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Gradient flow for B-symplectic critical surfaces
Xiaoli Han, Jiayu Li, and Jun Sun

Abstract. In this paper we consider a gradient flow for the L g-functional introduced by the authors
in Han-Li—Sun (2018). We first prove that the “symplectic” property is preserved along the gra-
dient flow. Then we prove a monotonicity formula and an e-regularity theorem for the flow. As
consequences, we show that the A-tangent cone of the flow consists of finite flat planes. Another
application is that we can show that the flow exists globally and converges to a holomorphic curve
if the initial surface is sufficiently close to a holomorphic curve and the ambient Kiher—Einstein
surface has positive scalar curvature.

1. Introduction

Suppose that M is a Kéhler surface. Let w be the Kéihler form on M and J be a complex
structure compatible with @. The Riemannian metric {, ) on M is defined by

(U V) =oU,JV).

For a compact oriented real surface ¥ which is smoothly immersed in M, one defines,
following [5], the Kéhler angle « of ¥ in M by

w|y =cosadus,

where duy is the area element of X of the induced metric form (, ). We say that X is
a holomorphic curve if cosa = 1, X is a Lagrangian surface if cosa = 0 and X is a
symplectic surface if cosa > 0.

The existence of holomorphic curves in a Kihler surface is a fundamental problem
in differential geometry. Since holomorphic curves are always area minimizing in their
homological class due to the Wirtinger inequality, we see that holomorphic curves are all
stable symplectic minimal surfaces. Wolfson [23] showed that a symplectic minimal sur-
face in a Kéhler—FEinstein surface with nonnegative scalar curvature must be holomorphic.
Thus, we can look for holomorphic curves by finding the symplectic minimal surfaces in
this case.

Furthermore, Chen-Li [3] and Wang [21] showed that the “symplectic” property is
preserved along mean curvature flow. Therefore, an idea for approaching the existence of
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holomorphic curves is to look for symplectic minimal surfaces using the mean curvature
flow starting from a symplectic surface, which we call “symplectic mean curvature flow”.
There are some interesting results on the study of symplectic mean curvature flow. For
instance, Chen-Li [3] and Wang [21] showed that there are no Type I singularities for
such a flow at finite time. There are also some interesting results on the study of Type II
singularities for the symplectic mean curvature flow ([9, 13] etc.). However, since the flow
is of codimension two and the normal bundle is much more complex, it is hard to clear out
all singularities. On the other hand, Arezzo [2] constructed examples which show that a
strictly stable minimal surface in a Kihler—Einstein surface with negative scalar curvature
may not be holomorphic.

For this reason, we introduce a new idea to approach the existence of holomorphic
curves using a variational method combined with the continuity method. More precisely,
we consider a sequence of functionals [11]

1
Lg(2) = du,
p(®) /);cosﬂa #

where 8 > 0. The functional L; was introduced by Han-Li [8]. The critical point of
the functional Lg in the class of symplectic surfaces in a Kéhler surface is called a -
symplectic critical surface. We have proved that (cf. [11]) the Euler-Lagrange equation of
the functional Lg is

cos®>aH — B(J(JVcosa) )t =0,

where H is the mean curvature vector of X in M, ()T means tangential components of
() and () means the normal components of (). It is clear that holomorphic curves are
B-symplectic critical surfaces for each §. When 8 = 0, the functional is exactly the area
functional, and a O-symplectic critical surface is exactly a symplectic minimal surface. We
aim to deform, from a O-symplectic critical surface (i.e., a minimal surface) to a holomor-
phic curve when 8 tends to infinity. We showed the openness (cf. [11]) and partial results
on the compactness (cf. [10]) of the program.

An important step in the program concerns the existence of a B-symplectic critical
surface for each fixed 8. A natural idea is to consider the negative gradient flow of the
functional Lg. For this purpose, let us recall the first variation formula for Lg:

Theorem 1.1 ([11]). Let M be a Kdhler surface. The first variation formula of the func-
tional Lg is, for any smooth normal vector field X on %,

H

. . T\L
SxLg=—(B+ 1)/25;,3 X-(JUVeosa) ),

cosBt3q

am+/3<ﬁ+1)/E

o

where H is the mean curvature vector of X in M, and ()T means tangential components
of (), ()* means the normal components of ().
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In this paper we will consider the negative gradient flow of Lg, i.e.,

drF cos’> aH — B(J(JVcosa) ")t

dt cosa(cos?a + Bsin®a) (1.1)
F(-,0) = Fo,
where Fy: ¥ — M is a smooth immersion. Denote ¥, := F(X,1). We set

_cos*aH — B(J(JVcosa)T)*

cosa(cos? o + Bsin’ )

It is clear that f = 0 if and only if ¥ is a B-symplectic critical surface. (We refer to the
proof of Theorem 2.3 for the derivation of the exact expression for f.)

When § = 0, flow (1.1) reduces to the symplectic mean curvature flow, and when
B =1, flow (1.1) reduces to the flow considered by [12].

By the first variation formula, we see that along flow (1.1),

|cos® aH — B(J(JV cosa) T)L|?
cosP+4 a(cos? a + B sin® o)

cos? o + B sin® a
—(B + 1)/ T eoh g — " |f*dpu.

dLg
di

=B+ 1)
z

Thus, flow (1.1) is a gradient flow of the functional Lg. From [11, Proposition 3.1], we
know that flow (1.1) is a parabolic system and the short-time existence can be shown by a
standard argument. The first step to study flow (1.1) is to show that the symplectic property
is preserved along this flow. This is exactly the first result in this paper.

Theorem 1.2. The symplectic property is preserved along flow (1.1).

Note that, compared with the case of symplectic mean curvature flow [3,21], we do
not need to assume that M is Kihler—Einstein when 8 > 0. Similar to mean curvature
flow [14], we can show that the flow can be extended if the second fundamental form of
¥ in M is uniformly bounded.

Huisken’s monotonicity formula plays an important role in the study of mean curvature
flow [15]. We can also prove the monotonicity formula for flow (1.1). For symplectic mean
curvature flow, Chen-Li [3] and Wang [21] independently derived a new monotonicity
formula and used it to rule out the possibility of Type I singularity. In this paper we will
also prove monotonicity for flow (1.1) (see Section 3).

Theorem 1.3. Let M* be a compact Kiihler surface and ¥ be given by (3.5). Then there
are positive constants a, ¢y and ¢, depending only on M*, Fy, r, to and B, such that along
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flow (1.1) with B > 0, we have

d —
E(ecl to_t‘-D(X(), to, l))

1
e (X0 ppf?
Ecosl’a to—t

4p(cos* a — B sin* ) — B2 sin* & 2

+ |1+
3pcos? a(cos? a + B sin®a) — B2 sin* «
7 7
+ SH? + VP pduy
+ cpef1vioTt

Another important tool in the study of the singularities of mean curvature flow is
the e-regularity theorem due to White [22]. Using similar ideas, we can also prove the
e-regularity theorem for flow (1.1). We denote the parabolic ball by P(Xy, ty, r) :=
B, (Xo) x (o — 1, 10).

Theorem 1.4. Let WV be given by (3.5), Then there exist constants € > 0 and Cy, depending
on only on B and M*, such that if £, is a smooth solution to flow (1.1) in P(0,0,8p) and

sup \P(X,l,t—r2)<1+s,
(X,1)eP(Xo,to,r)

for some r € (0, p), then we have

C
sup  |A| = —.
P(Xo,t0,3) r

When the singularity occurs, we can rescale the flow near the singular point and obtain
some limiting model in some sense, which we call a A-tangent cone. Understanding the
behaviors of the tangent cones is crucial to study the flow. For mean curvature flow, from
Huisken’s monotonicity formula [15], we know that the tangent flows are self-shrinkers.
There are many important works on the classification of self-shrinkers for mean curvature
flow (cf. [6, 16]). For Lagrangian mean curvature flow, we can obtain more information
due to the extra geometric condition (cf. [4, 19]).

As a consequence of our monotonicity formula, we can show that the A-tangent cone
of flow (1.1) consists of finitely many unions of flat planes if it is nonempty.

We finally remark that in [12], we also derive a monotonicity formula for flow (1.1)
with B = 1. The weight we used in [12] is f(x) = e* . In the present paper we use
the weight f(x) = x?. The advantage is that we can prove the stability of flow (1.1)
for surfaces near a holomorphic curve in a Kihler—FEinstein surface with positive scalar
curvature. The corresponding result for symplectic mean curvature flow is obtained by
Han-Li [7].
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Theorem 1.5. For any > 0, there is a constant g9 > 0, depending on 8, o and M,
such that if ¢ is a closed symplectic surface in a compact Kihler—Einstein surface with
positive scalar curvature Ko > 0 and coso > 1 — gg, then flow (1.1) starting from X
exists globally and converges to a holomorphic curve at infinity.

Similar to symplectic mean curvature flow (8 = 0), it is natural to ask whether we
can divide the finite time singularities of flow (1.1) into two types and exclude Type I
singularity [3, 15,21]. To define the types of singularities, we first need derive the evo-
lution equation for the second fundamental form. Then combining with the monotonicity
formula derived in this paper, it is possible to exclude the Type I singularities. We will
examine this problem in the future.

The subsequent sections are organized as follows: in Section 2, we derive the evolution
equation for the Kihler angle and prove the symplectic property is preserved along flow
(1.1); in Sections 3 and 4, we prove the weighted monotonicity formula and e-regularity
theorem for flow (1.1) respectively; in Section 5 we study the A-tangent cone of the flow;
in Section 6 we prove the stability of the flow for surfaces near a holomorphic curve in a
Kihler-Einstein surface with positive scalar curvature.

2. Preserving the symplectic property
In this section we will prove our first result. To start, we set ¥, = F(X,t) with o = X.

In the following we will choose a frame {eq, €5, v3, v4} at a fixed point p € X so that
{e1,ez} spans T X, {v3, v4} spans N ¥ and the complex structure takes the form

0 cosa  sina 0
7= —09sa 0 0 —sina ‘ @)
—sino 0 0 cos o
0 sind  —cosa 0

From now on we will agree on the following index ranges:
1<i,jkl=<2 3<apfy=<4 1=<A4,BC=<4
We can write
AZAaUa, H=Havo[7

where A% = (h;) is the second fundamental form of ¥ in M and H* = g" h$; = hf; .
By the Weingarten equation, we have

h;'xj = _(ﬁeivﬁt’ej) = (va’ﬁeiej) = h?i’

where V is the Levi-Civita connection on M.



X. Han, J. Li, and J. Sun 1088

It can be checked that (cf. [8, equation (2.5)])
Ve, 00 = _(h‘111 + h?z)» Ve,a = _(héltz + hgz)-
If we set V = drav3 + 01avy, it is easy to see that flow (1.1) can be rewritten as
dF _ cos? aH — B sin? aV
dt  cos?a + Bsin®a

f.

The evolution of the area form along flow (1.1) is given in the next lemma:
Lemma 2.1. Along the flow (1.1), the induced area form satisfies

d 1 ag

J ) J —cos?a|H|? + Bsin>aV-H
— = —try, — =
TR i TR

cos?2a + Bsin®

d/Lt.

Proof. We compute it in local normal coordinates:

0 o 8<8F 8F>_<8f 8F> <8F 8f>
0057 = 3 \owi o |~ \oxd o | T \oxi s
oF .
= 2t 5y ) = 20 A,
thus

d 1 g —cos?a|H|? 4+ Bsin*aV-H
—du; = —trg —du; = —f-Hdu; = dug.
dt He 2 e ot He He cos2a + Bsin®« e .

We also recall the following elliptic equation of the Kéhler angle:

Proposition 2.2 ([8]). If X is a closed symplectic surface which is smoothly immersed in
M with the Kdhler angle o, then « satisfies the equation

A cosa = cos a(—|hi’k — hgk|2 — Ih‘I‘k + h§k|2)
+ sinoz(Hﬁ + H’32) —sin® o Ric(Jey, e2),

where Ric is the Ricci curvature tensor of M and HY = (ﬁgH, Vg ).
Now we can derive the evolution equation of cos « along flow (1.1).

Theorem 2.3. Let M be a Kiihler surface. Assume that o is the Kdhler angle of ¥; which

evolves by flow (1.1). Then cos «a satisfies the equation
0 cos? o sin® cos? a
—cosa = Acosa + ——————Ric(Jer,e0) + —————— |2
ot cos? o + fsin“ o
N cosa[(B2 —2B) sin* o + B sin® a cos® o + 2 cos* o]
(cos2 o + Bsin® &)?

2 4 ., -4

cos a(cos” & ‘ﬂzsm Q) H-V. 22)
(cos?a + B sin” «)?

cos? o + fBsin’

A&

where {e1, €2, v3, Va} is an orthonormal basis of T, M such that J takes the form (2.1).
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Proof. We will compute it pointwise in the normal coordinate system. Suppose the flow
is given by %—1; = f. Using the fact that Vo = 0 and Lemma 2.1, we have

9 3 fw(er,ea) - g
— = —(—=2) = w(V,,f, Ve,f. t
5 co 8t( det(gt)) (Ve £, e2) — 0(Ve,f,e1) — cosoe g — 5

= a)(ﬁelf, er) — a)(ﬁezf, e1) + cosaf - H.
By breaking V,, f and V,,f into normal and tangential parts, we get
a)(ﬁelf, e) — w(ﬁezf,el) = a)(ﬁNf, e) — a)(V fer) + a)(VTf e) — a)(V f er)
= o(VV 1t e2) — (VN e1) — (VIf. Jeo) + (VIE Jey)
= a)(V f er) — a)(V fe) +cosa((V fe) + (V f, es))
= a)(V f er)— a)(V f,e1) —cosa((f, Velel + VeZez))
= a)(V fe;) — a)(V f,e;) —cosaf-H,

where we have used the fact that ( f, ¢;) = 0. Therefore, we have

0
gcosa = a)(V f es) —a)(V f er).

For the present purpose, we assume that

1 1
f= u( )(cos3 oH—B(J(JVcosa))t) = u( )cosa(coszo:H—,Bsinzon),
cosa cosa

where u is a smooth positive function to be determined later. Then we have

9 _
Ecosa = a)(ng, er) — a)(V fe1)

= a)(ﬁg (u cos® aH — Bu cosa sin® aV), e)
— w(ﬁg(u cos® oH — Bu cosa sin> aV), e;)
= (ﬁg(u cos® aH — Bu cosa sin® aV), —Je,)
+ (ﬁg(u cos® aH — Bu cosa sin? aV), Jey)
= sina[(ﬁg(u cos® oH — Bu cos a sin® aV), vg)
+ (VY (u cos® aH — Bu cos a sin® a'V), v3)]
= sinot[u cos? a(Hj + Hé) — Bu cos a sin® oz(Vj + V;)

+ (u' sina cos o — 3u cos? asina)(H*9 a0 + H3d,0)
-3

sin” o
- ﬂ(u’ — usin® o 4+ 2u sina cos? a)(V431a + V382a)]
cos o
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= usina cos® a(HY + H3) — Bucosasin® aAa
+ sin® acosa(u’ — 3ucosa)H -V
sin?

— B sin? a(u’—

— usin® o + 2u cos? oz) [VI2.
cos o

Using Proposition 2.2 and the definition of V, we see that

a
— cosa = u cos’ Ol[A cosa + cosa(|hi’k — hgk|2 + |h‘1‘k + h;k|2)

ot
+ sin® a Ric(Je;, ez)]

1090

+ Bucosa sin® a(A cosa + cosa|Va|?) + sin? a cosa(u’ — 3ucosa)H - V

sin? «

— Bsin® a(u’

— usin® @ + 2u cos? a) |V|?
cosa

= ucosa(cos’a + Bsin® o)A cosa + ucos4a(|h?k — h3k|2 + |h‘1‘k + h;k|2)

3

+ u cos® o sin” o Ric(Jey, e2) + sin® a cosa(u’ — 3ucosa)H -V
)
. sin” o )
—ﬂsmza(u’ —usin’« +ucos2a>|V|2.
coso
It can be checked that

W3, — 3, 12+ b + 137 = HI? 4+ 2|V]? + 2(H, V).
Therefore, we obtain

3

a . . .
— cosa = ucosa(cos® a + Bsin® @) A cosa + u cos’ a sin® a Ric(Jey, e2)

ot
+ u cos* a[H|? + [2u cos* o + sin® @ cos ar(u’ — 3u cosa)]H - V
2
n
+ [2u cos* o — B sin? a(u/Sl ® _usin?a + u cos? ot)] V|2
cos o
By setting x = ﬁ we have
1 1— x2+1-
cosa(cosza—i—ﬁsinZa):—(ﬂ—l— 213):'8 +3 'B.
X X X
Hence, if we choose u(x) = ﬁ’ then we have
W = B30 = p?
(Bx>+1-p)>
so that
(cosa) :
u =
cos cosa(cos? o + B sin® @)
and

u/( 1 ) _ B+3(1—p)cos’a

cosa’/  (cos2a + Bsina)?’
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For this choice of u, we have

cos? aH — B sin? aV

cos? o + Bsin®«

By direct computation, we finally obtain

cos? o sin’ « cos o

>— Ric(Jer, e2) +

—cosa = Acosat + ——————
ot cos2a + Bsin” «

cos2 o + B sin? a
N cosa[(B2 —2B) sin* o + B sin®  cos® o + 2 cos* o]

Vv 2
(cos2 o + Bsin? &)? M

2cosa(cos* o — B sin* &)

H-V.
cos? o + B sin? )2
(

This proves the theorem.

H|?
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The above theorem implies that the symplectic property is preserved along flow (1.1).

Note that we do not need to assume that M is a Kéhler—Einstein surface if 8 > 0.

Corollary 2.4. Let M be a compact Kdhler surface and ¥ be a closed symplectic surface
in M. Then along flow (1.1) with 8 > 0, if 3¢ is symplectic, then at each time t, 3, is

symplectic. In particular, suppose that | Ricps | < K1. Then we have

min cos @ > e_% min cos «,
P o
as long as the smooth solution exists.
Proof. We can rewrite (2.2) as
cos? o sin? o cos? a

5 Ric(Jeq,ez) +

d
—cosa = Acosot + ——————
ot cos? o + fsin“ o

cos? o + fBsin’a

N cosa[(B? —2B) sin* a + Bsin® o cos? o + 2 cos* ]

— IVI?
(cos? a + B sin” a)?
2 cosa(cos* o — B sin* a)H v
(cos? a + Bsin a)?
2, 2 3
cos? o sin” & cos’® a
> Acosa — K — — 2
cos2a + Bsin“a  cos?a + Bsin”«
N cosa[(B? —2B) sin* a + Bsin o cos? o + 2 cos* ] e

(cos2 o + Bsin® a)?
2cosa(cos* o — B sin* «)

H-V
(cos? a + Bsin a)?

H

(2.3)

| 2
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3
Cos™ @ 2

K

> Acosa — =L cosa + ———F 3
cos2a + Bsin” «
n cosa[(B? —2B) sin* a + B sin & cos? a + 2 cos* o]
(cos? o + B sin? )2
2 4., s 4

cos a(cos” a ‘ﬂzsm ot)H v

(cos? o + B sin” «)?

Notice that V = d,av3 + d1v4. Then (2.3) follows from the maximum principle. [ ]

\i&

When the ambient manifold is a Kidhler—Einstein surface, we have Ric = % g, where
g and K are the Kihler metric and the scalar curvature of M, respectively.

Corollary 2.5. Let M be a Kihler—Einstein surface with scalar curvature K. Assume
that « is the Kéhler angle of X; which evolves by flow (1.1) for § > 0. Then cos « satisfies
the equation

0 Ko cos? a sin® cos? a
—cosa = Acosa + ——> — ——|H|?
ot 4(cos?a + Bsin“a)  cos?a + Bsin”a
cosa[(B? —2B) sin* & + Bsin® a cos® o + 2 cos* a] VP2
(cos? a + B sin )2
2 4 4
cos o(cos* o — B sin oz)H V. 2.4)

(cos? a + Bsin® a)?
Corollary 2.6. Let M be a compact Kdhler—Einstein surface with scalar curvature Ky
and X be a closed symplectic surface in M. Then along flow (1.1) with B > 0, if £¢ is
symplectic, then at each time t, Xy is symplectic. If we set K1 = max{—K, 0}, then we
have

. _K .
mincosa > e~ 4 ' mincos«, (2.5)
x, o

as long as the smooth solution exists. In particular, if M is a Kdhler—Einstein surface with
scalar curvature Ko > 0, then we have

min cos @ > min cos «, (2.6)
P =0

as long as the smooth solution exists.

Proof. First, applying the maximum principle to (2.4), we see that cos o > 0 is preserved
along flow (1.1). Then we have from (2.4) that

COS3 o | |2

ad K

——cosa > Acosa — ——cos@ + —————————

ot 4 cos2a + Bsin®«

cosa[(B? —2B) sin* o + Bsin® a cos® o + 2 cos* a] VP2

(cos? a + B sin’ a)?
2cosa(cos* o — B sin®
(costa—prin‘a)

(cos? o + B sin” a)?
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Notice that V = 0d,av3 + d10v4. Then (2.5) follows from the maximum principle and

(2.6) follows directly from (2.5). [

3. Monotonicity formula

In this section we will prove the monotonicity formula for flow (1.1). Namely, we will
consider the flow

dF _ cos?aH—Bsin®aV ¢
dt cos?a + Bsin’a (3.1)
F(-,0) = Fo.
where Fy: ¥ — M is a smooth immersion. Denote X; := F(X, t). By Corollaries 2.4
and 2.6, we may assume that
cosa >85>0
on [0, ¢9) for g < co. We will always assume M to be Kihler—Einstein if 8 = 0 in this
section.
First, we can argue in the same way as we did in the proof of the long-time exis-

tence theorem for § = 1 [12, Theorem 3.1] to show that the singularity of flow (3.1) is
characterized by the maximal norm of the second fundamental form of ¥ in M.

Theorem 3.1. Let M be a Kiihler surface and X be a closed surface. Let F: % x [0,T) —
M be a smooth solution to flow (3.1). Set Z; = F(X,t). If

max |A]?> < A
Xy

forallt €0,T), then the flow can be extended smoothly to an interval [0, T + ¢) for some
e>0.
We first consider the monotonicity formula for the flow in R*. Recall that the backward
heat kernel is defined by
X e 32
)= — fo-1) | .
p(X.1) yrP—— (32

We will prove the following proposition:

Proposition 3.2. Let M = R*. Then there exists a constant py > 0 depending on B and
8, such that along flow (3.1) for B > 0 and p > po, we have

d/ 1 J
dt Ecosl’a'o He

1 (11(F—-Xot 2
5—/ {—( L Y VR
5 cos? o 4 to—t

4p(cos* a — Bsin* o) — B2 sin* o

2
+‘H+ V‘ }pdu,.

3p cos? a(cos? a + Bsin® o) — B2 sin* «
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Proof. By (2.2), we know that cos « satisfies the equation

3
cos” o 3

a
—cosa = Acosat + ——————
ot cos?a + Bsin“ o

cosa[(B? —2B) sin* a + Bsin® a cos® o + 2 cos* a]

V|2
(cos? o + B sin? )2 M

2cosa(cos* o — B sin* )

H-V.
(cos? a + B sin )2

In particular, we have

(o~ %) ()

1 ( ad A) 2|V cosa|?
=— — —A)cosa —2————
cosZ o \ ot cos3 o

cos o
- S*  gp

cos? o + B sin® a

(B> —2B)sin* & + Bsin® e cos® & + 2cos*

— v|?
cosa(cos? a + B sin” a)?

B 2(cos* a — B sin* ) H-V—ZSinza

— IV
cosa(cos?a + B sin” @)? cos’ o

B cosu HP - 2(cos* o — B sin* @) H.V

cos? o + B sin® a cosa(cos? a + B sin a)?

282 sin o + (B2 + 2B) sin* @ cos® o + (B + 2) sin® & cos* o + 2 cos® «

1094

cos3 a(cos? a + B sin® a)?

Let f be a positive function to be determined later. Then we have
0 1
2 _ A)
( ot / <cos o )
0 1
! . A) _ 4 V
! (81 cos o !
_ s ,[ cos o

1 ‘2
cosa

2 2(cos* a — B sin* o)

 cos2a + B sin® o cosa(cos? o + B sin’ a)?

282 sin® o + (B2 + 28) sin* @ cos? a + (B 4 2) sin® a cos* & + 2 cos®

cos3 a(cos? a + B sin” )2

)
sin“a 5
===V

cost o

V2.

VP
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By (3.2), we see that along flow (3.1),

1 (F — Xo,f) |X —X0|2
_p( f = (t—t 2t — 1) _4(t0—t)2)
We also have (X — Xo.VX)
VP(XJ)=—Pﬁ
d
" i (K= XOTE(FXo )
Al ”)_< Ato—1)2 2o —1) _zo—;>p

Hence we have

_ Cwal2
((F Xo.f+H) [(X — Xo) |) (.3)

0
(E + A)p(X, == 2tg — 1) 4(tg — 1)2

Then we compute that

d 1
E/gf(cosa)pdﬂt
=[G (oca)edue+ [ (500 dﬂz—/ Fpe, H) dy,

:/E(B%_A)f(cosa p Mz+/ +A pdut ffpr)dut

:_[{ , cos« M2+ £ 2(cos* o — B sin* )
b

cos2a + B sin?a cosa(cos? o + B sin? a)2

H-V

282 sin® a + (B2 +2p) sin* a cos? @ + (B +2) sin” « cos* a+2 cos® «
cos3 a(cos? a+ B sin” a)?

_|_f’ |V|2

2
SlIl o
+ VP pdp
CO

_[ ((F—Xoyf‘l'H) (X — Xo)t?
b

+ (£ H) ) p i,

2(to — 1) (1o —1)?
:_/{ , cosoz'2 M + £ 2(0054a—ﬂsin.43) HoV
b cos2 o + Bsin” « cosa(cos2a + B sin” a)?

282 sin® o+ (B%42) sin* & cos? a4 (B +2) sin” @ cos* o +2 cos®

+ \i
/ cos? a(cos? a + B sin® a)2 v
.2 1 2
sin” o 1| (F—Xo) 2 |f+H|
pE Al B st A S+ H)f | pdp
Recalling that

cos? aH — B sin? aV

cos? o + Bsin®«
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we have
2(cos* a — B sin* )

cosa(cosZ o + B sin’ a)?

/

cosa 5 ,
— = HP+ H-V

cos2a + f sinzoe| s

B2 sin® « + (B2 + 2B) sin* & cos® a + (B + 2) sin? @ cos* & + 2 cos® a VP2

+f’2
cos3 ar(cos? o + B sin? a)?

, sin o VP - If + H|?

+ /= S+ (EH)f
cos*a 4
cos o 2(cos* o — Bsin* & sin’ o
— £/ 5 — | |2+f/ ( 13 : 2) V+f// - | |2
cos? o + fBsin” « cosa(cos? o + B sin” o)? cos* o

B2sin® o + (B2 + 2B) sin* & cos? & + (B + 2) sin & cos* & + 2 cos® o VP2
cos3 ar(cos? o + B sin® a)?
[(2cos? a 4 Bsin® a)H — Bsin® aV|? (cos? aH — B sin? «V, H)
B 4(cos2 o + B sin? )2 S+ cos2 o + B sin®a
=( f'cosa B B2 f sin* )| 2
cos2a + Bsin’a  4(cos?a + B sin® a)?
+( 2f"(cos* a — Bsin* ) B2 f sin* « )H -

cosa(cos? o + B sin® )2 a 2(cos? a + f sin® ar)?

+f’2

,2B2%sin® a + (B2 + 2B) sin* acos? a + (B + 2) sin® @ cos* a + 2 cos®
cos3 a(cos? a + B sin” a)?
, sin? B2 f sin* )
costa  4(cos?a + f sin? a)z) |

+(f

Therefore, we have

d 1
— d
dt /Ef(coso)p e
1) (F = Xo)* 2
SR U il S AN <
/;;{4‘ to—1 Tt f
"cosa 2 fsin«
+< f ) - ﬁ f . 2 ) H|2
cos2a + Bsin“a  4(cos?a + B sin” o)?
21’ (cos* a — B sin* 2 £ sin*
+< S( ﬂs1.n2a) 3 B2 f sin .az )H-V
cosa(cos?a + Bsin“a)?  2(cos?a + Bsin” a)?
N (f/2,32 sin® a4 (82 4+2P) sin* & cos? o+ (B 42) sin® & cos* & +2 cos® a
cos3 a(cos? o+ B sin” )2
) 2
sin” o B f sin* «
+ £ - VIV p 34
/ cosa  4(cos?a + Bsin® a)? V7 ypdus GH

Now we take f(x) = x? with p > 1 to be determined. Then

p=Lp o=ty
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Hence, we have

( f'cosa B2 f sin*« )|H|2
cos2a + Bsin®a 4(cos?a + Bsin® a)?
27" (cos* o — Bsin* « 2 fsin*«
+( 1 ﬂ.z)_ B~ f o )H.V
cosa(cos?a + Bsin“a)?  2(cos?a + Bsin” «)?
n (f,2,32 sin® o + (B> +2B) sin* @ cos? o + B+2) sin? @ cos* & + 2 cos® &
cos3 ar(cos? o + B sin? a)?
) 244

sin” o sin” o

+ f,, 13 f )|V|2

cos*a  4(cos?a + Bsin® a)?

_ < pcos?a B B2 sin* o )f| 2
cos2a + Bsin®a  4(cos?a + B sin® a)?
(2p(cos4ot—ﬂsin4a) B B2 sin* )fH-V
(cos?a + Bsin?a)?  2(cos?a + Bsin’ a)?

N (10[2,32 sin® o + (B2 + 2B) sin* @ cos? a + (B + 2) sin® & cos* a 4 2 cos® o]
cos2 a(cos? a + f sin” a)?

p(p —1)sin®« B2 sin* « )f|V|2
cos? o 4(cos? a + B sin® ar)?
3 2 2 ind
:( P COS oc. - B~ sin 0{ ; >f|H+D1V|2
4(cos?a + Bsin® )  4(cos?a + B sin” a)?
pcos?a

FIHP? + Dy f|V]?,

4(cos? a + f sin® )

where
D, = 4p(cos* a — B sin* o) — B2 sin* o
3pcos? a(cos? a + Bsin® o) — B2 sin*
and
D, — p[2B%sin® a + (B2 + 2B) sin* @ cos? a + (B + 2) sin® @ cos* & + 2 cos® @]
cos? a(cos? a + f sin? )2
N p(p—1)sin®a B B2 sin* «
cos? o 4(cos? a + B sin® ar)?

[4p(cos* a — B sin* o) — B2 sin* a]?

a 4(cos? o + B sin? @)2[3p cos? a(cos? o + Bsin® o) — B2 sin* ]

Since cosa > § > 0, we see that there exists a positive constant py depending on § and S,
such that for all p > pg, we have

3pcos?a B2 sin* « -
4(cos?a + Bsin®a)  4(cos2a + Bsin?a)?
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and D, > 1. For f(x) = xP with p > py, (3.4) gives us that

d/ 1 J
dt Ecosl’ap e

1 (11(F—Xo)t 2
S—f {—( O i H 4 HP 4 VP
5 cos? a \ 4 to—t

4p(cos* a — B sin* ) — B2 sin* &

2
+ [+ V[ bodus.
3p cos? a(cos? a + B sin?a) — B2 sin* & P

This proves the proposition. ]

Next we will consider the monotonicity formula for flow (3.1) in a Kéhler surface M .
Let ips be the injectivity radius of M. We choose a cut-off function ¢ € C§°(B2,(Xo))
with ¢ = 1 in B,(Xy), where Xg € M, 0 < 2r < ips. Choose normal coordinates in
B>, (Xy) and express F using the coordinates (F', F2, F3, F*) as a surface in R*. We
define

W(Xo,10.1) 3=/
¥, Cos? o

¢(F)pdu. (3.5
Then we have the following theorem:

Theorem 3.3. Let M* be a compact Kiihler surface. Then there are positive constants
Do, ¢1 and ¢ depending only on M*, Fo, r, to and B, such that along flow (3.1) with
B > 0and p > po, we have

d
VT (Xo.10.1)

L
< 1Vt ! {1‘(F_X°) +f+H‘2
5 cos? o 4 to—t
4p(cos* a — B sin* o) — B2 sin* o 2

3pcos? a(cos? a + Bsin® a) — B2 sin*

+[H+

7 2 7 2
+ S HP + 2V odp,
+ cpeftvioTt, (3.6)

Proof. Note that
AF =H+ g"T{ g,

where {vVy }o=3,4 is a basis of N X, g;; is the induced metric on X, (g') is the inverse of
(gij)and T’ l"]‘ is the Christoffel symbol on M. Then (3.3) reads

(F—=Xo.f+H+g"Tlvy) |(X —Xo)l|2)

5
(5 +8)px.0 =~( 20 —1) Hio—1)

ot
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Using Theorem 2.3, we have

0 1 0 1 1 2
2 () - - )
(8t f(cosa 4 at cos« / cos
B /|: cosa ) 2(cos* a — sin* @) H.V
B cos? o + fBsin’« cos a(cos? o + B sin® a)2

282 sin® o + (B2 + 2B) sin* & cos? o 4 (B + 2) sin® & cos* o 4 2 cos® « |V|2]
cos3 a(cos? a + B sin® a)?

sin? o sin? o

2
=/ IVI* =1’ 3

——— Ric(Jeq, e2), 3.7
cos* o cos2a + Bsin” a (Jer.e2) (3.7

where f(x) = x?. We also have
d
9 (F) = (Dg.1).
t
Suppose |Ricps| < K;. Then from the proof of Proposition 3.2, we have for p > py,

d
—W(Xo, to, ¢
7, Y (Xo.7o0.1)

=%/ ——(Fypdp;
:/Eqﬁp(E—A)fd/M +/ ¢f( +A)Pdﬂt
+/E (%qﬁ(F))deﬂt—/EfW’(faH) dps

o

1 (11(F—Xo)*t 2
f—/ {—( ) +f+H‘ + [H? + |V
5 cos? o 4 to—t

- B B

4p(cos* a — B sin* ) — B2 sin* o

2
+[m+ V[ oa
3pcos? a(cos? a + Bsin®a) — B2 sin* & P

+ f (D) fp i, + [ fohd dig +2 / F V0. V) ds

(F — Xo, I“"a)
/¢f/0 Og[)vdﬂt

SlI'l2 o

+ K fop
Xy

cos? o + Bsin®

As in the proof of [4, Proposition 2.1] (see [4, equation (13)]), we see that

+C.

€1

‘(F—Xo,g""F;?‘,va) _ Pl
2(tp — t) p= to—t
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Furthermore, since ¢ € C§° (B2, (Xo), R™), we have

D 2
el < 2max |D?¢|?.
¢ $>0
We also have ) ,
cos“aH — B sin“ aV |2
R A e
cos? o + Bsin” o
Hence we have
1 |Do|?
I(D¢>,f)|fp§§|f|2¢>fp+2 5 fo
1 |Do|?
= g(HP +[V*)efp+2 s

Note that V¢p = 0 in B,(Xy) so that |pA¢| and (Vp, V¢) are bounded in B, (Xp). We
also note by the choice of f that

0< f'sin?a = psin®acosaf < pf

Hence we have

%W(Xo,fo,l)
= _L cosll’oc{é_lt‘ (Ft;—Xf)l +i+H 2 + %|H|2 + %|V|2
s e S h e By,
+ \/%\IJ-FC 5 ﬁdm. (3.8)

Since (1.1) is the negative gradient flow of the functional Lg = [y ﬁ dps, we

know that | |
| mdn = [ e duo.
%, cosP o 5 cosP o

for each t € [0, #p). In particular,

1 1
Area(X;) < / dus < / duo = Lg(Zo). 3.9)
x, cosf o 5, cosB «

By (2.3), we know that cosa > § > 0 on [0, ty) for some constant § > 0 depending on X
and 7p whenever the flow has a smooth solution on [0, #p). Hence we have that f < ,slp for
t €]0,1p), so that

1
| S = 5 Lp(R0). (3.10)
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Therefore, we have from (3.8) that

d
— W (Xo, to, t
7 Y (Xo.10.)

1 (1|(F—Xo)t 2 7, T
<-— - f+H| + S[H?+ S|V
- /Ecosl’oa{4‘ tit +8| | +8| |

to—1t
4p(cos* o — Bsin* o) — B2 sin* & 2
3pcos? a(cos? a + B sin® a) — B2 sin” «
+ 9 gt
to—1
This implies the desired estimate. ]

4. e-regularity theorem

The first consequence of the monotonicity formula is the e-regularity theorem, which plays
the important role in the singularity analysis for flow (1.1). We denote the parabolic ball
by P(Xo. to.7) := B,(Xo) x (to — 2, t9]. Using the notation of Section 3, we have the
following theorem:

Theorem 4.1. Let V be given by (3.5). Then there exist constants ¢ > 0 and Cy, depending
on only on B and M*, such that if ¥; is a smooth solution to flow (1.1) in P (0,0, 8p),

sup \IJ(X,t,t—rz)<1+s,
(X,I)EP(X(],[()J)

for some r € (0, p), then we have

sup IAl = 2,
P(Xo.10.5) r
Proof. We prove it by contradiction. Assume that the conclusion is false. Then there is a
sequence of smooth solutions of flow (1.1), say, (E',j), in P(0,0, 8p;) for some p; > 1
with
sup \I’E;(X,t,t—l)<1+l,, 4.1
(X,t)eP(0,0,1) J
but there are points (X;,#;) € P(0,0, %), with |[A[(X;,¢) > j.
Using the so-called point selection technique, we can find space-time points (Y}, s;) €
P (0,0, 3) with Q; = |A|(Y;,s;) > j such that

sup Al <20;. 4.2)
P(Y; ;. 15g;)

We describe the process of the point selection technique. For fixed j, if (on, s]‘-)) =
(X, ;) satisfies (4.2) with Q0 = [A[(Y?, 5?), then we are done. Otherwise, there is
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a point (Y1 1) € P(YO ], 10Q°) with Q1 = |A|(Y],s 1) > ZQO If (Y1 1) satis-
fies (4.2), then we are done. Otherw1se there is point (Y72, 2) € P(Y1 11 10Q1) with
Q2 |A|(Y; 2 52) > 20!, etc. Note that the parabolic distances between (X ,t,) and
(Yi,s 1) are bounded from above by
J (1+1+1+ )=—<1.
IOQ0 4 SQO 5

Since (Xj,t;) € P(0,0, %), we see that (in7s]".) € P(0,0, 17—0). Since the flow is smooth,
the iteration terminates after a finite number of steps, and the last point of the iteration lies
in P (0,0, %) and satisfies (4.2).

Now we can consider the rescaled flow (in normal coordinates)
— 0. (7 )
E.{ - Q](ZSJ,_;’_Q;ZS_Y})'

Then the rescaled flow satisfies [A[(0,0) = 1 and suppq,, Ly |A| < 2. By the standard
parabolic estimates, we can then obtain a nonflat smooth global limit in C2.

On the other hand, by the scale-invariant property of ¥ and (4.1), we see that the limit
of W is equal to 1 identically. However, the monotonicity formula (Theorem 3.3) implies
that the limit must be a flat plane. This gives the desired contradiction. |

By continuity and the monotonicity formula, we see that if ¥ < 1 + £ holds at some
point and some scale, then W < 1 4 ¢ holds at all nearby points and somewhat smaller
scales. Thus we have the following corollary:

Corollary 4.2. Under the assumption of the above theorem, there exists a constant € > 0,
depending on only on p, 8§, M*, such that if

\I—’(XQ,[(),ZO —7‘2) <1l+e,

then C
sup  |A] < i
P(Xo,t0,%) r

In particular, (X, to) is a regular point of flow (1.1).

5. Flatness of the A-tangent cones

In this section we will use the monotonicity formula obtained in the Section 3 to show that
the A-tangent cones of flow (3.1) are the unions of flat planes.

Suppose that (Xg, T') is a singular point of flow (3.1), where T is the first singular
time. We now describe the rescaling process around (Xo, 7°). As in the previous section,
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we choose normal coordinates centered at X with radius r (0 < r < ’%), using the expo-
nential map. We express F in its coordinates functions. For any ¢ < 0, we set

Fi(x,t) = AMF(x, T + A7%t) — Xo),

where A are positive constants which go to infinity. The scaled surfaces are denoted by
Ef = F,(X,t) on which d [,L;} are the area elements obtained from du,.
If g* is the metric on =%, it is clear that

gl =Ngij, (€M7 =217g".

It is easy to check that

Bﬂ = ,1—18_F
ot or’
H, = A7 'H,
V, =171V,

|AL> =172 |A P

It follows that the scaled surface also evolves by the flow

oF, cos? oy Hy — Bsin® a, V),
ot cos2 oy, + Bsin® oy

=f,.

The weighted monotonicity formula leads to the following integral estimates.

Proposition 5.1. Let M be a Kdhler surface. If the initial compact surface is symplectic,
then for any R > 0 and any —o00 < §1 < 52 < 0, we have

52
/ /zx i ()|HA|2dy,?dt—>O as A — oo, (5.1)
S1 NBR (0
§2 '
[ /EA i ()|VA|2dufdt—>O as A — oo, (5.2)
S1 NBRr(O
52 :
/ /zl B()|fk|2dufdt—>0 as A — 0o (5.3)
S1 tNBR(O
and
52
/ /E* . ()|Ff‘|2du%dt—>0 as A — oo. 54
S1 +NBR(O

Proof. For any R > 0, we choose a cut-off function ¢r € C5°(B2r(0)) with ¢g = 1 in
Bgr(0), where B,(0) is the metric ball centered at O with radius p in R*. For any fixed
t < 0, flow (3.1) has a smooth solution near 7 + A~2¢ < T for sufficiently large A, since
T > 0 is the first blow-up time of the flow. Set

1
cos? oy

fa=
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It is clear that

1 |Fal? A
[E , frig—orEnen(=5 o) dud

= / Fad(Fy)

Zra-2

(_|F(x,T+)L*2t)—X0|2) z

1
T—(T+Ar2) 4T — (T + A21))

where ¢ is the function defined in the definition of W. Note that 7 + A =2t — T for any
fixed t as A — oo. By (3.6),

83(661 Jto—t \IJ) S Czecl Ato—t ,
t

and it then follows that lim,_,, e“'¥ ™" exists. This implies, by taking 7o = T and
t = T + A7 2s, that for any fixed s; and s, with —00 < 51 < 55 < 0,

2
1A/ T—(T+A2s32) _ |Fal )d A
/2\:3}2 fA¢R0 Xp( 4(0_S2) l’l’sz

2
1A/ T—(T+A2s1) (_ |Fal )d A
/;?1 fA¢R0 exp 20 —s1) My,

-0 asd — oo. (5.5

Integrating (3.6) from s; to s; yields

_ 1A __BP 5
NI gy )e"p( 50 5m)

+€Cl\/T/ frdr

| A|2 A
471(0 )eXp(_4(0—s1)) o

e 1 2
z/ eV 2’/ fA¢RP(FA,l)‘( A_)t +fA+HA‘ du} dt
S1

+ / 1Y / firo(Fi.1)

‘H 4p(cos* a — B sin* a) B2 sin* o

2
Vi| dujdt
3p cos? a(cos? a + B sin o) — B2 sin* et

52 = 1 1
b e T (G GIVAP) i (Er ) di dr
S1 E% 8 8
— 6’2)&_2(5‘2 — Sl)eclk_l VTS (56)

Putting (5.5) and (5.6) together, we have

A—>00

52
tim [ [ grp(Fe 0B di di =0
51 >
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and

§2
tim [ [ gro(Fe0IVaP? dut dr =0,
S1 )

A—>00

which yield (5.1) and (5.2) respectively, and

52 F €L 2
lim / /AqﬁRp(F,\,t)‘( *)t +1f, +H,| dul =o0.
51 Et -

A—00 to
Recall that 5 ) )
2cos“a) + Bsin” oy )Hy — Bsin” oy V
ﬁ+Hw=( At B ngﬁ WVa
cos2ay + Bsin” ay
Hence (5.1) and (5.2) imply (5.4), and (5.3) is a consequence of (5.1) and (5.2). ]

Lemma 5.2. For any R > 0 and any t < 0, for sufficiently large A,
ui (2} N Br(0) < CR?, 57
where Bg(0) is a metric ball in R* and C > 0 is independent of A.

Proof. We will first prove inequality (5.7). We will use C below for uniform positive
constants which are independent of R and A. Straightforward computation shows

R0 BrO) =22 [ djud

oy pa-2,NBy—15(Xo)
=R*>(A"'R)2 / di
T ya-2,NB)—1(Xo)

_1x-Xo
e 4071R)2 d,u,

<cw | o
Zr44-2,NB-1x(X0) 4m(AT1R)?
= CR*U(Xo. T + A'R)Z+ 1721, T + 17%1).

By the monotonicity inequality (3.6), we have

pt(EF N BR(0)) < CR*(¥(Xo, T + (A'R)> + 4721, T/2) + C)

RZ
<C— d C
=C— (/;T fdur + )
7

R2 /1 i
<C (8—pLﬁ(Eo)+C>§CR,

2
T
where we have used (3.10) [

Fix 1o < 0. By (5.7), for any R > 0, we see that the total measure of (E;}O N Bgr(0),
/1;10) is bounded from above by CRZ?. The compactness theorem of measures (cf.
[20, Theorem 4.4]) implies that there is a subsequence A;(R) — oo of A such that
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(Z)L i(R) BRr(0), uz, (R)) — (2% N Br(0), ugy) in the sense of measure. Using the diag-
onal subsequence argument, we conclude that, there is a subsequence A; — oo such that
(Zto ,/Lto £y — (X% ugy) in the sense of measures.

We now show that, for any ¢ < 0, the subsequence A which we have chosen above
satisfies (E?k Ny Ak ) = (X7, kgy) in the sense of measure. And consequently the limiting
surface (X3, uz) is independent of 7o.

Lemma 5.3. Foranyt <0, the sequence Ay, — 0o we chose above satisfies (E, N ") —
(X°°, u®) in the sense of measure, where (£°°, u°) is independent of t. The multiplicity
of X% is finite.

Proof. Note that the standard formula for flow (1.1),
d A A
d_ (Pd/Lt = — (¢HA -f), + D¢ -f)) dut (5.8)
t s =}

is valid for any test function ¢ € C§°(M).
Then, for any given ¢ < 0, integrating (5.8) yields

to
A A A
2 ¢d/~’btk - 2 ¢d:u“t0k = A (¢Hkk 'flk + D¢ 'flk)d““tk dt
Etk Etok t Elk
— 0ask — oo, by (5.1)and (5.3).

So, for any fixed ¢t < 0, (Et ,/,Ltk) — (23, gy ) in the sense of measures as k — oo.
We denote (277, ugy) by (£°°, u>), which is independent of 7.

Inequality (5.7) yields a uniform upper bound on R™2 t"(Zf" N Bgr(0)), which
yields finiteness of the multiplicity of 3. |

Definition 5.4. Let (X, T) be a singular point of flow (3.1) of a closed symplectic surface
3o in a compact Kihler surface M. We call (X°°, du®) obtained in Lemma 5.3 a A-
tangent cone of flow (3.1) at (X, T).

In the remaining part of this section we prove that the A-tangent cones are flat. And
. .. . . . Ak k
for simplicity in notation, we write 3;* as X7.

A k-varifold is a Radon measure on G¥(M), where G¥(M) is the Grassmann bun-
dle of all k-planes tangent to M. Allard’s compactness theorem for rectifiable varifolds
([1, Theorem 6.4]; also see [17, Theorem 1.9] and [20, Theorem 42.7]) can be stated as
follows.

Theorem 5.5 (Allard’s compactness theorem). Let (V;, ui) be a sequence of rectifiable
k-varifolds in M with

sup(i (U) + |8Vi|(U)) < 00 foreachU CC M.

i>1

Then there is a rectifiable varifold (V, u) of locally bounded first variation and a subse-
quence, which we also denote by (V;, i;), such that
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(i)  convergence of measures: i — W as Radon measures on M ;

(ii) convergence of tangent planes: V; — V as Radon measures on G¥(M);

(iii) convergence of first variations: §V; — 8V as TM -valued Radon measures;
@iv) lower semi-continuity of total first variations: |8V | <liminf;_, |§V;| as Radon

measures.

We first show that the A-tangent cones are rectifiable and stationary. The proof is
similar to those of [4, Proposition 3.1 and Theorem 4.1].

Proposition 5.6. Let M be a compact Kdihler surface. If the initial compact surface is
symplectic, then the A-tangent cone X is rectifiable and stationary.

Proof. We set
Eg = {t € (—00,0) | liminfg oo fZ’t‘ﬂBR(O)(|Hk|2 + Vi l?) d:Uv]z( # 0}

and
E=|JExr
R>0

Denote the measures of Eg and E by | Er| and | E| respectively. It is clear from (5.2),
(5.3) and (5.1) that | ERr| = O forany R > 0. So |E| = 0.

Choose t ¢ E. Let V,k be the varifold defined by E’t‘. It is explained in the previous
section, that V,k is well defined in Bg(0) C R* for any R > 0 when k is sufficiently large.
By the definition of varifolds, we have

Vi = [ v dek

for any ¢ € CJ(G?*(R*), R), where G*(R*) is the Grassmannian bundle of all 2-planes
tangent to £ in R*. For each smooth surface ¥, the first variation §V* of V¥ (cf. [1],
[20, Section 39.4] and [17, Section 1.7]) is that, for any smooth vector field X with support
in Br(0),

sVE(Xx) = —/ X -Hy duk,
2¥NBR(0)

so by the area upper bound (5.7),

1/2
SVE(X)] = CRIX oo ( /E |Hk|2du$) . 5.9)

¥NBR(0)
We therefore have that, for any R > 0,
1f (Br(0)) + 8VF (Br(0)) < C(R).

By Allard’s compactness theorem, there exists a subsequence, which we also denote by
(Vtk, M’f), such that (VF, /L’t‘) — (V,*°, u?°) and the conclusions in Theorem 5.5 hold
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in Br(0). By the diagonal subsequence argument, there exists a subsequence which we
also denote by (VF, ;L]t‘) such that (V¥ ;L]t‘) — (V°, u$°) and satisfies (i)—(iv) in Theo-
rem 5.5 in R*,

Because t ¢ E, by (5.9), we see that V¥ — 0 at ¢ as k — oo by applying Theorem 5.5.
Using the same argument as in the proof of [4, Theorem 4.1], we can show that X is
rectifiable. Furthermore, by (iii) in Theorem 5.5, we have

—u®[Hyo = 8§V = lim §V¥ = 0.
k—o00
Therefore X*° is stationary. ]

Theorem 5.7. Let M be a compact Kahler surface. If the initial compact surface is sym-
plectic and T > 0 is the first blow-up time of flow (3.1), then the A-tangent cone ¥*° of
Sflow 3.1) with B = 0 at (Xo, T) is a finite union of planes if it is not the empty set.

Proof. Since X% is not empty, without loss of any generality, we may assume 0 € X°°,
where 0 is the origin of R*. There is a sequence of points X} € E’,‘ satisfying Xz — 0 as
k — oo. By Proposition 5.1, for any s; and s, with —oo < 51 < s, < 0 and any R > 0,

we have 5
/ [ |FkL|2d,ult‘dt—>Oask—>oo.
s1 J=¥NBR(0)

Thus, by (5.7),

§2
im [ [ B X0t duk dr
k—oo Js; JEkNBR(0)

52
<2 lim / |FE12 du® dt + C(sy —s1)R? lim | Xy |?
s1 JZKNBR(0) k—00

k—o00
=0.

Let us denote the tangent spaces of E’,‘ at the point Fy (x,?) and of X at the point
F>®(x,t) by TE’,c and T X respectively. It is clear that

(Fr — X))t = dist(Xg, TEF)

and
(Foo)t = dist(0, TEZ™).

By Allard’s compactness theorem, i.e., Theorem 5.5 (ii), we have

52 52
/ / |(Foo) |2 dp® dt = [ / |dist(0, TZ>®)|? du™ dt
S1 Y°NBR(0) 51 Y°NBR(0)

852
= lim/ / |dist(Xg, TZX) |2 dpk de
51 E];QBR(O)

k—o00

852
= Jim [ (= X0 P dk ar
1 J=¢NBR(0)

k—o0 Jg

=0.
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By Proposition 5.1, we know that X°° satisfies that H*® and V*° both vanish. Hence
% is a holomorphic curve in C?2 so that the singular locus § of £ consists of isolated

points. So outside §, we have
(Foo, Vo) = 0.

Note that the above inner product is taken in R*, and differentiating in R* then yields
0 = (0; Foos Va) + (Foos 0iVa) = (Feo, 0iVa),

where we used the fact that 0; F is tangential to X°°. By Weingarten’s equation, we
observe that
(hoo)jj(Feo,ej) =0 foralla,i =1,2.

So fora = 1, 2, we have
det((hoo);-’;-) =0.

Since H = 0, for « = 1, 2 we also have
t((hoo)%) = 0.

It then follows immediately that the symmetric matrix ((%o0)7;) is in fact the zero matrix,
for all i, j,« = 1,2, which obviously yields |[Ao| = 0. By Lemma 5.2, the tangent cone
consists of finitely many planes. This completes the proof of Theorem 5.7. ]

6. Convergence of the flow near a holomorphic curve

In this section we will use the e-regularity theorem to prove that flow (1.1) exists globally
and converges to a holomorphic curve if the ambient Kéhler—Einstein surface has positive
scalar curvature and the initial surface is sufficiently close to a holomorphic curve.

Theorem 6.1. For any > 0, there is a constant g9 > 0, depending on 8, Lo and M,
such that if ¥ is a closed symplectic surface in a compact Kdihler—Einstein surface with
positive scalar curvature Ko > 0 and cosa > 1 — &g, then flow (1.1) starting from X
exists globally and converges to a holomorphic curve at infinity.

Proof. Fix any positive T. By definition (3.5), we see that

1 1 _IF=Xg?

q/(XO,t,t—rZ):/ —(F) e 2 du .
®, 2 CosPa dmr

We first estimate the quantity

1 _\F—Xzo\z
47”2@ a2 du,_o.

‘Ijl(Xo,l,l—r2) 2/

)

t—

P(F)
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Differentiating this quantity with respect to ¢, we get

d 1 _IF=XoI? 1 _F= X0|2
[ o dua = [ Do e
z, 4mr s 4mr

ar

t—r

¢ _IF-XoP
_/ 3 4e 4r2 (F — Xo,f> d/Lt_rZ
Z,_,2 Tr

1 _|F=Xpl?
—/ o T W By dp, e,
Z,_2

t—r

Integrating the above equation from r2 to T, we get

_IF Xo\z
/ dpr_p2 —
Zr
JF XO\Z
/ / (D¢, f a2 du, 2 dt

|F=XoI?

dpo

_IF-Xo|?

w? (F — Xo.f) dp,_,2 dt

8w r4

L1
L L

471;*2
_IF-Xg?
+/ f se” o [fldu,_ e d
r2 Et—rz 87'[}’
T 1 _IF=Xo2
v ] L -~ 6.1)
2 Js, 4mr?

To estimate the space-time integral of |f| and [H|, we note that [y cosa du = [w][X]
is a constant in the homological class of X. Furthermore, applying (3.7) with f(x) = x,
we obtain

ad 1

g _ A)

(BI cos o

o cosa HP 2(cos* a — sin* @)

cos? o + Bsin® cos a(cos? o + f sin® )2

(. H) dp,_,» dt

d,u, 2 dt

H-V

282 sin® o + (B2 + 2pB) sin* @ cos? a + (B + 2) sin® & cos* o + 2 cos® «

— Iv|?
cos3 a(cos? @ + B sin” a)?

Ko sin? o cos o
4(cos?a + Bsina)
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Therefore, we can compute

d sin? o ad 1
— duy = — d
ot /Et cos o He ot /;;t cos o He
ad 1 f-H
/ <8_ - A) dps —/ du
x, N0t cos o 5, coso

[ cosa H[2 d / 2(cos* a — B sin* ) H.Vd
%, cos2 o + Bsin? Hi x, cosa(cos? o + B sin? )2 H

282 sin® a + (B2 +2p) sin* a cos? a + (B +2) sin” o cos* a+2 cos® «
B /z, cos3 a(cos? a + B sin? a)?
Ko cos a sin” o cos? a|H|? — Bsin>aV-H
B /z, 4(cos? a + f sin ) B /}:, cosa(cos? a + B sin® o)

IVI? dps

d[/Lt

_ 2cosa
B _/z, cos? o + Bsin® «
2cos* o — Bsin?acos?a — B(B + 2) sin*«
B /z:, cos a(cos? o + B sin? )2
282 sin® a + (B2 +2p) sin* a cos? a + (B +2) sin” o cos* a+2 cos® «
B L, cos3 ar(cos? o + fsin® a)?

H|* dp

IVI? dus

Ko cosa sin® o
—/ - —— dis. 6.2)
5, 4(cos? a + B sin” @)

Since 0 < § < cosa < 1 and K¢ > 0, we have

Ko cosa sin® « sin? o Ko cos?a - K082 sin«
4(cosa + Bsin*a)  cosa 4(cos?a + Bsin*a) ~ 4(1+ B) cosa

Furthermore,

H-V

2cosa H|? 2cos* o — B sin? a cos? o — B(B + 2) sin*
cos2 o + Bsin?« cosa(cos? a + B sin? «)?
n 282 sin® a + (B2 + 2B) sin* @ cos® o + (B + 2) sin® a cos* o + 2 cos® « VP2

cos3 a(cos? o + fsin? a)?

cosa
- P
cos?2a + Bsin” «
cos o - 2cos* o — Bsin? acos®a — B(B + 2) sin* «
cos? o + fBsin® 2cos? a(cos? a + fBsin® )

N (4(:058 o+ 8(B + 1)cos® asin®a + (1182 + 88) cos* a sin* &
4 cos3 a(cos? o + f sin? )3
B*(B —2)*sin®« NVP

 4cos? a(cos? o + B sin? )3
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Note that for fixed 8, we can choose £; > 0 depending on § such thatif cosa >§ > 1 — ¢y,
then the right-hand side of the above equation is bounded from below by

1
SUHP + V7).
Then we obtain from (6.2) that
0 sin? « 1 K82 sin? «
— dis < —~ H)? + |V*) du, — dus;. (6.3
i1 . o e = Z/th P VY s = % L e dme 63

At first, we obtain from (6.3) that

9 sin? & K82 sin? &
M,
X

a7 ———dus = —
ot cos o 41+ B) Jx, cosa

so that

-2 2 -2 2
sin” o _ Koé~_ sin” o _ Koé~_
dp; < e 3+p’ djg = Coe 30+A " (6.4)
%, COs« 5, COS

cos o

where Co =[5 sin@ 7,0 Then we obtain from (6.3) that

d sin? o

1
— H? + |V du, < ——
2/Et(| R v s

K-

Integrating the above inequality from ¢ to ¢ + 1, we obtain

1 [it! sin? o sin?
—/ / (HI* + |VI*) du, dt 5/ du; —/ dits1
2 J; 5, %, Cosa i1 COSU

22 2

sin” o _ Kqs

5] dis < Coe aa+p ! (6.5)
x, cos«

Next we would like to estimate the space-time integrals of |H| and |V|. First note that
since flow (1.1) is a negative gradient flow of the functional Lg, we see that we have the
uniform bound for the area due to (3.9). Then by the Holder inequality, we compute for
any 7 > 0 that

T T-1 k41
H|du,dt = / /Hd dt
[ [, midn S ) mia
1

T-1, ck+1 3/ pk+1 3
52(/ / |H|2duzdt) (/ Area(Et)a’t)
ko \Jk pop k

1 T-1, ck+1 1
stpeo ([ [ meau )
k=0 k 3

T-1 1.3

11 _ k82 . (2Cp)2 Lg(Xo)

< (2C0)? L3 (%) Y emsiEmk < #,
k=0 1 —e 30+A
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Similarly, we have

(2Co)2L (Zo)
//Etwum,dz =

— e 30+H)
By the definition of f, we see that

cos? aH — B sin? aV

= | < [H| + V],

cos? o + Bsin®«

so that

2(2C0)2L (Zo)
/ /E Md d = =

— ¢ 8(+P)

1 T
! / [ (6P + H1) dys, di
2 Jo Jx,

We also have from (6.5) that

T
v / / ] B e, dt
o Jx,

IA

1 T
vl f / QIVI? + 3HP2) dp, dt
=0 k2 4C
e Z emaamk < <—
k=0 1 — ¢~ 305A

1113

(6.6)

6.7)

6.8)

(6.9)

Now we return to (6.1). Using (6.6), (6.9) and the fact that | D¢| < C, we compute

_IF-Xg/?

T4z d/LO

fldu,_,»dt
+47T}’2/r2 /;;lﬂ" Mi—r2
1 T
voms L L mdnpar
8mrs J,2 T,

1 _|IF=Xol?
[ F 5€ 4’2 d/LT 2 =
ET—rZ 47'[7‘

1 T
f| [ H| dw;_2» dt
+4m2[ﬂf 6 H
l

\ |F=Xo[
S dpe
L1
N ( C 1 )2(2C0)7L,§(20)
2 3 52
drr 8mr 1— e_isf&ﬂ)
1 4Cy
2 52 °
drr 1-— 8_41((107+5)
Since ¢ is smooth, it is well known that
_|IF=Xo|?
lim 4r2 d/'LO =1.

r—0 EO
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Thus we can choose rg > 0 sufficiently small such that

_|F=Xg|?

4rg dﬂo < 1—}—%,

where ¢ is given by Corollary 4.2. Notice that if cosa > § > 0 holds for # = 0, then it
remains so for z > 0. Hence we have

-2 1 _ 82
Co = / T o = - Area(So),

%, Cosa
and
5 1 1 _IF=XoP?
Y(Xo, T.T —ry) = / ¢ (F) se 4 dur_2
B, COSP o Amr
< ! / F) < d
JR— ar
— 817 ET_2¢( 47Tr2€ I’LT—I‘2
1
1 [1 P c 1 )2(200)%L;(zo)
= 5p Q 2 3 2
8p 8 drrg  8mrg - 6_81((10743,3)
1 4Cy i|
2 2
amrg 1— [41((1‘0&)
1 [ C 12058 Area(Eo))ZL (o)
S+ s+ (5 5) ;
5 dnry  8mrg |- e_fflifﬁ)

1 45 Area(Eo)]

Ko$82
47”0 1 —e 40+A)

Therefore, we see that there exists a constant gg € (0, &1), such that if § > 1 — &g, we have
U(Xo, T,T —r3) <1+e.

The e-regularity theorem (Corollary 4.2) implies that the second fundamental is uniformly
bounded along flow (1.1). By Theorem 3.1, the flow exists globally and converges to a
limit surface ¥ ,. By letting t — oo in (6.4), we see that

It follows that cos @ = 1, that is, X is a holomorphic curve. This proves the theorem.
]
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