Port. Math. 81 (2024), 389435 © 2024 Sociedade Portuguesa de Matemdtica
DOI 10.4171/PM/2127 Published by EMS Press
This work is licensed under a CC BY 4.0 license

Asymptotic analysis and optimization of an elastic body
surrounded by thin layers

Mustapha El Jarroudi, Jamal El Amrani, Mhamed El Merzguioui,
Mustapha Er-Riani, and Adel Settati

Abstract. We consider an elastic body surrounded by thin elastic layers along a part of its
boundary. We study the asymptotic behavior of the structure as the maximum thickness of the
layers tends to zero. We derive an effective boundary integral energy involving a matrix of Borel
measures not charging polar sets and having the same support contained in the boundary. We
characterize this matrix for three special cases: periodic layers, layers which are determined by
a given nonnegative function /4, and layers with abrupt changes along self similar fractals. We
then consider an optimal control problem, which consists in determining the shape of the best
material distribution around the elastic body, under the maximal work of external loads, and
characterize the optimal zones on its boundary where possible elastic layers could take place.

1. Introduction

Let © be a bounded open subset of R* with Lipschitz continuous boundary Q2 =
't UT,, suchthat 'y N Ty = @ and Ty, |T2| > 0, where |T';|; i = 1,2, denotes the
Lebesgue measure of I';. Let X, be an arbitrary layer of maximum thickness ¢ > 0
extending €2 near I'; (see Figure 1). Without loss of generality, we may suppose that,
for small parameter ¢ € (0, 1),

Y = {s +tn(s);sel,0<t < ehg(s)},

where n(s) is the outward unit normal on s € I'y and /4, is a positive locally Lipschitz
continuous function satisfying

sup||hgllLoo(r;)y < 1.
&
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Figure 1. A layer X, extending the set Q2 along the part 'y of its boundary.

We set
Q:=QUTIUZX,,

e = 03:\0Q.

We suppose that €2 is the reference configuration of a linear elastic material. This
means that the deformation tensor e(u) = (e;; (u));, j=1,2,3, wWith

1 8141‘ auj
e”(u) B E(ij + 3)6,')
for some displacement u, is linked to the stress tensor o (1) = (0;;(1))i,j=1,2,3 by
Hooke’s law,

oij(u) = ajjrrex (), i,j =1,2,3, (1.1

where a;jr;; i, j,k,l = 1,2,3, are material coefficients and where the summation
convention with respect to repeated indices has been used and will be used in the
sequel. We suppose that

ajjil(x) = ajig (x) = agjk;(x), Vi, j.k,l=1,2,3, Vx € Q, (1.2a)
c1&ij€ij < aijri(x)&ijEi; < c2&ijki;, Vx € Q, VE € RV, (1.2b)

where ¢ and ¢, are positive constants. We suppose that 3, is the reference configu-
ration of a linear elastic material with material coefficients ea;jx;; i, j, k, [ =1,2,3.
We suppose that a perfect adhesion occurs between 2 and 3. along their common
interface I'y. We suppose that the material in €2, is submitted to volumic forces with
density f € L?2(R3,R3). We define the sequence of functionals (F;), on LZ(R3,R3)
by

Jo 0ij(Wei;w)dx + ¢ [ o (we;(w)dx  ifu e Hj(Qe,R3),

+00 otherwise.

Fe(u) = { (1.3)
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The equilibrium state of the elastic material in €2, is described by the minimization
problem

min {E(u) —2/ f.udx}. (1.4)
Q

uel?(Qg,R3)

Using I"-convergence methods (see, for instance, [16] and [18]), we prove that the
effective potential energy of the material turns out to be of the form

. T ; . 5
Jo 0ij ()eij (u)dx + [ Juiujdpgy  ifu € Hyr,(Q,R7),

+00 otherwise,

Fo(u) = { (1.5)

where = (Wij)i,j=1,2,3 1S a symmetric matrix of Borel measures p;; not charg-
ing polar sets (sets of capacity zero), having the same support contained in I'y, and
satisfying ;7 (B)¢;i¢; > 0, for every Borel set B C R? and every ¢ € R3, and where

Hyur,(Q.R%) = HE (Q.R?) N L2 (I, R?), (1.6)

with
Hp, (6. R%) = {v e H' (2. R?): v =00n Ty},

and
Li(Fl,R3) = {v :T; —> R3: / vivdp; < —|—OO}.
Iy

The solution 1 of the limit problem, stated in Corollary 15, satisfies the following
Robin type boundary condition:

Gij(uo)nj + ;Liju? =0 only,

where 7 is the outward unit normal on s € I';. We then consider some special cases.
We first consider the case where the thickness of X, varies periodically along T';.
The problem becomes invariant by translation and the measure p;;;i, j = 1,2, 3, is
the Haar measure on I'y with u;; = K;;ds, where ds is the surface measure on I'y
given by the Riemannian metric and K;;; i, j = 1,2, 3, are constants in R satisfying
Kijti¢i > 0,V¢ e R3. We identify the constants Kij;i,j =1,2,3, by constructing
appropriate local problems. We secondly suppose that X, has thickness of the form
eh(s). We prove in this case that p;; = k; (s)%&ij, where §;; denotes Kronecker’s
symbol and «;(s); i = 1,2, 3, are material coefficients. We then suppose that I'; is
contained in the plane {x3 = 0} and consider a thin layer X, with abrupt changes
along a self similar fractal A with similarity dimension d. We prove that

27(c — 1/2)k;(s)
HA(A)

Kij = (Ki(X1,X2)dX1dX2|1"1 + dJ(d(s)|A)8,-j,
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where ¢ is a positive constant given in Theorem 19, d #¢ is the d-dimensional
Hausdorff measure, and «; (s); i = 1, 2, 3, are material coefficients.

The asymptotic behavior of the scalar version of 2 surrounded by arbitrary layers
Y ¢ of maximum thickness ¢ was studied in [11]. A general integral on the boundary
d$2 written as f 99 u?dp where p is a nonnegative Borel measure on R3 not charging
polar sets (but possibly 400 on large subsets of R3) was obtained at the limit. The
characterization of the measure © was given in terms of suitable asymptotic capacities
associated with ©,.\€2. The asymptotic behavior for an incompressible viscous flow
in 2 surrounded by arbitrary thin layers ¥, has been addressed in [19]. A general
Navier wall law was obtained, with the proportionality coefficient being a symmetric
matrix of Borel measures, having their supports contained in the solid boundary of 2.
Several papers, among which [1,2,5-7,12, 14], and [26], have studied the asymptotic
behavior of elliptic operators in domains surrounded by thin layers of periodically
varying thickness e/ (s) or with general smooth thickness 7% < ¢.

An important field to which this work is closely related is the asymptotic behavior
of a biological body surrounded by thin layers of soft growing tissues resulting from
the proliferation of tumor cells. Constitutive models combining the stress-strain rela-
tion of linear elasticity with a growth term of avascular tumors have been developed
in several papers (see, for instance, [3,4,24,29]). This analysis provides an asymptotic
description of stresses in soft tissues growing around a biological body.

This problem has also some implications for modeling the behavior of elastic
bodies reinforced with flexible or soft thin elastic layers such as rubber and textile.
Some of these materials are indeed known for their nonlinearity in the stress-strain
relationship. However, as the reinforced body is modeled as linear elastic with small
strains, linear elasticity is assumed here for the material within the layers. Note that
materials reinforced with flexible materials as textile are used for the construction of
durable and more sustainable elastic structures (see, for instance, [27] and [28]). For
two-dimensional plastic layers under longitudinal shear obeying a hardening stress-
strain law with a functional energy given by

ep_I/E [Vw(x, y)|Pdxdy,

where p is the power hardening parameter and w is the only non-vanishing component
of displacement (assumed to be the z-component), we can prove, using the present
work and the integral representation theorem of [15], that the effective energy is given
by fl‘l |w(x, y)|?du where u is a nonnegative Borel measure on R3 not charging
polar sets.

In Section 6, we consider an optimal control problem which consists in determin-
ing the shape of the best material distribution around €2 under the maximal work of
external loads. We prove that, for a given quantity n > 0 of material, there exists an
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optimal diagonal matrix & = Diag(h;);=1,2,3 of I'j-measurable functions 4; : '} —
[0, +00), such that

Ju] |
fl’l lu]|ds’
where u” = (u,u,u3) is the solution of problem (6.4). We then study the best
way to reinforce an elastic body by a flexible elastic layer as 7 tends to zero. For a

hi(u") =7

biological body, this last study allows to characterize the zones on its boundary where
possible soft tissues will grow.

We recall that the scalar version of this problem was investigated as part of the
shape optimization of optimal thermal insulators by several authors (see, for instance,
[9, 10, 20], and recently [8] and [22]). The problem of optimizing the distribution of
material, surrounding a homogeneous elastic plate, which minimizes the energy has
been studied in [13].

2. Functional framework

We define the capacity Cap of every compact subset K C R3 as
Cap(K) := inf{/ |Vo|?dx +/ lp|?dx; ¢ € C(R?), ¢ > 1 on K}.
RN RN

For every open subset U C R3, we set
Cap(U) := sup {Cap(K); KcUK compact}.
For every Lebesgue measurable subset B C R3, we define
Cap(B) := inf {Cap(U); BcCcUU open}.

Let B(R?) be the o-field of Lebesgue measurable subsets of R3. A property is
said to be true quasi-everywhere (q.e.) on B € B8(R?) if it is true except on a subset of
B of capacity Cap equal to 0. A function u : B — R; B € B(R?), is quasi-continuous
on B if, for every ¢ > 0, there exists an open subset U, C B with Cap(U,) < ¢, such
that the restriction of u to B \ Uy is continuous. Every function u € H!(R3 R3) has
a quasi-continuous representant %, which is unique quasi-everywhere in €, (see, for
instance, [30, Theorem 3.1.4]); & is given by

1
u(x) = lim ——— u(y)dy forge.x € R3,
r—ot |B(x’ r)| B(x,r)
where B(x,r) is the ball centered at x and of radius r > 0. We now define some
notions concerning families of subsets of R3 (see, for instance, [16, Chapter 14]) and
a class of functionals of R3 (see, for instance, [17]).
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Definition 1. (1) A subset D C B(R3) is a dense family in £(R3) if, for every
A,B € B(R3) with 4 C B there exists D € D suchthatt AC D C D C B
where A (resp. A) denotes the interior (resp. the closure) of A.

(2) AsubsetR C £(R3) is a rich family if, for every family (A4;);ej0.1] C B(R?)
such that Ay C A,, for every s < ¢, the set {t € ]0,1[; A; ¢ R} is at most
countable.

(3) Let O(R?) be the set of all open subsets of Q. We consider the class F of
functionals F from H!(R3,R3) x O(R?) to [0, +00] satisfying:

(@) (lower semi-continuity): for every open subset w € @ (R?), the functional
u — F(u,w) is lower semi-continuous with respect to the strong topol-
ogy of the space H1(R3;R3),

(b) (measure property): for every u € H'(R3,R3), w — F(u,w) is the re-
striction to @ (R?3) of a nonnegative Borel measure still denoted F (1, ),

(©) (localization): for every w € O(R3) and every u,v € H'(R3,R3): u|, =
Vlp = Fu,w) = F(v,w),

(d) (C'-convexity): for every w € O(R3), the functional u — F(u, w) is
convex on H!(R3 R3) and for every ¢ € C!(R3) with0 < ¢ <1,

Flou + (1 -9, 0) < F(u,0) + F(v, »).
Example 2. We consider the functional F, defined on H!(R3,R3) x O(R?) by

0 ifu =0, qe.on Nw,
Fg(u,a)):{ if % ge.on1 . Nw @1

+o00 otherwise,
then F, € IF.
Let us set the following definitions.

Definition 3. (1) A Borel measure A is absolutely continuous with respect to the
capacity Cap if

VB e B(R?) : Cap(B) =0 = A(B) =0,

(2) Mo(RR3) is the set of nonnegative Borel measures which are absolutely con-
tinuous with respect to the capacity Cap.

Example 4. For every E C Q such that Cap(E) > 0, we define the measure cog by

0  ifCap(BNE)=0,

+o00 otherwise,

g (B) = {

for every B € B(R3). Then cog belongs to Mg (S2).
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Note that, for every u € H!(R3, R?) and every v € O(R?), the functional F,
defined in (2.1) can be written as

Fe(u, ) =[ |ii|>d oor, , =/ lu|*door, . (2.2)

We have the following integral representation of functionals of IF.

Theorem 5 (See [17, Theorem 7.5]). For every F € F, there exist a finite measure
w € Mo(R?), a nonnegative Borel measure v, and a Borel function g : R3 x R3 —
[0, +00] with ¢ +— g(x, &) convex and lower semi-continuous on R3, such that, for
everyu € H'(R3,R3) and every w € O(R3),

F(u,w) = / g(x,u(x))du + v(w).

Moreover, if F is quadratic then the following corollary (see [17, Corollary 8.4])
holds.

Corollary 6. Let F € F. Assume that F(., ) is quadratic for every o € O(R?). Then,
there exist
(1) a finite measure . € My(R3),

(2) a symmetric matrix (a;j)i,j=1,,3, of Borel functions from R3 to R satisfying
aij (x)¢;i¢; > 0 for every ¢ € R? and for g.e. x € R3,

(3) for every x € R3, a linear subspace V(x) of R3, such that, for every u €
H'(R3,R?) and every w € O(R?),

@) if F(u,w) < 400 then u(x) € V(x) for g.e. x € R3,
(b) ifu(x) € V(x), for g.e. x € R3, then

Fw) = [ ay s ()i

Remark 7. Let F € [F such that F(., ®) is quadratic for every v € O(R3), u €
Mo (R3) be the associated measure by the above corollary,

0= U , (2.3)
where
S(F) = {a) € ORY); F(.,w) < +00 qe.in a)}
and V(x) be the linear subspace of R> defined by

V() R3 ifx €0,
X) =
(0} ifx e R3\O.
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We define the 3 x 3 matrix of measures

ro= (1ij)i,j=1,2,3
= (@jj )i j=1,2,3 + oOr3\elds.

Then, for every u € H'(R3,R?) and every w € O(R?),

a;iuiu;d ifu(x) € V(x) forg.e. x € w,
/uiujdmj:{fwuuu (x) € V(x) forg
» +00 otherwise,

and the functional F can be written as

Fu,w)= / uiujdp; = (pu,u).
w

3. A priori estimates

We define the sequence of functionals (®,), on L?(R3, R3) by

(1) = {fQ oij(u)e;; (w)dx + 8f28 oij(u)e;;(w)dx ifu € Hﬁz(Qg,R3),
400 otherwise.
3.1
We have the following results.

Proposition 8. Let u® € Hy, (¢, R?) such that sup, ®¢(u®) < +oc. Then
(1) sup,(fq [Vu|?dx + ¢ [5_|Vu®[?dx) < +o0,

(2) sup, [q [uf|?dx < 400 and supséfZS |ué|2dx < +ooc.

Proof. (1) Lets + tn(s) € X.. We have
t 2
W (s + tn(s)) —uf(5))® = ’ / Vus(s + En(s)).n(s)dt
0

ehe(s)
<e / VUl (s + En(s))2de,
0

which implies that

ehe(s)
/ [ s (s + tn(s)Pdeds
r;Jo

< C(s / (us(s))?ds
Iy

ehe(s)
+ 82/ / |Vué (s 4 ¢n(s)|*(1 4 Cx(s, t))d{ds), (3.2)
ryJo
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where » is the curvature of I'j and C is a positive constant independent of ¢. As
u® = 0 on I';, we have, using the Korn inequality in €2 and 2., respectively, that

/ [Vué?dx < C/ oij (u®)ei; (u®)dx
Q Q
E Cq)&‘(us)’
8/ [Vué|?dx < Ce/ oij (u®)eij (u®)dx
e Qe

S C®8(u6)7

(3.3)

from which we deduce that

sup(/ |Vué|>dx +s/ |Vu£|2dx) < 400. (3.4
Q e

&

(2) Using the Poincaré inequality and the trace theorem, we deduce from (3.3) that

/|u5|2dx§C/ |Vué|>dx
Q Q

E C®E(u8)’
3.5
[ |ué(s)|ds < C/ |Vué|>dx
I Q
< Cd (u),
and, using (3.2)—(3.5), we deduce that
[ [ué|?dx < Ced,(uf). (3.6)
e
We obtain from (3.5) and (3.6) that
1
sup/ [u|?dx < +00 and sup—/ [uf|?dx < +oo0. [
& Q g €&

&

Remark 9. According to [25, pages 354-355], as d€2 is locally Lipschitz, it is
also uniformly Lipschitz. Then, using [25, Theorem 12.15], we infer that every v €
H} (2, R?) has an extension §v € H}\ (R?, R?) verifying, in particular, Ev(x) =
v(x) for almost every (a.e.) x € Q, and

[€vlL2@r3r3) < (1 + M)|vlL20, r3)- 3.7

where M is a positive integer. We deduce from Proposition 8 and inequality (3.7)
that, for every sequence (u°), such that u® € Hy, (Q2¢, R?) and sup, @¢(u®) < +o0,
there exists a subsequence, still denoted (u®),, such that (1), weakly converges in
H'(Q,R3), as ¢ tends to 0, to some u € Hllz(Q, R3), and its extension (u®),
strongly converges in LZ(R3,R?) to &u.
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4. Convergence

Let v® € Hp, (2, R?) and v € Hy, (Q,R?). We denote in the same way their exten-
sions to Hp, (R?, R?). According to Proposition 8 and Remark 9, we introduce the
following topology t.

Definition 10. A sequence (u®)¢; u® € Hllz (2, R3), r-converges to u, as ¢ tends
to 0, if
e 1 3)_
1) u o HFZ(Q,]R )-weak,

(2) u® — u L*(R3,R3)-strong.
e—>0
We have the following result.

Lemma 11. Let (®,), be the sequence of functionals defined in (3.1). Then (), I'-
converges, with respect to the topology T, to the functional ® defined on L*(R3,R3)
by

Jq 0ij(w)eij(w)dx ifu € Wr,,

+o00 otherwise,

du) = { @.1)

where
Wr, = Hp, (Q.R%) N L*(R* R?).
Proof. Let u € Wr,. We consider the set Q¢ = QuU Xo,s, Where g ¢ is a layer of
thickness & surrounding €2 defined by
Toe = {x € R’ 0 <d(x,0Q) < ¢},

where d(x, dQ) is the Euclidean distance from x to dQ. Let v%¢ € L?(R3,R3) such
that
lu —v®*

|L2(R3\QO!€,R3) < E&.

We define the function 1:6’-; by

— 0% in R3\Qq.,
0 in Qo,g.

We consider a mollifier p, € C2°(R3) with support in the ball B(0, &) of radius
& centered at the origin such that [py pe(x)dx = 1. We then define the sequence
(w%®), by w%¢ = p, * v%¢ and the sequence (1%¢), of test-functions by

w9 in R3\Qo,8,
0,6 _ U (e—d(;c,BQ)) in 20,8’

u in Q.
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We can easily check that u%¢ € Hllz (R3,R?), (u%#), T-converges to u as & tends
to 0, and

lim sup ®, (u%¢) < / oij(u)e;j(u)dx = d(u). 4.2)
Q

e—0

Let (u®), C HIEZ (R3,R3) such that (u®), t-converges to some u as ¢ tends to 0.
Then, since ®(u?) < O, (u?), we infer that

®(u) < liminf ®(u®) < liminf ®,(u®). 4.3)
e—0 e—0
We deduce from (4.2) and (4.3) that (®,), ['-converges to & with respect to the
topology . |
We introduce the functional G, defined on L2(R3, R3?) x B(R3) by

O5(u) + Fo(u, B) ifu € HE (R?,R?),

4.4)
+00 otherwise,

G.(u,B) = {

where F; is defined in (2.1).
Our main result in this section reads as follows.

Theorem 12. There exist a rich family R C B(R?) and a symmetric matrix p =
(ij)i,j=1,2,3 of Borel measures ;;, having the same support contained in I'y, which
are absolutely continuous with respect to the capacity Cap, and satisfying

wij (Bt >0, VieR? VB e B(R?),

such that, for every u € Wr, and every ® € R N O(R3)

(T'-1lim G¢) (u, w) = d(u) +/ uiujdpij,
e—0 ' Nw

where the T'-limit is taken with respect to the topology v and ® is the functional
defined in (4.1).

Proof. The upper and lower I'-limits, with respect to the topology t, exist and are
respectively defined on Wr, x B(R?) by

G*(u, B) = inf{limsup G, (u®, B); u® %) ul,
e £—>

G'(u, B) = inf{lim inf G, (u®, B); u® — u}.
>0 £—>0
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We see that, for every B € B8(R?), we have G*(., B) > ®(.) and G'(., B) >
®(.). Let us introduce the nonnegative functionals F* and F* defined, for every B €
B(R?), by

G%(u, B) — ®(u) ifu € HE (R3,RY),

4.5)
+00 otherwise,

F%(u, B) = {
where a = s,i. Let u € Wr, and u® € Hy, (R?, R?) be such that (u®), t-converges
to u. Denoting in the same way the extension of u to the space Hp. (R?, R?), we set

z® = u® —u. We can easily check that (z°)e C Hp (R, R?), (z°), t-converges to 0,
and, using (4.5),

F*(u, B) = inf{limsup(®o ¢ (z°) + Fe(z° + u, B)); z° —T—(;) 0}, (4.6a)
e—0 &>

Fi(u, B) = inf{liminf(®o ¢ (z°) + Fe(z° + u, B)); z° —> 0}, (4.6b)
e—0 andl

where, for any v € Hllz (R3,R3),
Do (v) = 8/ oij(v)e;; (v)dx. 4.7
e

The functionals F* and F? satisfy the following properties.
Lemma 13. (1) Letu € Wr, and A, B € O(R?). Then
F’(u,AUB) < F*(u,A) + F*(u, B).

(2) Letu € W, and A, B € O(R®) such that AN B =@ . Let A', B’ € O(R?)
such that A’ C A and B’ C B. Then

Fi(u,AUB) > F'(u,A") + F'(u, B').

(3) For every open subset w € O(R3), F*(.,w) is lower semi-continuous for the
strong topology of Hllz (R3,R3).

(4) Let € O(R?) and u,v € Wr, such that uj, = V. Then F*(u, ®) =
FS(v, w).

(5) For every o € O(R3), the functional u — F*(u, ) is convex and C'-convex
on Wr,.

Proof. (1) Letu € Wr,. Letw € O(R?) such thatw C B \ A. Then, owing to (4.6a),
there exist two sequences ("), and (z*°) in Hp, (R?, R?) z-converging to 0 such
that

F*(u, A) = limsup(Po,e(z"°) + Fe(z"* + u, A)),

e—0

F°(u, w) = lim sup(® 2,6 2.6 (4.8)
’ - p( O,S(Z )+ Fe(z2f 4+ u,w)).
e—>0
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Let 9 € CP(R3) such that 0 < ¢ < 1inR?* ¢ =0in 4 and ¢ = | in w. We
define the sequence (z%), by

78 — (1 _90)21,6‘ +(P22’8-

Then z°¢ L()) 0 and, according to (4.6a),
£—>

F(u, AU w) <limsup(Pg(z°) + Fe(z° + u, A U w)). 4.9)

e—>0
Let us denote ]ngym the set of 3 x 3-real symmetric matrices. We define the qua-
dratic form Q by
0(r) = ajjiitiitj, Yt €RY,. (4.10)

Using (4.10), we have, according to (1.1), that, for every n € (0, 1),

Boo(=5) = ¢ /Z 0(e(z*))dx

e [ 0= el + pe) + G~ ) @ Vy)ax
e

. / Q((l_n)“‘*”)e(zll’?“"e(zz’s) +n(z“—z“)w@)
e n n

(4.11)

Using the convexity of Q, we have, for every n € (0, 1),

Boe(z) < —— / O((1 — )e(z"¥) + pe(z) + (22 — 2) @ V)dx
I1-nJs,

+2 / 0((2>* — 21%) ® Vop)dx.
Ze

and, since 0 < ¢ < 1, we have, using once again the convexity of Q and the coercivity
property (1.2b), that

D0, = 7 [ (1=0)0e(: s
. &

1 —

%

e /E 90

|22,s _ Zl,s 2|V(p|2dx,

&

where c; is the constant appearing in (1.2b). Then, taking into account the properties
of ¢, we deduce that

1
qDO,s(wS) = lTn((DO,s(Zl’g) + @0,8(22,8))
eC
+ —

n Jz.

|z22:¢ — 21824 x, (4.12)
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where C is a positive constant independent of ¢ and 7. On the other hand, as F; is

C!-convex and Fg(z™* +u,.); m = 1,2, is the restriction to @ (R?) of a nonnegative
Borel measure, we have

Fe(z® 4+ u, AU w)

IA

Fo(1=9)(z"* +u) + 9(z>* +u), AU 0)
Fo(zV¢ +u, A) + Fo(z%% 4+ u, w).

4.13)
We deduce from (4.9), using (4.12) and (4.13), that

e—>0

F*(u, AU w) <limsup(Po(z°) + Fe(z°* + u, AU w))

lim sup(®g ¢(z"%) + Fe(z'* 4 u, A))
N e—>0
+

lim sup(@o,g(zz’s) + Fo(z%% + u, w))
1- N &0

C .
+ —limsupe |z%:¢ — z1®
N e=0 X

2dx.
As limsup,_,, & st |z2¢ — z1¥12dx = 0, we deduce from (4.14) that

(4.14)

F*(u, AU w) <limsup(Po(z°) + Fe(z°* + u, AU w))

e—>0

lim sup(d)o,g(zl’g) + Fo(zVf 4+ u, A))
N e—>0
+

lim sup(@o,g(zz’s) + Fo(z%% + u, w)),
1-— N &0

thus, letting 1 tend to 0, we have, according to (4.8), that

Fu,AUw) < F*(u, A) + F*(u, w),

and, letting w increase to B, we conclude that

F(u,AU B) < F*(u, A) + F*(u, B).

e—0

(2) We deduce from (4.6b) that there exists a sequence (z¢), C HII,2 (R3,R3) such
that z¢ —— 0 and

F'(u,AU B) = lim inf(®o.¢ (=) + Fe(z* +u. AU B)).
£—>

Let A’, B’ € O(R3) such that A’ C A and B’ C B. Let ¢} € C>(R?) such that
0<g¢l<1,¢l =0inR3\ AN X, and ¢! = 1in A’ N Z,. Let 92 € C>(R?) such
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that 0 < 92 < 1,92 =0inR3>\ BN X, and ¢? = 1 in B’ N Z,. Let z"™¢ = ¢ z¢,
m = 1,2. Let us set

=ANY, and X2=BNX,.
Then, using a convexity argument, we deduce that, for every n € (0, 1),
e [ ouEm e = / O(e(r"=*))dx
DL
= Q(% e(z®) +2° ® V' )dx

ECy
Ndx + — - |25Vl Pdx,

| A

(4.15)

where ¢, is the constant appearing in (1.2b). Observing that the diameters of A N
TN\ A'NX; and BN T\ B’ N X, are independent of &, we infer that [Vg!| and
|Vg2| on A N X\ A NI, and on B N X\ B’ N X, respectively are uniformly
bounded by a positive constant independent of ¢. Then, using the fact that z° —— 0
L?(R3,R3)-strong, we deduce that 0

eC
lim — | |z°]|Ve"|?dx = 0,
£—>0 7” Z?’t

hence, passing to the lower limit in (4.15), we get

liminfs/ 0ij (2™%)e;j (z™*)dx < liminf
zm e—>0

e—>0

& &
iy - (z%)dx,
1—7]/22"0”(2 Jei;j (z%)dx

and, letting 7 tend to 0,

liminfe/ 0ij (z"™%)eij (z™F)dx < limiglfe/ 0ij(z%)e;j (z%)dx. (4.16)
= =0 Jop

e—>0

Observing that fzgq 0i; (2™%)e;j (z™®)dx = P (z"™°); m = 1,2, we deduce,
using the fact that A N B = @, the inequality (4.16), and the measure property of
Fe(z% +u,.), that

F'(u,AU B) = limi(r)lf(qDo,E(zs) + F,(z° +u, AU B))
E—>
> ligrl)iélf( Z / 0ij(z%)eij (z°)dx + Fe(z® +u, A" U B ))
m=1,2
e—0

> lim inf(S/ | 0ij (zV9)eij (z"¥)dx + Fo(z' +u, A’))
=)

+ liminf(sf 0ij (z2%)e;ij (z2F)dx + Fo(z** + u, B/))
e—>0 Eé
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= lim i(I)lf(CD(),e(Zl’g) + Fo(z" +u, A))
&—>
+ lim i(I)lf(CDo,g(zz’a) + Fo(z>% +u, A))
E—>
> Fl(u, A') + F'(u, B').

(3) Let (ug)x C Hllz (R3, R?) converging to some u in the strong topology of
H} (R R?). Then (u)x t-converges to u and, since F* is lower semi-continuous
as an upper I'-limit of a sequence of lower semi-continuous functionals, we have

liminf F*(ug, w) > F*(u, w),
k—00

for every w € O(R3).
@) Letw € O(R3) and u,v € Wr, such that 1|, = v|,,. Then

Fo(z8 +u,w) = F(z° + v, w),

for every sequence (z°). C Hp, (R?,R?) t-converging to 0. This implies that
Fs(u,w) = F(v,w).

(5)Letp € C1(R?) such that 0 < ¢ < 1. Letu,v € Wr,, and w € O(R?). Then,
as Fy is C'-convex, we have, for every sequence (z¢), C Hllz (R3,R3) t-converging
to 0,

Fe(zf + ou + (1 —@)v,0) = Fe(p(z® +u) + (1 — ¢)(zs + v), 0)
< F,(z% +u,w) + F;(z° + v, w). 4.17)

As @g ¢ is nonnegative, we deduce from (4.17) that, for every € > 0,

lim sup(®o,6(z%) + Fe(z° + gu + (1 = 9)v, 0))

e—0

< limsup(®Po(z°) + Fe(z® + u, w) + Po(z°) + Fe(z® + v, w))

e—0

< limsup(®o(z°) + Fe(z® + u, w)) + limsup(Pg £ (z°) + Fe(z® + v, w)).
£—>0 £—>0

Taking the infimum over all sequences (z¢), C H112 (R3,R3) t-converging to 0,
we infer that
F(ou + (1 —@)v,w) < F'(u,w) + F*(v, w).

We can prove in a similar way that F* is convex. Thus F* is C !-convex. |

Now, according to the compactness theorem of [18], there exist a subsequence
(¢x)x and a countable dense family D C B(R?) such that, for every u € Wr, and
every B € D, we have the following I'-limit taken with respect to the topology 7:

({—Em Ge, ), B) = G(u, B), (4.18)
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where G is the functional defined in (4.4). Defining for any B € D the functional F
by
Gu,B)—P(u) ifue Wr,,

+00 otherwise,

F(u,B) = {

we deduce from (4.18) that F = F¥ = F' on Wr, x ©. We extend F on Wr, x
B(R3) by setting

Fu,B)= sup F*(u,D)= sup Fi(u,D). (4.19)
Dei),ﬁcl? DeD,DCB

We define the family R(F) by
R(F)={B € B(R?): Yu € Wr,, F{(u,B) = sup F*(u,D)
Dei),ﬁclci’
= inf _F%(u,D) = F:(u, B)}.

DeD,BCD

Then (see, for instance, [16, Proposition 14.14]) K(F) is a rich family in B(R?)
and F' = F* = F{ = F® = Fj'r = F! = F' on R(F). We deduce that, for every
u € Wr, and every B € R(F),

F(u,B) = inf{lim sup(®o s, (z°€) + Fo(z° + u, B)); 256 —— 0}

k—+o00 k—o0

- inf{nminf(cpo,sk (z5%) + Fo(z%% +u, B)); 256 — o}. (4.20)
k—+o00 k—o00

Let &’ denote any subsequence of ¢. Repeating the above arguments, we deduce
that there exist a subsequence (&} ), a functional F*, and a rich family R (F*), such
that, for every u € Wr, and every B € R(F™)

F*(u.B) = inf{lim Sup(® ¢, (%) + Fyy (=% +u. B)); 2% —— 0}

k400 k—-+00
- inf{llciglirg(cbo,ag( (%) + Fyy (2% +u, B)): 2% ﬁ o}. 4.21)
As R(F) N R(F*) is still a rich family, we deduce that, for every u € Wr,,
Fu,)= F*(u,.)on R(F)NR(F*). (4.22)

Since a countable intersection of rich families is also a rich family, we can repeat
the above process and deduce that there exists a rich family R in B(R?) on which the
above limits coincide. We thus obtain that, with respect to the topology t, for every
u € Wr, andevery B € R,

(F;_l}ignGs)(u, B)=G(u,B) = ®(u) + F(u, B).
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We now prove the following.
Lemma 14. The functional F belongs to the class IF.

Proof. Let w be any element of R(F) N O(R3). As F*(.,w) is lower semi-continuous
with respect to the strong topology of H112 (R3,R3) by virtue of Lemma 13 (3), we
have, according to (4.19), that the functional u — F(u, ®) is lower semi-continuous
with respect to the strong topology of H112 (R3,R3). Owing to Lemma 13 (4), to the
fact that Hp, (R®,R?) C Wr,, and to (4.19), we have that F(u,w) = F(v, »), for
every w € O(R?) and every u, v € Hy, (R®,R?) such that u},, = v,,. According to
Lemma 13 (5), the functional u — F(u, w) is convex and C'-convex on W, and
therefore on Hp, (R?, R?). Let us now prove that, for every u € Wr,, » = F(u, )
is the restriction to 9(R?) of a nonnegative Borel measure still denoted F(u, w).

Letu € Wr,. Letw;, w; € O(R3) such that w; Nw, = @. Let B € B(R3) such
that B C w; U w,. We have

B=BNw)UBNw) and BNw,=BNw; i=12.
Then, using Lemma 13 (1), we get

F’(u,B) = F*(u, (B Nwy) U (B Nw))
< F'(u, BNwy) + F*(u, BN w)
< Fu,o1) + F(u, ),

thus

sup  F*(u, B) < F(u,w1) + F(u, »2),
ECwluwz

from which we deduce that
F(u,w1 Uwy) < F(u,w) + F(u, w2). (4.23)

Let u € Wr,. Let w1, w2 € O(R3) such that w; N wp = @. Let By € B(R?),
B, € B(R?) and B € O(R?) such that B; U B, C B C B C w; U w,. We have that

B=(Bﬁa)1)U(Bﬂa)2),
(BNw)N(BNawy) =0,
BiCBNwiCBNwj=BNuw Cw;; i=12.

Then, using Lemma 13 (2), we get

F(u,01 Uwy) > F'(u, BN 1) + F'(u, BN wy)
> Fi(u, By) + F'(u, By),
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thus
Fu,wy Uwy) > sup Fi(u,By)+ sup F'(u,B»),
BiCw; BrCw>
from which we deduce that
Fu,o1 Uwy) > F(u,wr) + F(u, wy). (4.24)

We deduce from (4.23) and (4.24) that F is additive on O (R?). Let (w ) be any
non-decreasing sequence of open sets in R(F) N O(R3) and set » = | J; wx. We
have, for every k, F(u, wy) < F(u, ), from which we deduce that

limsup F(u,w) < F(u,w). (4.25)

k—o00

On the other hand, using the Borel-Lebesgue theorem, we deduce that, for every
B C w, there exists kg such that B C wk,- Thus

F¥(u,B) < F(u,wk,) < limsup F(u,wy),

k—o00

from which we deduce that

sup F*(u, B) < limsup F(u, wy),

BCw k—o00
which yields
F(u,w) <limsup F(u, wg). (4.26)
k—o0

Therefore, according to (4.25) and (4.26), F(u,w) = limsupy_, o, F(u, wk).
Hence, F is o-additive on O(R3?). Consequently, for every u € Wr, (and particu-
larly for every u € Hllz (R3,R3)), F(u,.) is a positive Borel measure, which is outer
regular by definition. ]

Since @, and F; are quadratic, we deduce from (4.20) that F (., w) is quadratic for
every o € O(R3) N R. Then, owing to Lemma 14, we deduce, applying Corollary 6,
that there exist a finite measure 1 € Mo(R3), a symmetric matrix (aij)i,j=1,2,3 of
Borel functions from R? to R satisfying a;; (x)¢;{; > 0 for every { € R and for q.e.
x € R3, such that, for every u € Hllz (R3,R3) and every w € O(R3) N R,

Fw) = [ ay (s ()

= (pu, u)

= / uinjdpij,
w
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where, according to Remark 7, u = (1ij)i,j=1,2,3 With j; = a;jp + cogrn\@dij;
i,j =1,2,3, O being the set defined in (2.3). Let us now define

de = sup{d(x,Q); x € sptoor, , },

where d(x, 2) is the Euclidean distance from x to €2 and sptoor, , denotes the sup-
port of the measure oor, ,. Let u,v € Wr, with u = v a.e. in Q. We denote in the
same way the extensions of ¥ and v to Hllz (R3,R3). Let (u®), € Hllz (R3,R3) such
that (u®), t-converges to u. We suppose that

G(u,R?) = ®(u) + F(u,R?)
= lim G,(u®,R?)
e—>0
= lirr(l) (P, (u®) + F.(uf,R?)). 4.27)
E—>
Let (v°): C Hp, (R?, R?) such that (v°®), -converges to v. We suppose that

lim @, (v¥) = 0. (4.28)
e—>0

Let us define the sequence (w®), by w® = gu® + (1 — @:)v®, where (@pg). is
some sequence in CJ (R?) such that 0 < ¢, < 1 in R3, ¢, = 1 in © N spt oo s
e|Ve|? < 24/€, and ¢, = 0 whenever d(x, Q) > d, + &'/*. Then (w®), T-converges
to v and, using I'-convergence properties, we deduce that

d(v) + F(v,R3) < lign_j(?f(cbs(wg) + F.(w®, R?)). (4.29)
Since w® = u® q.e. on sptoor, ,, we have, according to (2.2),
F.(u®,R?) = F,(w®, R?). (4.30)
Using the form (4.11) and the convexity of Q, we have, for every € (0, 1),
@) = 1 [ Qe + (1 = pore(v)d
1 [ 0ty + (1 - e a
- [ o =) 9 Vaas

42 / 0((u° — v°) ® Vo )dx,
nJs,
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and, since 0 < ¢, < 1, we have, using the convexity of Q and the coercivity property
(1.2b), that

Do) = 1%77 | g0tetuax
= 00l
1= [ —v0eeas
= (1= g0
+ ;/Q [0 — o7 2|V Pdx

ECp
+— | [u® =PV Pdx,

Xe

where ¢ is the constant appearing in (1.2b). Then, taking into account the properties
of ¢, we deduce that

1
Oy (wf) < —— D, (u®)
1—n

&
+ T 0jj (vs)e,-j (vs)dx
nJxz.
1/2C
+ £ / |u® — v¥|?dx, (4.31)
n e

where C is a positive constant independent of ¢ and 1. From (4.27)—(4.31) it follows
that

d(v) + F(u,R?) < 11—n(q>(u) + F(u,R?)).

As ®(u) = ®(v), we obtain, as n — 0, that F(v,R3) < F(u,R?) and, changing
the role of u and v, that F(u, R3) < F(v,R3). Thus

Fu,R%) = F(U,R3):/ v vjdLij,
R3

which implies that spt p;; C Q,Vi,j=1,23.
Letu € Hllz (22, R3). We have the following inequality:

0<®u)+ / uiujdu; < limi(t)lf(cbg(u) + Fo(u,R?)). (4.32)
]RN £—>

Then, taking u € H} (22, R?), we have F,(u,R?) = 0, for any & > 0, and

limiglfcbg(u) = ®(u).
e—
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We deduce, using (4.32), that
/ uiujd,u,-j = 0, Vi,j = 1,2,3.
QUI

Therefore, sptu;; C I'y, ® C I'y and pi; = a;jpu + oorj\edij, Vi,j =1,2,3. =
Let us write the associated limit problem obtained as ¢ — 0.

Corollary 15. Problem (1.4) admits a unique solution u® which t-converges to u°
Hyr, (S, R3) which is the unique solution of the minimization problem

ueL?(R3,R3)

min {fo(u) —2/ f.udx},
Q

where Hy, 1, (2, R?) is the space of admissible displacements defined in (1.6) and %
is the functional defined in (1.5). This solution coincides with the unique solution of
the elasticity system

—O’,'j,j(u)Zfi il’lQ;i=1,2,3,
oij(un; + piju; =0 on T, (4.33)
u=20 onT,.
Moreover, we have lim,_,o F,(u®) = Fo(u°).

Proof. Observe that the functional %, can be written as %, (1) = G.(u,R?), for every
u € L2(R3,R3). As the Dirichlet condition u = 0 on I ; is prescribed in the capacity
sense, we can prove (see, for instance, [30]) that, using the classical Poincaré and Korn
inequalities, problem (1.4) has a unique solution u® € H, (Q, R?). Using Proposi-
tion 8 and Theorem 12, we deduce, according to [16, Theorem 7.8], that the whole
sequence (u®), T-converges to the unique solution u® € H, r, (€2, R?) of the problem

min {370(14) —2/ f.udx} = lim  min {J%(u) —2/ f.udx},
Q Q

ueL?(R3,R3) e>0yeL2(Q,,R3)

lim, o Fe(u®) = Fo(u®), and u® coincides with the unique solution of problem
(4.33). [

5. Special cases

5.1. Periodic case

Let V Cc R?and p : V — R3 be a parameterization of I'; such that p is a one-to-one
mapping of class C? and the rank of V p(i#) is 2 for each point ¢ = (%;,9,) € V. For
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the sake of simplification, we suppose that p(V) = I'y. Let Y = (0,1)? and k € Z2.
We set
YF = ke + ¢,
I, ={kez* YFCV}.
According to (5.1), we see that the measure |V \ V;| of the set V \ V,, where
Ve = Ugey, Y. tends to 0 as & — 0'so that [Ty \ e, p(YF)| tends to O as e — 0
and T'1 ~ Ugey, p(YF). Let us consider a positive 1-periodic function 2 € C2(Y).

5.1

We consider here layers X of the form
s
Ye=q9x=s+tn(s);s=p),0<t <8h(—), Ve Vey.
€
Then, according to Theorem 12, there exist a rich family R C B(R?) and a
symmetric matrix g = (W;j);,j=1,2,3 of Borel measures p;;, which are absolutely
continuous with respect to the capacity Cap, having the same support contained in ',
and satisfying u;; (B)&;i¢; > 0, V¢ € R3, VB € B(R?), such that, for every u € Wr,
and every € R N O(R3), we have the following equality:
s
inf{limi(r)lfcbo,g(ze) 284+ u=0o0nwnN {t = 8h< )}, eV, z®f AN 0}
e—>

; e—>0
= / uiujdpy, (5.2)
TN
where @ . is defined in (4.7). Since X, has a periodic structure, the problem

9
inf{liminf@o,g(ze) Zf 4+ u=0onwn {z - sh(—)}; 9 eV, 2f - 0},
g—>0 £ £—0

is invariant by translation on V; and the measure y;;; i, j = 1,2, 3, is the Haar measure
on I';. Then
Wij = Kijdp, (5.3)

on I'y, where dp is the surface measure on I'; which is given by the Riemannian
metric and K;;; i, j = 1,2,3, are constants in R satisfying K;; ;¢ > 0, V¢ € R3.
Our purpose is to identify the constants K;;. Let us denote Zj, the set defined by

Zp={y = (1.v2.73) € R* ¥y = (y1.)2) € Y, y3 € (0.h()))}.

We consider, for m = 1, 2, 3, the following problem:

div(w™) =0 in Zy,
w" = e™ on {ys = h(y")},
w™ =0 on {y; = 0},

w™ is Y -periodic,
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where ¢ = (81, 62m,03m); m = 1,2, 3. Let t;, = maxyey h(y) and H > 5 be a
fixed number. Let us now denote Z g the set defined by

Zy ={yeR* )y €Y, y; € (h(y), H)}.

We consider, for m = 1, 2, 3, the following problem:

div(t™) =0 inZy,
" =™ on = h(y")},
v {ya =h(y")} (5.4)
wm =0 on{y3=H},
w™ is Y -periodic.
Let us define the layer X g ¢ by
v
YHe = {x = s+ tn(s); s = p(V), sh(—) <t<eH;V e Vg},
2
and the sequence (zq *)s; m = 1,2, 3, of test-functions, by
—1 .
me () = w™ (L2 () 5 ifx =5 +1n(s) € I, 5.5)
= ¢ .
(LD Ly ifx =5+ tn(s) € S

The properties of the sequence (z *)s; m = 1,2, 3, are stated in the following.
Lemma 16. We have

(1) (z5")e C Hllz (R3,R3) and (z3**)s T-converges to 0.

(2) lim8_>0 q)()je(Z(r)n’£ =

Cn = [ o u™e; ™y,
Zy
Proof. (1) Observing that zy** = e™ on {t = sh(@)}, and z;* = 0 on {t = 0}

U {t = eH}, we deduce that (z5"°): C Hp,(R? R?), and, since zg™* = 0 in Q,
zg7° — 0 H'(Q,R3)-weak. On the other hand,
£—>

£12 )
/ |z ¢ |7dx =/ |z |7 dx
R3 YeUZH ¢

=Y /(Y )/ 12" (1 + t (s, 1))dtds

kel,
D7 I A |
/p(Ya /h(P L)) ~m( I(S) )

()

(1 + tx(s,1))dtds

kel

(1 4+ tx(s,t))dtds

kelg
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eh(2) S ¢
E L)
sk 0 E &

2
(1 + t(p(®). 1)) Jdtdd

kel,
eH B 1\
+ Zf / wm(—,-) (1 + tx(p(®).1))Jdtd?9, (5.6)
kel JYE Jen(%) € ¢

where x is the curvature of I'y and J = |det(ryror3)| with (rir;) = Vp and r3 =
n(p~1(s)). Observing that J and x are uniformly bounded by some positive constant
independent of ¢, we deduce from (5.6) that

eh(2)
forrraeze s [ L ()
R kel i Jo £ ¢
cH 19 t
S fu L [ (50
Yk Jen(2) & &

kelg

<C Z &3 /Zh lw™ (v, )|>(1 + et)dydt

kel

2
(I +tx(p(D),1))dtdd

2
(I +tx(p(®),1))dtdd

+C Y 83/ |@™ (v, 1)]2(1 + et)dyd:t,
kel Zu

from which we deduce that

lim/ |zg"%|2dx = 0.
e—>0 JR3

(2) We have
lim ® mey _ i (2™ e (2™
523}) 0.¢(Zg 62}})8/;501](20 )eij(zy “)dx
ah(ﬁ_;(s))
=811i%82/ k/ AT B (1 4 1 (s.1))dtds
kel p(Ys) JO

(5.7)

where
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where &;; and é;;; i, j = 1,2, 3, are, respectively, the components of stress and defor-
mation tensors in the local basis rq, 12, r3, with
Gij(u) = ajjk1x1(u),
g 1 (5.8)
e,-j(u) = E(Vjui + V,-u,-),

s — Ui I.pl ol 3sh Pxp :
where Vju; = 55 —u T Ty, =T, = Ixx 357357 Deing the Christoffel symbol of

the second kind with
x($) =5 4tn=s'r + 5% +1tr3.

Letusset p~i(s) =9 = ey’ +ek; k € Z2,and y3 = g Then, for every ¥ € YX;
k € 72, we have that J(%) = det V p(¢k) + O(e) and

r~ 1) )

sh(¥—
Z/ A/ AT B (1 4 1 (s, 1))dtds
p(Ys') 0

kel

eh(%)
=2 / « / CIe DI (1 + 1) J(B)dtdd
kel VYe J0

= Z 33/ oij (w™ei; (W™ (1 + eysx)J(ey' + ek)dy
kel Zn
= ¢g|det V p(ek)|C, + O(e)e, 5.9

where

Thus, combining (5.7) and (5.9), we deduce that

. meey 1. 2 —
612)1}) Do e(zy ") = *}E’%; e”|det Vp(ek)|Cp, = Ci|T'1]. ]
€lg

The constants K;;;i, j = 1,2, 3, in equality (5.3) are identified in the following.

Theorem 17. We have

Kim = (/ Uij(wl)eij(wm)dydl)5lm-
Zp
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Proof. According to (5.2) and (5.3), we have

)
inf{lim i(I)lfq)o,E(Zg); zf4+u=0o0n {t = Eh(—)}, V& € Vg, z° ———>t0 0}
E—> £ E—>

e / wi;dp. (5.10)
Iy
Letu = —e™ on X,. We deduce from (5.10) that

)
Kmm|T1| = inf{liminfcbo,a(zg); zf =e™ on {l = eh(—)}, v eV, z° LN 0},
£—0 e £—=>0

from which we deduce, using Lemma 16, that
Kmm|F1| =< Cm|F1|,

hence
Kpm < Cy. (5.11)

Let (z°); C Hp (R, R?) such that z° = ¢™ on {t = sh(%)} and (z%), T-converges

to 0. We have from the definition of the subdifferentiability of convex functionals that

Bo.s(%) > Boo(25) + 26 / 0 (20 %)e (= — 2 F)dx. (5.12)

&

Using Green’s formula, we deduce that

8/ 0ij(zg %)eij(z° — 2y F)dx = —e/ 0ij,j(z0"°)(zf — Z(')'ff)dx
e )

&

+ 8/ 0ij (20 Inj(zf — 25 )ds. (5.13)
I'ury ¢
Asz® —zg"* =0on Ty, and z;"* = 0 on I'1, we have that

8/ 0ij (2 Inj(z; — 25 )ds = 8/ 0ij(zg “)n;zids. (5.14)
Ul e

Iy

Then, using the expression (5.5) of z;* and the trace theorem, we infer that

1/2 1/2
< (8/ (o,-j(zf)"’e)nj)zds) (8/ (Zim’g)zds)
Iy Iy
1/2 1/2
< C(/ (Uij(wm)nj)zdy) (e/ |Vzim’€|2dx) ,
Y Q

from which we deduce that

8/ 0ij(zg “)njzidx
I

e—>0

lim 8/ 0ij (2o “)nj(zf — zy;5)ds = 0. (5.15)
ISV N ’
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Besides, an easy computation implies that

£0ij,j (Z(r)n,a) 3 11"1 /; 0ij,j (wm)dydt
h

-0, (5.16)

in L?(R3)-weak, where 1r, is the characteristic function of I'y. Thus, combining
(5.13), (5.15), and (5.16), we infer that

lim 5/ 0ij(zg ©)eij (z° — zy F)dx = 0,
e

e—0
and, passing to the lower limit in (5.12), we deduce that

liminf ®g »(z%) > liminf ®g ((z5) = Cpn|T1]. (5.17)
e—>0 e—>0

Now, taking in (5.17) the infimum over all sequences (z¢), C Hllz (R3,R3) such
T
that z° = ¢™ on {t = eh(%)} and z¢ — 0, we deduce that
&e—>

Kmm|F1| = Cm|F1|,

hence
Kmm = Cn. (5.18)

We conclude from (5.11) and (5.18) that K, = Cy,. Taking u = —(e! + ¢?) on
., we deduce from (5.10) that

(K11 + 2K12 + K2)|T1| = inf{li?_)i(t)lf @ (z5); 25 = ¢! + ¢ on {z — ¢h (g)}
V9 €V, and 2t — 0}
< liminf Do e (25 + 257°). (5.19)
As
/Z oij(w™)e;;j (whdydt =0 form # 1,
h
we have

liminf ®g (29 + z5°) = |T1|(C1 + C2),

e—0

hence, according to (5.19),
K2 =0. (5.20)
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Let (z°), C H} (R3 R3) such that z¥ = ¢! + e? on {1 = eh( )} and z¢ A0
We have from the deﬁmtlon of the subdifferentiability of convex functionals that

liminf ®g ¢(z°) > lim inf(cbo,g(z;’s +25%)
e—>0 £—>0

e f 01 (20 22y (25 — (21 4 22 ))dx)
Ze
> |I'|(Cy + C),

from which we deduce that
K2 > 0. (5.21)

Thus, combining (5.20) and (5.21), we deduce that K1, = 0. Doing the same for
K>3, we deduce that K;,, = 0 for [ # m. [

5.2. Case of thickness eh(s)

We suppose here that
Y = {s +tn(s); sel,0<t < sh(s)},

where £ is a positive continuous function on I'y. Then, according to Theorem 12,
there exist a rich family R C B(R>) and a symmetric matrix g = (@;;)i,j=1,2,3 of
Borel measures u;;, which are absolutely continuous with respect to the capacity Cap,
having the same support contained in Iy, and satisfying u;;(B){;i¢; > 0, V¢ € R3,
VB € 8(R3), such that, for every u € Wr, and every w € R N O(I'1), we have

inf{limi(l)lquO,s(zs); zZ24+u=0o0nw x{t = ch(s)}, z° L(; 0} = / uiujdij.
£—> £—>

(5.22)
The main result in this subsection reads as follows.

Theorem 18. The matrix of measures (i;;)i, j=1,2,3 is given by

ds
Wij = Ki(s)mgij;

For homogeneous and isotropic materials

E .
K._{m fori =1.2,
=

E(1-v) -
Ty Jori =3.

i,j =123

Proof. We consider the sequence (w"®).; m = 1,2, 3, defined, for x = s + tn(s) €
3, by w™f(x) = em#(s), and the sequence (W0"™*),; m = 1,2, 3, defined, for x =
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s+ tn(s) € Xe. g, by ™8(x) = em%, where H is a positive number such
that H > supger, hi(s) and

Yo H = {s +tn(s); s € 'y, eh(s) <t < sH}.

Let w € RN O(I'1). Let § > 0 be a small parameter. We define the open set

ws C T’y by
ws = {s el d(s,w) < 8},

where d(s, w) is the distance between s and w in curvilinear coordinates on I';. We
define the auxiliary layers
Yew = {s +tn@s); sew,0<t < sh(s)},
Seo,H = {5 +1n(s): s €w, eh(s) <t <eH},
Yews = {s +tn(s); s ews, 0 <t < sh(s)},
Sews,H = {5 +1n(s): s € ws, eh(s) <t <eH}.

Let @5 - be a smooth function such that 0 < ¢5 . < 11in R3 and

I in¥epUT160U2ZewH.
5,6 = . ST
0 in X, \ Zs,wg U ES,wa,H’

where I'1 ¢ = 02,0, N 0¥, 1. Let us define the sequence (ng;fs)s; m=1,2,3,
by

0,05

me
me __ ) ¥8,eW in Xg 0,
—~me
©§,eW m Es,w(g,H7

T
so that zg',) € Hyp, (R®,R?) and zg',7 —>> 0. We then compute
el

0,wg
gi_r)r(l) Po,e(20s) = 81i_r}r(1)8/8 . 0ij (20005 )€1 (20 05 )X (5.23a)
= lirr(l),s/ oij (w™*)e;; (w™*)dx (5.23b)
e—> Eng

+ lim 8/ 0ij (gs cw™®)eij (ps . w™)dx.  (5.23c)
ES.C{)S\ES,(I)

e—>0
‘We have that

lim 8/ o (W™ ®)e;j (w™*)dx

e—0

eh(s)
= lim 8/ / 6ij(wm’8)5ij(wm’8)(1 + tx)dtds
w JO

e—>0

eh(s) awm,s 2
= lim8/ Km(S)/ | (1 +tx)dtds
e—>0 @ 0 ot




Asymptotic analysis and optimization of an elastic body surrounded by thin layers 419

h(s) 1
= gl_r)% sz/wlcm(s)/o m(l + etx)dtds
Km($)

o h(s)

where ;; and ¢&;; are defined in (5.8), x is the curvature of I'y, and Ky, (s); m =

ds, (5.24)

1,2, 3, are material coefficients. On the other hand, using a convexity argument and
the coercivity property (1.2b), we infer that, for every n € (0, 1),

8[ 0ij (@s,cw™ ) e (ps cw™€)dx
ZS,L{)S ES.U)

&
l—n
eC
+— |w™ 2| Vs ¢ |*dx
n Es,wg\zs,w

/ oij (W™ *%)e;; (w™*)dx
Zs.ws \ES.C()

< / o (W™ *)e;j (w™*)dx
Z&w(g\za,w

&

<
= 1-7
eC
4 _2/ |wm"9|2dx,
6% J2e 05\ Ze0

where C is a positive constant independent of ¢. Then, taking § = /¢, we deduce,
using (5.24) and the fact that |ws \ w| — 0 as § — 0, that

lim —~ / o (W™ %)e;; (W™ f)dx
e20 1 =1 J5, y;\Zew
& eh(s)
= lim / / 5’1']' (wm’s)é/ij (w™*)(1 + tx)dtds
e~>01—n ws\w JO
ch(s) a m,e |2
— lim —— Km(S)/ G (1 4+ tx)dtds
e=>0 1 — 1 Jos\o 0 ot
82 h(s) 1
= lim Km (S ————(1 4+ etx)dtds
e—0 1 — n /L:),g\a) m( )/(; 82h2(s)( + )
=0.

and, since w™*¢ — 0 L?(R3,R3)-strong,
E—>

C
lim —2/ |lw™¢)?dx = lim —/ |lw™¢|?dx =0,
620162 J3, 0 s\Se e20 1 J2, 0o\ Zew

hence

e—0

lim 8/ 0ij (@s cw™)eij (s cw™€)dx = 0. (5.25)
Ea‘,a)(g\zé‘.m
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Thus, replacing in (5.23b) and (5.23c) by the limits obtained in (5.24) and (5.25)
respectively, we get
Km ()
o h(s)
According to (5.22), we have, using to the above equality, that, for every w €
RNOO(I),

hm @05(20 wa) =

_ Km ()
o h(s)
Letw € R N O(Ty). Let (2%); m = 1,2, 3, be any sequence in Hp, (R? R?)

such that z™* = e™ on w X {t = ¢h(s)} and z° —r——>0 Let us consider the subdlffer—

Umm (@) < 11m (O S(zo wa) (5.26)

ential inequality

Do, (2™°) > Do e(zg0,) + 28/ 0ij (Zg.00)eij (2™ — 20 5 A X. (5.27)

&

By calculations similar to those carried out in (5.13)—(5.16) (in the previous sub-
section) we deduce that

gi_r)%e/;:g 0ij (200 )eij (2™ — 20 0 )dx = 0,
which implies, passing to the lower limit in (5.27), that
hm 1nf Dg o (z™F) > 11m 1nf Do (g, wa)

thus, taking the infimum over all sequences (z":%), satisfying the above properties,

we get
Km (S)
> 5.28
Therefore, according to (5.26) and (5.28), we have that
. Km (S)
Umm (@) = )

Moreover, replacing z, ws by zg wa + ZO wg> | 7 m, we prove as in the previous
subsection, that i,,;(w) = /le(a)) = 0. Thus

Wij = Kl(s) vVi,j =1,2,3.

TokG

If the material is homogeneous and isotropic with

Ajjkl = { k01 + 8i1dk + 8118kl}

_E 2v
2(1+v) (1-2v)

where £ > 0 is the Young modulus and v € (0, 1/2) is the Poisson ratio, then we

obtain, after some computations, that «,,, = ﬁ form=1,2,and k,, = (1+Ev()ITV)2v)

form = 3. [
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5.3. Fractal layers
Let R3~ be the halfspace defined by

R3™ = {x = (x1,x3,X3) € R3: x5 < 0}.

Let @ C R3™ be a bounded open subset with Lipschitz continuous boundary 9<2.
We set

Iy =02 N {x3 =0},
I = 9Q\I.

We suppose that I'y # 0. Let N be a positive integer and 1, ..., ¥ be a finite
family of contractive similitudes on R? with ratio 0 < p < 1. There exists a unique
compact subset A C R?2, such that

N
A=y,
i=1
We suppose that the family (y;);=1,... v satisfies the following open set condition:
there exists a bounded open subset U C R? such that

vi(U)cU Vi=1,...,N,
viU)Ny;(U) =0 ifi # j.

This condition prevents distinct copies ¥;(A) from having overlapping interi-
ors. The real number d = —In N/ In p is the similarity dimension of A. Moreover,
there exists a unique Borel regular measure  with unit mass which is invariant for

{¥1,...,¥nN}, that is

N
/ pdw = Zp_d/ @ o Vdw, (5.29)
A

i=1 A

for every integrable ¢ : A — R, and w is supported on A. Indeed, the measure @ is
given by
H A
W =—,
HA(N)

where J¢ is the d-dimensional Hausdorff measure. For the definitions of the self-
similar fractals, their dimensions and their Hausdorff measures, we refer to [23]. We
suppose here thatd > 1 and A C I';.
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Let us denote x” = (x1, x2) and D(x’, R) the disk of radius R > 0 centered at x'.
Let x;, € A be a fixed point, we define, for every positive integer k and every indices
i1,.., i €{l,2,...,N},

Vipix = Yip 0020 Yy,

xl{I,...,ik = wila'“sik (xé))’ (530)
dh

Dil,...,ik = D(xl{l,...,ik’p )’

and set

Dk = U Dil,...,ik-
I yeees ire{1,2,...,N}

Let ¢ € C1(]0, 1]) such that
Ut
>0, ¢(1)=1, and /0 mdlil/l
For every k € N, we define the function /; on I'; by

/ ’
%" —x;

..... i | .
hk(x/) — Zil,...,ike{l,...,N} E(W)IDH ..... ix if x/ € Dk’
1 if x' € T\ Dy

We define the layer
T ={xe€ R x'el,0<x3 < exhi(x")},

where g = p¥. Then, according to Theorem 12, there exist a rich family R C B(R?)
and a symmetric matrix g = (W;j);,j=1,2,3 of Borel measures p;;, which are abso-
lutely continuous with respect to the capacity Cap, having the same support contained
in Ty, and satisfying u;; (B)¢i¢; > 0, V¢ € R, VB € 8(R?), such that, for every
u € Wr, andevery o € R N O(I'1), we have

inf{lim inf ®g ¢, (zF); ZF +u = 0onw x {x3 = exhr(x')}, zF s ()}
k—00 k—o0

_ / iy dissg, (5.31)
w

where
Do ¢ (zk) = sk/ oij(zk)e,-j(zk)dx.
Zk

The main result in this subsection is stated in the following.
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Theorem 19. The matrix of measures (li;;)i, j=1,2,3 is given by

2n(c —1/2)

Hij = (Ki(x,)dxlh“l + ) Ki(S)ded(SNA)(Sij; i,j =123,

1 . . .
where ¢ = |, %d r and k;(s); i = 1,2, 3, are material coefficients. For homoge-
neous and isotropic materials,

E .
= {m fOl"l = 1,2,
P =

E(1-v) -
Ty Jori =3.

Proof. We consider the sequence (wm’k)k; m = 1,2, 3, defined, for every x € X,

by wmk (x) = emm, and the sequence (if)m’k)k; m = 1,2, 3, defined, for every

x € X g, by 0™k (x) = emmﬁ%, where H is a positive number such that

H > Supyeqo ¢(5) and
Sk ={x¢€ R3; x" € Ty, exhp(x) < x3 < exH}.

Letw € R N O(I'1). Let (8¢ )x be a sequence of small positive numbers such that
limg_, o0 6x = 0. We define, for every k € N, the open set w5, C I'y by

ws, = {x’ el; dx,w) < Sk},
We define the layers

Sho = {X; X €w, 0 <x3 < ech(s)},
Sko.H =% X €0, exhp(x)) <x3 <exH},
Sk, = {x; X’ € wg,, 0 < x3 < gh(s)}.

Skws, H = {x: X’ € ws,, exhie(x') < x3 <exH}.

Let ¢k be a smooth function such that 0 < ¢ < 1 in R and

o 1 in Ek’w U F],gk,a) ) Ek,w,H7
k = .
0 inX,\ Ek,wsk u Ek,a)gk,H7

where I'i g .0 = 0Zk,» N 0Zk o, m. Let us define, for m = 1, 2, 3, the sequence

(z%);. by

ko
Zm,k _ { (Pkwm n EkawSk ’
0 =

~ k .
QW™ in Xk s H-
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T
so that z™* € H1 (R3,R3) and z* —— 0. We then compute
0 T2 O koo

lim ek/ aij(zan’k)eij(z(')"’k)dx
Xk

k—o0

exhy (x)
= lim ek/ / a,-j(wm’k)e,-j(wm’k)dx
wNDy

k—o00

+ hm sk/ f oij (w™ k)e, (w™F)dx
\Dy

k—o0

+ lim sk/ / aij((pkwm’k)e,-j(wkwm’k)dx.
wg, \w
As in the previous subsection, we can easily prove that, for 6 = /ey,

&k
lim ek/ / aij(wkwm’k)eij((pkwm’k)dx =0.
w,;k\w

k—00

On the other hand, passing in polar coordinates
_
r=———=t and 9 e|0,27],

we obtain, using the fact that p4%k = that

N>
exhi(x") ok ok
lim Ek/ / Gl'j(ZO’ )e,-j(zo ’ )dx
wNDy JO

k—o0
s Km(x") /
= lim E / de

k—>o00

0150l €{1,2,0. )N} ° 7 7 0000ees 7% ; %)
= klggo Z 27p¢ Km(xl1 lk)/ E( )
i15..ix€{1,2,...,N},
..., ikCAmw
! Km (X, i)
= 27'[/ " ar 1im Z %
0 é‘( ) k_)ooll, ,lkE{l 2,...N},
i CAﬁa)
Then, thanks to property (5.29) which states that the measure j;: (LAA)

424

is invariant

for {1, ..., ¥n}, we deduce from the ergodic theorem of [21, Theorem 6.1], using
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notations (5.30), that

1 Km(x{ i)
271/ " ar 1im — Mele”
o ¢(r) Z Nk

k—o00
i1,.. ,lke{l 2,...N},
CAﬂw

1 L
= 271/ " _4r lim E Km(w”]’\}']:k (*0))
o $() k—)OOll’ ,lkE{l 2,..,N},
CAﬂw

_ 27 Ly
KN Jo &)

We obtain in similar way that

&k
lim ek/ / aij(wm’k)eij(wm’k)dx
w\Dy

k—o00

= 11m sk// oij (w™ ’k)el (w™F)dx

— lim 8k/ / Uij(wm’k)e,-j(wm’k)dx
wNDy JO

k—o00

dr / K (s)d F4 (s). (5.32)
ANw

_ /w Ko (X)d X" — in’(TA) /A ~ e (5)d H9 (s). (5.33)

Now, according to (5.31), (5.32), and (5.33), we have, for every w € R N O(I'y),

Mmm(w) = hm ®q &k (Zm k)

_ ’ / 27 (c — 1/2) ) d
= /me(x )dx' + —de(A) Ki(s) /wmA Km (s)d H 4 (s). (5.34)

Letw € J% N O(T)). Let (2% ); m = 1,2, 3, be any sequence in H} (R* R?)
such that 2% = e” on w x {x3 = exhy(x’)} and 2k k—> 0. Let us cons1der the
subdifferential inequality

Doe, (2F) = Do, (25 + 261 / 01 (2 F)e;; (2K — ZFydx.  (5.35)
g
Using (5.13)—(5.16) in the penultimate subsection, we deduce, passing to the
lower limit in (5.35), that
liminf @, (z") > liminf dg ¢, (),
k—o00 k—o00

hence, taking the infimum over all sequences (z”%); satisfying the above properties,
we obtain

Yo (@) = / om()dx’ + = 1/2)

) ki (s) /w mA;c,,,(s)cu@”l(s). (5.36)
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Thus, according to (5.34) and (5.36), we conclude that

2n(c —1/2)

@) = [ enrax' + 250

/ci(s)/mA Km(s)d%d(s).

Moreover, replacing 26" ok by Zg1 s Z(I)’k; [ # m, we prove as in the last two
subsections, that p,,; (w) = i, (@) = 0. Therefore

Uml = (/w Km (x")dx'

21(c —1/2)

TR K,-(s)/wOAKm(s)ded(s))Sml, Vm,l=1,2,3. =

6. Optimization problems

Let n > 0. We suppose that g = hds, where h is a diagonal matrix Diag(h;)i=1,2,3
of I'y-measurable functions 4; : 'y — (0, +00) such that

hi(s)ds =n, Vi=1,2,3.
Iy

Let £, denote the set of all these matrices. Let us consider the following problem:
—dive@") = f inQ,
ho")n +u* =0 onTy, (6.1)
u" =0 on I,

which has a unique solution u” € Hllz (22, R3). We define the functional F(k,.) by

2
3 Jo 0 e 0dx + 320, [, Gds

l

F(h,u) = — [q fudx ifu e HL (Q,R?),

+00 otherwise.

We can easily check that
1
F(h,u") = —= / Fuldx. 6.2)
2 Ja

We consider the following optimal control problem:

min min F(h,u). (6.3)
h€DnueH{, (Q.R%)

According to (6.2), the minimization of F, with respect to u, is equivalent to the
maximization of the work of the external loads on 2. We have the following result.
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Theorem 20. Problem (6.3) admits a unique solution u” € Hllz (2, R3) which satis-

fies
—dive(u) = f inQ,

i i 6.4
%(u)nﬁ(/ |ui|ds)51g“n(”’)=o on Ty, (6.4)
Iy

where sign is defined by

1 ift >0,
sign(t) =30  ift =0,
—1 ift <O.

Proof. Let us consider the following equivalent problem to (6.3),

min min F(h,u). (6.5)
ueH}L L (R, R3) heDy

Let u € Hy, (22, R?) and h"(u) € Dy be the unique solution of the following
problem:
min F(h,u). (6.6)

heDy,

Using Holder’s inequality, we get

(vee) = (f e O, 5e)

for every i = 1,2, 3. The minimum of problem (6.6), with respect to k;, is reached

() = (f ), 5o

which occurs if and only if 4; has the form

when

]|

hi () = n——"5—,
fFl |u]|ds

forevery i = 1,2, 3. Let us define

Gyp(u) = F(h"(u). u)
3

= %/Qaij(u)eij(u)dx + %Z(/ |ul|ds) / fudx.

i=1

Then it is possible to see that problem (6.5) becomes

min Gy(u). 6.7)
ueHy, (2.R3)
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Then, observing that G, is strictly convex, coercive and lower semi-continuous
with respect to the weak topology of Hllz (€2, R?), we deduce that problem (6.7) has
a unique solution u” € Hp (2, R?) which is the solution of problem (6.4). n

Example 21. Let us consider a homogeneous isotropic material in the unit ball Q2 =
D(0, 1) centered at the origin. We suppose that a uniform pressure of intensity Py acts
on the sphere I'; = dD(0, 1). Then, for f = 0, the radial displacement u” given by

Pon aQ+v)1-2v)
O p— =
4r E

ug(r) =0,

ul(r) = (r—R),

satisfies equations (6.4) with A" (u”) = Diag(7%, 0, 0).

4>

Let © be a smoothly bounded open subset of R3 (we suppose that at least  is
of a class C1'* with 0 < a < 1) and f € C(Q, R3). There exists a unique solution
u* € H*(Q2,R3) N H{ (22, R?) to the following problem:

—divo(u) = f in Q,
u=20 on 092,

which corresponds to problem (6.7) for n = 0. Let I, be the functional defined on
Hllz (2,R3) by

1 2
In(v)zg/;zoij(v)e,-j(v)dx—{—EZ(/F |v,-|a’s) —|—/F oij (u*)njv;ds.

i=1

h * . . . . ..
Then, v" = ¥ ;” , where u" is the solution of problem (6.1), is the unique mini-

mizer of I,,. Let v € H'/2(I';, R?). There exists a unique function vy, such that

/aij(vw)eij(vl/,)dxz inf /aij(w)eij(w)dx. (6.8)
Q {weH[ (QR3);wlr, =y} J/Q

Let us denote by M (I';, R3) the space of vectorial Radon measures on I';. We
consider the functional J,, defined on M (1, R3) by

1 fo 01 ey (vp)dx + 3 3 (J, Wilds)?

Jp(¥) = + Jr, 01 W*In;yids if y € H'/2(I'1,R3),
+o0 otherwise.
Then, according to (6.8), v"|r, = ”h;“* Ir, = %lrl is the unique minimizer of J,.

This implies that the problem min, . 5 L (Q.R3) I (v) is equivalent to the minimization
problem miny, ¢ y1/2p, g3y Jn(¥)- :
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We have the following compactness and I'-convergence results for J;.

Theorem 22. (1) sup, > ;_; Jr, v lds < +oo0.

(2) The sequence (Jy)y I'-converges, as n tends to zero, with respect to the weak*
topology of M(T'1,R3), to the functional J defined on M(I'y,R?) by

J(A) = Zu () + / oy (u*n;dA;,
1_1
where |A;| is the total variation of the measure A;; i = 1,2, 3.

Proof. (1) Using the smoothness of 2, f, and u™, we infer that there exists a positive
constant C such that, foreveryi = 1,2, 3,

suploj; (u*)n;| < C,
Iy

from which we deduce that

Jp"r,) > —Z(/ |v’7|ds) —CZ/ lv]|ds. (6.9)

Now, observing that J,(v7|r,) < J,(0), we deduce that

sup J(v"|r,) <0,
n

and, using (6.9), we get

supZ |vi"|ds§C.

i=1

We deduce from the above uniform boundedness that, up to some subsequence,

v, oo A M(T'y.R?)-weak*. (6.10)

(2) The scalar version of this assertion was proved in [20, Theorem 3.5].

(a) Lower limit inequality. Let (A"), C HY?(T';, R3) such that A7 —— A
M(T'1, R?)-weak*. As the functional v > |v|, where |v| is the total variation of of the
measure v, is lower semi-continuous on M (I';), we have that, foreveryi = 1,2, 3,

liminf/ IA]|ds = |A;|(Ty),
Iy

n—0
from which we deduce that

lim inf J, (A7) = J(3). (6.11)
n—
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(b) Upper limit inequality. Without loss of generality, we suppose that Q C {x3 >
0} and that 0Q2 N {x3 = 0} = I';. Let us set x’ = (x1, x») and define, for ¢ > 0, the
mollifier ¢, by

€0 exp(——522) if x| <
ce(x) =1 & pl-atp) R <e (6.12)
0 if |x'| > e,

where Cy = (fB(O 1 exp(—ﬁ)dy)_l; B(0, 1) being the unit ball of R? centered
at the origin. Let (w[1/¢])e, Where [1/¢] is the integer part of 1/, be a sequence of
open sets such that

w; Cwy C---Cawpye C--- C I,

U wny/e = T, (6.13)

>0

d(wp/e,0I1) = €.

Observing that, for ¢ € (0, 1), [1/e] — 1 = [1/e — 1], we define the partition of
unity (¢e)e by
Qe € Ccoo(w[l/s]),
pe(x) =1 inw /-1, (6.14)
0= (Ps(x/) =<1 in 7.

Let A = (A1, A2, A3) € M(I';,R3). Using (6.12)—(6.14), we define the sequence
(A%)e by A = (X * ¢¢)@e. Then A8 € C2°(I'1, R3), [VAS(x')| < C/&3, for every x’ €
I'y, and

AE — A M(T1, R3)-weak*. (6.15)
£—>

Let us define the sequence of function (w?), from 2 to R3 by

E— X3

wi(x) = Ai(x"), Vi=1,23.

&

Then w® € HY (€2, R3). Let us now set
2

e — 01/16’
w? = wn", (6.16)
)U7 _ A711/16

Using (6.15) and (6.16), we deduce that

n/szoij(w”)eij(w")dx <C.n,
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and

2
hmsup] (w™) < limsup = Z(/ |w?|ds) +limsup/ oij (W*)njw]ds
I Iy

n—0 i=1 n—0

NI*—‘

3
Z |Ai |2(r1)+/ 0y (u*n;dA;,
i=1 r

from which we deduce, since w"|r, = A", that

limsup J,(A") < J(}). (6.17)
n—0

The two inequalities (6.11) and (6.17) imply the second assertion of the theorem. m
Let us set
M; = sup|oj; (u™)n;l,
I (6.18)
= {s € T'1: 03; (u™)n; (s) = £M;}.

We can now state our result concerning the optimal location where possible elastic
layers could take place.

Theorem 23. We have

(1) The sequence ( |p1),,, where u" € H1 (Q R3) is the solution of problem
(6.7), converges in M(T'y, R3)-weak*, as n tends to 0, to a measure ) =
(Ai)i=1,2,3 such that sptA; C KiJr U K, with A; positive in K;” and negative
in Kl.+,f0r everyi =1,2,3.

(2) Foreveryi =1,2,3, fFl oij(u*n;dr; = —M;.

(3) Foreveryi =1,2,3,

lim
n—0 Iy

= [A|(T) =M,

and the sequence ( |p1),, converges in M(I'1, R3)-weak*, as n tends to 0,
to the measure v = (v )i=1,2,3 given by v; M; = A;.

Proof. (1) Firstly, we deduce from (6.10) that the sequence ( |1“1),] converges in
M(T1, R3)-weak*, as 7 tends to 0, to a measure A = (A; ),_1,2,3 such that

J(A) = min  J(v).
veM(T,R3)

(2) Let us set

Mi (T, R?) = {v e M1, R?): |u|(Ty) = 1,i =1,2,3},



M. El Jarroudi, J. E1 Amrani, M. El Merzguioui, M. Er-Riani, and A. Settati 432

and introduce the functional J defined from [0, +00)3 x M; ("1, R3) to R by

J(t1,t2,13,V1, V2, V3) = J(l1U1,lzvz, 13V3)

:—Zt +Zt,/ oij (u*)njdv;.

i=1
We have
min J(v) = min min J(tl,tz,t3, V1, Uz, U3z). (6.19)
UEM(F],R3) veM (T RS) t;>0,
i=

945

Let us denote (t, v); t = (t;)i=1,2,3 and v = (v;);=1,2,3, the minimizer of the
right-hand side of (6.19). One can easily check that if fF1 oij(u*)n;du; > 0, for
everyi = 1,2,3,thent; = 0 and

min f(tl,tz,t3, U1, Uz, u3) =0,

t;>0,
i=123
and if [, 0y (u*)njdv; <Oforeveryi =1,2,3,thent; = — [, 0y (u™)n;dv;,
1S 2
min J(f1,12,13,V1,V2,V3) = —= (/ oij (u™)n 'dvi) )
.ti;g’3 2 ; I / ’
i=1.2, =

and v = (v;);=1,2,3 minimizes (fr1 oij(u*)n;dv;)i=1,2,3.

For every i = 1,2, 3, we have that fI‘l 0ij(u*)n;dv; > —M; and the equality
holds if and only if sptv; C Ki+ U K, v; is positive in K;” and negative in Ki+. We
deduce, according to (6.18), that A; = M;v;.

3) As (”n—”|1~1 )y converges in M(I'y, RY)-weak* to A = (M;v;)i=1,2,3, we have
that
n
lim
n—0 Jr,

= |4 |(T') = Miv;(I'1) = M;

17
from which we deduce that, for every i = 1,2, 3, the sequence (fl—”ld)h converges

in M(I'1)-weak™ to v;, which means that the sequence (— I, )n converges in M(I';)-
weak* to v;. [

For a biological body, this last theorem provides a tool allowing a characteriza-
tion of the zones where soft tissues are likely to grow. For a reinforced material this
theorem shows that we can have an optimal reinforcement, as 7 is infinitesimal, if we
introduce a material in the points where the tractions |o;; (4*)n ;| are maximal.
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