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Abstract. For any s € [—o0, 0] and oriented homology 3-sphere Y, we introduce a homology
cobordism invariant rg(Y) € (0, oo]. The values {rs(Y)} are included in the critical values of the
SU(2)-Chern-Simons functional of Y, and we show a negative definite cobordism inequality and
a connected sum formula for rg. As applications, we obtain several new results on the homology
cobordism group. First, we give infinitely many homology 3-spheres which cannot bound any defi-
nite 4-manifold. Next, we show that if the 1-surgery of S3 along a knot has the Frgyshov invariant
negative, then all positive 1/n-surgeries along the knot are linearly independent in the homology
cobordism group. In another direction, we use {rg} to define a filtration on the homology cobordism
group which is parametrized by [0, co]. Moreover, we compute an approximate value of rg for the
hyperbolic 3-manifold obtained by 1/2-surgery along the mirror of the knot 5.
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1. Introduction

The study of the structure of the 3-dimensional homology cobordism group @% is one
of the central topics in low-dimensional topology. One of the motivations is a relation
to the triangulation problem of topological manifolds. In 1985, Galewski—Stern [25] and
Matumoto [42] proved that a topological n-manifold M with n > 5 admits a triangula-
tion if and only if a certain cohomology class §(M) € H> (M ; Ker 1) satisfies (M) = 0,
where [: (9% — 7./27 is the Rokhlin homomorphism. Since there is no essential dif-
ference between PL and smooth categories for 3- and 4-manifolds, @% is isomorphic to
its PL version. On the other hand, the n-dimensional PL version of homology cobordism
group is known to be trivial for n # 3 ([34]). Also, Freedman’s result [20] implies that
the topological version of the 3-dimensional homology cobordism group is trivial.

Various gauge theories and Floer theories have been developed and used to improve
the understanding of @%. In the 1980s, Donaldson [10] applied Yang—Mills gauge theory
to 4-dimensional topology and proved the diagonalization theorem. The diagonalization
theorem and its extension due to Furuta [23] imply that the Poincaré sphere has infinite
order in @%. Fintushel-Stern [15] and Furuta [24] developed Yang—Mills gauge theory
for orbifolds with cylindrical ends to prove that @% contains Z* as a subgroup. On the
other hand, Manolescu [40] disproved the triangulation conjecture using Seiberg—Witten
Floer theory. Recently, Dai-Hom-Stoffregen—Truong [8] proved the existence of a Z*°-
summand in @% using involutive Heegaard—Floer theory.
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In this paper, we interpret the work of [15,24] in Yang—Mills gauge theory in terms
of instanton Floer homology, and introduce a family {r;} of real-valued homology cobor-
dism invariants for any homology 3-sphere.

1.1. The invariants ry

Let Y be an oriented homology 3-sphere. In [12], Donaldson defined an obstruction
class [A] (denoted by D; in [12]) lying in the first instanton cohomology group of Y
such that [0] # O implies the non-existence of any negative definite 4-manifold with
boundary Y. On the other hand, Fintushel-Stern [16] defined filtered versions of the
instanton cohomology group {/ [*;,r Jrl](Y)}r.E]R such that their filtrations are given by a
perturbed Chern—Simons functional. Here, one can see that Fintushel-Stern’s method
actually enables us to define a cohomology group / [’;’r](Y) for an arbitrary interval [s, r],
and the obstruction class [6] is well-defined in I[ls,r](Y) for any r € (0,00] (= R5o U
{oo}) and s € [—00, 0] (:= R<o U {—o00}). Therefore, it is natural to ask whether [6] van-
ishes in / [ls,r](Y) for a given Y and interval [s, r]. In light of this observation, we define

rs(Y) :=sup{r € (0,00] | [0] =0 € I[Lr](Y)}

for any oriented homology 3-sphere Y and s € [—o0, 0]. A more precise definition of r; is
stated in Definition 3.2. Such a quantitative construction in Floer homology has appeared
in several Floer theories including Hamiltonian Floer homology [18, 19] and embedded
contact homology [33].

Our main theorem is stated as follows.

Theorem 1.1. The values {rs(Y)}se[-c0,0] are homology cobordism invariants of Y.
Moreover, the invariants {rs}se[—oo,0] Satisfy the following properties:

(1) If there exists a negative definite cobordism W with OW = Y L1 —Y>, then
rs(Y2) <rs(Yy) foranys € [—o0,0].
Moreover, if W is simply connected and rs(Y1) < o0, then
rs(Y2) <rs(¥1).
(2) If rs(Y) < oo, then rs(Y) is a critical value of the Chern—Simons functional of Y .
(3) If s1 < s, thenrg (Y) > 1y, (Y).
(4) The inequality
rs(Y1 #Y2) > min{rs, (Y1) + 52,75, (Y2) + 51}
holds for any s, s1, 52 € (—00, 0] with s = 51 + s5.

Recently, Daemi [6] introduced a family {I'y (i) };ez of real-valued homology cobor-
dism invariants. Since the I'y (i) are also defined by using instanton Floer theory and
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satisfy the properties (1) and (2) in Theorem 1.1, it is natural to ask whether the I'y (i) are
related to our r¢(Y). Roughly speaking, our invariants {rg(Y)}se[—o0,0] can be seen as a
one-parameter family including I'_y (1). More precisely, we prove the following equality.

Theorem 1.2. For any oriented homology 3-sphere Y,
r—eo(Y) =T_y(1).

As consequences of Theorem 1.2 and results in [6], we can understand a relationship
between rg and the Frgyshov invariant 4: (9% — 7 ([21]), and obtain infinitely many
examples with non-trivial ry. Note that r;(S3) = oo for any s € [—o0, 0], and so we say
that rg(Y) is non-trivial if rg(Y) < oo.

Corollary 1.3. The inequality r—_(Y) < 0o holds if and only if h(Y') < 0. In particular,
ifh(Y) <O, then rg(Y) is finite for any s € [—00, 0].

Let X(ay,...,an) denote the Seifert homology 3-sphere corresponding to a tuple
(ai,...,ay) of pairwise coprime integers, and let R(ay,...,a,) be an odd integer intro-
duced by Fintushel-Stern [14].

Corollary 1.4. If R(ay,...,a,) > 0, then for any s € [—0o0, 0],

rs(—=2(ay,...,ay)) = ; and rg(Z(ay,...,an)) = oo.
4ay---a,

For instance, it is known that R(p, ¢, pgk — 1) = 1 for any coprime p,q > 1 and
k € Z~¢. Here, one might ask whether r; is constant for any Y. We show that the answer
is negative. Indeed, the connected sum formula for r¢ in Theorem 1.1 and the above
corollaries imply that any Yy := 2X(2,3,5) # (—X(2, 3, 6k + 5)) (k € Z~y) satisfies
ro(Yx) = m < 00, while 7_s(Y%) = oo because h(Yy) = 1.

1.2. Topological applications

Next, we show topological applications of rg, which include several new results on the
homology cobordism group @% and the knot concordance group €.

1.2.1. Homology 3-spheres with no definite bounding. We call a 4-manifold definite if
it is positive definite or negative definite. It is well-known that the Frgyshov invariant
[21,22] and the Heegaard—Floer correction term [45] are obstructions to the existence of
a positive definite bounding or a negative definite bounding. However, there has been no
invariant which is an obstruction to the existence of both positive and negative definite
boundings. Our invariant r4(Y) is the first example of such an obstruction. We have the
following theorem.

Theorem 1.5. There exist infinitely many homology 3-spheres {Yy}72., which cannot
bound any definite 4-manifold. Moreover, we can choose them linearly independent in @%.
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Indeed, we can take {Yx }22 ; :={2X(2,3,5) #(=X(2,3,6k + 5))}72, as a concrete
example for Theorem 1.5. We will show that ro(Y%) < oo and ro(—Yy) < co. Here, we
note that if a homology 3-sphere Y is Seifert or obtained by a knot surgery, then Y bounds
a definite 4-manifold. In addition, the existence of a definite bounding is invariant under
homology cobordism. Therefore, we have the following corollaries.

Corollary 1.6. For any k € Z ¢, the homology cobordism class
[2X(2,3,5) #(—X(2, 3,6k + 5))]

does not contain any Seifert homology 3-sphere.

The existence of such a homology 3-sphere was first proved by Stoffregen [56] using
Pin(2)-monopole Floer homology. On the other hand, our proof is based on Yang—Mills
instanton theory.

Corollary 1.7. For any k € Z-.q, no representative of [2X(2,3,5) # (—X(2, 3, 6k + 5))]
is obtained by a knot surgery.

1.2.2. Linear independence of 1/n-surgeries. In [15,24], Fintushel-Stern and Furuta
proved that for any coprime integers p, g > 1, the Seifert homology 3-spheres
{Z(p.q. pqn — 1)}, are linearly independent in @%. We note that ¥ (p,q, pgn — 1) =
_Sf/n(Tp,q), where T}, 4 is the (p, g)-torus knot and Sf/n(K) denotes the 1/n-surgery
along a knot K in S3. From this viewpoint, we generalize the above results as follows.

Theorem 1.8. For any knot K in S3, if h(S;(K)) < 0, then {513/" (K)}52, are linearly

independent in @%.

Theorem 1.8 gives a huge number of linearly independent families in @%. In fact,
there exist infinitely many hyperbolic knots and satellite knots with #(S3(K)) < 0. As
hyperbolic examples, we can take the mirrors K; of the 2-bridge knots Ky (k € Z=o)
corresponding to the rational numbers ﬁ. (These Kj are often called twist knots. See
Figure 2 in Section 5.2.)

3

Corollary 1.9. For any k € Z~¢, the homology 3-spheres {Sl/n

(Kp)}eL, are linearly
independent in @%.

As satellite examples, we can take the (2, g)-cable of any knot K (denoted by K> ,)
with odd ¢ > 3.

Corollary 1.10. For any knot K in S and odd integer q > 3, the homology 3-spheres
{Sf/n (K2.,9)}52, are linearly independent in @%.

1.2.3. Linear independence of Whitehead doubles. In this paper, we consider the sub-
group 7 in the knot concordance group € generated by topologically slice knots. The
group 7 has been thorougly studied via several gauge theories, Floer theories [1,7,9, 13,
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27,30-32,38,39,41,44,46—-49] and Khovanov homology theory [50] as in the case of @%.
However, the structure of 7 is still mysterious.

Here we focus on the positively-clasped Whitehead double D(K) of a knot K. Since
D(K) has trivial Alexander polynomial, D(K) lies in 7, namely D(K) is topologically
slice [20]. There is a famous conjecture about the Whitehead doubles:

Conjecture 1.11 ([35, Problem 1.38]). As elements of the knot concordance group €,
the equality [D(K)] = 0 holds if and only if [K] = 0.

Motivated by this conjecture, Hedden—Kirk [27] conjectured that the map
D:€ - ¢, [K]+ [D(K)],

preserves the linear independence, and they proved that the conjecture holds for the family
{T2on1};2,, that is, the Whitehead doubles {D(73 27 1)},>, are linearly independent
in €.

We refine their result as follows.

Theorem 1.12. For any coprime p,q > 1, the Whitehead doubles {D(Tp np+q)}oe, are
linearly independent in €.

Corollary 1.13. The Whitehead doubles { D(T 2n—1)}5>, are linearly independent in €.

Note that Hedden—Kirk’s results were extended to more general satellite knots in [49],
and our technique enables us to extend a result in [49]. Moreover, our approach can be
used to see the linear independence of D(K) for a certain family of twisted knots K.

1.3. Additional structures on @% and Ker h

Using involutive Heegaard—Floer theory, Hendricks, Hom and Lidman [28] introduced a
poset filtration on @% and re-proved the existence of a Z°°-subgroup of @%. Moreover,
for the knot concordance group, such filtrations coming from Heegaard—Floer theory are
also given in [26,54]. Inspired by these work, we give a [0, co]-filtration of ®% using our
invariant rg, which can be used to re-prove that Fintushel-Stern’s and Furuta’s sequence
{12(p.q, pgk — 1)}32, is linearly independent in ®% for any pair (p, ¢) of coprime inte-
gers. Since r5(Y') coincides with a critical value of the SU(2)-Chern—Simons functional
of Y, our filtration has a flavor of geometry.
More precisely, for any r € [0, oo], we consider the set

©3,, = {[Y] € ©} | min{ro(Y).ro(=Y)} = r}.

Then it follows from the connected sum formula for r¢ that @% , 18 a subgroup of @%.
Moreover, by definition, it is obvious that if » > r’, then @% , C @% ,+- In particular,
@% 0= @%. For this filtration, we prove that any quotient group is infinitely generated.

Theorem 1.14. For any r € (0, 00|, the quotient group @%/@% , contains Z°° as a sub-
group.
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Fig. 1. A schematic picture of the filtration {@% 3

Figure | gives a schematic picture of the filtration {@%’r}. Since 6%1 is a subgroup
for any r € [0, 00], it is easy to see from the figure that {Z(p, g, pgk — 1)}72_, are linearly
independent in @%. Here, we note that the smallest subgroup @%, oo 18 infinitely generated.
In fact, it is proved by Hendricks—Hom-Lidman [28] that {S3 1 (T2,4n41)}52, are linearly
independent in G)%. Moreover, it is not hard to see that SEI (T2,4n+1) bounds both a
positive definite 4-manifold and a negative definite 4-manifold, and hence Theorem 1.1 (1)
gives ro(S2,(T2,4n+1)) = ro(—S2,(T2,4n+1)) = 0o. Note that any positive knot bounds
a null-homologous disk in B* # kC P2 for sufficiently large k ([5]). Therefore, we have

0700 O spang{[S2 | (T ant )]} = 2%,

where spany is the Z-linear span in 6%. We pose the following fundamental questions
about the filtration {©3, },<[0,c0]-

Question 1.15. Which subquotient ®, ,/©3 , is infinitely generated?

As another approach to studying @3, we use the value
Soo(Y) :=sup{s € [-00,0] | rs(Y) = oo}

to introduce a pseudometric on Ker(/: @% — Z). The pseudometric induces a metric on
the quotient group Ker 72/ @% oo+ FOr more details, see Section 6.1.

1.4. Computations for a hyperbolic 3-manifold

Finally, we discuss the relation between our invariants {r;} and geometric structures on
homology 3-spheres. While it is proved by Myers [43] that any homology cobordism class
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contains a hyperbolic representative, we also know that there exist infinitely many homol-
ogy cobordism classes containing no Seifert representative, as discussed in Section 1.2.
As the next step, it is natural to ask whether @% is generated by Seifert homology 3-
spheres or not. Recently, Hendricks, Hom, Stoffregen, and Zemke [29] proved that the
homology cobordism class [Sf(Tgt7 # Ty, #Te,13# T, 3., 5)] is not contained in O3,
where 7> 3.2 5 is the (2, 5)-cable of T5 3 and @g denotes the subgroup of @% generated
by Seifert homology 3-spheres. Namely, they proved 9% 2 G)g.

Here, we mention that 513 (ng7 # TG*’7 #To13# T2*33:2’5) is not Seifert but a graph
manifold. (The proof will be given in Appendix A.) Hence, the following question still
remains open.

Question 1.16. Is the group @% generated by graph homology 3-spheres?

Let ®3G denote the subgroup of @% generated by all graph homology 3-spheres, and
then Question 1.16 is equivalent to whether the equality ®3, = ®3G holds or not. Here we
note that critical values of the SU(2)-Chern—Simons functional of graph 3-manifolds are
rational [2], and hence the image r; (@36) is included in Q¢ U {oo} for any s € [—00, 0].
Therefore, we have the following proposition.

Proposition 1.17. If there exists a homology 3-sphere Y and s € [—o0, 0] such that rs(Y')
is finite and irrational, then [Y] ¢ @%.

From the viewpoint of Proposition 1.17, we try to calculate {rs} for the 1/2-surgery
along the knot 55, where 53 is the mirror of the knot 5, in Rolfsen’s knot table. Note
that 5, is K> as a twist knot, S7(53) = —X(2,3, 11) and that S} ,(53) is a hyperbolic
3-manifold (see [4]). These facts imply that the value rs(S 13 /2(5;)) is finite and might be
irrational. Moreover, using the computer, we get the following result.

Theorem 1.18. The numerical approximation

Is (513/2(5;)) ~ 0.0017648904 7864885113 0739625897 0947779330 4925308209
holds for any s € [—00, 0], where the error is at most 1070,
It is an open problem whether there exists a 3-manifold whose SU(2)-Chern—Simons
functional has an irrational critical value. Note that the decimal in Theorem 1.18 has no
repetition. Therefore, we have the following conjecture.

Conjecture 1.19. The value rg(S 13 /2 (55)) is an irrational number.

If Conjecture 1.19 is true, then it follows from Proposition 1.17 that [S 13 /2(5;)] is not
contained in ©F,.

Organization

The paper is organized as follows. In Section 2, we give a review of filtered instanton
homology. In Section 3, we introduce the invariants ry using notions of Section 2, and
establish several basic properties of rs. In particular, Theorem 1.1 will be proved in this
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section. Section 4 is devoted to discussing the relation between ry and Daemi’s I'y (k). In
Section 5, we prove all assertions stated in Section 1.2. In Section 6, we discuss additional
structures on @% and Ker /2 by using rs. In Section 7, we explain how to compute an
approximate value of rs(S 13 /2(5;)).

2. Review of filtered instanton Floer homology

Throughout this paper, all manifolds are assumed to be smooth, compact, orientable and
oriented, and diffeomorphisms are orientation-preserving unless otherwise stated. In this
section, we review the definition of filtered instanton Floer homology. For instanton Floer
homology, see [12, 17]. For the filtered version of instanton Floer homology, see [16].

2.1. Preliminaries

2.1.1. Chern—Simons functional. For a homology 3-sphere Y, we denote the product
SU(2) bundle by Py, and the product connection on Py by 6. In addition, we denote
A(Y) := the set of SU(2)-connections on Py,

AT(Y) := the set of SU(2)-flat connections on Py,

B(Y) := A(Y)/Map, (Y, SU(2)),

R(Y) := A™(Y)/Map, (Y, SU(2)),

R(Y) := A™(Y)/Map(Y, SU(2)),

where Map(Y, SU(2)) (resp. Map, (Y, SU(2))) is the set of smooth functions (resp. smooth
functions of mapping degree 0), and the right action of Map(Y, SU(2)) on A(Y') is given
bya-g:= g 'dg + g 'ag. Note that the action preserves the flatness of a for any g.
Also, we write 8*(Y), R*(Y) and R*(Y) respectively for the subsets of B(Y), R(Y)
and R(Y') whose stabilizers are constants in {£/5}. The elements in 8*(Y) and R*(Y)
are called irreducible connections. When the stabilizer of an SU(2)-connection is larger

than {1, }, the connection is said to be reducible. The Chern—Simons functional on A(Y')
is the map csy: A(Y) — R defined by

1
csy(a) := W[I/Tr(aAda—f— %a /\a/\a).

It is known that csy (a - g) — csy (a) = deg(g) holds for g € Map(Y, SU(2)), where deg(g)
is the mapping degree of g. Therefore, csy (a - g) = csy (a) for any g € Map, (Y, SU(2)),
and hence csy descends to a map B (Y) — R. We denote it by the same notation csy.
Moreover, we use the notations Ay and A}, for csy (E (Y)) and csy (ﬁ* (Y)), respectively.
Note that the set Ay is locally finite, that is, [m,m + 1] N Ay is a finite set for any m € R.
For example, one can see that A g3 = Z and A§3 = 0. Set

]RY IZR\AY

for any oriented homology 3-sphere Y .
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2.1.2. Perturbations of csy. Roughly speaking, the instanton Floer homology of Y is the
Morse homology associated to csy : B* (Y) — R, where the set of critical points is R* (Y).
However, R*(Y ) does not satisfy non-degeneracy in general, and hence we need to per-
turb csy so that R *(Y') becomes non-degenerate. In this paper, we use several classes of
perturbations of c¢sy introduced in [17, Section (1b)] and [3, Section 5.5.1].

For any d € Z~¢ and fixed [ > 2, consider the set of orientation-preserving embed-
dings of d solid tori into Y,

Fai={(fi 8! x D* > V)iziza}

and denote by C! (SU(2)?,R),q the set of adjoint invariant C* functions on SU(2)?. Then
the set of perturbations is defined by

P = | Fax C'SUQ) R)ua.
deN

Fix a 2-form d§ on D? supported in the interior of D? with (> d$§ = 1. Then,
for any w = (f, h) € P(Y), we can define the w-perturbed Chern—Simons functional
csyn: B*(Y) — R by

csy,z(a) = csy(a) + / e h(Holf, (- x)(@). ..., Hols, (—x)(a)) dS$. (D
xe

where Holf, (_ x)(a) is the holonomy around the loop ¢ — f;(¢,x) foreachi € {1,...,d}.

We denote || i]|c: by ||| and the second term of the right-hand side in (1) by /.

2.1.3. Gradient of csy,r. We next consider the gradient of csy,,. Fix a Riemannian met-
ricgy on Y. Fori € {l,...,d},lett;: SU(2) — SU(2)? denote the i -th inclusion, and set
hi == ho(;:SU(2) — R. Then, identifying su(2) with its dual by the Killing form, we
can regard the derivative 4} as a map h}: SU(2) — su(2).

Using the value of the holonomy around each loop { f; (s, x) | s € S!}, we obtain a
section Holy, (s x)(a) of the bundle Aut Py over Im f;. Sending the section Holf, (s, x)(a)
by the bundle map induced by 4}: Aut Py — ad Py, we obtain a section A} (Holf, (s,x)(a))
of ad Py over Im f;.

We now describe the gradient-line equation of csy,, with respect to the L?-metric:

d
9 "
S = grad csyn = gy (Flan) + ;h;(Hol(a,)ﬁ(s,x))(fi)*prz ds). @

where pr, is the second projection S! x D? — D2, %, is the Hodge star operator and
F(a) denotes the curvature of a connection a. We denote pr;d § by n. We set

d
Rz = {a € B | F@) + Y h(Hol(@)g00) (fi)sn = O},

i=1

R*(Y)y := R(Y), N B*(Y).
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The solutions of (2) correspond to connections A over ¥ x R which satisfy
FT(A) + n(A)t =0, (3)

where

o the 2-form 7 (A) is given by

d
Y hi(HOI(A) 7, . () (rim),
i=1
e pr, is the projection from (S! x D?) x Rto S! x D2,
e the superscript + is %(1 + *) where * is the Hodge star operator with respect to the
product metric on ¥ x R,
e themap f;:S'x D2 xR — Y xRis f; x Id.
We introduce the spaces MY (a,b), of trajectories for given a,b € R*(Y)..Fixa pos-
itive integer ¢ > 3. Let A, 5 be an SU(2)-connection on Y x R satisfying A4 5|y x(—o0,1]
= p*a and A, plyx[1,00) = p*b where p is the projection ¥ x R — Y. We define

MY (@,b); :={Aup+clceQ (Y xR)® su(2);2 with 3)}/9(a.b), (4
where the gauge group §(a, b) is given by

9(a,b) ;= {g € Aut(Pyxr) C End(Cz)Lz+l | g% Aap — Aap € L7},
q oc

N

Here the space L; +1,10c consists of the sections which are L;‘; 41 on each compact set in
Y xR, and g* A, 5 denotes the pull-back of the connection A, by g. The group §(a, b)
actson {Agp +c|ce QUY xR)® gu(Z)Lg with (3)} via pull-backs of connections.
Since

lg*Aap — Aaplli2 sty =0 asn — oo,

g lies in the stabilizer {£1} of a and b asymptotically on both ends respectively. When

we define MY (a, 0),.s, we use the LZ s-norm instead of the L;-norm. The definition of
L;, s-horm is given later in (5). The space R acts on M Y (a, b), by translation.

2.1.4. Classes of perturbations. We also use several classes of perturbations. If the coho-
mology groups defined by the complex given in [52, (12)] satisfy Hfm = 0 for all [¢] €

R(Y)x \{[g*0] | g € Map(Y,SU(2))} fora given 7, we call = a non-degenerate pertur-
bation. If 7 satisfies the following conditions for a fixed small number § > 0 and gy, we
call  a regular perturbation:

o The linearization

+ +.01 +
di +dnj:Q (Y xR)@su(Z)Lé - Q7Y xR)@su(Z)Lg_l

of the left-hand side of (3) is surjective for a, b € R* (Y)r and [A] € MY (a,b),.
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e The linearization

dj‘ + dn::Ql(Y XxR) ® gu(2)L25 - QT xR)® su(2);2
q. q—

1.8
of the left-hand side of (3) is surjective for a € R* (Y)r and [A] € MY (a,0).

The relevant norms are given by

q
2 . j 2
=3 1vi, 0
=0 Y xR

and
q e
2. v/ £2
= \Y 5
”f”lf;,s ;O/X e [Vy, /1 )

for £ € QI(Y x R) ® su(2) with compact support, where

Agp and A, g are fixed connections as above,

| — | is the product metric on ¥ x R,
e ¢ is an integer greater than 2,
e 7:Y xR — R is a smooth function satisfying 7(y,t) =t ift > 1 and 7(y,t) = 0 if
t <—1.
Here the spaces MY (a,b), and MY (a, 0) s are given in (4) in Section 2.1.3.
Next, we will introduce a class of small perturbations which we actually use. In order
to explain this, we follow a method introduced in [16].

Definition 2.1. Let Y be a homology 3-sphere and g be a Riemannian metric on Y. For
€ > 0, we define a class of perturbations P€(Y, g) as the subset of #(Y) consisting of
elements & = ( f, h) which satisfy

(1) |hf(a)| < e foralla € B(Y),
(2) llgradg hy(a)|ps < €/2,|lgradg hy(a)ll2 < €/2foralla € JE(Y).

If necessary, for a non-degenerate regular perturbation 7 = ( f, ), we can assume h
is smooth (see [52, Section 8]).

For r,s € Ry U {—o0} and a fixed Riemannian metric g, we define a class of per-
turbations P (Y, r, s, g) in the following way. Let { Ry} be the connected components of
R*(Y). Let U, be a neighborhood of R, in B(Y) with respect to the C*°-topology such
that Uy N Ug = @ if a # B and {U,} is a covering of R*(Y'). We take all lifts of U, with
respect to pr : By — By. Since Map(Y, SU(2))/Map, (Y, SU(2)) is isomorphic to Z, we
denote all lifts by {U.};ez. In addition, we impose the following conditions on U}

e Ifa € Ui, |es(a) — es(Ry)| < min{d(r, Ay)/8,d(s, Ay)/8}, where
d(r,Ay) = min{|r —a| € Rsg | a € Ay}.

e U, has no reducible connections.

Note that, for any element p € R (Y), we have unique o and i € Z such that p € Uo’;.
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By the Uhlenbeck compactness theorem, we can take a sufficiently small real number
€1(Y, g,{Uq}) > 0 satisfying the following condition:

Ifa € B8*(Y)and |F(a)|lz2 < €1(Y, g, {Uy}), then a € U, for some a. (6)

Definition 2.2. Set
GI(Y’ g) = % Sup 61(Y7 gs {UOI})s
{Ua}

where {U, } runs over all coverings of {R,} as above.

We also use the notation Ay := min{|a — b| | a,b € Ay with a # b}. Then we define
a class of perturbations which we will use later.

Definition 2.3. For a given r € Ry, s € [—00, 00) and a metric g, we define

min{e; (Y, g),d(s,Ay)/8,d(r,Ay)/8,Ay/32} ifs € Ry,

Y.r.s,g):=
€(x.r.s.8) {min {e1(Y.g).d(r,Ay)/8, Ay /32} ifs € Ay

and
PY,r,5,8) = PS8 (Y, g) C P(Y).

With the use of P (Y, r,s, g), we have the following fundamental properties of the
values of the perturbed Chern—-Simons functional.
Lemma 2.4. Givenr € Ry, s e R, andnw € P(Y,r,s,g), foranya € Eﬂ (Y) one has
(1) lesz(@) —r| > 3d(r. Ay),
(2) lesx(a) —s| > 3d(s, Ay) if s € Ry,
3) lesz(a) —s+ 2Ay| > 3d(s — Ay. Ay) if s € Ay.

Proof. We only show (1). Due to the choice of perturbations, for each a € ﬁ,,(Y) one
can find p € R(Y) satisfying a € U, which leads to

lesz(a) —r| = |es(p) —r| — |esz(a) — es(a)| — |es(a) — es(p)|
> d(r,Ay) — Ld(r, Ay) — 1d(r, Ay) = 3d(r, Ay).

The proofs of (2) and (3) are essentially the same as that of (1). [

2.2. Instanton Floer homology

In this subsection, we give the definition of the filtration of instanton Floer (co)homology
by using the technique in [16]. First, we give the definition of Z-graded instanton Floer
homology. Let ¥ be a homology S3 and fix a Riemannian metric gy on Y. Fix a non-
degenerate regular perturbation = € & (Y). Roughly speaking, instanton Floer homology
is infinite-dimensional Morse homology with respect to

csyqn: B*(Y) > R. (7)
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Floer defined ind: ﬁ*(Y),, — 7, called the Floer index. The (co)chains of instanton
Floer homology are defined by

Cli(Y):=Z{a € I’Q*(Y),r |ind(a) =i} (resp. CI'(Y) := Hom(CI;(Y), Z)).
The (co)boundary maps 9: CI; (Y) — Cl;_1(Y) (8: CI'(Y) — CI'T1(Y)) are given by

da) = 3 #(M7 (a.b)x/R)D (8 := %),

bER*(Y)r,ind(b)=i—1
where MY (a, b),, is the space of trajectories of csy,r fromato b.

Remark 2.5. Originally, instanton Floer homology is modeled on infinite-dimensional
Morse homology with respect to the functional

csy i B*(Y) := A*(Y)/Map(Y, SU(2)) — S'. ®)

If we use B(Y), the Floer indices take values in Z /87Z. For our purpose, we will use the
R-valued Chern—Simons functional, that is, we consider (7) instead of (8). On £~*(Y),
the Floer indices take values in Z. So, we obtain a Z-graded chain complex. The original
instanton chain group was given by

Ci(Y) :=Z{a € R*(Y)»/Z | ind(a) = i}

for each i € Z/8Z. The following isomorphism gives a relation between the original
instanton Floer homology and Z-graded instanton Floer homology of Y:

H.(CL;(Y),8) = Hu(Ci(Y).d)

fori € Z/8Z, j € Z with j =i mod 8.

We review how to give orientations of MY (a, b),/R. For a given homology
3-sphere Y, a non-degenerate perturbation , a € R (Y) and any oriented compact 4-
manifold X bounded by —Y, we define a configuration space

B, X)={As+c|ceQ'(X")® su(2),2}/9(a, X", 9)

where X* denotes X U Y x [0, co) with a product Riemannian metric on the end and
9 (a, X*) is the gauge group defined analogously to the cylindrical case as above. Our
convention for the orientations is the same as that in [12, Section 5.4]. If we choose a
connection a as the product connection 8, we need to use the weighted Sobolev norm (5)
to define the space B (6, X). To give orientations of the spaces MY (a, b), /R, we use a
real line bundle

Ly — 8B(a, X) (10)

fora € R*(Y),, which is called the determinant line bundle. This bundle is defined as a
determinant line bundle of a family of operators d§ + dj parametrized by A € B(a, X).
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For details, see [ 12, Section 5.4]. It is shown there that the bundle L, — B(a, X) is trivial.
Define
Ly := A™(H%X;R)® H'(X;R) ® HT(X;R)).

If we fix an orientation of the orientation bundle
Aax =L, ®Lx (11)

associated with a, one can define an orientation of MY (a, b), in the following way. By
gluing connections and operators, one can obtain a continuous map

al: MY (a,b), x B(b, X) — B(a, X).

Furthermore, we obtain a bundle isomorphism whose restriction to the fiber over (4, B) €
MY (a,b); x B(b, X) is given by

al: Det(TMY (a, b)) ® Lp)|4,8) — a*Lala, ),

where TMY (a, b), is the tangent bundle of MY (a, b),. We have two orientations of
MY (a,b): an orientation of Det(TM?Y (a, b)) such that gfg\f is an orientation-preserving
map and one coming from the R-translation. The consistency of these orientations gives
the sign of the differential. This definition does not depend on the choice of (4, B) and
bump functions which are used to construct the map gl. Moreover, one can see that 3% = 0
as in the case of Morse homology for finite-dimensional manifolds.

The instanton Floer (co)homology 1. (Y) (resp. I*(Y)) is defined by

I.(Y) :=Kerd/Imd (resp. I*(Y) := Ker§/Im ).

If we take another data of perturbations, Riemannian metric and orientations of A, x,
then the corresponding chain complexes are chain homotopy equivalent to each other.
Therefore the isomorphism classes of the groups CI(Y) and CI*(Y) are well-defined.

2.3. Filtered instanton Floer homology

In this section, we introduce filtered instanton Floer homology which refines Fintushel—
Stern’s Floer homology introduced in [16].

We recall Ay = csy (R(Y)), A} = csy (R*(Y))and Ry =R\ Ay.Forr € Ry, we
define the filtered instanton (co)homology / ls’r] (Y) (resp. I [z rl (Y)) using e-perturbations.
Definition 2.6. We fix s € [—00,0]. For a given r € Ry, metric g on Y, a non-degenerate

regular perturbation w € P (Y, r,s, g) and orientations on line bundles A, x, the (co)chains
of filtered instanton Floer (co)homology are defined by

Z{la) € R*(Y)x | ind(a) =i, s < csyq(a) <1} if s € Ry,
Z{la) € R*(Y); |ind(a) =i, s — Ay /2 <csyn(a) <r} ifseAy,
CLi, (Y. ) := Hom(CI™ (Y. 7). Z),

[s.7] —
CI""(Y, 7)== {



Y. Nozaki, K. Sato, M. Taniguchi 4714

where Ay := min{|la —b| | a # b, a,b € Ay}. The (co)boundary maps

sl ey, my — el (v, w)  (resp. 87: CIL, 1 (Y) — CIiFL(Y))

i [s.r] [s.7]
are given by the restriction of d to CIES’r](Y) (resp. 8571 .= (alsr1y*),
Then one can see (3171)2 = 0.

Definition 2.7. The filtered instanton Floer (co)homology I,,Es’r](Y ) (resp. I["S‘ r](Y)) is
defined by

157y := Ker 3" /Im "1 (resp. I ()= Ker 8171 /1m 8577,

Although the isomorphism class of Cll[-s’r](Y, ) depends on the choice of m, the
chain homotopy type is an invariant of Y. Thus, we omit & in the notation for Floer

(co)homology groups. The following lemma provides well-definedness of our invariants
127 () and 17 (V).

Lemma 2.8. Fix s € [-00,0], r € Ry with s <0 < r, two Riemannian metrics g and
g’ on'Y, non-degenerate regular perturbations m, n' in P (Y, r, s, g) and orientations of
orientation bundles for E*(Y)n and R* (Y)nr respectively. If we choose two elements 7
and ' in P(Y,r,s,g) and P(Y,r,s,g"), then there exists a chain homotopy equivalence
between Cll[s’r](Y, ) and Cll[s’r](Y, 7'), the instanton chain complexes with respect to 7
(resp. ).

Proof. Fix the following data:

e Fix a Riemannian metric gx on ¥ x R which coincides with g + d¢% on Y x (—o0, —1]
and with ¢’ +dt?> on Y x [I, 00).

e Fix a regular perturbation 74 on Y x R which coincides with 7 on Y x (—oo, —1] and
with 7/ on Y x [1, oo) such that

lwa( Al L2y xj—1,1)) < min{e(Y,r,s,8),€(Y,r,5,8)}.

(In Section 2.1.4, we gave the definition of regular perturbations for the product per-
turbations. In the general case, we also define regular perturbations using a certain
surjectivity condition. For more details, see [12].)

Then, by considering the moduli space MY (a,b), under the assumption ind(a) — ind(b)
= 0, we obtain compact 0-dimensional manifolds. The orientation comes as in the case
of cobordism maps which we will introduce in Section 2.4. Thus, we have a map

fr s CIETN(Y, ) — 1™ (v, 7)

defined by

a > #MY(a.b)g,.
b:ind(a)—ind(b)=0
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Similarly, we have a map CIZ[”](Y, ') — Cll[s’r](Y, 7). One can check that ft, 5/
and [y’ 5 are chain maps. Moreover, (n’ x [l 7’ and Ly 7/ Ly’ » are chain homotopic to
the identity, by the same argument as in [16]. This completes the proof. ]

Lemma 2.9. Forr,r’ € Ry, s,s’ e Rwiths <s' <0 <r </, there exists a chain map

ity — al ).

The map i[[s/’]r/] satisfies the following conditions:

(1) The chain homotopy class of i 1[ r] 1 does not depend on the choice of additional data.

(2) If we take two triples of numbers (r,r',r"), (s,s',s") withs <s' <s" <0<r <

r’ <r” then
.[s,r] 7 '] als,r]
l[s’,r’] o l[s” % l[s// 7]
as induced maps on cohomology, where l[[ ] ],], i[[ss,,’rr,],] and l[[ss,, ]r,,] are duals of l[[; r]r ],

[S// r//] [s// r//]

z[ '] andl[s R
3) If [r,r'],[s,8'] C R\ A%}, then the map i[[ss,r’]r/] gives a chain homotopy equivalence.
Proof. First, we give the construction of z[[ " "] One can take a non- degenerate regular

perturbatlon 7 satisfying w € P(Y,r,s,2) N PY, 1,5, g). This gives a natural map
[s"r11, CI[S Y, ) > CI[S "1(Y, ) by setting

[sr

Us.r)

5 gy 1€ ifa e iy, n),
0 otherwise.

This yields a chain map. The proof of (1) is similar to the proof of independence from the
choice of m; (2) is obvious, because we can take a non-degenerate regular perturbation

TeP,rs,e) NP, r, s, 9)NPX,r", s, g).

To prove (3), suppose that [r, '], [s, s'] C R\ A}. We take a sequence of non-degenerate
regular perturbations {m,} C P(Y,r,s,g8) N J (Y r’,s’, g) such that ||, | — 0. We show
that the following maps are bijective for sufficiently large n:

iniia € E(Y),,n |'s <csp,(a) <r}—{ac ﬁ(Y),,n | 5" < csp, (a) <71’}

Suppose there is a sequence {ny} of positive integers such that ny — oo as k — oo
and i,, is not bijective for any k € Z~o. Then we can take a sequence {bx} with s <
cSmy (bg) <" and r < csq, (b) < r’. Using Uhlenbeck’s compactness theorem, we bound
g bxll L2 = Cy for some gauge transformations. By taking a subsequence, we can take
a limit connection b,. Since a reducible connection is isolated for a small perturbation
Tn, » We can assume that b, is irreducible. Since ||y, || = 0, boo satisfies F(bso) = 0
and ¢s(beo) € [s,8] U [r, #’]. This gives a contradiction. Therefore, iy is a bijection for
sufficiently large k. This completes the proof. ]
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2.4. Cobordism maps

First, let us fix the convention about oriented cobordisms. We use the outward normal first
convention. For example,

Y x[0,1]) = —3([0. 1] x ¥) = {0} x ¥ LI (—{1} x Y)

for an oriented 3-manifold Y, where = denotes orientation-preserving diffeomorphism.
In this section, we review the cobordism maps for filtered instanton chain complexes.
These maps have already been considered in [16]. We fix 5; € [-00,0] for 1 < j <m
and put s =}, j<m Sj- Let Y™ be the finite disjoint union of oriented homology 3-
spheres Y~ for I < j < m, YT an oriented homology sphere and W a negative definite
connected cobordism with W = Y+ 11 (—=Y ~) and by (W) = 0. We assume s; € ]Ryj*
for 1 < j < m. First, we fix the following data related to dW:

e a Riemannian metric g on 9W = Y LI —Y~ and

m
r e Ry+ N ﬂRYf’
j=1

e non-degenerate regular perturbations 7+ € P(Y ', r, 5, gy+) and 77 € P(Y

j ,'7,",
r—s+sj,gyj—)f0r1§j <m,

e foranya € R*(Y ™), + andb; € R*(Yj_)ﬂ/_—, orientations of Ly and Ly, for 1 < j <m.

Using the above data, one can define filtered Floer chain complexes (C ,Es’r] (Y*),0") and
(Cis’r] (Y;7),9"). Let us denote by W* the end-cylindrical 4-manifold given by

YT xRoUW UY™ x Rsp.

We fix an orientation of W* which agrees with the orientations on ¥ x R<o and
Y~ x R, and a Riemannian metric gy = on W* which coincides with the product met-
ric of g and the standard metricof Ron Y ™ x R<g LI Y~ x R5¢. Fora € R(Y ")+ and
b=(b)e l_hstm R(Yj_),,j—, we can define the ASD moduli space

M(a, W*.b) := {Aqp + ¢ | c € Q'W*) @ 51(2) 2. (¥)}/F (o, W*. b).
where
FT(Agp +¢) + 1 (Aap +¢) =0,

Aqp is an SU(2)-connection on W* whose restrictions to the ends ¥+ x R<_; U
Y~ x R coincide with the pull-backs of a and b, and the group §(a, W*, b) is given
similarly to the product case. If we take a limit connection 6, we use the weighted norm
with a small positive weight as in the case of Y x R. The part 7y is a perturbation on W*
satisfying the following conditions (xx):

e The perturbation 7y coincides with 77;~ on Y;~ x Rx>¢ for any j and with 7t on
Y+ X RSO'
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1
e Fora e Q (W)Lg,

1,
I (@)l 2 < g min

{ d(r,AYj_),AYj_,d(r_s+Sj,AYJ__), }
3 .

d(r,Ay+), Ay+,d(s, Ay+),d(s_,~,Ay/f)
e For any irreducible element A € M(a, W*,b),

di +d(mf)a' W e su(2),2 — QT ® su2)p2

is surjective, where d (n;{,) 4 is the linearization of n;{,. If a or b contains the reducible
connection 6, we need to consider the weighted norm as in the case of ¥ x R.

Now we explain how to give an orientation of M(a, W*, b). Let X and X * be

compact oriented 4-manifolds with 3(X;) = Y~ and (X +) = Y+, Then we obtain a
continuous map

m m
al: M(a, W*.0) x [ B(b;.¥}) — :e(a, wul Xj—)
j=1 =1

by gluing connections using cut-off functions. This gives a bundle map

m
ol: Det TM(a, W*,5) ® R) Ly, — al*La.
j=1

We fix the orientation of Det TM (a, W*, b) so that g~I is orientation-preserving with
respect to the orientations induced from the orientations of the orientation bundles. Then
by computing the 0-dimensional part of M (a, W*, b), we get a map

m
cwbal i) > @ Q)
Xjly=ij=1
0<l;<i
for i € Z. In this paper, we use only the cases of m = 1 and m = 2. In particular, for
m = 2, we also use the map

cwi el ) - o) e clry)
defined via the O-dimensional moduli spaces M (a, W*, (b, 0)) and M (a, W*, (6,b)). (We
use the weighted norm here.)
The following is the key lemma of this paper. Roughly speaking, it implies that the
cobordism maps are filtered.

Lemma 2.10. (1) Supposem=1. Letr eRy+ NRy-, s €[—o0,r), rTePXY*,rs,8)
and wy € P(Y{,r,5,87). Leta=a € R(Y ")+ andb=b € R(Y{ )ry. Suppose

that M (a, W*,b) # @ for some perturbation my satisfying (xx), and a € Cis’r] Y.
Then csy (D) <r.
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(2) Suppose m =2. Letr € Ry+ N Ryl— N ]Ryz— and s, s1, 83 € [—00,1) with s = 51 + 52,
r—s1 €Ry; and r — sy € Ry and choose perturbations atePX*,r ', g),
ny € P r—s2,51,87) and ny € P(Yy ,r —51,52,85). Letae R(Y ™)+ and
b=(b1,b2) € R(Y{ )ny X R(Y; )ny- If M(a, W*,b) # @ for some perturbation mw
satisfying (%), s < csqp+(a) <r and s <cszy(b1) <r —s2, then csz3 (b2) <r —s1.

(3) Under the same assumption as in Lemma 2.4(2), the following holds. Let
a€R(Y1),+ and by € R(Y; )ny. Suppose that M(a, W*, (0, b2)) # @ for some
perturbation ztwy satisfying (xx), and s < csy+(a) <r. Then csps (b2) <1 — s1.

(4) Under the same assumption as in Lemma 2.4 (2), additionally assume that s1 + s>
€Ry+.Leta€ R(Y ™), .+ and b= (b1,by) € R(Y[)ar X R(Yy )uy - If M(a, W*,b)
# 0 for some perturbation wy satisfyng (xx*), by € C[S"'_S2](Y1_) and by €
C[S”_S‘](Yz_), then cs+(a) > s1 + $2.

(5) Under the same assumption as in Lemma 2.4 (2), additionally assume that s1 + s>
€ERy+. Letace R(Y1)+ and by € R(Y; )ny- If M(a, W*, (0, b2)) # 0 for some
perturbation my satisfying (*x*), and by € C[S”_Sl](YZ_), then cs+(a) > s1 + s2.

Proof. First, let us show (1). By Lemma 2.4, we have
[r —eszp ()] > %d(r, Ay-).
Ifr —csnr(b) > %d(r, Ay-), then this is the conclusion, so assume
r—cspr(b) < —3d(r, Ay-). (12)

Let A be an element in M (a, W*,b). We set Ay = Alyy+xr_,) and A— = Ay —xR.)-
Since A is a flow of grad ¢s,+ on Y T x Ry,

Cpt (@) = st (A).
We also have csz—(A-) > csz(b) by the same argument. Moreover, we see that
csar (A=) —csp+(A4)
= (csn (A-) —cs(A2)) = (esp+ (A1) —es(A4)) + es(A-) —es(Ay)

< max {%d(r, Ay+), id(r, Ay)} — # /W Tr(F(A) A F(A)).

Here, the second term is bounded by % min{d(r, Ay+),d(r, Ay;)} because
1 1
——— [ Tr(F(A)AF(A)) = ——/ Tr((F+(A) + F (A)A(FT(A) + F™(A)))
82 w 872 w

1 1
=52/, Tr(rryf, (A) A 1035 (A)) + 52 )., Tr(F™(A) A xF~(A4))

=

: 1 -
min {d(r. Ay+). d(r. Ay=)} = =5 [F~ () F g,

0| =
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by the choice of wy . Therefore,
s (A-) — csp+(Ay) < 3 max{d(r, Ay+).d(r, Ayp)}.
On the other hand,
espt(a) < —=2d(r,Ay+) +r
by Lemma 2.4. Now we have
csam(b) <r — %d(r, Ay+) + %max {d(r, Ay+),d(r, Ay-)). 13)
Combining (12) and (13), we get
0< —%d(r, Ay+) — %d(r, Ay-) + %max {d(r, Ay+),d(r, Ay;)}-

This gives a contradiction.
Next, we show (2). Using Lemma 2.4, we have

Ir —s1—csqay (b2)] > %d(r —s1, Ayy).
As above, we assume
r—=s1 — Csﬂz—(bz) < —%d(l‘ — 51, AYz_)

Suppose 4 € M(a, W*,b), Ay = Aly+xr_,» Al = Aly;xr-, and A% = Aly; xR0
Then -

—r 4+ %d(r, Ay+)+ 51+ %d(sl, Ay-) + esps(b2)
< —csp+(Ay) + CSHT(AI_) + CSny (Az)
< %max{d(r, Ay+), d(sl,Ayl—), d(r — sl,Ayz—)}

by the same argument. These give a contradiction.
Let us show (3). By using Lemma 2.4, we have

|r —s1 — csnz—(bz)| > %d(r - sl,Ayz—).
As above, we assume
r—s1—csqzy(b2) < —%d(r — 51, Ayy).
By a similar discussion, since CSxi (8) = 0, we have
—r + 3d(r, Ay+) + 51+ 3d(s1, Ay;) + csny (b2)
< % max {d(r, Ay+),d(s1, Ay;), d(r —s1, Ay;)}.

This gives a contradiction.
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Next, we show (4). By using Lemma 2.4, we have
les+(a) —s| > %d(s, Ay+).
As above, we assume
cSy+(a)—s < —%d(s, Ay+).
For A € M(a, W*,b), A4 = Aly+xgr_,» AL = Aly;xr., and A% = Aly; xR.,. one
has
s14 3d(s1. Ayp) + 52+ 3d(s2. Ayy) + csp+ (a)
< 3max{d(s, Ay+).d(s1, Ay;). d(s2, Ay;)}.
These give a contradiction. The proof of (5) is similar to that of (4). ]

Fintushel-Stern proved the following lemma. This is a corollary of Lemma 2.10 under
the assumption m = 1.

Lemma 2.11. Forr € Ry+ N Ry-,
CW[Sjr]a[};j] = a[s’_r]CW[s’r]

We denote the induced map of cwis’] (resp. CW{g ) on instanton Floer (co)homol-
ogy by IWT1 (resp. Wi 7).

2.5. Obstruction class

In this section, we give a refinement of D that appeared in Donaldson’s book [12], which
computes gradient flows of Chern—Simons functionals between irreducible critical points
and the product connection. We define a filtered version of D.

Let Y be an oriented homology sphere. For r € Ry N [0, 00] and s € [—00, 0], we now
define an invariant in / [5.7] (Y). A version of this invariant is defined in the third author’s
paper [57].

1
S5

Definition 2.12. We define a homomorphism 9}[,5 Lcr [ls’r] (Y) - Z by
6y ((a]) := #(M" (@, 0),5/R). (14)

As in [12, Section 3.3.1] and [21, Section 2.1], we use the weighted L; 5 norm in (5) for
MY(a, 8) .5 to use Fredholm theory. (In [12, Section 3.3.1] and [21, Section 2.1], 6 is

denoted by D or 8.) By the same discussion as in the proof of (§21)2 = 0, we can show
§ls.rl (91[,”]) = 0. Therefore we get the class [91[,”]] ell (V).

[s,7]

The class [91[,5 ’r]] does not depend on the small perturbation or the metric. The proof
is similar to the proof for the original [6].
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Lemma 2.13. Let Y and Y, be oriented homology spheres. Suppose that there is an
oriented negative definite cobordism W with H'(W;R) = 0 and 0W = Y 11 (=Y>). For
r € Ry, NRy,, we have

Wi O8] = cONOE.  where (W) := #H\(W: Z).

Proof. We first consider the case of H!(W;Z) = 0. First we fix Riemannian metrics g;
on Y;, non-degenerate regular perturbations ; € #(Y;, r, g;) fori = 1,2, and orienta-
tions of A, x for every critical point a. To consider the cobordism map induced by W,
we fix a perturbation my satisfying conditions (). For fixed a € R(Y. 1)x, satisfying
¢Sy, (@) <r andind(a) = 1, we consider the end-cylindrical manifold W* and the moduli
space M(a, W*,6) as above. We can choose a perturbation sy such that M (a, W*, 6) has
the structure of a 1-manifold. There is a natural orientation on M(a, W*, 8) induced by
the orientations of A, x. We now describe the end of a compactification of M(a, W*, 6).
By dimension counting and instanton gluing, we have two maps: gl from

( U MY (a,b)g, /R x M(b,W*.0) UMY (a,0)/R x MO, W*, 9))
beR*(Y1)r, ,ind(b)=0 % (0, 00)

to M(a, W*,0), and

aly: ( U M(a, W*,¢) x MY2(c, e)ﬂz/R) X (—00,0) — M(a, W*, 6).

cE€R*(Y2)ry, ind(c)=1

These are diffeomorphisms onto their images. Also, the complement of the union of their
images is compact.

Claim 2.14. By the definition of the orientations of MY\ (a,b)r, /R, MY1(a, 0), /R,
and M2 (c, ), /R, the maps gl and g\, are orientation-preserving.

More details about orientations of the moduli spaces are explained in the proof of
Claim 2.14 written after the proof of Lemma 2.13. Using the maps gl; and gl,, one can
compactify M(a, W*, 8). The end of the compactified moduli space is the disjoint union
of three types of oriented points:

U MYV (a,b)r, /R x M(b, W*,6),
beR* (Y1), ,ind(b)=0
MY (a,0)/R x MO, W*,0),
- g M(a, W*.c) x M¥2(c,0),/R.
ce€R*(Y2)r,, ind(c)=1
Here we follow the orientations convention in [12, Section 5.4]. Since the first homology

of W* is zero and the formal dimension of M (6, W*, 0) is —3, there is no reducible
connection except for 6 in M(6, W*, 0). So the space M(6, W*, 0) has just one point.
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When the space MY (a, b) /R is non-empty, we have csy, (@) > csy, (b). Therefore, the
first case can be written

U MY (a,b)y, /R x M(b,W*,6).
bER* (Y1), ,ind(b)=0, csx, (b)<r

If we can write the third case as

_ U M(a, W*,c) x M(c,0)r,/R,

ceR* (Y2) 7y, ind(c)=1, cs, (c)<r
these computation imply that

8" (n")(a) + 05" (@) = CW" 65 (a) (15)

forany a € CI[ls’r] (Y1). If M(a, W*, ¢) is non-empty, then by the use of Lemma 2.10 (1)
and csy, (a) < r, we get
csqy(c) <.

Next, we handle the case of H'(W;R) = 0. We need to consider the transversality of
the moduli space M (0, W*, ). As explained in [6, (2.16)] and [11], there are two types
of reducible flat connections and we can take a perturbation sy so that M (0, W*, 0) is
a finite set. Moreover, Donaldson [11] showed that the signs of the points are the same.
One can count the points and see that #M (6, W*, 0) = #H,(W; Z). Using the above
perturbation, we have

8" (n")(@) + c(W)O5 (@) = CW 65 (),
where c(W) = #H (W Z). |

Proof of Claim 2.14. We discuss the orientations of the moduli spaces. Let us consider
the restrictions

MY (a,b)y, /R x M(b, W*,0) x (0,00) — M(a, W*,0),
M(a, W*,¢) x M¥2(c,0), /R x (—00,0) — M(a, W*,8)

of the maps gl; and gl,, respectively, where b € R*(Y 1)z, with ind() =0 and c €
R* (Y2)r, with ind(c) = 1. We just give a sketch of the proof for these maps being
orientation-preserving. Note that the case » = 6 is shown similarly.

(i) We first introduce the configuration spaces BN (a,b), B(b,W*,0), B(a, W*,c)
and 8Y2(c, ) containing the moduli spaces M Y1 (a, b), M(b, W*,0), M(a, W*, c) and
MY (c, 0), respectively, which are defined similarly to (9).

(i) As introduced in (10), using the sliced and linearized ASD map dj + dj +d yr;f,
we have the determinant line bundles L(a, b), L(b, W*, 0), L(a, W*, ¢) and L(c, 6)
over BY1(a,b), B(b, W*,0), B(a, W*, c) and BY2(c, 0), respectively. Let AV (a, b),
Ab, W*,0), Ala, W*,¢) and A¥2(c, ) denote the sets of orientations of L(a, b),
L(b, W*,0), L(a, W*,c) and LL(c, 6), respectively.
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(iii) The (homotopy classes of) pregluing maps

BY'(a,b) x B(b,W*,0) - B(a, W*, ),
Ba, W*,c)x B2 (c,0) - B(a, W*,0)

give identifications

iv: AV (a,b) xz, A(b, W*,0) — A(a, W*,6),
ir: Aa, W*,¢) xz, A2(c,0) — Aa, W*,0),

where the Z,-actions on the set of orientations are non-trivial. See [12, Proposition 5.11]
for the details of the construction. A similar argument can be found in [37, Section 20.3].

(iv) We now fix orientations of the bundle A, x, defined in (11) for critical points a of
the perturbed Chern—Simons functional of Y7, where X is a compact 4-manifold bounded
by —Y;. Note that we have the canonical homology orientation of W since b1 (W) = 0
and b (W) = 0. Using these data, we associate an element of A(a, W*, ) with each
critical point a by the following discussion: An excision argument for determinant line
bundles similar to [12, Proposition 5.11, p. 132] gives an identification

{The set of orientations of A, x, } Xz, A(a, W*, 0)

— {The set of orientations of Ag, x, UY2W}' (16)

Here we have used the canonical homology orientation of W. By the definition of A, x,
there is a canonical orientation of Ag, X1 Uy, W- For the orientation of A, x, in (iv), one
has the corresponding orientation in A(a, W*, 6) via (16) and the canonical orientation
of g x,u v, W We fix these orientations in A (a, W*, 0) for all a. We also take an element
in AY1(a, b) which is compatible with fixed elements in A(b, W*, §) and A(a, W*, 6)
under 7;. Here, for a sufficiently small 77, one can consider a gluing map

gy {[A1] € MY1(a,b)y, | c(A1) < T1) x M(b,W*,0) — M(a, W*.6),

where ¢(A) denotes the center of the density function || F(A4) + 7(A)|lyx¢»y (r € R) for
a finite (perturbed) energy SU(2)-connection A on ¥ x R.

Let us explain the construction of g’, which implies that g is orientation-preserving.
For ([A;], [A2]) € MY (a,b)r, x M(b, W*,0) with c(A;) < 0, we first fix representa-
tives (A1, Az) of ([A1],[A2]) so that the exponential decay estimates [12, Proposition 4.3]
are satisfied. In particular, under the assumption c (A1) < 0, there exist positive constants
Cy and § such that

A1y, x[s,s+1] — P*b”Lﬁ(ylx[s,sﬂ]) < G forc(4;) <5 <0,

where p denotes the projection Y1 x R — Y. Similarly, there exist C; > 0 and §' > 0
such that

A2y, x[s,s+1] — p*b||L%(Y1><[s,s+1]) = C]ées 5 fors < —1.
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We now define an SU(2)-connection ¥ (A1, A2) on W* called a pregluing by

V (A1, A2)
Aq on Y; x ( ,—c(Al)),
_ ) AVean @) + (A =Yeap()pTh on Yy x (3e(4)) -1, 2C(A1) + 1)
(1= Yean ) P*b + AxYeca () on Yy x (3c(41) — 3. 2e(4)) + 1),
A on Yy x (3¢(Ay), o] UW UY, x [0, 00).

Here y: (35 — 1, 25 + 1) — R is a smooth cut-off function satisfying

1 1
s(f) =
Vs {o ift e (3s—11s+1)

and |dyg| < c/|s| for s < 0, where ¢ > 0 is a constant independent of s. It follows from
the exponential decay estimates that there exist §” > 0 and C;’ > 0 such that

IF* (A1, A2) + 7 (W (A1, A2) 2 ey < GO0,

We perturb the connection ¥ (A;, A2) to obtain a solution by the following argument
based on [52, proof of Theorem 9.1, p. 854]. First, for the above (A, A2) withc(4;1) K 0,
we can prove that the operator

¥ + +
Dy a1,42) = dy a4 T dyiay ) T 97y, 40)

has a right inverse Qv (4,,4,) With uniform bounds stated in [52, (112), (113)]. Then we
apply the implicit function theorem for the perturbed ASD equation F* (v (A1, A3) + a)
+ 7t (Y (A1, Az) +a) = 0 with aslice dut(A A )(a) = 0 and obtain a solution a (A1, A3)
to these equations. For a sufficiently small Tl, we define the gluing map

gy {[A1] € MY (a,b)y, | c(A)) < T} x M(b, W*,0) — M(a, W*,0)

by
a1 ([41]. [A2]) = [W (A1, A2) + a(A4y, A)].

This map is orientation-preserving by construction. Similarly, under suitable orientations,
the map

ah: M(a, W*,c) x {[A2] € MY2(c,0),, | c(A2) > To} — M(a, W*, )

is defined and orientation-preserving for a sufficiently large 75.
(v) Now, we orient the moduli spaces M Y1 (a, D)z, /R and M Y2(c, 0)z,/R so that

(MY (a,b)r, /R) xR = MY1(a,b), and (M*2(c,0),/R) xR = M2(c, 0),,
(I7)

as oriented (R-equivariant) manifolds, where the orientations of M | (a, b)r, and
MY2(c, 0)z, are those in (iv). We now fix the convention of the R-action as
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c(s - A) = c(A) — s for s € R. Here, we identify {[{41] € MY1(a,b), | c(A1) < T1}
with (MY1(a, b)r,/R) x (—=Ty, 00) by sending [A4;] to ([41]/R, —c(A41)), which
is orientation-preserving due to the fact ¢(r - A) = c(A) — r for all r € R. Also,
one has a similar identification between {[42] € MY2(a, b),, | c(A2) > T»} and
(MY2(a,b)r,/R) x (—o0, —T»). By these identifications, g and g induce orientation-
preserving maps

g1 MYV (a,b)z, /R x (=T1,00) x M(b, W*,0) — M(a, W*,0),
a2: M(a, W*,¢) x M¥2(c,0)z, /R x (=00, ~T>) — M(a, W*,0)

with respect to the orientations fixed in (iv) and (v). Since dim M (b, W*, 6) = 0, we also
have an identification

MY (a,b)g, /R x M(b, W*,0) x (=T, 00)
= MY1(a,b)y, /R x (=T, 00) x M(b, W*,0)
as oriented manifolds. Thus, g; induces an orientation-preserving map
g1: MY (a,b)n, /R x (=T, 00) x M(b, W*,0) — M(a, W*,0).

This completes the sketch of the proof. ]

The following property of the class 91[,3 1 is useful when studying the invariants {ry}.
Lemma 2.15. Fors,s’ e Ry andr,r’ e Rwiths <s' <0<r <7/,

i ley " = 107,

Proof. This property follows from the construction of i [[SS;rr]/] in Lemma 2.9. |

3. The invariant rg

3.1. Definition and invariance

We now introduce a family of invariants of an oriented homology 3-sphere Y . The defini-
tion of our invariants uses the birth-death property of our obstruction class [9}[f ’r]] given
in the previous section.

Before introducing our invariant rg(Y'), we need to prove the following lemma.

Lemma 3.1. Let R be a commutative ring with 1. For any homology 3-sphere Y,
{r € (0,001 [ 0= [0 @ 1dg] € I}y ,y(Y; R)} # 0

for any s € [—00, 0], where 1dR is the identity map on R.

Proof. Suppose that
{re(0.00] | 0= 05" ®Idg] € I} (Y1 R)} = 0.
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Then there exists a sequence r,, € Ry with 0 # [9}[,””]] € I[ls r,)(¥)and 0 <ry — 0. We
take a sequence of non-degenerate regular perturbations , in P (Y, g, s, r,) satisfying

the following conditions:

o ||m,] — O.

e There exists a small neighborhood U of [0] € ﬁ*(Y) such that (h,)r|y = 0, where
7w = (f. hn).

Note that we can assume the second condition because
Ker(xdg: Kerdy C Q) ® su(2) — Kerdy) = H'(Y;R) ® su(2) = {0}.

Since 0 # [9}[5””]], one can take a sequence a, € ﬁ(Y),,n such that MY (a,, 0),, is
non-empty for all n and csy, (a,) — 0. Because of the choice of perturbations r,, we
have a, ¢ U for each n. We take a sequence A, in MY (a,, 0)x, . Moreover there is
no bubble because the dimension of MY (a,, 6),, is 1. Since {4, } has bounded energy
and ind(a,) = 1, there exists a sequence {s;} of real numbers, a subsequence {4, } of
{A,} and gauge transformations {g;} on ¥ x R such that g}‘ T;; Ap,; converges to Ax on
Y xR, where Ty y is the translation map on ¥ x R. We denote the limit connection of Ao,
by @oo. One can see that [as] # [0] because a, ¢ U.

On the other hand, we have c¢s(aoo) = 0. This implies that A., becomes a flat con-
nection on ¥ x R. However, lim;_.oo Aoo|yxfs} = 0. Since the connection 6 is isolated
in R(Y), we have [aso] = [0]. This gives a contradiction. L]

Definition 3.2. For s € [—o0, 0] and a commutative ring R with 1 and an oriented homol-
ogy 3-sphere Y, we define

rR(Y) == sup{r € (0.00] | 0 = [0 ® 1dg] € I} 4(Y: R))}.

We often abbreviate 91[/5 7l ®Idg to 9)[5 s By definition, it follows that rsR (Y) is invari-
ant under orientation-preserving diffeomorphisms of Y. In addition, obviously rsZ(Y) <
V;Q(Y). We focus on r;@(Y) in the most part of this paper, and hence we denote r? (Y)
simply by rs(Y).

Non-triviality of rg implies the following:

Theorem 3.3. Suppose that rg(Y) < oo for some s. Then for any metric g on Y, there
exists a solution A to the ASD equation on Y x R with

1
32 IF(A))72 = r(Y).

Proof. We put r = rs(Y) and take a sequence €, with 0 < €, — 0 and a sequence of
regular non-degenerate perturbations 7, € P (Y, g,r + €, s) with |7, || — 0. Since 0 #
[65777], we have a sequence a,, € R(Y )y, such that MY (a,,6), is non-empty for all
and csy, (a,) — r. We take elements 4, in M Y (an, 0)x, for each n. There is no bubble
because the dimension of MY (a,, ), is 1. Since ind(a,) = 1, by the gluing argument,
we can conclude that there exists a sequence s; of real numbers, a subsequence {4y, } of



Filtered instanton Floer homology and the homology cobordism group 4727

{A,} and gauge transformations {g;} on ¥ x R such that { g;.k TS”/‘_ Ay, } converges t0 Aoo
on Y x R, where TS‘/. is the translation map on ¥ x R. We can see that

1 .
S IIF(A0)[? = 1im esy, (an) =1 = r5(Y).
8w n—o00
Moreover, Ao satisfies F T (As) = 0. This completes the proof. ]

In the following, we state the fundamental properties of rsR.
Lemma 3.4 (Theorem 1.1 (2)). Forany s € [—00,0] and a homology 3-sphere Y, we have
rRy) e A¥ U {oo}.
Proof. By using Lemmas 2.15 and 2.9, we obtain the conclusion. ]

In the case of S3, note that A§3 = (. Therefore, by Lemma 3.4, we have rX(S3) = oo
for any s.

Lemma 3.5 (Theorem 1.1 (3)). Let s < s’ be non-positive numbers. Then, for any homol-
0gy 3-sphere Y, we have rslf (Y) <rR).

Proof. This is also a corollary of Lemmas 2.15 and 2.9. ]

Using Lemma 2.15, we have the following lemma.

Lemma 3.6. Forany s € [—00,0] and r € R;O U {oo}, if r < rR(Y), then [91[/”]] =0,
where R3° := Ry N (0, 00).

Proof. By the definition of rR(Y'), we can take r’ € R such that [Ql[f’r/]] =0andr <
r’ < rSR(Y ). Then it follows from Lemma 2.15 that

[k =i (o)) = o. =

[s.r’]
Now we establish an important property of r.
Theorem 3.7. Fix a commutative ring R with 1. Let Y1 and Y, be oriented homol-

ogy 3-spheres. Suppose that there is an oriented negative definite cobordism W with
H'(W;R) =0and oW =Y, U —=Y,. Ifc(W) = #H,(W; Z) is invertible in R, then

rsR(Yz) < rSR(Yl) forany s € [—00,0].

Moreover, if rsR(Yz) = rsR (Y1) < o0, then there exist irreducible SU(2)-representations
p1 and py of w1 (Y1) and 71 (Y2) respectively which extend to one of w1 (W).

Proof. Suppose that rSR(Yl) < 00. For € > 0 satisfying e—i—rsR(Yl) ¢ Ay,,by Lemma2.13,
we get
R R R
IW§+rS (Yl)[e}[fz’e+rs (Yl)]] — C(W)G;Yl’e+rs (Yl)].
R
Since [Q;Jrr'Y (Yl)(Yl)] # 0 for any € > 0 and c(W) is invertible, we have rSR(Yz) <
rR(Y1) + €. This implies the conclusion.
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Suppose that 7 := rR(Y,) = rR(Y;) for some s. Fix Riemannian metrics g; and g»
on Y; and Y. We take a sequence r < r, — r with r, € Ry, N Ry,, the classes [91[,?’”]] #0

and [G%r"]] # 0. Then we have sequences of regular perturbations on Y7 and Y, denoted
by {nl} C P(Y1,g1,7n) and {n2} C P (Y2, g2, ) satisfying
0# 0™ e, (v and 0# [0 e, (V2.
Moreover, one can take critical points a,, and b, of {m}} and {72} and regular perturba-
tions 7y, on W* satisfying the following conditions:
® csy1 (ay) —>r, csn%(bn) —r,
o ||| > Ofori = 1,2,
* mplct =0,
e Oy(a,) # 0and Oy (b,) # 0.
For all such data, by using (15), we take a, and b, satisfying

M(an. W*,by) # 0.

Now we choose an element A, in M(a,, W*, b,) for each n. Since we take regular
perturbations, the dimension of M (a,, W*, b,) is 0. Since {4,,} has bounded energy and
there is no sliding end sequence by a gluing argument, one can take a subsequence {A; }
and gauge transformations {g; } such that { g;-‘Anj } converges on W*. We denote the limit
by Aso. By the second condition, we can see that the limit points ae and b, are flat
connections. Moreover, ¢s(deo) = ¢5(boo) = r and || F (Aso) ”22(Y><R) = 0. Since we can
take perturbations so that the reducible flat connections of Y; and Y5 are isolated, we see
that as, and b are irreducible flat connections. Therefore, Ao, determines an irreducible
flat connection on W. This gives a homomorphism p(As): w1 (W) — SU(2). L]

This result gives the following conclusion.
Corollary 3.8. The invariants rSR are homology cobordism invariants.
In addition, we also have the following corollary.

Corollary 3.9. If there exists a negative definite simply connected cobordism with bound-
ary Yy U =Y, and rR(Y1) < oo, then rR(Y2) < rR(1y).

Also by Theorem 3.7, for the case of ry = r;Q, we have the following.

Theorem 3.10 (Theorem 1.1 (1)). Let Y; and Y, be oriented homology 3-spheres. Sup-
pose that there is an oriented negative definite cobordism W with OW = Y1 I —Y,. Then

rs(Y2) < rs(Yy) foranys € [—o0,0].

Moreover, if HY(W;R) =0 and rg(Y2) = rg(Y1) < 00, then there exist irreducible SU(2)-
representations p1 and p; of w1 (Y') and w,(Y) respectively which extend the same rep-
resentation of w1 (W).
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Proof. By surgering out loops representing the free part of Hy(W; Z), without loss of
generality, we may assume that Hy(W;R) = 0. Then ¢(W) = #H(W;Z) is invertible
in Q, and hence Theorem 3.7 gives rg(Y2) < rg(Y71). The “moreover” assertion directly
follows from Theorem 3.7. |

Corollary 3.11. If a homology 3-sphere Y bounds a negative definite 4-manifold, then
rs(Y) =00 foranys € [—00,0].

Proof. Suppose that Y bounds a negative definite 4-manifold X, and let W denote X with
an open 4-ball deleted. Then W is a negative definite 4-manifold with dW =Y LI —§3.
Therefore, by Theorem 3.10, we have rg(Y) > 7 (S3) = oo for any s € [—o0,0]. [

3.2. Connected sum formula
The aim of this subsection is to prove the following connected sum formula for ry.

Theorem 3.12 (Theorem 1.1 (4)). Lets,s1,s, € (—00,0] with s = s1 + s5. For any homol-
0gy 3-spheres Y1 and Y,, we have

rs(Y1 #Y2) > min{rs, (Y1) + 82,75, (Y2) + 51}

Before starting the proof, let us fix several additional data to define filtered instan-
ton Floer homology. Fix s, 51, 52 € (—00, 0] with s = 51 + s, and homology 3-spheres
Y; and Y,. Take r € R;IO#YZ such that r — s, € R;}O and r — 51 € R;ZO. Fix Riem-
annian metrics g; on Y; (resp. g# on Y # Y5), non-degenerate regular perturbations
m € PYi,r—s;,8,8) for {i, j} = {1,2} (resp. a non-degenerate regular perturba-
tion wy € P (Y1 # Y2, 1,5, g4)) and orientations on line bundles A, x with respect to ny,
m, and 7. Here, we first suppose that s; € Ry,, 52 € Ry, and s € Ry, 4y,. Next, let us
consider a cobordism W with dW = (Y1 # Y,) I —(Y; LI Y3), which consists of only
a single 1-handle. Define Q-vector spaces Ci[s’r] (i=0,1)as

CI([)sl,r—sz](Yl) ®@ CIBsz,r—sl](YZ)

®
[s,r] . _ [s1,7—s2]
ckm= crt (Y1)
@
cry (1)
and
€20 @g I () @ (CIp T (1) ®o CIYTT (1)
®
Cl[s,r] — Cl[lsl,r—sz](Yl)
®

cr>s1l(yy).
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By the discussion of Section 2.4, the above initial data give the maps
cwh e cwt iy, #1,) - ¢

fori = 0andi = 1. We denote pr; o CWI[-S’r] @ 67Vl[”] by p; CWl[s’r], where pr; is the
projection to the j-th component of Cl.[s’r] for j € {1,2,3}. The following lemma is a key
to proving the connected sum inequality.

Lemma 3.13. Suppose that s1 € Ry,, s» € Ry, and s € Ry,sy,. The homomorphisms
CWL& ") and CW[ls’r] satisfy the following equalities:

(1) prewi o dyl — @0 @ 1@ a2 ) o et = o,
) pZCW([)s,r] o 35{;]& _ agfll,r—sz] ° pZCW[ls,r] —0,1® Ql[fzz,r—n]) o PlCW[ls’r] =0,
3) psCWi o d ), — %2 o prewl T — (05 @ 1,0) 0 prewlT = 0,

Proof. First, let us prove (1). For generators [a] € CI[IS"](YI #Y,) and [b1] ® [b2] €
CIE)S"FSZ](YI) ®0 Clgsz’rﬂ‘](Yz), we see that the moduli space M(a, W*, b 11 by)
has the structure of an oriented manifold of dimension 1 whose orientation is induced by
the orientations of the line bundles A, x. Moreover, by a gluing argument, we obtain the
gluing map gl from the union of

g MY*2(q ) /R x M(c, W*, by I bz)) x (0,00), (18)
[c]e R* (Y1 #Y2) ny, ind(c)=0
sy ([eD<esmy ([al)
g M(a,W*.d 11 by) x MY (d, b)), /]R) x (—00,0),  (19)
[d]eR* (¥1)x, ,ind(d)=1
esry (D) >esmy ([b1])

and

U M(a, W* by 11 e) x MYZ(e,bz),,z/]R{) X (—00,0)  (20)

[e]eR* (¥2),, ind(e)=1
esy ([eD)>esmy ([b2])

to M(a, W*,b; L by). On the first two components (18) and (19), we can check that g[ is
orientation-preserving as in the case of ¥, = @. For the third component (20), in general,
gl changes the orientation by (—=1)nd@1) This follows from a standard calculation of
index bundles via a gluing argument. In our situation, since ind(b;) = 0, gl is orientation-
preserving. So, the oriented boundaries of the compactification of M (a, W*,b; L1 by) are
as follows:

U MY (a0, /R X M(c, W*, by L by),

[c]le R* (Y1#Y2)zy, ind(c)=0
CSmry ([C])<CST[# ([a])
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- g M(a, W*,d 11 by) x MY (d,by)x, /R,

[d]eR* (Y1), ,ind(d)=1
esy ([dD)>esmy ([B1])

- g M(a, W*, by U e) x MY (e, by)r, /R.

[e]eR* (Y2)r, , ind(e)=1
sy ([eD)>esmy ([b2])

Claim 3.14. The following inequalities hold:
csq,([c]) > 5, esq, ([d]) <r —s2, csqy([e]) <r —s1.
Proof. This is just a corollary of Lemma 2.10. ]
By using this lemma, we can regard [c], [d] and [e] above as [c] € CI{)”](Yl #Y5),
[d] e CI[IS"r_Sz](Yl) and [e] € CI[lsz’r_s'](Yz) respectively. Thus, we have
prewg o a8 (fal) — % @ 1,0) 0 prewi((a))
—(0.1® 352" ) o prewt(a)) = 0.

Next, we prove (2). For generators [a] € CI[IS’r](Yl #Y,) and [by] € CIE)S"r_SZ](Yl),
consider M(a, W*, b; 11 Oy, ) as an oriented 1-manifold. Then its ends are the following:

U MY#2(q ) /R x M(c, W*, by U 6y,),
[c]e R* (Y1#Y2) ny, ind(c)=0

— g M(a, W*.d 11 0y,) x MY\ (d,by)y, /R,
[d1€R* (Y1), ,ind(d)=1

-~ 9 M(a,W* by L e) x M (e, 0y,)r, /R.
[eleR*(Y2)r, ,ind(e)=1

We need to show the following claim.
Claim 3.15. The following inequalities hold:
cse([c]) > 5, csp ([d])) <7 —s2. cspy(le]) <r —s1.
Proof. This is also a corollary of Lemma 2.10. ]
Hence, we have
p2CWE 0 a0 (la]) — 351" o pycW ([a))
—(0.1® 65>y o prewi (@) = 0.

By the same argument, the third assertion follows from considering the 1-dimensional
moduli space M (a, W*, 0y, L1 by).
Since the proof of (3) is essentially the same as that of (2), we omit it. [
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Next, we define a homomorphism d¢: CL*"1 — o by

[s1,7—s2] [s2,7—s1]
(8;11’”@1,1@8;22'“) 0 0
¢ = 0.1® 6p> 1) aprrl o
(Ql[zil,r—sz] ® 1’0) 0 a[YSzz,r—Sl]

Lemma 3.16. Fors; € Ry,, s, € Ry, and s € Ry, 4y,, we have

dc o WP = w0 dl] .
Proof. By Lemma 3.13, we have
(agfll,r—SZ] R1.1® ag;vzz,r—ﬁ]) ° plcw[ls,r]
dc o WP = | 0.1® 65> ) 0 prewl 4 gl o pycwl!
i (Gi[fl"r_”] ®1,0)0 plCW[ls’r]a[YSzz’r_sl] o p3CW[ls’r]
_pICW([)_y,r] ° a[s,r]

Y 1#Y>
— [s,r] _ als,r] _ [s,r] _ als.r]
= | p2CW5 " o aYs];Yz = CWy™ 0 dy 4y, u
L pacwh ool

Lemma 3.17. For s; € Ry,, 52 € Ry, and s € Ry, 4y,, there exists a cochain f €
CI?SJ](YI #Y,) such that

O5ar, + 1 0 0y, — .05 Lo o cwi = 0.

Proof. For a generator [a] € CI¥") (Y} #Y,), consider M(a, W*, 6y, 11 6y,) as an ori-
ented 1-manifold; then its ends are the following:

MYI#YZ(a’ 9Y1#Y2)ﬂ#/R X M(GY]#Y27 W*v GY] a QYZ),

g MY*2(q by, /R x M(b, W*, 0y, U 6y,),
[b]eR* (Y1#Y2) ry, ind(b)=0

- U M(a,W*,c U by,) x MY (c,0y,)x, /R,
[c]eR* (Y1), ,ind(c)=1

_ U M(a, W*, 0y, 1 d) x M*2(d, 0y,), /R.
[d1€R* (Y2)x, , ind(d)=1

Since Y; and Y, are homology spheres, we see that M (Oy,4y,, W*, 0y, LI fy,) has just
one point. Thus, defining a homomorphism f: CIB”](YI #Y5) > Qby

[b] > #(M (b, W™, 0y, L by,)),
we have
Oy ([l + f 0357, (lal) — 65" ™ o p, Wy ([a]) — 05> 0 p3CW1 ([a]) = 0.

This completes the proof. u
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Theorem 3.18. Let 51 € Ry,, 52 € Ry, and s € Ry py,. If 05" and 0327\ are

coboundaries, then 91[,5 ] (Y1 #Y2) is also a coboundary.

Proof. Suppose that f; € CI0 r—s+si](Yi) satisfies f; o 8[;;’_1'J—S+Si] _ QI[fii,r—s-‘rSi] for
eachi € {1,2}. Then we have a homomorphism
fi= A S fi )G > Q
and the equalities
flodc =(=fi® f. fi, f2) o dc

= (%, fi o 3[S1,r—S2] o a[sw—m)
’ 6)
(* 9[51 r— 52] 9[52 r— Sl])

where

~((frodB N @ fo, /i ® (fr0 05271
+ (0, 1 ® 0527 (0P S2]®fz,0)=0-

Therefore, combining it with Lemmas 3.16 and 3.17, we have
O (V1 #Y2) = —f 0087, + 0.0 ol o cwl
ozl + ' odc oW
_ [s,r] [s,r]
_(—f+f’ocwg’)oa;1;Y2. [

Proof of Theorem 3.12. First, we suppose that s; € Ry,, s € Ry, and s € Ry, 4y,. With-
out loss of generality, we may require that 0 < ry, (Y 1) + 52 < rs,(Y2) + 51. Assume
rs(Y1 #Y2) < rg, (Y1) + s2. Then there exists r € ]R Y, such that rg (Y1 #Y,) <r <
rs, (Y1) + 52,7 —s2 € Ry, and r — 51 € Ry,. Lemma 3 6 implies that

[OF "2 =0 and (B2 =0
Therefore, by Theorem 3.18, we have [9)[51 ’g,z] = 0. This contradicts the assertion
rs(Y1 #Y2) < r,and hence rs(Y1 # Y2) > rs, (Y1) + 52.

Now, we handle the case of s; € Ay,, 52 € Ay, or s € Ay sy,. Let {s!'},ez., be
sequences for i = 1,2 such that s7 — s1, 5 — 52, 57 < 51,85 <2, 5] + 55 is aregular
value of Y #Y>, and 57 is a regular value of ¥; for i = 1,2. By the choices of {5} } ez,
fori = 1,2, we have

rep sy (Y1#Y2) > min{ren (Y1) + 55,152 (Y2) + 57}

For sufficiently large n, we have rgn ¢ Y1 #Y2) =rs(Y1#72), rsn (Y1) = r5, (Y1) and
rsn (Y2) = rs,(Y2). This completes the proof. ]



Y. Nozaki, K. Sato, M. Taniguchi 4734

Remark 3.19. As described in [55, Section 9.4], we have Fukaya’s translation of
CI (Y1 #Y3) into a certain combination of CI(Y7) and CI(Y>). From this viewpoint,
we can extend Cés’r] and C l[s’r] to a chain complex C, such that we have a “projection”

We guess that an alternative proof of Theorem 3.12 can be obtained from a filtered ver-
sion C. P’r] of Cy, and such a proof would be more natural. However, establishing C,,Es’r]
requires too many extra arguments, and so we extract a small part of C,,Es’r].

4. Comparison with Daemi’s invariants

In this section, we compare our invariants rs(Y) with Daemi’s invariants [y (k).
In [6], Daemi constructed a family {T'y (k)}xez of real-valued homology cobordism
invariants which has the following properties:

e Let Yy and Y, be homology 3-spheres, and W a negative definite cobordism with 0W =
Y U —Y, and by (W) = 0. Then there exists a constant (W) > 0 such that

Ty, (k) — n(W) ifk > 0,

I (k) < {max Ty, (k) =n(W),0} ifk <0.

Moreover, the constant (W) is positive unless there exists an SU(2)-representation of
1 (W) whose restrictions to both 771 (Y1) and 711 (Y2) are non-trivial.

e Wehave-- <T'y(—1) <T'y(0) <T'y(l) <---.
e [y (k) is finite if and only if 24(Y') > k, where A(Y) is the Frgyshov invariant of Y.

In this section, we prove that our invariant r_s,(Y) coincides with T'_y (1).
Theorem 1.4. Forany Y, we have
roo(Y) =T_y(1).

Since r5(Y) < r_o(Y) for any s € Ry, several facts and calculations for ry imme-
diately follow from the study of I'y (1) in [6]. We also discuss them in this section.

4.1. Review of Daemi’s 'y (1)

Here, we need to compare our notations with [6]. The instanton Floer chain complex
depends on the choice of several conventions. For example, our sign convention for the
Chern-Simons functional is different from Daemi’s (see Table 1). In this section, we
consider a fixed homology 3-sphere Y.

First we introduce the coefficient ring

1—>00

o0
A= {Zqikri ‘ qi €Q,ri eR, limr; = oo}
i=1
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Signof ¢s | Cylinder | Gradient

[6] — RxY downward

ours + Y xR downward

Tab. 1. Conventions.

where A is a formal variable. We have an evaluating function mdeg: A — R defined by
o0
mdeg(; qi/\”') = iénzigo{ri | i # 0}.

Fix a non-degenerate regular perturbation s and orientations of A, x. Then a Z /8-graded
chain complex C2(Y) over A is defined by

CA(Y) :=Ci(Y)®z A = A{[a] € R*(Y), | ind(a) = i},
with differential

d*(la]) := > #M?Y ([a). [D)x/R) - 25D p],
ind(a)—ind(b)=1 mod 8

where [A] € MY ([a], [DDx, €(A) 1= gz [y g TH((F(A) + 7(A)) A (F(4) + 7(A)))
and MY ([a], [b])x denotes MY (a, b), for some representatives a and b of [a] and [b]
respectively satisfying ind(a) — ind(b) = 1. Note that we use R* (Y), as a generating set
of the Floer chain complex. On the other hand, in Daemi’s formulation, the chain group is
generated by R*(Y ). In our notation, a, b are elements of R*(Y ), and we let [a] and [b]
denote their images in R*(Y ).

Remark 4.1. In Daemi’s formulation, C«(Y) and Cl.A (Y) are regarded as Z /87Z-graded
chain complexes.

We extend the function mdeg to a function on C *A by
n
mdeg(k; nelax]) = min mdeg ;.
In addition, we define the map D;: ClA (Y) > A by
Di(la]) = #M" ((a]. [0])x/R) - 25D

where MY ([a], [0])x denotes MY (a, 6), for some lifts a and 6 of [a] and [#] respec-
tively satisfying ind(a) — ind(#?) = 1, and A € MY ([a], [6]). Now, in our conventions,
I'_y (1) is described as

I'y(1) = lim ( inf {mdeg(D(x)) — mdeg(a)}).
lzl—0 N geCcp (¥),d A (@)=0
Dy (a)#0
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4.2. Translating Ty (1) into a Z-grading

Following the construction of C*, we can define a Z-graded chain complex
CIMNY) == CLi(Y) ®g A = Aa € R*(Y),|ind(a) = i}

with differential

3 (a) = > #(MY (a,b)z/R) - AEWDp
ind(a)—ind(b)=1, AeMY (a,b),

= Y #MY(a.b)x/R) - AT @ex @),
ind(a)—ind(b)=1

We can also define the map oA Cli\ (Y) - A by
02 (@) = #MY (a,0) /R) - 2EW = gLl (g))eon (@

We define a Z-graded version of I'_y (1) by

T y(1)= lim ( inf {mdeg(eA(a))—mdeg(a)}).
I7ll=0 N aecrf* (¥), 04 (@)=0
02 (@)#0

Lemma4.2. T_y(1) = T_y(1).

Proof. The maps v;: CIiA Y) —> CZ.A(Y) (0 <i < 7) induced by ﬁ(Y),, — R(Y), are
A-linear isomorphisms such that

o dA oV = Yi 0dA foreach1 <i <7,

e Doy =604,

e mdeg is preserved by the ;.

These imply that the infimum in the definition of Iy (1) coincides with that of I'_y (1)
for each 7, and hence I'_y (1) = Ty (1). [

4.3. Proof of Theorem 1.2

In this subsection, we fix orientations of the line bundles A, x for non-degenerate regular
perturbations.

Lemma 4.3. Leto = ) ;_, ax ® xi be a chain in CI[I_Oo’r](Y) ® Q. Then « is a cycle
if and only if & is a cycle ofCI{\ (Y), where @ := Y j_,ax ® xpA~0@x),

Proof. For any generatorb ® 1 € CIE,_oo’r] (Y) ® Q, the coefficient of b ® 1 in a1 (ar)
ecli™y)®Qis

> #(MY (ar.b)x/R) - xi.
k=1



Filtered instanton Floer homology and the homology cobordism group 4737

while the coefficient of b ® 1 in 02 (&) is

> HMY (g, by [R) - A @055 ®) gy g mesn (@)
k=1 -
- (Z #(MY (ag, b)x/R) - xk) gesn ().

k=1

This completes the proof. ]

Lemmad.4. Forachaina =Y | _,ar ® Xi in Cl[l_oo’r](Y) ® Q, we have 91[,_°°’r] (o) #
0 if and only if 82 (&) # 0. Moreover, lf@l[,_oo’r] () # 0, then for a number k' € {1,...,n}
with xgr # 0 and csy(ap’) = max {csy (a) | xx # 0}, we have

mdeg(02 (&@)) — mdeg(&) = cs(ag’) < r.

Proof. The proof of the first assertion follows from the same argument as in Lemma 4.3.
Moreover, it is easy to see that

n
mdeg (&) = mdeg(z ar ® xk/l_”(“’f)> = —csy(ag’)
k=1

and mdeg(82(@)) = 0. L]

Lemmad.5. Let@ =) ;_, ax ® n be acycle in CI{\ (Y) with d := mdeg(62(@)) < oo,
and xy. the coefficient of A3=7 @) jn i (k = 1,...,n). Then

n
o= Zak ® X
k=1

is a cycle in CI; (Y) ® Q with 91[,_°°’°°] (a) # 0. Moreover; for a number k' € {1,...,n}
with xps 7 0 and csy (ap) = max {csy (ar) | X # 0}, the cycle & satisfies

mdeg (62 (&)) — mdeg(&) = cs;(ar’) < mdeg(02(@)) — mdeg(&).

Proof. The coefficient of AZ in 62 (&) is equal to

> #MY (ar. 0)x/R) - X,
k=1

which coincides with 0)[,_°°’°°] (). Moreover, since mdeg(6 (&)) = d, this value is non-
zero. Hence 91[,_00’00] (o) # 0. In a similar way, we can also verify that for any generator
hb®1eCly(Y)® Q, the coefficient of b ® 1 in d(e) is equal to that of A4~7(®)
in (&), and hence d(c) = 0. Next, it follows from Lemma 4.4 that mdeg(8 (@)) —
mdeg (&) = csx (ax’). Moreover, since xs # 0 is the coefficient of A4 =7 (@) in np/, we
have

mdeg(®) < d — csx(ag’).
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This gives
mdeg(A™ (&)) — mdeg(@) = d — mdeg(&) > csx(ax). m

Proof of Theorem 1.2. Assume that r_o,(Y) < T'_y (1), and take r € Ry withr_(¥) <
r < I'_y (1). For any sufficiently small perturbation 7, we have [9}[,_°°’r]] # 0, and hence
there exists acycle @ = Y p_; ax ® xi in Cl[foo’r](Y) ® Q with 91[,7°°’r] (@) # 0. There-
fore, it follows from Lemmas 4.3 and 4.4 that there exists a sequence {n;};ez., of

perturbations with ||r;|| — 0 (/ = oo) such that for each 7y, CI{‘(Y) has a cycle &;
with 82 (&;) # 0 and mdeg(A2 (&;)) — mdeg(&@;) < r. This gives

I'y(1) = lim ( inf {mdeg(GA(a)) - mdeg(ot)}) <r,
Izl—=0 Naecrf (¥), 32 (@)=0
6 ()0

a contradiction. Hence r—oo(Y) > I'_y (1).

Conversely, assume that I'_y (1) < r_oo(Y), and take r € Ry with I'_y (1) <r <
r—oo(Y). Then, for any sufficiently small perturbation compatible with r, there exists
acycle & € CI{\(Y) with 824(@) # 0 and mdeg(#?(&)) — mdeg(@) < r. Then, by
Lemma 4.5, we obtain a cycle o = ZZZI ar ® xx in CI;1(Y) ® Q and a number
k' € {1,...,n} such that

(1) xxr # 0 and csy(ag) = max {csy(ax) | xx # 0},
@) 05 l@) # 0,
(3) mdeg(02(&@)) — mdeg(&@) = csx(ax) < r.

Here, (1) and (3) imply o € Cl[l_oo’r](Y) ® Q, and hence (2) implies [01[,_°°’r]] # 0. This
gives r > r_(Y), a contradiction. Hence I'y (1) > r_oo(Y). |

4.4. Consequences
Here, we prove some corollaries of Theorem 1.2.

Corollary 1.3. The inequality r_(Y) < 00 holds if and only if h(Y') < 0. In particular,
ifh(Y) <O, then rg(Y) is finite for any s € [—00, 0].

Proof. Tt is shown in [6] that 2(Y) < 0 if and only if I'_y (1) < oo. This fact and Theo-

rem .2 give the conclusion. u
Recall that X (ay, ..., a,) denotes the Seifert homology 3-sphere corresponding to
a tuple (ai,...,ay) of pairwise coprime integers and R(aq, ..., a,) is an odd integer

introduced by Fintushel-Stern [14].

Corollary 1.4. If R(ay,...,a,) > 0, then for any s € [—o0, 0],

1
rs(—E(al,...,an))zm, rS(E(al,...,a,,))zoo.

n



Filtered instanton Floer homology and the homology cobordism group 4739

Proof. By using Lemma 3.5 and Theorem 1.2, we obtain
rs(=2(ay,...,ay)) < r—eo(—%(ay,...,an))

1
= F)::(al ..... an)(l) = 4a1...a )
n

Moreover, it is shown in [15,24] that

1

min (A_E(al 4al—a
n

an) N IR>O) =

.....

This gives the first equality in Corollary 1.4. The second equality follows from Corol-
lary 3.11 and the fact that X (ay, ..., a,) bounds a negative definite 4-manifold. [

Corollary 4.6. For any positive coprime integers p,q > 1 and positive integer k, we have

rs(=2(p.q. pgk — 1)) . rs(X(p.q, pgk — 1)) = oo.

~ 4pq(pgk — 1)

5. Applications

In this section, we prove the theorems stated in Section 1.2.

5.1. Useful lemmas
We first give several lemmas which are useful for computing ry.
Lemma 5.1. For any homology 3-spheres Y1 and Y», if ro(—Y1) = ro(—Y2) = oo, then
ro(Y1 #Y2) = min{ro(Y1),ro(Y2)}, ro(—=Y1#—Y2) = oc.
Proof. The equality ro(—Y1 # —Y>) = oo and the inequality
ro(Y1 #Y2) = min{ro(Y1),ro(¥2)}

immediately follow from Theorem 3.12. To prove the opposite inequality, we first con-
sider ro(Y7 # Y, # —Y3). Then, by Corollary 3.8 and Theorem 3.12, we have

ro(Y1) = ro(Y1 # Y2 #=Y>) > min{ro(Y1 # Y2), ro(=Y2)}.

Here, since ro(Y1 #Y2) < ro(—Y2) = oo, we obtain ro(Y71) > ro(Y7 #Y>2). Similarly, we
have ro(Y2) > ro(Y1 # Y3). This completes the proof. [ ]

Corollary 5.2. Suppose a homology 3-sphere Y satisfies ro(Y') < oo and ro(—Y) = oo.
Then, for any n € Z ¢, we have

ro(n[Y]) =ro(Y) < oo, ro(—n[Y]) = oco.
In particular, Y has infinite order in (9%.

Proof. By induction on n, this corollary directly follows from Lemma 5.1. ]
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Lemma 5.3. For any homology 3-spheres Y1 and Y3, if ro(Y1) < min{ro(Y2), ro(—Y2)},
then rO(Y1 # —Yz) = ro(Yl).

Proof. By applying Theorem 3.12to Y1 # —Y, and Y7 # —Y, # Y5, we have
ro(Yl #—Yz) > min {ro(Yl), ro(—Yz)} = ro(Yl),
ro(Y1) = ro(Y1 #—Y2#Y2) > min{ro(Y1 # —Y2),ro(¥2)}.
Here, since ro(Y7) < ro(Y2), we obtain ro(Y7) > ro(Y1 #—Y3). [ ]
Theorem 5.4. Suppose that a linear combination Y, nk[Yx] € @% satisfies
L4 rO(Ym) < min1§k<m{r0(Yk)a ro(—Yk)},
o ro(—Ym) = 00,
o ny, > 0.

Then ro(Yy—, ni[Ye)) = ro(Ym) < oc.

Proof. By assumption, it follows from Corollary 5.2 that ro(1n,,[Ym]) = ro(Ym). More-
over, Theorem 3.12 implies that

min {ro(mz_l(—nk)[Ykl),ro(—mijl(—nk)[Yk])}
k=1

= min {ro(Ye). ro(=Yi)} > ro(m[¥n))-

Therefore, by Lemma 5.3, we have

ro(32 mel¥el) = ro (] - mZ_I(—nk)[Ykl) = ro(Ym). .
k=1 k=1

For a homology 3-sphere Y, set
e1(Y) :=inf(Ay NRsg) and &(Y):=min{e1(Y),e1(—Y)}.
Theorem 5.4 is regarded as a generalization of the following theorem due to Furuta.

Corollary 5.5 ([24, Theorem 6.1]). Let Y1, ..., Y, be homology 3-spheres with g,(Y;)
>0@G=1,...,m). Let Yo = X(ay,...,an) be a Seifert homology 3-sphere such that
R(ai,...,an) >0anday---a, > &(Y;)"' (i =1,...,m). Then

Z[Yo) N (ZN] + -+ Z[Yn]) =0 in O,

Proof. Note that since ro(Y) € Ay N R in general, we have

min {ro(¥;), ro(=Y;)} = e2(Y;) > = ro(—Yo)

ay---ay

foranyi = 1,...,m, where the last equality follows from Corollary 1.4. Therefore, if

no[—Yo] = ny[Y1] + na[Y2] + -+ + np[Yn]
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and ny > 0, then it follows from Theorem 5.4 that

vy = ro(ol=Yol = Y- mil¥i]) = ro(5%) = o0,

ay---an P
a contradiction. n
Corollary 5.6. Let {Yy |72, be a sequence of homology 3-spheres satisfying

00 > ro(Y1) > ro(Ya) > -+ and oo =ro(=Y1) =ro(=Y2) =---.
Then the Yy ’s are linearly independent in @%.

Proof. Let ) ;' ng[Yx] be alinear combination with 1, # 0. Without loss of generality,
we can assume 1, > 0. Then Y ;' ni[Yy] satisfies the hypothesis of Theorem 5.4, and
hence

m
ro(2 nklYel) = ro(¥m) < 00 = ro(s?).
k=1
This implies that Yy, ng[Yx] # 0. [

5.2. Homology 3-spheres with no definite bounding
In this subsection, we prove Theorem 1.5.

Theorem 1.5. There exist infinitely many homology 3-spheres {Yy}72, which cannot
bound any definite 4-manifold. Moreover, we can take such Yy so that the Yy ’s are linearly
independent in @%.

For any k € Z., let K be the knot depicted in Figure 2. Note that K, is the 2-bridge
knot corresponding to the rational number ﬁ. In particular, the first two knots K; and

K> are the left-handed trefoil 3; and the knot 5, in Rolfsen’s knot table [51] respectively.

2k

Fig. 2. The knot K.

Lemma 5.7. For any k € Z~, we have a diffeomorphism

(2,3,6k — 1) 2= S3,(Ky).
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() (5

Fig. 3. Kirby calculus for S3, (K1) = 83, (Ky)-

Proof. Ttis well-known that 3(2,3,6k — 1) =~ Sil/k('j»l), and Figure 3 proves Sil/k(31)
= Sfl/k(Kl) =~ §3 (Ky). [

While the Frgyshov invariant 4 is hard to compute in general, we have a nice estimate
for (—1)-surgeries on genus 1 knots.

Lemma 5.8 ([21, Lemma 9]). For any genus 1 knot K, we have
0<h(S?,(K)) <1.
Lemma 5.9. Forany k € Z~¢, we have h(X(2,3,6k — 1)) = 1.

Proof. The inequality h(X2(2, 3, 6k — 1)) = —h(—X2(2, 3, 6k — 1)) > 0 follows from
Corollaries 1.3 and 4.6. The inequality #(X(2, 3,6k — 1)) < 1 follows from Lemmas 5.7
and 5.8 and the fact that K} has genus 1 for any k € Z~. ]

Now we prove one of the main theorems.

Proof of Theorem 1.5. We put Yy :=2%(2,3,5) #(—X(2,3,6k 4+ 5)) forany k € Z~o.
Then it follows from Corollaries 4.6 and 5.2 and Lemma 5.3 that ro(Yy) = m < Q.
This fact and Corollary 3.11 imply that Y} cannot bound any negative definite 4-manifold.
Next, since the invariant / is a group homomorphism, Lemma 5.9 gives h(Yy) = 1.
This fact and Corollary 1.3 imply that r_o,(—Y%) < 0o, and hence it follows from Corol-
lary 3.11 that Y} cannot bound any positive definite 4-manifold.
The linear independence of {Y }22, follows from that of {¥(2,3,6k —1)}72,. =

5.3. Linear independence of 1/n-surgeries
In this subsection, we prove the theorems stated in Section 1.2.2.

Theorem 1.8. For any knot K in S3, if h(S7(K)) < 0, then {513/" (K)o, are linearly
independent in @%.
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Corollary 1.9. For any k € Z~¢, the homology 3-spheres {Sf/n(Kk)}Zil are linearly

independent in ® %.

Corollary 1.10. For any knot K in S3 and odd integer q > 3, the homology 3-spheres
{S13/n (K2.,4)}52, are linearly independent in @%.

Observe that Corollary 1.9 immediately follows from Theorem 1.8 and Lemmas 5.7
and 5.9. On the other hand, Corollary 1.10 follows from Theorem 1.8 and the following
two facts. Note that the intersection form of any spin 4-manifold whose boundary is a
homology 3-sphere is even, and hence it is non-diagonalizable, namely the intersection
form is not isomorphic to @(£1).

Theorem 5.10 ([21, Theorem 3]). If Y bounds a positive definite 4-manifold with non-
diagonalizable intersection form, then h(Y') < 0.

Theorem 5.11 ([53, Theorem 1.7]). For any knot K and odd q > 3, the homology 3-
sphere S} (K3 ,4) bounds a positive definite spin 4-manifold.

The proof of Theorem 1.8 is obtained by combining Corollary 5.6 with the following
theorem.

Theorem 5.12. For any knot K in S3, if h(S}(K)) < 0, then for any s, we have
00 > r5(S7(K)) > r5(S7),(K)) > -+,
00 = r5(=S7(K)) = rs(=S7,(K)) = --- .

Proof. For any knot K and n € Z~, since S 13 In (K) bounds a positive definite 4-manifold,
we have
00 = ry(=S3(K)) = ro(=S3,(K)) = -+

Suppose that K satisfies #(S;(K)) < 0. Then Corollary 1.3 gives r(S3(K)) < oco. For
any n € Z-y, let W, be the cobordism given by the relative Kirby diagram in Figure 4. It

is easy to see that IW,, = Sf/(nH)(K) | —Sf’/n(K)~

K| <6
NP2

Fig. 4. The cobordism W;,.

1

Claim 5.13. The cobordism W,, is positive definite.
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Fig. 5. The 4-manifold X;,.

Proof. Let X, be a 4-manifold given by the Kirby diagrams in Figure 5, and X, a
4-dimensional submanifold of X, obtained by attaching 2-handles along the 2-component
sublink in the left diagram of Figure 5 whose framing is (0, —n). Then we have the diffeo-
morphism X, = X, Usiz/n (k) Whn. For a 4-manifold M, let b;’ (M) (resp. by (M)) denote
the number of positive (resp. negative) eigenvalues of the intersection form of M. Then it
is easy to check that b;‘ (Xn) =2,b5;(X,) =1and b;‘ (X,) = b5 (X,) = 1. These imply
that bo(Wy,) = by (W) = 1 and b5 (W,) = 0. "

Claim 5.14. The cobordism Wy, is simply connected.

Proof. Suppose that the number of crossings in the diagram of Figure 6 is m + 1. Then,
71(S3, (K)) has the presentation

1/n
Xit1 :x,i’l'_x,-x,;g" Gi=1,....m—1),
<x17"'7xm7y xmy:yx17 yxlley’ >’
A=1,x1y""=1
where

e the labels x1, x;, and y are associated as shown in Figure 6,
o gie{fltandk; €{l,....m} (i =1,...,m),

e ) is a word corresponding to a longitude of K with framing 0.

k| D
\_}/
\xm

Fig. 6. A surgery link for S 13 In (K).
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Moreover, since the attaching sphere of the (unique) 2-handle of W}, is homotopic to y,
1(Wy,) has the presentation

Xit1 =x,ii_x,-x,;’_£" i=1,....m—1),
< X1yeees Xm, Y | XmY = YX1, YX1 = X1), >
A=1Lxiy"=1y=1

E< X1yeoor Xm

where A|,— is the word obtained from A by substituting 1 for y. Now, by induction, we
see that the relations x; = --- = x,,, = 1 hold, and hence 71 (W,) = 1. [ ]

Xit1 :x,ii_x,-x,:f" i=1,....m—1), >

Xm=x1=1, A= =1

By Claims 5.13 and 5.14, we can apply Corollary 3.9 to all -W,, (n = 1,2, ...), and
obtain
00 > r5(ST(K)) > r5(S7,(K)) > -+ . n

5.4. Linear independence of Whitehead doubles
In this subsection, we prove Theorem 1.12.

Theorem 1.12. For any coprime p,q > 1, the Whitehead doubles {D(Tp np+q)}neq are
linearly independent in €.

Let @ED denote the rational homology cobordism group of rational homology 3-
spheres. Then we have a natural group homomorphism

0 > 0%, Y1+~ [Ylo.

where [Y]q is the rational homology cobordism class of Y. We say that the rational
homology 3-spheres {Yy }72 | are linearly independent in ®<%D if {[Yrlo}z=, are linearly
independent in @i’). Then the invariance of ry and Corollary 5.6 are naturally generalized
in the following sense.

Theorem 5.15. For any homology 3-sphere Y and s € [—00, 0], the value r5(Y) is invari-
ant under rational homology cobordism. Moreover, if a sequence {Yi}2> | of homology
3-spheres satisfies the assumption of Corollary 5.6, then the Yy ’s are linearly independent
in ®(?}.

Next, let K be an oriented knot and ¥ (K) the double branched cover of S3 over K.
Then it is known that the map

€~ 0p. [Klm [Z(K)e.

is well-defined and a group homomorphism. Moreover, for Whitehead doubles, it is also
known that X (D(K)) = S f’ /2(K #—K), where —K is orientation-reversed K. In partic-
ular, 3 (D(K)) is a homology 3-sphere and bounds a positive definite 4-manifold. Hence

ro(—X(D(K))) = oo for any K. These arguments imply the following.
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Lemma 5.16. For a sequence {K,}32, of oriented knots, if the homology 3-spheres
{Z(D(Kn))};ii] satisfy

00 > ro(X(D(K1))) > ro(2(D(K32))) > -+,
then the Whitehead doubles {D(K,)}5>, are linearly independent in €.

For any coprime integers p,q > 1, we abbreviate D(7,4) to D, 4. The proof of
Theorem 1.12 is obtained by combining Lemma 5.16 with the following theorem.

Theorem 5.17. For any coprime integers p,q > 1, we have

1
W > 15(2(Dp.g)) > 1s(Z(Dp.ptq)) > rs(Z(Dpapiq)) > - .

As another corollary of Theorem 5.17, we also have the following family of linearly
independent elements.

Corollary 5.18. Let a and b be coprime integers with 1 < a < b and
b=gqoa+ry, a=qiro+ri, ..., ’IN-1 =gN+1TN + 1
the sequence derived from the Euclidean algorithm. Then

o0 > VS(E(DrN,rN+1)) > I’S(E(DrN,er+1)) > e > VS(Z(DrN’rN_l))
> rs(E(DrN_l,rN_l-i-rN)) > > rS(E(DrN—lJN—2))
> e > rs(E(Da,a+r0)) > > rs(Z(Da,b))-

In particular, all of these Whitehead doubles are linearly independent in €.

Now we start to prove Theorem 5.17. Let K be an oriented knot, O a diagram of K
and X1, ..., X, the arcs of D. Fix a base point in S3\ K, and associate a loop in S3\ K
to each x; in the usual way. (For instance, see [51, Section 3.D].) Then, for any n € Z, we

have a presentation of (Sl3 In (K)) in the form

(x1,...,xm | RU{A xy = 1}),

where R is the set of relations induced from the crossings of O (in the same way as the
Wirtinger presentation), and A is a word corresponding to a longitude of K with framing 0.
(In particular, A is in the commutator subgroup of 71 (S 13 In (K)).)

Next, we consider the positive crossing change at a positive crossing ¢, which is a
deformation of £ shown in Figure 7. Then we denote the labels of the arcs around ¢ by

Xi., Xj. and x;; as shown in Figure 7.

Lemma 5.19. Suppose that D is deformed into a diagram D’ of a knot K’ by performing
positive crossing changes at crossings c1, . . ., ¢ respectively. Then there exists a negative
definite cobordism W such that OW = —Sl3/n (K) 1 Sl3/n (K') and

(W) = (x1.....Xm | RUA x1 = 1} U {xi,, = X, Hemy)-
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KX

Fig. 7. A positive crossing change.

Proof. We make a relative Kirby diagram (D) from D in the following way:

e Replace a neighborhood of each crossing ¢ with the picture shown in Figure 8. (Then
each component except for the original one has a framing.)

e Associate the framing (1/n) to the original component.
Then (D) is a diagram for a cobordism W obtained by attaching / copies of 2-handles to
; /n(K ) x [0, 1]. Moreover, we can verify that

o W =— (K)L S?, (K'),

l/n 1/n

o the intersection form of W is isomorphic to ®i=1 (-1,
e as a loop, the attaching sphere of the 2-handle near ¢y, is written as xj_Cl Xi, -
k
This completes the proof. u

Fig. 8. The 2-handle attached to S 13 In (K) x [0, 1] near c.

Next, for any coprime p,q > 1, we consider the homology 3-sphere X (D, 4).

Lemma 5.20. 7,(2(D,4)) < m.

Proof. Note that T, 4 has a diagram Af, with only positive crossings. (Indeed, the closure
of the braid AY = (07 ++-0,—1)9 with p strands is such a diagram for 7} 4.) For any
knot diagram, there exist finitely many crossings such that after crossing changes at the
crossings, the resulting diagram describes the unknot. As a consequence, we have finitely
many positive crossings of Aq such that after positive crossing changes at the crossings,
the resulting diagram (A, )U is as for the unknot. Now, considering the connected sum

of two A%’s, we have finitely many positive crossings of AZ # AZ such that after positive
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crossing changes at the crossings, we have the diagram A_Z # (A_Z)U. Hence, by applying
Lemma 5.19, we have a negative definite cobordism with boundary —S? 12(Tpq #Tpq) 11

S 13 /2(Tp,q). Therefore, it follows from Theorem 3.10 and Corollary 4.6 that

rs(2(Dp,q)) = rs(S13/2(Tp,q #1p.q))
=< rs(Sf/z(Tp,q)) :

=rs(X(p.q.2pg—1)) = 1paGpg—1) L]

Now, let us consider a concrete diagram of T, ,44 # Ty, p+4, Which is depicted in
Figure 9 and denoted by £. Here Ap is the braid

(01 ...gp_l)(ol ~--0p—2) ---(0102)01,

which is often called the half-twist. In addition, we associate the labels {xj }Z’; | toarcs in

D as shown in Figure 9.

Fig. 9. The diagram D.

Lemma 5.21. As elements of 71(S> \ Tp, p+q # Tp,p+q), all arcs belonging to the left
(resp. right) side of the dashed line | in the diagram D are written as a conjugate of xj
by a word w consisting of x1, . .., xp (resp. Xp41,...,X2p) for somek € {1,..., p} (resp.
ke{p+1,....2p}).

Proof. We prove the lemma by induction on the place of arcs. Here we first consider the
left side of /. Let us start from the bottom of the box A% A]. Then, forany k € {1,..., p},
the k-th arc from the left is just x, and hence these p arcs satisfy the assertion of this
lemma.

Next, fix a crossing oy in qu A} and assume that all arcs below this oy satisfy the
assertion of the lemma. Then, since the upper right arc of the oy, is the same as the bottom
left arc (denoted x;, ), it also satisfies the assertion. Moreover, the upper left arc is equal
tox; ]lc Xj, Xig, » Where x;, denotes the bottom right arc. Here, by assumption, there exist

some k’ € {1,..., p} and a word w consisting of x1, ..., x, such that Xjo, = wlxpw.
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“1y v = (wx )1 ‘ . _ .
Therefore, we have Xy Yoy Xy = (wx,ak) Xk'(wngk)- Since x;,, also consists of

X1,...,Xp, this completes the proof for the left side of the dashed line [.
Similarly, we can prove the lemma for the right side of /. |

Proof of Theorem 5.17. It is easy to check that
AH = 01 (020'1) .. (O'p_] .. '0'20'1).

In particular,

1

-1 - 1
(0'1 02 .o

-1 -1, _— -1 -1, _—1y,—1 -1
'Up—l)(al 0y "‘Up—z)"‘(ol 0, )o; =Ay.

and hence the positive crossing changes at all crossings in Ay give AEI. Now we per-
form the positive crossing changes at all crossings in the first Ag of both A%{ Ag’s in
Figure 9. Then, by Lemma 5.19, we obtain a negative definite cobordism W with bound-
ary —S13/2(Tp,p+q #Tp piqg) # S13/2(Tp,q # Ty, 4) such that (W) has a presentation of
the form shown in Lemma 5.19. Here, we note that the crossing changes at the first p
crossings in A%J Ag on the left gives the relations

Xp = =Xp.

Similarly, we have x,11 = -+ = x3,. Therefore, by Lemma 5.21, all arcs in the left (resp.
right) side of the dashed line / in D are equal to x; (resp. xp41) as elements of 71 (W).
Moreover, x4 belongs not only to the right side of / but also to the left side, and hence
Xp+1 = X1.

Now, any two generators in our presentation of 1 (W) are equal. Moreover, since A is
in the commutator subgroup, we have A = 1, and hence x; = 1. This gives 71 (W) = 1.
Therefore, by applying Corollary 3.9 to W, we have

rs(E(Dp,p+q)) = rs(Sls/z(Tp,p+q # Tp,p+q)) < rs(Sla/z(Tp,q # Tp,q)) = rs(E(Dp,q))~

Since g is an arbitrary integer with ¢ > 1 and ged(p, ¢) = 1, this inequality holds even if
we replace ¢ with kp + g for any k € Z~¢. Consequently,

rs(2(Dp,g)) > 1s(Z(Dp,p+q)) > rs(X(Dp2p+qg)) > -+ .

Combining this with Lemma 5.20 completes the proof. ]

6. Additional structures on ® % and Ker &

In this section, we prove Theorems 1.14 and 6.1. Recall that for any r € [0, o], the
subgroup ®3  C O3 is defined by

©3, :={[Y] € 3 | min{ro(Y).ro(~Y)} = r}.

Theorem 1.14. For any r € (0, o0], the quotient group @%/@% , contains Z.°° as a sub-
group.
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Proof. To prove the theorem, we use the sequence {X(2,3,6k — 1)}22 ;. (In fact, we can
replace it with any sequence { Yy }72 ; such that {ro(Yx)}7>, is a decreasing sequence and
converges to zero.) Fix r € (0, oo]. Then, since ro(—X(2, 3, 6k — 1)) = 1/24(6k — 1)
converges to zero, there exists an integer N such that 1/24(6 N — 1) < r. Let [Y], denote
the equivalence class of [Y] in @%/@%,r. We prove that {[X(2, 3, 6k — 1)],}72 \ are
linearly independent in @% / @%,r.

Assume that Z,IC‘/I:N nk[2(2,3,6k —1)], = 0and nps # 0. Without loss of generality,
we may assume that s > 0. Then, by the definition of @%,r, we have

M M
min {r()(Z ne[S(2, 3, 6k — 1)]),r0<— 3 nilE(2.3,6k — 1)])} > 7.
k=N k=N
However, Theorem 5.4 implies
M
ro(— 3 nil=(2.3,6k - 1)]) = ro(=2(2,3,6M — 1))
k=N
1 _ 1 3
= r,
24(6M — 1) ~ 24(6N — 1)
a contradiction. [

6.1. A pseudometric on Ker h

We next consider a pseudometric on Ker &, where 4 : @% — Z is the Frgyshov invariant.
To define it, set
Soo(Y) :=sup{s € [-00,0] | rs(Y) = oo}

As a corollary of the connected sum formula for {r;}, we have the following theorem.
Theorem 6.1. 500(Y1 #Y2) > 500(Y1) + Seo(Y2).
Moreover, Corollary 1.3 implies that if 2(Y) = 0, then max {—s40(Y), —S0o(—Y)}

< 00. Now we can define a pseudometric on Ker /1 as

doo([Y1], [Y2]) 1= =00 (Y1 # (=Y2)) — S0o((=Y1) # T2).
Moreover, the set of elements with do ([S3],[Y]) = O coincides with @%, o

Theorem 6.2. The map do gives a metric on Kerh/ (9% oo and the action of Kerh/ @% o
on (Ker h/@% oo’ doo) s an isometry. In particular, Ker h/@% o 18 a topological group
with respect to the metric topology induced by do.

Note that {X(2,3,5) # (—=X(2, 3, 6k — 1))}kez., are linearly independent in
Kerh/ @%, o and hence Ker h/ 6%, oo COntains Z*° as a subgroup. Here, we ask the fol-
lowing question.
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Question 6.3. What is the isomorphism type of (Ker %/ @% 0 doo) as a topological
group? In particular, is it a discrete group?

Lemma 6.4. If s50(Y) =0, then ro(Y) = oc.

Proof. Since so(Y) = 0, for any s < 0 we have r;(Y) = oo, and hence [Ol[f’oo]] =0.

Suppose that 0 € R \ A}. Then we can take s < 0 such that [s,0] C R \ A}. Hence,

Lemmas 2.9 and 2.15 give an isomorphism from 1[}) <>O](Y ) to I[i oo](Y) which maps

[01[,0’“’]] to [91[,3’(”]]. This implies [91[,0")0]] = 0, and hence ro(Y) = oo.
Next, suppose that 0 € A},. Then, by the definition of CI Fo,w](Y)7 the cohomology

_1
¥ coincide with I, (V) and [f "] respectively,
[ 44y o]

where Ay := min{|a — b| | a,b € Ay witha # b} > 0. This implies [91[,0"’0]] =0, and
hence ro(Y) = oo. ]

group I[}),oo](Y) and [0

Next, we prove Theorem 6.1.

Proof of Theorem 6.1. We may assume Soo(Y1) + Soo(¥Y2) # —o0. For any s €
(—00, 500 (Y1) + $00(Y2)), there exist 57 € (—00, 500(¥1)) and s, € (—00, $0(Y2)) such
that s = 51 + s,. For such s and s,, we have the connected sum formula

rs(Y1#Y5) > min{rsl(Yl) +S2,r32(Y2) + 51}

Since s1 and s, are in (—00, $50(Y1)) and (—o00, 500(Y2)) respectively, it follows that
rs (Y #Y,) = oo. This completes the proof. |

Now we prove Theorem 6.2. Recall that d is a function on Ker 2 x Ker & defined by
doo([Y1], [Y2]) := —Soo (Y1 # —Y2) — 500 (=Y1 # 12).

By Corollary 1.3, the equalities r—oo(Y) = r—oo(—Y) = 0 hold if and only if #(Y) = 0.
Moreover, we have r_qo(£Y) = rs(£Y) for sufficiently small s € (—oo, 0]. These imply
that doo ([Y1], [Y2]) is finite for any pair ([Y1], [Y2]) € Kerh x Ker A.

Proof of Theorem 6.2. For any [Y1], [Y2] € Ker &, the equalities doo([Y1], [Y1]) = 0 and
doo([Y1],[Y2]) = doo([Y2], [Y1]) obviously hold. Suppose that [Y1], [Y>] and [Y3] are three
elements of Ker /. Then, by Theorem 6.1, we have

doo([Y1], [Y3]) = —Soo(Y1 # —Y3) — 500 (Y1 #Y3)
= _soo(Yl # —Y3 # Y2 # —Yz) — Soo(_Yl # Y3 # Y2 # —Yz)
< —Soo(Y1 #=Y2) — 500 (Y2 # =Y3) — 500 (=Y1 #Y2) — 500 (—Y2 #Y3)
= doo([Y1], [Y2]) + doo([Y2], [Y3]).

Therefore doo gives a pseudometric on Ker /.
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We next prove that do, is well-defined on Ker i1/ @% oo Let [Y1], [Y2] € Ker h and
[M],[M3] € @% oo Then 500 (M;) = 50o(—M;) = 0 (i = 1,2), and hence Theorem 6.1
implies that

doo([Y1] + [M1], [Y2] + [M2])
= —SOO(YI # M] # —Y2 #—Mz) — Soo(_Yl # _Ml # Y2 #Mz)
< —500(Y1 #=Y2) — 500 (=Y1 #Y2) = do([Y1], [Y2])

and

doo([Y1],[Y2]) = —S0c (Y1 #—Y2) — s0o(—Y1 # 12)

= SocV1#-—Yo# M #—M i #Mo#—M3) —Soo (Y1 # Y2 # M #—M, # My #—M>)
< oo (Y1 # My #—Yo #— M) — s (—Y1 #—My # Yo # My)

= doo([Y1] + [M1], [Y2] + [M2]).

Therefore, do is well-defined on Ker 1/ 6%’ o

Next, we prove that doo is a metric on Ker &/ 6%’ oo- It is easy to check that it is a
pseudometric. Suppose that [Y1], [Y2] € Ker h/@%’c><> satisfy doo([Y1], [Y2]) = 0. Then
Soo(Y1 # =Y2) = s0o(—Y71 # Y2) = 0, and these equalities and Lemma 6.4 imply that
ro(Y1 # —Y2) = ro(=Y1 # Y2) = oo. Therefore, by the definition of @%’oo we see that
[Y1] = [Y2] as elements of Ker h/@%’oo. This proves that do is a metric on Ker h/@%’oo.

Finally, we prove that the group operation of Ker 2/ 6%,00 is an isometry with respect
to doo. Indeed,

doo([Y1] + [M], [YV2] + [M]) = —soc V1 # M # Y2 # —M) — 5o (Y1 # —M # Y2 # M)
= doo([V1],[Y2])
for any elements [Y7], [Y2] and [M] of Ker i/ @%’OO. This completes the proof. L]

As a concrete example, we give partial estimates of d, for connected sums of some
Seifert homology 3-spheres.

Proposition 6.5. For any n € Z~q, we have

1
—1)(6n +5)

doo([S3]. [Z2(2,3,6n — 1) # —%(2,3,6n + 5)]) >
4(6n
Proof. The connected sum formula for 7y gives

rg(—2(2,3,6n + 5))
> min{rs, (2(2,3,6n — 1) #—-3(2,3,6n 4+ 5)) + 52,15, (—2(2,3,6n — 1)) + 51}

for any s, 51, 52 € (—o00, 0] with s = 51 + s5. In particular, if s, = 0, then

1
> min {rsl (2(2,3,6n—1)#-%(2,3,6n +5)),

1
24(6n +5) — 2a6n—1) Sl}'
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Hence if then

1 1
2a6n+5 < 2an=1) T 51>

re ((2.3,6n — 1) # —%(2,3,6n + 5)) < co.

Consequently,

1 1
—50o(T(2,3,6n — 1) #—2(2,3,6n + 5)) > _
Soo(( n=1) ( n+3) 24(6n—1) 24(6n +5)

1
4(6n—1)(6n +5)

Moreover, since —3(2,3,6n —1) = S 13 In (37), we obtain a negative definite 4-manifold
with boundary —¥(2,3,6n — 1) # (2, 3, 6n + 5) from the cobordism W, in Section 5.3
with reversed orientation. Therefore, ro(—X(2,3,6n — 1) # X(2,3,6n 4+ 5)) = oo and
Soo(—2(2,3,6n — 1) #X(2,3,6n + 5)) = 0. This completes the proof. [

Here we pose the following question:

Question 6.6. Does the equality

1
(61— 1)(6n + 5)

doo([S3],[2(2,3,6n — 1) #—%(2,3,6n + 5)]) = 7

hold?

If the equality holds, then the sequence
{an}se, ={[22,3,6n — D #—-2(2,3,6n +5)]}52,

converges to [S?] in Ker 1/ ©z . In particular, we would conclude that the topology on
Kerh/®z « induced by d is different from the discrete topology.

7. Computation for a hyperbolic 3-manifold

In this section, we give approximations of the critical values of the Chern—Simons func-
tional on a certain hyperbolic 3-manifold. Moreover, using the computer, we obtain an
approximate value of rs(Y") for this hyperbolic 3-manifold.

7.1. 1/n-surgery along a knot K

We here review a formula for ¢s due to Kirk and Klassen [36], and explain our method of
computing an approximate value of ¢s. For a compact manifold M, we define R(M) =
Hom(mr1 (M), SL(2,C)) and call it the SL(2, C)-representation space of M . In this paper,
we equip R (M) with the compact-open topology.

For a knot K in S3, let E(K) denote the exterior of an open tubular neighborhood
of K, and let i, A € 1(T?) be a meridian and a (preferred) longitude respectively.
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Theorem 7.1 ([36, Theorem 4.2]). Let pg, p1 be SU(2)-representations of my (Sf/n(K))
and y:[so,s1] = {p € R(E(K)) | plr, (r2) is completely reducible} a piecewise smooth
path with y(s;) = p; in R(E(K)). Then

esor) — es(po) =2 / LB(s)o/ () ds + n(B(s1)? — B0  mod Z. (21

where o, B: [0, 1] — C are piecewise smooth functions such that the matrices y(s)(1),
y(s)(A) are simultaneously diagonalized as

ez::ia(s) 0 ez:-:iﬂ(s) 0
|: 0 e—Znia(s):| ’ |: 0 e_zm'ﬁ(s):| B

respectively.

Remark 7.2. Kirk and Klassen prowed Theorem 7.1 for a family of SU(2)-connections.
As written in [36, p. 354], the formula can be extended to the case of SL(2, C). We need
to define the smoothness of a path

y:[s0,51] = {p € R(E(K)) | ply, (r2) is completely reducible}

since Stokes’ theorem is used in the proof of Theorem 7.1. If we fix a generating sys-
tem of 7 (E(K)), the space R(E(K)) can be embedded into SL(2, C)", where N is
the number of generators. If the composite of y: [so, s1] = R(E(K)) and R(E(K)) —
SL(2,C)N is piecewise smooth, we call y a piecewise smooth path. For such a path y
on [so, s1] = U; I;, a piecewise smooth family of SL(2, C)-connections As on E(K) is
defined by considering the inverse map of the holonomy correspondence. Then we have a
smooth connection on E(K) x I; for each j, and one can check formula (21).

It is difficult to find a suitable path and compute the above integral in general. For a
2-bridge knot K, the subspace R'™(E(K)) of the irreducible representations is explicitly
described by the Riley polynomial as follows. We first recall that 71 (E(K)) admits a
presentation of the form (x, y | wx = yw), where w is a certain word in x and y (see
[36, p.358]). Fort € C\ {0}, u € C and ¢ € {£1}, let p; . denote the representation of
the free group (x, y | —) of rank 2 given by

e =2 [0 Y] e =<[_VE ]

where Vrel? = Jret?2 forr > 0and —7 < @ < 7. Here, the Riley polynomial of K (for
the above presentation) is defined by ¢ (r,u) = wy; + (1 — H)wy, € Z[tF1/2, u], where
w;;j is the (i, j)-entry of p;y ¢(w). Then p; 4 ¢ gives a representation of ; (E(K)) if and
only if ¢ (¢, u) = 0. Moreover, any irreducible representation of 71 (E(K)) is conjugate
to psu,¢ for some ¢, u and ¢.

Here, pr,u ¢ is conjugate to an SU(2)-representation if and only if || = 1,7 # l and u €
(t + 171 —2,0). Note that an SU(2)-representation p; ¢ is SU(2)-conjugate to p,—1 e
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Let us find a path from py, .60 10 P1;,u1,6; 1D
{p € R™(E(K)) | Plz, (r2) is completely reducible}.

First note that one need not care about ¢; since the right-hand side of (21) is independent
of the choice of ¢;. Consider the d-fold branched cover

pry:{(t,u) € (C\{0,1}) x C | ¢(z,u) = 0} = C\ {0, 1},

where d = deg,, ¢. In order to find a path, we first take a path y from 7 to ¢; and its lift y
satisfying pr, o 7(s;) = u;. Since the lift starting from (zo, u¢) might end at (¢1, /) with
u # uy, one should choose a path y carefully. We now have a(s) = ﬁ log y(s) with
an analytic continuation along y.

Once the function u(s) satisfying y(s) = (y(s), u(s)) is given explicitly, one gets

1 _
B(s) = % log (P lpy(s),u(s),s(A)P)ll»

where P = P(s) is a matrix satisfying (P "0, (s)u(s).e (W) P)11 = €271%) . We finally
integrate B(s)a’(s) on [sg, 51]-

In fact, one can express u(s) explicitly by solving ¢ (¢, u) = 0 when deg,, ¢ < 4. Here,
we should be careful to connect the solutions. For instance, let ¢ (f,u) =t — u2. Then we
have uo(t) = /1, u1(t) = —+/1. In order to find a path from (i, e™/#) to (—i, e37/%),
we define y:[1/2,3/2] — C by y(s) = ™. The lift of y is obtained by combining ¢
and u;:

56 = {(y(s»m(y(s))) ifl/2<s<1,
(y(s) ur(y(s))) ifl <s<3/2.

Remark 7.3. It is difficult to solve ¢ (¢, u) = 0 and p;u,(uA") = I simultaneously.
We actually use the A-polynomial Ax (L, M) € Z[L, M] of K. Indeed, first solve the one
variable equation Ag (L,L™) = 0, and thent = M? = L~2", We next solve ¢ (L 2", u)
= 0 with respect to u.

7.2. 1/2-surgery along the knot 55

We actually consider the manifold S, ,(52) = —S7,(53) and multiply the result of
computation of cs(p) by —1. Recall that csy (p) = —cs—y (p).

We first fix the presentation of the group m1(E(53)) as (x,y | [y, x~
¥[y, x71]?), where a meridian and a longitude are expressed as x and [x, y~!]?[y, x~
respectively. Then the Riley polynomial and A-polynomial of 5, are given by

1]2x —
1]2

s

dptu)=—>+tHu+ '+ )2+ 3u+2u?) — 3 + 6u + 3u +ud),
As,(L. M) =—L>—M" + L>(1 —2M? —2M* + M3 — M'?)
+ LM*(—1 + M? —2M% —2M® + M),
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P S R |
0.0 0.5 1.0 1.5 2.0 25 3.0
2]

3
—-1/2

the non-abelian representations of 771 (E(52)) by identifying ps . and p7,y,—¢, Where t = % The
second entry of a label indicates &.

Fig. 10. The eight non-trivial representations of 1 (S (52)) in the quotient space obtained from

Here, one sees that there are eight conjugacy classes of non-trivial SU(2)-represen-
tations of (Si1 /2(52)) as drawn in Figure 10. Strictly speaking, these are candidates
to being representations, coming from a numerical computation. Assume that some of
them do not give representations. Then there exists a non-trivial representation p close to
one of the candidates such that H'! (Sf1 /2(52); s11(2) adop) # O since the Casson invari-
ant of 531/2(52) is equal to —4 and |—4| x 2 = 8. Here, since p is non-abelian, we have
rankg d; = 3 in the chain complex

R3 ifx=0,2,
C+(E(52):5u(2)adop) = § R® if % =1,

0 otherwise,

obtained from the above presentation of 71 (£ (52)). It follows from the Mayer—Vietoris
exact sequence and Poincaré-Lefschetz duality that rankg d, < 1. On the other hand, we
can see by computer that this inequality does not hold for the eight candidates. Therefore,
they correspond to true representations.

The following computation is based on Mathematica. Since deg,, ¢ = 3, one gets the
explicit solutions u1(¢), ux(¢), u3(t) of ¢(t,u) = 0. We take eight paths as illustrated in
Figure 11 and apply Theorem 7.1 to these paths. Note that some paths start from a root of
the Alexander polynomial As, (¢) of 5,, and for these paths we use [20, Lemma 5.3] to
compute integrals. The result of the computation is listed in Table 2.

Recall that r5(S7(5%)) = 1/4-2-3- 11 ~ 0.00379. Since 0.00176489 is the only value
less than 0.00379 among the eight values, we conclude that r; (53/2(5;)) ~ 0.00176489.
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{8,{1,3}}
0.

5 1.0

{6, {2, 3}
-0.5

{4,{1, 3} {1, {2}

-1.0

Fig. 11. The blue (resp. green, orange) dots correspond to representations of 1 (S>3 1 /2(52)) (resp.
the roots of As, (¢), some branched points). Here the label {i, {j}} (resp. {i, {j1, j2}}) att € C
means ¢ (,u;(t)) = 0 (resp. ¢(¢,u;, (t)) = O0fork = 1,2).

t u e —cs
o1 0.716932 4 0.697143i | —0.0755806 1 | 0.00176489
02 0.309017 + 0.951057i —1.00000 | —1 0.166667
p3 | —0.339570 + 0.940581i —2.41421 1 0.604167
P4 | —0.778407 4 0.627759i —1.69110 | —1 0.388460
ps | —0.809017 + 0.587785i —1.00000 1 0.166667
pe | —0.905371 + 0.424621i —2.16991 1 0.865934
p7 | —0.912712 + 0.408603i —3.62043 | —1 0.321158
ps | —0.988857 4 0.148870i —2.41421 | -1 0.604167

Tab. 2. The values of —cs for the representations of 71 (S31/2(52)). Note that 0.16666...67 ~ 1/6
and 0.60416. ..67 ~ 29/48, where both decimals have 46 digits of 6’s in the omitted part.

Moreover, we improve the precision, and get
rg (S13/2(5;)) ~ 0.0017648904 7864885113 0739625897 0947779330 4925308209

for all s € [—o0,0].
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Appendix A. Hendricks, Hom, Stoffregen, and Zemke’s example

In [29], the authors intensively studied the homology 3-sphere obtained from S3 by Dehn
surgery along the framed knot at the top left in Figure 12. This appendix is devoted to
showing that their homology 3-sphere is a graph manifold.

0/0\0/0 0

QOQUO R A/\
@@%@2 Ay

2 (DO
D

Fig. 12. A diffeomorphism between S 13 (2T, #Te,13 # T 5., 5) and a graph manifold.

The first diffeomorphism in Figure 12 follows from standard Kirby calculus. In order
to prove the second diffeomorphism, we consider three 3-manifolds obtained by Dehn
surgery along T6f7, Ts,13, and the mirror of the (2, 5)-cable of T3 3, respectively. Here we
put framed knots in these 3-manifolds as drawn in thick lines in Figures 13 and 14. Then,
regarding Figures 13 and 14 as diffeomorphisms of the exteriors of the framed knots,
respectively, one obtains the 3-manifold in Figure 12.

Fig. 13. Diffeomorphisms between 3-manifolds with framed knots. Note that the thick components
are not used for surgery.

In Figure 13, the diffeomorphisms between 3-manifolds with framed knots are shown
by Kirby calculus including a Rolfsen twist (or the slam-dunk).

In Figure 14, the first diffeomorphism follows from the definition of the (2, 5)-cable
of T,3. The fourth diffeomorphism is obtained by sliding the O-framed unknot at the
bottom to the one at the top. The rest of the diffeomorphisms are shown by standard
Kirby calculus.
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C3 p 515) @_;)@g»o

23
"O S E (s > ot =0
[L QC_D)O X—J w U

Fig. 14. Diffeomorphisms of 3-manifolds with framed knots.
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