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Abstract. We prove the Arithmetic Fundamental Lemma conjecture over a general p-adic field
with odd residue cardinality q � dimV . Our strategy is similar to the one used by the second author
in his proof of the AFL over Qp , but only requires the modularity of divisor generating series on
the Shimura variety (as opposed to its integral model). The resulting increase in flexibility allows us
to work over an arbitrary base field. To carry out our strategy, we also generalize results of Howard
(2012) on CM cycle intersection and of Ehlen–Sankaran (2018) on Green function comparison from
Q to general totally real base fields.
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1. Introduction

1.1. Main results

Let F=F0 be an unramified quadratic extension of p-adic local fields with p ¤ 2. The
Arithmetic Fundamental Lemma (AFL) conjecture, first formulated by the second author
in [33], is an identity relating the following two types of quantities:

(1) special values of the derivative of orbital integrals for the symmetric space

Sn WD .ResF=F0 GLn/=GLn;F0 ' ¹g 2 ResF=F0 GLn j gxg D 1nº;

for a natural action of GLn�1;F0 ;

(2) arithmetic intersection numbers on a Rapoport–Zink formal moduli space (abbrevi-
ated as “RZ space” henceforth) of p-divisible groups with PEL type structure associ-
ated to a unitary group.

We refer to Sections 9.1–9.3 for the precise statements. The main result of this paper is a
confirmation of the AFL conjecture under the assumption that the residue field of F0 has
at least n elements (see Theorem 10.1).1 The strategy is similar to, but more refined than
the one employed by the second author [35], where he shows the AFL for F0 D Qp and
p � n. We describe our strategy in more detail below.

The AFL conjecture arises from the relative trace formula approach to the arith-
metic Gan–Gross–Prasad conjecture (for Un � Un�1) and we refer to [28, 35] for a more
detailed introduction to its origin and its relation to the Gross–Zagier theorem [9]. In
particular, the orbital integrals appear on the geometric side of Jacquet–Rallis’ relative
trace formula [11], while certain Rankin–Selberg L-functions appear on the spectral side.
The arithmetic intersection numbers on the RZ space appear as a local component of
a global intersection problem via the uniformization theorem [30]. Therefore, the AFL
conjecture implies certain identities for intersection numbers on integral models of uni-
tary Shimura varieties, which has been made precise by Rapoport, Smithling and the
second author [28]. We prove their “semiglobal conjecture” in the hyperspecial case in
Theorem 9.3 under the assumption of not too small residue field cardinality.

1.2. Proof of the AFL

The overall strategy is similar to [35]: We extract the local intersection number from a
global one that may be accessed by using the modularity of certain generating series of
cycles on unitary Shimura varieties. In order to explain these ideas and to point out the
differences with [35], we now recall the arithmetic intersection pairing from [35] and then
explain the variant employed here.

Let F be a number field and X a regular, flat, projective scheme over SpecOF with
smooth generic fiber XF. Denote by zZ1.X/ the group of 1-cycles on X and let cCh1.X/

1In the more recent article [36], Z. Zhang adapts and extends the strategy of the present paper in
a twofold way. First, he removes the assumption that the residue field of F0 has at least n elements.
Second, he establishes an analog of the AFL in many cases of bad reduction.
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denote the arithmetic Chow group of cycles of codimension 1. The latter is isomorphic
to the group cPic.X/ of isomorphism classes of metrized line bundles. In this paper, all
Chow groups have Q-coefficients. There is an arithmetic intersection pairing (see [1, Sec-
tion 2.3])

.� ; �/WcCh1.X/ � zZ1.X/! R: (1.1)

It is given by taking the arithmetic degree of the metrized line bundle restricted to the
curve, . yL; C / Dbdeg. yLjC /. Let Z1.X/ be the quotient of zZ1.X/ by the subgroup gener-
ated by 1-cycles on X that are contained in a closed fiber and rationally trivial within that
fiber. Then by [1, Proposition 2.3.1 (ii)], the above pairing factors through

.� ; �/WcCh1.X/ �Z1.X/! R: (1.2)

Our case of interest is when X=OF is an integral model for a unitary Shimura variety. The
Shimura datum will be defined for a hermitian F -vector space where F=F0 is a quadratic
CM extension of a totally real field that globalizes the local fields from Section 1.1. Then
F is our notation for the reflex field.

Just as in [35], the two kinds of cycles of interest are the Kudla–Rapoport divisors
(elements of cCh1.X/) and certain (derived) CM cycles (elements of Z1.X/). One of the
key inputs in [35] was the modularity of generating series of arithmetic KR divisors as ele-
ments in cCh1.X/. More precisely, the modularity of the generating series of intersection
numbers with a fixed CM cycle allows one to run an inductive argument. This modular-
ity was proved by Bruinier, Howard, Kudla, Rapoport and Yang [3] when F0 D Q by a
detailed study of the divisors of Borcherds products on the integral model in question.
However, it appears that such modularity results are difficult to obtain when F0 ¤ Q and
this was why the restriction F0 D Q appeared in [35].

The new idea in this paper is to only use modularity of the KR generating series for
the generic fiber, i.e. with coefficients in Ch1.XF/. This result for general F0 is deduced
by Liu [19] from its analogue for orthogonal Shimura varieties, which was proved by
Yuan, S. Zhang and the second author [32]; the modularity for the generating series with
coefficients in cohomology groups was shown by Kudla–Millson [15] in much greater
generality and was a key ingredient in [32]. Moreover, we assume F0 ¤Q, which implies
properness for X and allows us to simplify the above intersection theory. For simplicity,
we now additionally assume that X is smooth over SpecOF. Let Z1.X/degD0 be the
subgroup of Z1.X/ consisting of 1-cycles with vanishing degree on every connected
component of XF. Let cCh1;adm.X/ � cCh1.X/ be the subgroup generated by cycles with
admissible Green function, meaning they have harmonic curvature with respect to the
naturally metrized Hodge bundle on XF. Then it is easy to see (in Section 4.2) that the
restriction of the pairing (4.5) to cCh1;adm.X/ �Z1.X/degD0 factors through

.� ; �/WCh1.XF/ �Z1.X/degD0 ! R; (1.3)

where cCh1;adm.X/! Ch1.XF/ is the natural map that takes the generic fiber of cycles.
In effect, the pairing is computed by extending a class in Ch1.XF/ to one in cCh1;adm.X/

and then applying the pairing (4.5). Then one is in a position to apply the modularity
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results from [32] for KR divisors in Ch1.XF/. In practice, to extract a specific local term
from the global intersection number, we need to allow general level structure at a finite
set of non-archimedean places S and hence we actually use an S -punctured variant of the
above; see Section 4.

Just as in [35], it is also crucial to understand the archimedean local intersection,
i.e. the values of Green functions at CM cycles. It turns out that the automorphic Green
function constructed by Bruinier [2] is an admissible choice in the above sense. We prove
that the generating series obtained by taking the difference with the Kudla Green function
is modular. This was shown before by Ehlen–Sankaran [5] for F0 D Q. The extension to
general F0 we prove here is obtained by a rather straightforward proof that relies on the
properness of XF. This is carried out in Part I.

The other obstacle is that we need to modify the CM cycle to land in the smaller
Z1.X/degD0. This modification should be as simple as possible so that we keep control of
the resulting modification of intersection numbers. Our strategy is to subtract a suitable
linear combination of elementary CM-cycles. Their intersection pairings with KR divisors
have been studied by various authors (e.g. by Howard [10] when F0 DQ as well as earlier
by Kudla–Rapoport–Yang [18]) and are essentially given by (the derivative of) Fourier
coefficients of Siegel–Eisenstein series. This is carried out in Part II.

We finally mention the recent work of the first author [22] which proved the local
constancy of the intersection number occurring in the AFL conjecture for all regular semi-
simple elements. This allows us, both in the present paper and in [35], to spread out the
AFL identity from strongly regular semisimple elements to all regular semisimple ones.

The strategy in this paper is quite flexible and in a future paper the authors plan to
explore the possibility of a new proof of the averaged Colmez conjecture. Moreover, it
seems likely that some enhancement of the arguments in Part I will also establish the
modularity of generating series of arithmetic KR divisors as elements in cCh1.X/ under
certain conditions (e.g. when X has good reduction everywhere).

Naturally, the present paper makes use of several results and constructions from pre-
vious works, notably [2, 28, 35]. Our policy is to recall the necessary background from
these sources whenever needed to make the paper as self-contained as possible.

1.3. Notation

Notation on algebra

� For a global field F, we denote by †F the set of all places.

� Unless otherwise stated, F denotes a CM number field and F0 denotes its (maximal)
totally real subfield of index 2. We denote by a 7! xa the non-trivial automorphism
of F=F0. Let F0;C (resp., F0;�0) be the set of totally positive (resp., semipositive)
elements in F0.

� We denote H D SL2 and view it as an algebraic group over F0. Denote by B the Borel
subgroup of upper triangular matrices, and by N its unipotent radical. By abuse of
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notation we let zH denote the metaplectic double covering of H D SL2, even though it
is not an algebraic group.

� Unless otherwise stated, we write A, A0, and AF for the adele rings of Q, F0, and F ,
respectively. We systematically use a subscript f for the ring of finite adeles, and a
superscript p for the adeles away from the prime number p.

� For an abelian scheme A over a locally noetherian scheme S on which the prime num-
ber p is invertible, we write Tp.A/ for the p-adic Tate module of A (regarded as a
smooth Zp-sheaf on S ) and Vp.A/ WD Tp.A/˝Q for the rational p-adic Tate module
(regarded as a smooth Qp-sheaf on S ).

� We use a superscript ı to denote the operation �˝Z Q on groups of homomorphisms
of abelian schemes, so that for example Homı.A;A0/ WD Hom.A;A0/˝Z Q.

� All Chow groups and K-groups have Q-coefficients.

� For a vector space V over a field F0 (of characteristic not equal to 2), a quadratic form
qWV ! F has an associated symmetric bilinear pairing defined by

hx; yi D q.x C y/ � q.x/ � q.y/; x; y 2 V: (1.4)

In particular,
hx; xi D 2q.x/: (1.5)

For a quadratic field extension F of F0, an F=F0-hermitian space is an F0-vector
space V endowed with an F0-linear action of F and an “F=F0-hermitian form”, i.e.
a map h�; �iW V � V ! F that is F -linear on the first factor and conjugate symmet-
ric. Its dimension will be the dimension as an F -vector space. It induces a symmetric
F0-bilinear pairing by .x; y/ 7! trF=F0hx; yi 2 F0. In particular, the corresponding
quadratic form on V is

q.x/ D hx; xi 2 F0: (1.6)

We will treat V as an affine variety over F0, and for � 2 F0 we denote by V� the
subscheme defined by q.x/ D �.

� For an F=F0-hermitian space V over a non-archimedean local field, and an OF -lattice
ƒ� V (of full rank), we denote byƒ_ D ¹x 2 V j hx;ƒi �OF º its dual lattice under
the hermitian form.

� LetR be a commutative ring. We denote by .LNSch/=R the category of locally noether-
ian schemes over SpecR.

� We denote by F Œt �ıdegn the set of monic polynomials ˛ of degree n with ˛.0/tn˛.t�1/
D ˛.t/.

Notation on automorphic forms

� Fix the non-trivial additive character  D  Q ı trF0=QWF0nA0! C� where  Q is the
standard one and trF0=QWF0nA0!QnA is the trace map. For � 2 F0 we denote by  �
the twist  �.x/ D  .�x/. Let ıE=F denote the different ideal for any extension E=F
of number fields.
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� For a smooth algebraic varietyX over a local field F , we denote by �.X.F // the space
of Schwartz functions on X.F /. Similarly, for a smooth algebraic variety X over a
global field F , we denote by �.X.A// the space of Schwartz functions on X.A/.

� For a quadratic space V over a number field F0, we denote by ! the Weil representa-
tion of O.V /.A0/ � zH.A0/ on �.V .A0//. If dim V is even, the representation factors
through O.V /.A0/�H.A0/. If V is anF=F0-hermitian space, we view it as a quadratic
space over F0 and denote again by ! the Weil representation. See [35, Section 11] for
an explicit description of !.

� For � 2 R and k 2 Z, the weight k Whittaker function on SL2.R/ is defined by

W
.k/

�
.h/ D jajk=2e2�i�.bCai/�k.�� /; (1.7)

where we write h 2 SL2.R/ according to the Iwasawa decomposition

h D

�
1 b

1

��
a1=2

a�1=2

�
�� ; a 2 RC; b 2 R; (1.8)

and

�� D

�
cos � sin �
� sin � cos �

�
2 SO.2;R/: (1.9)

Here the weight k character of SO.2;R/, for k 2 Z, is defined by

�k.�� / D e
ik� : (1.10)

The preimage of SO.2;R/ in fSL2.R/ is denoted by fSO.2;R/. For k 2 1
2
Z, we similarly

define the weight k character of fSO.2;R/ and the Whittaker function.

� A1.H.A0/; KH; k/ is the space of smooth functions on H.A0/, invariant under left
H.F0/ and right KH � H.A0;f / translation, and of parallel weight k under the action
of
Q
v2Hom.F0;R/SO.2;R/. (We do not impose any finiteness conditions on the action of

the center of the universal enveloping algebra.) Similarly we define A1.zH.A0/;KzH;k/.
� For a left N.F0/-invariant continuous function �WH.A0/! C, its �-th Fourier coeffi-

cient for � 2 F0 is defined as the function

H.A0/ 3 h 7! �.�; h/ WD

Z
F0nA0

�

��
1 b

1

�
h

�
 ��.b/ db: (1.11)

Then there is a Fourier expansion (in an absolutely convergent sum): For h 2 H.A0/,

�.h/ D
X
�2F0

�.�; h/: (1.12)

� Ahol.H.A0/; KH; k/ is the space of automorphic forms (with moderate growth) on
H.A0/, invariant under KH � H.A0;f /, of parallel weight k under the action ofQ
v2Hom.F0;R/ SO.2;R/, and holomorphic (i.e. annihilated by the element 1

2

�
i 1
1 �i

�
in the complexifed Lie algebra of H.F0;v/ ' SL2.R/ for every v 2 Hom.F0;R/).
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This is a finite-dimensional vector space over C, and it has a xQ-structure via the
Fourier expansion. For any subfield L � C (for our applications, it suffices to assume
L � xQ), we define Ahol.H.A0/;KH; k/L as the subspace of Ahol.H.A0/;KH; k/ con-
sisting of functions with Fourier coefficients all in L (i.e. if we write the �-th term
in the expansion (1.12) as �.�; h/ D W .k/

�
.h1/�f .�; hf /, then �f .�; hf / 2 L for all

hf 2
Q
v−1H.OF0;v /). Then for any L-vector space W , we have an L-vector space

Ahol.H.A0/;KH; k/L ˝L W: (1.13)

Part I
KR divisors generating series

2. Shimura varieties and special divisors

We work with the so-called RSZ variant of unitary Shimura varieties throughout the paper.
It goes back to [17] but has been introduced systematically in [28]. Its advantage is that
it admits both a PEL type moduli description and the flexible definition of cycles. This
section’s aim is to recall all relevant definitions and properties. In that, it overlaps consid-
erably with [35, Sections 6 and 7]. We refer to [29] for a much more detailed survey.

2.1. Shimura varieties

Let F=Q be a CM field with maximal totally real subfield F0 and non-trivial F0-automor-
phism a 7! a. Fix a CM type ˆ for F , a distinguished element '0 2 ˆ and a hermitian
F -vector space V of dimension n such that, for ' 2 ˆ,

sign.V'/ D

´
.n � 1; 1/ if ' D '0;

.n; 0/ if ' ¤ '0.

Then we consider the following algebraic groups over Spec Q, resp. SpecF0:

ZQ
WD ¹z 2 ResF=Q Gm j NmF=F0.z/ 2 Gmº;

G WD U.V /; an algebraic group over F0,

GQ
WD ¹g 2 ResF0=Q GU.V / j c.g/ 2 Gmº;

zG WD ZQ
�Gm G

Q �
�! ZQ

� ResF0=QG:

Here, cWGU.V /! Gm;F0 denotes the similitude character, while the isomorphism in the
last line is given by .z; g/ 7! .z; z�1g/.

We now recall how to define Shimura data for the above groups. For ZQ we take the
Shimura datum defined by ˆ,

hZQ WResC=R Gm ! Z
Q
R �

Y
'2ˆ

ResC=R Gm; z 7! .z; : : : ; z/: (2.1)
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Next, choose C-bases of the V' ; ' 2 ˆ, such that the hermitian form is diag.1; : : : ; 1/ if
' ¤ '0, and diag.1; : : : ; 1;�1/ if ' D '0. Then set

hWResC=R Gm ! .ResF0=QG/R D
Y
'2ˆ

U.V'/; z 7! .h'.z//'2ˆ;

h'.z/ D

´
diag.1; : : : ; 1; z=z/; ' D '0;

idV' ; ' ¤ '0;

where the matrix notation is with respect to a fixed choice of basis. Denote by ¹hº
the .ResF0=Q G/.R/-conjugacy class of h. Then .ResF0=Q G; ¹hº/ is a Shimura datum.
Finally, put

. zG; ¹zhº/ WD .ZQ
� ResF0=QG; hZQ � ¹hº/:

Let F� C denote the reflex field for . zG; ¹zhº/. It is the composite of the reflex fields forˆ
and for the conjugacy class ¹hº. It always contains '0.F /, which allows us to view F

as a subfield of F (see [35, (6.5)]). For open compact subgroups KZQ � ZQ.Af /; K �
G.A0;f / and zK WD KZQ �K, we obtain Shimura varieties (over F) denoted by

Sh zK. zG; ¹zhº/ ' ShK
ZQ .Z

Q; hZQ/ � ShK.ResF0=QG; ¹hº/: (2.2)

Here and in the following we make the simplifying assumption thatKZQ andK are neat.
Then Sh zK. zG; ¹zhº/ is an actual variety instead of a stack. (This assumption will not be
used in an essential way and all our results should hold in the more general setting.) From
now on we write M zK or even M instead of Sh zK. zG; ¹zhº/.

2.2. Integral models

We next recall the integral model of M zK at places where the given data are unramified.
This is the special case [28, Section 5.1] and [29, Section 6.1]. Let ƒ � V be a fixed
OF -lattice and let d 2 Z>0 be chosen such that:

� The OF Œd�1�-lattice ƒŒd�1� is self-dual with respect to the F -valued pairing on V .

� If v 2 †F0 is non-archimedean with v − d, then v has odd residue characteristic and is
unramified in F .

� The level K factors as
K D Kd �K

d;

where Kd � G.F0;d/ is any open compact subgroup and where Kd D Stab.yƒd/ is the
stabilizer of the completion yƒ in G.Ad

0;f
/.

� The level KZQ factors similarly as

KZQ D KZQ;d �K
d
ZQ ;

where KZQ;d � Z
Q.Qd/ is any open compact subgroup and where Kd

ZQ is the maxi-
mal compact subgroup in ZQ.Ad

f
/.
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We next consider a moduli problem M0 of abelian varieties with CM by F . It is defined
as the functor on LNSch=OFŒd�1� that associates to S the set of isomorphism classes of
.A0; �0; �0; x�0/, where

� A0 is an abelian scheme over S of dimension ŒF0 W Q�;

� �0WOF Œd
�1�! End.A0/Œd�1� is an OF Œd�1�-action that satisfies the Kottwitz condi-

tion for ˆ,

char.�0.a/ j LieA0/ D
Y
'2ˆ

.T � '.a// for all a 2 OF Œd�1�I (2.3)

� �0 is an away-from-d principal polarization on A0 such that ��10 ı �0.a/
_ ı �0 D �0.xa/

for all a 2 OF Œd�1�;

� x�0 is a KZQ;d-level structure. This last notion requires the choice of an auxiliary 1-
dimensional hermitian Fd-module. It will never figure explicitly in this work, so we do
not spell out the details and refer to [20, Section C.3] instead.

An isomorphism of two quadruples .A0; �0; �0; x�0/ and .A00; �
0
0; �
0
0; x�
0
0/ is a quasi-

isogeny '0 2 HomOF .A0; A
0
0/Œd

�1� such that '�0�
0
0 D �0 and x�00 ı '0 D x�0. Then M0 is

representable, finite and étale over SpecOFŒd
�1� (see [10, Proposition 3.1.2]). Here we

have used our assumption that KZQ is neat; without it M0 would have to be defined as a
stack.

Depending on F and d, it might happen that M0 is empty. This does not happen,
however, if F=F0 is ramified at some place (see [28, Remark 3.5 (ii)]) and we make that
assumption throughout the paper.

Then the generic fiberM0 of M0 is a disjoint union of copies of ShK
ZQ .Z

Q; ¹hZQº/

(see [28, Lemma 3.4] specialized to the ideal a D OF0 ). This reflects the failure of the
Hasse principle for the group ZQ. It would be possible to work with M0 throughout the
paper, but it is more convenient to work directly with an integral model of ShK

ZQ . For
this reason, we fix one of the copies ShK

ZQ .Z
Q; ¹hZQº/ � M0 and redefine M0 as its

closure. Note that M0 is still finite étale over SpecOF. We also redefineM0 as the generic
fiber of this new M0.

We next define the integral model of M DM zK over SpecOFŒd
�1�.

Definition 2.1. The functor M DM zK associates to each scheme S in LNSch=OFŒd�1� the
set of isomorphism classes of .A0; �0; �0; x�0; A; �; �; x�/, where

� .A0; �0; �0; x�0/ is an object of M0.S/;

� A is an abelian scheme over S of dimension nŒF0 W Q�;

� �WOF Œd
�1�! End.A/Œd�1� is an action satisfying the Kottwitz condition of signature

..n � 1; 1/'0 ; .n; 0/'2ˆn¹'0º/

on OF Œd�1�; and

� �WA! A_ is an away-from-d principal polarization such that ��1 ı �.a/_ ı � D �.xa/
for all a 2 OF Œd�1�;
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� x� is a Kd-orbit of isometries of hermitian modules (as smooth Fd D
Q
vjd Fv-sheaves

on S endowed with its natural hermitian form induced by polarization)

�WVd.A0; A/
�
�! V.F0;d/; (2.4)

where

Vd.A0; A/ WD
Y
pjd

Vp.A0; A/ and Vp.A0; A/ D HomF˝QQp .Vp.A0/;Vp.A//;

and
V.F0;d/ WD

Y
pjd

Qp ˝Q V D
Y
vjd

F0;v ˝F0 V I (2.5)

� finally, we impose the Eisenstein condition (see [29, Section 5.2]) for every place v − d

of F0; note that this condition already follows from the Kottwitz condition for v that
are unramified over Q.

An isomorphism between two objects .A0; �0; �0; x�0; A; �; �; x�/ and .A00; �
0
0; �
0
0; x�
0
0;

A0; �0; �0; x�0/ is an isomorphism '0W .A0; �0; �0; x�0/
�
�! .A00; �

0
0; �
0
0; x�
0
0/ together with a

quasi-isogeny ' 2 HomOF .A;A
0/Œd�1� such that '��0 D � and x�0 ı .'0; '/ D �.

Theorem 2.2 ([35, Theorem 6.2]). The functor M zK is representable. The morphism
M zK ! SpecOFŒd

�1� is separated, of finite type and smooth of relative dimension n� 1.

In [35], the functor M is defined as a stack and [35, Theorem 6.2] states that it is a
Deligne–Mumford stack. The version we gave here used the assumption that zK is neat.
Moreover, the scheme M is projective if F0 ¤ Q (see [29, Theorem 4.4 (i)]), which we
will assume henceforth.

By [28, Proposition 3.5], the generic fiber of M zK is isomorphic to M zK , the canonical
model of Sh zK. zG; ¹zhº/. (Note that the failure of the Hasse principle for zG is already taken
care of by our (re)definition of M0 above.)

Concerning terminology, we usually write .A0; A; x�/ for points of M, the remaining
data being implicit.

2.3. Kudla–Rapoport divisors

We next recall the definition of the Kudla–Rapoport special divisors [17]. These para-
metrize certain homomorphisms from CM abelian varieties occurring in M0 to abelian
varieties parametrized by M. They may equivalently be thought of as the loci in M where
a CM abelian variety factor splits off in a prescribed fashion. The definition is based on
the following observation. Assume that .A0; A; x�/ 2M.S/ with S connected. Then one
has EndıF .A0/D F and the space HomOF .A0;A/ becomes a hermitianOF -module with
pairing

hx; yi D ��10 ı y
_
ı � ı x 2 EndıF .A0/ ' F:

This space is positive definite at all archimedean places of F0 by the positivity of the
Rosati involution. Recall (see Section 1.3 for notation) that V� denotes the hyperboloid
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of x 2 V with hx; xi D � and that we assume that all Schwartz functions in the non-
archimedean setting are Q-valued.

Definition 2.3. Given 0 ¤ � 2 F0 and � 2 V.F0;d/=Kd, the KR-cycle Z.�; �/ is defined
as follows. For S 2 LNSch=OFŒd�1�, the S -points Z.�; �/.S/ are the set of isomorphism
classes of .A0; A; x�; u/ where

� .A0; A; x�/ 2M.S/;

� u 2 HomOF .A0; A/Œd
�1� with hu; ui D � and x�.u/ 2 �:

Two objects .A0;A;x�;u/ and .A00;A
0;x�0;u0/ are isomorphic if there is an isomorphism

of the underlying triples, .'0; '/W .A0; A; x�/
�
�! .A00; A

0; x�0/, such that 'u'�10 D u
0.

Forgetting u defines a natural morphism i WZ.�; �/!M which is finite and unram-
ified. Moreover, Z.�; �/ is étale locally a Cartier divisor and the morphism Z.�; �/!

SpecOFŒd
�1� is flat (see [35, Proposition 7.3]). Taking its pushforward, the image of

Z.�; �/ along i defines an effective relative Cartier divisor on M which we still denote
by Z.�; �/. This definition extends by linearity to �d 2 �.Vd/

Kd ;

Z.�; �d/ WD
X

�2V.F0;d/=Kd

�d.�/Z.�; �/ 2 Z1.M/; (2.6)

where the right hand side denotes the group of divisors with Q-coefficients. It is non-zero
only for � 2 F0;C because the hermitian pairing on HomOF .A0; A/ is positive definite at
all archimedean places.

We finally introduce the following notation. Whenever � 2 �.V .A0;f // is a Schwartz
function that factors as � D �d ˝ 1 yƒd , we put

Z.�; �/ WD Z.�; �d/: (2.7)

2.4. Generating series of KR divisors

We turn to the generic fiber M DM zK again and write Z.�; �/, Z.�; �d/ and Z.�; �/ for
the generic fibers of the above cycles. Since d may be varied, we actually have defined a
divisor Z.�; �/ �M for every � 2 �.V .A0;f //

K and � 2 F0;C. Also put

Z.0; �/ WD ��.0/ c1.!/ 2 Ch1.M zK/; (2.8)

where ! is the automorphic line bundle [12], and c1 denotes the first Chern class. Note
that this is just a line bundle while we have defined actual divisors when � ¤ 0. Recall
from [35, (11.1)] the Weil representation ! of H.A0;f / on �.V .A0;f //

K . We define a
generating series on H.A0/ by

Z.h; �/ D Z.0; !.hf /�/W
.n/
0 .h1/C

X
�2F0;C

Z.�; !.hf /�/W
.n/

�
.h1/; (2.9)

where h D .h1; hf / 2 H.A0/, h1 D .hv/vj1 2 H.F0;R/ D
Q
vj1 SL2.F0;v/, and

W
.n/

�
.h1/ D

Y
vj1

W
.n/

�
.hv/



A. Mihatsch, W. Zhang 4842

is the weight n Whittaker function on H.F0;R/ (see (1.7)). Here we recall [35, Theo-
rem 8.1] for future reference.

Theorem 2.4. The generating series Z.h; �/ lies in Ahol.H.A0/; KH; n/ xQ ˝ xQ
Ch1.M zK/ xQ, where KH � H.A0;f / is a compact open subgroup that fixes � under the
Weil representation.

We refer to (1.13) for the definition of the vector space Ahol.H.A0/;KH; n/ xQ.

3. Green functions

We recall the Green function of Kudla [13], and the automorphic Green function [2].
The former is more convenient when comparing with the analytic side, while the latter is
more suitable for proving (holomorphic) modularity of generating series. The difference
between them was studied by Ehlen–Sankaran [5] when F0 D Q. Here we extend their
result to a general totally real field F0 (see Theorem 3.9). We first work in the more
general setting of quadratic spaces and our notation in this section is slightly different
from the rest of the paper. We then specialize the situation to the induced quadratic space
structure of a hermitian space.

3.1. The set up

We recall some basic constructions from [2, Section 2]. Let V be a quadratic space over
the totally real field F0 and denote

dimF0 V D mC 2; s0 WD
dimV � 2

2
D
m

2
: (3.1)

Let G D SO.V /, a reductive group over F0. Suppose that the signature of V is .m; 2/ at
one distinguished archimedean place v0 2HomQ.F0;R/, and .mC 2;0/ at the remaining
archimedean places. Let D D Dv0 be the Grassmannian of oriented negative definite
2-dimensional subspaces of the real vector space Vv0 D V ˝F0;v0 R. Then there is an
isomorphism

D
�
�! SO.Vv0/=Kv0 ; (3.2)

where Kv0 ' SO.m/ � SO.2/ is the stabilizer of a fixed base point of D . To endow D

with a complex structure, we extend the quadratic form C-bilinearly to Vv0;C D Vv0 ˝R C
and identify D with the open subdomain of a quadratic hypersurface in the projective
space P1.Vv0;C/ of C-lines®

C � z 2 P .Vv0;C/ j hz; zi D 0; hz; zi < 0
¯ �
�! D ;

where the map sends z to the plane R Re.z/˚R Im.z/ with the induced orientation. The
tautological line bundle on D has a natural hermitian metric:

jjzjj2 WD �1
2
hz; zi: (3.3)



On the Arithmetic Fundamental Lemma conjecture over a general p-adic field 4843

Its first Chern form
� D �dd c log jjzjj2

is G.R/-invariant and positive. Here we recall the differential operators

d D @C @; d c D
1

4�i
.@ � @/; dd c D �

1

2�i
@@:

The top degree wedge power �m defines an invariant volume form on D .
For a compact open subgroup K � G.A0;f /, consider the complex analytic space

MK.C/ D G.F0/nŒD �G.A0;f /=K�:

We will assume that MK.C/ is compact. When F0 ¤ Q, this holds automatically. The
tautological line bundle on D descends to a line bundle, called the automorphic bundle,
!K on MK and so does its hermitian metric (3.3), which will be called the Petersson
metric jj � jjPet on !K . The first Chern form of the Petersson metric remains � (viewed as
a .1; 1/-form on MK).

Let � D �D be the Laplacian operator on D induced by the Casimir element of the
Lie algebra of SO.Vv0/ and by the isomorphism (3.2). It is a constant multiple of the
Laplacian operator induced by the Petersson metric. An explicit formula will be recalled
below Lemma 3.1, at least for a certain class of functions.

Similar to the hermitian case in Section 2 but only over C, there are special divisors,
also denoted by Z.�; �/, on MK.C/ for every � 2 �.V .A0;f //

K and � 2 F0;C [32].

3.2. Laplacian operator

We recall an explicit formula for the action of the Laplacian � on functions on D D

SO.Vv0/=Kv0 that are left invariant under a subgroup H of the form Hu, the stabilizer
of a non-zero vector u 2 Vv0 (not necessarily with negative norm). Define the majorant
associated to the point z 2 D (see [13, (11.14)]) as

R.u; z/ D �huz ; uzi; (3.4)

where uz denotes the orthogonal projection of u to z.

Lemma 3.1. Let �W .0;1/! C be a real analytic function and let z�.u; z/D �.R.u; z//
be the associated function on the domain .Vv0 �D/ n ¹.u; z/ W uz D 0º. Then

�z� DeD�;

where D is the second order differential operator on .0;1/ given by .the coordinate
being denoted by R/

D� D

�
4R.hu; ui CR/

�
d

dR

�2
C 4.hu; ui C .s0 C 1/R/

d

dR

�
�:
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Proof. It suffices to consider the case hu; ui > 0. Then the general case follows by the
analyticity and the fact that the locus of .u; z/ with hu; ui > 0 is open (and non-empty) in
each of the two connected components of the real analytic manifold .Vv0 �D/ n ¹.u; z/ W

uz D 0º.
Now fix u such that ˛ WD hu; ui > 0. We introduce a normalized version of R.u; z/:

r.u; z/ D
R.u; z/

hu; ui
:

It satisfies the scaling invariance r.�u;z/D r.u; z/ for � 2R� and is clearly left invariant
under the stabilizer H of u.

Let z0 2 D be a base point such that u ? z0. Let K (resp. H ) be the stabilizer of z0
(resp. u). Let Y0 2 g (the Lie algebra of SO.Vv0/) be the element Y0 in [26, Section 1.3]
(also see the proof of [4, Theorem 4.7]). We will not need its precise form, but we point
out that Y0 depends on z0 and that the signature in loc. cit. is of the form .2; m/ rather
than .m; 2/.

For g D exp.tY0/, where expWg! SO.Vv0/ is the exponential map, and z D gz0, one
has

r.u; z/ D sinh2 t

by [4, (4.46)]. Define

ˆ.g/ D �.R.u; gz0//; g 2 SO.Vv0/ nHK:

It is a smooth function on SO.Vv0/ n HK, left H -invariant and right K-invariant. By
Cartan decomposition for the symmetric space HnSO.Vv0/, we have SO.Vv0/ D H �

¹exp.tY0/ W t 2Rº �K. Therefore, to compute�ˆ, it suffices to evaluate .�ˆ/.exp.tY0//.
Then

ˆ.exp.tY0// D �.˛ sinh2 t /:

Denote '.t/D �.˛ sinh2 t /. By [26, Proposition 2.1.1] computing the radial part of the
Casimir operator (we also denote it by � since our Laplacian is defined by the restriction
of the Casimir operator), we have

.�ˆ/.exp.tY0// D
�
d2

dt2
C R.t/

d

dt

�
'.t/;

where R.t/ denotes the function defined in loc. cit.,

R.t/ D mC
�

coth t Cm�� tanh t C 2mC
2�

coth 2t C 2m�2� tanh 2t:

Substitute back R D ˛ sinh2 t . Then by [26, Section 2.3 and (2.5.1)] (where the sub-
stitution was z D � sinh2 t ) and a simple substitution, the differential operator becomes

��.R.u; z// D .D�/.R.u; z//;

where

D� D

�
4R.˛ CR/

�
d

dR

�2
C 4.˛ C .s0 C 1/R/

d

dR

�
�:

This completes the proof.
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Remark 3.2. It is natural to expect the formula to hold for all smooth � by repeating
the proof of [26]. In fact, the proof shows that the formula holds for smooth � when we
restrict the domain to a smaller subset defined by hu; ui > 0.

3.3. A family of Laplacian eigenfunctions

We follow the construction of Oda–Tsuzuki and Bruinier [2,26]. The automorphic Green
function is constructed by a regularization out of the following family of functions on D .

For u 2 Vv0 , we write uz? D u � uz for the orthogonal projection to the (positive
definite) m-dimensional space z?. For u 2 Vv0 with hu; ui ¤ 0, z 2 D and s 2 C, we
define [2, Section 5, (5.4)]

�.u; z; s/D
�. s

2
C
m
4
/

�.sC1/

�
q.u/

q.uz?/

� s
2C

m
4

F

�
s

2
C
m

4
;
s

2
�
m

4
C1; sC1I

q.u/

q.uz?/

�
: (3.5)

Here F.a; b; cI x/ denotes the Gauss hypergeometric function and q.x/ D 1
2
hx; xi. It

follows from the definition that

�.u; z; s/ D �.gu; gz; s/; g 2 SO.Vv0/;

and
�.�u; z; s/ D �.u; z; s/; � 2 R�:

Moreover, it is an eigenfunction for the Laplacian [2, (5.6)]2

��.u; z; s/ D .s2 � s20/�.u; z; s/: (3.6)

Remark 3.3. This function is related to the secondary spherical function �.2/s of Oda–
Tsuzuki [26] as follows. Fix a base point z0 2 D and let u 2 Vv0 be a non-zero vector
such that u ? z0 (and hence hu; ui > 0). Then, by [2, (5.5)]

�.u; gz0; s/ D
�2

�. s
2
�
s0
2
C 1/

�.2/s .g/; g 2 SO.Vv0/:

This shows that �.u; z; s/ and �.2/s .g/ determine each other. Here we recall the definition
of the secondary spherical function �.2/s in [26]. Denote by H D Hu the stabilizer sub-
group of SO.Vv0/ of u 2 Vv0 , and K the compact subgroup of SO.Vv0/ fixing z0 2 D .
Then, by [26, Proposition 2.4.2], there exists a unique family of functions �.2/s for Re.s/
> s0 satisfying the following properties:

(a) �.2/s WSO.Vv0/ nHK ! C is smooth, left H -invariant and right K-invariant;

2Note that our normalization of � corresponds to the Casimir element in [26], which corre-
sponds to the �14� in [26] by [26, Proposition 7.2.1 (3)] with cg D 2 (see the last line in [26, proof
of (7.6.2), p. 530]) and to 8 times the � in [2]. We also refer to the proof of [4, Theorem 4.7] for
the comparison of the normalization on the Laplacian and measures.
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(b) ��.2/s D .s2 � s20/�
.2/
s ;

(c) the function �.2/s .exp.tY0// � log t is bounded as t ! 0C;

(d) it has exponential decay near infinity: �.2/s .exp.tY0//DO.e�.Re.s/Cs0/t / as t!C1.

Moreover, the function �.2/s has a meromorphic continuation to s 2 C. Here Y0 2 g is as
in the proof of Lemma 3.1.

3.4. The automorphic Green function

We now recall from [2, 26] the automorphic Green function G B.�; �/ for each � 2 F0;C,
and � 2 �.V .A0;f //

K . Up to adding a constant this is the same as the Green function in
[3, Section 7.2].

There is a family of smooth functions on MK.C/ n supp.Z.�; �// with a parameter
s 2 C when Re.s/ > s0,

Gs.�; �/ D
X

�.g�1u/ � .�.u; �; s/ � 1gK/; (3.7)

where the sum is over .u; g/ 2 V�.F0/ � G.A0;f /=K. Here we recall that �.u; �; s/ is
defined by (3.5). The sum is absolutely convergent when Re.s/ > s0. Up to a constant,
the function Gs.�; �/ is characterized by the differential equation [2, Theorem 5.7]

�Gs.�; �/C
4s0

�. s
2
�
s0
2
C 1/

ıZ.�;�/ D .s
2
� s20/Gs.�; �/ (3.8)

as an equality of currents of degree 0. Note that here ıZ.�;�/ as a current of degree 0
depends on the choice of a measure in [2, p. 201] (hence it should not be confused with
the canonical current of degree .1; 1/, also denoted by ıZ.�;�/ below (3.11)).

By [2, Corollary 5.9], the above family Gs.�; �/, viewed as distributions, admits a
meromorphic continuation to s 2 C with a simple pole at s D s0 with residue equal to
A.�; �/ D 2

vol.MK /
degZ.�; �/ (as a locally constant function on MK.C/, viewed as a

current of degree 0, see [2, p. 201]). Then the automorphic Green function is defined as
the constant term of the Laurent expansion at s D s0, i.e.

G B.�; �/ D lim
s!s0

�
Gs.�; �/ �

A.�; �/

s � s0

�
: (3.9)

Then by [2, Corollary 5.16],

dd c G B.�; �/C ıZ.�;�/ is a harmonic smooth .1; 1/-form: (3.10)

It follows from (3.8) and (3.9) that we have an equality of currents

�G B.�; �/C 4s0ıZ.�;�/ D 2s0A.�; �/: (3.11)

Remark 3.4. The generating series c0 C
P
�2F0;C

A.�; �/q� for a suitable constant
term c0 is essentially a Siegel–Eisenstein series E.h1; s0; �/ (evaluated at s D s0) of
weight s0 C 1 D dim V=2; see [14, Theorem I] (for F0 D Q) and [2, Section 6.2]. We
will not need this fact.
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3.5. Gaussian and the function Ei

Let z0 2 D be a fixed base point and let u D uC C u� be the orthogonal decomposition
with respect to Vv0 D z

?
0 ˚ z0. Let ˆ0 be the Gaussian function on Vv0 ,

ˆ0.u/ D e
�2�q.uC/C2�q.u�/: (3.12)

Let

ˆC0 .u/ WD .�4�q.uC/C .dimV=2 � 1//e�2�q.uC/C2�q.u�/

D .�4�q.uC/C .dimV=2 � 1//ˆ0.u/: (3.13)

Note that the function ˆ0 (resp. ˆC0 ) has weight dimV
2
� 2 (resp. dimV

2
) under the action

of fSO.2;R/ � zH.F0;v0/ by the Weil representation !.
We recall the exponential integral, defined by

Ei.�r/ D �
Z 1
r

e�t

t
dt; r > 0: (3.14)

It has a logarithmic singularity around 0, more precisely, when r ! 0C,

Ei.�r/ D 
 C log r C
1X
nD1

.�r/n

n � nŠ
;

where 
 is the Euler constant. We would like to compute the action of the Laplacian on
the function Ei.�2�aR.u; z//.

Lemma 3.5. Let u 2 Vv0 be a non-zero vector. In terms of the Iwasawa decomposition
h D

�
1 b
1

��pa
1=
p
a

�
2 zH.F0;v0/, and � D b C ai , we have

�.adimV=2 Ei.�2�aR.u; z//e2�i�q.u// D !.h; g/ˆC0 .u/;

where g 2 G.F0;v0/ D SO.Vv0/ is such that gz0 D z and ˆC0 is defined by (3.13).

Proof. We first compute the first and second derivatives of the function �.r/ WD Ei.�r/D
�
R1
1

e�rt

t
dt :

�0.r/ D r�1e�r ; �00.r/ D �r�2.1C r/e�r :

Now we apply Lemma 3.1. To simplify notation we let r D 2�aR.u; z/:

� Ei.�2�aR.u; z//

D 4
�
�r.2�ahu; ui C r/r�2.1C r/C .2�ahu; ui C .s0 C 1/r/r

�1
�
e�r

D .�r C .s0 � 2�ahu; ui//e
�r

D .�2�aR.u; z/C .s0 � 2�ahu; ui//e
�2�aR.u;z/:

Since hu; ui D 2q.u/ D 2q.uz/C 2q.uz?/ D �R.u; z/C 2q.uz?/, we obtain

� Ei.�2�aR.u; z// D .�4�aq.uz?/C s0/e
�2�aR.u;z/:

Combining (3.1), (3.13) and the formulas for the Weil representation, we complete the
proof.
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3.6. Kudla’s Green function

We now recall Kudla’s Green function, defined for the orthogonal case in [13, Section 11]
(see [19, Section 4B] for the unitary case).

Let h1 D .hv/vj1 2
Q
vj1
zH.F0;v/ and hv D

�
1 bv
1

��pav
1=
p
av

�
�v in the Iwasawa

decomposition. For each non-zero vector u 2 Vv0 , denote by Du � D the divisor of z
with u ? z. Kudla [13] defined a Green function for Du, parametrized by h1 3

G K.u; h1/.z/ D �Ei.�2�av0 R.u; z//; z 2 D nDu: (3.15)

which has logarithmic singularity along Du. Note that this is defined for every non-zero
vector u 2 Vv0 (in particular, u may have null norm). If Du is empty, the function is then
smooth on D . For all non-zero vectors u, we have as currents on D , by [13, Proposi-
tion 11.1],

dd cG K.u; h1/C ıDu is a smooth .1; 1/-form: (3.16)

When u D 0, we set
G K.0; h1/ D � log jav0 j: (3.17)

Continue to let � 2 �.V .A0;f //
K . Now we descend the Green function from Dv0 to

the quotient MK.C/: For all � 2 F0, define

G K.�; h1; �/ D
X

�.g�1u/ � .G K.u; h1/ � 1gK/; (3.18)

where the sum is over .u; g/ 2 V�.F0/ � G.A0;f /=K. This defines a Green function for
the divisor Z.�; �/. For all � 2 F0 we have, as currents on MK.C/,

dd cG K.�; h1; �/C ıZ.�;�/ is a smooth .1; 1/-form; (3.19)

where Z.�; �/ is understood as zero unless � 2 F0;C. Define the special value at h1 D 1:

G K.�; �/ WD G K.�; 1; �/: (3.20)

We define the generating series of Kudla’s Green functions:

G K.h; �/ D
X
�2F0

G K.�; h1; !.hf /�/W
.s0C1/

�
.h1/; h 2 zH.A0/; (3.21)

where the Whittaker function is defined by (1.7). Note that this generating series is under-
stood as a formal sum over � 2 F0 and we call the terms its Fourier coefficients.

We would like to compute the action of the Laplacian operator on Kudla’s Green
functions. Recall that the theta function associated to ˆ 2 �.V .A0// is defined as

�ˆ.g; h/ D
X

u2V.F /

!.g; h/ˆ.u/; g 2 G.A0/; h 2 zH.A0/:

3Here the constants differ slightly from those in [35, Section 12] which should be corrected as
the ones here.



On the Arithmetic Fundamental Lemma conjecture over a general p-adic field 4849

It is well-known that the sum is absolutely convergent and defines a smooth function
on G.A0/ � zH.A0/, invariant under G.F0/ � H.F0/. We often omit the argument when
evaluating it at g D 1 or h D 1.

Lemma 3.6. Let i � 1. Then there exist �i;1 2 �.V .F0;1// of parallel weight s0 C 1
.with respect to the action of

Q
vj1 SO.2;R/ �

Q
vj1
zH.Fv// such that

�iG K.h; �/ D

´
��i;1˝�.h/ � !.h/.�i;1 ˝ �/.0/; i D 1;

��i;1˝�.h/; i > 1:

Here and below, we will view the Fourier coefficients of G K.h; �/ as functions on G.A0/
by the map .g1; gf / 7! Œgv0z0; gf � 2 MK.C/ where the point z0 is also the one used
in (3.13). Moreover, the equality is understood as one between formal series, i.e. the �-th
Fourier coefficients of the two sides are equal for every � 2 F0 and the operator �i is
applied on the left Fourier-coefficient-wise.

Proof. We will always take �i;v to be the standard Gaussian (3.12) for all archimedean
places v ¤ v0. (Strictly speaking, we are defining the Gaussian on a positive definite
quadratic space Vv by (3.12).) At v D v0 we take

�i;v0 D �
i�1ˆC0 ; i � 1;

where ˆC0 is the Schwartz function defined by (3.13). Then they all have weight s0 C 1.
We start with the case i D 1. By Lemma 3.5 and the definition (3.18), we evaluate the

�-th term of (3.21) at Œz; gf � 2MK.C/ where z D g1z0 2 D and gf 2 G.A0;f /,

�G K.�; h; �/.z; gf /W
.s0C1/

�
.h1/ D

X
u2V� .F0/

!..g1; gf /; h/.�1;1 ˝ �/.u/

when � ¤ 0. When � D 0, we need to remove the term corresponding to the zero vector:

�G K.0; h; �/.z; gf /W
.s0C1/

�
.h1/ D

X
u2V�D0.F0/; u¤0

!..g1; gf /; h/.�1;1 ˝ �/.u/:

Note that the term for u D 0 is independent of .g1; gf /,

!..g1; gf /; h/.�1;1 ˝ �/.0/ D !.h/.�1;1 ˝ �/.0/:

This proves the case i D 1.
When i > 1, since the above term for u D 0 is constant in the variable .g1; gf /, it is

annihilated by the operator �i�1. The proof is complete.

3.7. Comparison of the two Green functions

We extend the theorem of Ehlen–Sankaran [5] from Q to any totally real field F0. Our
argument will be close to [18, Section 4.4] where the special case dimV D 3 was proved.
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For notational consistence, with G K.�; h1; �/ defined by (3.18), we define

G B.�; h1; �/ WD G B.�; �/ (3.22)

(see (3.9)). Next we consider the difference

G K�B.�; h1; �/ WD

´
G K.�; h1; �/ � G B.�; h1; �/; � 2 F0;C;

G K.�; h1; �/; otherwise;
(3.23)

as a current on MK.C/. Note that G K�B.�; h1; �/ is a smooth function on the comple-
ment of the support of the divisor Z.�; �/.

Lemma 3.7. For every h1 2
Q
vj1
zH.F0;v/, the difference G K�B.�; h1; �/ extends to a

smooth function on MK.C/ .and will be denoted by the same notation/.

Proof. It suffices to consider the case � 2 F0;C. By (3.10) and (3.19), both G B.�; �/

and G K.�; h1; �/ define Green functions for the same divisor Z.�; �/. Hence the dd c

operator sends their difference to a smooth .1; 1/-form (as currents). Then the elliptic
regularity theorem implies that the current on the compact manifold MK.C/ defined by
G K�B.�; h1; �/ is represented by a smooth function. Since G K�B.�; h1; �/ is smooth on
the complement of the support of the divisor Z.�; �/, it extends to a smooth function on
MK.C/. Alternatively, we may use the local expansion near the singular set Z.�; �/. By
[2, Theorem 5.5] and the obvious analog for Kudla’s Green function, the assertion follows
from the fact that the difference � Ei.�2�aR.u; z// � �.u; z; s0/ is smooth when z is
near Du. This reduces to the fact that

.�Ei.� sinh2 t // � .�2�.sDs0/2 .exp.tY0///

is smooth in a neighborhood of t D 0. The proof is complete.

Consider the space L2.MK.C// (for the fixed volume form) of L2-functions on
MK.C/ with inner product denoted by h�; �i. Then the subspace LC.MK.C// of the
locally constant functions has dimension equal to the number of connected components
of MK.C/. For f 2 L2.MK.C// we denote by f ı the orthogonal projection to the
orthogonal complement of LC.MK.C// in L2.MK.C//. Note that G K�B.�; h1; �/ is
smooth and hence we can define G K�B;ı.�; h1; �/.

Similar to (3.21), we define the generating series,

G ‹.h; �/ WD
X
�2F0

G ‹.�; h1; !.hf /�/W
.s0C1/

�
.h1/; (3.24)

where ‹ represents B;K and K � B respectively. We note that the definition depends on
the fixed archimedean place v0 of F0. Similarly we set

G K�B;ı.h; �/ WD
X
�2F0

G K�B;ı.�; h1; !.hf /�/W
.s0C1/

�
.h1/: (3.25)

Again all of them are understood as formal sums over � 2 F0.
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Lemma 3.8. Let i � 1 and let �i;1 2 �.V .F0;1// be as in Lemma 3.6. Then

�iG K�B.h; �/ D

´
�ı�i;1˝�.h/; i D 1;

��i;1˝�.h/; i > 1;

as functions on G.A0/. .The equality is understood as one between formal series./

Proof. Since � is a self-adjoint operator, the image �G K�B.�; h; �/ must be orthogonal
to LC.MK.C//. In particular,

�G K�B.h; �/ D �G K�B;ı.h; �/:

By (3.11) and Lemma 3.6,

�G K�B.h; �/ D ��1;1˝�.h/

� !.h/.�1;1 ˝ �/.0/ � 2s0
X

�2F0;C

A.�; !.hf /�/W
.s0C1/

�
.h1/:

Note that the subtracted terms in the RHS are all locally constant functions on MK.C/
and hence

�G K�B;ı.h; �/ D �ı�1;1˝�.h/:

The case of i > 1 now follows easily.

Theorem 3.9. Suppose that � 2 �.V .A0;f //
K is invariant under KzH �

zH.A0;f /
by the Weil representation. The generating series G K�B;ı.h; �/ lies in the space
A1.zH.A0/; KzH; dim V=2/, in the sense that, for every point Œz; g� 2 MK.C/, the
value of the generating series at Œz; g� is the Fourier expansion of some element in
A1.zH.A0/;KzH; dimV=2/.

Proof. The proof is similar to that of [18, Theorem 4.4] except we need to justify the
asserted properties of the function in the zH.A0/-variable. Fix � and denote

'.g; h/ D G K�B;ı.h; �/.g1z0; gf /; g 2 G.A0/: (3.26)

The strategy is to show that the image of '.g; h/ under the Laplacian operator has the
asserted properties and then we use the spectral theory to recover the corresponding prop-
erties of '.g; h/.

We use the spectral theory of � on the compact manifold MK.C/ D j̀ �j nD . It
suffices to consider each connected component of MK.C/, say of the form M D �nD .
Consider the space L2.M/. Denote the eigenvalues of �� with multiplicities by

�0 D 0 < �1 � �2 � � � �

with the eigenfunctions
��'i D �i'i ;

which are smooth and normalized by h'i ; 'i i D 1. Here '0 is the constant function 1
vol.M/

.
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We claim that for an integer N � 3.dimRM=2C 1/, the kernel function

KN .x; y/ WD
X
i>0

1

�Ni
'i .x/'i .y/; x; y 2M; (3.27)

is a continuous function on M �M . In fact, by [2, Lemma 5.11 (2)], for any integer
N0 > dimRM=2, there exists a constant C > 0 such that

jj'i jjL1 � C�
N0
i for all i � 1.

It follows that when N � 3N0,X
i>0

1

�Ni
j'i .x/'i .y/j �

X
i>0

1

�Ni
jj'i jj

2
L1 � C

2
X
i>0

1

�Ni
�
2N0
i

� C 2
X
i>0

1

�
N0
i

<1 ([2, Lemma 5.11 (1)]):

Therefore the sum in (3.27) converges absolutely and uniformly in .x; y/ 2M �M .
Let ˆN D �N;1 ˝ � 2 �.V .A0// for N � 1, where �N;1 2 �.V .F0;1// is as in

Lemma 3.6. Note that �1;1 D ˆC0 from (3.13). Then we have a spectral expansion

�ıˆ1.g; h/ D
X
i>0

'i .gz0/�
'i
ˆ1
.h/; (3.28)

where �'iˆ1 is the “theta lifting” of 'i , defined by

�
'i
ˆ1
.h/ WD h�ˆ1.�; h/; 'i i:

The theta function �
ĵ
.�; �/ is smooth on G.A0/ � zH.A0/, left G.F0/ �H.F0/-invariant

with parallel weight dimV=2 under
Q
vj1

fSO.2;R/ �
Q
vj1
zH.F0;v/.

By Lemma 3.8, the function '.�; h/ is the unique solution to �' D �ˆ.g; h/ and
h'; '0i D 0. We have

'.g; h/ D
X
i>0

h'.�; h/; 'i i'i .g/;

where by [2, Lemma 5.11 (4)] the sum is absolutely convergent, uniformly in g, by the
smoothness of '.�; h/ (for every given h). The coefficients are

h'.�; h/; 'i i D �
1

�i
h'.�; h/;�'i i

D �
1

�i
h�'.�; h/; 'i i (self-adjointness of �)

D �
1

�i
h�ˆ1.�; h/; 'i i (Lemma 3.8)

D �
1

�i
�
'i
ˆ1
.h/:
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It follows that
'.g; h/ D �

X
i>0

1

�i
�
'i
ˆ1
.h/'i .g/:

Using �N'.g; h/ D �ˆN .g; h/, the same argument shows that for all N � 1,

'.g; h/ D �
X
i>0

1

�Ni
�
'i
ˆN
.h/'i .g/:

When N is large enough, by the continuity of the kernel function KN we have

'.g; h/ D h�N'.�; h/;KN .�; g/i:

It follows from this and the properties of the theta function �ˆN stated above that the
function '.g; �/ is smooth on zH.A0/, and left H.F0/-invariant with weight dimV=2.

Remark 3.10. The projection of the generating series G K.h; �/ and G B.h; �/ in (3.24)
to the finite-dimensional space LC.MK.C// of locally constant functions is essentially
understood, by Garcia–Sankaran [7, Theorem 5.10] and Bruinier [2] respectively. We will
not need these results in this paper.

Remark 3.11. In the case F0 D Q, the theorem of Ehlen and Sankaran shows that the
function G K�B.h; �/ has at worst “exponential growth at1” [5, Definition 2.8, p. 2104].

Corollary 3.12. Let � be as above. The generating function G K�B.h; �/, when
evaluated at a degree-zero .on every connected component/ zero-cycle, lies in
A1.zH.A0/;KzH; dimV=2/.

3.8. Back to hermitian spaces

We now return to the set up in Section 2. In particular, V is an F=F0-hermitian vec-
tor space of F -dimension n. Then the two Green functions are defined similarly to the
orthogonal case; see [35, Section 8.3] for details. Let � be a place of F and let v0 be
the unique place of F0 below �. Define G K�B.h; �/ similarly to (3.24), as a function on
M zK ˝F;� C. Note that now the Weil representation of zH.A0/ factors through H.A0/.

Theorem 3.13. Suppose that � 2 �.V .A0;f //
K is invariant underKH �H.A0;f / by the

Weil representation. Then the generating function G K�B.h; �/, when evaluated at degree-
zero .on every connected component/ zero-cycle, lies in A1.H.A0/;KH; n/.

Proof. This is standard by the pull-back of the assertion of Corollary 3.12 for the induced
quadratic space V ; cf. [19, Section 3.B].

4. Almost modularity

In this section, we describe the simple arithmetic intersection theory we use in this paper.
It is modeled on [1] and takes into account the fact that our integral models are only
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defined away from finitely many primes. Let S be a finite set of non-archimedean primes
of a number field F and X! SpecOFŒS

�1� a regular, flat and proper scheme with smooth
generic fiber X .

4.1. Admissible extension

Recall that the arithmetic Chow group cCh1.X/ (with Q-coefficients) is generated by arith-
metic divisors, i.e. Q-linear combinations of tuples .Z; gZ/, where Z is a divisor on X

and gZ D .gZ;v/vWF!xQ a tuple of Green functions for the divisors Zv.C/ on the com-
plex manifold Xv.C/ with respect to vWF ,! xQ � C (see [8, Section 3.3]). Its relations
are given by the Q-span of principal arithmetic divisors, i.e. tuples associated to rational
functions f 2 F.X/�:

.div.f /; .� log jf j2v/v2HomQ.F; xQ//: (4.1)

If for example F D Q, then .Xp; 0/ D .0; 2 log jpj/ in cCh1.X/, where Xp is the fiber
of X over a prime p. In case p 2 S and hence Xp D ;, this means .0; 2 log jpj/ D 0 incCh1.X/.

Fix a Kähler metric on eachXv.C/. It induces a Laplace operator on differential forms
on Xv.C/. We call a Green function gZ;v admissible (with respect to the chosen metrics)
if

dd c gZ;v C ıZ D !Z;v; (4.2)

where !Z;v is a harmonic .1; 1/-form. An admissible Green function exists for every
divisor and is unique up to adding a locally constant function, i.e. a function that is con-
stant on each connected component of Xv.C/. We denote by cCh1;adm.X/ the subgroup
of cCh1.X/ generated by .Z; gZ/ with all gZ;v admissible. Note that principal arithmetic
divisors are admissible since for these, !Z;v D 0 in (4.2). So an arithmetic divisor defines
an admissible Chow class if and only if it is itself admissible.

Consider the subgroup of cCh1;adm.X/ spanned by the classes of .0; c/ with c D .cv/v
a tuple of locally constant functions on the Xv.C/:cCh11.X/ WD span ¹.0; c/ j c locally constantº � cCh1;adm.X/:

These are the arithmetic divisors “supported at archimedean places”. Then there is a nat-
ural map cCh1;adm.X/cCh11.X/

! Ch1.X/; (4.3)

sending (the equivalence class of) .Z; gZ/ to the generic fiber of Z.

Lemma 4.1. Assume further that X is smooth over SpecOFŒS
�1�. Then the map (4.3) is

an isomorphism.

Proof. The map cCh1;adm.X/!Ch1.X/ is surjective; its kernel is generated by all vertical
classes. Those are the elements of cCh11.X/ and the vertical classes at the non-archimed-
ean primes, i.e. classes of the form .Z; 0/ with Z � Xv for some non-archimedean place
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v … S . For dimension reasons, any such Z is a Q-linear combination of irreducible
components of the fiber Xv . Since X is assumed to be smooth, those are actually the
connected components of Xv .

The Stein factorization X ! SpecR ! SpecOFŒS
�1� has the property that R D

OX.X/ agrees with the normalization of OFŒS
�1� in F.X/ (see [31, Tag 03H0]). The

connected components of Xv are then in bijection with jSpecR=pvj. By finiteness of the
class number of R, each is equivalent to an element of cCh11.X/, as was to be shown.

4.2. S -punctured arithmetic intersection pairing

We come to the arithmetic intersection pairing (see [1, Section 2.3]). Assume in the fol-
lowing that X is smooth over OFŒS

�1�; write

RS WD R=spanQ ¹log jqvj j v 2 Sº:

This quotient is viewed as a Q-vector space.

Definition 4.2. Let zZ1.X/ be the group of 1-cycles on X. Define Z1.X/ as the quotient
of zZ1.X/ by the subgroup generated by 1-cycles that are rationally trivial on a closed
fiber of X. The latter means div.f / D 0 whenever Y � Xv is a 2-dimensional integral
closed subscheme in a special fiber and f 2 Fv.Y /� a meromorphic function.

Then we have an arithmetic intersection pairing, adapting the definition in [1, Sec-
tion 2.3] to our S -punctured scheme X,cCh1.X/ � zZ1.X/! RS ; (4.4)

which factors through a pairing

.�; �/WcCh1.X/ �Z1.X/! RS (4.5)

by [1, Proposition 2.3.1 (ii)]. We call it the S -punctured arithmetic intersection pairing
and next give its definition in terms of properly intersecting representatives. Assume that
Z �X is a closed subscheme of codimension 1, viewed as a divisor, and C �X a closed
curve such that Z \ C is artinian. Let gZ D .gZ;v/vWF!xQ be a family of Green functions
for Z. Then

..Z; gZ/; C / D log jOZ\C j C
1

2

X
vWF!xQ

gv.C.Cv//: (4.6)

Extending this relation Q-linearly in both arguments determines (4.5) uniquely. Let now
Z1.X/degD0 be the subgroup of Z1.X/ consisting of 1-cycles with vanishing degree on
each connected component of the generic fiber of X. Then there is an induced Q-bilinear
pairing

.� ; �/W
cCh1.X/cCh11.X/

�Z1.X/degD0 ! RS ;
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which we may restrict to the admissible classes

.� ; �/W
cCh1;adm.X/cCh11.X/

�Z1.X/degD0 ! RS : (4.7)

By Lemma 4.1, we obtain a Q-bilinear pairing

.� ; �/admWCh1.X/ �Z1.X/degD0 ! RS : (4.8)

Note again that the above are all pairings between Q-vector spaces only.

4.3. Application: An almost modularity

We now return to the case of our Shimura variety M DM zK and the integral model M D

M zK over SpecOFŒd
�1� defined in Section 2. We endow the automorphic line bundle !

with its Petersson metrics jj � jjPet at the archimedean places and use the induced Kähler
metric to define the notion of admissible extension in Section 4.1. Recall that we defined
a divisor Z.h; �/ 2 Ch1.M/ for each � 2 �.V .A0;f //

K and h 2 H.A0/ in Section 2.4.
Then we can apply the pairing (4.8) to obtain an “almost modularity” result:

Theorem 4.3. Suppose that � 2 �.V .A0;f //
K is KH-invariant under the Weil represen-

tation. Let z 2 Z1.M/degD0. Then the generating function H.A0/ 3 h 7! .Z.h; �/; z/adm

lies in Ahol.H.A0/;KH; n/ xQ ˝ xQ RS; xQ, where RS; xQ WD RS ˝Q xQ.

Proof. This follows from Theorem 2.4.

To apply this result, we still need to find a convenient lifting ofZ.�;�/ to cCh1;adm.M/.
We can do so whenever � factors as �D �d˝ 1 yƒd as in (2.7), which we assume from now
on. Then, for � 2 F0;C, we endow the integral KR divisor Z.�; �/ with the automorphic
Green function G B.�; �/ to define an arithmetic KR divisor

yZB.�; �/ D
�
Z.�; �/; .G B

� .�; �//�
�
2 cCh1.M/: (4.9)

Since the automorphic Green function is admissible by (3.10), we even have yZB.�; �/ 2cCh1;adm.M/. For � D 0, we setbZB.0; �/ D ��.0/ c1.y!/ 2 cCh1;adm.M/; (4.10)

where y! D .!M; jj � jjPet/ is any extension of the automorphic line bundle ! to a line
bundle !M on the integral model M, endowed with its Petersson metric.

Finally, we define a family of arithmetic divisors with Kudla’s Green function: for
� 2 F �0 ,

yZK.�; h1; �/ WD
�
Z.�; �/; .G K

� .�; h�jF0
; �//�

�
2 cCh1.M/; (4.11)

and for � D 0,

yZK.0; h1; �/ D ��.0/c1.y!/C
�
0; .G K

� .0; h�jF0
; �//�

�
; (4.12)
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where h1 D .hv/vj1 2 H.F0;R/ (see (3.18)). The special value at h1 D 1 is denoted by

yZK.�; �/ WD
�
Z.�; �/; .G K

� .�; �//�
�
2 cCh1.M/; � ¤ 0 (4.13)

(see (3.20)).

Part II
Intersection with CM cycles

5. CM cycles

5.1. Derived CM cycles

This section recapitulates the definition of the derived CM cycle in [35, Section 7]. Recall
from Section 2 that MDM zK! SpecOFŒd

�1� denotes the integral model of the Shimura
variety for group zG and level zK. Let F Œt �ıdegn denote the monic polynomials ˛ of degree
n such that ˛.0/tn˛.t�1/ D ˛.t/. For example, the F -linear characteristic polynomial of
an element of G.F0/ D U.V /.F0/ lies in F Œt �ıdegn.

Assume that .A0; A; x�/ 2M.S/ with S connected and that ' 2 EndıF .A/. Pick any
point s 2 S and a prime ` that is invertible in s. Then ' acts F -linearly on the `-adic
rational Tate module V`.A/ and its Q` ˝Q F -linear characteristic polynomial is known
to have coefficients in F . It is moreover independent of the choice of s and ` and we
denote it by char.'/.

Definition 5.1. Let ˛ 2F Œt �ıdegn and� 2KdnG.F0;d/=Kd. The big fat CM cycle C.˛;�/

!M is the scheme representing the functor taking S=OFŒd
�1� to the set of isomorphism

classes in²
.A0; A; x�; '/

ˇ̌̌̌
.A0; A; x�/ 2M.S/ and ' 2 EndOF .A/Œd

�1� with
'��A D �A, char.'/ D ˛ and �'��1 2 � for � 2 x�

³
:

An auxiliary role is played by the Hecke correspondence Hk� defined by �. It is, by
definition, the scheme representing the functor taking S=OFŒd

�1� to the set of isomor-
phism classes in8<:.A0; A; x�A; B; x�B ; '/

ˇ̌̌̌
ˇ̌ .A0; A; x�A/; .A0; B; x�B/ 2M.S/ and

' 2 HomOF .A;B/Œd
�1� with

'��B D �A and �B'��1A 2 � for �A 2 x�A, �B 2 x�B

9=; :

The natural map
Hk� !M �SpecOFŒd�1� M (5.1)

is then finite. It is immediate from the moduli descriptions that there is a decomposition

Hk� �M�SpecOFŒd�1�
M �M D

a
˛2F Œt�ıdegn

C.˛; �/: (5.2)
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As (5.1) is a finite map, only finitely many of the C.˛; �/ are non-empty. Moreover, one
sees that each map C.˛;�/!M is finite and unramified, which is [35, Proposition 7.9].
From F0 ¤ Q it follows that C.˛; �/! SpecOFŒd

�1� is proper.
We assume from now on that ˛ is irreducible. Then E WD F Œt �=.˛.t// is a degree n

field extension of F . It comes with a distinguished root of ˛, namely the image of t . The
Galois involution of F=F0 extends to E by letting t 7! t�1 and we denote by E0 its fixed
field. Whenever .A0; A; x�; '/ 2 C.˛; �/ one gets a �-embedding

E ! Endı.A/; t 7! ';

meaning an embedding that is equivariant for the Galois involution on the left and the
Rosati involution on the right. It follows from the classification of endomorphism rings
of abelian varieties (see [25]) that C.˛; �/ ¤ ; only for ˛ such that E0 is totally real
and (then necessarily) E=E0 a quadratic CM extension. We assume that this is the case
and make the further assumption that ˛ is the characteristic polynomial of some element
of G.F0/.

The generic fiberC.˛;�/ of C.˛;�/ is then 0-dimensional as it consists of points with
CM by E, but the integral structure may still be complicated, depending on the OF -order
generated by ˛. We set

LCM.˛; �/0 WD ŒOHk�
L
˝O�M

�jC.˛;�/ 2 K
0
0.C.˛; �//:

Here K 00.C.˛; �// denotes the K-group of coherent sheaves with Q-coefficients on the
scheme C.˛;�/. Concretely, LCM.˛;�/0 is defined as follows. The cohomology sheaves

E i DH i .OHk�
L
˝O�M

/ have support on the intersection (5.2). Let E i jC.˛;�/�E i denote
the direct summand supported on C.˛; �/. Then

LCM.˛; �/0 D
X
i2Z

.�1/i ŒE i jC.˛;�/�;

where ŒE� denotes the class of E in K 00.C.˛; �//. The non-trivial statement now is that
LCM.˛; �/0 lies in the filtration step generated by sheaves supported on 1-dimensional
subschemes, denoted as F1K 00.C.˛; �// in [35, Appendix B]. Given a coherent sheaf
F on C.˛; �/ with �1-dimensional support C , one constructs a 1-cycle as follows. Let
�1; : : : ; �r be the generic points of the 1-dimensional irreducible components of C . Let
Ci denote the closure of �i with reduced scheme structure. Then take

rX
iD1

lenOC;�i
F�i � ŒCi � 2

eZ1.M/:

Since C.˛; �/ is itself 1-dimensional away from a finite set of primes, this descends to
the K-group as a well-defined map

F1K
0
0.C.˛; �//! Z1.M/:

We define LCM.˛; �/ as the image of LCM.˛; �/0 in Z1.M/. This definition easily
extends to a weighted version; compare [35, (7.16)].
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Definition 5.2. For ' 2 �.KdnG.F0;d/=Kd;Q/ a Hecke function at d, we set

LCM.˛; '/ WD
X

�2KdnG.F0;d/=Kd

'.�/ LCM.˛; �/ 2 Z1.M/:

5.2. Elementary CM cycles

We fix ˛ as in the previous section, in particular we assume that E is a CM field. We
writeF 1D¹x 2ResF=QGm jNF=F0.x/D 1º andFQ WDZQ in this section. We similarly
define the two toriE1 D ¹x 2 ResE=QGm jNE=E0.x/D 1º andEQ D ¹x 2 ResE=QGm j

NE=E0.x/ 2 Gmº. Consider the product torus

T WD FQ
�Gm E

Q �
�! FQ

�E1:

Given a �-embedding � WE ! End.V /, we have

�.EQ/ D �.E/ \GQ:

Hence any such � induces an embedding � W T ! zG by taking the identity on the FQ-
factors. Moreover, � makes V into a 1-dimensional E=E0-hermitian space by lifting
the hermitian form along the trace trE=F . It is of signature .0; 1/ at precisely one place
'00WE0 ! R which has to lie above '0. Let ˆ0 denote the inverse image of ˆ under the
restriction map Hom.E;C/! Hom.F;C/, which is a CM type for E. Define a Shimura
datum hT for T where the FQ-component is (2.1) and where the E1-component is given
by

.hT;'0/'02ˆ0 WResC=R Gm ! E1R
�
�!

Y
'02ˆ0

C1 (5.3)

with

hT;'0.z/ D

´
1 if '0 ¤ '00;

z=z if '0 D '00:

Then � becomes a map of Shimura data, i.e. � ı hT 2 ¹zhº, and we denote by E the reflex
field of hT . It contains F, as well as E via '00.

Definition 5.3. Let � WE ! End.V / be a �-embedding, g 2 G.A0;f / any element, and
denote by C.�; g/ the discrete Shimura variety (over E)

C.�; g/ WD ŒT .Q/nT .Af /=�
�1.g zKg�1/�:

It naturally maps to the Shimura variety E˝F Mg zKg�1 . Applying the Hecke isomorphism

g zKWMg zKg�1 !M zK defines the so-called elementary CM cycle

C.�; g/! E˝F M zK :

Let C.�; g/ ! SpecOEŒd
�1� denote the integral model obtained from the normal

closure of OE in the generic fiber C.�; g/. It defines an element of Z1.OE ˝OF M/ (see
Definition 4.2).



A. Mihatsch, W. Zhang 4860

5.3. Connected components

The group zG D FQ �Gm G
Q.V / has center Z D FQ �Gm F

Q. Using the isomorphism

zG
�
�! FQ

�G; .z; g/ 7! .z; z�1g/;

and the fact that the derived group of G is SU.V /, one sees that Z is also the maximal
abelian quotient of zG,

� W zGab �
�! Z; .z; g/ 7! .z; z1�n det.g//:

Proposition 5.4. Taking C-points with respect to the inclusion F � C, the map

M zK.C/ D
zG.Q/nX � zG.Af /= zK ! Z.Q/nZ.Af /=�. zK/; Œx; h� 7! �.h/;

induces a bijection on connected components.

Proof. This is a direct application of [24, Theorem 5.17]. The derived group zGder equals
SU.V /, which is a form of SLn and consequently simply connected. It follows that one
may apply the cited result to obtain

�0.MK.C// Š Z.Q/
�
nZ.Af /=�. zK/;

whereZ.Q/� WDZ.Q/\ Im.�jZ.R/WZ.R/!Z.R//. In the case at hand, the real points
Z.R/ are connected and hence the map �jZ.R/ is surjective. It follows that Z.Q/� D
Z.Q/, which concludes the proof.

The degree of an elementary CM cycle C.�;g/, viewed as a function on �0.M zK.C//,
may be understood through Proposition 5.4 as well. Namely, independently of � , the
composition � ı � equals

� WD .id; NE=F /WFQ
�E1 ! FQ

� F 1; (5.4)

where we have used the identification Z Š FQ � F 1, .z1; z2/ 7! .z1; z
�1
1 z2/, for the

target. The degree of C.�; g/ is then a scalar multiple of the characteristic function
1�.g/Im.�.Af //�. zK/

. We now transfer this observation to big fat CM cycles.

Proposition 5.5. The CM cycle C.˛; �/ is a union of elementary CM cycles in the sense
that there exists a finite set .�i ; gi /i2I of pairs as in Definition 5.3 such that over C,

C.˛; �/ D
X
i2I

C.�i ; gi /: (5.5)

Proof. The translation between moduli and group theory description of the complex
points M zK.C/ is given in [28, Theorem 3.5]: For a point A D .A0; A; x�/ 2 M zK.C/,
the n-dimensional F -vector space

W.A/ WD �HomF

�
H1.A0.C/;Q/;H1.A.C/;Q/

�
(5.6)
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is isometric to V . Transport de structure of the complex structure on HomF .LieA0;LieA/
and the level structure x� along any choice of isometry 
 WW.A/ ��! V defines a point
Œx; g zK� 2 X � zG.Af /= zK whose zG.Q/-orbit represents A.

For a fixed A and a fixed isometry 
 , corresponding to Œx; g zK�, the F -linear, polar-
ization-preserving quasi-endomorphisms ' of A with characteristic polynomial ˛ are in
bijection with the set

¹u 2 G.F0/ j char.u/ D ˛; uxu�1 D xº;

the bijection being ' 7! 
'
�1. Elements u 2 G.F0/ with char.u/ D ˛ in turn are in
bijection with �-embeddings � WE ! End.V / via �.t/ WD u. (Here, t continues to denote
the distinguished element of E D F Œt �=˛.t/.) Given u, or equivalently � , denote its cen-
tralizer in G by Tu. Then x factors over Tu;R and is, in fact, uniquely determined by the
property that the composite map

C�
x
! Tu;R

��1

! TR

equals (5.3). Taking the level structure into account, one obtains

C.˛; �/ D zG.Q/n¹.x; g; u/º; (5.7)

where x 2 X; g 2 zG.Af /= zK; u 2 G.F0/ and the zG.Q/-action are as follows:

(1) The characteristic polynomial of u is ˛. Let Tu be its centralizer; use � W t 7! u as
above to identify it with T .

(2) The map xWC� ! zGR is determined by u as explained above.

(3) The level structure datum g zK and u are compatible with � in the sense that u 2
g�g�1.

(4) The action of zG.Q/ on such triples is componentwise. It is the usual action on x and
g and the conjugation action on u.

All that is left is to rewrite (5.7) in terms of elementary CM cycles. For this we fix repre-
sentatives ui for G.F0/n¹u 2 G.F0/ j char.u/ D ˛º and decompose � as

� D
a
j2J

zKmj :

Let �i W T ! zG be the �-embedding corresponding to ui with image Ti . Let xi 2 X be
the point determined by �i . Then

C.˛; �/ D
X
i;j

Ti .Q/n
� X
g2 zG.Af /= zK

1.g zKmjg�1/
.ui / � .xi ; g; ui /

�
D

X
i;j

X
xg2Ti .Af /n zG.Af /= zK

1
xg zKmj xg

�1.ui / � Ti .Q/n
� X
s2Ti .Af /=Ti .Af /\xg zKxg�1

.xi ; sg; ui /
�
:
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Here, the intersection Ti .Af / \ xg zKxg�1 is independent of the chosen representative xg.
The innermost sum agrees with

ŒTi .Q/nTi .Af /=.Ti .Af / \ xg zKxg
�1/� � xg zK;

which is precisely the elementary cycle C.�i ; xg/.

Corollary 5.6. The degree of C.˛;�/, as a function on the set of connected components,
is constant along Im.�.Af //-cosets.

Proof. Each of the cycles C.�i ; gi / in (5.5) has degree function a scalar multiple of the
indicator function of a double coset 1Im.�.gi /�.Af //�. zK/

.

5.4. Prescribed good reduction

It is the derived cycle LCM.˛; �/ that is of interest in the context of the AFL. The
following result allows us to suitably modify the cycle by elementary CM cycles with
maximal level at the prime one is interested in. Write ƒ D ƒd � V for the OF Œd�1�-
lattice used to define the level structure away from d in Section 2.2.

Proposition 5.7. Let p − d be a prime. There exists a �-embedding � WE! End.V / such
that ƒp is OE;p-stable. For any such � there are pairs �j 2 Q, gj 2 G.A

p

0;f
/, with

j 2 J finite, such that C.˛; �/ �
P
j2J �j � C.�; gj / has degree zero on each connected

component of M zK.C/.

Proof. For the first statement, it is enough to find a �-embedding � such that there is
some self-dual OE;p-lattice in Vp . Indeed, the group U.Vp/ acts transitively on the set of
self-dual lattices in Vp . The claim then follows from the fact that U.V / is dense in U.Vp/,
which allows us to conjugate � suitably.

We have assumed that ˛ is the characteristic polynomial of an element of G.F0/, so
there exists some �-embedding � and we fix one. Let w be a place of F0 above p and let
Vw be the corresponding factor of Vp . If w is split in F , then all places v of E0 above w
are also split (in E) and the existence of a self-dual OE;w -lattice in Vw is automatic.

So assume that w is inert in F and consider the orthogonal decomposition

Vw D Vw;split �
Y

vjw non-split

Vv;

where the split factor is the product of all factors for places v jw of E0 that split in E
and where the remaining factors are for the inert v. (Note that v is necessarily inert if it
is non-split because w is inert in F .) We claim that a self-dual OE;w -lattice exists if and
only if all inert factors Vv are quasi-split as Fw -hermitian spaces, i.e. have discriminant
in NF=F0.F

�
w /. Namely in this case let L � Vv be any OE;v-lattice. Then the dual lattice

L_ is also OE;v-stable and hence of the form L_ D �rL where � 2 Ev is a uniformizer.
The index ŒL W �rL� is even since Vv is assumed to be quasi-split, but it also equals rf
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where f is the inertia degree of Ev=Fw . This degree is necessarily odd, so r has to be
even and �r=2L is a self-dual lattice.

Since Vw is itself quasi-split, there is an even number of “bad” non-quasi-split fac-
tors Vv . We claim that one may suitably replace those in a sense we now explain. Lifting
the hermitian form along trE=F makes V into a 1-dimensional hermitian E-vector space.
Changing its discriminant at the evenly many “bad” v just exhibited defines a new 1-
dimensional E=E0-hermitian space V 0. Composing its hermitian form again with trE=F
defines an n-dimensional hermitian F -vector space V 0 together with a �-embedding � 0W
E ! End.V 0/.

We claim that V Š V 0 as hermitian F -vector spaces and that all inert factors V 0v of V 0

are quasi-split. Indeed, the localizations Vu and V 0u are isomorphic for all places u ¤ w
of F0 by construction. Since V and V 0 must differ at an even number of places, this
already implies V Š V 0 over F . The claim on the inert factors of V 0 follows from the ele-
mentary fact that two Ev-hermitian spaces are isomorphic if and only if their restrictions
to Fw along the trace of Ev=Fw are. Taking � WE ! End.V / as the embedding induced
from some choice of isometry V Š V 0 concludes the proof of the first statement in the
proposition.

Now fix � such that ƒp is OE;p-stable. Let

J WD Z.Q/nZ.Af /=�. zK/Im.�.Af //:

For each j 2 J choose some element gj 2G.A
p

0;f
/ lifting j . Note for the existence of gj

that �jFQ is the identity and we are merely considering j up to Im.�.Af //. So we only
need weak approximation for F 1 (i.e. the density of F 1.Q/ � F 1.Qp/), which follows
from the fact that any element of F 1.Qp/ is of the form x=�.x/ with x 2 F �.Qp/. Then
we use the surjectivity of � WG.Af /! F 1.Af /. Setting

�j WD
degC.˛; �/j
degC.�; gj /

;

where C.˛; �/j is the part of the cycle contained in the connected components bundled
by j , constructs the sought for .�j ; gj / by Corollary 5.6.

6. Elementary CM cycle intersection

6.1. Main result

Throughout this section, � WE ! End.V / is a �-embedding such that ƒŒd�1� is stable
underOE Œd�1� and g 2 G.F0;d/. Let C WD C.�; g/ be the corresponding elementary CM
cycle, and denote by C WD C.�;g/ 2Z1.OE˝OF M/ its integral model viewed as a cycle.

Also, � D �d ˝ 1 yƒd 2 �.V .A0;f //
K will always denote a Schwartz function that is

the standard function away from d. Even though all definitions and results in the following
only depend on the �d-component, we will usually use � in our notation.
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The arithmetic intersection formalism from Section 4.2 provides intersection numbers

. yZK.�; h1; �/; C/ 2 Rd

for � 2 F0 and h1 2H.F0;R/. The result below relates these to the Fourier coefficients of
a modular function. Since h1 is allowed to vary, it will be slightly stronger to formulate
this for uniform (in h1) lifts to R. To this end, denote by

h yZK.�; h1; �/; Ci 2 R

the following smooth function in h1. If � ¤ 0, it is the intersection number in the sense
of formula (4.6); Theorem 6.9 below shows that Z.�; �/ \ C is artinian for � ¤ 0, so
(4.6) is applicable. For � D 0, in accordance with definition (4.12), choose any lift � of
.��.0/c1.y!/;C/ to R, then put

h yZK.0; h1; �/;Ci D �C
˝�
0; .G K

� .0; h�jF0
; �//�

�
;C
˛
: (6.1)

For each non-archimedean place v of F0, we define a distinguished maximal compact
open subgroup of H.F0;v/ by

KıH;v WD m
0.cv/

�1H.OF0;v/m
0.cv/; (6.2)

where cvOF0;v D ıF0=Q;v and m0.cv/ D
�
cv
1

�
(note that m0.cv/ is in GL2.F0;v/ rather

than SL2.F0;v/). Set Kd;ı
H D

Q
v−dK

ı
H;v .

Theorem 6.1. Assume that the CM type ˆ is unramified at all p − d in the sense below.
Assume further that �d 2 �.V .F0;d//

Kd�KH;d is KH;d-invariant under the open compact
subgroup KH;d � H.F0;d/ and put

KH D KH;d �K
d;ı
H :

Then there exist coefficients "� 2
P
`jd Q log ` when � ¤ 0, resp. "0 2 R, such that the

generating series X
�2F0

Œ"� C h yZ
K.�; h1; �/; Ci�W

.n/

�
.h1/ (6.3)

is the restriction to h1 2 H.F0;R/ of some element in A1.H.A0/;KH; n/.

Definition 6.2. The CM type ˆ is unramified at a prime p if it satisfies the following
condition. For any choice of isomorphism �WC ��! Cp (equivalently, for one choice), the
resulting p-adic CM type � ıˆ is the inverse image under Hom.Fp;Cp/!Hom.F up ;Cp/
of a p-adic CM type ˆu for F up . Here, F up denotes the maximal subalgebra of the p-adic
completion Fp that is unramified over Qp .

Assuming that ˆ is unramified simplifies the computation of intersection numbers in
that it allows one to apply the comparison isomorphism from [23]. It is also the assump-
tion that makes the arguments of Howard [10] from the case F0 D Q go through without
essential changes. (Note that ˆ is trivially unramified if F0 D Q.)
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The proof of Theorem 6.1 is by computing the intersection numbers in question and
comparing them with the Fourier coefficients of a known-to-be-modular analytic gener-
ating series, which is carried out in the current section and the next. The final assembly
of results will happen after Proposition 7.8. The following remark provides two a priori
reduction steps.

Remark 6.3. (1) An immediate relation for the intersection numbers of interest is

h yZK.�; h1; �/; C.�; g/iOE˝OF M zK
D h yZK.�; h1; g�/; C.�; 1/iOE˝OF M

g zKg�1
;

where the two intersections are taken for the Shimura variety of the indicated level (after
base change toOEŒd

�1�). In particular, we may (and will) assume that gD 1 from now on.
(2) Extending the base field from E to E0 in the above definition multiplies the

intersection numbers by ŒE0 W E�. So we may replace E by a larger number field and
assume in the following that all the points C.C/ are defined over E. Moreover, we
are free to compute the intersection numbers on the normalization of C and will take
C WD

`
C.E/ SpecOEŒd

�1� in the following.

6.2. The intersection

The definition of the elementary CM cycle C is in terms of Shimura data. We now explain
why its points correspond to abelian varieties with OE Œd�1�-action under the isomor-
phism Sh zK. zG; ¹zhº/ Š M zK . To this end, we recall some details of the construction of
this map that will not be used elsewhere: To a Deligne homomorphism that occurs in the
conjugacy class of the Shimura datum,

zh D .hZQ ; h/WC ! .R˝Q F / � EndR˝QF .R˝Q V /;

one associates the two complex tori

A00 D .R˝Z ƒ0/=ƒ0; A0 D .R˝Z .ƒ0 ˝OF ƒ//=.ƒ0 ˝OF ƒ/;

where the complex structures are given by zh. Here, ƒ0 is an invertible OF -module
together with an F -valued hermitian form . ; /0 such that ƒ0Œd�1� is self-dual with
respect to the Q-valued alternating pairing trF=Q��1. ; /0; the element � 2 F � is an aux-
iliary choice of traceless element as in [28, Section 3.1]. The forms onƒ0 andƒ0˝OF ƒ
then define quasi-polarizations on A00 and A0 that are principal away from d; we will not
need this and refer to [28, Section 3.4].

Given a coset .z; g/ 2 zG.Af /= zK (see Section 2.1) as an additional datum, one then
considers the isogenous quasi-polarized abelian varieties .A0;A/with Tate modules equal
to

zcƒ0 and .z ˝ z�1g/.cƒ0 ˝cOF yƒ/:
Together with a suitable definition of level structure, these define the image of Œzh; .z; g/�
in M zK.C�/, where �WE ! C lies above '0. We refer to [28, Theorem 3.5] and the refer-
ences there for the full construction, because we just need the following consequence. For
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.A0; A; x�/ 2 C.E/, the map � WE ! EndF .V / centralizes the corresponding pair .h; g/
and hence provides an actionE! Endı.A/. Since �.OE / is assumed to stabilizeƒŒd�1�,
one even obtains

�.E/ \ End.A/Œd�1� D �.OE Œd�1�/:

The universal object over C is obtained as the Néron model of the universal object
over C and hence also has the OE Œd�1�-action by functoriality. For .A0; A; x�/ 2 C , we
will use the shorthand

L.A0; A/ WD HomOF .A0; A/ and V.A0; A/ WD HomıF .A0; A/:

We endow these with the E-valued hermitian form . ; / such that

h ; i D trE=F ı . ; /:

Next, we define a notion of KR divisor on C , very similarly to [10, Definition 3.5.1].

Definition 6.4. For � 2 E�0 and � � V.F0;d/ stable under Kd, let

C.�; �/ WD

²
.A0; A; x�; x/

ˇ̌̌̌
.A0; A; x�/ 2 C and x 2 L.A0; A/Œd�1�
with .x; x/ D � and �.x/ 2 � for � 2 x�

³
:

Lemma 6.5. Each C.�; �/ is an artinian scheme. It is empty if � is not totally positive.

Proof. The first statement is equivalent to V.A0;A/D 0 for all .A0;A;x�/2C.E/. Assume
for the sake of contradiction that there were 0¤ xWA0! A. It would imply the existence
of an OE -linear isogeny

OE ˝OF A0 ! A:

But the domain has CM type ˆ0, while the codomain has CM type ¹ˆ0 [ '00º n ¹'
0
0º, so

such an isogeny cannot exist.
The spaces V.A0; A/ are positive definite, implying the second statement.

Since C is normal by definition, the C.�; �/ define Cartier divisors. (Using normal-
ity is actually not necessary as Proposition 6.8 below shows.) Next we define a Green
function for C.�; �/, still assuming � ¤ 0.

Given a point .A0;A; x�/ 2 C.E�/ above some place �WE! C, consider the hermitian
F -vector spaceW.A0;A/ from (5.6). It comes with a hermitianE-action (becauseE acts
on A compatibly with the polarization) and we view it as a 1-dimensional hermitian E-
vector space by lifting its F -valued form along trE=F . Let v D �jE0 . Then W.A0; A/ is
the v-nearby space for V , meaning that it is negative definite at v, positive definite at all
other archimedean places, and furthermoreW.A0;A/.AE0;f /Š V.AE0;f /. In fact, there
is a natural equality of hermitian AF;f -modules,

W.A0; A/.AF0;f / D
Y0

p<1

Vp.A0; A/;

so every choice � 2 x� defines an isometry �WW.A0;A/.AF0;f /Š V.AF0;f / of hermitian
AF;f -modules. Since .A0; A; x�/ 2 C , the choice can even be made E-linearly.
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Definition 6.6. (1) Let h1 2 SL2.E0;R/ be a parameter. Define the function g.�;h1;�/
on C.C ˝Q E/ as follows. Its value at a point .A0; A; x�/ 2 C.E�/ is4X

x2W.A0;A/�

�Ei.4�avv.�// � 1�.�x/: (6.4)

Here, v D �jE0 is the place of E0 below �, while � 2 x� is any choice. The sum (6.4)
is well-defined because � is K-stable. Also, av is as in the Iwasawa decomposition
(1.8) of the v-component of h1.

(2) If �d D
P
i �i1�i 2 �.V .F0;d//

Kd , set

bCK.�; h1; �/ WD
X
i

�i .C.�; �i /; g.�; h1; �i //:

Definition 6.7. The cycle for � D 0 is again only defined as an element of cCh1.C/:bCK.0; h1; �/ WD ��.0/
�b!jC C �0; .log javj/�; vD�jE0

��
(cf. (4.12)).

Proposition 6.8. For every � 2 F0 and h1 2 SL2.F0;R/, there is an identity of Arakelov
divisors on C ,

yZK.�; h1; �/ \ C D
X

�2E0; trE0=F0 .�/D�

bCK.�; h1; �/: (6.5)

Proof. One is reduced to �d D 1� being an indicator function. In case � ¤ 0, it is imme-
diate from the moduli description that

Z.�; �/ \ C D
a

�2E0; trE0=F0 .�/D�

C.�; �/;

proving the claim for the algebraic parts of the divisors. Still assuming � ¤ 0, we turn to
the archimedean components. Let G K

� .�; h1; �/ denote the �-component Green function
of yZK.�; h1; �/ (see (3.18)), where �WE! C. The aim is to compute G K

� .�; h1; �/.A/

for A D .A0; A; x�/ 2 C.E�/. Set v WD �jE0 , w WD �jF0 and recall that W.A0; A/ (as
E-hermitian space) is the v-nearby space for V . The value of G K

� at A is by definitionX
u2W.A0;A/�

�Ei.4�awR.u; x// � 1�.�u/; (6.6)

where � 2 x� is any choice and where x is a certain negative line in `x � R ˝F0;w
W.A0; A/ that is determined by the Hodge structure on W.A0; A/. (The precise defi-
nition, which we do not need, may be found in [29, Section 3].) But the Hodge structure

4In this paper we use Ei.4�avv.�// instead of Ei.2�avv.�// because our convention differs
from [33, Section 12].
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onW.A0;A/ is E-stable, so this line is the unique E-stable negative definite one, namely
the v-eigenspace `x D C ˝E;v W.A0; A/. Thus

R.u; x/ D hpr`xu; pr`xui D v..u; u//

for every u 2 W.A0; A/. It follows that (6.6) may be rewritten asX
�2E0; trE0=F0 .�/D�

X
u2W.A0;A/�

�Ei.4�avv.�// � 1�.�u/

as was to be shown.
The case � D 0 is handled analogously: Subtracting the term for � D 0 from (6.5), we

obtain

yZK.0; h1; �/ \ C � bCK.0; h1; �/ D
�
0;
�X
.u;g/

1�.g
�1u/ � .G K

� .u; h1/ � 1g zK/
�
�

�
(6.7)

where the �-term on the right hand side is a sum over .u; g/ 2 V .w/
�D0

.F0/ � zG.Af /= zK
with u ¤ 0 (see (3.18)). Namely, the contributions of the .u D 0/-summand in (3.17)
and of the metrized automorphic bundle y!jC in (4.12) precisely cancel each other by
Definition 6.7. The same arguments as before refine this further according to .u; u/ D
� ¤ 0; trE0=F0.�/ D 0.

From now on we always consider V as a 1-dimensional hermitianE-vector space. Let
V denote the rank 1 hermitian AE -module which is positive definite at all archimedean
places of E and which is such that Vf Š AE;f ˝E V . It is incoherent in the sense of
Kudla [13]. Given � 2 E�0 , let Diff.�;V / denote the set of places v such that Vv does
not represent �. This set is always non-empty of odd cardinality since the unique adelic
hermitian space that represents � is the adelification of .E; �NE=E0/ which is coherent.
For a non-split place v of E0, we again denote by V .v/ the nearby hermitian E-vector
space; it is the unique hermitian space that represents � whenever Diff.�;V / D ¹vº.

We write
A1E D ¹x 2 A�E j NE=E0.x/ D 1º;

and similarly for other objects where NE=E0 is defined, e.g. E1 (as earlier) or bO1E . An
important role is played by the following orbital integral. Let � 2 �.Vf / be as before, let
� ¤ 0, assume Vf;� ¤ ; and let x� 2 Vf;� be some choice. Set

Orb.�; �/ WD
Z

A1
E;f

�.t � x� / dt; (6.8)

where the volume is normalized by the open compact ��1.K/ � A1
E;f

. It is indepen-
dent of the choice of x� since the hyperboloid Vf;� is a principal homogeneous space
for A1

E;f
. By assumption, �d D 1cƒd

is the characteristic function for an OE Œd�1�-lattice

and ��1.Kd/ D OE Œd
�1�b; 1. Hence one may factorize (6.8) as

Orb.�; �/ D Orbd.�; �d/
Y

v<1; v−d

Orbv.�; �v/; (6.9)
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where the local volumes are normalized by ��1.Kd/ and theO1E;v respectively and where
the local orbital integrals are defined similarly to (6.8).

We also need the following volumes:

�.ZQ/ WD vol.ZQ.Q/nZQ.Af //; �.E1/ WD vol.E1nA1E;f /; �.T / WD �.ZQ/�.E1/;

(6.10)

where the measures are normalized by KZQ and ��1.K/, respectively. These are simply
the degrees of the respective 0-dimensional Shimura varieties,

�.ZQ/ D degE.E˝F M0/ and �.T / D degE C:

We use the arithmetic degree notation bdeg bCK.�; h1; �/ WD .bCK.�; h1; �/; C/ in the
following. For � ¤ 0 it is meant in the sense of (4.6), for � D 0 it is defined by first
choosing a representing metrized divisor for b!jC in Definition 6.7 and then applying
(4.6). Then bdeg bCK.�; h1; �/ is a smooth function in h1 in both cases. In the case � D 0,
it is only canonical up to

P
`jd Q log `.

Theorem 6.9. Let � 2 E�0 and h1 2 H.E0;R/.
(1) If # Diff.�;V / > 1, then bCK.�; h1; �/ D .;; 0/.

(2) If Diff.�; V / D ¹vº is a singleton with v non-archimedean and v − d, thenbCK.�; h1; �/ has the form .C.�; �/; 0/. The cycle C.�; �/ has support above places
� of E with � j v only and

bdeg bCK.�; h1; �/ D �.Z
Q/ŒE W E0�max

²
0;
1C v.ıE0=F0�/

2

³
Orb.�; �v/ log qv:

(6.11)
Here ıE0=F0 denotes the different ideal of the indicated field extension.

(3) If Diff.�;V / D ¹vº is a singleton with v archimedean, then bCK.�; h1; �/ has the
form .;; .g�/�WE!C/ where g� ¤ 0 only for � j v. For its degree,

bdeg bCK.�; h1; �/ D �
�.ZQ/ŒE W E0�

2
� Ei.4�avv.�//Orb.�; �/: (6.12)

(4) Finally, the 0-th term is the following smooth function up to
P
`jd Q log `:

bdeg bCK.0; h1; �/ Dbdeg .b!jC /�.0/ � �.ZQ/ŒE W E0�
2

�.E1/�.0/
X

vWE0!R

log javj:

(6.13)

Only inert places may occur in case (2). So an implicit statement is that C.�; �/ never
has support above a split place of E0. Sections 6.3–6.5 are devoted to the proof of the
theorem. Note that there is nothing to show for case (4) which follows directly from
definitions. (The factor 1=2 here is due to the normalization of the arithmetic intersection
pairing in Section 4.2, resulting from the convention (4.1).)
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6.3. Archimedean component

Let � 2 E�0 , let � be an archimedean place of E, and set v WD �jE0 . As before (see the
proof of Proposition 6.8), for all .A0;A; x�/ 2 C.E�/,W.A0;A/Š V .v/. HenceW.A0;A/
represents � if and only if Diff.�; V / D ¹vº, which proves (1) of Theorem 6.9 for the
archimedean component of bCK.�; h1; �/.

Now assume Diff.�; V / D ¹vº. In other words, assume that Vf represents �, that
v.�/ < 0 and that v0.�/ > 0 for v0 ¤ v archimedean. Then one obtains, after a choice
of a base point c0 2 C.E�/X

c2C.E�/

g�.�; h1; �/.c/ D
X

t2T.Q/nT.Af /=��1. zK/

g�.�; h1; �/.tc0/

D

X
t2T.Q/nT.Af /=��1. zK/

X
x2V

.v/

�

�Ei.4�avv.�// � �.tx/

D ��.ZQ/Ei.4�avv.�//Orb.�; �/:

The last equality follows since vol.��1. zK// D 1 by our convention. Taking the sum over
the ŒE W E0�-many different � j v results in the claimed identity

bdeg CK.�; h1; �/ D �
�.ZQ/ŒE W E0�

2
Ei.4�avv.�//Orb.�; �/:

The factor 1=2 here is due to the normalization of the arithmetic intersection pairing in
Section 4.2, resulting from the convention (4.1).

6.4. Non-archimedean components (locally)

The aim of this section is to provide some auxiliary results for p-divisible groups with
CM that will be needed for statement (2) of Theorem 6.9. Our arguments are very close
to those of [10], albeit disguised by the use of [23]. Let E=E0 be an unramified quadratic
extension of p-adic local fields. Let � 2 E0 be a uniformizer and let ME be the completion
of a maximal unramified extension ofE. Denote its residue field by F . The point of depar-
ture for our computation of deformation lengths is Gross’ result on canonical liftings. Let
Y be a formal height 1 strict OE -module over F and let Y be its canonical lift to O ME . Let
also xY and xY denote the same formal groups, but with the conjugate OE -action. Write
Yk and xYk for their reductions modulo �kC1. All homomorphisms in the following are
OE -linear homomorphisms, unless indicated otherwise.

Theorem 6.10 (Gross). Let u 2 Hom.Y ; xY /. Then u lies in Hom.Yk ; xYk/ if and only if it
lies in �k Hom.Y ; xY /.

The underlying strictOE0 -modules of the above groups are supersingular of height 2.
Choosing principal polarizations of Y and xY as strict OE0 -modules, compatibly with the
OE -action, one gets a hermitian form on Hom.Y ; xY / by the usual rule .x; y/ WD y� ı x.



On the Arithmetic Fundamental Lemma conjecture over a general p-adic field 4871

It is easily checked through Dieudonné theory that there is an isometry

Hom.Y ; xY / Š .OE ; �NE=E0/:

Denoting by Z.u/ � SpfOE the locus to which uWY ! xY extends as a homomorphism
Yk ! xYk , Gross’ result may be reformulated as

len OZ.u/ D
1C v..u; u//

2
:

Here v is the normalized valuation of E0.
In order to apply this result in the context of polarized abelian varieties one needs

to pass from supersingular polarized strict OE0 -modules to “plain” polarized p-divisible
groups with OE -action. This has been achieved in [23] through the use of displays. Let
ˆ0 be a p-adic CM type forE satisfyingˆ0 tˆ0 D Hom.E;Cp/ and which is the inverse
image of a CM type ˆ0;u for the maximal subfield Eu of E unramified over Qp , similar
to Definition 6.2. Also fix an element '00 2 ˆ

0 and extend it to a map '00W ME ! Cp . Then
'00.
ME/ contains the reflex fields for ˆ0 and ¹'00º [ˆ

0 n ¹'00º.
By definition, a hermitianOE -Zp-module of signature .1; 0/ (resp. .0; 1/) in the sense

of [23] is a supersingular p-divisible group of height ŒE WQp� together with anOE -action
of CM typeˆ0 (resp. .ˆ0 [ ¹'00º/ n ¹'

0
0º) and a principal polarization as p-divisible group

that is compatible with the OE -action. By the main result [23, Theorem 3.1], the cate-
gories of such objects are equivalent to those of the polarized height 2 strictOE0 -modules
withOE -action considered before. Hence Gross’ result carries over in the following form.

Let X and X be hermitian OE -Zp-modules of signature .1; 0/ resp. .0; 1/ over
SpfO ME . (The notation is suggestive, but note that X is not the same as X with con-
jugate OE -action.) Let X and X (resp. Xk and Xk) denote their reductions modulo �
(resp. �kC1). Endow Hom.X;X/ with the usual OE -valued hermitian form. Let Z.u/ �

SpfO ME denote the locus where the homomorphism uWX! X lifts to a map Xk ! Xk .

Corollary 6.11. For uWX! X a homomorphism,

len OZ.u/ D
1C v..u; u//

2
:

Assume now that F=F0 is an unramified quadratic extension with F � E and F0 D
F \ E0. Assume that the CM type ˆ0 actually is the inverse image of a CM type ˆu

for F u, the maximal subfield of F unramified over Qp . Let X0 be a hermitian OF -Zp-
module over SpfO ME of signature .1; 0/ with respect to ˆ, denote its reduction mod �
by X0. Then

X 00 WD OE0 ˝OF0 X0

has CM by OE of CM type ˆ0, i.e is of signature .1; 0/. Choosing a perfect symmetric
OF0 -linear pairing onOE0 endowsX 00 with a principal polarization. By the uniqueness of
hermitian OE -Zp-modules of signature .1; 0/ (see [23, Section 2]), it is isomorphic to X .
With the same notational conventions as before one obtains

HomOF .X0;X/
�
�! Hom.X;X/; u 7! idOE0 ˝ u; (6.14)
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and analogous isomorphisms for the (unique) deformations of all the objects involved
to O ME=�

kC1. This allows us to also apply Gross’ result to deformations of u 2
HomOF .X0;X/. Note that this is the space we care for most, i.e. it is the local analogue
of L.A0; A/ from Section 6.2.

The subtlety now lies in the fact that the hermitian forms in (6.14) are different. The
space HomOF .X0;X/ naturally carries the OF -valued form hx; yi WD y� ı x. It lifts
naturally to the OE -valued form . ; / such that trE=F .x; y/ D hx; yi. For later use, the
following proposition also treats the case HomOF .X0;X/, to which the above formalities
extend mutatis mutandis.

Proposition 6.12. There are isomorphisms of hermitian lattices

HomOF .X0;X/ Š .OE ; ı
�1
E0=F0

NE=E0/; HomOF .X0;X/ Š .OE ; �ı
�1
E0=F0

NE=E0/;

where ıE0=F0 generates the different ideal of E0=F0.

Proof. Denote by M WD M.X0/ the (covariant) Dieudonné module of X0 and by N WD
M.X/ (resp. N WDM.X/) the one of X (resp. X), depending on the case one is interested
in. Up to isomorphism,

M D OF ˝Zp
MZp D

M
i WF u! MQp

Mi (6.15)

endowed with the Verschiebung

ŒV WMiC1 !Mi � WD �
�1
�

´
p if i 2 ˆu;

1 if i 2 ˆu:
(6.16)

Here � is the Frobenius of MZp and ˆu is the CM type for F u that induces ˆ. Again up to
isomorphism, there is a unique way to define a polarization on .M; V / that is compatible
with the OF -action. Namely, endow M with the MZp-linear extension of a perfect, OF -
hermitian, skew-symmetric pairing

OF �OF ! Zp: (6.17)

These are all of the form

hm1; m2i WD trF=Qp .ı
�1
F=Qp

m1m2/;

where ıF=Qp denotes a totally imaginary generator of the different DF=Qp and where
m 7! m is the Galois conjugation conjF=F0 ˝ id MZp .

The description of N is analogous. The underlying MZp-module with OE -action is (in
both cases)

N D OE ˝Zp
MZp D

M
j WEu! MQp

Nj : (6.18)
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For X the Verschiebung is

ŒV WNjC1 ! Nj � WD �
�1
�

´
p if j 2 ˆ0;u;

1 if j 2 ˆ0;u:
(6.19)

In the case of X it equals

ŒV WNjC1 ! Nj � WD �
�1
�

8̂̂̂̂
<̂
ˆ̂̂:
p if j 2 ˆ0;u n ¹'00º;

p=� if j D '00;

1 if j 2 ˆ0;u n ¹'00º;

� if j D '00:

(6.20)

The polarization is defined as in the case of M through the choice of a totally imaginary
generator ıE=Qp of the different DE=Qp .

Let 1M 2M and 1N 2N denote the unit elements (i.e. choices of generators) in (6.15)
and (6.18). Then Hom.M;N / identifies with OE ˝Zp

MZp via u 7! u.1M /=1N . The dual
map u_ is then

D�1E=Qp ˝Zp
MZp Š

ıE=Qp

OE ˝Zp
MZp ! OF ˝Zp

MZp Š
ıF=Qp

D�1F=Q ˝Zp
MZp;

x 7! ıF=Qp trE=F .ı�1E=Qpx/;

where by trE=F we really mean the MZp-linear extension of the trace. The natural lift along
trE=F is simply

x 7! ıF=Qpı
�1
E=Qp

x D ı�1E0=F0x;

where we have set ı�1
E0=F0

D ıF=Qpı
�1
E=Qp

. This element lies in E0 and generates the
inverse different D�1

E0=F0
.

In order to complete the proof, we need to identify the subspace Hom..M;V /; .N;V //
� OE ˝Zp

MZp . In case N DM.X/ this isOE ˝Zp 1. AnOE -module generator is given
by the identity and the above shows

HomOF .X0;X/ Š .OE ; ı
�1
E0=F0

NE=E0/:

To understand the caseN DM.X/we identify ¹j WEu!Cpºwith Z=2f Z, where 2f D
ŒEu WQp�, so that � ı j D j C 1 and '00jEu D 0. Then Hom..M;V /; .N;V // is generated
by x D .xj /j2Z=2f 2 OE ˝Zp

MZp with

xj D

´
� if j 2 ¹0; : : : ; f � 1º;

1 if j 2 ¹f; : : : ; 2f � 1º:

It follows that
HomOF .X0;X/ Š .OE ; �ı

�1
E0=F0

NE=E0/

as claimed.
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Combining the proposition with the comparison isomorphism (6.14) and Gross’ for-
mula one obtains

Corollary 6.13. For uWX0 ! X a homomorphism,

len OZ.u/ D
1C v.ıE0=F0.u; u//

2
:

6.5. Non-archimedean components (globally)

We return to the global setting. Let � 2 E�0 , let � be a non-archimedean place of E not
dividing d and set v WD �jE0 . Also let F denote an algebraic closure of the residue field F� .

Proposition 6.14. For .A0; A; x�/ 2 C.F/ the following hold:

(1) If v is split in E, then V.A0; A/ D 0.

(2) If v is inert in E, then V.A0; A/ Š V .v/.

Proof. Recall that E is by definition a subfield of C. Choose an isomorphism C Š xQp

which induces the prime �. This allows us to view ˆ and ˆ0 as p-adic CM types. Let
w be an arbitrary prime of E over p and let w0, u and u0 denote its restrictions to E0,
F and F0, respectively. The isotypic factors A0Œu1� and AŒw1� have to be isoclinic p-
divisible groups since they have CM by a field. Their slopes are necessarily

�u WD
#ˆ \ Hom.Fu; xQp/

# Hom.Fu; xQp/
; resp. �w WD

# .¹'00º [ˆ
0 n ¹'00º/ \ Hom.Ew ; xQp/

# Hom.Ew ; xQp/
:

(6.21)
In general one has

#ˆ \ Hom.Fu; xQp/

# Hom.Fu; xQp/
D

#ˆ0 \ Hom.Ew ; xQp/

# Hom.Ew ; xQp/

since ˆ0 is the inverse image of ˆ under the restriction map Hom.E;C/! Hom.F;C/.
One deduces the following properties:

� If w=w0 is inert, then u=u0 is also inert and �w D �u D 1=2.

� If w=w0 is split and w0 ¤ v, then �w D �u and �w C �w D 1. Indeed, the addition
of '00 and removal of '00 in (6.21) does not come in since '00 lies above v.

� If w=w0 is split and w0 D v, then

# .¹'00º [ˆ
0
n ¹'00º/ \ Hom.Ew ; xQp/ D #ˆ0 \ Hom.Ew ; xQp/˙ 1:

In particular, �w ¤ �u and one obtains statement (1) of the proposition.

Now assume that v is inert. The first aim is to show V.A0; A/ ¤ 0. The above compu-
tation of slopes shows that A0Œv1� and AŒv1� are supersingular. In other words, they
are (isomorphic to) theOF -Zp-module X0 andOE -Zp-module X from Proposition 6.12,
respectively. It follows that there is an OE -linear isogeny OE ˝OF A0Œv

1�! AŒv1�. It
extends to an isogeny OE ˝OF A0Œp

1�! AŒp1� by the above computations of slopes.
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Set A00 WD OE ˝OF A0, which is an abelian variety over F with CM by OE of CM
type ˆ0. The argument just given shows that A00Œp

1� and AŒp1� are OE -linearly isoge-
nous. This does not yet imply that A00 and A are isogenous, but it shows at least that
A00 is isogenous to some A0 with CM by OE of CM type ˆ. Then A0 together with its
CM deforms to characteristic 0. But over C, any two OE -CM abelian varieties with the
same CM type are isogenous. This finally proves that A00 and A are isogenous and hence
V.A0; A/ ¤ 0.

For dimension reasons one obtains

Q` ˝Q V.A0; A/ Š

´
HomF`.V`.A0/;V`.A//; ` ¤ p;

HomıFp .A0Œp
1�; AŒp1�/; ` D p:

In particular, V.A0; A/ has to be of dimension 1 over E. It is positive definite by the
positivity of the Rosati involution. Its localizations at `¤ p are isomorphic to V` (viewed
as 1-dimensional E-vector space) by the existence of a level structure.

This leaves us to check V .v/w0 Š V.A0; A/w0 for w0 above p. If w0 is inert in E with
u0 WD w0jF0 , the statement Hom.A0Œu10 �; AŒw

1
0 �/ D V

.v/
w0 is precisely Proposition 6.12.

(Both cases of the proposition occur, depending on whether v D w0 or not.) For w0
split in E, there is nothing to show since there is only a single isomorphism class of
1-dimensional hermitian spaces.

Proof of Theorem 6.9 (1, 2). Part (1) is implied by the previous proposition:
F ˝OEŒd�1� C.�; �/ ¤ ; only if � is represented by V .v/, which can only happen if v
is inert and Diff.�;V / D ¹vº.

Assume that this is the case, and let c D .A0; A; x�; u/ 2 C.�; �/.F/ be any point. The
completed local ring of C.�;�/ in c isO ME� , which is finite free of degree equal to the ram-
ification index e.�=v/ over O MEv . Applying the Serre–Tate Theorem and Corollary 6.13,
one obtains

len OC.�;�/;c D e.�=v/ �
1C v.ıE0=F0�/

2
:

The length is in particular independent of c and all that is left to do is to count the points
of C.�; �/.F/.

For c as above, the level structure yields a coset of identifications

��1.Kp/�pWAp
E;f
˝E V.A0; A/ Š Vp

f
:

By Proposition 6.12, it can naturally be extended to an identification

��1.Kv/�vWAvE;f ˝E V.A0; A/ Š V v
f

by looking at p-divisible groups. By “natural” we mean that x 2 V.A0; A/ lies in
Hom.A0; A/Œd�1� if and only if �v;d.x/ 2 bƒv;d and if it is a homomorphism at v. The
latter is equivalent to v.ıE0=F0�/ > 0 by Proposition 6.12. It follows that for a quasi-
homomorphism x 2 V.A0; A/� , the length of C.�; �/ at the point .A0; A; x�; x/ is

e.�=v/�v.�v.x//max
²
0;
1C v.ıE0=F0�/

2

³
:
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The set of such x forms a simply transitive E1-orbit, while C.�; �/.F/ is a simply transi-
tive T .Q/nT .Af /=��1. zK/-orbit. So

bdeg� C.�; �/ D �.ZQ/e.�=v/ max
²
0;
1C v.ıE0=F0�/

2

³
� log q�

�

X
t2E1nA1

f
=��1.K/

X
x2V.A0;A/�

�v.tx/

D �.ZQ/e.�=v/ max
²
0;
1C v.ıE0=F0�/

2

³
� Orb.�; �v/ � log q� : (6.22)

Summing over all � j v one obtains the claimed expression

bdegvC.�; �/ D �.ZQ/ŒE W E0� �max
²
0;
1C v.ıE0=F0�/

2

³
� Orb.�; �v/ log qv:

7. Comparison with analytic generating series

7.1. The analytic generating series

Consider the split E0-quadratic space V 0 D E0 �E0 with its quadratic form

u0 D .u1; u2/ 7! q.u0/ D u1u2:

The special orthogonal group SO.V 0; q/ can be identified with the E0-group G0 WD
GL1;E0 , via the action on V 0 by g � .u1; u2/ D .g�1u1; gu2/.

Denote by �WA�E0=E
�
0 ! ¹˙1º the quadratic character associated to E=E0 by class

field theory. For �0 2 �.V 0.AE0// we recall from [35, Section 12] that one defines a
regularized integral

J.�0; s/ D

Z
ŒG0�

� X
u02V 0.E0/

�0.g�1 � u0/
�
jgjs�.g/ dg: (7.1)

It decomposes as a sum

J.�0; s/ D Orb.0˙; �0; s/C
X

�Dq.u0/2E�
0

Orb.�; �0; s/; (7.2)

where for � D q.u0
�
/ ¤ 0,

Orb.�; �0; s/ WD
Z
G0.AE0 /

�0.g�1 � u0� /jgj
s�.g/ dg: (7.3)

(Note that this notation slightly differs from [35, Section 12], where it was denoted
by Orb.u0

�
; �0; s/.) We refer to loc. cit. for the definition of nilpotent orbital integrals

Orb.0˙; �0; s/ WD Orb.0C; �0; s/C Orb.0�; �0; s/.
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Define the analytic generating function

J.h; �0; s/ WD J.!.h/�0; s/; h 2 H.AE0/:

We recall from [35, Theorem 12.9] for future reference.

Theorem 7.1. The function H.AE0/ � C 3 .h; s/ 7! J.h; �0; s/ is smooth, left H.E0/-
invariant, and entire in s 2 C.

Remark 7.2. The integral (7.1) can be viewed as the theta lifting for the pair

.SO.V 0;q/;SL2/;

from the automorphic representation �j � js of SO.V 0/ ' GL1 to SL2 (see [35,
Remark 12.10]). Therefore, J.h; �0; s/ should be a degenerate Eisenstein series for the

induced representation Ind
H.AE0 /
B.AE0 /

.�j � js/ (B the Borel subgroup of upper triangular matri-
ces). However, it may not be associated to a standard section in our application below.

7.2. Local results

Let E0 be a local field and E=E0 a (possibly split) quadratic extension. Denote by
�WE�0 ! ¹˙1º the corresponding character from local class field theory. For � 2 E�0 ,
we define the normalized local orbital integral with a transfer factor,

Orb.�; �0; s/ D �.u1/ju1j�s
Z
E�
0

�0.u1t
�1; tu2/jt j

s�.t/ d�t;

where .u1; u2/ 2 E0 �E0 is any choice such that � D u1u2. Set

Orb.�; �0/ D Orb.�; �0; 0/;

@Orb.�; �0/ D
d

ds

ˇ̌̌̌
sD0

Orb.�; �0; s/:

For h 2 H.E0/, we set

Orb.�; h; �0; s/ WD Orb.�; !.h/�0; s/

and similarly for the other orbital integrals.
Now let E0 be a local p-adic field and q the cardinality of its residue field. Let E=E0

be an unramified quadratic field extension. Let v be the normalized valuation on E0 and
j � j D qv.�/ the normalized absolute value. For each c 2 E�0 , consider the characteristic
function

�0c D 1OE0�c�OE0 2 �.V 0.E0//: (7.4)

Normalize the Haar measure on E�0 so that vol.O�E0/ D 1.
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Proposition 7.3. We have

Orb.�; �0c/ D

´
1 if v.c�1�/ � 0 and � 0 mod 2;

0 otherwise:

When v.�/ � v.c/ is odd,

@Orb.�; �0c/ D �max
²
0;
1C v.c�1�/

2

³
log q: (7.5)

Proof. This follows by a straightforward computation.

We recall from [33, Section 12] the analogous result for the archimedean extension
EC of E0 D R, the standard character  0.b/ WD exp.2�ib/. Now we have V 0 D R �R
and let

�0.x; y/ D 2�1.x C y/e��.x
2Cy2/

2 �.R �R/: (7.6)

Write h 2 SL2.R/ according to the Iwasawa decomposition (see (1.9))

h D

�
1 b

1

��
a1=2

a�1=2

�
�� ; a 2 RC; b 2 R:

Normalize the Haar measure onE�0 DR� to be dt=jt j where dt is the Lebesgue measure
on R. We recall the following result from [33, Lemma 12.5].5

Proposition 7.4. Let � 2 R�. Then

Orb.�; h; �0/ D �1.�� /

´
a1=2e2�i�.bCia/; � > 0;

0; � < 0;

and when � < 0,

@Orb.�; h; �0/ D 1
2
�1.�� /a

1=2 e2�i�.bCia/ Ei.�4�aj�j/: (7.7)

Here the character �1 is defined by (1.10).

7.3. Comparison

From now on, F0; F; E0 and E again denote the global fields as in previous sections.
Given an element c 2 .Ad

E0;f
/�, denote by Vc the rank 1 adelic hermitian space

Vc WD Vd � .A
d
E;f ; cxy/ � V1;

where V1 is positive definite at all archimedean places, and Vd is the base change to Fd

from the F=F0-hermitian space V fixed in Section 2.2, which is now viewed as anE=E0-

5Here the Gaussian functions differ slightly from those in [35, Section 12]; the latter should be
corrected accordingly.
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hermitian space (see the paragraph after the proof of Proposition 6.8). Define a Schwarz
function �c 2 �.Vc/ as

�c WD �d ˝ 1
d
yOE
˝ �1

where �d is from the definition (2.6) of the KR-generating series and where �1 is the
Gaussian

�1.x/ D e
�2� trE0=Qhx;xi:

For v j1, we normalize the local Haar measure on E1v by vol.E1v / D 1.
Choose �0 D

Q
v �
0
v such that for every v, �0v is a transfer of �v (and the zero function

on the other isomorphism class of hermitian space), i.e. they satisfy

Orb.�; �0v/ D

´
Orb.�; �v/ if Vv represents �;

0 otherwise:

Proposition 7.5. (1) Let v − d and v <1. Then

Orb.�; �v/ D

´
1 if v.ıE0=F0�/ � 0 and � 0 mod 2;

0 otherwise:
(7.8)

(2) Let v j1. Then, for h D
�
1 b
1

��
a1=2

a�1=2

�
�� 2 SL2.R/ .see (1.9)/, we have

Orb.�; hv; �v/ D �1.�� /

´
a1=2e2�i�.bCia/ if � � 0;

0 otherwise:
(7.9)

Proof. This follows by a straightforward computation.

By (7.8) and Proposition 7.3 we can and do choose �0v as �0cv defined by (7.4) when v
is unramified (including the split case which is easy to verify); by (7.9) and Proposition 7.4
we can and do choose �0v as (7.6) when v j1.

Let ıE0=F0 , ıE0=Q and ıF0=Q denote the different ideals of the indicated field exten-
sions; we will also view them as elements in the respective rings of ideles. We now apply
the previous considerations in the case of the incoherent adelic hermitian space V from
Theorem 6.9. It is of the form Vc for c 2 Ad;�

E0;f
satisfying

c yOd
E0
D ı�1E0=F0

yOd
E0
:

The Schwartz function � considered in the same theorem agrees with �c for a suitable
choice of isomorphism V Š Vc .

Set

@J.h; �0/ WD
d

ds

ˇ̌̌̌
sD0

J.h; �0; s/; h 2 H.AE0/: (7.10)

Write
@J.h; �0/ D

X
�2E0

@J.�; h; �0/

for its Fourier expansion (cf. (1.12)).
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Theorem 7.6. (1) For all 0 ¤ � with Diff.�;V / D ¹vº a singleton and v − d, we have
equalities in R:

2�.ZQ/ŒE W E� � @J.�; h1; �0/ D �bdeg bCK.�; h1; �/W
.1/

�
.h1/: (7.11)

(2) If instead 0 ¤ � with Diff.�;V / D ¹vº and v jd, then @J.�; h1; �0/ D d� W
.1/

�
.h1/

for a constant d� such that

2�.ZQ/ŒE W E� � d� 2 Q log qv �
X
`jd

Q log `:

(3) When � D 0, there is a constant d corr
0 2 R such that

2�.ZQ/ŒE W E� � @J.0; h1; �0/ D Œd corr
0 �bdeg bCK.0; h1; �/�W

.1/
0 .h1/:

Proof. By the choice of �0 and �, we have @J.�; h1; �0/ ¤ 0 only for � D 0 or � with
Diff.�;V / D ¹vº a singleton.

We first consider the case Diff.V ; �/ D ¹vº with v − d non-archimedean. Then v
is necessarily inert in E and v.ıE0=F0�/ is odd. If v.ıE0=F0�/ � 0, then both sides in
statement (1) vanish by Theorem 6.9 and Proposition 7.3. In case v.ıE0=F0�/ � 1 we
would like to apply the identity (7.5) to c D ı�1

E0=F0
and to obtain

@J.�; h1; �
0/ D @Orb.�; �0v/Orb.�; h1; �0v/

D�max
²
0;
1C v.ıE0=F0�/

2

³
Orb.�; �0v/ log qv:

Since � is totally positive, by (7.9) the archimedean components give usY
vj1

Orb.�; hv; �0v/ D W
.1/

�
.h1/: (7.12)

Taking into account (6.11), statement (1) (for non-archimedean v) follows.
We now assume v is archimedean. Then � is negative exactly at v. By (7.7), we have

@J.�; h1; �
0/ D @Orb.�; hv; �0v/Orb.�; hv1; �

0v/

D
1
2
a1=2v e2�iv.�/.bvCiav/ Ei.4�avv.�//Orb.�; hv1; �

0v/:

Now statement (1) (for archimedean v) follows from Theorem 6.9 (3) and (7.9).
Coming to part (2), we now assume Diff.V ; �/ D ¹vº with v jd. Then we still have

@J.�; h1; �
0/ D @Orb.�; �0v/Orb.�; h1; �0v/:

By (7.12), we may set d� D @Orb.�; �0v/Orb.�; �0v;1/. Clearly, Orb.�; �0v; s/ is a polyno-
mial in qsv and q�sv with Q-coefficients. Hence

@Orb.�; �0v/ 2 Q log qv:

Similarly we have Orb.�; �0v;1/ 2 Q and hence the term d� lies in Q log qv .
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We come to claim (3) on the 0-th Fourier coefficient. This essentially follows from the
last part of the proof of [35, Proposition 14.5]. More precisely, by loc. cit. we have

@J.0; h1; �
0/ D

�
Orb.0C; �0/

X
vWE0!R

log javj C c
�
W
.1/
0 .h1/;

for some constant c 2 R, and

Orb.0C; �0/ D �Orb.0�; �0/ D 1
2
�.E1/�.0/:

(This last identity was a result of Jacquet.) We obtain

@J.0; h1; �
0/ D

�
1
2
�.E1/ � �.0/

X
vWE0!R

log javj C c
�
W
.1/
0 .h1/:

By Theorem 6.9 (4), statement (3) is proven.

Lemma 7.7. Let v − d be a non-archimedean place of F0 .in particular, v is unramified
in F=F0/.

(1) Let �0v D
Q
wjv;w2†E0

�0w be as above. Then �0v is KıH;v-invariant under the Weil
representation.

(2) Let �v D
Q
wjv;w2†E0

�w be as above. Then �v is KıH;v-invariant under the Weil
representation.

Here KıH;v is defined by (6.2), and the group H.F0;v/ is viewed as a natural subgroup of
H.E0 ˝F0 F0;v/.

Proof. We only prove (1) since the proof applies verbatim to (2). Note that the group
KıH;v is generated by the matrices

m.a/ WD

�
a

a�1

�
; n.b/ WD

�
1 b

1

�
; n�.b0/ WD

�
1

b0 1

�
;

where a 2 O�F0;v , b 2 ı�1
F0=Q;v

, b0 2 ıF0=Q;v: The invariance under such m.a/ is clear.
Note that our function ˝wjv �0w;cw defined by (7.4) for a generator cw 2 E�0;w of the
fractional ideal ı�1

E0=F0;w
is then invariant under n.b/ when  v.trE0=F0.b .cw/wjv// D 1.

This equality is equivalent to  Qp .trE0=Q.b .cw/wjv/// D 1, which holds if bı�1
E0=F0;w

�

ı�1
E0=Q;w

for every w j v, i.e. if b 2 ı�1
F0=Q;v

. The invariance for such n�.b0/ is proved

similarly by considering the Fourier transform b�0w;cw , which is 1c�1w OE0;w�OE0;w
up to a

constant multiple.

Proposition 7.8. Let �0 D �0d ˝ �
0d be as above and suppose that �0d is KH;d-invariant

under the Weil representation. Then the function

H.A0/ 3 h 7! @J.h; �0/

lies in A1.H.A0/;KH; n/ with KH D KH;d �K
d;ı
H .
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Proof. By Theorem 7.1, @J is smooth. The weight n condition follows from Proposi-
tion 7.4. The KH-invariance follows from Lemma 7.7.

Proof of Theorem 6.1. Given � 2 �.V .A0;f // as in Theorem 6.1, choose a matching
function �0 2 �.V 0.AE0// as in Theorem 7.6. Define

f .h/ WD �2�.ZQ/ŒE W E� � @J.h; �0/; h 2 H.A0/:

Then f 2 A1.H.A0/; KH; n/ by Proposition 7.8 and this is also the space that appears
in Theorem 6.1. Restricting to H.F0;1/, Theorem 7.6 provides the Fourier expansion

f .h1/ D
X
�2F0

�
"� C

X
trE0=F0 .�/D�

bdeg bCK.�; h1; �/
�
�W

.n/

�
.h1/

for correcting scalars "� 2
P
`jd Q log ` when � ¤ 0, resp. "0 2 R. The inner sum equals

h yZK.�; h1; �/; Ci

by Proposition 6.8, and the proof of Theorem 6.1 is complete.

Part III
Application to the AFL

8. Orbital integrals

In this paper, we mainly consider the semi-Lie algebra version of the AFL and hence
require the analytic notions from [35] only in this setting. We refer to [35, Section 2] and
[34] for the group setting and its relation to the definitions here.

8.1. Orbit matching

Consider the symmetric space

Sn WD ¹
 2 ResF=F0 GLn j 

 D 1nº; (8.1)

and the F0-vector space
V 0n D F

n
0 � .F

n
0 /
�; (8.2)

where .F n0 /
� D HomF0.F

n
0 ; F0/ denotes the F0-linear dual space. For convenience we

will identify F n0 (resp. .F n0 /
�) with the space of column vectors (resp. row vectors). With

the tautological pairing, we will view V 0n as an .F0 � F0/=F0-hermitian space. Let

G0 WD GLn;F0 ;

and consider the (diagonal) action of G0 on the product Sn � V 0n,

h � .
; .u1; u2// D .h
�1
h; .h�1u1; u2h//:
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Next, whenever V is an F=F0-hermitian space of dimension n, we let U.V / act diagonally
on the product U.V / � V . (Here, we view V as a 2n-dimensional vector space over F0.)

There is a natural bijection of orbit spaces of regular semisimple elements (see [35,
Section 2.2]) a

V

Œ.U.V / � V /.F0/�rs
�
�! Œ.Sn � V

0
n/.F0/�rs; (8.3)

where the disjoint union runs over the set of isometry classes of F=F0-hermitian spaces
V of dimension n. Here the left (resp. right) hand side denotes the orbits under the action
of the group U.V /.F0/ (resp. GLn.F0/). The bijection is called the matching relation
between regular semisimple orbits and denoted by .g; u/$ .
; u0/.

For ˛ 2 F Œt �ıdegn, we denote by Sn.˛/ the subscheme of Sn consisting of elements
with characteristic polynomial ˛. For � 2 F0, we let V 0

n;�
denote the subscheme of V 0n

defined by u2u1 D �. We denote by Œ.Sn.˛/ � V 0n/.F0/� and Œ.Sn.˛/ � V 0n;�/.F0/� the
sets of GLn.F0/-orbits. Similar notation applies to unitary groups.

8.2. Orbital integral matching: Smooth transfer

We recall the definition of orbital integrals from [35, Section 11]; see also [27, Sec-
tion 2.2]. Now let F=F0 be a quadratic extension of local fields of characteristic zero
(the split F D F0 � F0 is similar and simpler). Let

� D �F=F0 WF
�
0 ! ¹˙1º

be the quadratic character associated to F=F0 by local class field theory. Here and there-
after we will also denote by � the character � ı det of GLn.F0/.

For .
;u0/ 2 .Sn � V 0n/.F0/rs,ˆ
0 2 �..Sn � V

0
n/.F0//, and s 2C, we define the orbital

integral

Orb..
; u0/; ˆ0; s/ WD
Z

GLn.F0/
ˆ0.h � .
; u0//jdet hjs�.h/ dh; (8.4)

with special values

Orb..
; u0/; ˆ0/ WD !.
; u0/Orb..
; u0/; ˆ0; 0/; (8.5)

@Orb..
; u0/; ˆ0/ WD !.
; u0/
d

ds

ˇ̌̌̌
sD0

Orb..
; u0/; ˆ0; s/: (8.6)

Here, !.
; u0/ 2 ¹˙1º is the so-called transfer factor from [35, (2.13)]. We emphasize
that, unlike in [34], the transfer factor is already included in the special values here.

On the unitary side, for .g; u/ 2 .U.V / � V /.F0/rs and ˆ 2 �..U.V / � V /.F0//, we
define

Orb..g; u/;ˆ/ WD
Z

U.V /.F0/
ˆ.h � .g; u// dh: (8.7)

For simplicity let us now assume that F is non-archimedean. Then there are exactly
two isometry classes of F=F0-hermitian spaces with dimension n, denoted by V0 and V1.
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When F=F0 is unramified, we will assume that V0 has a self-dual lattice. Then the orbit
bijection (8.3) specializes to

Œ.U.V0/ � V0/.F0/�rs q Œ.U.V1/ � V1/.F0/�rs
�
�! Œ.Sn � V

0
n/.F0/�rs:

Definition 8.1. A function ˆ0 2 �..Sn � Vn/.F0// and a pair of functions .ˆ0; ˆ1/ 2
�..U.V0/ � V0/.F0// � �..U.V1/ � V1/.F0// are (smooth) transfers of each other if for
each i 2 ¹0; 1º and each .g; u/ 2 .U.Vi / � Vi /.F0/rs,

Orb..g; u/;ˆi / D Orb..
; u0/; ˆ0/ (8.8)

whenever .
; u0/ 2 .Sn � V 0n/.F0/rs matches .g; u/.

Definition 8.2. For a fixed V 2 ¹V0; V1º and a regular semisimple ˛ 2 F Œt �ıdegn, we say
that ˆ0 partially (relative to ˛) transfers to ˆ 2 �.U.V / � V /.F0/ if we only require the
equality (8.8) in Definition 8.1 to hold for matching orbits .
; u0/ 2 .Sn.˛/ � V 0n/.F0/rs
and .g; u/ 2 .U.V /.˛/ � V /.F0/rs; and Orb..
; u0/; ˆ0/ D 0 for any other .
; u0/ 2
.Sn.˛/ � V

0
n/.F0/rs.

Smooth transfers exist for p-adic fields and commute with the Weil representation
(see [35, Appendix A]). For archimedean local fields, a specific partial transfer of the
Gaussian test functions has been constructed in [35, Section 12].

8.3. Modular analytic generating functions

Now we return to the global situation. Our goal in this subsection is to define an analytic
generating series (of orbital integrals) that will match the generating series defined later
by intersection numbers. Our proof of the AFL conjecture will be based on a comparison
of the two generating series.

Recall from Section 5.1 that we have fixed an irreducible ˛ 2 F Œt �ıdegn such that the
field E D F Œt �=.˛/ is a CM extension of a totally real subfield E0. Then Sn.˛/.F0/
consists of exactly one G0.F0/-orbit and we fix a representative 
 2 Sn.˛/.F0/.

Via the action ofE0 induced by 
 , the vector space V 0n carries the structure of a rank 1
free .E0 �E0/=E0-hermitian module. Let

q0W V 0n ! E0 (8.9)

be the associated quadratic form over E0.
Now, for every v j 1, we fix the archimedean ˆ0v 2 �..Sn � V

0/.F0;v// to be the
(partial) Gaussian test function constructed in [35, (12.10), (12.11)] relative to 
 . For
h 2 H.A0/; ˆ0 D ˝v ˆ0v 2 �..Sn � V

0/.A0// with ˆ0v the fixed Gaussian test function
for v j 1, and s 2 C, one defines a regularized integral in loc. cit.,

J.h;ˆ0; s/ D

Z
ŒG0�

� X
.
;u0/2.Sn.˛/�V 0/.F0/

r.g/!.h/ˆ0.
; u0/
�
jdet.g/jsF0�.g/ dg: (8.10)
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Here the Weil representation ! of H.A0/ is through the factor V 0 with its natural quadratic
form. By [35, Theorem 12.14], the function H.A0/ �C 3 .h; s/ 7! J.h;ˆ0; s/ is smooth
in .h; s/, entire in s 2 C, and left invariant under H.F0/. There is an expansion according
to the orbits

J.h;ˆ0; s/ D
X

.
;u0/2Œ.Sn.˛/�V
0/.F0/�

u0¤0

Orb..
; u0/; !.h/ˆ0; s/

D Orb..
; 0˙/; !.h/ˆ0; s/C
X

.
;u0/2Œ.Sn.˛/�V 0/.F0/�rs

Orb..
; u0/; !.h/ˆ0; s/: (8.11)

Here we refer to [35, Section 12.6] for the regularization defining Orb..
;0˙/;!.h/ˆ0; s/,
and the orbit of .
; 0/ has no contribution essentially because the character � is non-
trivial when restricted to its stabilizer (see the proof of [35, Theorem 12.9]). For regular
semisimple .
; u0/ and decomposable ˆ0 D ˝v ˆ0v 2 �..Sn � V

0/.A0//, we have

Orb..
; u0/; ˆ0; s/ WD
Y

v2†F0

Orb..
; u0/; ˆ0v; s/; (8.12)

where the local orbital integrals are defined by (8.4). Then, for � 2 F �0 , the �-th Fourier
coefficient of J.�; ˆ0; s/ (see (1.11)) is equal toX

.
;u0/2Œ.Sn.˛/�V
0
�
/.F0/�

Orb..
; u0/; !.h/ˆ0; s/: (8.13)

8.4. The decomposition of the special value at s D 0

We set the special value at s D 0,

J.h;ˆ0/ WD J.h;ˆ0; 0/:

Orb..
; u0/; !.h/ˆ0/ WD Orb..
; u0/; !.h/ˆ0; 0/:

Then the decomposition (8.11) specializes to

J.h;ˆ0/ D
X

.
;u0/2Œ.Sn.˛/�V
0/.F0/�

u0¤0

Orb..
; u0/; !.h/ˆ0/: (8.14)

We set the special value of the first derivative at s D 0,

@J.h;ˆ0/ WD
d

ds

ˇ̌̌̌
sD0

J.h;ˆ0; s/;

@Orb..
; u0/; ˆ0v/ WD
d

ds

ˇ̌̌̌
sD0

Orb..
; u0/; ˆ0v; s/:
(8.15)

Lemma 8.3. Suppose that ˆ0 is KH-invariant under the Weil representation. Then we
have @J.�; ˆ0/ 2 A1.H.A0/;KH; n/.
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Proof. By [35, Theorem 12.14], the function H.A0/�C 3 .h; s/ 7! J.h;ˆ0; s/ is smooth.
It follows that @J.�; ˆ0/ is smooth.

Now we introduce

@Jv.h;ˆ
0/ WD @Jv.!.h/ˆ

0/; where

@Jv.ˆ
0/ WD

X
.
;u0/2Œ.Sn.˛/�V

0/.F0/�
u0¤0

@Orb..
; u0/; ˆ0v/ � Orb..
; u0/; ˆ0v/: (8.16)

Then by Leibniz’s rule, we obtain a decomposition

@J.h;ˆ0/ D @Orb.0˙; !.h/ˆ0/C
X
v

@Jv.h;ˆ
0/; (8.17)

where the nilpotent term @Orb.0˙; !.h/ˆ0/ is defined in [35, Section 12.7] and we do not
need its precise form in this paper.

8.5. Preparation for the comparison

Let V be the n-dimensional F=F0-hermitian space we used to define the Shimura variety
Sh zK. zG; ¹zhº/ in Section 2.1.

Let ˆ D ˝v<1 ˆv 2 �..U.V / � V /.A0;f // be a pure tensor. Let ˆ0 D ˝v ˆ0v 2
�..Sn � V

0
n/.A0// be a pure tensor such that

� for every v j1, ˆ0v is the fixed partial Gaussian test function;

� for every non-archimedean v, ˆ0v partially (relative to ˛) transfers to ˆv (Defini-
tion 8.2).

If v is a place of F0 that splits in F (necessarily non-archimedean), then @Jv.h; ˆ0/
D 0. If v is non-split (including the archimedean places), let V .v/ be the v-nearby hermi-
tian space of V . We recall that V .v/ ' V if v is the unique archimedean place '0 where
V has signature .n � 1; 1/ (see Section 2.1), and otherwise V .v/ is characterized by the
following conditions:

� for all w other than v and '0, we have V .v/w ' Vw ;

� V
.v/
'0 is positive definite;

� V
.v/
v has signature .n � 1; 1/ if v is archimedean.

Then the subsum of regular semisimple terms in @Jv.h; ˆ0/ (see (8.16)) is a sum over
orbits .
; u0/ 2 Œ.Sn.˛/ � V 0/.F0/�rs matching orbits in Œ.U.V .v// � V .v//.F0/�rs. More-
over, there is a Fourier expansion (see (1.11))

@Jv.h;ˆ
0/ D

X
�2F0

@Jv.�; h;ˆ
0/; (8.18)

where

@Jv.�; h;ˆ
0/ D

X
.
;u0/2Œ.Sn.˛/�V

0
�
/.F0/�

u0¤0

@Orb..
; u0/; !.hv/ˆ0v/ � Orb..
; u0/; !.hv/ˆ0v/:

(8.19)
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Then we set the value at h D 1 normalized by the Whittaker function at the archimedean
place:

@Jv.�;ˆ
0/ WD W

.n/

�
.1/�1 @Jv.�; 1;ˆ

0/; (8.20)

where W .n/

�
.h1/ WD

Q
vj1W

.n/

v;�
.hv/ and each local factor W .n/

v;�
is defined by (1.7).

Now let v − d be a non-archimedean non-split place. By (8.18) and (8.19), and the
fact that ˆ01 is a (partial) Gaussian test function, we have @Jv.�; h;ˆ0/ D 0 unless � � 0
and

@Jv.h;ˆ
0/ D

X
�2F0; ��0

@Jv.�; !.hf /ˆ
0/W

.n/

�
.h1/: (8.21)

Moreover, (8.20) becomes

@Jv.�;ˆ
0/ D

X
.
;u0/2Œ.Sn.˛/�V

0
�
/.F0/�

u0¤0

@Orb..
; u0/; ˆ0v/ � Orb..
; u0/; ˆ0v;1/: (8.22)

Finally, we introduce
@J.�;ˆ0/ WD

X
v

@Jv.�;ˆ
0/; (8.23)

where the local terms vanish for all but finitely many places v of F0 (for a fixed pair
.�;ˆ0/).

9. Intersection numbers and AFL

In this section we recall the relevant RZ spaces, the local analog of CM cycles and local
KR divisors, and the statement of the AFL conjecture. Then we globalize the intersection
problem to the Shimura varieties we introduced in Part I. We also state an application to
the arithmetic intersection conjecture of Rapoport, Smithling and the second author [28],
assuming the AFL conjecture that will be proved in the next section.

9.1. Unitary RZ spaces

Let F=F0 be an unramified quadratic extension of p-adic local fields with p odd and
let n � 1. In this section, we recall the definition of the Rapoport–Zink formal moduli
scheme Nn D Nn;F=F0 associated to the unitary group for the quasi-split n-dimensional
hermitian F -vector space; see [27, Section 4] and [35, Section 3].

Let MF denote the completion of a maximal unramified extension of F . For an SpfO MF -
scheme S (i.e. an O MF -scheme on which p is locally nilpotent), we consider triples
.X; �; �/, where

� X is a p-divisible group of absolute height 2nd and dimension n over S , where d WD
ŒF0 W Qp�,

� � is an action of OF such that the induced action of OF0 on LieX is via the structure
morphism OF0 ! OS ,

� � is a principal (OF0 -relative) polarization.
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Hence .X; �jOF0 / is a strict OF0 -module of relative height 2n and dimension n. We
require that the Rosati involution Ros� induces on OF the non-trivial Galois automor-
phism in Gal.F=F0/, denoted byOF 3 a 7! xa, and that the Kottwitz condition of signature
.n � 1; 1/ is satisfied, i.e.

char.�.a/ j LieX I T / D .T � a/n�1.T � xa/ 2 OS ŒT � for all a 2 OF : (9.1)

An isomorphism .X; �; �/
�
�! .X 0; �0; �0/ between two such triples is an OF -linear iso-

morphism 'WX
�
�! X 0 such that '�.�0/ D �.

Over the residue field F of O MF , there is a triple .Xn; �Xn ; �Xn/ such that Xn is super-
singular, unique up to OF -linear quasi-isogeny compatible with the polarization. We fix
such a triple and call it the framing object. Then Nn by definition represents the func-
tor over SpfO MF that associates to each S the set of isomorphism classes of quadruples
.X; �; �; �/ over S , where the last entry is an OF -linear quasi-isogeny of height zero
defined over the special fiber xS WD S �SpfO MF

Spec F ,

�WX �S xS ! Xn �Spec F xS;

such that ��..�Xn/ xS / D � xS . The map � is called the framing. The formal scheme Nn

is formally locally of finite type and formally smooth over SpfO MF of relative dimension
n � 1.

The group of quasi-automorphisms of the framing object is

Autı.Xn; �Xn ; �Xn/ D ¹g 2 EndıF .Xn; �Xn/ j g
_
ı �Xn ı g D �Xnº:

The condition g_ ı �Xn ı g D �Xn may also be formulated as gg� D id, where g 7!
g� D Ros�Xn

.g/ denotes the Rosati involution. Then Autı.Xn; �Xn ; �Xn/ acts on Nn by
changing the framing:

g � .X; �; �; �/ D .X; �; �; g ı �/:

Another description is as follows. Taking n D 1, there is a unique triple .E; �E; �E/

over F with signature .1; 0/. Set

Vn WD HomıOF .E;Xn/; (9.2)

which is an n-dimensional hermitian F -vector space with respect to the hermitian form

hx; yi D ��1E ı y
_
ı �Xn ı x 2 EndıF .E/ ' F:

It is the unique (up to isomorphism) n-dimensional hermitian space that does not contain
a self-dual OF -lattice. Then there is a natural isomorphism

Autı.Xn; �Xn ; �Xn/ Š U.Vn/.F0/; (9.3)

where Autı.Xn; �Xn ; �Xn/ acts by composition on Vn.
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9.2. Local intersection numbers

Now we introduce the local intersection numbers Int.g; u/. In [16], Kudla and Rapoport
have defined for every non-zero u 2 Vn a certain divisor Z.u/ on Nn, the so-called (local)
KR divisor. For its definition, note that N1 Š SpfO MF , so .E; �E; �E/ deforms to a unique
triple .E; �E ; �E/ over O MF , called its canonical lift. (This is the universal object over
N1 with Galois conjugated OF -action.) Then Z.u/ is defined as the locus where the
quasi-homomorphism uWE! Xn lifts to a homomorphism from E to the universal object
over Nn. By [16, Proposition 3.5], Z.u/ is a relative divisor (or empty). It is the local
analog of the global divisor considered in Section 2.3. It follows from the definition that
if g 2 U.Vn/.F0/, then

gZ.u/ D Z.gu/: (9.4)

For simplicity we will write Nn � Nn for the fiber product Nn �SpfO MF
Nn. For

g 2 U.Vn/.F0/, let �g � Nn � Nn be the graph of the automorphism of Nn induced
by g. The fixed point locus of g is defined as the intersection

N g
n WD �g \�Nn ; (9.5)

viewed as a closed formal subscheme of Nn. We also form the derived fixed point locus,
denoted by LN

g
n , i.e. the derived tensor product

LN g
n WD �g

L
\ �Nn WD O�g

L
˝ONn�Nn

O�Nn
(9.6)

viewed as an element in KN
g
n

0 .Nn/ as defined in [35, Appendix B]. The fixed point locus
and its derived version are the local analogs of the global CM cycle and its derived version
in Section 5.1.

For a pair .g; u/ 2 .U.Vn/ � Vn/.F0/rs, we now set

Int.g; u/ WD hZ.u/; LN g
n iNn WD �.Nn;OZ.u/

L
˝ONn

LN g
n /: (9.7)

Here, for a finite complex F of coherent ONn -modules, we define its Euler–Poincaré
characteristic as

�.Nn;F / D
X
i;j

.�1/iCj lenO MFH
j .Nn;Hi .F //

if the lengths are all finite.
When .g; u/ is regular semisimple, the intersection Z.u/ \ N

g
n is a proper scheme

over SpfO MF and hence the right hand side of (9.7) is finite. The number Int.g;u/ depends
only on the U.Vn/.F0/-orbit of .g; u/. There is an equivalent definition that does not
involve the derived fixed point locus LN

g
n (see [35, Remark 3.1]):

Int.g; u/ D �.Nn �Nn; O�g
L
˝ONn�Nn

O�Z.u/
/: (9.8)
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9.3. The AFL conjecture

The Arithmetic Fundamental Lemma conjecture states that Int.g; u/ equals a derivative
of the orbital defined in (8.4).

Conjecture 9.1 (AFL, semi-Lie algebra version). Suppose that .
; u0/ 2 .Sn � V 0n/.F0/rs
matches the element .g; u/ 2 .U.Vn/ � Vn/.F0/rs. Then

@Orb..
; u0/; 1.Sn�V 0n/.OF0 // D � Int.g; u/ � log q:

The case of a fixed u with .u; u/ 2 O�F0 has been studied first historically (cf. [33]),
and is known as the group version of the AFL; see also [35, Conjecture 3.2]. In that case
there is a natural isomorphism

Z.u/ ' Nn�1:

By [35, Proposition 4.12], the intersection number (9.8) is equal to the one considered
in [33],

�.Nn�1 �Nn;O.1;g/��Nn�1

L
˝ONn�1�Nn

O�Nn�1
/;

the orbital integral reduces to the one in loc. cit. as well, and hence the group version for
VnC1 is equivalent to Conjecture 9.1, at least if qF0 � nC 1.

9.4. Global intersection numbers

We now recall the relation of local and global intersection numbers which relies on the
non-archimedean uniformization for M. We resume the notation from Section 2. Let � − d

be a non-archimedean place of F and set v D �jF0 . Assume that v is inert in F . There is
a uniformization along the basic locus (see [28, proof of Theorem 8.15])

MbOMF� D zG.v/.Q/nŒN 0 � zG.Apf /=KpzG �: (9.9)

Here the left hand side is the formal completion of the base change M ˝ O MF� along the
basic locus of the geometric special fiber M ˝ F� . The basic locus here is the closed
subspace consisting of .A0; A; x�/ where AŒv1� is a supersingular p-divisible group. On
the right hand side, zG.v/ is the analog of zG, but for the nearby hermitian space V .v/.
The formal scheme N 0 is an RZ space of PEL type in [30] whose precise definition we
omit. We now make the additional assumption that the CM type ˆ is unramified at p (see
Definition 6.2). Then the comparison isomorphism [23, Theorem 3.1] applies to N 0 and
(9.9) may be rewritten as

MbOMF� D zG.v/.Q/nŒNn;Fv=F0;v �
zG.Avf /= zK

v�: (9.10)

Here Nn;Fv=F0;v is the RZ space from Section 9.1 for the quadratic extension Fv=F0;v
and, by abuse of notation,

zG.Avf /= zK
v
D zG.Ap

f
/= zKp � .ZQ.Qp/=KZQ;p/ �

Y
wjp;w¤v

G.F0;w/=Kw ;
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where the product is over places w of F0 above p. (In [28] it is assumed that v is unram-
ified over Q which explains why the assumption on the CM type ˆ does not figure
explicitly.)

Now we come to the global intersection numbers. Let ˛ 2 F Œt �ıdegn be a fixed
irreducible polynomial, ' D 'd ˝ 1Kd 2 �.KnG.A0;f /=K/ and � D �d ˝ 1 yƒd 2

�.V .A0;f //. Set ˆ WD ' ˝ �. For each � 2 F0, equation (4.5) defines an intersection
number of yZB.�; �/ and LCM.˛; '/ in Rd. (Recall that LCM.˛; '/ is defined in Defi-
nition 5.2.) However, due to the passage to cCh1 in (4.5), the information of the individual
place-by-place contributions is lost. We assume � ¤ 0 from now on. Then we can work
with the representing divisor yZB.�; �/ directly to define a more specific intersection num-
ber

Int.�;ˆ/ WD
1

�.ZQ/ŒF W F �
�
yZB.�; �/; LCM.˛; '/

�
2 R (9.11)

that lifts the Rd-valued intersection number from (4.5). It is defined as a sum of an
archimedean and a non-archimedean part. The archimedean contribution is defined as
usual by evaluating the Green function of yZB.�; �/ on LCM.˛; '/F. This is well-defined
since the relations in the definition of Z1.M/ are supported in special fibers only (see
Definition 4.2), so that the horizontal part of LCM.˛; '/ is unambiguous. The non-
archimedean contribution is the arithmetic Euler–Poincaré characteristic

�
�
M;OZ.�;�/

L
˝OM

LCM.˛; '/
�
: (9.12)

The cycles do not intersect in the generic fiber by [35, Theorem 9.2 (i)], so (9.12) is a finite
number. With this definition of Int.�; ˆ/, we even obtain a well-defined place-by-place
decomposition

Int.�;ˆ/ D
X

v2†F0 ; v−d

Intv.�;ˆ/:

Note that the local factor vanishes for all but finitely many v (for a fixed pair .�; ˆ/).
The v-term here is the sum of the contributions of all � 2 †F lying above v. Part (b)
of the following theorem relies on the non-archimedean uniformization. Also see Theo-
rem 6.9 (1, 2) for the analogous result for elementary CM cycles.

Theorem 9.2 ([35, Theorem 9.4]). Let � be a non-archimedean place of F and v D �jF0 .

(a) If v is split in F and � ¤ 0, then .C.˛; '/ \ Z.�; �//� D ;. In particular Intv.�; �/
D 0.

(b) Assume v is inert in F and � ¤ 0. Then

Intv.�;ˆ/ D 2 log qv
X

.g;u/2Œ.G.v/.˛/�V
.v/

�
/.F0/�

Int.g; u/ � Orb..g; u/;ˆv/: (9.13)

Here G.v/ D U.V .v// and G.v/.˛/ is the subvariety of elements with characteristic
polynomial ˛. Moreover, Int.g; u/ is the local intersection number from (9.7).
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There is an analogous result for archimedean � which is proved via complex
uniformization (cf. Theorem 6.9 (3)). Since this is identically the same as [35, Corol-
lary 10.3], we will not repeat it here.

9.5. Application to diagonal intersection

In [28], Rapoport, Smithling and the second author study an intersection problem of arith-
metic diagonal cycles that is motivated by the Arithmetic Gan–Gross–Prasad Conjecture
(see [6,33]). They formulate a conjectural formula for the local contributions to the result-
ing intersection numbers (see [28, Conjecture 8.13 (i)]). These local terms decompose just
as Intv.�;ˆ/ does in (9.13) above. In the hyperspecial case of [28], this reduces their con-
jecture to the AFL. Anticipating our proof of the AFL for qv � n (in Theorem 10.1 below),
we formulate here the implied intersection identity in the diagonal setting.

Let u 2 V be a non-isotropic vector with orthogonal complement W . Define the fol-
lowing groups (over Spec Q and SpecF0, respectively):

H WD U.W /; an algebraic group over F0,

HQ
WD ¹g 2 ResF0=Q GU.W / j c.g/ 2 Gmº; c the similitude factor;

zH WD ZQ
�Gm H

Q
Š ZQ

� ResF0=QH;

eHG WD ZQ
�Gm H

Q
�Gm G

Q
Š ZQ

� ResF0=QH � ResF0=QG:

Let ¹hH º and ¹h zH º be the Shimura data for H and zH defined in Section 2.1 with W
instead of V . The product ¹hZQ � hH � hGº defines a Shimura datum for eHG. The
reflex field for zH and eHG is again F. Let KH � H.A0;f / be a level subgroup and
let K zH WD KZQ �KH as well as KfHG WD KZQ �KH �KG . Then, for the respective
Shimura varieties over Spec F,

ShKfHG .eHG; ¹hfHGº/ D ShK zH .
zH; ¹h zH º/ �ShK

ZQ
.ZQ;h

ZQ /
ShK zG .

zG; ¹h zGº/:

Here we wrote K zG WD zK and ¹h zGº WD ¹zhº to make the notation more coherent. There
is an embedding H ,! G that identifies H with the stabilizer of u in G. Recall that
Kd
G D Stab.yƒd/ is the stabilizer of a self-dual OF Œd�1�-lattice in V . We now impose

� u 2 yƒd with .u; u/ 2 OF Œd�1��;

� KH D H \KG .

In particular, the data of W and KH satisfy the good reduction assumptions away from d

in Section 2.2 and we obtain a smooth integral model M zH over OFŒd
�1� for the Shimura

variety of zH . It parametrizes tuples .A0; �0;�0;x�0;A; �;�;x�/ in the sense of Definition 2.1,
but forW instead of V and n� 1 instead of n. The closed immersion of Shimura varieties
for zH and zG extends to a closed immersion of integral models with moduli description

M zH !M zG ; .A0; A; x�/ 7! .A0; A0 � A; .idA0 7! u/ � x�/: (9.14)
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The product
MfHG WDM zH �M0

M zG

is a smooth integral model for ShKfHG .eHG; ¹hfHGº/. The definition of the Hecke corre-
spondence (5.1) can be made for M zH in exactly the same way; it moreover extends by
linearity from the case of a coset � to the Hecke algebra at d. Taking the product, we
obtain for every function of the form

'd D 1K
ZQ;d

˝ 'H;d ˝ 'G;d 2 �.KfHG;dneHG.Qd/=KfHG;d/
a Hecke operator

R.'d/WHk'd
!MfHG �M0

MfHG :
(Only the component 'H;d ˝ 'G;d is used to define the correspondence; the trivial 1K

ZQ

acts trivially.) When we write R.'/ with ' 2 �.KfHGneHG.Af /=KfHG/ in the following,
it is understood that ' D 'd ˝ '

d with 'd D 1d
KfHG standard and R.'/ D R.'d/. This

completes the setting for the definition of the semiglobal intersection number from [28,
(8.18)] in the hyperspecial case. Let v j d be a place of F0 that is inert in F . We define,
for � 2 †F with � j v,

Int\�.'/ WD hR.'/
�M zH ; M zH iMfHG ; v;

Intv.'/ WD
1

�.ZQ/ŒF W F �

X
�jv

Int\�.'/:
(9.15)

Here, the map M zH !MfHG is the graph of (9.14). The following is [28, Conjecture 8.13]
in the present notation for v. We refer to [28, Section 7] for the notions of transfer and of
Gaussian test function in the present setting.

Theorem 9.3. Assume that qv � n and that the CM type ˆ is unramified at p as in Defi-
nition 6.2. Let ' D 'd ˝ '

d be as above with 'd standard. Assume that 'd is completely
decomposed, 'd D˝wjd 'w , and let '0 D˝w '0w 2 �.G0.AF0// be a Gaussian test func-
tion such that ˝w<1 '0w is a smooth transfer of '. Assume that for some prime ` prime
to v and some place � above `, both '� and '0

�
have regular support. Then

Intv.'/ D �@Jv.'0/:

Here G0 D ResF=F0.GLn�1 � GLn/ and @Jv is the v-th component of the global
distribution @J on G0.AF0/ defined in [28, Section 7.2]. (Note that this distribution @Jv
is related to but not the same as the @Jv-distribution defined in Sections 8.3 and 8.4.)

Proof of Theorem 9.3. The statement was already shown for n� 3 and v unramified over
p in [28, Theorem 8.15]. As long as the CM type ˆ is unramified, the proof applies for
arbitrary n and reduces the statement to the AFL identity. This we prove in the next section
whenever qv � n.
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10. Proof of the AFL

This last section is devoted to the proof of the AFL of Section 9.3, at least for not too
small residue cardinality:

Theorem 10.1. Conjecture 9.1 holds under the assumption that the residue cardinality
of F0 is � n.

10.1. Globalization

Starting from the data of the AFL identity in question (an unramified quadratic extension
of p-adic local fields, the integer n and the regular semisimple pair .g; u/), we choose a
quadratic extension F=F0 of number fields with F CM and F0 totally real such that

� F0 has a place v above p which is inert in F and such that Fv=F0;v is the extension of
local fields one we would like to prove an AFL identity for;

� all places w ¤ v of F0 above p are split in F .

Next, choose an n-dimensional F=F0-hermitian vector space V such that

� the signature of V is .n � 1; 1/ at a unique place '0WF0 ! R and .n; 0/ otherwise;

� the localization Vp contains a self-dual OF;p-lattice ƒp .

Let V .v/ be the v-nearby positive definite hermitian space of V and choose an isomor-
phism V

.v/
v Š Vn to view .g; u/ 2 .G.v/ � V .v//.F0;v/. Here we recall that Vn is defined

by (9.2). Note that such an isomorphism is only unique up toG.v/.F0;v/, so it is really the
orbit G.v/.F0;v/ � .g; u/ that is canonical. The main result of [22] is that the intersection
number Int.g; u/ is locally constant (for the p-adic topology) in .g; u/. On the analytic
side, it is a priori clear that @Orb.
; u0/ is locally constant in .
; u0/. Moreover, the match-
ing relation preserves p-adic closeness since it is defined through the invariants of .g; u/
and .
;u0/ (see Section 8.2). It follows that we may replace .g;u/ by a suitable p-adically
close enough global pair with the following additional properties:

� The characteristic polynomial ˛ of g (now an element of F Œt �ıdegn) is irreducible
over F .

� The self-pairing � WD hu; ui (now an element of F0) is non-zero.

� For all placesw¤ v of F0 above p, the “standard” orbital integral for the orbit of .g;u/
does not vanish,

Orb..g; u/; 1Stab.ƒw/ ˝ 1ƒw / ¤ 0; (10.1)

where ƒw � ƒp is the factor corresponding to w.

Next, we choose a CM type ˆ for F which we assume to be unramified at p in the
sense of Definition 6.2. For example, one may first choose an unramified p-adic CM
type ˆ � Hom.F;Cp/ and then transport it via any choice of isomorphism C Š Cp .
Enlarging d while keeping p − d, we assume that ˆ is unramified at all ` − d. The choice
ofˆ also defines an extension of '0 toF . Finally, we complete the data so far to a Shimura
datum as in Section 2, subject only to the condition that p − d.
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Proposition 10.2 ([35, proof of Lemma 13.7 and Proposition 13.8]). Assume that for all
non-archimedean places w of F0 with w − vd,

Orb..g; u/; 1Kw ˝ 1ƒw / ¤ 0: (10.2)

Fix a compact subset �v of .G.v/ � V .v//.F0;v/ containing .g; u/. Then, after possi-
bly shrinking Kd, there exist choices for �v D �d ˝ 1 yƒvd 2 �.V .Av

0;f
// and 'v D

'd ˝ 1Kvd 2 �.KvnG.Av
0;f
/=Kv/ such that the following are equivalent for .zg; zu/ 2

.G.v/.˛/ � V
.v/

�
/.F0/:

(1) TheG.v/.F0;v/-orbit of .zg; zu/ in .G.v/ �V .v//.F0;v/ intersects non-trivially with�v ,
and the away-from-v orbital integral Orb..zg; zu/; ˆv/ is non-vanishing with ˆv D
�v ˝ 'v .

(2) There is an equality of orbits G.v/.F0/ � .zg; zu/ D G.v/.F0/ � .g; u/.

Enlarging d, we may assume that condition (10.2) is satisfied. Since we already
imposed (10.1), we may do so while maintaining p − d. For example, d now also contains
all places w ¤ v where ˛ or � are not integral. We may find and fix a compact �v as in
the proposition such that if an orbit in .G.v/.˛/ � V .v/

�
/.F0/ contributes non-trivially to

(9.13), or matches an orbit in .Sn.˛/ � V 0� /.F0/ that contributes non-trivially to (8.22),
then it intersects �v . (Loosely speaking, existence of �v follows from the fact that the
local terms Int.g; u/ resp. @Orb..
; u0/; ˆ0v/ in the two formulas can only be non-zero
when .g; u/ resp. .
; u0/ satisfy an integrality condition. We refer to [35, Section 13.4
and Corollary 14.8] for the precise argument.) Let Kd and ˆd be as in the proposition.
Let ˆ0 2 �..Sn � V

0/.A0// be a Gaussian transfer of ˆ as in Section 8.5. It follows
that, for .
; u0/ 2 .Sn.˛/ � V 0� /.F0/ such that locally at v the orbit of .
; u0/ matches one
in �v , the away-from-v orbital integral Orb..
; u0/; ˆ0;v/ is non-vanishing if and only if
GLn.F0/ � .
; u0/ is the matching orbit of .g; u/.

Corollary 10.3. The AFL identity for .g; u/ and .
; u0/ holds if and only if

2@Jv.�;ˆ
0/ D � Intv.�;ˆ/: (10.3)

Proof. This follows by comparing the two local-global decomposition formulas (8.22)
and (9.13), each of them containing (at most) one non-zero term.

This idea may be developed further. Namely, for w non-archimedean,

2@Jw.�;ˆ
0/; Intw.�;ˆ/ 2 Q log qw ;

so both terms in Corollary 10.3 lie in Q log p. Note that Intw.�; �/ D 0 for all w ¤ v

above p since these were assumed to be split. Moreover, there is a known identity of
archimedean contributions: by [35, Lemma 14.4], for an archimedean place w,

2@Jw.�;ˆ
0/ D � IntKw.�;ˆ/:
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It follows that

2@Jw.�;ˆ
0/C IntK�B

w .�;ˆ/ D � Intw.�;ˆ/; w j1:

Using the linear independence (over Q) of the log ` for ` prime, we find that (10.3), and
hence the AFL identity in question, follow from the identity

2@J.�;ˆ0/C IntK�B.�;ˆ/ D � Int.�;ˆ/ in Rd; (10.4)

where @J.�;ˆ0/ is defined in (8.23).

10.2. Modular forms

The way to proceed in [35] was to use the fact that all three terms in (10.4) are known
to be the Fourier coefficients of modular forms if F0 D Q. For the @J -term this was
worked out in [35, Section 9], for the IntK�B-term this is due to Ehlen–Sankaran [5], for
the Int-term it is the main result of [3]. Only the statement for @J is currently known
to carry over without change. For the other two terms we will instead apply the almost
modularity results from Section 4. This, however, requires modifying LCM.˛; '/, since
Theorems 3.9 and 4.3 only apply to pairings with 1-cycles of degree 0.

By Proposition 5.7, there exist a family of �-embeddings �i W E ! End.V / with
�i .OE / stabilizing ƒp , Hecke operators gi 2 G.F0;d/ and scalars �i 2 Q such that

C.˛; '/ı WD C.˛; '/ �
X
i

�iC.�i ; gi /

has degree 0 on every connected component ofM . Let E be an extension of F over which
the C.�i ; gi / are defined and set

C WD
X
i

�iC.�i ; gi /;

where the integral models C.�i ; gi / of the C.�i ; gi / are the normal ones (see the para-
graph after Definition 5.3). Define the modified CM cycle

LCM.˛; '/ı D LCM.˛; '/ � C 2 Z1.OE ˝OF M/:

At this point, we again enlarge d (but still keep K unchanged and maintain the condition
p − d) if necessary so that we can assume that ƒŒd�1� is �i .OE /-stable for all i .

Apply the pairing (4.8) and define

Int.h;ˆ/ı WD
1

�.ZQ/ŒE W F �
�
Z.h; �/;LCM.˛; '/ı

�adm
: (10.5)

For the rest of the section we let KH;d be a compact open subgroup of H.F0;d/ that fixes
�0d; �d andˆ0d under the Weil representation. RecallKd;ı

H D
Q
v−dK

ı
H;v from (6.2). Then

Lemma 7.7 (2) shows that �v is invariant under KıH;v for every v − d.
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Corollary 10.4 (to Theorem 4.3). The function Int.�; ˆ/ı lies in Ahol.H.A0/; KH; n/ xQ

˝ xQ Rd; xQ with KH D KH;d �K
d;ı
H and Rd; xQ WD RS; xQ for S the set of places v jd.

We can spell out the Fourier coefficients Int.�; h1; ˆ/ı using the arithmetic KR divi-
sors bZB.�; �/ (see (4.9)) on the integral model M, and using the arithmetic intersection
pairing (4.8)

Int.�;ˆ/ı WD
1

�.ZQ/ŒE W F �
�bZB.�; �/;LCM.˛; '/ı

�
(10.6)

for � 2 F0;C.
Now we define the corresponding automorphic form on the analytic side. Let

@J.h; �0/ D
1

ŒE W F �

X
i

�i@J.h; �
0
i /

be the linear combination of (the restriction to H.A0/ of) @J from (7.10). In particular,
by Theorem 7.6 (and Proposition 6.8), the �-th Fourier coefficient with � ¤ 0 is given by

2@J.�; h1; �
0/ D �

1

�.ZQ/ŒE W F �
�
yZK.�; h1; �/;C

�
W
.n/

�
.h1/ (10.7)

up to
P
`jd Q log `. Define the modified analytic generating function:

@J.h;ˆ0/ı D @J.h;ˆ0/ � @J.h; �0/; h 2 H.A0/: (10.8)

Then we consider
@Jhol.h/ WD 2@J.h;ˆ

0/ı C IntK�B.h;ˆ/ı; (10.9)

where the last summand denotes the evaluation of the difference of the two Green func-
tions at the modified CM cycle (see (3.24)),

IntK�B.h;ˆ/ı WD
1

�.ZQ/ŒE W F �

X
�2†E; �j1

G K�B
� .h; �/.C.˛; '/ı/:

Proposition 10.5. The function @Jhol.h/ lies in Ahol.H.A0/; KH; n/ xQ ˝ xQ Rd; xQ with

KH D KH;d �K
d;ı
H .

Proof. First we note that each summand in (10.9) belongs to A1.H.A0/; KH; n/. For
@J.h; �0/ the statement is Proposition 7.8. For @J.h;ˆ0/ this is Lemma 8.3, together with
the fact that the same proof of Lemma 7.7 shows that ˆ0v is invariant under KıH;v for
every v − d. For IntK�B.h;ˆ/ it is a consequence of Theorem 3.13 and the fact that ˆv is
invariant under KıH;v for every v − d.

To complete the proof we need to show that the Fourier expansion of @Jhol takes the
form

@Jhol.h/ D
X

�2F0; ��0

A�.hf /W
.n/

�
.h1/; A� 2 Rd; (10.10)
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where A�.hf /D 0 unless � lies in a fractional ideal of F0 (depending on hf 2 H.A0;f /).
Similar to the proof of [35, Proposition 14.5], using the fact that the Weil representation
commutes with smooth transfer, it suffices to consider the case hf D 1.

The proof of [35, Proposition 14.5] applies for a general totally real field F0 and shows
that the sum

2@J.h1; ˆ
0/C

1

�.ZQ/ŒE W F �

X
�2†E; �j1

G K�B
� .h1; �/.C.˛; '//

has the desired form of (10.10). It remains to show that

2@J.h1; �
0/C

1

�.ZQ/ŒE W F �

X
�2†E; �j1

G K�B
� .h1; �/.C /

takes the form of (10.10). By definition, the automorphic Green functions G B
� .�; h1; �/

are actually independent of h1 (see (3.22)), and hence G B
� .h1; �/ takes the form of

(10.10). So by (3.23) and (3.24), it remains to show that

2@J.h1; �
0/C

1

�.ZQ/ŒE W F �

X
�2†E; �j1

G K
� .h1; �/.C /

takes the form of (10.10). But here both terms arise by diagonal restriction from gen-
erating functions over E0 to which we may apply Theorem 7.6 (together with Proposi-
tion 6.8). The proof is now complete.

10.3. Comparison

For � 2 F0;C, recall that our aim is to show the identity

2@J.�;ˆ0/C IntK�B.�;ˆ/ D � Int.�;ˆ/ in Rd

(see (10.4)). Subtracting the known identity (10.7) evaluated at h1 D 1,

2@J.�; �0/ D �
1

�.ZQ/ŒE W F �
. yZK.�; �/;C/ in Rd (10.11)

(see (3.20) and (4.13)), we see that the AFL identity in question would follow from

@Jhol.�/ D � Int.�;ˆ/ı;

where the left hand side is the �-th Fourier coefficient of (10.9). Slightly enlarging d, we
now assume it is divided by all places with residue cardinality < n.

Theorem 10.6. There is an equality in Ahol.H.A0/;KH; n/ xQ ˝ xQ Rd; xQ:

@Jhol.h/ D � Int.h;ˆ/ı: (10.12)

In particular, the AFL holds whenever qv � n.
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Proof. Let B be the product of all primes ` − d where Z` ˝Z OF Œt �=.˛.t// is not the
maximal order in the étale Q`-algebra E` D Q` ˝Q E. (Note that the case of interest is
typically p jB .) By [35, Lemma 13.6] applied to @Jhol.h/C Int.h;ˆ/ı and B , it suffices
to show the equality of Fourier cofficients (see (1.11) for notation)

@Jhol.�; h1/ D � Int.�; h1; ˆ/ı

for all � 2 F �0 such that w.�/ D 0 for all w jB (here we write w.�/ for the valuation of
� associated to the place w). Since both sides are holomorphic of the same weight (see
Proposition 10.5 and Corollary 10.4), this is equivalent to

@Jhol.�/ D � Int.�;ˆ/ı

for all � 2 F �0 such that w.�/ D 0 for all w jB .
By an inductive argument, we assume from now on that the AFL Conjecture holds

in all cases of residue cardinality (of F0) � n and dimension (of the hermitian space V )
smaller than n. It is now sufficient to verify the following claim.

Claim. For � with w.�/ D 0 for all w j B , we have @Jhol.�/ D � Int.�;ˆ/ı in Rd.

The CM identity (10.11) may be added again, which leaves us with

2@J.�;ˆ0/C IntK�B.�;ˆ/
‹
D Int.�;ˆ/;

which may be rewritten as

2@J.�;ˆ0/
‹
D � IntK.�;ˆ/:

From here on, the argument is again as in [35, Theorem 14.6]. Write

2@J.�;ˆ0/C IntK.�;ˆ/ D
X

w−d;w−1

�
2@Jw.�;ˆ

0/C Intw.�;ˆ/
�

C

X
w−d;wj1

�
2@Jw.�;ˆ

0/C IntKw.�;ˆ/
�
:

The archimedean terms are known to vanish by [35, Lemma 14.4]. The non-archimedean
terms may be rewritten using the local-global decompositions (8.22) and (9.13):

2@Jw.�;ˆ
0/C Intw.�;ˆ/

D

X
.g;u/2Œ.G.w/.˛/�V

.w/

�
/.F0/�

.
;u0/$.g;u/

2
�
@Orb..
; u0/; ˆ0w/C Intw.g; u/

�
Orb..g; u/;ˆw/ log qw :

The assumption on � and B implies that at least one of the following two cases holds:

(1) If w − �, then .u; u/ is a w-adic unit. The AFL identity @Orb..
; u0/; ˆ0w/ D
� Intw.g; u/ is known to reduce to a similar AFL identity in dimension n � 1, which
holds by our induction hypothesis. The reduction statement is [35, Proposition 4.12].
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(2) If w j �, then w − B so OF Œt �=.˛.t// is a maximal order at w. In this case the above
AFL identity is also known [35, Proposition 3.10].

This finishes the proof of the Claim, of the theorem and of the AFL for qv � n.
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