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Abstract. We introduce the volume entropy semi-norm and the systolic volume semi-norm in real
homology and show that they satisfy functorial properties similar to the ones of the simplicial vol-
ume. Along the way, we also establish a roughly optimal upper bound on the systolic volume of the
multiples of any homology class. Finally, we prove that the volume entropy semi-norm, the systolic
volume semi-norm and the simplicial volume semi-norm are equivalent in every dimension.
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1. Introduction

This article deals with topology-geometry interactions and the comparison of functo-
rial geometric semi-norms on the real homology groups of topological spaces. In his
book [27, Section 5, G4+-H4], M. Gromov pointed out directions where such geomet-
ric semi-norms might arise in connection with curvature (e.g., sectional, Ricci, scalar)
properties for instance. Yet, the corresponding invariants have not been properly defined
or studied as semi-norms, except for the simplicial volume which is a purely topologi-
cal invariant. (General comparison results between functorial topological semi-norms in
relation to the simplicial volume semi-norm have recently been established in [15, 19].)
As part of this program to investigate the interactions between geometry and topology
through the study of functorial geometric semi-norms, we introduce the volume entropy
semi-norm and the systolic volume semi-norm in real homology and carry out a sys-
tematic study of these invariants. Both semi-norms require a substantial amount of work
in order to properly define them. The volume entropy semi-norm relies on the notion
of volume entropy, a geometric invariant of considerable interest closely related to the
dynamics of the geodesic flow and the growth of the fundamental groups. The systolic
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volume semi-norm rests on a new asymptotically optimal estimate in systolic geome-
try. Both the volume entropy semi-norm and the systolic volume semi-norm share similar
functorial properties with the simplicial volume semi-norm (also called the Gromov semi-
norm). The equivalence of the three semi-norms in real homology is established in this
article.

Let M be a connected closed m-dimensional manifold with a Riemannian metric g.
Let H <1 71(M) be a normal subgroup of the fundamental group of M. The volume
entropy (or simply entropy) of (M, g) relative to H, denoted by entg (M, g), is the expo-
nential growth rate of the volume of balls in the Riemannian covering Mg corresponding
to the normal subgroup H < 71 (M), thatis, 71 (My) = H. More precisely, it is defined
as

1
entg(M, g) = Rli_r)noo R log[vol By (R)] (1.1)

where By (R) is a ball of radius R centered at any point in the covering My . The limit
exists and does not depend on the center of the ball. When H is trivial, the covering Mg
is the universal covering M of M and we simply denote its volume entropy by ent(M, g)
without any reference to H . Note that

entg (M, g) <ent(M, g)

for every normal subgroup H <1 71 (M'). The definition extends to connected closed pseu-
domanifolds (see Definition 2.1), to connected finite graphs, and more generally to finite
simplicial complexes with a length metric.

The importance of this notion was first noticed by Efremovich [38]. Subsequently,
Shvarts [46] and Milnor [37] related the growth of the volume of balls in the universal
covering M to the growth of the fundamental group 71 (M) of M. Note that the volume
entropy of a connected closed Riemannian manifold is positive if and only if its funda-
mental group has exponential growth. The connection with the dynamics of the geodesic
flow was established by Dinaburg [18] and Manning [35]. More specifically, the volume
entropy bounds from below the topological entropy of the geodesic flow on a connected
closed Riemannian manifold and the two invariants coincide when the manifold is non-
positively curved; see [35].

The minimal volume entropy of a closed m-pseudomanifold M relative to a normal
subgroup H <1 71 (M) is defined as

wp (M) = inf entg (M, g) vol(M, g)V/™
g

where g runs over the space of all piecewise Riemannian metrics on M . For convenience,
we also introduce

Qpy(M,g) =entyg (M, g)" vol(M, g)
and

Qp (M) = inf enty (M, g)™ vol(M, g)
g

where g runs over the space of all piecewise Riemannian metrics on M. As previously, if
H is trivial, we drop the subscript H.
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As an example, the minimal volume entropy of a closed m-manifold M which
carries a hyperbolic metric is attained by the hyperbolic metric and is equal to
(m — 1) vol(M, hyp)l/'”; see [8,30] for m = 2 and [9] for m > 3. Furthermore, the min-
imal volume entropy of a closed manifold which carries a negatively curved metric is
positive; see [24].

For a connected closed orientable m-manifold M, the minimal volume entropy
of M is a homotopy invariant (see [1]), which only depends on the image /. ([M]) in
H,, (71 (M); Z) of the fundamental class of M by the homomorphism induced by the
classifyingmap h : M — K(m1(M), 1) of M in homology; see [13].

This homological invariance leads us to consider the volume entropy of a homology
class as follows. Given a path-connected topological space X, the volume entropy of a
homology class a € Hy,,(X; Z) is defined as

w(@a) = inf wy s, (M (1.2)
(a) (Ant ker £+ (M)

where the infimum is taken over all m-dimensional geometric cycles (M, f') represent-
ing a, that is, over all maps f : M — X from an oriented connected closed m-pseudo-
manifold M to X such that f,([M]) = a. As previously, we define

Q(a) = w(a)™.

For every map f : X — Y between two path-connected topological spaces and every
ac Hy,(X;7Z), we have

Q(f«(a)) < Q(a). (1.3)

By [13, Theorem 10.2], every orientable connected closed m-manifold M with m > 3
satisfies
QM) = Q(h«([M])) (1.4)

where h : M — K(m1(M), 1) is the classifying map of M.
The following result shows that €2 induces a pseudo-distance in homology.

Theorem 1.1. Let X be a path-connected topological space. Then for all a,b in
H,, (X;Z), we have
Q(a+b) < Q(a) + Q2(b).

In particular, the quantity Q(a — b) defines a pseudo-distance between a and b

Thus, for every homology class a € H,,(X; Z), the sequence 2(ka) is subadditive.
As a result, we can apply the following stabilization process and define

Q(ka)
k
Note that |-|| g is homogeneous, that is, ||ka||g = |k| ||a] g for every k € Z. By homo-

geneity and density of H,,(X; Q) in H,,(X;R), this functional extends to a functional
on H, (X;R), still denoted by ||| .

lallz = lim . (1.5)
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For an orientable connected closed m-manifold M, define
Mg = [M]lEe

where [M] € H,,(M;Z) is the fundamental class of M.
The following result, which is a direct consequence of Theorem 1.1, justifies the use
of the term volume entropy semi-norm to designate the functional ||| .

Corollary 1.2. Let X be a path-connected topological space. Then the functional |-|| g is
a semi-norm on Hy, (X;R).

Functorial properties of the volume entropy semi-norm are described in Section 3,
where it is shown that the volume entropy semi-norm of a closed orientable manifold
depends only on the image of its fundamental class under the classifying map.

The simplicial volume is a much-studied topological invariant sharing similar proper-
ties with the volume entropy semi-norm. Let us recall its definition and its basic proper-
ties, referring to [24] for foundational constructions and results regarding this invariant.
Let X be a path-connected topological space. Every real singular m-chain ¢ € C, (X; R)
of X is a real linear combination of singular simplices f; : A — X, that is,

c=2_rsfs
s
where ry € R. The £1-norm on the real chain complex is defined as

el = 3 Irgl-
s

The simplicial volume of a real homology class a € H,,(X;R) is defined as
lalla = inflc|lx
c

where the infimum is taken over all real singular m-cycles ¢ representing a. The sim-
plicial volume of an integral homology class is defined as the simplicial volume of the
corresponding real homology class. It is clear that the simplicial volume ||-|| o is a functo-
rial semi-norm on H,,(X; R). This means that the real homology of a topological space
with its simplicial volume semi-norm defines a functor from the category of topological
spaces (whose morphisms are continuous maps) to the category of semi-normed vector
spaces (whose morphisms are semi-norm-nonincreasing homomorphisms); see [10]. In
other words, every continuous map between topological spaces induces a semi-norm-
nonincreasing homomorphism in real homology.
As previously, for an orientable connected closed m-manifold M, we let

IM]a = II[M]]la

where [M ]| € H,,(M; Z) is the fundamental class of M. By [24, Section 3.1], the simpli-
cial volume of M depends only on the image of its fundamental class under the classifying
map.
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The following inequality of M. Gromov [24, p. 37] connects the minimal volume
entropy of an orientable connected closed manifold to its simplicial volume (see [41]
for other topological conditions ensuring the positivity of the minimal volume entropy
through a different approach). Namely, every orientable connected closed m-manifold M
satisfies

QM) = cm|M||a (1.6)

for some positive constant ¢,, depending only on m. Extending this inequality to the semi-
norm level (see Theorem 4.12), we obtain that every homology class a € H,,(X;R) of a
path-connected topological space X satisfies

lale = cmllalla

with the same constant ¢, as in (1.6).

A central question regarding the metrization of homotopy theory is to compare two
given semi-norms in homology; see [27, Section 5.41]. In particular, one can ask whether
a reverse inequality to (1.6) holds.

The following result affirmatively answers this question.

Theorem 1.3. Let m be a positive integer. Then there exist two positive constants Cp,
and Cy, such that every homology class a € H,,(X; R) of a path-connected topological
space X satisfies

cmllalla < llalle < Cnlalla.

We immediately deduce the following corollary.

Corollary 1.4. Let X be a path-connected topological space and a € H,, (X ;R) be a
homology class. Then ||a| g vanishes if and only if ||a|| o vanishes.

In particular, for every orientable connected closed manifold M, the volume entropy
semi-norm | M || g is zero if and only if the simplicial semi-norm | M || o is zero.

In relation with Corollary 1.4, note that we do not know whether the volume entropy
of an orientable connected closed manifold with zero simplicial volume necessarily van-
ishes. See [6] for polyhedral counterexamples.

In this article, we also introduce the systolic volume semi-norm, whose definition rests
on a new asymptotically optimal estimate in systolic geometry; see Theorem 1.5. Before
stating this result, we need to introduce various notions.

Let M be a closed m-dimensional manifold or pseudomanifold with a (piecewise)
Riemannian metric g. Let f : M — X be a map to a topological space X. The systole
of M relative to f, denoted by sys, (M, g), is defined as the least length of a loop y in M
whose image by f is noncontractible in X. The systolic volume of M relative to f is

defined as WM
o (M) = inf M- &) (1.7)
g sysp(M.g)"

where the infimum is taken over all (piecewise) Riemannian metrics g on M. When f :
M — X is mp-injective, for instance, when f : M — K(m;(M), 1) is the classifying
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map of M, we simply denote its systolic volume by o (M) without any reference to f.
By [2, 3, 13], the systolic volume of a closed orientable manifold depends only on the
image of its fundamental class under the classifying map.

As with (1.2), the systolic volume of a homology class a € Hy,,(X;Z), where X is a
path-connected topological space, is defined as

0@ = inf os(M) (1.8)

where the infimum is taken over all m-dimensional geometric cycles (M, f) represent-
ing a.

Let us present some known estimates on the systolic volume. There exist positive
constants A and B such that every closed genus g surface X, satisfies

g g
(og9)? = 7% = Plig g7
The first inequality was established by M. Gromov [25, 26]. The second inequality was
proved by P. Buser and P. Sarnak [14], who constructed hyperbolic genus g surfaces with
a systole roughly equal to log g.

In higher dimension, M. Gromov [25,26] related the systolic volume o (a) of a homol-
ogy class a € H,,(X; Z) to its simplicial volume ||a| s through the lower bound

llalla
" (log(2 + |laf|a))™

o(a =21 (1.9)
where A, is a positive constant depending only on m. In particular, for every a in
H,,(X; Z) with nonzero simplicial volume, we have
(k) > A~ (1.10)
o(ka —_— .
~ (logk)™
where A = A(a) > 0.

In a different direction, one can ask for an asymptotic upper bound on o (ka). This
problem was considered in [4], where a sublinear upper bound in k was established, and
in [5], where the upper bound was improved.

Using different techniques, we obtain an asymptotically optimal upper bound
on o (ka). When the simplicial volume of a is nonzero, this upper bound shows that the
lower bound (1.10) is roughly optimal in k, which positively answers a conjecture of [5].

Theorem 1.5. Let X be a path-connected topological space. Then for every homology
class a € Hy (X Z), there exists a constant C = C(a) > 0 such that for every integer
k > 2, we have
k
o(ka) < C———.
= g
This estimate allows us to define the systolic volume semi-norm in real homology
of dimension m > 3 as follows. By [5, Corollary 5.3], the systolic volume induces a
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translation-invariant pseudo-distance ¢ on H,,(X; Z) with m > 3, defined by p(a,b) =
o(a — b). Define a new translation-invariant pseudo-distance ¢ on Hy,(X;Z) by

(logk)™

o(a,b) = limsup o(ka, kb).

k—o00

See Lemma 6.1 for further detail. Denote by
o(a) =0(0.a)

the distance from the origin and apply a stabilization process to & as in (1.5). Namely, for
every a € Hy,(X;Z) with m > 3, define

(1.11)

This functional extends to H,,(X;R) >~ H,(X;Z) ® R in a canonical way and gives
rise to a semi-norm, still denoted by |-||s, on H,,(X;R), called the systolic volume semi-
norm. Note that this definition differs from the one proposed in [27, Section 5.41].

For an orientable connected closed m-manifold M, define

Ml = IIM]llo

where [M] € H,,(M;Z) is the fundamental class of M.
The systolic volume semi-norm satisfies similar functorial properties to the volume
entropy semi-norm and the simplicial volume semi-norm; see Theorem 6.4.
It follows from (1.9) that every homology class a € H,,(X; Z) of a path-connected
topological space X satisfies
lalle = Amllalla

with the same positive constant A,, as in (1.9); see Section 7 for further detail and an
alternative approach based on a comparison between the systolic volume semi-norm and
the volume entropy semi-norm.

As previously, we show that the systolic volume semi-norm and the simplicial volume
semi-norm are equivalent in homology.

Theorem 1.6. Let m > 3 be an integer. Then there exist two positive constants Ay, and [y,
such that every homology class a € Hy, (X ; R) of a path-connected topological space X
satisfies

Amllalla < llalle < pmllala.

Theorem 1.6 contrasts with the existence of a sequence of closed m-manifolds (e.g.,
closed hyperbolic 3-manifolds) with bounded simplicial volume and arbitrarily large sys-
tolic volume; see [40]. This illustrates the effect the double stablization process can have
on the systolic volume by significantly lowering its value.

Combining the recent result [29] on the spectrum of the simplicial volume with The-
orem 1.3, we immediately deduce that the volume entropy semi-norm and the systolic
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volume semi-norm are not bounded away from zero in dimension greater than 3. (In
dimensions 2 and 3, there is a gap in the simplicial volume spectrum, and so in the volume
entropy spectrum and the systolic volume spectrum by Theorem 1.3 and Theorem 1.6.)
More generally, we have the following result.

Corollary 1.7. Let m > 4 be an integer. Then the sets of all volume entropy semi-
norms ||M ||g and of all systolic volume semi-norms ||M |, where M is an orientable
connected closed m-manifold, are dense in [0, c0).

In his book [27, Section 5.41], M. Gromov suggests studying some functionals of geo-
metric nature in homology. These functionals measure the minimal volume of a singular
Riemannian manifold representing a given homology class with some constraint on the
metric. After a stabilization process as in (1.5) or (1.11), they should give rise to homology
semi-norms. Our definitions of the volume entropy semin-norms and the systolic volume
semi-norm are inspired by this general idea. However, they differ from the constructions
sketched in [27, pp. 310-311], which do not consider relative volume entropy or relative
systole and lead to a number of technical difficulties.

Articles about minimal volume entropy closely related to our paper include [1-3, 8,9,
13,24,36,39,41-43]. Connections between the systolic volume and the minimal volume
entropy can be found in [13,31,39].

This article is organized as follows. In Section 2, we establish lower and upper bounds
on the minimal volume entropy of the connected sum of closed manifolds, and derive
that the functional ||-||g is a semi-norm in real homology. Functorial properties of the
volume entropy semi-norm are presented in Section 3. In Section 4, we show that the
volume entropy semi-norm of a homology class is bounded from above and below by
its simplicial volume, up to some multiplicative constants depending only on the degree
of the homology class. Therefore, the volume entropy semi-norm and the simplicial vol-
ume are equivalent homology semi-norms. Our approach for the upper bound relies on a
geometrization of the simplicial volume and the universal realization of homology classes
established by A. Gaifullin [21, 22] regarding Steenrod’s problem. More than the result
about the universal realization of homology classes, we will need to retrieve combina-
torial features of the construction to apply our argument leading to an upper bound on
the volume entropy semi-norm of a homology class. The reverse inequality is obtained
through the use of bounded cohomology by adapting M. Gromov’s chain diffusion tech-
nique. In Section 5, we bound from above the systolic volume of the multiple of a given
homology class. The proof relies on topological properties of the universal realizators in
homology used in the previous section and on systolic estimates in geometric group the-
ory. This optimal asymptotic estimate allows us to define the systolic volume semi-norm
in Section 6. Functorial properties and comparison results for the systolic volume (semi-
norm) are also presented. In Section 7, we show that the systolic volume semi-norm and
the simplicial volume semi-norm are equivalent in every homology degree. In the last sec-
tion, we derive the density of the volume entropy and systolic volume semi-norm spectra
in dimension at least 4.
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2. Entropy of connected sums

In this section, we first establish an additive formula for the functional €2 of the bouquet
of simplicial complexes. We also obtain lower and upper bounds on the minimal volume
entropy of the connected sum of two closed manifolds, and derive that the functional ||-|| g
is a semi-norm in real homology. Finally, we present a couple of applications of these
estimates.

2.1. Preliminaries

Let us first recall the definition of a pseudomanifold.

Definition 2.1. A connected closed m-dimensional pseudomanifold is a finite simplicial
complex M such that

(1) every simplex of M is a face of some m-simplex of M;

(2) every (m — 1)-simplex of M is the face of exactly two m-simplices of M ;

(3) given two m-simplices s and s’ of M, there exists a finite sequence s = s1, 52, ...,
sp = s’ of m-simplices of M such that s; and s; 41 have an (m — 1)-face in common.

The mth homology group H,,(M;Z) of a connected closed m-dimensional pseudo-
manifold is either isomorphic to Z or trivial; see [47]. In the former case, we say that the
pseudomanifold M is orientable.

Consider a finite simplicial complex K with a piecewise Riemannian metric g (also
called polyhedral Riemannian metric). Denote by p the distance induced by g on K and
on all the coverings of K. Let H <1 G where G = m;(K). The quotient group G/H
acts by isometries on the H-covering K. Furthermore, the action of G/H on Kg is
proper, discontinuous, without any fixed point. Fix ¢ € Kg. The orbit of g under the
action of G/H on Kp is denoted by ¢ - (G/H). Let also

Bp(t,q;8) ={x € Ky | p(g.x) <1}

be the ball of radius ¢ centered at ¢ in Kz .

The volume entropy of K relative to H is equal to the exponential growth rate of the
number of points in the orbit of ¢ under G/H, as stated in the following classical result;
see [39, Lemma 2.3] for instance.

Proposition 2.2. Let K be a finite simplicial complex with a piecewise Riemannian met-
ric. Let H <1 G where G = m1(K). Then

1
enty (K. g) = lim —log|By(1.q:8) Nq - (G/H)|. 2.1)

2.2. Minimal volume entropy of a bouquet of simplicial complexes

Let us recall a few results established in [1]; see also [39, Lemma 3.5].
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Definition 2.3. A simplicial map f : K; — K, between two m-dimensional simplicial
complexes is m-monotone if for every point x5 in the interior of an m-simplex of K5, the
preimage f~!(x,) is connected (and so is either empty or a singleton).

We will need the following comparison principle proved in [1, Section 2].

Proposition 2.4. Fori = 1,2, let K; be an m-dimensional simplicial complex and ¢; :
71(K;) — G be an epimorphism. Suppose that there exists an m-monotone map f :
K1 — K such that g1 = ¢ o f«. Then

Qp, (K1) < Qpu,(Ky) where H; = Kker¢;.

Actually, Proposition 2.4 is a straighforward consequence of the following result
proved in [1, Section 2] and [2, Lemme 3.1], which will also be used in what follows.

Lemma 2.5. Let f : K1 — K, be an m-monotone map between two m-dimensional
simplicial complexes. Then for every polyhedral Riemannian metric g on K> and every
& > 0, there exists a polyhedral Riemannian metric g, on Ky with

vol(K1, g¢) < vol(K2.g) + ¢

such that f is nonexpanding.

Let G be a finitely presented group. For every subgroup H of G, denote by ((H)) the
normal closure of H in G.

The following result provides a formula for the minimal volume entropy of the bou-
quet of two simplicial complexes.

Theorem 2.6. Let m > 2. Fori = 1,2, let K; be a connected m-dimensional simplicial
complex and H; <1 71(K;) be a normal subgroup. Then

QH,+H,)) (K1 V K3) = Qp, (K1) + Qp,(K2) (2.2)
where the basepoint of the bouquet K1 vV K, is a vertex.
Proof. First we prove the inequality
Qp, (K1) + Qp,(K2) < Qa+Hy)) (K1 V K2). (2.3)
Let K = K; Vv K». By van Kampen’s theorem [28, Section 1.2], we have
m1(K) ~ m(Ky) * m1(K>).

Let g be a polyhedral Riemannian metric on K and g; be its restriction to K; fori =1, 2.
Let K; and K be the normal covers corresponding to the normal subgroups H; <1 71 (K;)
and ((Hy * H,)) <1 71 (K), with the lifted metrics g; and g. Observe that the canonical
inclusions 1€,~ C K are isometric. This implies

enty, (K;, gi) < entym,«m,)) (K, g).
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Thus, foreveryi = 1,2,
Qpu, (K;) < enty, (K;, gi)" vol(K;, gi) < ent(m,«H,)) (K, g)" vol(K;, gi).
Adding the two inequalities so obtained for i = 1, 2, and using the relation
vol(K, g) = vol(K1, g1) + vol(K>, g2),
we finally derive
Qp, (K1) + Qu,(K2) < Qa1 (K. &)

for every polyhedral Riemannian metric g on K. This yields inequality (2.3).
Now, let us prove the reverse inequality

Qua +Hy)) (K1 V K3) < Qg (K1) + Qp,(K>3). (2.4)

We proceed in two steps. Without loss of generality, we can assume that the two sub-
complexes K; and K, of K are glued at a common vertex. Let p; € K; be a vertex such
that

KivK,=K; U K.
p1=Dp2

Define the m-dimensional simplicial complex

P=K U [1,2] U K,. (2.5)
p1={1} {2}=p2

For the first step, let us show that
Q(H *H) (P) = Q(H +H,)) (K1 V K3).
Contracting the interval [1, 2] in P to a point gives rise to an m-monotone simplicial map
P - K VK,
inducing a my-isomorphism. By Proposition 2.4, we derive

QuH +H)) (P) < QuH, +H)) (K1 V K?). (2.6)

For the reverse inequality, let 6; be a triangulation of K; for every i = 1, 2. Denote
by St(p;) the open star of p; for the triangulation 6;. Let 6] be the triangulation of K;
which agrees with 6; in K; \ St(p;) and with the semi-barycentric triangulation of St(p;)
in St(p;) (obtained by adding a vertex at the barycenter of every simplex of St(p;)). The
bouquet K; V K> is endowed with the triangulations given by 6] and 6;. The complex
P = K; U[1,2] U K, is endowed with the triangulation given by 6;, 8, and the barycen-
tric subdivision of [1, 2] into I; = [1,3/2] and I, = [3/2,2].

Consider the simplicial map

f:KIVK2—>P
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which agrees with the identity map on K; \ St(p;), and takes p; to the midpoint of [1, 2]
and all the vertices of 6] corresponding to the barycenters of the simplices of St(p;) for
the triangulation 6; to i. By construction, the map f is m-monotone and induces a ;-
isomorphism.

The inequality obtained by applying Proposition 2.4 to f, combined with the inequal-
ity (2.6), yields the relation

QuH *H) (P) = QH,+H,)) (K1 V K3). (2.7)
For the second step, we need to show that
QH +H))(P) = Qm, (K1) + Qm, (K2). (2.8)
Fix B; > Qg (K;)'/™. By definition, there exists a metric /; on K; such that
entg, (Ki, hi)" vol(K;, h;) < Bi". (2.9)

By scale invariance, this inequality holds for every homothetic metric )tizh ; with 4; > 0.
Choose the factors A; and A5 so that

enty, (K1, A3hy) = enty, (K2, A3h3) (2.10)

and
vol(K1, Athy) + vol(Kz, A3hy) = 1. (2.11)

Let o = enty, (K1, A2h1) = entp, (K2, A3h2). The relations (2.9) and (2.10) combined
with (2.11) show that
o™ < BT 4 B (2.12)

Consider the metric gz on P which is defined on the three parts of P given by (2.5)
as follows:

A%h] on Kl,
g4 = 3 4d?dx? on|[p1, ps), (2.13)
A%hz on Kz,

where x is the coordinate on [p1, p2] = [1,2] and d > 0 is a parameter. By construction,
we have length, ([p1, p2]) = 2d and vol(P, g4) = 1, where the second equality comes
from (2.11).

We will need the following result.

Lemma 2.7. Let ¢ > 0. For d large enough, we have

ent((g, «H,)) (P, g4) < a + &.

Proof. Let I?,- and P be the normal covers corresponding to the normal subgroups
H; <t m(K;) and ((H; * Hy)) <0 w1(P). The cover P of P = K; U [p1, p2] U K3
can be described as follows:
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(1) the cover P decomposes into the union of the lifts of the subsets K; and K, of P,
also called leaves of P, and the lifts of [p;, p2];

(2) every lift of [p1, p2] in Pis adjacent to two leaves homeomorphic to K and K»;

(3) removing a lift of [p;, p,] from P separates the cover into two connected compo-
nents.

The group G = w1 (P)/{{Hy * H,)) where
m(P) = mi(Ky Vv Kp) >~ 1 (Ky) * m1(K>2)

decomposes into
G >~G1 %Gy

where G; = m1(K;)/H; (this relation is left to the reader as an exercice in group theory)
With this decomposmon the action of G on P can be described as follows. Let F ~ K
be a leaf of P. The subgroup G; = m1(K;)/H; of G acts on F C P. For every lift g;
of p; in F, the orbit ¢; - G; of g; in F is composed of all the lifts of p; lying in F under
the cover P — P.

Denote by p; the distance on E,- induced by /\izhi and denote by g, the metric on P
induced by g4; see (2.13). Let [¢1. ¢2] be a lift of [py, p2] in P and let ¢ be the midpoint
of [q1,¢>]. In view of (2.1), the desired bound on ent((g, « i,)) (P, g4) will follow from a
bound on v(z;d) = |V(¢t; d)| where

V(t:d) = Bya,«m,))(t,q:84) N (g - G). (2.14)

By the normal form theorem for free product of groups (see [33]), every element
y € G ~ G1 * G, can be uniquely written in normal form as

y=9Y1...YI (2.15)

where Yy is a nontrivial element of G; or G, for s € {1,...,[}, and y5 and Y541 do not lie
in the same factor Gy or G fors € {1,...,l —1}. Fors € {1,...,1}, denote by iy € {1,2}
the index such that y; € G;,. The length [(y) of y is the number / of elements in the
decomposition (2.15). It follows from the description of the cover P (see (1)=(3)) and of
the action of G; on every leaf F' ~ K; of P that every path from ¢ to g - y, where y is of
length [, passes through the points

Gseos Qi  Vs=1-- V1) Gis * Vs oo V1) Gs+1 " Vs+1---Y1)s -5 q Y

where s runs over {1,...,/ — 1}. Indeed, removing any of these p01nts between g and q - y
from P disconnects q and q - y-Since G acts by isometries on P, the g gq-distance between
Gis - (V1...Vs—1)and qi, - (1 ... )/S)Als equill to distg,, (qiy. qi, - Vs). Since thf restriction
of the distance distg, to aleaf F' >~ K; of P agrees with the distance pi on {{,- and since
the action of G; on F as a subgroup of G coincides with its action on K; under the
identification F ~ Ei, we have

distg, (qiy. Gis = Vs) = Pi(Pig» Dis * Vs)-
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Thus,

distz, (9.9 - v)
=d + pi, (piy Piy - V1) + 2d + piy(Pis, Pis  V2) +2d + -+ pi,(piy, piy - V1) +d.

Hence,
1

distg, (q.q - 7) = 2d1 + > piy (Piy. Piy - ¥s)- (2.16)

s=1

To estimate the exponential growth rate of the orbit of G in P, it will be useful
to decompose G by the filtration induced by the length on G. Under this filtration, the
group G decomposes into the disjoint union

o0
G=Jae?
=1

where G is formed by the elements of G of length /. We deduce from (2.14) that
Vie:d) = JvPaa) (2.17)
I>1
where
VOU:d) = By (t.4:80) N (- GO).
Since the union (2.17) is disjoint, we can write

v(tzd) =Y v @:d)

I>1

where v (1:d) = |V O (¢ d)|.
Suppose g - y € VO(t;d). Let t; be the smallest integer greater than or equal to
Pis (pig» Piy - vs)- Then pig - ys € Vi (ts) where

Vi(t) = By, (t, pi: pi) N (pi - Gi).
Furthermore,
Is < Pis(Pis. Pis ¥s) + 1.
By (2.16), this inequality leads to

1

I
D ot <Y Big(pig pig ) +1
s=1

s=1

<t—=2dl+1=1t—Q2d -1l (2.18)

Therefore, every element y € G with g - y € V(¢;d) decomposes into a product y =
v1...y1 with yg € G;; (see (2.15)) such that p;, - ys € Vj, (¢5) where the integers ¢, defined
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from y; satisfy (2.18). The number of elements y € G of length / withq -y € V(¢;d) and
given integers f; satisfying (2.18) is at most
Vi (t)] - [Vip (e2)] -+ Vi, ()]

By definition of «, see below (2.11), the exponential growth rate of |V, (¢)| agrees
with «. Thus, for every oy > « (arbitrarily close to «, which will be specified afterwards),

there exists 79 > 0 such that |V;_ (¢)| < e*!* for every ¢ > 1.
Let 7 be the subset of L = {1,...,[} given by
I ={selL|t <ty}.

Let C = max {V1(), V2(to)}. For every s € L, we have

C ifsel,
Vi)l <y
et ifs ¢ 1.

These estimates yield an upper bound on the product
Via (t)] - [Vip ()] [V ()] = CMle1Guser o) < Clem @A 2.19)

where the last inequality follows from |/| < [ and the bound (2.18).
Now, the number of [-uplets T = (¢, ..., #;) with nonnegative integral coordinates
satisfying (2.18) is bounded by
[t —(@d - DI}
I '

Combined with (2.19), this leads to
[t —@d — DI}

vO@:d) <DV ()] - Vi (22)] -+ Vi, ()] < CPe1 ¢~ 470D i
: !

where 7 runs over all [-uplets satisfying (2.18). For d > % we have t — (2d — 1)l <t

and so ! l
1 [ Cd t
M) (. Lyt g—an@d—DiL _ € — |

v(r;d) = Cle®e n- (e“l(Zd_l)) (d) .

For d large enough, we have
cd
Thus,
oyt t 1
Dt:d) < ¢ —-1.
VR d) < u(d)

Therefore,

ot l
v(t;d) = Zv(”(t;d) = Z el, (L) =Mt

I>1 I>1



1. Babenko, S. Sabourau 4408

Hence,

1
<o)+ E (2.21)

For o1 < @ + ¢ and d > 1/¢ large enough so that inequality (2.20) is satisfied, we deduce
from (2.21) that

. logv(t;d)
lim —

—>00

ent(( g, xH,)) (P, ga) < o + 2,

which finishes the proof of the lemma. ]

Let us resume the proof of Theorem 2.6. Since B can be arbitrarily close to Q g, (K; ),
inequality (2.12) combined with Lemma 2.7 leads to

Qa xm) (P) < Q, (K1) + Qm, (K2).

Along with (2.7), this inequality yields the desired result. ]

2.3. Upper bound on the minimal volume entropy of connected sums

The following result compares the minimal volume entropy of the connected sum of two
(pseudo)manifolds with the minimal volume entropy of the two (pseudo)manifolds. Here,
the connected sum of the two connected m-pseudomanifolds is defined in the usual way
by removing an m-simplex A™ from each pseudomanifold and by identifying the bound-
ary dA™ of the resulting pseudomanifolds.

Theorem 2.8. Fori = 1,2, let M; be a connected closed pseudomanifold of dimension
m > 3 and H; < mw1(M;) be a normal subgroup. Then

QH, +Hy)) (M1 Ma) < Qg (My) + Qp, (M>). (2.22)

Remark 2.9. In dimension 2, the result remains valid by replacing the normal subgroup
((Hy * Hy)) with f~Y(((Hy * H,))) where f : My t My — My v M, is the canonical
projection.

Remark 2.10. Inequality (2.22) is the analogue for the volume entropy of a similar bound
holding for the systolic volume; see [5, Proposition 3.6] and Proposition 6.6. Note how-
ever that the proof for the minimal volume entropy is more intricate.

Proof of Theorem 2.8. Consider the canonical m-monotone map
fZMlﬁM2—>M1\/M2

obtained by collapsing the attaching sphere to a point (in order to get a simplicial map, we
may have to take two barycentric subdivisions of M; and M5). Since m > 3, the induced
homomorphism fy : w1 (M § M) — w1 (M; v M>) is an isomorphism. The comparison
principle (see Proposition 2.4) and Theorem 2.6 yield

QuH v H)) (M1 it M2) < QuH, wHy) (M1 vV M) = Qg (My) + Qp,(M>). m
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Corollary 2.11. Let X be a path-connected topological space. Then for all aj, a, in
H,,(X;Z), we have
Q(a; + az) < Q(a1) + Q2(az).

In particular, the quantity Q(a; — a,) defines a pseudo-distance between a; and a,
in Hy,(X; Z), and the functional ||-|| g is a semi-norm on Hp, (X ;R).

Proof. Let a1,a; € Hy,(X; R). Fix ¢ > 0. There exists a map f; : M; — X from an
oriented connected closed m-pseudomanifold M; representing a; fori = 1, 2 such that

Qrer(f)« (Mi) < Q(a;) + &.

Let M = M; § M,. Consider the canonical map f = f1 vV f> : M — X obtained from f;
and f5 by first collapsing the attaching sphere to a point. Note that

ker fi >~ ({(ker (f1)« *x ker (f2)«)).

Furthermore, by Theorem 2.8, we have

lerf* (M) < ler(fl)* (M) + ler(fz)* (M>)
=< Q(al) + Q(az) + 2e.
Hence, 2(a; + a3) < Q(a;) + Q(ay).
Replacing a; with ka; in the previous inequality, dividing by k and letting k go to
infinity, we obtain
lar + azllz < llaille + [lazllz.

Since ||-||g is clearly homogeneous by the stabilization process (see (1.5)), the func-
tional ||-|| g is a semi-norm. L]

2.4. Lower bound on the minimal volume entropy of connected sums

In a different direction, taking the connected sum with an orientable pseudomanifold does
not decrease the minimal volume entropy, as the following result shows.

Theorem 2.12. Fori = 1,2, let M; be a connected closed pseudomanifold of dimension
m > 3 and H; < w1(M;) be a normal subgroup. Let H <1 wy(M1) * w1(M>) be a nor-
mal subgroup such that the canonical inclusion w1 (My) < w1(M7) * m1(M>) induces an
inclusion

mi(My)/Hy < (mi(My) * m1(M2))/H. (2.23)
Suppose M, is orientable. Then
Qu, (M) < Qu (M § M>). (2.24)

Combining this with Theorem 2.8, we obtain
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Corollary 2.13. For i = 1,2, let M; be a connected closed pseudomanifold of dimen-
sion m > 3 and H; < w1(M;) be a normal subgroup. Suppose My is orientable and
Qpu,(My) = 0. Then

QHxH,)) (M1 Ma) = Qg (My).

In order to prove Theorem 2.12, we first establish the following result. For a C W -
complex X, denote by X (k) its k-skeleton.

Proposition 2.14. Let M be an orientable connected closed pseudomanifold of dimen-
sion m > 3. Suppose that
M = D™ g M(@m—1) (2.25)

is a cell decomposition with a single m-cell. Then the space

M U Cone(M(m—2
My COne(Mm —2))

obtained by gluing the cone Cone(M (m — 2)) over M(m — 2) to M along M(m — 2) is
homotopy equivalent to a finite bouquet of spheres

U Cone(M(m—2))~\/S"1vsm.
M) one(M(m )) \S/ .

Proof. We have

M U Cone(M(m—2))~M/Mm-2)~\/S"1uysm
sy CoPe M —2) = M/M(m — 2y = \/ S7"Y

N

where the number of (m — 1)-spheres S”~! is equal to the number of (m — 1)-cells of M
and

$: 5" L Mim—1) > M(m—1)/M(m—2) =~ \/ s

is the projection of the attaching map ¢.

To derive the proposition, we need to show that ¢ is null-homotopic. Consider the
triple (M, M(m — 1), M(m — 2)) and the corresponding long exact sequence with Z-
coefficients

5 05 Ho (M, M(m = 2)) 25 Ho (M, M(m — 1))
2 Hypy(M(m = 1), M(m —2)) — -~ .
From the long exact sequence of the pair (M, M (m — 2)), we obtain
Hyu(M,M(m —2)) ~ Hp,(M).
The orientability of M implies that
Hypy (M, M(m — 1)) ~ Hp(M).

Thus, j« is an isomorphism, which implies that d = 0.
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Thinking of the homology groups Hy (M (k), M(k — 1); Z) as free abelian groups
with basis the k-cells e{; of M, the cellular boundary formula (see [28, Section 2.2]) gives

d(e™) = deg(¢s)ey ™

where ¢ : S™ ! - M(m —1) — SS’”_1 is the composite of the attaching map ¢ of the
m-cell ¢ = D™ with the quotient map collapsing M(m — 1) \ e”~! to a point. (Note
that ¢ factorizes through ¢A>.) Since 0 = 0, every map ¢; is contractible. Hence ¢ is null-
homotopic as desired. u

We can now prove Theorem 2.12.

Proof of Theorem 2.12. Choose a cell decomposition of M, with only one cell of maxi-
mal dimension m, which is coherent with the triangulation of the pseudomanifold. Denote
by Cone(M,(m — 2)) the cone over the (m — 2)-skeleton M,(m — 2) of M,. By Propo-
sition 2.14, the space

M u C M -2
2, 0 Cone(Ma(m —2)

obtained by gluing the cone Cone(M,(m — 2)) to M, along M,(m — 2) is homotopy
equivalent to a finite bouquet of spheres
M U  Cone(My(m —2)) ~ \/ 8™ 1vsm
2 sty SO0 = 2) = /5
with only one m-dimensional sphere S™. Thus, the canonical inclusion M; \ B™ C
M i M, extends to the missing ball B and gives rise to an m-monotone map (see

Definition 2.3)
fi:M; - M, ﬁMzM (U » Cone(M,(m — 2)). (2.26)

2 (m—
Fix & > 0. Consider a metric g on M § M, with vol(M; ft M>, g) = 1 which is e-extremal,
that is,
entH(M1 HMz,g)m < QH(M] ]iMz)—}—S (227)

Extend the metric g to a metric g’ on M1 f M, U  Cone(My(m — 2)) as follows.
. M>(m—2)
First, observe that
Cone(M,(m —2)) = My(m —2) x [0, 1]/ My(m — 2) x {1}.

The extension g’ of g, which agrees with g on M7 #f M5, is defined on Cone(M,(m — 2))
by

o = | &) + 10D dt? ifo<r<1/2,

4(1 = 1)?giMym—2) + 10D d1? if1/2 <1 <1,

where D = diam(M»(m — 2), g&|m,(m—2))- Technically, the metric g’ is singular, but it
still induces a distance distg. Note also that for dimensional reasons,

vol(M1 #M, U Cone(Ma(m —2)), g’) — vol(M; t My, g) = 1.
M>(m—2)

2m—
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By construction of g’, the canonical inclusion

i@ Myt My — M, HMZM U . Cone(M,(m —2)) (2.28)
2

is distance-preserving. That is, for all p,, p» € M; ff M>, we have

distg (p1. p2) = distg/ (i (p1).i(p2)).
Since m > 3, the composite map

Ml\Bm ngancﬁM]ﬁMzM @] ) Cone(Mz(m—Z)) (229)
S (m—
induces an isomorphism between the fundamental groups. Denote by G; < G =
w1(Mq § M>) the image of 71 (M1) in 7wy (M7 §t M>).
Letgy € My \ B™ € M; {f M. Since Cone(M;(m — 2)) is simply connected and the
map (2.29) is distance-preserving, every loop y € M; { M» u (U )Cone(Mz(m -2))
2

2im—

based at ¢ is homotopic to a loop ' € M7 #f M, based at the same point such that
length, (y") < length,/(y). (2.30)

The group G/H acts on the cover M of M, ff M, with fundamental group H. Simi-
larly, the group G1/H; acts on the cover M’ of M § M, " U )Cone(Mz (m —2)) with
2

2(m—
fundamental group H;. Let g and &’ be the metrics on M and M’ induced by g and g'.
Fix some lifts ¢ € M and ¢’ € M’ of ¢;. Denote by By (¢, ¢; §) and Bu,(t,q';g’) the
balls of M and M’ of radius 7 centered at g and ¢'. Since G1/H; < G/H (see (2.23)), it
follows from (2.30) that for every ¢ > 0,

|Bu, (t.q":8)Nq" - (Gi/H1)| < |Bu(t.q:8) Nq - (G/H)|. (2.31)

Applying Lemma 2.5 to the m-monotone map f (see (2.26)), we derive a polyhedral
Riemannian metric g, on M; such that the map f is nonexpanding and

vol(M1, g¢) < vol(M i M5, g) + «. (2.32)

The group Gy/H; acts both on M’ and on the cover M"” of M, with fundamental
group Hjp. Let g7 be the metric on M" induced by g,. Fix a lift ¢” of ¢1 in M". The
nonexpanding map f lifts to a (G;/H;)-equivariant, nonexpanding map f ‘M’ — M.
This implies that the ball By, (¢,q"; g.) of M satisfies

|Ba, (t,4":80) Nqg" - (G1/Hy1)| < |Bm,(t.q";8) N q" - (G1/Hy)|. (2.33)

Combining the bounds (2.31) and (2.33), we derive the following inequalities on the
exponential growth rates of the orbits of G;/H; and G/H:

enty, (M1, g¢) < entp, (M1 gM, U » Cone(M,(m — 2)), g') <entyg (M, f M>, g).

My(m—
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Since vol(M; ft M, g) = 1 and vol(M1, g.) < 1 + ¢ (see (2.32)), this estimate combined
with (2.27) yields the desired bound

QH](MI)SQH(MlﬁMZ) u

Remark 2.15. The proof of Theorem 2.12 does not apply when M, is nonoriented. The
conclusion is unclear in this case.

2.5. Fundamental class of finite order
The following result is a direct application of Theorem 2.12.

Proposition 2.16. Let M be an oriented connected closed manifold of dimension m > 3
and f : M — K(my(M), 1) be its classifying map. Suppose fx([M]) € Hpy (1 (M);Z)
is a finite order homology class. Then

QM) = 0.

Proof. Let N = M f{---f M be the manifold obtained by taking the connected sum
of k copies of M. Consider the map F = f Vv ---V f : N — K(m(M), 1) obtained
by collapsing each attaching sphere to a point and by applying f to each term M in
the bouquet M Vv --- v M. The class Fy([N]) is equal to ka where a = f,([M]). Sup-
pose ka = 0. Since N is an oriented connected closed manifold and the homomorphism
Fy : 11(N) — 71 (M) induced by F is surjective, we deduce from [13, Theorem 10.2]
(see (1.4)) that
Qier F, (N) =0.

Apply Theorem 2.12 to My = M and the connected sum M, = M f---t M of k — 1
copies of M by taking H = ker F,. This immediately leads to the desired result. ]

Remark 2.17. In order to contextualize this result, recall that under the assumption of
Proposition 2.16, the volume entropy semi-norm of M (and its simplicial volume) van-
ishes. Proposition 2.16 asserts that the volume entropy of M also vanishes, without any
stabilization process.

Example 2.18. Every manifold M with fundamental group SL(2,7Z) ~ Z4 %z, Z¢ or
PSL(2,Z) ~ Z, * Z3 has zero minimal volume entropy, that is, Q(M) = 0. Indeed,
the homology of an amalgamated product can be computed through a Mayer—Vietoris
sequence involving the homology groups of its factors. Since the homology of every cyclic
group is composed of finite groups (except in dimension zero), the same holds for the
homology groups of SL(2, Z) and PSL(2, Z); see [32, Theorem 4.1.1].

2.6. Volume entropy semi-norm comparison

Let us give an application of Corollary 2.13.
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Theorem 2.19. Let G be a finitely presented group and H be a finite index subgroup of G.
Let m > 3. Suppose that the canonical inclusion i : H — G induces a monomorphism
between the m-dimensional rational homology groups

(()m : Hn(H: Q) — Hp(G: Q).

Then for every homology class a € Hy,, (H; Z),

lalle = llix@)£-

Proof. Still denote by i : K(H, 1) — K(G, 1) the classifying map induced by the canon-
ical inclusion i : H < G. By (1.3), for every integer k > 1, we have

Q(kis(a)) = Q(ix(ka)) < Q(ka).

Hence
lalle = llix(@)|£-

Thus, we only have to show the converse inequality. The idea is to start with an almost
extremal geometric cycle of K(G, 1) representing ki, (a), to add handles to it to make sure
it is mry-surjective and to take a lift corresponding to the subgroup H < G. The resulting
geometric cycle is almost extremal and represents d ka up to some torsion element, where
d =[G : H].

Denote by p the number of generators in G and by d = [G : H] the index of H on G.
Let

My = (St x S™ Ht...g (S x ™Y

be the connected sum of p copies of S! x S™~1. Let f5 : My — K(G, 1) be a map induc-
ing a surjective homomorphism between the fundamental groups. Observe that 2(M5)=0
and (f2)«([M2]) = 0 € Hp(G: Z).

Fix ¢ > 0. By definition of ||| g, for every integer k > 1, there exists a map fj :
M, — K(G, 1) defined on an oriented connected closed m-pseudomanifold representing
the class ki (a) € H,,(G; Z) such that

Quer (1)« (M1) = k([lix(@) ] E + ¢).

Consider the connected sum M = M; §f M, and the canonical map f = f1V fo : M —
K(G, 1) obtained from f; and f; by collapsing the attaching sphere to a point. Note that

ker fi =~ ({ker (f1)« * ker (f2)«)).

Since (f2)«([M2]) =0 € H,,(G; Z), the map f : M — K(G, 1) still represents the
class ki« (a) € Hy,(G; Z). Since Qyer( £), (M2) = 0, we deduce from Corollary 2.13 that

Quer 1, (M) = k([lix(@) ] E + £). (2.34)

Since f> induces a surjective homomorphism between the fundamental groups, the
same holds for the map f. Let M be the cover of M of fundamental group f,'(H).
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Denote by
f:M— K(H,1)

the corresponding lift of f. Let b = f*([M]) € H,(H; Z) Since H is of index d
in G, the cover 7 : M — M is of degree d. Thus, 7y ([M ) = d[M]. Still denote by

i:K(H,1)—> K(G,1) the classifying map induced by the canonical inclusioni : H — G.
It follows from the commutation relation i o f = f o that

ix(b) = ix(fu([M]) = dfi(IM]) = dkix(a).

Since the canonical inclusion i : H < G induces a monomorphism between the
m-dimensional rational homology groups, we deduce that b = dka + ¢ where ¢ €
TorH,,(H ;7). Thus,

Iblle = dk|allg.

Let g be an e-extremal metric on M, that is,
lerf* (M5 g) =< lerf* (M) +e. (235)

Denote by g the lift of gon M . The cover of (M, g) of fundamental group ker f is iso-
metric to the cover of (M £) of fundamental group ker f* Thus, the exponentlal growth
rates of the volume of balls in the two coverings are equal. Since 7 : M — M is of
degree d, we have VOI(M ) = d vol(M). Therefore,

Qe 7. (M, 8) = dQer 1, (M, 2).
Now, by construction, (]\71 , f ) represents b. Hence,
dklallz = [blle < @, ;. (M. 8) = dQer 1, (M, 8).
This inequality combined with the bounds (2.34) and (2.35) yields
lalle < llix(@)|le + 2.

Hence the desired inequality ||a||g < ||i«(a)| g by letting & go to zero. |

3. Functorial properties of the volume entropy semi-norm
In this section, we present functorial properties of the volume entropy semi-norm and
observe similarities to the ones satisfied by the simplicial volume.

Theorem 3.1. (1) Let f : X — Y be a continuous map between path-connected topo-
logical spaces. Then for every a € H,, (X ; R),

If+@lE < lale.
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(2) Let f : M — K(71(M), 1) be the classifying map of an orientable connected closed
manifold M. Then

IA(MDlle = IM]E.

(3) Let f : M — N be a degree d map between oriented connected closed manifolds.
Then
IMllg = |d|[NlE-

(4) Let f : M — N be a d-sheeted covering map between orientable connected closed
manifolds. Then
M|z =dlIN|E.

(5) Let My and M, be orientable connected closed manifolds of dimension m > 3. Then
M8 Mzl < [MilE + [|M2]lE- (3.1

(6) Let M be an orientable connected closed m-manifold with a negatively curved locally
symmetric metric go. Then
M|z = Q(M, go).

In particular, if M is a closed genus g surface then
IMllg =m[[M]|la = 4m(g —1).

Remark 3.2. Properties (1)—(5) are also satisfied by the simplicial volume. However,
the simplicial volume is additive under connected sum in dimension at least 3; see [24].
That is, there is equality in (3.1) if one replaces the volume entropy semi-norm with
the simplicial volume. This leads to the following questions. Is there equality in (3.1)?
Similarly, is there equality in (2.22)? A difficulty to overcome is that, in contrast to the
simplicial volume, there is no cohomological interpretation of the volume entropy semi-
norm.

Remark 3.3. It follows from (3) that both the simplicial volume and the volume entropy
semi-norm of an orientable connected closed manifold admitting a map to itself of degree
different from O and 1 are equal to zero. In a different direction, by Theorem 4.12,
neither the simplicial volume nor the volume entropy semi-norm vanishes for orientable
connected closed manifolds admitting a negatively curved Riemannian metric; see [24].

Proof of Theorem 3.1. (1) Observe that if (M, ¢) is a geometric cycle representing a €
H,,(X;R) then (M, f o) is a geometric cycle representing fi«(a) € H,,(Y; R).
Moreover, wyer £, (M) > Wxer (o 1), (M) since ker fi < ker (¢ o f)«. This immediately
implies (1).

(2) For m = 2, the assertion is obvious since the classifying map is the identity map
when M # S2?.Incase M = S?2, all the terms of the relation vanish.

Suppose that m > 3. The inequality || f«([M]DI|lg < |M | g follows from (1). For
the reverse inequality, consider My = M {{---# M (k copies) and the degree kK map
fr : My — M contracting all attaching spheres to a point. By definition,

Qker (f)+(My) = S2UK[M]). (3.2)
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The composite map
Fi = f o fi : M > K(m1(M), 1)

represents the class kfx([M]) € Hy(w1(M); Z), that is, (Fg),.([My]) = kfx([M]).
Observe also that it is 7 -surjective. By [13, Theorem 10.2], this implies that

Qkfx(IM]) = Qier (Fr) o (M) (3.3)

Since f is mi-injective, Qyer (), (Mk) = Qier(f;). (Mg). Combining this with (3.2)
and (3.3), we derive
Qkf(M]) _ SK[M])
k - ko
By letting k& go to infinity, we obtain || fx«([M])||[g > ||M || g, which implies (2).
(3) By definition, assertion (3) immediately follows from (1).
(4) Let (Q, ¥) be a geometric cycle representing the class k[N] € H,,(N;Z). By
adding handles to Q and mapping them to a generating set of 71 (N) if necessary (con-

tracting the meridian spheres of the handles to points), we can assume that the map
¥ : Q — N is mp-surjective. By Theorem 2.8 (and Remark 2.9 when m = 2), adding such
handles does not increase the (relative) minimal volume entropy of the geometric cycle.
Now, denote by P — Q the covering of Q corresponding to the subgroup (¥4) ™' (Im f5).
Note that P is an oriented connected closed m-pseudomanifold and that the covering map
P — Q is of degree d. The map ¢ : Q@ — N lifts to a map ¢ : P — M such that the
diagram

P2 M

O

025N
commutes. Observe that the geometric cycle (P, ¢) represents the class k[M] €
H, (M;7Z).

Fix a piecewise Riemannian metric on Q and liftitto P. Since P — Q is a d-sheeted

covering map and ker ¢, = ker ¥, we have Qyerg, (P) < d Qery, (Q). Thus,

Q(k[M]) < dQ(Kk[N]).
Dividing this inequality by k and letting k£ go to infinity, we obtain
Mg <d|N|Ek.

The reverse inequality | M ||g > d||N || g follows from (3).

(5) The idea is to realize [M7 {f M>] as the sum of [M;] and [M,] in a common topo-
logical space and to apply Corolllary 2.11. Let K; = K(7r1(M;), 1) be a classifying space
for M;. Since m > 3, the bouquet K = K V K3 is a classifying space for M; {{ M,. By
the Mayer—Vietoris theorem, we have

Hy(K;Z) ~ Hy(K1;Z) ® Hy (K23 Z).
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Denote by [M;]x € Hy,(K;Z) the image of the fundamental class of M; under the homol-
ogy homomorphism induced by the composite fiK : M; — K of the classifying map
fi : M; — K; and the inclusion map K; — K = K; Vv K,. Observe that

S«((My § Ma]) = [M1]k + [M2]k

where f : M; f My — K is the classifying map of My ff M,. By (2) and the triangle
inequality for the volume entropy semi-norm (see Corollary 2.11), we derive

My g Mallg = || /(M1 8 MaD e < [IMilkllE + [[[Ma2]klE-

By (1), we also have ||[M;lk|lg < |[[M;i]llg = ||M;| . Hence the result follows.

(6) The proof proceeds from a mild improvement on the minimal volume entropy esti-
mate for closed manifolds admitting nonzero maps onto closed negatively curved locally
symmetric manifolds; see [9]. This mild improvement, leading to (3.6), was carried out
in [42, Theorem 2.5] for n > 3 with the construction of a volume-nonexpanding map fol-
lowing [9]. Our approach is similar, except that it rests on the calibration argument of [9]
(which can be applied to pseudomanifolds) and applies to both cases n > 3 andn = 2. We
refer to [9] for the notations (accordingly renaming M to X), the definitions and further
details.

Let f: Y — X = M be a map from an oriented connected closed m-pseudomanifold
representing k[X]. The map f liftstoamap f : ¥ — X where Y is the covering of Y with
1 (Y) = ker fx. (This is the main difference with [9, Section 8], where the map is lifted
toY — X.) Given a piecewise Riemannian metric g on Y, denote by g the lifted metric
on Y. Fix ¢ > 0. Consider the 771 (Y)/ker fi-equivariant map ¥, : ¥ — Nnle L2(3X.d6)
defined as

(J5 e %= 0D po(f(2).0) dvg(2)\ /2
‘ch(y’ 0) - ( ‘/'}7 e—cdg(y,Z) dvg(z) )

where p is the Poisson kernel of ()Z , 80); see [9]. The arguments of [9] show that the
map W, is only defined when ¢ > enty, 7, (Y, g) and that

Vietg(gw,) < Gy (3.4)

where gy, is the pull-back under W, of the Hilbert metric on L2(dX,d#). Loosely speak-
ing, the equivariant map W, converges to the composite of f with the embedding ./po

of X into L2(dX, d6) given by the Poisson kernel when ¢ goes to entye, 7. (Y, g). The

Poisson embedding ,/po is an isometry up to some factor (i.e., g /55 = —em““ 2 (¥.8) g )

admitting an equivariant calibration form in the infinite-dimensional sphere S
explained below.

Denote by 7 : S¢° — X the barycenter map, i.e., 7(p) = bar(p?(8)d6); see [9]. The
following calibration result was established in [9, Proposition 5.7] for m > 3 and in [9,
Theorem 6.2] for m = 2. Let wp be the volume form on (X, go). The 71 (X )-equivariant
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closed m-form 7*wp on S$° calibrates the embedding @ : X > Nalle L2(dX, db)
defined as ®¢(x) = / po(x,-). Furthermore,

(4m)m/2

comass(m*wy) = ———.
700 = X, g™

(3.5)
Now, the map 7 o W, is homotopic to & o ¥y, where ¥y = g o ]7 , through equivariant
maps from Y to X. By (3.4) and (3.5), we derive

o 90" w0l = ¥ on)| = (s ) ol

By a calibration argument, we deduce that

(deg(f)] - vol(X. go) < /Y [ 0 W) (@0) s( ) vol(Y. g)

c
ent(X, go)

passing the volume form to the quotient. As ¢ goes to enty, 7, (¥, g), we obtain

ler S (Y » 8 )
-
Taking the infimum over all piecewise Riemannian metrics g on Y and over all geometric
cycles (Y, f) representing k[ X ], we derive (X, go) < || X || g after letting k go to infinity.
The reverse inequality is obvious. ]

Q(X, go) = (3.6)

Remark 3.4. The assertion (6) can be extended to the following case. If M is an ori-
entable connected closed 2m-manifolds given by a compact quotient of the product of
m hyperbolic planes H? then

IMlg = Q(M, go)

where g is the unique locally symmetric metric of minimal volume entropy on M among
all locally symmetric metrics of given volume. Indeed, the proof can be adapted to follow
the argument of [36] based on the same calibration method as in [9]. Loosely speaking,
we replace X by the m-fold product H2 x --- x H2, 3X by the Furstenberg boundary
dF (H? x --- x H?) = T™, df by the product Lebesgue probability measure on T, and
po(x,0) by the product po(x1,61) - po(Xm.Om) of the Poisson kernel of dH?2. The main
difference is that the calibration form 7 *wg of the 1 (X)-equivariant embedding &g is
not constructed from the barycenter map m, but is given by a combinatorial (2m — 1)-
cocycle of T™; see [36] for details.

We need a couple of definitions to present the next result.

Definition 3.5. Fori = 1,2, let V; be an R-vector space endowed with a semi-norm |-||;.
The tensor product V; ® V, inherits the semi-norm |-||g given by the tensor product
of ||-|[1 and ||-||2; see [44]. By definition, for every u € Vi ® V,, we have

e = inf {Y Ixsllulsllz | =3 x @ v G3.7)
s N

where the infimum is taken over all representations of u by finite sums of simple tensor
products.
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Below, we endow the direct sum of semi-normed vector spaces with the direct sum
of the semi-norms. With this convention, the graded vector space of the real homol-
ogy H.(X;R) of a path-connected topological space X is endowed with the graded
volume entropy semi-norm ||-||«g given on each homogeneous component by

1
lalln e = —lalle

foreverya € H,,(X; R).

The real homology of the direct product X; x X, of path-connected topological
spaces X and X is canonically endowed with two semi-norms. The first one is the usual
volume entropy semi-norm ||-||«g. The second one is defined via Kiinneth’s formula

Hp(X1 x X2:R) ~ @) Hi(X1:R) ® H;(X2:R)
i+j=m
as the tensor product norm (see (3.7)), of the graded volume entropy semi-norms ||-||§f])5
on H.(X;;R). It is denoted by ||-||%.

We can now state our next result.

Theorem 3.6. Let X1 and X, be path-connected topological spaces. Then, for every
ac H*(Xl X XZ;R)’
lall«z < [allg.

Proof. 1t is enough to prove the inequality for homogeneous elements. Every homology
class a € Hy, (X1 X X2;R) admits a representation as a sum of simple tensor products

a=) X ®Ys (3.8)
S
where x; € H; (X1;R) and y; € Hj, (X2;R) with iy + j; = m. By the triangle inequality,

lall«z < D lI%s ® ysll- (3.9)
s

By multiplying if necessary the homology class a by an appropriate natural number, we
can suppose that all classes X; and y in (3.8) are represented by closed manifolds. Propo-
sition 2.6 of [1] implies that

I%s @ ¥sll«e < [Xsl«£ll¥sll«£-

Plugging this bound in (3.9) and minimizing over all the simple tensor product represen-
tations (3.8), we obtain the desired inequality. ]

4. Volume entropy semi-norm and simplicial volume

In this section, we show that the volume entropy semi-norm of a homology class is
bounded from above and below by its simplicial volume, up to some multiplicative con-
stants depending only on the dimension of the homology class. Therefore, the volume
entropy semi-norm and the simplicial volume are equivalent homology semi-norms.
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4.1. Geometrization of the simplicial volume
Let us introduce some topological invariants.

Definition 4.1. Let K be an m-dimensional topological space supplied with a finite
pseudo-triangulation (also referred to as a pseudo-simplicial complex or a A-complex;
see [28, Section 2.1]). Loosely speaking, the space K is a finite cell complex where the
closure of each cell is homeomorphic to the standard simplex of the same dimension.
In comparison with usual simplicial complexes, a simplex in a pseudo-triangulation is
not uniquely defined by its vertices. An m-dimensional geometric A-cycle is a disjoint
finite union of m-dimensional A-complexes whose pseudo-triangulations satisfy condi-
tions (1)—(3) of Definition 2.1.

The geometric complexity of K, denoted by «(K), is the number of m-simplices of K.
Define the geometric complexity of a homology class a € H,,(X;Z) as

kK(a) = i%fK(P)

where P runs over the m-dimensional geometric A-cycles representing a. That is, there is
amap h : P — X suchthat /. ([P]) = a where the class [ P] is the sum of the fundamental
classes of the connected components of P with the appropriate orientations. Define also
the average geometric complexity of a as
a
@) = lim <) @.1)

n—oo n

Note that the function «(na) is subadditive in n, which ensures the existence of the
limit (4.1). Furthermore, «*°(a) < k(na)/n for every n > 1.

We will also need the following definition extending the notion of simplicial volume
to homology classes with coefficients in more general rings.

Definition 4.2. Let X be a topological space and A = Z or Q. For every a € H,,(X; A),
define
lallz = infflc]|s

where the infimum is taken over all m-cycles ¢ € C,, (X ; A) with coefficients in A repre-
senting a.

We present a couple of known results, including the proofs for the sake of com-
pleteness. The first result can be found in [45, Lemma 2.9]. See [27, item 5.41 (a)] for
a previous statement.

Lemma 4.3. Every homology class a € Hp,(X; Z) satisfies
lalla = ljal3-

Proof. Let o (resp. 0”) be a real (resp. rational) m-cycle representing the real homol-
ogy class induced by a. The difference 0 — ¢’ is the boundary of an (m + 1)-chain
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¢ € Cpyy1(X;R), that is,
o—o =dc.

By density of Q in R, there is a rational (m + 1)-chain ¢’ (with the same support) such
that ||c — ¢’||; is arbitrarily small. Since the boundary of every (m + 1)-simplex is formed
of m + 2 simplices of dimension m, we have

9z]l1 < (m +2)|z[lx
for every (m + 1)-chain z € Cp,41(X; R). Thus,
lo = (0" +ac) It < 8¢ — NIt = (m +2)[le = 'llx

is arbitrarily small. Therefore, the real cycle o and the rational cycle 6’ + d¢’, which both
represent the real homology class induced by a, have arbitrarily close ||-||;-semi-norms.
Hence the result follows. ]

Proposition 4.4. Every homology class a € H,,(X; Z) satisfies

lalZ = k(). 4.2)
lalla = > (a). (4.3)

Proof. The inequality ||a||% < k(a) is obvious and the reverse inequality k(a) < ||a||%
can be found in [34, Proposition 2.1] (and also follows from [28, pp. 108—109]). This
yields (4.2).

Applying the average procedure of (4.1) to the obvious inequality ||a||a < «(a) yields
the bound ||a]jo < «°°(a). For every ¢ > 0, we also have

K(na) _ [nall
n

<lal¥ +e

for some positive integer n, where the first equality follows from (4.2). Thus, «*°(a) <
||a||% + & by subadditivity of the function « (na) with respect to n. By Lemma 4.3, this
yields the bound k*°(a) < ||a||a + ¢ for every & > 0. This shows (4.3). |

4.2. Universal realization of homology classes

Let us introduce some results in geometric topology following [20-22], which rely on
C. Tomei’s work [49].

Definition 4.5. The m-permutahedron T1"™ is the convex hull of the (m + 1)! points
obtained by permutations of the coordinates of the point (1,2, ...,m + 1) of R”™*1 Itis
an m-dimensional simple convex polytope of R”*1 with 27+1 — 2 facets, i.e., (m — 1)-
faces, that lies in the hyperplane

m+1
. (m+1)(m+2)
x1+---+xm+1=j;]=—2 :

Here, an m-polytope is simple if each of its vertices is contained in exactly m facets.
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From a more geometric point of view (see [23]), the m-permutahedron IT"” can be
obtained by truncating the standard simplex A™ C R™*! given by

Xy 4t X = 1

1

with x; > 0 as follows. First, truncate the vertices of A™ by the hyperplanes x; = 1 — 4

Then, truncate the edges of A’ by the hyperplanes

1 2
Xi, +Xi2=1—(z) .

At the k-th step, truncate the (k — 1)-faces of A by the hyperplanes

N
xi1+"'+Xik:1_(Z) :

The resulting polytope is combinatorially equivalent to the m-permutahedron I1"”. The
faces F of T1" correspond to the faces A = Af of A™ after truncation of which they
appear.

Consider the canonical piecewise linear map ® : [T — A™ which takes every face F'
of IT™ to its corresponding face Ar in A™. More precisely, define ® on the barycen-
ters b of the faces of T™ by sending br to the barycenter of A g. Then extend this map
linearly to every simplex of the barycentric subdivision of T™; see [20]. Note that ® is a
degree 1 map which is injective in the interior of I1™.

Definition 4.6. Consider the manifold M, of real symmetric tridiagonal matrices of
size m + 1 with eigenvalues A; =i, fori = 1,...,m + 1. Here, a matrix A = (a;,;)
is tridiagonal if a; j = 0 whenever |i — j| > 1. The manifold M, will be referred to as
the isospectral m-manifold.

It was proved by C. Tomei [49] that the isospectral manifold M is an orientable closed
aspherical m-manifold. By [16,20-22,49], the isospectral m-manifold M, is tiled by 2™
copies of the m-permutahedron I1"”. More precisely, the manifold M{ can be decomposed
as

My ~ (Z5 x 1)/~

where the equivalence relation is generated by (s, x) ~ (r|,|S, x) whenever x € F,,. Here,
the elements r; are the standard generators of Z7'.

We will rely on the following universal property established by A. Gaifullin [21,22]
regarding Steenrod’s problem and the realization of cycles by closed manifolds.

Theorem 4.7 ([21,22]). Let X be a path-connected topological space. Then for every
homology class a € H,,(X; Z), there exist a connected finite-fold covering My — My of
the isospectral manifold and a map f : My — X such that

f([Mo]) = qa

for some positive integer q depending on a.
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Remark 4.8. When m = 2, the isospectral surface M, is a genus 2 surface. More pre-
cisely, the permutahedron is a hexagon, the surface My is tiled with four copies of this
hexagon, and these four copies surround every vertex of My; see [49].

4.3. Homology norm comparison: upper bound on the volume entropy semi-norm
Let us state the main theorem of this section.

Theorem 4.9. Let m be a positive integer. Then there exists a constant Cp, > 0 such that
every homology class a € H,,(X; Z) of a path-connected topological space X satisfies

lallz < Cullala.

Proof. Leta € H, (X;Z). By Proposition 4.4 (see (4.3)), for every ¢ > 0 and every inte-
ger s large enough, there exists amap h = hg : P — X from an m-dimensional geometric
A-cycle P = Ps such that

hy([P]) = sa, (4.4)
sllalla = k(P) < s(lla]la + &) (4.5)

The second barycentric subdivision of P gives rise to a simplicial structure on P;
see [28]. In general, the complex P is not connected. After the second barycentric sub-
division, we can take the connected sum of the connected components by omitting some
m-simplices and gluing together the components to obtain an orientable connected closed
pseudomanifold, still denoted by P. Note that this operation does not increase the number
of m-simplices. Taking a third barycentric subdivision ensures that the simplicial struc-
ture admits a regular coloring in m + 1 colors (that is, any two vertices connected by an
edge are of distinct colors) in order to apply some constructions of [20]. Recall that the
barycentric subdivision of a simplicial complex admits a regular coloring where every ver-
tex which is the barycenter of an r-simplex of the original triangulation is of color r. The
pseudomanifold P with this simplicial structure is denoted by Z. Since the barycentric
subdivision of an m-simplex gives rise to m! simplices of dimension m, we obtain

k(Z) < (m!)3k(P). (4.6)

By Theorem 4.7, there exists a map f : My — Z from a finite covering My of My
such that
J«([Mo]) = q[Z] € Hn(Z:Z) 4.7

for some positive integer g.

Consider the piecewise flat metric on My where all permutahedra are isometric to the
standard permutahedron IT” with its canonical Euclidean metric. The volume of My is
equal to 2™ v,, where v,, is the Euclidean volume of I1™.

By construction (see [20-22]), the map f : ]\710 — Z has the following features. The
map [ : ]\//7() — Z takes every permutahedron IT" of ]VIO to a simplex A™ of Z and its
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restriction to 1" agrees with the canonical piecewise linear map ® : I — A™ intro-
duced in Definition 4.5. Furthermore, the number of permutahedra of the covering M,
is equal to g« (Z) where ¢ is the degree of f'; see [20, end of proof of Proposition 5.3].
Therefore, the volume of ]\20 satisfies

vol(My) = qi(Z)vm (4.8)

where vy, is the Euclidean volume of I1".
Consider the composite map ¢ = ho f : My - Z >~ P — X. We derive from (4.7)
and (4.4) that

¢+ ([Mo]) = gsa.
By definition of the volume entropy semi-norm, we have
gsallg < ent,(Mo)™ vol(M).
It follows from (4.8), (4.6) and (4.5) that
vol(Mo) < q(m)*s(lalla + &)vm.
Since ent,, (1\710) < ent(My), we deduce that
gslalle < gs(m")>Cy,(lalla + )

where C,, = ent(Mo)™ vy, is a constant which only depends on m. Simplifying by ¢s and
letting & go to zero, we obtain
lalle < Cmlalla

where C,, = (m!)3C,,. n

Remark 4.10. An estimate on the volume entropy ent(M,) of the isospectral m-manifold
provides an estimate on the constant C, in Theorem 4.9.

Remark 4.11. A referee pointed out to us that Theorem 4.9 can be derived from [15,
Proposition 7.11] combined with Theorem 3.1 (4), once the notion of the volume entropy
semi-norm is well established. The current presentation allows us to make a connection
with the proof of Theorem 5.1.

4.4. Homology norm comparison: lower bound on the volume entropy semi-norm
Let us show a reverse inequality to Theorem 4.9.

Theorem 4.12. Let m be a positive integer. Then there exists a constant ¢, > 0 such that
every homology class a € H,,(X; Z) of a path-connected topological space X satisfies

lalle > cmllalla-

In order to prove this theorem, we will need the following classical interpretation of
the simplicial volume in terms of bounded cohomology; see [24] for the definitions.
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Proposition 4.13. Let X be a topological space. Then every homology class a €
H,, (X; R) satisfies

lalla = sup{1/llalloo | & € Hy*(X:R), (o, a) = 1}
where H;" (X R) denotes the bounded cohomology of X of degree m.
The following result is a technical extension of M. Gromov’s inequality (1.6).

Proposition 4.14. Let m be a positive integer. Then there exists a constant ¢, > 0 such
that for every map ® : M — X from an oriented connected closed m-manifold M to a
path-connected topological space X, we have

Quer e, (M) = e[| P« ([M])] A

Proof. Fix a Riemannian metric g on M. Let M — M be the covering of M with
fundamental group ker ®,. The quotient group I' = 771 (M) /ker @ acts by deck transfor-
mations on M. Denote by M (M) the Banach space of finite (signed) measures 1 on M

with the norm
el = / .

Denote also by M (M) € M(M) the cone of positive measures. Following [24, Sec-
tion 2.4], a smoothing operator on M is a smooth I'-equivariant map .% : M — M+ (M).
Define
up 171
xenr I

Let o € H;'(X;R) such that (o, ®«([M])) = 1 where (-, -) is the bilinear pairing
between cohomology and homology given by the Kronecker product. Define § = ®*(«) €
H}'(M;R). Clearly, ||Blloc < [l@]loo and (B, [M]) = 1. By [24, Proposition, p. 33], there
exists a closed m-form @ on M representing the cohomology class f € H™(M;R) such
that

[] =

loll < mYiBlleo[-1" (4.9)

for every smoothing operator . : M — Mt (M).
For A > entye; o« (M), define . = .4 g : M — MT(M) as

S (x) = (e R0 _ o™ Ry 1 ry()dvolg ().

By [24, Section 2.5] (see also [7] for further details), there exists a positive constant A,,
depending only on m such that
[¥] < AmA 4.10)

for R large enough. Technically speaking, the bound is stated in [7,24] when M is the
universal covering of M, but the proof is exactly the same for intermediate coverings.

Integrating w on M using the relation (@, [M]) = 1 and the combination of (4.9) with
the bounds ||B|lcc < || |lco and (4.10), we obtain

1 = m!(Am)" ||orl|ccentier @, (M)™ vol(M).
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Hence,
Cm[[Px(MDA = Quera, (M)

by Proposition 4.13, with ¢, = (m!(4,,)™)~! where A,, is the multiplicative constant
in (4.10). [ ]

We can now proceed to the proof of Theorem 4.12.
Proof of Theorem 4.12. For every € > 0, there exists a positive integer k such that
Q(ka) < k(llallg + ¢).

Thus, there exists a map ¢ : P — X defined on an oriented connected closed m-pseudo-
manifold P such that g ([P]) = ka and

Querg, (P) = Q(ka) + ¢ < klallg + (k + De. (4.11)

By Thom’s theorem [48], there exists a map f : M — P defined on an oriented
connected closed m-manifold M such that

f«([M]) =d[P] € Hu(P:Z)

for some suitable nonzero integer d. Extend f : M — P by handle attachments to a
71-surjective map f’: M’ — P where

M’:Mﬁ(jlj Slxsm—l).

i=1
Clearly, f/(IM’']) = f«([M]) = d[P]. By [1, Proposition 2.2], we have
lerd)* (M/) =< koer(p* (P) (412)

where ® : M’ — X is the composite map ® = g o f”.
Now observe that @, ([M']) = dka. By Proposition 4.14, we derive

cmdklalla < Qera, (M). (4.13)
Combining (4.11)—(4.13), dividing by d k and letting & go to zero, we obtain
cmllalla < llalle
as desired. ]

Remark 4.15. By a density argument, it follows from Theorems 4.9 and 4.12 that the
volume entropy semi-norm and the simplicial volume semi-norm are equivalent in real
homology, and not only in integral homology. A natural question would be to determine
whether the two semi-norms are proportional in every degree, though we do not have any
strong evidence for whether they are or not.
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5. Systolic volume of a multiple homology class

The following asymptotically optimal upper bound on the systolic volume of the multiples
of a given homology class positively answers a conjecture of [5], where a sublinear upper
bound was established.

Theorem 5.1. Let m be a positive integer. For every homology class a € Hy, (X;7Z) of a
path-connected topological space X, there exists a constant C = C(a) > 0 such that for
every k > 2, we have
k
o(ka) < C———.
) = ogiy

The proof of Theorem 5.1 rests on some systolic estimates in geometric group theory

based on the following notion.

Definition 5.2. Let G be a finitely generated group and S be a finite generating set of G.
Denote by ds the word distance induced by S. For every finite index subgroup I' < G,
define

Ids) = inf ds(e,v).
sys(I, ds) BRLIN s(e,y)

The systolic growth of finitely generated linear groups has been described by K. Bou-
Rabee and Y. Cornulier; see [11]. Originally stated in terms of residual girth rather than
systolic growth, their result can be written as follows.

Theorem 5.3. Let G be a finitely generated linear group over a field and let S be a finite
symmetric generating set of G. Then there exist a constant Cy > 0 and an infinite sequence
of subgroups Ty, < G of finite index k such that

sys(I'x,ds) = Cologk.

Remark 5.4. A similar estimate has been previously stated without proof by M. Gro-
mov for finitely generated subgroups G of SL;(Z) under the extra assumption that no
unipotent element lies in G; see [26, Elementary Lemma, p. 334].

We need to review some features of the isospectral m-manifold My introduced in
Definition 4.6.

It was proved by C. Tomei [49] that M, is an orientable closed aspherical m-manifold.
By M. Davis [16], its fundamental group G = 7;(My) is isomorphic to a torsion-free
subgroup of finite index of the Coxeter group

W ={(s1,....8m.F1,....Tm | S; = 1] =1, 5;8; =s;8; for [i — j| > 1,

§iSi+15i = Si+18iSi+1,TiVj = Fjri, Sirj = 7T;jS; for i ;é j)

Recall that J. Tits showed that every Coxeter group admits a faithful linear representation
in a finite-dimensional vector space; see [ 12, Chapter V, Section 4, Corollary 2]. Thus, the
group G is linear. This is an important feature in view of Theorem 5.3.

We can now proceed to the proof of Theorem 5.1.
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Proof of Theorem 5.1. Let G = m1(My). Fix a finite symmetric generating set S of G
once and for all. The metric on My induced by the Hilbert—Schmidt metric (also called
the Frobenius metric) on the space M,,+1(R) of square matrices of size m + 1 lifts to
a metric dy on the universal covering A7IO of My. (Here, the choice of the metric does
not matter. We simply fix one once and for all.) Since M|, is compact, its universal cover-
ing MO is quasi-isometric to (G, ds); see [17, Section IV.B, Theorem 23]. More precisely,
there exist some constants Ag > 1 and By > 0 such that for every y € G and every x € Mo,
we have

Ag'ds(e.y) — By < do(x,y - x) < Aods(e.y) + Bo. (5.1)

Note that A and By only depend on m.
By Theorem 4.7, there exist amap f : My — X from a finite covering M, of My and
a positive integer ¢ such that

f([Mo)) = ¢[a). (5.2)

LetT <G := m(MO) be a finite index subgroup of G. Denote by fr‘ MO/F - X
the lift of f : Mo — X under the canonical projection nr : M, /T — MO By the first
inequality of (5.1), we have

Ay sys(I'.ds) — By < sys(Mo/T) < sysy,. (Mo/T). (5.3)

Now, apply Theorem 5.3 about the systolic growth of linear groups to the finitely
generated linear group G. Thus, there exists a sequence of subgroups 'y < G of finite
index [G : T'x] = k > 2 such that

sys(Tk.ds) = Cologk (5.4)

for some Cy > 0 which does not depend on k.
Let M = M,/ T'y.. We deduce from (5.3) that

SYSf, (Mk) > Ay'Cologk — By > Dologk (5.5)

where f : My — X is the lift of f: My — X and D¢ > 0 does not depend on k. Since
Iy is of index k in G and the map f : My — X represents ga, we deduce that

(fi)«([My]) = kqa.

Since v01(]\71k) =k VOI(MO), this yields the inequalities

o(kqa) < of (My) < C/(log—k)m

for every k > 2, where C' = C’(a) does not depend on k. Since o is subadditive (see [5,
Proposition 3.6]), we derive

k k
otk = (’(H“‘) = loghym

for every k > 2, where C = C(a) does not depend on k. |
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6. Systolic volume semi-norm and functorial properties

In this section, we define the systolic volume semi-norm and present its functorial prop-
erties along with some comparison results.

6.1. Systolic volume semi-norm

Theorem 5.1 allows us to define the systolic volume semi-norm in real homology of
dimension m > 3. This definition is based on the following observation, whose proof
is left to the reader.

Lemma 6.1. Let M be a Z-module endowed with a translation-invariant pseudo-dis-
tance @. Given a function h : N — R with limy_. o h(k) = 00, suppose that for every
ac N, there is a positive constant C = C(a) such that 0(0,ka) < Ch(k) for every k € N.

Then (ka. kb)
~ . o(ka,
o(a,b) = limsup ————= (6.1)

defines a translation-invariant pseudo-distance on JN.

Let X be a path-connected topological space. Apply Lemma 6.1 with (k) = af)ng)m
(see Theorem 5.1) to the translation-invariant pseudo-distance ¢ defined on H,,(X; Z)
with m > 3 by o(a,b) = o(a — b); see [5, Corollary 5.3]. This yields a new translation-
invariant pseudo-distance ¢ on H,,(X; Z). Define the systolic volume semi-norm of
ac Hy(X;7Z) as
o (ka)

k

lalle = klin;o (6.2)

where 6 (a) = 0(0, a).

Remark 6.2. The behavior of o(ka) as a function of k can be quite irregular; see [5,
Section 5.4]. This suggests it may not be possible to replace the limsup in (6.1) by the
usual limit for o(a, b) = o(a — b). It is also unclear whether, though unlikely that the

second stablization process in (6.2) can be omitted in the definition of the systolic volume
semi-norm.

The following lemma is useful to establish upper bounds on the systolic volume semi-
norm.

Lemma 6.3. Leta,b € H,,(X;Z) withm > 3, where X is a path-connected topological
space.

(1) Suppose that there exists A > 0 such that
o(ka) < Ao (kb)

for every integer k > 1. Then ||a|lc < A|b||s-
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(2) Suppose that there exists oy > 0 such that
k
o(ka) < ———o0
(ka) < (logkym™°
for every integer k > 2. Then ||a|s < 0o.
Proof. (1) By assumption, replacing k by kp, we have o (kpa) < Ao (kpb). Dividing this
inequality by a()ng)m and letting k go to infinity, we obtain 6 (pa) < A6 (pb). Dividing this

inequality by p and letting p go to infinity, we derive the desired bound ||a||; < A|/b]s.
(2) By assumption, replacing k by kp, we have

kp
k <— 0p.
o(kpa) = (logk + log p)™ 70

Dividing this inequality by aong)m and letting k go to infinity, we derive & (pa) < poy.
Dividing this inequality by p and letting p go to infinity yields ||a||, < 0p as desired. =

6.2. Functorial properties of the systolic volume semi-norm

As in Section 3, we establish functorial properties of the systolic volume semi-norm sim-
ilar to the ones satisfied by the simplicial volume.
Theorem 6.4. Let m > 3 be an integer.

(1) Let f : X — Y be a continuous map between path-connected topological spaces.
Then for every a € H, (X;R),

I f+@llo = llallo.
(2) Let f: M — K(m1(M),1) be the classifying map of an orientable connected closed
manifold M. Then
If(MDlle = 1Mo
(3) Let f : M — N be a degree d map between oriented connected closed manifolds.

Then
[Mlloc > |d|[[N]e-

(4) Let f : M — N be a d-sheeted covering map between orientable connected closed
manifolds. Then
[Mlle =d|Nlls-

(5) Let My and M> be orientable connected closed manifolds of dimension m > 3. Then
M1 Mallo < IMille + IM2]6- (6.3)

Remark 6.5. As in Remark 3.2, we can ask whether equality holds in (6.3). Here is a
reasoning suggesting this question might be rather subtle. By [4, Theorem A], for every
essential m-manifold M, with m > 4, there exists an essential m-manifold M» such that

o(My §f M) < o(My) + o(M>).
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Now, it is unclear whether this strict inequality subsists or not under the double stabi-
lization process in the definition of the systolic volume semi-norm. More generally, the
inequalities (3.1), (6.3) and the one for the simplicial volume reflect convexity properties
of the semi-norms. Even if the three semi-norms are equivalent (as we will see), we have
no strong evidence that the volume entropy semi-norm and the systolic volume semi-norm
satisfy the same additivity property as the simplicial volume.

Proof of Theorem 6.4. We argue as in the proof of Theorem 3.1, pointing out only the
differences.

(1) Observe that if (M, ¢) is a geometric cycle representing a € H,,(X; R) then
(M, f o) is a geometric cycle representing fi(a) € Hy,,(Y;R). Since every (f o ¢)-
noncontractible loop of M is f-noncontractible, we get sysy (M) < syss,(M). Hence,
0y (M) > 0r,(M). This implies that o ( f«(a)) < o(a). Replacing a by ka and applying
Lemma 6.3 (1), we obtain the desired inequality || fx(a)|lc < ||a]lo-

(2) We consider the degree k map f; : My — M defined on the connected sum
My =Mf---4 M of k copies of M. By definition, oy, (M) > o (k[M]). Consider also
the composite map Fy = f o fy : My — K(w1(M), 1), where (F)«([My]) = kfx([M]).
Note that Fy is m-surjective. By [13, Theorem 10.2], this implies that o, (My) =
o(kf«([M])). Since f is mi-injective, sysp, (My) = sysy, (M). Hence, o, (Mg) =
of, (My). Combining the previous estimates, we obtain

o(kf«([M])) = o (k[M]).

By Lemma 6.3 (1), we derive || fx([M])|l¢ = ||M||s. Since the reverse inequality follows
from (1), this implies (2).

(3) By definition, assertion (3) immediately follows from (1).

(4) Construct a geometric cycle (Q, ) representing k[N] € H,,(N; Z) with ¢ :
Q — N m-surjective, whose (relative) systolic volume oy (Q) is arbitrarily close
to o (k[N1]). Consider the geometric cycle (P, ¢) representing k[M] € H,,(M;Z) where
P is the cover of Q corresponding to the subgroup (V)" (Im fi) and ¢ : P — M is the
liftof ¥ : Q — N. Since P — Q is a d-sheeted covering map and ker ¢, = ker {/«, we
have 0, (P) < doy (Q). Thus,

o(k[M]) = do(k[N]).

By Lemma 6.3 (1), we derive the inequality |M || < d||N||s. The reverse inequality
follows from (3).

(5) The proof is similar to the proof of point (5) in Theorem 3.1. Simply replace the
volume entropy semi-norm |-|| g by the systolic volume semi-norm ||| . |

6.3. Systolic volume comparison

We present analogues of comparison results obtained for the minimal volume entropy
(semi-norm) in Section 2 to the systolic volume (semi-norm) case.
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It is convenient to introduce the following definitions. Let M be a connected closed
m-manifold with a Riemannian metric g. Let H <1 711 (M) be a normal subgroup. Define
the systole of M relative to H, denoted by sysg (M, g), as the length of the shortest loop
of M whose homotopy class does not lie in H. As in (1.7), define the systolic volume
of M relative to H as

on(M) = inf —1M-8)
g sysg(M.g)"
where the infimum is taken over all (piecewise) Riemannian metrics g on M. This is a
slight modification of the definition (1.7). For f : M — X and H = ker f, the invari-
ants oy and oy coincide. Note that the definition of og extends to finite simplicial
complexes.

Though [5, Proposition 3.6] is stated for the absolute systolic volume, its short proof
based on the comparison principle [2, Proposition 3.2] can easily be adapted to cover the
relative case. Thus, we obtain

Proposition 6.6. Fori = 1,2, let M; be a connected pseudomanifold of dimension m > 3
and let M; <1 w1 (M;) be a normal subgroup. Then

O((H +H,)) (M1 § Ma) < o, (M1) + om,(Ma).

Theorem 2.12 holds true if one replaces the relative minimal entropy to the power m,
namely Q g, with the relative systolic volume og. (A previous version valid for “admis-
sible” pseudomanifolds can be found in [5, Corollary 3.5].) More precisely, we have

Theorem 6.7. Fori = 1,2, let M; be a connected closed pseudomanifold of dimension
m > 3 and H; <1 w1(M;) be a normal subgroup. Let H <1 1 (M7) * w1(M3) be a nor-
mal subgroup such that the canonical inclusion w1 (M1) < w1(M7) * mw1(M>) induces an
inclusion

mi(My)/Hy < (mi(My) * m1(M2))/H.

Suppose M is orientable. Then
O'H] (Ml) 5 O'H(M] ﬁ Mz)

Proof. The proof is similar to the one of Theorem 2.12, except that the bound on the
volume entropy entg, (M1, g¢) at the end of the proof of Theorem 2.12 should be replaced
with

sysg, (M1, ge) > sysy, (Ml ft MZM (U » Cone(My(m — 2)),g’)

2m—

> sysy (M1 it M2, g). L]

As previously, combining Theorem 6.7 and Proposition 6.6, we obtain the following
analogue of Corollary 2.13 for the (relative) systolic volume. In the case of “admissible”
pseudomanifolds, it follows from [5, Corollary 3.5 and Proposition 3.6].
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Corollary 6.8. For i = 1,2, let M; be a connected closed pseudomanifold of dimen-
sion m > 3 and let H; <1 w1(M;) be a normal subgroup. Suppose M, is orientable and
oH,(M3) = 0. Then

O((H, +Ho)) (M1 § M2) = op, (My).

The analogue of Theorem 2.19 for the systolic volume semi-norm holds true. Note
however that its proof differs from the one of Theorem 2.19. This is due to the fact that
the systolic volume and the minimal volume entropy do not have the same behavior under
finite coverings.

Theorem 6.9. Let G be a finitely presented group and H be a finite index subgroup of G.
Let m > 3. Suppose that the canonical inclusion i : H — G induces a monomorphism
between the m-dimensional rational homology groups

(ix)m : Hn(H; Q) — Hp(G:; Q).
Then for every homology class a € H,, (H; Z),

lalle = llix@]o-

Proof. Leta € Hy,,(H;Z). By Thom’s theorem [48], there exists an integer ¢ > 1 such
that gi«(a) € H,,(G;Z) can be represented by a geometric cycle f : M — K(G, 1) where
M is a closed m-manifold. By adding handles if necessary, we can further assume that
f« 1 m (M) — G is surjective. Arguing as in the proof of Theorem 2.19, we construct a
commutative diagram

M —L Kk(H 1)

|,

M — 5 K@G,1)

where the vertical maps are d -sheeted coverings, such that
fe(IM]) = gix(a) and fu([M]) = dqa+c

where ¢ € TorH,,(H; Z).

Denote by ¢ the order of the torsion class c. For every integer k > 1, consider the
connected sum My of kt copies of M and the map f; : My — K(G, 1) obtained by
collapsing the attaching spheres of the connected sum My to a point and by applying f :
M — K(G,1) to each term M of the bouquet so obtained. By construction, the map
fr 1 My — K(G, 1) is m1-surjective with

(fi)+([Mi]) = ktfi([M]) = ktqix(a).

Since My, is a closed manifold and f : My — K(G, 1) is mq-surjective, we infer from
[2,3] or [13, Theorem 10.2] that

of, (My) = o(ktqi«(a)).
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The lift f;; - My — K(H, 1) of fr : My — K(G, 1) to the corresponding covers My,
of My represents

(fo)« (M) = kt f(IM]) = kt(dga + ¢) = ktdqa.

Since the vertical map My — My is a d-sheeted covering, we have oz (1\7Ik) <doy (My).
Hence,
o(ktdqa) < oz (My) < doy (My) = do(ktqix(a))

for every k > 1. By Lemma 6.3 (1) and the homogeneity of the systolic volume semi-
norm, we deduce that ||a]ls < ||ix(@)]o.

The reverse inequality ||i«(a)||s < ||a||s follows from Theorem 6.4 (1). L]

7. Systolic volume semi-norm and simplicial volume semi-norm

In this section, we show that the systolic volume semi-norm and the simplicial volume
semi-norm are equivalent in real homology.

Let us show that the systolic volume semi-norm bounds from above the simplicial
volume semi-norm and/or the volume entropy semi-norm (up to a multiplicative constant).
Recall that every homology class a € H,, (X ; Z) with m > 3, where X is a path-connected
topological space, satisfies

llalla
" (log(2 + [l a))™

where A, is a positive constant depending only on m; see (1.9). Therefore,

(log k)™ ( logk )m
~—2  o(ka)> A _— | .
o) = Al (o

o(a)> A

Letting k& go to infinity, we obtain 6(a) > A,,|lala (arguing separately for ||al|o being
zero and nonzero). Thus, ||alls > A, ||alla-
Alternatively, every homology class a € H,,(X; Z) satisfies

. Q@
@ = A 08 + 2@@)”

for some constant A/, > 0 depending only on m; see [13,39]. Therefore,

(logk)™ Q(ka) ( log k )m

T el S e ey

Again, letting k go to infinity, we obtain 6(a) > A),||a||g (arguing separately for Q(a)
zero and nonzero). Thus, [als > A/, [la| g.
We establish a reverse inequality in the following theorem.
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Theorem 7.1. Let m > 3 be an integer. Then there exists a constant (L, > 0 such that
every homology class a € Hy, (X ; Z) of a path-connected topological space X satisfies
lalle < pmllalla-

Proof. We argue as in the proof of Theorems 4.9 and 5.1. Let a € H,,(X; Z). For every
& > 0 and every integer s large enough, we consider the map 4 : Z — X from a closed
connected simplicial m-pseudomanifold Z to X such that

h([Z]) = sa,  «(Z) < s(m))*(lalla + &)

obtained at the beginning of the proof of Theorem 4.9. By Theorem 4.7, there exists a
map f : My — Z from a finite covering My of My such that

F([Mo)) = q[Z] € Hu(Z:Z)

for some positive integer g. Applying Theorem 5.3 as in (5.4) yields a sequence of sub-
groups I’ in the finitely generated linear group G:=m (1\710) with finite index [G i) =
k > 2 such that

sys(I'x, ds) = Cologk
for some positive constant Co (which does not depend on k), by applymg Theorem 5.3
as in (5.4). Denote by fy : Mk — Z the liftof f : MO — Z to the cover Mk = Mo/l"k
corresponding to the subgroup I'y < G. Since I is of index k in G, we derive

(fi)([M)) = kqlZ].
Define o = ho fi : 1\7Ik — Z — X. Observe that

(9x)+([My)) = kgsa. (7.1)
Asin (5.5), we have
Y8g (M) = sysy, (Mi) = Dologk (7.2)

where Dy is a positive constant (which does not depend on k or a). As in (4.8), we also
have

vol(My) = k vol(My) = kqi(Z)vm < kgs(m!)>(|a]|a + &)vm. (7.3)
It follows from (7.1)—(7.3) that
kqs(m!)*
o(qksa) < o, (My) < m(”aHA + &) Um.

By Lemma 6.3 (2), this implies

3
(lalla + &)vm.

(m
gslalle <gs DI

n3
Hence, ||alls < un|lalla where w, = (’l')’;,]), U ]

Remark 7.2. By a density argument, the systolic volume semi-norm and the simplicial
volume semi-norm are equivalent in real homology, and not only in integral homology.
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8. Density of the volume entropy and systolic volume semi-norms of manifolds

The following density result can be deduced from the equivalence of the semi-norms given
by Theorems 1.3 and 1.6 together with the recent work [29].

Corollary 8.1. Let m > 4 be an integer. Then the sets of all volume entropy semi-
norms ||M ||g and of all systolic volume semi-norms ||M |, where M is an orientable
connected closed m-manifold, are dense in [0, c0).

Proof. Denote by |||« the volume entropy semi-norm |-|| g or the systolic volume semi-
norm ||-||¢. Fix ¢ > 0. By [29, Theorem A], there exists an orientable connected closed
m-manifold M with 0 < | M ||o < min{e/Cy,, &/ itm} where Cp, and p,, are the positive
constants in Theorems 1.3 and 1.6. Define

My =M1tt---8 M (k copies).

By additivity of the simplicial volume under connected sums in dimension at least 3
(see [24]), we have |Mg|la = k|| M| a. It follows from the equivalence of the semi-
norms (see Theorems 1.3 and 1.6) that the sequence || Mg ||« starts from the interval (0, ¢),
with 0 < ||M ||« < &, and goes to infinity. Now, the map My, — My collapsing one
copy of M to a point is of degree 1. By the functorial properties of the volume entropy
semi-norm, namely (3) and (5) of Theorems 3.1 and 6.4, we derive

[Miclls« = [Misalls < [IMill« + | M|

Thus, the sequence || My« is nondecreasing and increases by at most ||M |« < € at
each step. We deduce from the properties of the sequence || M|« that every subinter-
val of [0, co) of length & contains at least one term || My ||«, proving the desired density
result. |
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