zbmath.org/?q=an:0145.43303
https://mathscinet.ams.org/mathscinet-getitem?mr=0210112
https://doi.org/10.1007/BF02566923
https://zbmath.org/?q=an:0057.15502
https://mathscinet.ams.org/mathscinet-getitem?mr=61823
https://doi.org/10.1215/S0012-7094-84-05144-5
https://zbmath.org/?q=an:0558.57006
https://mathscinet.ams.org/mathscinet-getitem?mr=771391

	1. Introduction
	2. Entropy of connected sums
	2.1. Preliminaries
	2.2. Minimal volume entropy of a bouquet of simplicial complexes
	2.3. Upper bound on the minimal volume entropy of connected sums
	2.4. Lower bound on the minimal volume entropy of connected sums
	2.5. Fundamental class of finite order
	2.6. Volume entropy semi-norm comparison

	3. Functorial properties of the volume entropy semi-norm
	4. Volume entropy semi-norm and simplicial volume
	4.1. Geometrization of the simplicial volume
	4.2. Universal realization of homology classes
	4.3. Homology norm comparison: upper bound on the volume entropy semi-norm
	4.4. Homology norm comparison: lower bound on the volume entropy semi-norm

	5. Systolic volume of a multiple homology class
	6. Systolic volume semi-norm and functorial properties
	6.1. Systolic volume semi-norm
	6.2. Functorial properties of the systolic volume semi-norm
	6.3. Systolic volume comparison

	7. Systolic volume semi-norm and simplicial volume semi-norm
	8. Density of the volume entropy and systolic volume semi-norms of manifolds
	References

