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Spectral structure of the Neumann—Poincaré operator
on axially symmetric functions

Shota Fukushima and Hyeonbae Kang

Abstract. We consider the Neumann—Poincaré operator on a three-dimensional axially sym-
metric domain which is generated by rotating a planar domain around an axis which does not
intersect the planar domain. We investigate its spectral structure when it is restricted to axially
symmetric functions. If the boundary of the domain is smooth, we show that there are infinitely
many axially symmetric eigenfunctions and derive Weyl-type asymptotics of the corresponding
eigenvalues. We also derive the leading order terms of the asymptotic limits of positive and neg-
ative eigenvalues. The coefficients of the leading order terms are related to the convexity and
concavity of the domain. If the boundary of the domain is less regular, we derive decay estimates
of the eigenvalues. The decay rate depends on the regularity of the boundary. We also consider
the domains with corners and prove that the essential spectrum of the Neumann—Poincaré oper-
ator on the axially symmetric three-dimensional domain is non-trivial and contains that of the
planar domain.

1. Introduction

This is a study of the spectral structure of the Neumann—Poincaré operator on axially
symmetric domains when the operator is restricted on the axially symmetric func-
tions. This study is motivated by the search of three-dimensional domains where the
cloaking by anomalous localized resonance takes place.

Let Q C R¥ (d = 2,3) be a bounded Lipschitz domain. The Neumann—Poincaré
operator Ko, (abbreviated to NP operator) is the integral operator on d€2 defined by

(X =Y)-nx

oy (o) (X €.

Kial 1) = - pv.

Q2

where wy is the area of the unit sphere in R4, namely, 27 if d =2 and 47 if d =3.
This operator is realized as a self-adjoint operator on H ~1/2(9K2) (L2-Sobolev space
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of order —1/2) by introducing an inner product defined in terms of the single layer
potential (see (1.10)). Thus, its spectrum consists of the essential spectrum and eigen-
values of finite multiplicities.

Many significant results on the spectral properties of the NP operator have been
obtained in recent years. When the boundary 92 is C 1* for some a > 0, then X 30
is compact and the spectrum consists of eigenvalues accumulating at 0. If d = 3 and
0 is C%*, the Weyl-type asymptotics of the eigenvalue decay is obtained in [24]. In
particular, the decay rate is j ~1/2 when eigenvalues {4 j = A (Kjg)} are enumerated
in such a way that |A1| > |A2]| > ---. If 0Q is C°, then the Weyl-type asymptotics
of negative and positive eigenvalues are obtained in [25]. If d = 3 and 92 is C 1%,
the decay rate of j ~%/2%¢ for any & > 0 is proved in [8]. It is shown in [12, 13] that
some three-dimensional domains with Lipschitz boundaries have nontrivial essential
spectrum. The spectral structure of the NP operator for the two-dimensional case is
quite different from that for the three-dimensional case. It is proved in [8] that if €2 is
a bounded domain in R? with C¥ boundary, then

A (Kig) = o(j7FH170Te)  (j — o0) (1.1)

for any & > 0. We emphasize for comparison with the three-dimensional case that the
decay gets faster as k gets larger. It is proved in [27] that if €2 is a curvilinear polygon

with the interior angle(s) o, ... ,an € (0,27) and
1 1
b::max{——ﬂ,...,——a—N}, (1.2)
2 2w 2 27
then
Oess(Kjq) = [—b. b]. (1.3)

In this paper we deal with the NP operator on the axially symmetric domains
which are generated by rotating a planar domain around an axis which does not inter-
sect the domain. On such domains, the NP operator is decomposed in terms of the
Fourier modes. We investigate the spectral properties of the zeroth mode operator
which is the NP operator restricted to axially symmetric functions.

The investigation of this paper is strongly motivated by the study of the cloaking
by anomalous localized resonance (CALR). To make the presentation short, we do
not include in this paper the mathematical formulation and the physical meaning of
CALR and simply refer to [2,22] for them. It is known that CALR occurs on annuli [2,
20, 23] and ellipses [4] in two dimensions, and it does not occur on balls [2] and
on strictly convex domains in three dimensions [5]. Not a single three-dimensional
domain where CALR occurs has been discovered. The occurrence (and nonoccur-
rence) of CALR is determined by two spectral properties of the NP operator: decay
rate of eigenvalues and localization of surface plasmons which are single layer poten-
tials of eigenfunctions. In three dimensions, the decay rate of NP eigenvalues is j —1/2
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if the boundary of the domain is C%* as mentioned before. It is proved in [5] that if
the domain is strictly convex, then the single layer potentials of eigenfunctions decays
too fast outside the surface resulting in nonoccurrence of CALR. In the same paper, it
is observed by numerical computations that something different occurs on the torus.
The single layer potentials of axially symmetric eigenfunctions are relatively large and
they show a clear wave pattern outside the domain different from that of non-axially
symmetric eigenfunctions. Motivated by these observations related with CALR on
three dimensions, we investigate, as the starting point of the investigation on the pos-
sibility of CALR on three-dimensional domains, the decay rate or asymptotic behavior
of eigenvalues of the NP operator restricted to axially symmetric functions on tori or
more generally on axially symmetric domains.

After rotation and translation if necessary, we assume with no loss of generality
that the axis of the axially symmetric domain  C R? is x-axis. Then 2 is of the form

Q={(x,ycosp,ysing) eR3¥| (x,y) e X, p e S} (1.4)

where ¥ C R? is a bounded domain with the Lipschitz boundary such that ¥ C R x
(0,00) and S' = R/27Z is the circle. For example, if ¥ is a disk, then € is a solid
torus. Figure | shows a typical example of the axially symmetric domain.

Figure 1. The axially symmetric domain Q2 generated by rotating X.

We say that a function f on 02 is axially symmetric if f(x,y cos¢, y sing) is
independent of ¢ € S'. We investigate the spectral properties of the NP operator K 30
on such functions. We deal with not only domains with smooth boundaries but also
Lipschitz boundaries in relation to the essential spectrum.

The first result of this paper is that there are infinitely many NP eigenvalues with
axially symmetric eigenfunctions if the boundary of the domain is smooth enough as
the following theorem states.
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Theorem 1.1. If3X is C'* for some a > 0, then K3 has infinitely many real eigen-
values with axially symmetric eigenfunctions in H=1/2(3RQ).

We enumerate all eigenvalues {p; (K 5‘9)}]‘?‘;1 with axially symmetric eigenfunc-
tions in the descending order

01 (K| = 12(Kig)| = |p3(Kig)| = -+ — 0.

Then, we can estimate the decay rate of such eigenvalues from above. The decay rates
are different depending on regularity of the boundary.

Theorem 1.2. The following statements hold.
() If3X is CY* for some a > 0, then

lpj (Kzo)l = 0(j74T%) (j = o0) (1.5)

forany e > 0.
(i) If3X is C** for some a > 0, then

lp; (K3l = 0~ (j = o0). (1.6)

The decay rate in (1.5) is like that of the NP eigenvalues on two-dimensional
domains with C % boundaries as described in (1.1). This is so because the NP oper-
ator restricted to axially symmetric functions behaves like the NP operator on the
section 3% on C ** domains. In fact, the NP operator restricted to axially symmet-
ric functions is decomposed into three pieces: one is the NP operator on the section
0%, another one is essentially the single layer potential on 0%, and the last one is a
remainder term which is smoothing (see (3.7)). On C **-domain, the integral kernel
of the NP operator on 9% has stronger singularity, namely, |p — p’|~!*%, than that
of the single layer potential on 9%, namely, log |p — p’|. Thus, the NP operator on
0% is responsible for the spectral properties of the NP operator on 92 yielding the
decay rate (1.5). If 32 is C 2%, this relation becomes opposite and the principal term
for the spectral properties is the single layer potential term. This difference causes the
difference of the decay rates in (1.5) and (1.6).

If Q2 is C®°, then we can improve the decay estimate in (1.6). Moreover, we
can find the leading order terms of the asymptotic behavior of the positive and neg-
ative eigenvalues. We enumerate all positive eigenvalues p;' (Kjq) > 0 and negative
eigenvalues —p; (K 5) < 0 with axially symmetric eigenfunctions as

PE(K3q) = pr(Kig) = p3(Kig) = - .

The following theorem exhibits the asymptotic behaviors of these eigenvalues. In what
follows, we denote the outward unit normal vector at p € 9% by 7i,. We then define

Vp = —ﬁp,z (17)
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where 7ip, » is the second component of 7i,. It is worth mentioning that v, is the first
component of the unit tangential vector with the positive orientation at p € dX.

Theorem 1.3. If 0% is C°, then K, has infinitely many positive and negative
eigenvalues with axially symmetric eigenfunctions. Moreover, the absolute values of
eigenvalues and positive and negative eigenvalues have the asymptotic behaviors

o} (Kjo)l ~ Coj ™" pF(Kig) ~Cifj™"

where Cy and COﬂE are defined by

1 v
Cf=7v— / L do(p) (1.8)
4 y
{p=(x,y)€0X|Fvp>0}
and

Co=C," +C, . (1.9)

To clarify the geometric meaning of C, let us assume that X is convex. Because
of (1.7), if v, > 0, then 7i,, is downward, and hence (x, y cos ¢, y sin ¢) is a concave
point on d€2. So, C;; is the integration over the concave part of X; CO+ over the convex
part. The connection between negative NP eigenvalues and concavity of the domain
has been discovered in [17,25].

Since Coi > (, we infer that there are infinitely many both positive and negative
NP eigenvalues with axially symmetric eigenfunctions. Existence of infinitely many
negative eigenvalues on tori is proved in [3] by considering non-axially symmetric
functions and employing the stationary phase method for the high oscillation limit
with respect to the ¢-direction. Theorem 1.3 shows that the NP operator on the axially
symmetric functions, which do not oscillate in the ¢-direction, have infinitely many
negative eigenvalues. More general sufficient condition for the existence of infinitely
many negative NP eigenvalues is given in [25]: if there has a point on the boundary
where at least one principal curvature is positive, then the NP operator has infinitely
many negative eigenvalues. In fact, our strategy to the proof of Theorem 1.3 follows
that in [25], namely, calculus of pseudodifferential operators and invoking the result
of [6].

It is interesting to observe that the difference Cy” — C," is the volume of X in the
hyperbolic space H? := (R x (0, 00), (dx? 4+ dy?)/y?). In fact, it follows from (1.8)
and the Stokes theorem that

1 dx 1 dxdy

Cy —C4f =

e y T Arn y2
E)) >

In particular, we have C;” < Cy .
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We also consider the case when 0% is Lipschitz. In this case, the NP operator
K Js, on 0% may have a nontrivial essential spectrum. We prove an inclusion relation
of essential spectra of NP operators on d<2 and dX.

Theorem 1.4. If 0% is Lipschitz, then the inclusion relation
Oess(Kig. HV2(X)) C 0ess(Kjq. H™?(09))
holds.

Theorem 1.4 gives examples of three-dimensional domains with non-trivial essen-
tial spectra. For instance, we apply Theorem 1.4 together with (1.3) to obtain the
following corollary.

Corollary 1.5. If 0% is a C?-smooth curvilinear polygon with the interior angle(s)
at,...,on € (0,2m) and define b > 0 by (1.2), then

[~b,b] C Oess(K 3, H 2 (3Q)).

A few remarks on the inner product and the symmetrization of the NP operator
are in order. The Sobolev space H ~1/2(9Q) is equipped with the inner product

(fghs i== [ £SO do ) (1.10)
aQ
where Sy is the single layer potential, namely,
$1al /100 1= [ TX = ¥) () do(¥) (1.11)
02

where I'(X) is the fundamental solution to the Laplacian: it is (277) " !log | X|if d =
2 and —(47|X|)"! if d = 3. In three dimensions, Sjq is invertible as acting from
H~2(3Q2) onto H'/2(3Q), and hence (-, -)4 is actually an inner product. However,
in two dimensions, there is a domain €2 such that S5 has a non-trivial kernel. But, in
such a case, if we dilate the domain, the single layer potential on dilated domains are
invertible. Since the NP operator is invariant under the dilation of domains, we assume
without loss of generality that (-, -)4 is actually an inner product on H~/2(3).

The NP operator K5, on a bounded Lipschitz domain is realized as a self-adjoint
operator on H ~'/2(9Q2) equipped with the inner product (-, -)4. It is a consequence of
Plemelj’s symmetrization principle

SaaKiq = Kaadia, (1.12)
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where Kyq is Lz-adjoint of X 5‘9 namely,

(X —Y)-ny

Kool F1(X) := —i p.v.[ Ty f(Y)do(Y) (X €dQ), (1.13)

0

(see [19] for example). This operator is also called NP operator.

Finally, we emphasize that the subject of this paper has no intersection with that
of [18] whose title is somewhat similar to this one; there the spectral structure of
m-fold symmetric domains is studied. A two-dimensional domain is m-fold symmet-
ric, where m > 2 is an integer, if it is invariant under the rotation by the angle 27 /m.

This paper is organized as follows. In Section 2, we decompose the NP operator
into Fourier modes. Section 3 is for analysis of the zeroth mode operator which is
the NP operator on axially symmetric functions. In the remaining sections, we prove
theorems presented in the introduction. Is Appendix A, we prove asymptotic formulas
for certain elliptic integrals which appear in the course of proofs.

Throughout this paper, notation A < B means that there exists a constant C > 0
such that A < CB. The meaning of A = B is analogous, and 4 &~ B means both
A < Band A Z B hold.

2. Decomposition into modes

2.1. Decomposition of the NP operator
Let €2 be the axially symmetric domain defined by (1.4). Consider the diffeomorphism
U:IE x ST -39, (p,¢)— X = (x,ycose, ysing) (p = (x,y)),
and the linear operator
ULf1(p.¢) ==y 2 f(¥(p.9) (p=(x,y)€dT,peS) @1
for f:0Q — C. Since the surface element do (X) on dS2 is given by
do(X) = ydo(p)dy (X =¥(p.9)). (2.2)

where do in the right-hand side is the line element on 9%, the operator U: L2(0Q) —
L?(3% x S1) is a unitary operator, that is, an isomorphism with the isometric property

f F(X)gX) do(X) = / / ULS1(p. ) UEI P 9)do(pdy  (2.3)
1Q S1oxX

for all f,g € L?(dQ). Moreover, U is a bounded invertible operator from H*(9)
onto H5(dX x S') for all s € [—1, 1]. This can be seen by direct computations for
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s = 1, by duality for s = —1, and by interpolation for s € (—1, 1). Here and throughout
the paper, the circle S! is identified with [—7, 7).
We introduce the functions

/2 i
Ar(8) 1= 82 / M‘W
(82 + sin”® ¢)3/2
0

/2
cos(2ky) sin? ¢

) (82 + sin? ¢)3/2 ¢

(8 > 0) (2.4)

B (§) :=

fork =0,1,2,..., and the distance-like quantity

§(p.p') = 2012 (p=xy), p=Kx.y)edx). (2.5)

We will use the following lemma in the further part of this paper.

Lemma 2.1. For any compact subset K C R x (0, 00), there exists a constant C > 0
such that the inequality

C7H8(p,r) = 8(r, @)l = 8(p.q) = CE(p,r) +8(r,q)) (2.6)
holds forall p,q,r € K.

Proof. Tt suffices to consider K = [a,b] x [c,d] (¢ > 0).Let p = (x,y),q9 = (x', ),
r = (x",y") € K. Then we have

S(p.gy= P9l _ lp—rl Ir —4ql
PO =202 = 2(yyn72 T 2(yy)2

4 4

(Y V2 |p—r| y Y2 |r—gq|
_<37) 20w5”2+(37) 2(y"yN12
d\1/2
=(5) 6. +50.9)),
c

which proves the second inequality in (2.6).
On the other hand, we have

lp—ql+1r—q| lr —q|
8(p’r)_5(r’q)§ 77 - 77
2(yy")1/2 2(y" yn1/2
dn1/2 1 1 1
E(;) S(P,q)+m|r—51|‘m—(y,)—l/z‘

d\1/2 (b—a)?>+(d —c))'/? |y —y/|
(?) 8(p.q) + (312 L (y)12) 2(yy))i/2
((i)l/z L (G—a+ @ =0

c 2¢

IA

)5(p,q)-
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By changing roles of p and ¢, we obtain the same estimate for 6(r, ¢) — §(p, r) and
hence

b — a)? d —c)? 1/2
G A U i PO
C

This proves the first inequality in (2.6). |

5. sl = ()"

For a function f(p) on X and a function n(¢) on S!, we define the tensor product
feniZ xSt - C
by
(f @ m(p. ) := f(P)n(p).
Also, we define a function
er(p) 1= e’

fork € Z and ¢ € S1. Then, foreachk € Z and s € [—1. 1], there are constants c s,
Ck.s such that

ksl flasez) < 1 f ®exllaspn) < Crsllf a0 2.7

forall f € H*(0X).
We denote the integral kernel of the two-dimensional NP operator on X by
ng (pv p/)’ nameIY9

1 (p—p')-iip
Kis(p-P) = 50

Proposition 2.2. For f € H™'/2(0%) and k € Z, we have
UKQU'f ® er] = K{[f1® ex (2.8)

where K is the integral operator of the form
KA = [ K. 1) dop)
X

with

Ki(p.p") = Kj5(p. p) A (8(p, p)) — ;T_pyBk(S(P’ 7). (2.9

Similarly, for the NP operator Kyq (see (1.13)), we have
UKo U™ [f ® ex](p. ) = Kilf]1® ex (2.10)

where

Kl f1(p) i=/KZ(P’,p)f(p/) do(p').
)
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Proof. Let g be a function on 30X x S!. For X, X’ € 0Q,let X = ¥(p,¢) and X' =
W(p’,¢"). Thanks to (2.2), we have

UK o U [gl(p. @)

- yl/zf(qf(p ) = XD 1G9 -1 61 ("o (X)

 4m W (p,p)— X'
191
1 (\P(p,(p) - ‘P(p’,w/)) Ny(p,e) N1/2 ’ ’ /
= — 2 (yy) 2g(p', ¢y do(p'dy'.
4 1 |W(p.o)—W¥(p'.¢)3
XS

Straight-forward calculations yield

, P —
W (p.@) —W(p'.¢)* =|p—p'|* +4yy sin? 2.11)

If we denote the outward normal vector at p € 90X by 71, = (np,1,1p,2) as before, then
Nw(p,p) = (Np,1,Mp2COSQ,Npssing),

and hence

) Y
(Y(p, @) = V(. ¢) - nupep) = (p— P fip + 2np,y sin’

2
Since np > = —v,, we have
UKo U [g](p. ¢)
1 (p— ') fip — 2vpy'sin? £5& 2,00
- ¢ )do(phdy'.
yp / (11— PP 4 4y sin? 7 (p)m(yy) g(p.¢)do(p)dy

dx xS

Ifwesetg = f ® e, that is,

g(p.p) = f(p)e'*®,

then we have

UK o U™ [f ® exl(p. @)

—/do(p)f(p)(yy)l/zf
S1

N ) in2 09—
, (p= D) np—2vpy'sin® ==

e
(Ip — p'|? + 4yy’ sin? £52)3/2

(p—p') -iip = 2vp'sin*> § ik’

(Ip — p'|* + 4yy'sin® %)3

1.
= e [ dn) £ [ ay
0x S1
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Now, we define

Y)Y2 [ (p—=P) ity —20py'sin®
S (p— PP+ dyy'sin® g )3

Ki(p,p) = L (2.12)

so that
UKo ULf ® ex](p, @) = e'*? [ Ki(p.p) f(p") do(p)).
0z

It remains to prove (2.9). Since sin’(¢’/2) is an even function, we can reduce
(2.12) to

/2
Kip o) = L [ cosiang) L= L) To =20 Y 4 @)
b/

) (Ip — p'|* + 4yy’sin® ¢/)3/2

We abbreviate §(p, p’) to §. Since
(Ip— P17 +4yy'sin> ')/ = (4yy')>/*(8 + sin” ¢)*/?
=282 (vy) 2 p = p'I(8 + sin> ¢) 2,
it follows from (2.13) that

/2
(yy)”z(/ 8 (p—p)-ip
Ki(p, p' 2k’ d¢’
k(p.p) = = cos(2ke )Z(yy/)1/2|p — p'|2(82 + sin? ¢)3/2 ¢

0

/2 / 2 1
5 .
_ / cos(2k¢’) p) S _¢2 d(p’)
(4yy")3/2(82 + sin® ¢)3/2
/2 /2
8 (p—p) -y / cos(2k¢’) , U cos(2k¢’)sin® ¢’
S 2n |p—p'? (82 + sin? ¢’)3/2 4y J (82 + sin? ¢/)3/2
0

. v
= K35 (p. ) Ak (8) — ﬁBk(SL

which is the desired formula.
Relation (2.10) is an immediate consequence of the duality of Kjq and Kj,. =

One can easily see from (2.7) and Proposition 2.2 that the following corollary
holds.

Corollary 2.3. For k € Z, the operator K}’ is a bounded operator on L?(0X) and
on H=Y2(3%).
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2.2. Decomposition of the single layer potential

Similarly to the NP operator K}, the single layer potential S3¢ is decomposed into
Fourier modes.

Proposition 2.4. For f € H™V/2(0%) and k € Z, the identity

USsoU'[f ® ex] = Sk[f]® ek

holds where
Sk[f1(p) =[Sk(P’P/)f(P/) do(p")
X
with
_ cos(2k¢’) ,
Sk(p, ]7) / G6(p, p/)z + sin? (,0/)1/2

Proof. We see from (2.11) that

/

.2 P =@
W(p,p)—W(p . @) = 2yy/(5(p,p’)2 + sin? 3 )

Thus, we have

USaa U™ [f ® ex](p. @)

B )2 f(p))etke
= ‘_/ dop )/ 4 2(yy')1/2 G- 1)? + sin*((¢ — ¢)/2)1/2
i (2kg')
/i cos(2kg
— — ko / dO(P ) f(p) / (8([7,]7/)2 + Sil’lz g0/)1/2
= e”“ﬂsk[f](p),
as desired. ]

For k € Z, we set

(f.8)k == —(Sk[f]. 8)ox.
where (-, -)yx is the dual pairing of H'/2(3%) and H~'/2(3X). Then, Proposition 2.4
together with (2.7) immediately yields the following corollary.
Corollary 2.5. The following statements hold.

(i)  Fork € Z, the operator Sy is an invertible operator from H~'/2(3%) onto
H'2(3%).
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(i) For f,g € H"Y2(dX) and k € Z, we have

(f&)k = (UT'[f ®ex], U [g ® ex])s

In particular, (-, ")y defines an inner product on H~/?(3X) which induces the norm
equivalent to the Sobolev norm on H™1/2(3X).

Combining Proposition 2.2, Proposition 2.4, and Plemelj’s symmetrization prin-
ciple (1.12), we have the following result.

Proposition 2.6. If 0% is Lipschitz, then we have
SkJ{;: = K Sk (2.14)

on H=Y2(3X) for each k € 7. In particular, X ¢ is a bounded self-adjoint operator
on H=Y2(3%) equipped with the inner product (-, ). Furthermore, if 3% is C % for
some a > 0, then the operator K is compact on H™2)%).

2.3. Proof of Theorem 1.1

By virtue of Proposition 2.6, the operator K is a compact self-adjoint operator on
H~Y2(3%) with the inner product (-,-)o. Thus, K has infinitely many real eigen-
values. Let { f]}°° be an orthonormal system of eigenfunctions of K. Then the
function {U™[f; ® 1]}?2, forms an orthogonal system of axially symmetric NP
eigenfunctions in H~ 1/2(89) by Proposition 2.2. ]

3. The zeroth mode NP operator

In this section and sections to follow, we deal with the spectral properties of the zeroth
mode operator K appearing in Theorem 2.2. It is the operator K, restricted to the
axially symmetric functions. In this section, we show that the integral kernels of the
zeroth modes of the NP operator and the single layer potential are represented in terms
of elliptic integrals. We use these representations to investigate the singularity of the
integral kernels.

3.1. Representation by elliptic integrals

We set k = 0in (2.4) to see

/2 w/2

do sin? _ sin"p
e
o) ) (82 + sin? p)3/2 (82 + sin? ¢)3/2 v



S. Fukushima and H. Kang 14

and
v
K5(p. p") = K5 (p. P)A0(8(p, p)) — ﬁBo(S(p, p).
We relate the functions Ag and By with the classical elliptic integrals. Let K(z)
and E(z) be the complete elliptic integrals of the first and the second kinds, namely,

/2 /2

K(z) ::/d—w'2 and E(z) := / V1—2z2sin?pdg
, V1 —2z2sin* ¢ ;

forz € C \ ((—o0,—1] U [1, o0)).
Lemma 3.1. The following relations hold:

SE@IS™Y) SE(i§™1)
AO((S) = 1—1-—52’ T

Bo(§) = 87K (671 — 5

for§>0. (3.1

Proof. We easily obtain the following two relations:

1 1 ) 1 d sin(2¢)
= V14 682sin% ¢ — —
(62 4 sin® @)3/2  §(1 + §2) 2(1+8%)do /1 + 6 2sin%¢

and )
sin” ¢ 1 $ \/_—2
= - 1 + 6 2sin
(82 +sin® )32 §/1+ 5 2sinZ¢ 1+62 v
1 d sin(2¢)
28(1+6*) do /1 + 5 2sin ¢
for 6 > 0. Integrating these relations in ¢ € [0, /2], we obtain (3.1). ]

In order to investigate the asymptotic behavior of A¢(8) and By (6), we obtain the
following proposition whose proof is presented in Appendix A.

Proposition 3.2. The following identities hold for § € (0, 1):

KG@s™!) = ¥ l;)ggK(iS) + 28 log2 + 82 £(8), (3.2)
Eis ) = 2B (711; IR 1006 1+ é 1 89(5), (3.3)

where f(z) and g(z) are holomorphic functions in |z| < 1.

Let us look into the singularity of the integral kernel K (p, p’) roughly. When
8 = 8(p, p’) < 1, we obtain the following formulas by substituting (3.2) and (3.3)
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to (3.1):

2(E(i8) — (1 4+ 82)K(i$)) log § + 82(g(8)—1)

Ao(8) = 1
0@ =1+ (11 52 1+ 482

’

2E(i§)

g(8) — 1)
(14 62) '

Bo®) =~ 1+ 62

logd +2log2—1+ 82(f(5) —
In particular, we have the asymptotic behaviors

Ao(8) = 14+ 0(8%1logb), Bo(8) = —logd + O(1) (3.4)
as § — 0. We then infer from (2.5) and (2.9) that

K5 (p.p') = K3s(p. p) + ;;T—”y log|p—p'l + O(1) 3.5)

as|p—p'| — 0.
Inspired by (3.5), we set

* * * v
R*(p.p)) := K (p, p)) — K35(p. P) — ﬁ log|p - p'l, (3.6)
and define the operator R* by

R*[f1(p) = / R*(p. ) £(p') do (p).

X

Then, the following relation holds:
K = Kis + ;’—1’332 R (.7)
y

where Syy is the single layer potential on 0% (see (1.11)). We shall investigate the
integral kernel R*(p, p’) in a precise way depending on the regularity of 0.

3.2. Regularity of the remainder term

We now investigate regularity properties of R*(p, p’). We begin by proving that it is
bounded.

Lemma 3.3. [f 0% is Lipschitz, then R* € L*°(dX x 0X%).

Proof. By (3.4), we have

* ! * ! v /
R*(p,p)) = K}s(p, p') x O(8%log§) — ﬁ(—low +0(1) +log|p — p']).



S. Fukushima and H. Kang

16

Since K3 (p.p') = O(lp—p'|™") = O(8") as § — O and —log§ + log|p — p'| =

log 2(yy’)'/2, we infer that
R*(p.p') = 0(1)

as 8 = 8(p, p') — 0, as desired.

We will use the following lemma to prove the C%! regularity of R* (Proposi-

tion 3.5).
Lemma 3.4. If 0% is Lipschitz, then
|R*(p. p') — R*(p.4)]
lp'—q'l
for all distinct points p,q,q’ € 0X.

S1+loglp—p'll+|loglp —4'l|

Proof. By (2.9) and (3.6), we have

R*(p. p') = K5(p. p)(Ao(8(p. p") — 1) — ;;T—py(Bo(S(p, ) +loglp—p'))

=: Q1(p, p") + Q2(p. ).
It suffices to prove the estimates
|Q1(p, P') — Q1(p. 4"
P —4q'|
102, P') = Q2(p. ) _ |
P =4l -
for distinct points p, p’, ¢’ € 0.
First we prove (3.8). We set

S1+4|loglp—p'll+ |loglp —4'll.

Ou(p.p) :=38(p. p)’Kjs(p.p') = —(p;n’;),'n”
vy
and
Q12(p. p') :=8(p. p)*(Ao(S(p. p')) — 1)
so that

01(p.p) = Qu(p.p)Q12(p. P').
Then we have

101(p. P) = 01(P. 4| _ 1911(p. P)) = Q11(P. 1 Q12(p. P
=4l - =4l

n 1011(p. 4| Q12(p. P') — O12(p. q')]
lp'—¢q'|
=:J1+ /5.

(3.8)

3.9)
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We claim that the estimates
Ji S 1+ |loglp—pll. (3.10)
J2 S 1+ |loglp—p'|l + |log|p — ¢l (3.11)

hold for all distinct points p, p’, ¢’ € 0%, which immediately yield (3.8). We easily
obtain

[011(p. P)— Ou(p.¢) < 1P =4l
By (3.4), we have
|012(p. p))I < |logd(p. p)| S 1+ |log|p — p'll.

Combining these estimates, we obtain (3.10). Next, we prove (3.11). We easily obtain

1011(p,.¢) < |p =4l
by the definition of Q1;. Since

d Ao(8) —1 20+28%) . K@shH 2 -1
a5 5 2015t )T mag e T 00

as § — 0 by Lemma 3.1 and Proposition 3.2, we have

8(p, p’)
5(p.

012(p. ) = Q12(p. 4| 5 [log

Thus, J; is estimated as

§(p. p")

§(p.q")
Jo < .
2 8(p.q")

~a(p.q)
It follows from Lemma 2.1 that

§(p,p) +8(p'.q")
Jr < (pp), 2297 (110g8(p. p')| + |1og 8(p ¢)])
§(p'.q")

< |logé(p, p'l + |1ogé(p.q")|

if 8(p, p') <8(p’,q’), and that

< SWw.d) | 8. )| _ 8p.q) 18(p.p") —8(p.q)
5(17 q)| ~é(p.q) |~ 8(p'.q") min{d(p, p"),3(p.q")}
) 1 1
Sanqxappo+apwﬂ
_8(p.q) 1< $(p, p") +3(p’,q")
~ 8(p.p) §(p, p)

+1<3



S. Fukushima and H. Kang 18
if 8(p, p') = 8(p’,q’). Thus, we have

Jo S logé(p, p)l + |logd(p.q" )|+ 1 < 14 |log|p — p'l| + |log|p — 4|l

for all distinct points p, p’, ¢’ € dX. This completes the proof of (3.11).
As the final step, we prove estimate (3.9). Since

1
Qa2(p. p') = Bo(8(p., p')) +1ogé(p. p') + 3 log(4yy"),

we have
[02(p. p") — O2(p.q")|
' —q'l
< 4 [BoG(p.p)) +logd(p. p) = Bo((p.q")) —log8(p. 4)]

P =4l
By Lemma 3.1 and Proposition 3.2, we have

1-6% ., K@hH 1
mE(lsl)—( )+_

d
75 (Bo(®) +log) = — 112 T3
= O0(§logé) = 0(1)

as § — 0, and hence

102, 7) = 02 (p.a| _ |, B2 P) =80 d)] _ |
P — ¢l P — ¢l
by Lemma 2.1. This completes the proof of (3.9). |

We consider the L2-adjoint R of R*:

R[f1(p) 2=/R(p,p’)f(p’) do(p)

0

where
Uy

iy log|p —p'l.

R(p.p'):=R*(p'. p) = Ko(p.p') — Kos(p. P') —

By Lemma 3.3 and 3.4, we obtain the following proposition.

Proposition 3.5. For any & > 0, the operator R is bounded as acting from L' T¢(dX)
into CO1(dX%).
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Proof. By Lemma 3.3, the operator R is bounded as acting from L'(3X) into
L*°(0%). By Lemma 3.4 and the Holder inequality, we have

|R[f1(p) — R[f1(q)]
lp —ql

< /(1 4 1oglp — 2ll + |oglg — pIDLf(P)] do(p)
0z

SIS llpr+eox)
for all ¢ > 0. Thus, we have

IRL o osy
IR e + sup 2P = RIFT@)

P,qEOX |p - CI|
p#4q

SN fllr+es),
which is the desired estimate. [

We recall a characterization of the Sobolev space. Since dim dX = 1, the norm on
the Sobolev space H"(dX) for v € (0, 1) is equivalent to the norm

_ 2 1/2
1 e = (||f||zz(m +f %d«:(mdcm)) R
X x0%

(See [9] for example.) Then, we can observe that the space C%!(9X) is continuously
embedded in the Sobolev space H'!7¢(dX) for all ¢ > 0. Thus, we can prove the
following corollary.

Corollary 3.6. If 0% is Lipschitz, then the operators R and R* are compact opera-
tors on HY2(3X) and H~Y/2(dX) respectively.

Proof. Since the embedding C%!(dX) — H'/2(3%) is continuous, we infer from
Proposition 3.5 that the operator R: L?(d%) — H'/2(3%) is bounded. Since the
embedding H'/?(3%) < L?(d%) is compact by the Rellich—-Kondrachov theorem,
the operator R is compact on H '/2(3X). Then, by the duality, the operator R* is
compact on H~/2(3x). n

We will also employ the Sobolev space of functions with two variables. For
i, v >0, we denote the Sobolev space for functions with two variables on 9% of
order p and v in the first and second variable respectively by H**¥ (0% x d%). For
more details of definition, see [7]. In this paper, we only employ the case when



S. Fukushima and H. Kang 20

w = 0. In this case, H®"(0X x %) = LIZJ(BZ, H;;,(BZ)) and any function A(p, p’)
in H%Y (9% x %) is characterized by the finiteness of the following quantity:

1/2
( [14091 do(p))
0z

|A(p. p") — A(p.q)|? 12
— (Msas.as, + [ 2SR D oo pio@))

(0%)?

(3.13)

The following proposition plays a crucial role in investigating decay rate of eigen-
values.

Proposition 3.7. If 33 is Lipschitz, then R*(p, p’) € H%'7¢(0% x dX) for all & > 0.

Proof. By Lemma 3.3, we have R* € L?(d% x dX). By Lemma 3.4, we have

|R*(p. p') — R*(p.q4")|?

L O do(pydo () (o)
0@x)3
1 1 o/ 1 — A2
< (1+ [log|p /p||/+|_0g|p q'll) do(p)do(p')do(q') < 0o,
P’ —q'|* 72
(03)3
Thus, we have R* € H®!7¢(dX x 9%). ]

4. Proof of Theorem 1.2

4.1. Schatten class

For a separable Hilbert space #, we denote the p-th Schatten class on # by $?(JH).
More explicitly, if we denote the j-th singular value of a compact linear operator 4
by s; = 5;(A) = 5, (s, H) in the descending order

s1(A) = 52(A) > 53(A) > --+ (= 0),

then the p-th Schatten class $?(H) is the collection of all compact operators such
that

D si(A)P < oo,
j=1

In particular, the class $2(#) is called the Hilbert—Schmidt class and $'(H#) is called
the trace class.
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We will work on the singular values of X} on L2(X), not on H~/2(3X). We
will connect the singular value asymptotics on L?(9X) and the eigenvalue asymp-
totics on H~1/2(3X) as follows. First, we derive an eigenvalue asymptotics on L2(dX)
from the singular value asymptotics on the same space (Lemma 4.6). Then, we employ
the equivalence between the eigenvalue problems for Kj, on H ~1/2(3Q) and on
L?(02) when 9% is C1* for some « > 0, in the sense that every eigenfunction
of Kjo in H —1/2(3Q2) with nonzero eigenvalue actually belongs to L2(32) (see
[8, Corollary A.3] for example). By restricting the axially symmetric eigenfunctions,
we obtain the equivalence between the eigenvalue problems of K on H —1/2(3%)
and on L2(dX%).

Now, we recall the following general result of Delgado and Ruzhansky.

Theorem 4.1 ([7, Theorem 3.6]). Let M be a C*°-smooth closed manifold of dimen-
sion n equipped with a C*°-smooth density du(x). (For example, equip M with a
Riemannian metric and consider the volume form associated with the Riemannian
metric.) If K(x, y) belongs to the Sobolev space H*S(M x M) := L%(M, Hj(M))
for some order s > 0, then the linear operator

Tf)x) = / K y) /() du(y)
M

belongs to the p-th Schatten class S?(L*(M)) with

2n
n+2s’

p >

Here we make a remark in order to avoid possible confusion (this remark applies
to Theorem 4.4 as well). The C°°-smooth manifold does not mean that it is the
boundary of a domain with the smooth boundary. It means that ¢, o <p;1 is smooth,
where @y, @ are coordinate charts. As we explain below, the Lipschitz continu-
ous boundary in the Euclidean space can be realized as a smooth manifold such
that each coordinate chart pg: Ug C 9% — Vg C R4™9Z ig a bi-Lipschitz mapping:
Clx —y| <leg(x) —pp(y)| < Clx — y| for some C > 1 uniformly in x, y € Ug.
Thus, the Sobolev norm (3.12) and that defined by the smooth atlas as in Theorem 4.1
are equivalent.

We briefly describe a construction of such atlas. If ¥ C R? (d > 2) is Lipschitz,
its boundary is locally represented as a graph of some Lipschitz continuous func-
tion Yg: Vg C R4~! — R after suitable rotation and translation. We can take a finite
collection {yg: Vg — R} g consisting of such functions so that it covers the whole
dX. Then, it is proved in [26] that there is a C°° domain D C R4 such that 9D is
represented by a collection of C*° functions {1/75: Vg — R} g and there is a homeo-
morphism f:3dD — 9% such that C~'|x — y| < | f(x) — f(»)| < C|x — y| for some
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C > 1 uniformly in x, y € dX. Denoting by \iﬁ: Vg — 0D the smooth parametriza-
tion associated with the function 1}5: Vg — R, we define Ug := (f o ‘TJ/;)(V/;) CcCox
and g := (f o \TJﬂ)_I: Ug — Vg. Obviously, ¢g is a bi-Lipschitz mapping. One can
directly check that the collection {¢g: Ug — Vg }g forms a C* atlas on dX.

If 93 is C*“ for some k € N U {0} and @ € (0, 1] with k + o > 1, then the same
argument proves that the C* atlas {¢g}g can be taken so that (plgl is a C** mapping
for all 8. This case will appear in the proof of Proposition 4.5.

Now, we can combine Proposition 3.7 with Theorem 4.1 to obtain the following
proposition.

Proposition 4.2. If X is Lipschitz, then R* € $2/3+¢(L2(0X)) for all € > 0.

We recall the following result on the Schatten class to which the NP operator on
the two-dimensional domain belongs depending on the regularity of the boundary.

Proposition 4.3 ([8]). If T is a bounded domain in R? with C*% boundary %
for some positive integer k and a € (0, 1], then K35 € S$P(L?(3X)) for all p >
1/(k +a—1).

4.2. Pseudodifferential operators

We now look into the decay rate of the singular values of the operator (v,/2y)Syx. To
do so, we invoke a result of Grubb [11]. We first prepare ourselves with basic notion
of pseudodifferential operators (abbreviated to WDOs). In what follows, we use the
notation in [11] except for the space CTS™ (R4 x (R< \ {0})), which will be defined
later. We further refer to [16,21,30] for the basics of WDOs.

We denote the Schwartz class (of all rapidly decreasing functions) on R¢ by
8(R?) and the space of all tempered distributions on R¢ by 8'(R?) (continuous dual
of 8(R?)). Fora € 8 (R??) and u € S(R?), we define

a(x, D)u(x) := ﬁ / a(x, £)eEn(E) dg € 8'(RY)
R4
and call a(x, D) the YDO with the symbol a(x, £). Here
0(§) = / u(x)e % dx e $(RY)
R4

is the Fourier transform of u(x) € S(R?). We say that a tempered distribution a(x, £)
on R24 pelongs to C*SY (R24) if a belongs to Cee (R4, CI(R?)) and

108aC.&)lcrmay = O + [EN™ B (1§ > o0)
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for any B € (N U {0})? where we employed the standard multiindex notation
ag = 3511 ...agj, |B| := B1 + - + Ba.

We say that a € 8'(R24) belongs to CTS™(R??) (r > 0, m € R) if there exists a
family of functions {ap,—;:R?? — C}%2 ) such that a,,—; € C*S}'7 (R?4) is homo-
geneous of degree m — j for £ with |§]| > 1 and a — ij=0 Am—j € CTS{’,‘O_J_l(RZd)
for all J € N. We say that a € 8'(R2?) belongs to CTS™(R? x (R4 \ {0})) if
(1 — y(&))a(x,£) € CTS™(R24) for any function y € Cfo(Rd) with y(§) = 1 near
£=0.

Next, we consider WDOs on a compact d-dimensional manifold M. We denote
its cotangent bundle by 7* M. Take a finite covering {U; }]NZI of M such that, for
any pair (j, k) with j # k and U; N Uy # @, there exists a coordinate neighborhood
Ujx C M such that U; N Uy C Ujg. Let @jr: Ujr — Vi (Vg is an open subset of
Rd) be the coordinate chart and ¢;x: T*Ujx — Vji R4 be the associated canonical
coordinates, namely,

d
G (v D g duly) = (@), 61, 6a),
=1

where dxi|x, ... ,dxq|x be the local basis of T} Uji associated with the coordinate
chart ¢jx. Fix a partition of unity {k; };Vzl subordinate to the open covering {U; };Vzl.
We say thata € D'(T*M), where D'(T* M) is the space of all distributions on 7* M
(see [15] for example), is locally in CTS™(R? x (R? \ {0})) if we can take an atlas
described above such that y(x)@;k«a(x,§) € C*S™ (R¥ x (R? \ {0})) for any func-
tion y € C°(Vjx) where @jixa(x,§) := a(@j._kl(x,é)) ((x,§) € Vir x R4). Then, for
a function a € D' (T* M) which is locally in CTS™(R¢ x (R¢ \ {0})), we define

N

Op(@)u(x) = Y 15 (x)(Pjkxa) (x, D)licg (1 0 9] (x) (4.1
Uij.:]I;]:;éQ

foru € C*°(M). We remark that each summand makes sense since
K @jrsa € CTS™(R? x (R \ {0})).

Finally, for an operator 4 = Op(a) with the symbol a which is locally in C*S™(R? x
(R? \ {0})), we define the principal symbol a® € D'(T*M) of A, which is also
locally in C*S™ (R4 x (R4 \ {0})), by the following procedure. For (xo., &) € T*M
with £ # 0, we find a coordinate neighborhood Uji containing x. Then take a cut-
off functions y;(x) € C°(Vjx) and x2(§) € CCOO(Rd) such that y;(x) = 1 near
X0, x2(§) = I near £ = 0 and y2(§) = 0 near £ = &. Then we can take ;i , €
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CTS™(R?) such that y1(x)(1 — x2())@jkxa(x.§) — ajim(x.£) € CTSTTHR).
Then we define a®(xo, &) := aji,m ((Z{j_,(l (x0, &)). This definition of the principal
symbol is actually independent of the choice of the coordinate chart @;r: Ujx — Vi
and the cutoff functions y1(x) and y2(&). We also denote the principal symbol of 4
by oP(+4) when there is no possibility of confusion.

Now, we state the following theorem which is the one-dimensional case of the
resultin [11].

Theorem 4.4 ([11, Theorem 2.5]). If A = Op(a) is a YDO of order —1 with the
symbol a(x, §) and the principal symbol a® (x, §) which are locally in C*S ™' (R x
(R \ {0})) for some T > 0 on a C°°-smooth one-dimensional compact manifold M
and g be a C%*-Riemannian metric on M for some o > 0, then the singular values
of A on L>(M, do) where do is the measure associated with the Riemannian metric
g has the asymptotics

1
5j(A) ~ Coj !, Co= E/(|apr(x,§(x))| + |a™(x, = (x))[) do (x).
M

where &2 M — T* M is a continuous global section such that | (x)| = 1 forallx e M
with respect to the metric g.

If 03 is C°, it is well known that Syq itself is a WDO and its principal symbol
is given by —1/2|£| (see [1] for example). Thus, we can directly apply Theorem 4.4
to the operator (v,/2y)Sss. However, when the boundary is merely C % for some
a € (0, 1) as in this section, the operator Sy may not be a WDO. In this case, we
decompose the operator (v,/2y)Ssx into the sum of a WDO and a Schatten class
operator as in the following proposition.

Proposition 4.5. [f X is C1¥ for some a € (0, 1), then the operator (v,/2y)Sss is
decomposed as

;’—‘y’sag - op(— ) s 42)

Vp
4yl€|
where £ € §2/(F20+e(1.2(3%)) for all ¢ > 0.

Proof. We begin by recalling a well-known formula [29, p. 132]
b4
_H —

where y is the Euler-Mascheroni constant and §(7) is the delta function. Recalling

logr|(z) = 21y8(t), 4.3)

the remark on the C* atlas on X in Section 4.1, let U be a coordinate neighborhood
in 0¥ and ¢: U C 0¥ — V C R be a bi-Lipschitz coordinate chart whose inverse
¢~ .V — U is C"*-regular as a function from V C R into R?. Let k1, k2: 0% —
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1 and

[0, 00) be cutoff functions supported in U such that the compositions k7 o ¢~
-1
kz 0@

least Lipschitz. Then a direct calculation by the Taylor theorem and the formula (4.3)

are C*°-smooth. Since ¢ is bi-Lipschitz, the functions «; and «, are at

proves

[P
2

1

ci$aslaf1(p) = - D

e (Trlee2 ) () + ELF1p) 4y
for f € C1(3X), where ®(t) := do~ ' (t)/dt € R?,

<ﬁ)[u](t) = 27)"! / e[ el i(r) d o
R

is the WDO with the symbol |z|~! € §'(R), and the operator £ is defined by

2If1(p) =

9D [ L) s@nle’ @) @) /@) dotq)
X

where
L(z,s) = (|P(s)| — |@@)]) log s — 2| + [P(s)[log |P(7) + E(z,5)| — 2y (4.5)
and

1
2(t,5) 1= /(@(z 1 0(s —1)) — B(1)) dO € R,
0

It suffices to prove £ € §2/(1+20+¢(12(35)) for all & > 0. In fact, the desired
decomposition (4.2) and the operator £ there are obtained by taking a finite atlas and
a partition of unity as we described in the beginning of this subsection and summing
up (4.4) over the index of the atlas following the definition (4.1) of the WDO. This
delocalization procedure and the multiplication by v, /2y € L°°(dX) does not change
the Schatten class property of £.

In order to prove e §2/(+2e)+e(12(33)) for any ¢ > 0, it suffices to prove

L(p(p). ¢(@)|e*®(q)| ' k1(p)ia(q) € H** (0 x %)

for all ¢ > 0 by virtue of Theorem 4.1. It is easy to prove that the second and third
terms in the right-hand side of (4.5) belong to the Sobolev space H%*¢(3X x dX)
for all & > 0 by directly checking the condition (3.13) using the C "*-regularity of
¢ 1.V — U c 9% C R2. Thus, it suffices to prove

|L1(t,s) — Ly(z,5")|?

/
s — /|1 +2@@=e) dtdsds’ < oo 4.6)

I3



S. Fukushima and H. Kang 26

for any ¢ > 0, where

Lyi(t,5) := (|2(0)] — [®(s)]) log |z — 5],
I := supp @«k1 U supp ¢xk2 C R.

We introduce a subset
S:={(t,s,s)eI>|2ls—s'| <|t—s]|}

and decompose the integral (4.6) into those over S and over 13\ S.
Since |t — 5’| > |t —s|/2 on S, one can prove the inequality

2ls — 5|

[log |t —s| —log|t — || <
|t —s|

on S \ {t = s} by the mean value theorem. Thus, since |t — s'| < 3|t — s| on §, we
have the estimate

_ |2
/|L1([’S) L]([,S)l dtdsds/
S

|S _ S/l 1+2(ax—¢)

[@(s) = @) log | — s
< /(

~ |S _ s/|1+2(oc—s)

|q)(t)—q)(s/)|2|10g|t_S|_10g|[_s/||2 )
+ |s — s/[1+2(@—e) )dldsds
|log |t — s||? 1 /
< /( s — 5|12 s — s/ Ple—o-1|; _ s|2—2“) dtdsds
S

< /(|l —s5%%|log |t — s||* + |t — 5|*)) dtds < oo.

12

On the other hand, since |L{(¢, )| < |t — s]|%|log |t — s|| and |t — 5| < 3|s — §']
on I3\ S, we obtain the estimate

/ [L1(t,5) = Li(t,s)]?

|S _ S’| 1+2(ax—¢)

dtdsds’
I3\S
|t —s|>*|log |t —s||? )
<
N/ s — /[T +2@e) dtdsds
I3\s

+ dtdsds’

|t —5'[>*|log |t — 5'||?
|S _ S/|1+2((X—8)
I3,|t—s'|<3|s—s’|



Spectral structure of the Neumann—Poincaré operator on axially symmetric functions 27

5/|t—s|28|10g|t—s||2dtds—|—/|t—s’|28|10g|t—s’||2dtds'<oo.

12 12

This completes the proof of (4.6). |

4.3. Proof of Theorem 1.2

To prove Theorem 1.2, we invoke two well-known results. The first result is a classical
one whose proof can be found in [10, Corollary 3.2, p. 41, and (7.12), p. 95].

Lemma 4.6. Let p > 0, A be a compact operator on a Hilbert space H, and Aj(A)
be eigenvalues of A in the descending modulus order.

(i)  If A belongs to the Schatten class SP (H), then we have
A (AN = 0(j7VP) as j — oo

(ii)  If A has the singular value asymptotics sj (#A) = O(j ) as j — oo and it
has infinitely many eigenvalues, then

|Aj(A) = O(™7) asj— oo
The second one is the Ky Fan theorem whose proof can be found in [10, p. 32].

Theorem 4.7 (Ky Fan theorem). If two compact operators A and B on a same
Hilbert space satisfy s; (#A) ~ Cj~? and s;(8B) = o(j~?) for some C > 0 and p > 0,
then

5(A+ B) ~ Cj7.

Now, we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. Let A;(K) be eigenvalues of the zeroth mode operator K
enumerated in the descending order. Then, they are eigenvalues whose eigenfunctions
are axially symmetric, namely, A; (Kg) = p; (K;q)-

We recall the decomposition (4.2) in Proposition 4.5. Taking a continuous global
section £: 90X — T*0X such that [§(p)| = 1 for all p € 9%, we have

1 L[ vl
El(‘_@l;ml + ’_4y| _vpg:(p)l D do(p) = Eaé ;—; do(p) = Cy.

Thus, by Theorem 4.4, we obtain

%mﬁ&m~w40em. 4.7)
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Now, we turn into the proof of the assertions (i) and (ii).

(i) Suppose dX is C1# for some o € (0, 1). Then, by Proposition 4.5 and (4.7),
we obtain (v,/2y)Syx € $1%(9x). Now, we apply Propositions 4.2 and 4.3 to the
other terms in the decomposition (3.7). Then we obtain K € sl/ete(12(3%)) for
all & > 0. We then infer from Lemma 4.6 (i) that |A; (K§, L?>(3%))| = o(j ~***) for
all & > 0. This proves (1.5) since A; (K, L2(0%)) = A; (K, H~'2(3%)) as we
remarked in Section 4.1.

(i) Suppose % is C%% for some a € (0, 1). We first prove

5;(Kg) ~ Coj " (4.8)

as j — oo. Here Cy is the positive constant defined by (1.9). By Propositions 4.2, 4.3
and 4.5, we have

* U N s * 172
X 0p( _4y|g|)_'7<32+i+£ e SY(L2(OY)).

Hence, we have s, (K§ — Op(—(vp/4y|€]))) = o(j ). Now, we apply Theorem 4.7
and (4.7) to obtain (4.8).
We now apply Lemma 4.6 (ii) to obtain [A;(K)| = O(j ') as j — oo. ]

5. Proof of Theorem 1.3

5.1. Principal symbol of the NP operator

Throughout this section, we assume that d2 is C°°. We do so since we employ the
symbol calculus of WDOs for the proof of Theorem 1.3.

We abbreviate §(p, p’) to §. According to Proposition 3.2, the integral kernels
K5 (p. p') and So(p, p’) of the zeroth mode NP operator and the zeroth mode single
layer potential are expanded in § = §(p, p’) < 1 as

2(E(i8) — (1 + 82)K(i¥))

§2(g(8) — 1

Ko(p.p) = Ké“g(p,p’)(l + (1 + 67) log§ + (f(+)52 )>
v 2E(i§) ) g0 —1

— g (_n(l 57 logé +2log2—1+6 (f(8) - 1—I-—52))

and
K(i

, 8) log2  §%f(5)
So(p. p') = 2 log _ls2 /6

2

where f(z) and g(z) are holomorphic functions. We observe that, if we define ¥ C
L'((0,1)) as

F = {h1(8)logé + ha(8) | h1(2), ha(z) are holomorphic functions in |z| < 1},
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then K (p, p’) and So(p, p’) are of the form
* * v
K5(p. p") = Kys(p. ) /1(8(p. p') — ﬁfz(r?(p, P))

and
So(p. p") = f3(8(p. p))

where f; € ¥ (j = 1,2, 3). This implies that the operators K and Sy can be repre-
sented as WDOs.

Proposition 5.1. [f 02 is C®°, then the principal symbol o® (Ko)(x, &) of the oper-
ator Ko is

oK) (p.6) =~

Proof. If 0Q is C°, then the integral kernel of Kj. belongs to C*(dX x %)
(see [8]). Thus, by Proposition 3.2 and (3.7), the principal symbol P (Ko) of K
is calculated as

oI (p.§) = 0™ (32813 ) (18 =~

as desired. n

5.2. Proof of Theorem 1.3

Since —& is a positive definite self-adjoint operator on L?(dX), it admits the complex
power (—8¢)? for z € C. Moreover, since Sy is a WDO, the complex power (—8g)? is
also a WDO with principal symbol 6P ((—8¢)%) = o' (—89)* = (2|&|)~% by Propo-
sition 5.1. In particular, (—8o)'/? is a unitary operator from H~/2(3%) to L2(dX)
and its inverse is (—So)~1/2. Let

Ko 1= (=80)' 2 K5 (=80) ™2,

Proposition 5.2. Assume that 0% is C*°. Then the operator Ko is self-adjoint on
L?(0X) and we have

o (Ko, L2(0X)) = o (K3, H V2 (3%)).
Proof. One can easily see from (2.14) that
(=80)' 2K (—S0) 1% = (=80) 2 Ko(=80)'/% = ((—50)" /2 K5 (=S0) /)",

This means that the J?O is self-adjoint. Since K and J?o are unitarily equivalent,
their spectra coincide. |
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We also recall the following Weyl asymptotics by Birman and Solomjak (recall
the terminologies in Section 4.2).

Theorem 5.3 ([0], see also [28, Section 6]). Let M be a C °°-smooth one-dimensional
compact manifold and A = Op(a) be a compact self-adjoint YVDO with the principal
symbol a® (x, £) which is locally in CTST1(R x (R \ {0})) for some © > 0. We denote
the positive and negative eigenvalues of A as /\}L (A) and —)kj_ (A) respectively and
enumerate them in the descending order

AT (A) = A5 (A) = -+

as long as they exist. Then

) ~ 5 [ @ e + a5, 6002 do),
M

where §: M — T* M is a continuous global section such that | (x)| = 1 forallx e M
with respect to the metric g and

) |t|] if £t >0,
+ =
0 if+t<0,

fort € R.
Now, we are ready to prove Theorem 1.3.

Proof of Theorem 1.3. We denote the j-th positive and negative eigenvalue of K by
)t;r (Ko) and =17 (K), respectively. Since K is the restriction of the NP operator
Kjq to axially symmetric functions, we have

pE(K3q) = AE(Ky) = AE(Ko)

by Proposition 5.2.
Similarly, we denote the j-th eigenvalue of K by A, (K) in the sense of order-
ing
ALK = [A2(Kg)| = -+ .

Then we have
1pj (Kao)| = |4 (Kg)| = |4, (Ko)l.

By the definition of Ko, Proposition 5.2 and the symbol calculus, Ko is a self-
adjoint WDO of order —1 which has the same principal symbol

SO =g
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as the operator K. Thus, we can employ Theorem 5.3 and obtain
A5 (Ko) ~ G A (Kol ~ Coj ™!
where

1 1
G = 5 [@ o0 +a" .t DD do () = ¥ [ Ldo(p)
0z

Fvp>0

and

1 v
Cy = T/Mda(p).
T y

X

Thus, we have (1.8) and (1.9). ]

6. Proof of Theorem 1.4

We compare the essential spectra of Ky, and K. Since K]y, and K are realized as
self-adjoint operators with respect to the inner products (-, )« = (-, )« 9% and (-, -)o
respectively, we introduce the notation

His = (HV20), (. )e).  Hy = (HV203), (o)

in order to avoid possible confusion. Let ||-||« and ||-||o respectively denote norms on
Hs, and J¢;. We emphasize that both are equivalent to the H~1/2(33)-norm.
We obtain the following theorem.

Theorem 6.1. [f 0% is Lipschitz, then it holds that
O—ess(f]{gz’ %gz) = Uess(fx*7 e%())k)

Actually, this is an immediate consequence of the following variant of the Weyl
theorem.

Proposition 6.2. Let # be a Banach space and (-,-)1 and {-,-), be inner products
on # which induce norms equivalent to the original norm on # and thus both of
H1 = (FH, (-, )1) and H2 = (H, (-, -)2) are Hilbert spaces. If A1 and A, are bounded
linear operators on H such that
o Ay and A, are self-adjoint operators on H1 and H;, respectively,
o A — Ay is compact on K,
then

O—ess(fAly ng) = Gess(fAQ» J€2)
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Proof. Let |l¢||; := (. (p)]l./ 2 be the norm induced by the inner product (-, -);.

Let A € 0eg(A1, H1) and let {¢,}o2, be the Weyl sequence of A and +4;, that
is, |lgn|l1 = 1 for all n, ¢, weakly converges to 0, and || A1[¢gn] — Agn|l1 — 0. Let
Y = @n/ll@nll2. We show that a subsequence of ¥, makes a Weyl sequence of A
and +A,, and hence A € Oess(A2, H2).

It is obvious by the definition that ||| = 1 for all n. Let ¢ € J. By the
Riesz representation theorem, there exists the unique B[p] € H such that (¥, ¢), =
(v, Blep])1 forall ¥ € H, and

(V. ¢)a|

[Blellli = sup ——— ~ ol ~ ol:.
veae\oy ¥l

In particular, B is a bounded invertible operator on . Thus, for any ¢ € #, we have

n

[(Vn. @)al =

asn — oo.

Since #A; — A, is compact and ¢, weakly converges to 0, there is a subsequence
of ¢, which we still denote by ¢,, such that (A1 — #,)[@,] converges to 0. We then
see ||A2[Vn] — A¥n]l2 — 0 as n — oo from the inequality

[A2[Vn] = Anllz < [[(A1 = A2)[Yalll2 + | AL[YA] — APl
~ [[(Ar = A2)[@nllli + [[A1gn] — 2@l

Thus, ¥, is a Weyl sequence of A and 5.
So far, we proved that gess (A7, H1) C Oess(#A2, H2). By changing the roles of 4
and +#A,, we can prove the opposite inclusion relation. ]

Now, we prove Theorem 6.1.

Proof of Theorem 6.1. We already observed that the operator K and Ky, are self-
adjoint on #§ and #;5., respectively, and that the norms on Hilbert spaces #; and
Js, are equivalent. We claim that the operator K — K, is compact on H~1/2(3X%)
in order to apply Lemma 6.2. In fact, since R* is compact on H~/2(3X) (Corol-
lary 3.6) and the composition

f e H'20%) — Syx[fl € HV*(IT) — %Saz[f] € L?(3%)

— LSislfl e H203)
Ty

is compact by the Rellich—-Kondrachov embedding theorem, the decomposition (3.6)
shows that K§ — K}, is compact on H~1/2(3%).
Now, we apply Lemma 6.2 and obtain the conclusion. |
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Proof of Theorem 1.4. According to Theorem 6.1, it suffices to prove the inclusion
Oess (K3, Hg) C Oess (K3, H™/2(92)).

Let U: H™Y2(3Q) — H™/2(% x S1) be the operator defined in (2.1). Assume
A € Oess (K, H() and let { f,}52, be a Weyl sequence of A and K. We show that
gn = UT'[fu] € H7Y/2(3Q) yields a Weyl sequence of A and K}, In fact, by
Corollary 2.5 (ii), we have

1UT [ fallls = [l fullo = 1.
Let h € H~Y/2(3Q). It follows from (2.3) and Proposition 2.4 that

{gn. h)x = —(Sa@ U™ [ful. h)ag
= —(UT'Solful. Mhaa = —(Solfu], U] g5 scst-

Note that [ UA](-, @) dp € H1/?(3%) and hence

—(Solful. UA]) gsxs1 = <fn,/‘ll[h](-,<p) d<ﬂ> — 0
0
Sl

asn — oo. Thus, {g,}%, weakly converges to 0 in H~/2(3Q).
By (2.8) and Corollary 2.5 (ii), we have

I(K3g = ADIgalllZ = 1UTH(KG = 2D/l = I1(Kg = AD[fallg — 0
as n — o00. Thus, {g,};2 is a Weyl sequence of A and Kj,. This implies

A € Oess(Kig, HV2(0Q2)). "

A. Proof of Proposition 3.2

As preliminaries, we introduce the digamma function
I(z)

VO = 15

where I"(z) is the Gamma function
o0
I(z):= / 1> le™t dt
0

forRez > 0.
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We introduce the power series

f(z) = Z((zén)”) ) (w(n F1)— 1//()1 + %))(—1)"22"—2 (A.1)
n=1

for z € C with |z| < 1, which converges by virtue of the inequality

limsup | (n + a)|/" <1

n—>oo
for any a € C, which is proved by the identity ¥ (z + 1) = ¥ (z) + 1/z for any
z € C\ {0} [14, (5.5.2)].

Proof of Proposition 3.2. The identity (3.2) with f(z) defined by (A.1) is obtained by
combining the Gauss hypergeometric series representation of the elliptic integral [14,
(19.5.1)], a formula of the Gauss hypergeometric series with the reciprocal argument
[14, (15.8.8)], and special values and the reflection formula of the digamma function
[14,(5.4.12), (5.4.13) and (5.5.4)].

We define

2K(iz)/m
(F—-

g()i=1+(1+2% 21'(2)-2£(2))

for z € C with |z| < 1. The Taylor expansion of K(z) at z = 0 implies that z = 0 is
a removable singularity of g(z). Then, by [14, (19.4.1)],

E(z) =(1-z>)K(z) +z(1 — 22)%K(z) (A.2)

forz € C\ ((—o0,—1] U [1, 00)) and (3.2), we obtain

_ 1+ 62 i(1+48%)dK
. 1\ __ 1
E(@5™) = —5— K@) + ——— =l
14+68% 1+8d . .
=5 K@) — 3 —[K(IS Dl

2

T

We employ (A.2) for dK(i8)/d§ to obtain (3.3). [
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