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Abstract. We prove a version of the strong Taylor’s conjecture for stable graphs: if G is a stable
graph whose chromatic number is strictly greater than 25 (Rg) then G contains all finite subgraphs
of Shy, (w) and thus has elementary extensions of unbounded chromatic number. This completes
the picture from our previous work. The main new model-theoretic ingredient is a generalization of
the classical construction of Ehrenfeucht—Mostowski models to an infinitary setting, giving a new
characterization of stability.
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1. Introduction

The chromatic number y(G) of a graph G = (V, E) is the minimal cardinal x» for which
there exists a vertex coloring with x colors. There is a long history of structure theorems
deriving from large chromatic number assumptions; see, e.g., [8]. The main topic of this
paper will be the following conjecture proposed by Erdés—Hajnal-Shelah [5, Problem 2]
and Taylor [1, Problem 43, p. 508].

Conjecture (Strong Taylor’s Conjecture). For any graph G with y(G) > R, there exists
ann € N such that G contains all finite subgraphs of Sh, (w).

Here, for a cardinal «, the shift graph Sh,, () is the graph whose vertices are increasing
n-tuples of ordinals less than «, and we put an edge between s and ¢ if forevery 1 <i <
n—1,s(i) =t( — 1) or vice versa. The shift graphs Shy, («) have large chromatic numbers
depending on k; see Fact 2.4 below. Consequently, if the strong Taylor’s conjecture holds
for a graph G, then the graph has elementary extensions of unbounded chromatic number
(having the same family of finite subgraphs).
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The strong Taylor’s conjecture was refuted in [6, Theorem 4]. See [8] and the intro-
duction of [7] for more historical information.

In [7] we initiated the study of variants of the strong Taylor’s conjecture for some
classes of graphs with stable first order theory (stable graphs). Stability theory, which
is the study of stable theories and originated in the works of the third author in the 60s
and 70s, is one of the most influential and important subjects in modern model theory.
Examples of stable theories include abelian groups, modules, algebraically closed fields,
graph-theoretic trees, or more generally superflat graphs [13]. Stability also had an impact
in combinatorics, e.g. [2, 10] to name a few.

More precisely, in [7] we proved the strong Taylor’s conjecture for w-stable graphs
and variants of the conjecture for superstable graphs (replacing 8o by 2%0) and for stable
graphs which are interpretable in a stationary stable theory (replacing R¢ by 2,(Rg)). As
there exist stable graphs that are not interpretable in a stationary stable structure (see [7,
Proposition 5.22, Remark 5.23]), we asked what is the situation in general stable graphs
and in this paper we answer it with the following theorem.

Theorem (Corollary 6.2). Let G = (V, E) be a stable graph. If x(G) > 2,(Rg) then G
contains all finite subgraphs of Shy () for some n € N.

The key tool in proving the results for w-stable graphs and superstable graphs is that
every large enough saturated model is an Ehrenfeucht—-Mostowski model (EM-model) in
some bounded expansion of the language.

An EM-model is a model which is the definable closure of an indiscernible sequence
and was originally used by Ehrenfeucht—Mostowski in order to find models with many
automorphisms [3]. It was shown by Lascar [9, Section 5.1] that every saturated model of
cardinality 8; in an w-stable theory is an EM-model in some countable expansion of the
language; this was later generalized to any cardinality by Mariou [12, Theorem C] and to
superstable theories by Mariou [11, Theorem 3.B] and by the third author [15].

It was shown by Mariou [11, Theorem 3.A] that in a certain sense the existence of such
saturated EM-models for a stable theory necessarily implies that the theory is superstable.
Consequently, a different tool is needed in order to prove the theorem for general stable
theories.

In the stationary stable case, we use a variant of representations of structures in the
sense of [16]. However, this method does not seem to easily adjust to the general stable
case.

In this paper we resolve this problem by generalizing the notion of EM-models to
infinitary EM-models and show in Theorem 3.7 that such saturated models exist for any
stable theory. The definition is a bit technical, so here we will settle with an informal
description:

In an EM-model every element is given by a term and a finite sequence of ele-
ments from the generating indiscernible sequence. Analogously, in an infinitary EM-
model every element is given by some “term” with infinite (but bounded) arity and a
suitable sequence of elements from an indiscernible sequence.

We prove that the existence of saturated infinitary EM-models characterizes stability.
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Theorem (Theorem 3.7). The following are equivalent for a complete £-theory T :
(1) T is stable.

(2) Let i, i and A be cardinals satisfying k = cf(c) > min {k(T), |T|T} + Ry, u~¢ =
w=> 26 HTl gpd A = A< > W, andlet T C T be an expansion with definable Skolem
functions such that |T| = |T*¥| in a language £ C £*. Then there exists an infinitary
EM-model M** |= T** based on (at, M), where o € kY for some set U of cardinality
at most i, such that M = M** | £ is saturated of cardinality A.

See the paragraph before Lemma 3.4 for the definition of « (7).

Section 3 is the only purely model-theoretic section and is the only place where sta-
bility is used. The results of this section (more specifically Theorem 3.7) are only used in
Section 6. In Section 4 we study graphs on (perhaps infinite) increasing sequences whose
edge relation is determined by the order type. Aiming to prove that if the chromatic num-
ber is large, then one can embed shift graphs, we analyze several different cases. The last
case we deal with in Section 4 turns out to be rather complicated, so we devote all of
Section 5 to it. There, we employ ideas inspired by PCF theory to get a coloring of small
cardinality. Section 6 concludes the paper.

2. Preliminaries

We use small Latin letters a, b, ¢ for tuples and capital letters A, B, C for sets. We also
employ the standard model-theoretic abuse of notation and write a € A even for tuples
when the length of the tuple is immaterial or understood from context.

For any two sets A and J, let AZ be the set of injective functions from J to A (where
the notation is taken from the falling factorial notation), and if (A, <) and (J, <) are
both linearly ordered sets, let (A7) be the subset of AZ consisting of strictly increasing
functions. If we want to emphasize the order on J we will write (AM)@

Throughout this paper, we interchangeably use sequence notation and function nota-
tion for elements of A7, e.g. for f € A2, f(i) = f;. For any sequence  we denote by
Range(n) the underlying set of the sequence (i.e. its image). If (4, <) and (B, <5) are
linearly ordered sets, then the most significant coordinate of the lexicographic order on
A x B is the left one.

2.1. Stability

We use fairly standard model-theoretic terminology and notation; see for example [17, 18].
We gather some of the needed notions. For stability, the reader can also consult [14].

We denote by tp(a/A) the complete type of a over A. Let (I, <) be a linearly ordered
set. A sequence (a; : i € I) inside a first order structure is indiscernible if for any
i1 <--<ipand j1 <--- < jrinl,

tp(al.] PR 7aik) = tp(a]l LA ’ajk)'
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A structure M is k-saturated, for a cardinal «, if any type p over A with |A| < « is realized
in M. The structure M is saturated if it is | M |-saturated. A monster model for T , usually
denoted by U, is a large saturated model containing all sets and models (as elementary
substructures) we will encounter.! All subsets and models will be small, i.e. of cardinality
< |UJ.

A first order theory T is stable if there does not exist a model M |= T, a formula
¢(x,y)and elements (a; € M :i < w) suchthat M |= ¢(a;,a;) < i < j.Anequivalent
definition is that there exists some x > |T'| such that for all M = T with |M| < « the
cardinality of complete types over M is at most k. For any such «, T has a saturated
model of cardinality of « [14, Theorem VIIL.4.7].

Every indiscernible sequence in a stable theory is totally indiscernible, i.e. in the nota-
tion above, for any iy, ...,ig and ji,..., jyin 1,

tp(ail,--waik) = tp(ajl,...,ajk).

Other than these notions, we will also require basic understanding of forking. See the
above references for more information.

2.2. Graph theory

Here we gather some facts on graphs and the chromatic number of graphs (all can be
found in [7]).

By a graph we mean a pair G = (V, E) where E C V2 is symmetric and irreflexive.
A graph homomorphism between G, = (V1, E1) and G, = (V,, Ep)isamap f: Vi — V>
such that f(e) € E, for every e € Eq. If f is injective we will say that f embeds G,
into G, as a subgraph. If in addition we require that f(e) € E, if and only if e € E; we
will say that f* embeds G into G, as an induced subgraph.
Definition 2.1. Let G = (V, E) be a graph.

(1) For a cardinal x, a vertex coloring (or just coloring) of cardinality » is a function
¢ :V — xsuchthat x E y implies c(x) # c(y) forall x,y € V.

(2) The chromatic number x(G) is the minimal cardinality of a vertex coloring of G.
These are the basic properties of y(G) that we will require:

Fact 2.2 ([7, Lemma 2.3]). Let G = (V, E) be a graph.

() If V = Uses Vi then 1(G) < Yy 2 (Vi EMV2).

(2) If E =,y Ei (with each E; being symmetric) then y(G) < [l;e; x(V, Ej).
(3) If ¢ : H — G is a graph homomorphism then x(H) < y(G).

I There are set-theoretic issues in assuming that such a model exists, but these are overcome by
standard techniques from set theory that ensure the generalized continuum hypothesis from some
point on while fixing a fragment of the universe. The reader can just accept this or alternatively
assume that U is merely k-saturated and «-strongly homogeneous for large enough «.
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4) If ¢ : (H, E®) — (G, E®) is a surjective graph homomorphism with
ec F1 — <p(e)€EG
then y(H) = x(G).

Example 2.3. For any finite number » > 1 and any linearly ordered set (A4, <), let Sh, (A4)
(or Sh, (A, <) if we want to emphasize the order), the shift graph on A, be the following
graph: its set of vertices is the set (A”)< of increasing r-tuples so, ..., sy—1, and we put
an edge between s and ¢ if forevery 1 <i <r —1, s(i) =t({ — 1) or vice versa. It is
an easy exercise to show that Sh,(A) is a connected graph. If r = 1 this gives K4, the
complete graph on A.

Fact 2.4 ([7, Fact 2.6], [4, proof of Theorem 2]). Let2 < r < w be a natural number and
% be a cardinal. Then

x(Shr (3,100 1)) = ot
Finally, the following fact is a very useful tool.

Fact 2.5 ([7, Proposition 3.2]). Let G = (V, E) be a graph and assume there exists a
graph homomorphism t : Shy (w) — G. Then there exists n < k such that

(1) G contains all finite subgraphs of Sh, (w).

Consequently, if H is a graph that contains all finite subgraphs of Shy (w) for some k,
andt : H — G is a graph homomorphism, then there exists some n < k such that G sat-

isfies ().

3. Infinitary EM-models and stability

Let T be a first order theory and U a monster model for 7.

An EM-model for T is a model that is the definable closure of an indiscernible
sequence (possibly in some expansion of the theory which admits Skolem functions).

Every element in an EM-model is of the form #(a;,, ..., a;,), where ¢ is a term (in
the expanded language) and a;,, ..., a;, are elements of the indiscernible sequence. In
other words, to any element we may associate a pair (i, n), where i < |T| (this codes the
term #; (X;)) and 7 is an increasing sequence of cardinality |X; |.

Mariou [11, 12] and Shelah [15] proved that if T is w-stable or even superstable then
it has an EM-model in some expansion of the language whose restriction to the original
language is saturated. For general stable theories, as we will see in this section, one needs
to allow “terms” with possibly infinite arity to get a parallel result.

Let k > R be a regular cardinal (which we think of as a bound on the arity) and let
1 be a cardinal (which we think of as a bound on the number of terms). Let « € k* be a
function assigning to each function its arity.

Definition 3.1. Let « be a cardinal, (/, <) a linearly ordered set, U a set and « € kY. Let
a=/{a;,:i €U ne(I%).) be asequence of tuples from U.
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We say that a is (c, I)-indiscernible if for every (i; e U : j < k), (n; € (Ia’i)< :
Jj <k)and {p; € (Ioti)< : J < k) if there exists a partial isomorphism of (/, <) mapping
(nj:J <k)to(p;:j <k)then(a;, n; :j <k)and(ai p, : j <k)have the same type.

Recall that given a subset A € U and an ultrafilter £ on A we may define the global
average type pp = Av(D, U) by

po b e(x.b) < ¢(A.b) € D.
Obviously, pgp is finitely satisfiable in A.

Remark 3.2. If O is an ultrafilteron Aand A € Bthen {U C B : (AV € D)(V C U)}
is the unique ultrafilter O’ on B containing O and pp = por.

For any linearly ordered set (I, <) and A C B, we say that (a; : i € I) realizes
(po)®!|Bifforanyk € I,ax = po|Blai :i <k €1).

Proposition 3.3. Assume that U has definable Skolem functions. Let k > R be a regular
cardinal and =¥ = p > 21l g cardinal. Let a € k™ be any function and let (I, <) be
any infinite linear order.

(1) There exist U C u x w and a non-constant (&', I )-indiscernible sequence
a=(ajky,:(k)yeU ne (%)),
where o' € kU is defined by aéi’k) = aj, for (i, k) € U, such that U | dcl(Range(a))
< U.
(2) For j < pandne (I1%)_, if

ACAj,= dcl({a,-,k,v c(i,k)eU,i<j,ve (Range(n)‘i")<})

with |A| < k and non-algebraic p € S(A) then there exists k < p with (j, k) € U such
that aj n = p. Moreover, if p is finitely satisfiable in A then so is tp(a;k.n/Ajn)-
(3) Ifin addition (I, <) is well-ordered and « satisfies o«; = (i mod «) then:

(a) Forany A C dcl(Range(a)) with |A| < k there existi < u and n € (1%) < satis-
fying A C A; .

(b) dcl(Range(a)) is k-saturated.

(c) Assume that (I, <) is a cardinal with cf(I) > k. For any infinite A C B C
dcl(Range(a)) with |B| < k, there is a non-principal ultrafilter D on A such
that (pp)®!|B is realized in dcl(Range(a)).

Proof. Since U has definable Skolem functions, for any A € U, dcl(A) is an elementary
substructure of U.

First we pick, once and for all, for any small A C U and any p € S(A) finitely satisfi-
able in A, a non-principal ultrafilter U, on A extending the filter {¢(A4,a) : ¢(x,a) € p}.
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The construction is by induction on j < p. Let j < p and assume we found {U; C u :
i < j} and non-constant a<; = (aj k., : i < j, k € Ui, n € (I%).) such that a<; is
((o/)=7, I')-indiscernible, where ((¢')~/); x = o; fori < j and k € U;.

If (/%) - = @ then there is nothing to do. Otherwise, fix some n* € (1%2)_ and let

Ajpe =del({ajy 2 (k) € U, i < j, v € (Range(n*)%)}).
Note that |4 ,| < w. Indeed, this follows from the inequalities
Bl ™ < p-k™ < .

For any A C A, with |4| < « and a non-algebraic type p € S1(A4) we choose
an extension p of p to A;,+ and a non-principal ultrafilter O(p) on Aj,+ such that
D = Po(p)|Ajy+,in the following way:

o If p is finitely satisfiable in A4 then let O (p) be the unique ultrafilter (on A; ,+) extend-
ing the ultrafilter U, on A (which extended {¢(A4,a) : ¢(x,a) € p}, as chosen above).
Welet p = pop)lAjy*.

e Otherwise, let p be any non-algebraic extension of p to A; ;. Since A; ,+ is a model,
D is finitely satisfiable in A4; ,«. Let O (p) = U 5 be the non-principal ultrafilter extend-
ing {¢(A;n+,b) : ¢(x,b) € p} from above.

We note that there are at most = < p subsets A € A; ,+ with |A| < « and for all
such A there are at most 2¢ 1€l < /1 types on A.

Let U; € u be such that ((pjin*, Djky+) : k € Uj) enumerates the set of pairs
(p, D(p)) for non-algebraic p € S1(A) and any A as above.

By the induction hypothesis, any partial order isomorphism 7 of I induces a partial
elementary map 7 whose domain is

del({aik,y 2 i < j, k € U;, Range(v) € Dom(n)}),

mapping a; kv V> d; k,x(v)» Where m(v) = m o v. Note that for any ny, 2, if 7y o 75
makes sense then 77, o 73 = 71 © 5.

Note that, by the induction hypothesis on j, for any order-preserving partial isomor-
phism 7 of I whose domain contains Range(n*), (A4 n*) = Ajz*)-

As aresult, for any p € (1%2) the unique order isomorphism 7+ , : n* — p induces
an elementary map 7, , whose domain is 4 ,+ and whose range is precisely A}, ,, which
is given by @; kv > dik,z, () Forevery k € Uj let pj k., = Typ= p(Pjkn*) € S(Aj,p)
and let Dj x , = Tp* o (D) ke, p*)-

Claim 3.3.1. For any p € (I%) . and 7 a partial isomorphism of I whose domain con-
tains Range(p), 7(4;,,) = Aj 7 (p) J/f(pj,k,p) = Djk,n(p) and ﬁ(@j,k,p) = Dj k.7 (0)-

Proof. There is no harm in restricting 7 to Range(p). Let 7+ , : n* — p be the unique

order isomorphism, so 7 o 7y , is the unique isomorphism from n* to 7 (p) and thus
— -1

equal to 7y« (). Hence 7w = 7y z(p) © 7« . The result follows. B laim
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Let ((121)<, <'**) be the lexicographic ordering and let (U, <) be the order induced
from u. By induction on k € U;, by compactness we may find a sequence (@, :
n € (1%)_) such that for any n € (1%2)_,

ajkn F PD; x| Bikns
where
Bixn=C;Ulajip:l <k, 1 €U, pe ()3 Ulajr,:p<n pe ()},

where C; = {aj;,:i < j, [ €U, pe (%))

We show ((a’)=/, I')-indiscernibility by induction on {(i,/) : i < j, [ € U;} (with the
lexicographic ordering). In other words, given k € U}, we assume that for any ((i,, [, ) :
r < n) with (i;,l,) < (j.k) and [, € U,, any (n, € (I%r)- : r < n) and any partial
isomorphism 7 of 7 whose domain contains |_J {Range(n,) : r < n},

tp(aioslo,ﬂo’ SRR ain—l,ln—l,nn—l) = tp(aio,lo,ﬂ(no)’ cee ’ain—l,ln—l,ﬂ(nn—l))'

We wish to show the same statement for (i, /) < (J, k).

We prove by induction on # that for any b Claiig: (. < (k). ne (I%) ., 1 e U;},
any 1,_ <'* ... <1 g € (1%2) - and any partial isomorphism 7 of (I, <) whose domain
contains

Range(no) U --- U Range(n,—1) U U {Range(n) : a;;n € b},
we have
tP(Ajkngs -+ Ajknp > b) = tP(@jk,m(no)s - - - Ajk,(nn_1)> 7(b)).
Let o(xo,...,Xn—1, 1;) be some formula, where b is as above. We show that
P(X0..... Xn—1.b) € PDjsne @ ® DDy
= 90 X0t 8(B)) € P 4 sy B B DDy kmin,_y-

Indeed, if ¢(xo, ..., Xp—1, l_)) € PDjsno R - Q PDj ko, then by the choice of the
Ajkn’S ©(@jknos - Ajkna_»b) holds and thus X = @(A;j n0.Ajknys - Qjkpu_y>b)
€ Dj k- By Claim 3.3.1, 7(X) € Dj k,x(n,)- By the induction hypothesis (on n), 7 is
elementary on a; x », U---Uaj.,_, Ub, and consequently

7(X) = (A x(o) Q)+ - - - Ak (rar)» T (D)) € Djike o)

and as 7 preserves <lex

@(X0. Ajkw(ni)s - - djknu—1)s T(P)) € PD; g 2o | Bjik.w(no)-

As aresult, by the choice of the aj s,

(@) e, m(ro)s Ajdem(m)s - - - > Qe (na—r)> ﬁ(l;)) holds,
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and thus
9(x0, .. Xn—1,7(0)) € PD; s (1) ® " ® PDj s (-

This proves (1),i.e.a = (a;kn i < p, k € Uj, n € (I%)<) is (o', I )-indiscernible (with
U={@Gk)euxpu:kelU)}.

(2) follows immediately from the construction in (1).

(3) Now assume that (I, <) is well-ordered and « satisfies o; = (i mod «) and let
A C a with |A| < k. Since (I, <) is well-ordered, there exist an ordinal 8 and an order
isomorphism 7 : 8§ — J a4 1veA Range(v). Since « is a regular cardinal and for every
ajj,, € A wehave [Range(v)| = |oj| < «, it follows that 8 < k.

Since k < 2¢ < p and =¥ = p (so cf(j) > k), we have j = WPy, ea ) < It
Leti = j -k + B < . By the choice of &, ; = B and 5 € (1%). This implies that
A C A; 5. This gives (3.a). For (3.b), since dcl(Range(a)) is a model, it is enough to deal
with non-algebraic types, which is exactly (2).

Item (3.c) follows from the construction; we give the details. Let A € B with |B| < k.
By (3.a) there exist j < p and n € (I%L)< such that B C A;,. As cf(I) > k, there is
some Range(n) < y* € I.Let p € S(A) be a non-algebraic type that is finitely satisfiable
in Aand k € Uj41 be such that (pj41,k,n~y*, Dj41,n—y*) are the type (over Ajy1,5—y*)
and non-principal ultrafilter (on A;1,,—~,*) corresponding to p and A € Aj1,,—y* as
above.

By Claim 3.3.1, for any Range(n) <y € I,

Ajvig—y = T~y p—~yAjr10~v*).  Pitikn—y = T~y p—y(Pi+1.9—y*)-

Observe that since A C A 5, ﬁnﬁy*,,ﬁy fixes A pointwise. By Remark 3.2 and the choice
of the ultrafilters above, for every Range(n) <y € I, p o, Let
PD = PD; 4.y, 1L finitely satisfiable in 4.

By the choice of elements, for any Range(n) < y € I,

trka—~y* = PDjti e~y

ajy1kn—y = PolAjylaj11,kn—s - Range(n) <8 < y).

We end by noting that since we are assuming that (/, <) is a cardinal and cf(/) > k > «;,
it follows that |{y : Range(n) <y € I}| = |I|. L]

In stable theories, for any infinite indiscernible sequence / over some set A one may
take the limit type defined by

lim(7) = {p(x,¢) : ¢(a, c) holds for cofinitely many a € I}.

It is a consistent complete type by stability. It is obviously finitely satisfiable in /. More-
over, if O is a non-principal ultrafilter on /, then pp = lim(7). We often write lim(/ /A)
= lim(/)|A.

Recall that for a theory T, k(T') is the least cardinal x such that for all B and type
p € S(B) there exists A C B with |A| < k such that p does not fork over A, if such
a cardinal exists, and co otherwise. By, e.g., [18, Proposition 7.2.5], if k(T') < oo then
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k(T) < |T|+. For stable theories, this agrees with [14, Definition II1.3.1] and [14, Corol-
lary I11.3.3]
The following is [14, Lemma II1.3.10]; we give a proof for completeness.

Lemma 3.4. Let T be a stable theory and M = T. If M is (k(T) + Ry)-saturated and
every countable indiscernible sequence over A C M, with |A| < «(T), in M can be
extended to one of cardinality A then M is A-saturated.

Proof. We may assume that A > k(7)) + Ry. By passing to M (and T°9) there is
no harm in assuming that 7" eliminates imaginaries. Let p € S(C) with C € M and
|C| < A. Let B € C with |B| < k(T be such that p does not fork over B. Letg 2 p
be a non-forking global extension. Since M is k(T )-saturated, we may find a sequence
S = (b :i <w) € M satistying b; |= g|B(b; : j <i). Note that g|BS is stationary by
[14, Corollary IT1.2.11].

Since M is (k(T') + R;)-saturated, we may find a Morley sequence I = (a; :i < w)
of g over SB,i.e.a; E q|SBa<; and a; € M. It follows that / is also a Morley sequence
of g over acl(B).” Let I € J € M be an indiscernible sequence (over B) of cardinality A.
As aresult, J is also a Morley sequence of g over acl(B).

By [14, Lemma II1.1.10 (2)], lim(J /M) = g|M and in particular lim(J/C) = p. By
[14, Corollary II1.3.5 (1)], there is Jo € J with J \ Jy indiscernible over C and |Jy| <
k(T) 4+ |C| < A. In particular, |J \ Jo| > R¢ and thus forevery ¢ € J \ Jy, p =tp(c/C).

(]

Definition 3.5. Let T be a theory. We say that M (= T is an infinitary EM-model based on
(a, 1) if M = dcl(a), where a is a non-constant (¢, I )-indiscernible sequence for («, 1)
as in Definition 3.1.

Lemma 3.6. Let T be any theory. Let k > R be a cardinal, (I, <) a linearly ordered set,
and a € kY, where U is a set. Ifa = (a; 1 € U, n € (I%) <) is an (a, I )-indiscernible
sequence, in some model M |= T, then there exists some set U, with |l7| <|T|-|U|- k=¥,
and @ € kY and an (@, I)-indiscernible sequence b whose underlying set is dcl(a).

Proof. For any p C « let ¢, : otp(p) — p be the unique order isomorphism. Let ¥ be
the collection of all #-definable functions. We consider the family U of tuples

(f(0),50, Pos- - -+ S|5-1> Pli|—1)
satisfying
f)e¥,
® 50,....85-1 €U,

forany i < |0, p; € k with otp(p;) = a,,
Ui<|l_)| Di € Ord.

%It is standard to see that I is independent and indiscernible over acl(B). On the other hand,
since ¢| B S is stationary, it isolates a complete type over acl(BS).
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We note that |l7| <|T|-|U|Mo. (k=<K)y<®o < |T|.|U|-k=*.Letd e «U be the function
mapping x = (f(V), So, Po, - .., 85|—1, P|5|—1) tO Ui<|1—)| pi < k. For any such x € U and
ne (%)< set

by = fason P Poowpg > <+ Asipi—1,1 M PisI—190p )5 )-

Note that for any j < [v], (n1'pj) o¢p; € (I(xsj)<.
Leth = (by,:x € U, n e (1%)_). We will show that b is (@, I )-indiscernible.

Consider (x; € U: Jj<k),(n e (Iaﬁ)< 1 j < k) and let 7w be a partial isomorphism
of (I, <) whose domain contains Uj<k Range(n;). For j < k, we write

bx_/,nj = f/ (aSj.o,nj bPj.0°¥p; o ’asj,ij ) rl’j,lf)j\fl"‘ij’wj'il ).
Since a is («, U)-indiscernible, the type of
(5.0 1pj.0000; g0+ - Gsjpi-1om; MPiI5; =10, 5 11 1j<k)
is equal to the type of
(s;.0.mn; tpj.000p;0)e -+ e sjpi—1.m () PP 151190 15 1-1) D] <k),

and consequently the type of (bx; ,,; : j < k) is equal to the type of (b, n(n,) : J < k).
Finally, let ¢ € dcl(a), that is, there exists a definable function f(v) € ¥

and @ig,ng» - iy _y =y € @ such that ¢ = f(@igngs - - @ijg_ymg—y)- Let 7 =
U; <5 Range(n;) and ¢ : r — otp(r) be the unique order isomorphism. For any
J < |v| set p; = y(Range(n;)). For x = (f(v), io, po. --. . i|5]-1. Pjs|-1) and
n =1y, ¢ = by, (because e.g. n}po © ¥p, = ¥~ M (Range(1o)) © Py Range(no)) =
¥~ My (Range(10)) © ¥ © 110 = 70)- -

Theorem 3.7. The following are equivalent for a complete £-theory T :

(1) T is stable.

(2) Let k, i and A be cardinals satisfying k = cf(k) > min {k(T),|T|*} + Ry, u=* =
> 2T and A = A<¢ > 11, and let T  T** be an expansion with definable Skolem
functions such that |T| = |T**| in a language £ C £**. Then there exists an infinitary
EM-model M |= T based on (a, 1), where o € kY for some set U of cardinality
at most , such that M = M & is saturated of cardinality A.

(3) There exists a saturated model of singular cardinality.

Remark 3.8. For example, assuming 7 is stable, the assumptions in (2) hold for A =
= 2HT for any k = cf(k) > k(T) + Ny.

Proof. (1)=(2). Since T is stable, «(T) < |T|* by [14, Corollary I11.3.3] and thus
min {k(T),|T|*} = «(T).
In the following, the superscript ** means that we work in 7K.
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We apply Proposition 3.3 (1,3) with U there being a monster model for T and
(I, <) = (A, <). Consequently, there exists an (&', A)-indiscernible sequence a, where
o is as in the proposition. Let M = dcI**(a) and M = M** | £. Note that |[M**| =
M| =p- A~ =A.

Towards applying Lemma 3.4, note that M is indeed (« (T') + Rj)-saturated by Propo-
sition 3.3 (3.b) and the assumption on x. Let / € M be an infinite countable indiscernible
sequence over some B € M with |B| < «(T) < k.

Since A < AfA) necessarily cf(1) > «, so by Proposition 3.3 (3.c) there is a non-
principal ultrafilter © on / and elements (a; € dcl(Range(a)) : i < A) satisfying

a; = p}lﬂBl(ak tk <)

for any i < A. Let pp be the restriction of p% to £. Thus pp = lim(/) and for every
i <A,

a; Elim(I)|BI{ay : k <i).
By stability, I + (a; : i < A) is indiscernible over B (see also [17, Exercise 2.25] and
[14, Lemma III.1.7 (2)]). By Lemma 3.4, M is saturated.

(2)=(3). Letk = |T|" and let A = p = 2, (k). Then A=¥ = A because k is regu-
lar. Indeed, any function from some & < k to A is a function to 2, (k) for some o < k.
So Af = Supa<x(:a(/{)s)- But Supa<x(3a(’()5) = Supa<x(3a+1(’c)g)’ and 30t+1(K)E =
(22« ()E = 230§ = 23a0() = 7 (k) because k > £. Consequently, A = A and
A=K = A,

Hence, by (2), there is a saturated model of size A (note that A is singular of cofinality
K <A).

(3)=(1). By (3), there is a saturated model of size A with A singular. Hence, A<* > 1.
As aresult, by [14, Theorem VIII.4.7], T is A-stable (and hence stable). [

4. Order-type graphs with large chromatic number

In this section we discuss graphs whose vertices are (possibly infinite) increasing
sequences, where the edge relation is determined by the order type. More specifically,
our main interest in this section is the following type of graphs.

Definition 4.1. Let (/, <) and (J, <) be linearly ordered sets and a # be(I?)< be
increasing sequences. We define a graph E EJ ; and a directed graph D aj ; on (IZ)- by:

o EdJE d < otp(¢,d) = otp(a, b) v otp(d, &) = otp(a, b).
o C Déjl; d & otp(c_,d_) = otp(d,l;).

We omit J from E ﬁj ; and D éJ ; when it is clear from the context.
We call these gréphs the (Ziirected) order-type graphs.
Remark 4.2. Although it will not define a graph, we sometimes use the notation D ;

and Ea,E evenifa = b.
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In Section 4.1 we isolate a family of order-type graphs whose members contain all
finite subgraphs of Shy, (w) for a certain integer m (Corollary 4.7). In Section 4.2 we show
that order-type graphs with large chromatic number fall into this family (Theorem 4.8).

4.1. Embedding shift graphs into order-type graphs

Definition 4.3. Let (/, <) and (J, <) be linearly ordered sets, a, be () be increasing
sequences and 0 < k < w.

We say that (a, b ) is k-orderly if there exists a finite partition Conv(Im(a) U Im(b)) =
Co U --- U Cy into convex increasing subsets such that for every n < k and i € J we have
a; €C, & b; € Cny1.

Recall the following from [7].

Definition 4.4. For any linearly ordered set (A4, <) and k > 1, let LShy (A) be the directed
graph ((4%) -, D), were (1, p) € D if and only if (i) = p(i — 1) for 0 <i <k (ifk > 1)
and 17(0) < p(0) (ifk = 1).

Lemma 4.5. Let 0 < k < w be an integer, o, § be ordinals, and (I, <) any infinite linearly
ordered set satisfying (8§ x (2-a + 1)k, <'%) C (I, <). Lera,b € (I%) .. If (a, b) is k-
orderly then there exists a function ¢ : LShy (§) — (I%) < such that for any 1, p € LShy (),
if (n.p) € D then ¢(n) D ; ¢(p).

Proof. Assume that Conv(Im(a), Im(b)) = Co U --- U Ck, as in the definition.
Leta* =a U{f™ : B < a} U {oo}, where the B7’s are immediate predecessors and
o0 is a maximal element, i.e. forany 8 < y < «,

ey <p” <8,

e y~ < B ifandonly y < B,

ey < o0.

Forany S Ca,let S*be SU{s™ :5s € S} U{07, 00}

For any x € (a*)", we denote by x~ the immediate predecessor of x in the lexico-
graphic order if it exists, and otherwise let x~ = x. Note that for any x = (x¢,...,Xy—1) #
(07,...,07) € («®)", if the maximal / < n with x; # 0~ satisfies x; < « then x has an
immediate predecessor.

Note that the order type of «* is 2 - & + 1, so by the assumption on / we may replace [
by an isomorphic copy to get that (§ x (a*)¥, <!**) € (I, <).

Forany0 <i <k —1letS; ={f <a:ageC;}andlet§ ={g = (g; : S; U {oo} —
(Sg_; x - x 85, <!y :i <k): g; increasing}.

For any g € € and 7 € (65)_ let Jn.z € (I%)< be defined by

Jog(B) = (n(np). gng(B)) € § x (Sg_y x+-x 85) S 1.

where 8 € S,,. We note that f; ¢ is increasing: if ng, < ng, then n(ng,) < n(ng,). If
ng, = ng, then the result follows since g5 = gng, Is increasing.
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Claim 4.5.1. There exists g € § such that for any 1, p € Shy (8) satisfying n(i) = p(i — 1)
for0 <i <k (ifk >1)orn0) <p0) (ifk =1), frz D;; Jo.z-

Proof. For the purpose of this proof, for 1 <i <k let m; : §§_; x - x S§§ —
Sg_y X ++-x S8;_, be the projection on the first i coordinates. We choose increasing func-
tions g; : S; U {oo} — Sy_; x+--x SF_; x {07} x--- x {07} by downward induction on
i < k. Define gr_; by setting gr—1(8) = (B,07,...,07) for B € S;_; U {oo}.
Assume that g; has been defined and we want to define g;_1.
For any B € S;_; if there is y € S; minimal such that bg < a,, then define

gi(y) = (mk—i(gi(y)),07,...,07) ifa, = bg,

gi-1(p) = {(m(gi )=, B.0",...,07) otherwise.

If such a minimal y € S; does not exist then we define

gi—-1(B) = (mi(gi(00)),B,07,...,07).
Lastly,
gi—1(00) = (i (gi(00)),00,07,...,07).

Subclaim. For any 0 <i < k — 1, and for every B € S;, mi(gi(B)) has an immediate

predecessor, i.e., foreveryy < B € S;, mi(gi(B)) > mi(gi(B))~.
Forany 0 <i <k — 1, g; is increasing.

Proof. Tt follows by downward induction that for any 8 € S;, if g;(8) = (x0,...,Xr—1)
then the maximal / < k such that x; # 07 satisfies x; < «.
The fact that the g;s are increasing now follows by downward induction. B ubclaim

The main observation is that forany 1 <i < k,

(1) otp({ap : B € Si). (bp : B € Si-1)) = otp((gi(B) : B € Si). (gi-1(B) : B € Si-1)).

To see this, let 1 <i < k. Since g; and g;_; are increasing, it is enough to compare ag,
and bg,, where B; € S; and B, € S;_;.

o If ag, = bg, then B € S; is minimal such that bg, < ag, and thus by definition
gi-1(B2) = gi(B1).

e Assume ag, < bﬂz. If there does not exist a minimal y € S; with bﬁz < ay then
gi-1(B2) = (mi(gi(00)), B2,07,...,07)
> (m;(gi(B1)),07,...,07) = gi(B1).
Otherwise, let 81 < y € S; be minimal such that bg, < a,.Ifbg, =a, then g;_1(f>) =
gi(y) > gi(B1). If bg, < a,, then
gi—1(B2) = (mi(gi(y))~, f2,07,...,07)
> (m;(gi(B1)),07,07,...,07) = gi(B1).
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e Assumeag, > bg, andlet y € S; be minimal such thata, > bg,,soy < Bi.1fa, =bg,
then y < B1 and g;—1(B2) = gi(y) < gi(B1). If a, > bg, then

gi-1(B2) = (mi(gi(y))~,f2,07,...,07)
< (mi(gi(B1)),07,...,07) = gi(B1).

This proves (). Let 1, p € LShi(8) be as in the statement of the lemma. We proceed to

prove that f; z D 5 fp.z-
Let B1, B2 < o and assume that 8; € Sy, and B, € S;,, forsome 0 <ny,ny <k —1.
Note that if bg, € Cy, for some 0 < n < k, thenn, = n — 1. Assume that k > 1.

e Assume that 0 < ny <k, bg, € Cy,.Sony = ny — 1. Assume that ag, O bg,, where
O e {<,>,=}.By (1), gn, (B1) O gn,(B2) and as a result

Sng(B1) = (n(n1), gn, (B1)) = (p(n1 — 1), gn, (B1)) O (p(n1 — 1), gn, (B2))
= (p(n2), gn> (B2)) = fp.z(B2).

o If bg, € C, for some n; < n < k then necessarily ag, < bg, andn, =n—1>n;y.
Consequently,

Jug(B1) = ((n1), gny (B1)) < (N(n1 + 1). gy (B2)) = (p(111). gn5 (B2))
= (p(n2). &ny(B2)) = Jp.z(B2)-

o If bg, € C, for some n < nj then necessarily 0 <n <ny,ag, > bg, andn, =n—1<
n1 — 1. Hence

Jog(B) = (1), gy (B1) = (p(n1 — 1), gn; (B1))
> (p(n2). &ny(B2)) = fo.z(B2).

o If bg, € Cy then necessarily n, = k — 1 and ag, < bg,. As aresult

Jng(B1) = (1), gny (B1)) = (n(k — 1), &ny (B1)) = (p(k = 2). gn, (B1))
< (plk = 1), gn, (B2)) = (0(n2). &n»(B2)) = fo.z(B2)-

Ifk = 1thenn; =n, = 0and

Sng(B1) = (1(0), gn, (B1)) < (p(0), gn,(B2)) = fp,z(B2)- W claim
We may now define a map ¢ : LShi (§) — (/%)< by letting for n € LShi (8), ¢(n) =
Jn.z € (I%)<. This maps satisfies the requirements by the previous claim. |

Definition 4.6. Let (I, <) and (J, <) be linearly ordered sets and @, b € (1) be increas-
ing sequences. We say that {a, 15} is k-orderly covered if there exists an increasing ordered
partition (J : ¢ € §) of J into convex sets for some S C J such that for every ¢ € S,
exactly one of the following holds:

(1) (@ Je, b Jy) is ke-orderly for some 0 < kg < k;
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(2) (b Jg.aJs) is ke-orderly for some 0 < kg < k;
(3) |Je|=1andaJ, = b J,.
Moreover, for every ¢ < ¢’ € S, Im(a | J) < Im(b M) and Im(b Me) < Im(a My ).

Corollary 4.7. Let o be an ordi_nal, and (I, <) any infinite linearly ocmered set with
(le]™ +Ro, <) S (I, <). Leta # b € (1Y) < be some fixed sequences. If {a, b} is k-orderly
covered then (1%)<, Ea,E) contains all finite subgraphs of Shy, (w) for some m < k.

Proof. Let (J. : ¢ € S) be an increasing partition of « as in Definition 4.6, where S C «.

Since a # b, there exists ¢ € S such that |J| > 1.

For any ¢ € S with |J¢| > 1, we say that J, is
o of type A if (@ J,, b J,) is ke-orderly,

e of type B if (b M, alJ,) is ke-orderly.

Let N < w be some natural number. By replacing / with an isomorphic copy, we
may assume that (@ x (N x 2o + 1)¥), <'%) € (I, <). Let ¢ € S and let I, = {&} x
(N x o + 1)F).

If | Jo| = 1 then we let ¢, : LSh; (N) — ((I5)?2) < be such that ¢,(n) is the constant
function giving (¢,0,...,0).

For any ¢ € S let E;,E = E;\j pys. and D;B = Dz, 51y, and similarly E;é
and Dg a

If |Jg| > 1 and J; is of type A then let ¢, : LShy, (N) — (((I)?2) -, Dg 5) be as

supplied by Lemma 4.5, i.e., for any 5, p € (N¥&)_, if n(i) = p(i — 1) for 0 <i < ke
(i ke > 1) and 7(0) < p(0) (if ke = 1) then otp(ps (1), ¢ (p)) = otp(@ } e, b 1.
If |Je| > 1 and J; is of type B then let @; : LShy, (N) — ((I)%2)<, Dg a) be as

supplied by Lemma 4.5, i.e, for any 1, p € (NX&)_, if n(i) = p(i — 1) for 0 < i < k
(if ke > 1) and n(0) < p(0) (if k. = 1) then otp(¢: (1), @e(p)) = otp(b | Je, @ | Je).

By composing with the isomorphism RShy, (N) — LShy (N) mapping the tuple
(X0, -y Xgp—1) 0 (N =1 = Xg,—1,..., N — 1 — xg), we arrive at a directed graph homo-
morphism ¢, : RShy (N) — (1)) -, Dli; &). By definition this map can be seen as a
directed graph homomorphism ¢, : LShy, (N) — (((1 7)<, D; 5).

For I <m <k let m,, : (N%) - — (N™) be the projection on the first m coordinates.
Note that it is a directed graph homomorphism LShg (N) — LSh,,(N). We now define
¢ : LShg(N) — ((I%)<, D&,E)' For any n € (N5 ., e € S and B < «, let e(B) € S be
such that 8 € J,. We define

e (B) = (e(B). vep) (i, (M) (B))-

Since, for any € € S and 7 € (N¥)_, @e (i, () is increasing, it is clear that ¢(n) is
increasing as well.

Assume that 7, p € LShg(/N) are connected, i.e., n(i) = p(i — 1) for 0 <i <k
(if k > 1) and n(0) < p(0) (if k = 1). Itis routine to check that otp(¢(n), ¢(p)) = otp(a, b).
As aresult, ¢ is also a graph homomorphism from Shy (N) to ((/%)«, E&,5)'
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We have proved that for every N < w there exists a graph homomorphism ¢y :
She(N) — ((I%)<, E; 5). By compactness, we may find a graph homomorphism
Shy (w) — J for some elementary extension ((/%)<, Ed’g) < (J, E). By Fact 2.5, there
exists m < k such that (/%)<, E 6,5) contains all finite subgraphs of Sh,, (w). [

4.2. Analyzing order-type graphs with large chromatic number

The main goal of this section is to prove that every order-type graph of large enough
chromatic number is k-orderly covered for some k, i.e. we will prove the following.

Theorem 4.8. Let o be an ordinal, and (0, <) an infinite ordinal with |a|™ + R < 6.
Let a # b € (0%)< be some fixed sequences. Let G = ((60%)<, E&J;). If x(G) > 2,(Ry)
then G contains all finite subgraphs of Shy, (w) for some m € N.

In order to achieve this we will need to analyze the order-type of two infinite
sequences. The tools developed here, we believe, may be useful in their own right.

We fix some ordinals « and @ with € infinite and @ # b € (6%) increasing sequences.

We partition « = Jo U J+ U J_, where

Jo={B<a:ag=0bg}, Jr={B<a:ag<bg}, J_={B<a:bg<ag}
Let R be the minimal convex equivalence relation on ¢« containing

{(B.y):ap =by}, {(B.y):ap <ay =bg} and {(B.y):bg <by <ag}.

Lemma 4.9. Let A, B € o/ R and assume that A < B. Then Im(a ' A) < Im(b MB) and
Im(b | A) < Im(a | B).

Proof. We will show that Im(a ['4) < Im(b I B); the other assertion follows similarly.
Let e Aand y € B,so B <y.If ag > b, then bg < b, < ag and hence B R y,
contradiction. ]

Lemma 4.10. (1) Forany 8 € Jo, [Blr S Jo.
(2) Forany p € J4, [B]r © J+.
(3) Forany B € J_, [Blr C J—. Moreover, [Blr = {B} for B € Jo.

Proof. To prove (1)—(3) it is sufficient to prove a weaker version where we assume that
p = min [f]r.

We show (2); items (1) and (3) are proved similarly. Assume that [f]g € J+. Let
X={<a:8€[BlrA (VB <x <8)(ax < by)} (in (1) we replace ay < by by ay = by,
and in (3) by ax > by). By the assumptions, X is a non-empty initial segment of [8]g and
Y = [B]r \ X is non-empty convex.

We will show that both X and Y are closed under the relations defining R and thus
derive a contradiction to the minimality of R.
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Assume that a, = b, with y € X and z € Y. Since X is an initial segment, y < z.
Consequently, a, < by < b,, contradiction. Now assume that z € X and y € Y, so there
exists z < x <y witha, > by andasaresulta, <b, <by <a, <ay, = b, contradiction.

Assume that a, < a, < by with y € X and z € Y, so y < z. Hence there is some
y < x <z with ay > by, hence a, < a; < by, < by < ay < a;, contradiction. Now
assume that z € X and y € Y, so z < y. This implies that a; < a, < a;, contradiction.

Assume that b, < b, < a, with y € X and z € Y. Consequently, a, < b, < b, < a,,
contradiction. Now assume that z € X and y € Y, soz < y. Asaresult, b, < b, < b,
contradiction.

Finally, we show the “moreover” part. Assume it is not true; then by (1) it is easy
to see that both {8} and [B]r \ {B} are closed under the relations generating R. This
contradicts the minimality of R. ]

By Lemma 4.10, R |'J4 is an equivalence relation on J4. For any A € J. /R we
construct a set Z4 € A. We construct a sequence 8;;1 for n < w as follows. Let 86‘ =
min A and assume that 8;;1 has been chosen. Let 8;:1 1 € A be the minimal index satisfying
bgﬁx < 618;’4_“ if such exists, otherwise stop. Let Z4 = (8;,1 :n <ng), where ng < w. Note

that Z,4 is a strictly increasing sequence because A € J /R. Furthermore, set C4 =
Conv(Im(a A) UIm(b }A)) and
A _ )
o Cg = lagp. bsg);
e ifng =wthenforany 0 <n < wset C;A = [bgA_l,bS',;l);
e if ny < w then for any 0 < n < ny set C,f = [bSA_l,bs;;l) and C,fi1 ={xeC4:

<
b(s;;lA—l = .x}.

Lemma 4.11. Let A € J+/R.

() If ng = w then A = J,,_,, 168, 82].

(2) If na = w then C4 =, _, CA.

(3) Forevery € Aand0 <n <ny, ag € C,f & bg € CnAH.

n<w

Proof. (1) Let X = Un<w [8(‘,4, 8;;1]. Since the 8;14’5 are chosen from A4, and A is convex,
X C A. Asin the proof of Lemma 4.10, it is enough to show that both X and ¥ = A\ X
are closed under the relations defining R.

If x, y € A satisty ax = b, then since b, = a, < by we conclude that y < x and thus
if x € X then y € X. Now if we assume that y € X, e.g. y < 8;‘, thenay = b, < b5rf‘ <
aga, S0 X < 8;;1+1.

Assume that x, y € A satisfyay <a, <by.If x € X,e.g. x < 8;‘, thenay < a, <
by < b(g# < aga, »80Y < 8;}“. If y € X then since x < y we conclude that x € X as
well.

Assume that x, y € A satisty by < by, < ay.If y € X then since x < y it follows that
x € X as well. Assume that y € Y, i.e. y > 5,‘;‘ for all n. But then ba,{‘ <by <ay <by
for all n. This implies that §# < x for all n and hence x ¢ X as well.
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(2) The right-to-left inclusion is straightforward. For the other inclusion, let x € C4.
Since 86‘ = min A and A € J1 /R, it follows that ass = min C4 and hence asa <x.If

there exists n < w with x < b8 a then for the minimal such n, x € C,f‘. Otherwise, since
ag < bg forany B € A, we may assume that x < bg for some f € A. Hence x < bsy,;t for
some n < w by (1).

(3) Let B € A and n be as in the statement. Assume that n4 = w is infinite (n4 < w is
similar).

Letag € C,f‘. First assume n = 0, i.e. asa <ag < bséa.lt is always true that bsg‘ <bg.
Ifg > 8{1 then aga <ag < bsél, contradicting the choice of 8{1.

Now, if n > 0 then bg;;l_l <ag < b&;l and thus by definition of 5,‘14, we have 8,‘;1 <pBso
bs,;‘ < bg.If, on the other hand, 8 > 5,’14+1 then a5ﬁ+1 <ag < b(g,,;l, contradiction. Hence
b5rf‘ < bﬂ < b8;14+1.

Letbg € C . By (2), ag € C{ for some k < w. Using the above we conclude that
bg e C  andthusk + 1 =n+ L ie k =n. n

Lemma 4.12. For any A € J /R there exists an increasing sequence ({1 € A:n < ny)
such that for every n withn + 1 < ng4,

<
a;,/i'_l - bzn ?

and for every n withn + 2 < ny,
bfrfl < a;;a_'_z.

Proof. Let n be such that n + 1 < n4. Assume for now that bs, # as, ., (and hence
bs, < as, ) and assume towards a contradiction that

(x) forany & € (84, 8n+1)s

n

bg < ag, -

Note that this implies that for any such ¢, as, < ae <bs, <be <as,, . .LetX ={f € A:
B <éu+1}andY = A\ X. This gives a convex partition of A, and we will show that both
X and Y are closed under the relations defining R.

Let B,y € Awithag =by. If f <8pt1andy > 8p4q thenbs, | <b, =ap <as, .,
contradiction. Now assume that y < 8,41 and f > 841. If y < J, thenas, | <ag =
by < bs,, contradiction. If y > &, then as, ., < apg = by, <as, ., since y € (6n,8n+1)
and by (), contradiction.

Let B,y € A withag < a, < bg. Assume that 8 < 8,11 and y > 8,41. If B <6,
thenas, ,, <a, <bg < bs,, , contradiction. If B € (8,,8,+1) then bg < as,., <ay < bg
by (), contradiction. Note that we cannot have y < §,4+1 and § > 8,41 since 8 < y by
assumption.

Let B,y € Awithbg <by, <ag. If B < 8,41 andy > 8,4 thenbgn+1 <b,=<ap<
as,,, <bs contradiction. As before, y < 8,41 and § > §,41 is not possible since
B <.

n+12
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As a result, we may conclude that for all n such that n + 1 < nq we may find y, €
(8n» 8n+1] satisfying as, < ay, <bs, <as,,, <by, (if bs, = as,, choose y, = 8,41,
otherwise use the above).

Let I = {8,,yn : n + 1 < ny}. The crucial property is that for every y € I \ {sup I}
there is some B € [ satisfying a, <ag < b,,. We note that for every n such thatn 41 < ng4,
if y <8, then B < 6,41. Indeed, otherwise as, 4 <ag =< b, < b, , contradiction.

We construct a sequence ({, : n < k) for some k < w as follows. Define {y = 8¢ and
for every n let {, 41 € I be maximal® with a tn < g, < be,,, if it exists. Obviously, this
is an increasing sequence. We claim that k > ny. By induction on n < k with n < ny,
{n < 8,. Inparticular, if n + 1 < n4 then {,4; exists. Finally, we note that by maximality,
foralln +2 <ng,ag,, | <bg, <ag,,,. L

For A € J_/R we make dual (i.e. exchanging the roles of @ and b) constructions and
similar properties hold.

Corollary 4.13. Let a be an ordinal, and (0, <) an infinite ordinal with |a|*t + Ro < 0.
Let a # b € (6%~ be some fixed sequences. Let G = ((60%)<, Ed,,;). If there exists
0 <k <wwithng <k forall A € (J; UJ_)/R then G contains all finite subgraphs
of Shy,(w) for some m < k.

Proof. By Lemmas 4.9 and 4.11 (3), {@, b} is k-orderly covered in the sense of Defini-
tion 4.6. Now apply Corollary 4.7. ]

The aim of the rest of this section is to prove that {n4 : A € (J4+ U J_)/R} has a finite
bound. From now on we will only need the sequences defined in Lemma 4.12.

Lemma 4.14. If x(G) > 280 then forany A € (J; U J_)/R, n4 < w.

Proof. We assume that A € J1 /R; the proof for A € J_/R is similar. Assume towards a
contradiction that n4 = w. We will show that y(G) < 280,

Let S = {8 <0 :cf(B) = Ro}. Let ({; = {lA € A :l < w) be the sequence supplied
by Lemma 4.12.

For any y € S choose an increasing sequence (ay,, : n < w) C y of ordinals with
limit y. We define a coloring map ¢ : (%)~ — 28%0*®o_Forany f € (%)< let y(f) =
sup{fe, :l <w} € S and

c(f) =AUn):Lin <o, fr, <a, )
To show that it is a legal coloring, let f g € (6%)< be such that otp(f, g) =otp(a, b). By
assumption f¢, < f¢, ., < 8¢ < f¢,,, forl <o, and hence v(f) = (). By definition,
there is some 7 < w such that fg, <, 7 , and let k be the minimal such that fz,  , >
(7). SO by minimality of k,
Joo < % (Fym = f§k+1 = S

and hence (k,n) € c(f) but (k,n) ¢ c(g), so c(f) % c(g). |

3If ny is finite then such a maximal element clearly exists. Otherwise, for ¢ € I there is some
n < o such that by < ag,,and hence § € {§ € I : ag < b¢} is finite.
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The next lemma requires a more complicated argument: see Section 5 below. Let us
introduce some notation.

Fix some sequence (A, € (J+/R:e <w).Forany e <w,let J, = {;’;48 €Agin<ny,}
be the sequence supplied by Lemma 4.12 applied to A,. Let J = |J, ., Je, @ = 64),

R ={@c,d)eQ?:otp(¢,d) =otp@}J,b}J)} and x = r(Ro).

Note that R’ is an irreflexive relation on € such that if f1, f> € Q and f; R’ f5, then for
every ¢ < w and i € Jg, the following hold:

S1G) < f2(i), (1)
and for any i € J; with Suc(i) € J,
S1Suc(@)) = f2(0), 2
and for any i € J, with Suc(Suc(i)) € Je,
f2(i) < f1(Suc(Suc(i))), 3)

where Suc(7) is the successor of i in J,.
Under these assumptions (or more generally under Assumption 5.1), we will prove in
Conclusion 5.9 that

(%) If ng, < w forall ¢ < w, then there exists a function ¢ : 2 — y such thatif f1, f» € Q
and f1 R’ f> then ¢(f1) # c(f2). In other words, there exists a coloring of the
directed graph (2, R’) of cardinality y.

Lemma 4.15. If y(G) > 1,(Rg) then the set {nq : A € (J+ U J_)/R} is bounded.

Proof. By Lemma 4.14, for any A € (J4+ U J_)/R, ng < w. We will show that {ny4 :
A€ Jy/R}and {ny : A € J_/R} are both bounded.

Assume that {n4 : A € J4+/R} is unbounded. Let {4, € J+ /R : ¢ < w} be a family
of convex equivalence classes such that & < ng,.

By (%), there exists a function ¢ : Q — 2,(Ng) such that if f1, f, € Q and
f1 R’ f> then c(f1) # c(f2). Let H = (2, (R))®™) be the graph induced by R’ (i.e.
(€. d) e (R)Y™ & (¢,d) € R' v (d,é) € R"). The map ¢ induces a coloring on H and
hence y(H) < 2,(Rp). Since the map (%) — 2 given by n > n|J is a graph homo-
morphism, y(G) < 2,(Rp), and this contradicts the assumption.

If on the other hand {n4 : A € J_/R} is unbounded then we proceed as above but
using

R" = {(¢.d) € Q% :otp(¢,d) = otp(b | J,a }J)}

and the dual construction (replacing R’ by R” in (*)) mentioned above instead and arrive
at a similar contradiction. ]

Finally, we may conclude:

Proof of Theorem 4.8. This is a direct consequence of Corollary 4.13 and Lemma 4.15.
(]
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5. Coloring increasing functions

This section’s main result is Conclusion 5.9, used in the final stage of the previous section.
We prove that under mild conditions on a directed graph, namely Assumption 5.1, on a
family of strictly increasing functions there exists a coloring of small cardinality.

Let k = cf(k) be a regular cardinal and (J, <) a well-order of cofinality «. Let
o = (2°)%, 0 be an ordinal and y = ¥~ a cardinal.

Let (J; : € < k) be an increasing partition of J into finite convex sets. Assume that
Sup, -, |Je| = . Let D be a non-principal ultrafilter on x containing the filter generated
by {{e <« :|Je| =n}:n < w}

Let Q2 be the set of functions from J to 6 that are strictly increasing on each J; (& < k).
Let # = (6 + 1)~.

Assumption 5.1. R is an irreflexive relation on Q such that if f;, f, € Q and f1 R f5,
then for every ¢ < k and i € Jg,

S1G) < f2(i), (1)
and for any i € J; with Suc(i) € J,
S1(Suc(@)) = f200), 2
and for any i € J, with Suc(Suc(i)) € Je,
f2(i) < f1(Suc(Suc(i))), 3)

where Suc(7) is the successor of i in the finite set J,.
We say a subset X of Q is trivial if fi R f» forany f1, f> € X.
Definition 5.2. An approximation a is a partition Q = (g, QF (so all the Q’s are
non-empty), p2 € y=% and h3 € ¥ (s € S,) satistying
(1) forevery s € Sy and f € Q3, {e < k : Range(f |'Je) C hi(e)} € D;
(2) if s #t € S and p? = p? then for every f; € Q2 and f, € Q2, fi R f>.
We want to define when one approximation is better than the other.
Definition 5.3. For two approximations a and b we will say that a <, b if there exists a
surjective function g : Sy, — S, satisfying
(1) forany s € S,, {QP : 7 € g71(s)} is a partition of Q2;
(2) if s € S, and Q2 is trivial then g~1(s) is a singleton 7 € S, satisfying h? = hP and
Q2 = QP (in particular, Q2 is also trivial);
(3) fort € Sy, {e <k :hP(e) < hZ(z)(g)} € D;
(4) fort € Sy, pz, o is an initial segment of pP.

We will say that a <z b if a <, b and in addition for every 7 € Sy, either QP is trivial
or{e <k :hP(e) < s (e)} € D.
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The following is clear.

Lemma 5.4. Let a,b and ¢ be approximations. If a g b and b <j, ¢ then a Jgop, . If
in addition either a <g b or b <y, ¢ then a <g., €.

Proposition 5.5. Let a be an approximation. Then there exists an approximation a <g b
satisfying the following:

(1) If t € Sy, Q;(t) is non-trivial and {e < k : 0 < cf(hz(t)(s)) < x} € D then either Q°

is trivial or {e < K : h?(e) < h:,(t)(s)} e D.

2) If t € Sy issuchthat {e <k :0 < cf(h:,(t)(s)) <y} ¢ D thenh® = hZ(z) and QP =
Qa

g@)
Lastly, fort € Sy, ifp;(t) € x5 with & < o then pP € y5+1.

Proof. We partition S, into S; = {s € S, : (VP¢ < k)(0 < cf(hi(e)) < x) and Q3% is
non-trivial} and So = S, \ S;.

Fix any s € Sy. For any ¢ < k, if 0 < cf(h3(g)) < yx we choose an unbounded subset
Csc C hi(e) of order type cf(hi(e)), and we set C; o = {h3(e))} otherwise.

Set Ay = {&e <« :0 < cf(hi(e)) < x}. Note that A; € D.

Let Hy = {h € J :if e € A5 then h(e) € Cs,, and h(e) = hi(e) otherwise}. Since
X = x, |Hg| < x and hence there is some £ < y and an enumeration (hs¢ : § < &)
of Hy.

By induction on § < & we define

Q¢ ={f € Q2 : (VP& <)Range(f Me) S ht(@ON\ | Qs

a<€

and for § = §&;,
Qe =1{feQi: (VP < k) (hi(e) is a successor and A3 () — 1 = maxRange(f [J,))}.

We claim that QF = | |c_¢ Qs Let f € QF. Note that for every ¢ € A; either (a) there
is an ordinal y € Cj ¢ such that Range( f |'J;) € y or (b) there is no such y. We may find
A}, C A such that A € O and either (a) holds for all ¢ € A}, or (b) holds for all ¢ € 4.

Assume that (a) holds for all € € A} and let (y; : € € A} witness this. Define a function
h € Hy by setting h(e) = y, for all ¢ € A}. For ¢ ¢ A choose arbitrary h(g) as long
as h € Hy. Let £ < & be minimal such that (VPe < «)(Range(f },) € hsg(€)), so
f € Qx,§~

Now, assume that (b) holds for all ¢ € A;. As a is an approximation (see Defini-
tion 5.2 (1)) we may assume that for all ¢ € A, Range(f [J) € h?(e) but we cannot find
any y € Cy ¢ satisfying Range(f ' J;) € y. For any e € A}, because J, is finite this implies
that cf(h3(e)) = 1, i.e. hi(e) is a successor ordinal and h%(e) — 1 = max Range(f /).
Hence f € Qg g, .

Let Sp ={(s,§) :5 €81, & <&, Q¢ #0} U Spand let g : Sy, — S, be the function
defined by g(s, &) = s for s € S7 and g(s) = s otherwise. For any 5 € So let QP = Q2,
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h® = h? and pP = p27(0). For s € Sy, if § < & we set Q?s,g) = Qg ¢ and pt’s,g) = pa(€).
Finally, for § < & we set hl(’s 5 = hs ¢ and for § = & we set hl(’s g5 = h3.

Claim 5.5.1. b is an approximation and a <4 b.

Proof. We first show that b is an approximation. Items (1) and (2) from the definition
follow since a is an approximation and in view of the construction above. For example, if
(s1,&1) # (52,&) € Sp and pl(’sl,gl) = pl(’sz,gz) then since &; = &, necessarily 57 # s, and
Ps, = Ps,» S0 we may use the fact that a is an approximation.

Finally, a <, b by construction. M laim

Showing (1) from the statement of the proposition boils down to showing that Ql(’s £)
= Q¢ is trivial. This follows from Assumption 5.1 (1). [

Proposition 5.6. Let a be an approximation. Then there exists an approximation a <g b

satisfying the following:

(1) Ift € Sy with {e <« : cf(hz,(t)(s)) > x} € D then either QP is trivial or {e < k :
hb(e) < hg(l)(s)} e D.

(2) Ift € Sy is such that {e < k : cf(hz,(t)(e)) > x} & D then h® = hZ(z) and QP = QZ(Z).

Lastly, fort € Sp, if p} ;) € xE with& < o, then pP € y&+1.

Proof. Let S; = {s € S, : Q3% is non-trivial and (VPe < k)(cf(hd(e)) > x} and Sy =
Sa \ S1.Fix any s € §y. Let Ay = {& <« : cf(hi(e)) > x},s0 A; € D.

Let Dy ={D € D : D C Ay} be the induced ultrafilter on A. Consider the ultraprod-
uct [ [, 4, h5(e)/Ds. We may consider it as a linearly ordered set, ordered by <g, .

Claim 5.6.1. There exists a sequence Hy = (hy g € # : B < By) satisfying

(1) foralle € Ag and B < By, hsg(e) < hi(e);

(2) foralle € k \ Ag and B < B, hs g(e) = hi(e);

(3) ((hs,p 1 As)/Ds : B < Bs) is <o, increasing and cofinal in [ ¢ 4, h3(e)/Ds;

(4) forany f € Q3 there exists B < Bg such that {e < k : Range(f |Js) C hsp(e)} € D.

Proof. First we choose a well-ordered increasing cofinal sequence in [ [, 4, M5 (e)/ Ds
and then choose a sequence of representatives (hs g [ As : B < Bs). To get (2), set his g(€)
= hi(e) for any ¢ € « \ Ay. This gives us (1)-(3).

We show (4). Let f € Q3. Since a is an approximation, the set X r = {e € A; :
Range(f [Je) € hi(e)}isin O. Let hy : Ay — Ord be the function defined by mapping
€ € Xs,r to max Range(f [Jg) + 1 and ¢ € A5 \ X;, r to 0. Note that for any ¢ € A,
hy(e) < hi(e). Indeed, if hy(e) = hi(e) for some ¢ € X ¢, then hi(e) is a successor,
contradicting & € A,. Similarly (and even easier), this holds if ¢ € A \ X, ¢. It follows
that for some B < By, hy/Ds <o, (hsp ' As)/Ds and it is easy to check that such a
satisfies (4). M laim
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Forany f € Q3 n <wand B < B, let B,(f, hspg) ={e <k :|{i € Jo: f(i) =
hs g(e)}| < n}. By Claim 5.6.1 (4), we may set Bs,(f) = min{B : B,(f, hsp) € D}.
Note that S5, (f) = Bsn+1(f)- Let Bs(f) = min {5, (f) : n < } and let ng(f) =
min{n <o : (Vk = n)(Bsx(f) = Bsn (S )}

Claim 5.6.2. {¢ <« : |{i € Jo: f(i) > hyp.(5 (&)} = ns(f)} € D.

Proof. Call this set Yy r. Note that Y r € B, (r)( [, s, (1))

If ns(f) = 0 then Y5 r = Bo(f, hsg, o(r)) € D. Assume ns(f) > 0. If Y5 ¢ D
then {e < : [ € Jp s £(0) = hy gy (1)@} = ny(f) = 1} € D. S0 By (1)1 = Bs(f) =
Bs.ns(r)(f), contradiction. B laim

Fors e S, B <Bsandn < w,let Qi pn =1{f € Q:B:(f) =B, ns(f) =n}.
Let Sp ={(s,B.n):s € S1, B < Bs, n <w, Ls,pn) 790y U Soand let g : Sp, — S,
be the function defined by g(s, 8,n) = s for s € S; and g(s) = s otherwise. For any
s € Splet QP = Q2 hP = h? and pP = p?7(0). Fors € S1, B < Bs and n < w, we set

Ql()S,ﬁ,n) = Q(s.8.m)> ’O?S,ﬂ,n) = p37(n) and

/’lb _ hs,ﬁv n = 0»
(s.8.m) h2,  n>0.

Claim 5.6.3. b is an approximation and a <g b.

Proof. We check that b satisfies (1) and (2) from the definition. (1) follows by the choice
of hl()s,ﬂ,n)'

We are left with (2). Let 7 € S and (s, ,7n) with s € S1. If pP = ,o?s’ﬂ,n) then p? = p
so the result follows since a is an approximation. Let (s1, 81,1n1) # (52, B2,12) € Sp. If
'O?n,lh ) = p}’sz,ﬁz’nz) then p? = p2 . If 51 # s, then the result follows since a is an
approximation. So assume that s = 51 = s, and n = n; = n,. Assume that 81 < 85 < Bs
andlet fi € Qf 5 and f> € Ql()s,ﬁz,n)’ We need to show that f; R f> and f>» R fi.

By choice of 1 = Bs(f1) and n = ny(f1), Bu(f1, hs,g,) € D. On the other hand,
since B1 < B2 = Bs(f2) < Bsn+2(f2), it follows that Buya(f2, hspy) ¢ D, ie. k\
Buio(f2, hsg,) € D. Let & € By(fi1, hsg,) N (k \ Buya(f2, hsp,)) and let i; be the
(n + I)-th element of J, from the end, for [ = 1,2, 3. As a result,

J1(i3) < f1(i1) < hyp,(e) < f2(i3).

Consequently, f1 R f> by Assumption 5.1 (3) (since Suc(Suc(iz)) = i;) and f> R fi by
Assumption 5.1 (1).
a <, b by construction. M claim

To complete the proof, we note that for (s, 8,n) € S, with n > 0, Q‘(’S B.n) is trivial.
Let f1, f> € Q‘(’s p.ny- By Claim 5.6.2, and the assumptions on D, we may find € < k such
that for / = 1, 2 the following holds:

(1) Ki € Je: fi(D) = hsp(e)}| =n,
2 [Je] > n.
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Since n > 0, letting i be the n 4+ 1-th element from the end of J, we have f;(i) <

hsg(e) < fi(Suc(i)) for [ = 1,2. If f1i R f> then f1(Suc(i)) < f2(i) < hsp(e) by
Assumption 5.1 (2), contradiction. [ ]

Proposition 5.7. Let a be an approximation. Then there exists an approximation ¢ and a
surjective function r : S¢ — S, such that a <, ¢. Moreover, fort € S, ifp’r’(t) € x&, with

£ < o, then p¢ € y5+2.

Proof. Let a <, b be the approximation supplied by Proposition 5.5 and let b <I¢ ¢ be
the approximation supplied by Proposition 5.6. Note that a <g. s ¢ by Lemma 5.4; we
claim that a <g, 7 €.

Let t € S.. Since a is an approximation and sup,_, |J¢| = @, we cannot have that
{le <k: cf(hgf(t)(s)) = 0} € D; see Definition 5.2 (1).

Assume that {e <k : 0 < cf(hz,f(t)(s)) <ytedD.If QZf(t) is trivial then so is Q¢,
so assume not. By Proposition 5.5 (1) applied to f(¢) € Sp, either Q;(t) is trivial (and
thus so is Q¢) or {e <k : hf(t)(e) < hgf(t)(e)} € D. If it is the latter then, since {& < k :
h$(e) < hf(t)(e)} € D, we conclude that {e < k : h{(e) < haf(t)(s)} € D.

Assume that {&e <k : cf(h“f(t)(e)) > y} € D. In particular, since by Proposition 5.5 (2),
hgf(t) = hf(t), it follows that {¢ < k : cf(hf(t) (¢)) > x} € D. Assuming that Q¢ is not
trivial, by Proposition 5.6 (1), {& <k : hi§(e) < hy,(e)} € D. Since {e <« : Ay, (e) <
h;f(l) (¢)} € O we conclude that {& < k : hf(e) < h‘;f(t)(e)} € D, as needed.

The “moreover” part follows immediately from the construction. ]

Lemma 5.8. Let § < o be a limit ordinal and (a, : @ < §) a sequence of approximations.
Assume that ay Qg , ag fora < f <8, and gy 0 gy = Ga,y fora < <y <§.
Then the inverse limit exists, i.e. there are (ag, (ga,5 : @ < §)) such that a, g, ; as and
8a,8 © 8B = gasfora <p <8

In particular, if ay <, , ag for some @ < B < § then ay <y, ; a3.

Furthermore, for any t € Say, if € = sup{C: i ) € 16, a < 8) then pt* € y&+1.

Proof. Forevery f € Q lettr € [[,5 Sa, be the function defined by #¢(«) = s if and
only if / € Q§*. Note that for @ < < §, since for any s € S,,, Q7 it e g;jﬁ(s)} isa
partition of Q§%, necessarily g4 g (17 (B)) = 15 (ct).

Let S« ={ty : f € Q}andforany t € Si,let Q;, = {f € Q:tr =t}. Clearly, itis a
partition of €2. Furthermore, note that if #1,#, € S« and o < § is such that #; (o) = ()
then 1 (') = t2(a’) for any o’ < «.

Let So ={t € Sk : FAu < 8)(9 1s trivial)} and S1 = S« \ So-

Foranyt € S;ande <«,let A;, = {h (a)(s) o < 6}. Obviously, 1 < |A; | <[] <
o=<yx.

Forevery (t,h/D) € S1 x [[,<, Ar.e/D1et Lz /0y ={f € 2 : (VPe < k) (h(e) =
min {x € A;, : Range(f |J;) C x})}. Let Say = {(t. h/D) € Si X [[,ep At,e/D :
Qn/0) # O} U So. Fort € So, set Q" = Q¢ ) and hy® = hig,,), where o < § is minimal

such that Q77 is trivial. For (t,h/D) € Sa; \ So. set Q) ) = QL,h/0)-
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Note thatif r € Sy then {e¢ <k : (3x € A, ¢)(Range(f 'J;) C x)} € D because this set
contains {& < k : Range(f |J,) C h?(()o) (&)}, which is in O since aq is an approximation
and f € ta‘(()o)- Thus for any ¢ € Sy and for every f € Q; there is a unique h/D €
[To<c Are/D suchthat f € Qo). We choose 7, o) to be any representative of the
class h/D.

For any t € So and o < §, go,5(f) = t(«), and for every (t,1/D) € Sa; \ So and
a <6, gqs((t, h/D)) = t(a). Note that it already follows that go g © g8,5 = ga,5 for
a<f<é.

For any ¢t € Sy let

i =103, @ < 87(0).
Now let (t,h/D) € Sas \ So. Since x* = y, there exists some y; < y and an enumer-
ation of [ [, Are/D as {hy, /D 1y < y;). Now for (¢t,h/D) € Sa5 set

p?f,h/@) = U {075 1 <8} (y),

where h/D = h;,, /. Assume that t = t for some f € Q and let @« < B < §. Since
g p(t(B) = t(w), p?‘("a) is an initial segment of p?fﬂ). This implies that p?t“,h /D) € $E1,
where £ = sup {¢ : p;‘;ﬁ(t) et a<é).

We check that ag is an approximation. Item (1) of Definition 5.2 follows from the
definition of Q¥* and the choice of h}%, for 1 € S,;.

We show item (2). Let (t1,h1/D) # (t2,h2/D) € Sa;z \ So, assume that ,oz(‘fl /D) =
p‘(‘t“z,hz/@) and let f; € Q?f] oy and f2 € Q?fz,hz/i))' If ; # t, then there exists some
a < 8 such that 71 () # 15 (). But p?;"(a) = p?;(a) and hence f; R f». Assume that t; = t,.
Since p?t’sl D) = ,o?fz’ 1y 0y it follows that 11 /D = hz /D, which gives a contradiction.
Let (t,h/D) € Saz \ So and s € Sp. If s # ¢ then the same argument as above applies.
On the other hand, it cannot be that s = ¢ by the definition of Sy. If 11 # 7, € Sy then the
same argument as above applies.

Finally, we show that ay, <, as for o < 8. Items (1), (2) and (4) are straightfor-
ward. We show item (3). Let r € Sy and let o’ < § be minimal such that ¢’

t(a)
o' <o then h}® = h;“(";,) = h?‘(xa). If @ <o then {& <k : h3%(e) < h™ (e)} € D because

t(a)
hi = h?‘()‘é,). Now let (#,//D) € Sa; \ So. Since {7,/ 1) is non-empty, we may choose

is trivial. If

some function f € Q?f 1/ D) On the one hand, since f € Q?‘(’[a) and since ay is an approx-

imation, {¢ < « : Range(f |J,) C h?‘(a) (¢)} € D. On the other hand, since f € Q?f,h/i)),

we see that {e¢ < k : h(g) = min{x € A;, : Range(f | J;) € x}} € O. Combining these

observations with the fact that h?‘z‘a) € A; g, it follows that {¢ < k : hi(e) < h?‘z‘a) (e)}eD
since it contains the intersection of the two sets. [

Conclusion 5.9. There exists a function ¢ : 2 — y such thatif f1, f» € Qand fi R f»
then C(fl) ;'é C(fz).

Proof. We define (ag, (g¢¢ : { < £)) such that a; <, , ag (for { < &), by induction on
E<o=029".
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o If§ =0then Q% = Q, S,, = {0}, Qp° = 2%, pi° = @ and let hy° € H be the constant
function 6.

o If § = o + 1 for some o < £ then let ay <, . a¢ be the approximation supplied by
Proposition 5.7. For any { < o we define g¢ ¢ = g¢.4 © a k-

o If £ is a limit ordinal we apply Lemma 5.8.

It follows by induction, and using Proposition 5.7 and Lemma 5.8, that fora < § < &
and € Sp, and s € S, if p}* € y*1 and ps? € y*2 then A; < A, and hence p** # pg®.

Claim 5.9.1. (1) Forany p € y~°,
Q, = U (Q5° 1§ <0, 5 € Sap. Q5F is trivial and ps* = p}

is trivial.
2) Q= Up€x<" Qp.

Proof. (1) Let p € x=% and fi, f> € Q,. By definition, there exist s; € Saél and s, €

Sa, such that f; € Qol and f5 € Q2. As noted above, since py.' = pg2, necessarily
E=§& =§&.1fs; = sy then f1 R f> since Q?f = in is trivial. If 51 # s, then by the
definition of approximation, since p?f = p?i, we have f1 R f>.

(2) Assume that there exists some f € Q \ [,e <o §2p. We construct a sequence
(hg € H : & < o) of functions such that forany o < B < 0, hg <o hg.

Forany £ <o let hg = 15 for the unique ¢ € Sa; such that [ € Q7. By assumption,
Q% is non-trivial for any such £ (otherwise f € Q p for p = p;¥). Forany o < B < o,
since ag <g, 4 ag, we have hg <p hy.

We color pairs {(hq, hg) : @ < B < o} of functions by « colors, by declaring that
(ha, hg) has color g4 g < k if g4 g is the minimal & for which hg(e) < he(e). We know
that such an ¢ exists, since hg <gp hq. By Erdds—Rado there exists a subset A C o of
cardinality k™ and & < k such that &g () < hg(e) for every @ < B € A. This contradicts
the fact that the ordinals are well-ordered. B aim

Recalling that y=° = y (as cardinals), we may now define ¢ : Q — y by choosing for
every f € Q some p € y=7 such that /' € Q, and setting ¢(f) = p. |

6. Conclusion: stable graphs

We now combine the results of the previous sections.

Theorem 6.1. Let £ be a first order language containing a binary relation E. Let T be
an L-theory specifying that E is a symmetric and irreflexive relation. Let G = (V; E,...)
k= T be an infinitary EM-model based on (., 0), where a € kU for some set U, k > R
a cardinal and 6 an ordinal with k < 0. Let % > 22~ 4 |T| - |U| be a regular
cardinal. If y(G) > x then G contains all finite subgraphs of Shy,(w) for some n € N.
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Proof. By Lemma 3.6 there exists some (&, 6)-indiscernible sequence b = (b; :
ieU, ne (Ga—f)<) whose underlying set is V', where & € «U and U is a set such that
O] <IT]-|U| - &=, )

Let B = {(i.n) :i € U.ne (6%)-) and R = {((i1. 7). 2. 12) < biyny E bins ).
Since (i, n) = b; 5 is surjective and ((i1, 1), (i2,12)) € R & (bi, 5, biy n,) € E, it follows
that y(B, R) = y(G) > x (by Fact 2.2 (4)). Moreover, by Fact 2.5 it is enough to prove
the conclusion for the graph (B, R).

Foranyi € U let B; = {(i.n) : n € (6%)-}. By Fact 2.2 (1), since B = U,eq Bir it
follows that x < (B, R) < ) ..p x(Bi, R B;). By definition* x < 2<%, which implies
KK <kk =2F < 227 and thus x > |(7| Since x is a regular cardinal, there exists i € U
with x(Bi, R'B;) > x. As a result, it is enough to prove the conclusion for the graph
(%)<, ), where S = {(n1,m2) : (i, m) R (i,12)}.

For P = {otp(a, b) : (a,b) € S}, by (&, 0)-indiscernibility,

s = JU@d) € (6%)2)% - ow(.d) = p v otp(d. &) = p}.
peEP

By Fact 2.2 (2),

x = x((0%) <. 9) = [] 2((6%) <. Pp).
pEP

where P, = {(c, d) e ((9@")<)2 cotp(¢,d) = p votp(d, &) = p}. Assume towards a
contradiction that x((6%) <, P,) < 3,(Ro) forall p € P. Hence x < 3,(8g)2*° <
(o | + Ro). Since |o;| + Rg < k + Ry and x > 22<(K+x1), we derive a contradiction.

Consequently, there exists p € P with )(((9&4)<, Pp) > 2,(Rp) and we may conclude
by Theorem 4.8. ]

Corollary 6.2. Let G = (V, E) be a stable graph. If x(G) > 21,(Ry) then G contains all
finite subgraphs of Sh, (w) for some n € N.

Proof. Let T = Th(G) and T** be a complete expansion of T with definable Skolem
functions in the language E € £,

We apply Theorem 3.7 with k = Ry, o = 281 and A = 2™ {IG1} We get an infinitary
EM-model g% = T based on (o, 1), where o € «V for some set U of cardinality at most
i, such that § = g% M E} is saturated of cardinality A. Since § is saturated of cardinality
> |G|, we may embed G as an elementary substructure of §. Since y(§) > x(G) >
2,(Rp) and the conclusion is an elementary property, it is enough to show it for §.

Since 22T LT 4+ U] < 22%° 4+ R + p < 25(Ro) + 281 = 2,(Rg), Theo-
rem 6.1 applies with & = A and % = (2,(Ro)) ™. |
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