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Existence and regularity results of parabolic problems
with convection term and singular nonlinearity

Mounim El Ouardy, Youssef El Hadfi, and Abdelaaziz Sbai

Abstract. In this work, we investigate the influence of the convection term and the singular lower
order term on the existence and regularity of solutions to the following parabolic problem:

B div(M(x.1)Vu) = — divuE(x.1)) + uie in Q x (0,7),

u(x,t) =0 on 92 x (0,7),

u(x,0) = ug(x) in 2,
where 6 > 0, 2 € RN (N > 2) is a bounded smooth domain with 0 € 2, and f € L™ (2 x (0,T))

with m > 1 is a non-negative function. The function u¢ is a non-negative function that belongs to
the space L°°(£2) such that

VYo CC R, dcey >0, ug > cy inw.

The main idea of this research explains the combined impact of the convection term and the singular
lower order term on the existence and regularity of a solution to the above problem.

1. Introduction

In this paper, we deal with the existence and regularity results of solutions to the following
singular parabolic boundary value problem:

%—'; —div(M(x,t)Vu) = —div(uE(x,t)) + uLG inQr =2 x(0,7),
u(x,t) =0 onT7r =9Q x (0, 7), (L.1)
u(x,0) = uo(x) inQ,

where 0 € Q is a bounded smooth domain subset of RN (N >2),6 > 0,and M : Q7 —

RN*N is a bounded measurable matrix, which satisfies the following conditions: there
exist two positive constants o; and B such that, for a.e. (x,7) € Q7 and § e RV,

all€)® < M(x,0)§ &, [M(x,1)| < Bi. (1.2)
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Furthermore, the vector field E satisfies

E<B B € R 1.3
| |_m9 € +- ()

f(x,1) is a non-negative measurable function which satisfies
fel™Qr), m=>1.

Here, L™ (27) denotes the Lebesgue space.

There are considerable researches dealing with the problem as (1.1) when 8 = 0 or
E = 1. The problem (1.1) with & = 0 has been thoroughly investigated in the past by
Boccardo et al. in a series of works under different hypotheses on the vector field E. To
be more specific, when 6 = 0, the stationary case of problem (1.1) becomes

1.4
u=0 on 0€2, 14

{—diV(M(x)Vu) = —divwE(x)) + f in<,
where E € (LN (Q))V, f € L™(Q), 1 <m < N/2, and M is a bounded measurable
matrix. In [3], the author proved the existence and regularity results of solution to prob-
lem (1.4) forall f € L™(2) withm > 1. More precisely, they have obtained the following
results.

o If 1\?_4[\—72 <m< % and |B| < w, then there exists a weak solution u € WOI’Z(Q) N

L™ (Q).
N

« Ifl <m< %5 and |B| < aW=2m) then there exists a distributional solution u €

Wi ().
e If f e LY (Q)and E € (L?*())", then there exists an entropy solution such that
log(1 4 [u]) € W% ().
Some interesting example in [3] showed that the existence and summability results of
solution to problem (1.4) obtained in [2] lost with this slightly weaker assumption (1.3).
For more details, see [3, Examples 2.1 and 2.2].
Recently, Boccardo and Orsina in [11] studied the existence of distributional solution
u e Wol’q(Q) to problem (1.4) with ¢ < Na, provided (1.3) holds with oy (N —2) <

B+
B <a;(N —1)and f € L' (). Furthermore, u satisfies

1
q
(/Q|Vu|q) < CellfllLi)-

The constant Cg depends on E, «;, and 2. For some other related results about elliptic
problems with convection term, see the works [4—10, 17, 18] and references therein.
Concerning the evolutive case as problem (1.1) with & = 0, many authors have inves-
tigated this type of problem. Boccardo et al. in [12] have studied problem (1.1) when
=0, f=0,uye L' (Q),and E € (L%(Q7))". In the same kinds, Boccardo, Orsina,
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and Porzio in [14] have studied problem (1.1) in the case f =0, 6§ =0, and E is a non-zero
measurable vector field satisfies the following assumption:

|E(x.0)| < u|B(x)[. p>0. BelLV(Q) V(x.1)eQr:

also, the authors studied problem (1.1) when the vector field is less regular, i.e.,

B
|E(x,t)|fﬂ, B > 0. (1.5)
X
More recently, Farroni-Moscariello [33] and Farroni in [29] studied the following singular
parabolic problem:

B — div (M(x.1)Vu + Agpu) =—divF inQr,
u=0 onI'r,
u(x,0) = ug(x) in Q,

where F € L?(Qr), up € L?(2), and M is a measurable, symmetric, matrix field satis-
fying the uniform bounds

MEZ < (M(x.1)E.6) < k|E* VE€RY, (x.)eQx(0.T). 0<A<k.

Farroni, Greco, Moscariello et al. in [31] have generalized the problem contained in [29].
For some other results of parabolic equations with convection terms, see [15,32,34,35,39].

If the convection term does not exist (i.e., £ = 0), problem (1.1) has been extensively
studied in the past. De Bonis and De Cave in [19] have studied the existence and regularity
of solution to problem (1.1) when the operator is nonlinear with classical Leray—Lions
conditions, 8 > 0,0 < f € L™(Qr), m > 1, and uy € L°°(2) such that uy > ¢ in w,
for all w CC 2. In the presence of the absorption terms, the existence and regularity
of solution to problem (1.1) has been proved in [24,27]. When the singular term u?,
(6 > 0), is replaced by a continuous function / possibly singular at the origin and bounded
outside the origin, problem (1.1) has been treated in many works: Oliva and Petitta in [42]
have shown the existence of a non-negative distributional solution to problem (1.1), with
f € LY(Q) and uy € L'(RQ). In the same kinds, Oliva and Magliocca in [38] have proved
the existence of non-negative solution to problem (1.1) with a superlinear gradient term
which is possibly singular. For more and different aspects concerning singular elliptic and
parabolic problems we refer to [20, 22,23, 25, 26, 28, 30, 40, 41, 43-48] and references
therein.

Concerning the case in the presence of the convection and the singular terms (i.e.,
0 > 0, E # 0), the literature concerned with this type of problems is more limited. More
recently, He and Huang in [36] have studied the following singular elliptic problem:

—div(M(x)Vu) = —divuE(x)) + & inQ,
u(x) =0 on 0€2,
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where 0 < f € L™(Q2) withm > 1, § > 0, M is a bounded measurable matrix satis-
fies some conditions, and the vector field E satisfies condition (1.5). More precisely, the
authors have been proved the existence of a solution u to the above problem and satisfy
the following summability:

« ueHNQ)itO =1,4<2P2 and f e L1(Q).

c ue HL(Q)uF e HI(Q)if0 > 1,4 < WD and £ e LY(Q).
« ue Hi(Q)if0 < 1,4 < 22 and f € L™(Q) with m = 55205
c ueWH(Q),q= gl <1, 98D < 4 < A2 and f € L™(Q) with
2
l=m < ymiam—-

The difficulty of studying problem (1.1) comes from the presence of the convec-
tion term div(uE(x, t)), which leads to the noncoercivity of the differential operator
—div(M(x,1)Vu) 4+ div(E(x, 1)u) on L?(0,T,; Hy (R2)) and in the presence of the sin-
gular term u~%, @ > 0. Therefore, in order to overcome the noncoercivity of the operator
—div(M(x,t)Vu) + div(E(x, t)u), we apply truncation method and consider the corre-
sponding approximate Dirichlet problem.

Our main results are in Section 3. More precisely, we start by treating the case 6 = 1,
the existence of a solution to problem (1.1) given by Theorem 3.3 (see below), and then
the regularity of solutions is given by Theorem 3.5. Also, we will state the existence
and regularity of solutions to problem (1.1) in the case 8 > 1 in Theorems 3.7 and 3.8,
respectively. Finally, the existence of solutions to problem (1.1) when 6 < 1 is given by
Theorems 3.10 and 3.13, and the summability of the solution is given in Theorem 3.11.

Preliminaries and notations. Now, we give the Gagliardo—Nirenberg inequality that we
will use afterwards in the proof of main results.

Lemma 1.1 ([21, Theorem 1.2]). Let v be a function in Wol’h () N LP(R) with h > 1,
p > 1. Then, there exists a positive constant Cgy, depending on N, h, p, and o, such that

”v”L”(Q) = CGNHVUH h(Q))N”U”Lﬂ(Q)

for every n and o satisfying

1 11 1—7
O0=sn=l 1=o<+400, —=|7—<|)+—.
o P

An immediate consequence of the previous lemma is the following embedding result:

ph

N h
| P = Contolfgrinay [ 1901
Qr Qr

which holds for every function v in L*(0, T'; Wol’h (R))NL*®O,T; LP(RQ)) withh > 1,
p>l,ando = W (see, for instance [21, Proposition 3.1]).
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Note that problem (1.1) is related to the following Hardy inequality (see, e.g., [16,50]):

|U|2) ( Vi 2)% 120
H(/Q|x|2 < /le| Yv e W, (R),

where H = N 2,
For the sake of simplicity, we will often use the simplified notation

/QTf:zfoT/;Zf(x,t)dxdt and /Qf::/Qf(x)dx,

when no ambiguity in the integration variables is possible. If not otherwise specified, we
will denote by C several constants whose value may change from line to line and, some-
times, in the same line. These values will only depend on the parameters (for instance, C
can depend on N,aq, 8, m, T, 2, Qr), but they will never depend on the indexes of the
sequences we will often introduce.

Here, we give the definition of a weak solution to problem (1.1).

Definition 1.2. If 6 < 1, a weak solution to problem (1.1) is a function
ue LY, T; W' ()
such that

Vo CC R dcy >0:u>cpinw x (0,7T), (1.6)
|M(x,)Vu|, [uE(x,t)| € L'(0,T;L}.(R)), 1.7)

/ /Qu—+/oT/;zM(x,t)Vqup
:/0 /QuE(x,l)'Vﬁﬂ-l-/OT/Q%-l-/szuo(x)@(x»o)s

Yo € CH(Q x (0,T)), with p(T) = 0. (1.8)

and

If 6 > 1, a weak solution to problem (1.1) is a functionu € L"(0, T; H| .(2)) with r > 1
and u’F € L%(0,T; HO1 (£2)) such that u satisfies (1.6)—(1.8).

2. Approximations problem

First, in order to get the existence and regularity of solutions to problem (1.1), we need to
consider the following non-singular approximate problem:

EG) 2
= — V(e T e T Gaae

up(x,1) =0 onIp, 21
Uy (x,0) = ug(x) in 2,

in QT,
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where

f
) 2.2
1+%f§n (2.2)

The following lemma gives the existence of solutions to the approximate problem (2.1).

fn:

Lemma 2.1. Let B < w; then problem (2.1) has a non-negative solution
u, € L*(0,T; Hy () N L¥(Qr).

Proof. For givenn € N and v € L?(Q7), let w be the unique solution to the following
problem (see, for instance, [37]):

w _ g4 — _di w E(x,t) fa .
o — div(M(x, Hw) = le(l—i—%\w\ 1+%|E(x,z)|) + FesE in Qr,

w(x,1) =0 onT7, (2.3)
w(x,0) = up(x) in Q.

Now, we take w as a test function in (2.3); by (1.2), we have

1 1
—/ wz(x,T)+oc1/ |IVw|? < —/ wz(x,T)+/ M(x,t)Vw - Vw
Q Qr 2 Ja 2r

2
vl L[,
= [, wrconvel s [t 4 [

1

5/ |wE(x,z)||Vw|+n9+1/ |w|+—/ u3, (2.4)
Qr Qr 2 Ja

where in the last estimate we have used (2.2). Recalling (1.3), and applying Holder and

Hardy inequalities on the second term on the right-hand side of (2.4), we find that

f [WE (x,t)||Vw| SB/ M|Vw|
Qr Qr |

x|

([, ) (L, o)

B
= |Vw|?, (2.5)
H Jq,

IA

where H is the Hardy constant. Combining (2.4) and (2.5) and using the fact that u¢ €
L°°(R2), we obtain

1 [ 2 ( B ) / 2 _ ,0+1 1 2
| w&xT)+ o —— [Vw|* <n |lw| + = |luoll . (2.6)
2 Jo H) Ja, Qr 2RI

Since B < w, then oy — % > 0. Dropping the first non-negative term and apply-
ing the Poincaré inequality, Holder inequality to the left- and right-hand side of (2.6),
respectively, we reach that

1

2 C
/ |w|2§Cn9+1(/ |w|2) +E”u°”iz(ﬂ)
Qr Qr
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for some constant C = C(«a, N). Using this fact and applying Young’s inequality, we
obtain

lwllr2@p) < C1:= C(ar, N, B, H, |uoll2(@))-

Define w = S(v) so that the ball of L?(Q7) of radius C; is invariant for S. It is
obvious to verify, applying the embedding, that S is both continuous and compact on
L?(Qr). Therefore, by Schauder’s fixed-point theorem, there is u, € L2(0, T; HJ ()
satisfying u,, = S(u,), which implies that u,, satisfies

Jup — di = H Un E(x,t) Jn :
i — dv(M(x.0)Vun) = = div(00m T Ee ) + e 9T
Up(x,t) =0 onI'r,

Up(x,0) = ug(x) in Q.

Thus, u, is solution to (2.1). Note that the second term on the right-hand side of (2.1)
belongs to L>°(2r) implies that u, € L>°(27); see [1]. Now, taking u,, = min(0, u,)
as a test function in (2.3) and using (1.2), we obtain

/T/ aﬂu;—i— M(x,t)Vuy, - Vu, =[ u,,E(x,t)Vu;+/ Lu;;
o Jao 0t Qr Qr Qr (lun| + ,ll)e

therefore,
1 - 2 l — 2 -2
u, (x,t) ug (x)” + oy [Vu,, |
2 Q 2 Q Qr
< / up E(x,t)Vu,, +/ Lleu;.
Qr Qr (|un| + ;)

From (1.3), and applying Holder and Hardy inequalities, we obtain

/ unE(x,r)Vu,;s/ luy [|E(x, 0)[|Vuy, |
Qr Qr
sB/ n
Qr |)C|
A% :
B(/ ) (/ |w;|2)
Qr |X| Qr

B
— |V, | 2.7)
H Jo,

IA

By the last inequality, (2.7) becomes

1/ - 2 / _2_ B -2 In -
o+ IVuls—/ |Vu|+/ I
2Jo " or T Hlg, " ar (Jun| + 10"
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1 _ B _
E/QM”(X’I)Z+ (al—ﬁ) /QT|Vun|2 <0.

Since B < a1 H, then we deduce that

Therefore,

I llz20,7;m1 @)) = O
This implies that ;; = 0, and so, u, > O a.e. in Qr. [

In the following lemma, we prove the strict positivity of the sequence u, solution to the
approximate problem (2.1), which we will apply later in the case 6 > 1 in the boundedness
of u, in the space L2(0, T'; H,!.(R2)) as well as in the convergence passages.

Lemma 2.2. Let uy, be a solution to problem (2.1) given by Lemma 2.1. Then, for every
w CC 2, there is a positive constant ¢, > 0 (independent of n) such that

Uy >Cp mwx(0,T)VneN.

Proof. With some modifications and using the same techniques as in the proof of [36,
Lemma 3.2] (see also [13]), we can get the proof of Lemma 2.2. [

3. Main results

To show the main results of the present work, we need to obtain a priori estimates on u,,.
These estimates will effectively depend on f', 8, and B, so we have three separate cases
for evaluation. At this point, we start with 6 = 1.

3.1. Thecasefd =1

Lemma 3.1. Assume that B < w and u,, is a solution to (2.1) with 8 = 1 and 0 <

f € LYQr). Then, uy, is uniformly bounded in L*(0, T; H} (2)) N L*°(0, T; L*(Q)).

Proof. Taking u, as a test function in (2.1) and using (1.2) and the fact 0 < f, < f, we
get

1 1
—/ “ﬁ(x»t)Jral/ |Vun|?® < —/ uZ(x,t) + | M(x,t)Vuy, - Vuy,
Q Q; 2 Q Q;

2
1 2
< [un E(x,1)||Vun| + f+= | ug.
Qr Qr 2 Ja

By the fact that € L'(Q7) and ug € L>®(R2), we have

1 1

3 L tar [ Vs [ EColVinl + 1 Lan + 5ol

2 Ja Qs Qr 2 X
3.1
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Recalling (1.3) and using Holder’s and Hardy inequalities, we estimate the first term on
the right-hand side of (3.1) as follows:

|un|

/ |un E(x,2)||Vuy| < B/ [Vuy|
Qr Qr |x|

% :
53(/ "2) (/ |Vun|2)
Qr |X| Qr

B
— [Viu,|?. (3.2)
H Jo,

A

Combining (3.1) with (3.2) and passing to the supremum for ¢ € [0, T'], we obtain

1 B 1
EHM”H%PO(O,T;LZ(Q)) + (Oll - E) /S;T |Vun|2 = ”f”Ll(SZT) + E”uO”iZ(Q) =C.
Since o1 — % > (, therefore, we reach that

lunllLoeo,rsez@y = € and  |uallL20, 712 @) < C-
This last affirmation implies the boundedness of the sequence u,, in
L0, T; L*(Q)) N L*(0, T; Hy (R)). "

Remark 3.2. In view of Lemma 3.1, we have u, E(x, t) bounded uniformly in L!(Q7).
From (1.3), applying Holder’s and Hardy inequalities, we can write

/|wmmm53/ 4n|
Qr Qr |X|

IA
=
@)
=3
= D=
/N
5
S
=|§
NTo
N———
N

B|QT|%
= T”un”LZ(O,T;H(}(Q)) =C

Theorem 3.3. Let 0 = 1, f € LY (Q7) with f > 0, and B < “BE=2 Then, there is a
solutionu € L*(0,T; HJ (R)) N L°(0, T; L*(R2)) in the sense of Definition 1.2.

Proof. By Lemma 3.1, we have u, bounded in L?(0, T; Hy (2)). Then, there exists a
function

ue L*0,T; Hy (RQ))
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such that u, converges Weakly to u in L?(0, T; H}(S2)). From Lemma 2.2, we have
Ji'; bounded in the space L'(0, T; L} (R2)). On the other hand, by Remark 3.2, we
have u, E(x,t) bounded in L'(Q7), and div(u, E(x, t)) is bounded in

L=(Qr) C L*(Qr) C L*(0,T: H™H(Q));

then, we deduce that {a“”

}n is bounded in the space
L2(0.T: H™(2)) + L (0. T: Lyo, (Q)):
using compactness argument in [49], we obtain
u, — u strongly in L'(Q7) and a.e. in Q7. (3.3)
In the following lemma, we will prove the convergence a.e. of Vu,, to Vu in Q7.
Lemma 3.4. The sequence {Vu,} converges to Vu a.e. in Q.

Proof. Letg € C1(2), ¢ > 0, independent of 1 € (0,T), ¢ = 1 on w = supp(p) CC 2,
and we take Ty, (u,, — T (1))g as a test function in (2.1); we have

I

+ M(x,t)Vuy, - VoTy(u, — T (1))
Qr

S/ IMnE(XJ)HVTh(un—Tk(u))|¢+/ lun E(x, || Th(un — T (w))| Ve
Qr

Qr

T + [ M(x. 1)V VT (2 — Tic (1))

Jn
+/Qrm Ty (up — T (u))e.

Since w = supp(¢) CC 2 and, by Lemma 2.2, we have u, > Cgypp(y), then the above
inequality becomes

3 [ 17— Tewne +ar [ IV Thtn T

< / i E G, 010V Tt — T )]
Qr
4 / e E(x. 8[| Ti (2t — T )| Vep
+h[ un E(x. r)||V<o|+—/ [f+—|9|
— M(x,t)Vu, - VoTy(uy — T (u))

Qr

_/Q M(x, 1)V Ty )V Tt — Tie (1)) go.
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By removing the first non-negative term, applying Hardy and Holder inequalities in the
first term on the right-hand side of the above estimate, we get

[ VTt~ TP = 5 [ 19T~ e

+/|wEwome—nwmw)
Qr

(T h?
b [ EGolvel+ 5 [0 £+ e
QT Ca) 0 w 2

— | M, 6)Vu, - VoTy(up — T (1))
Qr

_fﬂ M(x, )V T 1)V Tt — Tie (1)) g.

Since B < aj H, therefore the above inequality can be written as follows:

(a _ %) /QT IV T3 (un — Tie(u)) P

T h?
<h [ BVl + o [ [ 747l
Qr C 0 0] 2

w

-/ M(x,t)Vup - VT (un — Ti(u)) —/Q M(x, )V T )V Ty (un — T (u))g.

Since VTy (u,, — T (u)) # 0 (which implies that u,, < h + k), we can easily pass to the
limit as n tends to oo, thanks to (3.3), on the right-hand side of the above inequality, and
we use the fact that o — % > 0 so that

B
(oc - —) limsup/ IVTh(un — Tx () > < Ch.
H Qr

n—>o0

To complete the proof of lemma, we can use exactly the same techniques used in the proof
of [24, Lemma 7]. Therefore, we find that

Vu, - Vu a.e.in Q. 3.4
]

Recalling Remark 3.2, (3.3), (3.4) and by Vitali’s theorem, we obtain the following
convergences:

lim M(x,t)Vu, -Vo = M(x,t)Vu-Vo VYo e CHQx[0,T)) (3.5

n—>+oo QT QT

and

lim up E(x,t)-Vo =/ uE(x,t)-Vo YoeClQx[0,T)). (3.6)

n—+00 Qr Qr
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Concerning the passage to the limit on the term on the right of the approximating problem
(2.1), since supp(¢) is a compact subset of € x [0, T"), thanks to Lemma 2.2, there exists
a constant Cgypp(p) > 0 such that u, > cgpp(e); then,

o

1
un+;

_ lelr=@mn f

Csupp(p)

for every (x,t) € supp(¢), since it a.e. converges to % for n — +o00, by Lebesgue theorem,
implies that

lim S —¢ =/ 5(,0 Yo e CHQ x[0,T)). (3.7
Qr

n—>+o00 QT un + Z

Take now ¢ € C1(Q x [0, T)) as a test function in problem (2.1); by the convergence
results (3.3), (3.5), (3.6), (3.7) and letting n — +00, we obtain

ad
—/ u—w—i— M(x,t)Vu~Vq0:/ uE(x,t)-Vo + igo
op 01 Qr Qr Qr U

—i—[guo(x)(p(x,O). ]

In the following theorem, we state some summability of u solution to problem (1.1)
which depends on B and the summability of f.

Theorem 3.5. Let 0 = 1and0 < f € L™(Qr) withm > 1. Then, solution u to problem
(1.1) found in Theorem 3.3 satisfies the following regularity:
i IfB<2EDanam>Y 11, thenu € L®(Qr).

(i) IfB < %_Z)N_Igz+2 and1 <m < % + 1, thenu € L°(Q27) with

2m(N +2)
o= ——-"".
N —-2m+42
Proof. Let uy, be a solution of (2.1) given by Lemma 2.1 such that u, converges to a

solution of (1.1). In order to prove (i), we choose Gy (1) as a test function in (2.1), where
Gi(s) = (s — k)", k > max{l, |ug||L~(q)}, we have

/ el Gy (un) + / M(x,t)Vuy, - VG (uy)
Q, Ot Q,

Up E(x,t) / fn
= VGr(u,) + Gr(uy). (3.8)
/;z,l+,ll|un|1+%|E(X,t)| )+ [T Gt

Recalling (1.2), and taking the advantage of the knowledge that the function G (u,) is
different from zero only on the set

An,k = {(xal) € S2T . un(-x’t) 2 k}a
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and that, on this set, we have u, + % > k > 1, we can get the following estimate:

M(x,t)Vu, - VG (uy) —/ f M(x,t)Vu, - Vuy,

>a1/ /nk'w"' _aI/ / VG () 2
Ltagtnck(un)= [fAk—(un—k)Z //Ak—«un—k)*)z

=3 /Ank Gy (un)(t)dx — % /An!k G (uo)(t)dx.

Q

and

From (1.3), applying Holder’s and Hardy’s inequalities, we estimate the first term on
the right-hand side of (3.8) as follows:

E(x,t T E(x,t
/ i (%, 1) VGk(un):// tn AL
Q 1+ ;lun| 1+ |E(x, Ao 1+ Sup| 1+ LE(x, 1)
u
// e (x| Vit < // '|”|'|v X
nk
2
<o [Ff SRy ([ [ )
0 An,k |X| nk
B T 2 3
—([/ |Vun|2) (// |wn|2)
H 0 An,k 0 An,k
B T
=—// V2
H Jo Ja,,

—E/Tf IVGr (un)|? (3.9)
T H Jo Ak I '

Since k > |lug||Lo(q), then Gg(4p) = 0, and from (3.8), (3.9) combined with the above
estimates, we obtain

%/A (G (e, )2 + (al - g) /0 /A VG () = /0 /A £ Grtun).

Passing to the supremum for ¢ € (0, T), we get

1 ) B T ) T
A n 9 . T \% n =< nj-
3 16kl w’T,LZ(An,k»*(“‘ H)[o /A| Grtun) /0 /A /Gitun)
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Applying the Holder inequality on the right-hand side of the above inequality, we find that

B T
2 2
|Gt 0,724, + 2(a1 - ﬁ) [ VG

1
m

<C(/ /nkmk(un)v") | (3.10)

Applying Lemma 1.1 (here p = 2, h = 2, v = Gg(u,)), we can write

/ / G ™5™ < oo rin0a,10 / / VG tun) .

Invoking (3.10) in the last inequality, we deduce that

T ) T N (FHD
[ ([ [ o) e
0 An,k 0 An,k

By virtue of m > % + 1, then % > 1. Applying Holder’s inequality with indices

(B2 2N+ ip (3.11), we find that

Nm’' > 2(N+2)—Nm'
T 2(1v+z) 2(N+2)
| / |16kt
0 An,k nk
L(FHDa- 2(N+2))
x( / Anal) |
0

From now, we can repeat the same techniques used in the proof of [25, Lemma 4] (see
also [1]); we deduce that there exists a constant C, independent of n such that

lunllLe@r) < Coo

Therefore, u, € L*°(Q7), and so, u € L= (7).
Now, we consider 1 <m < & + 1. Choosingu2*~!, (1 > 1), as a test function in (2.1),
we have

1
57 / uZ (x.1) + A = 1) / w2 M(x,1)Vuy, - Vu,
22 Jo a,

—oh—1 201 (x. 1)V / Jn a1 f 21
@ [ eVt [t [
=@ =) [ P EC O+ [ s [ . Ga2)
Q Q 22 Jo
Condition (1.2) allows us to write

/ uZA_ZM(x,t)Vun - Vu, 20{1/ 2/\ 2|\Vu,|* = ZZ/ |Vu)‘|2

t Qt
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From (1.3) and using the Holder and Hardy inequalities, we can estimate the first term on
the right-hand side of (3.12) as follows:

B MZA—I B u/l
/ P2 E e, 1) Vit sB[ " V| = —[ Ui gy
Q, |x] A Jgq, x|

t t

B
<
T AH Jg,

A2
[Vuy |~

Using the last two estimates in (3.12) and applying Holder’s inequality, and by the fact
that ug € L*°(£2), we obtain

_ ¢ a_Z v
o Jo e+ —3 (,\ H) Qt| ol

1
s||f||meT>( /Q u,‘,”‘”’") + C(lluoll L22.@)-
T

Now, passing to the supremum for ¢ € [0, T'], we find that

R 2A—1{a; B / A2
—_— o'e) . T V
o 4 1 2oo 0. 7:22020) + A ( A H) Qr Vi

1
< ||f||meT>( /Q uff*‘”"’) + C([[uoll 22 gy
T

1
7

= c(/ ugﬂ—z)m’)'” +C. (3.13)
Qr

Applying Lemma 1.1 (where h =2, p =2,v = uﬁ) and from (3.13), we obtain

Aq20+2) AN A2
[un] RS ”un”]ivoo(o’T;LZ(Q)) Q |Vun|
T

N FHD
< c(/ uf,ﬂ—”'") +C.
Qr

By a straightforward simplification, the above estimate becomes

AN +2) N\F D
/ u, ¥ < C( / u,‘f*—z)m) +C. (3.14)
Qr Qr

Choosing A such that

Qr

2A(N +2
o= 2N+ _ 21 — 2)m’ (3.15)
N
yields
Nm _ 2m(N +2)

“Noom+2 T N-oam+2
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a1 (N—2) Nm

Note that /1 > 1 is equivalent to m > 1 and the condition B < > Noami3

that — — 4 > 0. Using (3.15) in (3.14), we reach that

G
/ uy < C(/ ug) +C.
Qr Qr

Since m < % + 1, then (% + 1)% < 1; we can apply the Young inequality in the above

estimate, arriving at
o
/ u, <C.
Qr

Hence, the sequence u, € L°(Q2r), and so, u € L (7). |

ensures

3.2. Thecase 0 > 1

At present, we deal with the case of § > 1. In this section, we prove the boundedness of

some positive power of u, in L%(0, T; HO1 (£2)); and also, we prove the boundedness of

u, in L2(0, T; th)c(Q))-

Lemma 3.6. Let0 > 1, B < ”“(1112) u,, be the solution to (2.1) with0 < f € L1(Qr).
9+1

Then, u,® is bounded in the space L*(0,T; H}(2)) N L°°(0, T; L*(RQ)), and uy is
N@O+1D

bounded in L ¥= =2(0,T; L"~8—2 ()). Moreover, u, € L*(0,T; H,. .(Q)).

Proof. Choosing uﬁ)((o ,), t € (0,7) as a test function in (2.1), from (1.2) and using the

fact that ug € L°(R2), <1, we get

1 9 o
9—+1 Qun+1(x,t)+a19/t |Vun|2un 1

1
< —/ quH(x,t) +6 M(x,t)Vuy, -Vu,,uz_l
0+1 Jg Q,

0
u 1
<0 °E ,rvn+/ 8 + /9“
< /Qllun (. 0)][Vun| Qt(unJrl)gf 1 foe &

< 9/ ¥ E (e, 0)]| Vit +[ R
Qy Q

a7l (3.16)

Applying the Holder inequality and Hardy inequality to the first term on the right-hand
side of (3.16), we find that

0+1

20B 2 0+1
9/ |u2E<x,r)||wn|s—/ L e
Q 0+1Jq, x|

20B 041
<———— | |Vu,” [~ 3.17
=@+ DH sz,' | (3.17)
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_ 4 84t o
Vu 2u91=—[ Vu,? |”.
Lt| n| n (9+1)2 Qt} n |

The last equation combined with (3.17) leads to

1 ot 40,6 268 / os1
_ Y _ Vi, ?
+1 )" (x )+((9+1)2 @+ O)H Q,| un |

! o+1 _
< [+ grhelitg =C.

Note that

Passing now to the supremum for ¢ € (0, T'), and using the fact that f € L1(Q7), we
obtain

1 0-+1 4o16 20B 651 o
o1 Ml rienay * ((9 +1)2 (0+DH /QT |Vu,” | < C.

Since B < "“g{\:z), then (;‘j‘ﬁ‘f)z — (9193 = > 0. Therefore,
un P51 +/ Vit P <c (3.18)
liree,rszocian T n =t :
t

By Sobolev embedding theorem and from (3.18), we can write

/T (/ N(9+1>)Nﬁ2 /T (/ 6 12*)22*
N-2 — 2
Un = Un
o \Je o \Je

6+1

r g+1 o+1
< c/ |Vu,? |* = c/ [Vu,> > <C. (3.19)
0 JQ Qr

The estimates (3.18) and (3.19) imply the boundedness of the sequence u, in the space
L=, T; LOT1(Q)) N L¥= (0, T; L (2)) and the boundedness of the sequence
0+1
u,® in L2(0,T; HJ (RQ)).
In order to prove u, € L%(0,T; HI(I)C(Q)), recalling Lemma 2.2 and using (3.18), we
have that, for all w CC 2,

4 0

-1 2 -1 2 2

c Vu 5/ u Vu,|” = —/ Vu,? <C. (3.20)
© /wx(o.r)l | Qr [Vitn| O+ 1?2 Jor [Vin™ |

This last affirmation implies the boundedness of the sequence |Vu,| in L?(w x (0, T)).
Moreover, u, is bounded in L2(0, T; H,! (Q)); in fact, if o CC Q is fixed, using the

loc

6+1
boundedness of u,* in L?(0, T; H{} (S2)), we find that

; s
([ |un|2) < C(/ |un|"+‘) <c (3.21)
®x(0.T) 0x(0.T)

From (3.20) and (3.21), we conclude that u, is bounded in L2(0, T'; H,}.(R2)). n
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Now, we state in the following theorem the existence of weak solution to problem (1.1)
when 6 > 1.

Theorem 3.7. Let 6 > 1, 0 < f € LY (Qr), and B < a2 Then, there is a solu-

0+1
tionu € L*(0,T; H! (R)) and u 9 e L?(0,T; H} () in the sense of Definition 1.2.
Furthermore,

loc

we L¥=(0,T: L"V2(Q) N L™, T; L7 ().
Proof. The proof of Theorem 3.7 is similar to the proof of Theorem 3.3. ]

In the following theorem, we give the summability of the solution ¥ when 6 > 1.

Theorem 3.8. Let 6 > 1, 0 < f € L™(Q27) with m > 1. Then, the solution u of (1.1)
given by Theorem 3.7 satisfies the following regularity:

i) IfB <2 andm >N 1, thenu e L®(Qr).

(i) If B < WBDWIED 4 | <m < & 41, then u € L(Qr) with 0 =

m(N+2)(1+6)
N-2m+2 -

Proof. Let u, be a solution of (2.1) given by Lemma 2.1 such that u, converges to a
solution of (1.1).

The proof of item (i) of Theorem 3.8 is similar to item (i) of Theorem 3.5, so we
omit it.

Now, we give the proof of (ii). If m = 1, the result comes from the fact that u 9 e
L?(0,T; Hy (Q)) and the Sobolev embedding theorem.

fl<m<= + 1, taking uz’1 1)((0 n.t€(0,T) and A + , as a test function
in (2.1), we have

1
—/ WA, ) + QA= 1) | M(x,6)Vu, - Vuu?*=2
2A Q Q

_ 3 2A—1 fn 2)L 1 22
= (21 1)[ u,” E(x,1)Vuy +/sz, (tn + 1) Un 21/ )
<(21_1)/ |un|2k 1|E(x t)||Vun|+/ fu2)k 1— 9 2/\/ A(X)

Repeating the same argument used in the proof of Theorem 3.5, we have

24(N+2) NG D
/ u, ¥ < C( / u2A=1=0m ) +C. (3.22)
Qr Qr

Now, choose A such that

_2A(N +2)

v = @1 0)ym’. (3.23)
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From the last equality, we get the following equalities:

- Nm(1 + 6) a_m(N+2)(1+0)
2N -2m+2)’ - N-2m+2

From (3.23), inequality (3.22) becomes

G+
/ u;‘ZEC(/ ug) +C.
Qr Qr

f+1

The condition A > *5= is equivalent to m > 1. Since m < % + 1, then (% + 1)% <1

we can apply the Young inequality to the above estimate, arriving at

/ uy < C.
Qr

Hence, the sequence u, € L°(27), and so, u € L°(27). Therefore, the proof of Theo-
rem 3.8 is completed. ]

3.3. Thecasefd <1

In this section, we will prove the existence of solution u € L2(0, T HO1 (2)) to prob-

lem (1.1) for m > % and for some condition assured at B. We will also

prove the existence of solution u belonging to some space larger than L?(0, T'; H, (Q)) if

2(N+2)
I =m < sy =-Ni=s)-

Lemma3.9. Let B < &2_2), 0 < 1. Let uy, be the solutionto (2.1) and 0 < f € L™ (Q2r)

withm = % Then, u, is uniformly bounded in the space L (0, T; L?(2)) N

2(N+2)

L2(0.T; H{(Q) N L™~ (Qr).

Proof. Letu,x,),t € (0,T), be atest function in (2.1), and using (1.2) and the fact that
ug € L°°(K2), we obtain

1 _ 1
3 Lo [ Vul < [ oVl + [l ol
2 Q Q; Q; Q 2
(3.24)
From (1.3), applying Holder’s and Hardy’s inequalities, we estimate the first term on the
right-hand side of (3.1) as follows:
|un|

/ |un E(x,1)||Vuy| §B/ — | Vuy|
Qr Qr

x|

n 2 2 :
SB(/ "2) (/ IVunlz)
Qr |X| Qr

B 2
Z | Vua* (3.25)
H Jq,

IA



M. El Ouardy, Y. El Hadfi, and A. Sbai 318

Combining (3.25) with (3.24) and applying Holder’s inequality and passing to the supre-
mum forz € (0, T'), we obtain

nl? (e ) [ VP
—Nunll% corn 7 o — u
o WL (0,T;L2(R)) 1 H) Ja, n

1
_oy 1
s||f||meT>( / s 9”") + 5 oz,
Qr

1
_ c(/ uf}“”m/) "y (3.26)
Qr

Now, applying Lemma 1.1 (where & = 2, p = 2 and v = u,,) and using inequality (3.26),
we can write

202 4 )
[ < Clunlia riaay [, 1901
Qr A Qr

NG HD o
< C(/ u,(,l—")'") +C. (3.27)
Qr

Based on the assumption of m, it is easy to check that
2(N +2)

N

Invoking (3.28) in (3.27), we find that

=(1-6)m. (3.28)

1-6
2(N+2) 2(N+2)\ 2
/ u, ¥ <C / u, ¥ +C.
Qr Qr

Since 6 < 1, then % < 1; we can apply the Young inequality, obtaining

2(N+2)
/ u, ¥ <C. (3.29)
Qr

2(N+2)
N

This last estimate implies the boundedness of the sequence u, in L
B < 9®=2 ‘then gy — £ > 0, and using (3.29) in (3.26), we obtain

(7). Since

—1 || ||2 =+ - — / |V |2<C / 2(1\5"2) / +C<C (3 31))
Un||7o0(0.T:L2(Q o u u . .
! gL ! H Qr " Qr §

The estimates (3.29) and (3.30) give the boundedness of the sequence u, in the space
2(N+2)

L0, T:L3(Q) N L2(0.T: H{(Q) N L™ 7 (Qr). n

In the following theorem, we establish an existence result for problem (1.1) in the limit

_ 2(N+2)
Casem = 3(N+2)-N(1-0)"
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Theorem 3.10. Ler 6 < 1, B < 282 4ng 0 < f € L"™(Qr) with

B 2N +2)
AN T2 —NI—0)

2(N+2)

Then, there exists a solution u € L°°(0,T; L2()) N L2(0, T; H/(Q) N L™~ ()
in the sense of Definition 1.2.

Proof. To check the proof of Theorem 3.10, we repeat the same proof used in Theo-
rem 3.3. ]

Theorem 3.11. Let 0 < 1 and 0 < f € L"™(Qr) with m > 5o tt—gs. Then, the

solution u of problem (1.1) found in Theorem 3.10 satisfies the following summability:
(i) IfB <D gnam> Y 11, thenu € L®(Qr).

(i) If B < WO DWED gng | <m < & + 1, then u € L(Qr) with 0 =

m(N+2)(1+0)
N—2m+2 -
Proof. Let u, be a solution of (2.1) given by Lemma 2.1 such that u, converges to a
solution of (1.1).
The proof of item (i) of Theorem 3.11 is similar to item (i) of Theorem 3.5, so we
omit it.
(i1) The case m = %
for this value of m one has
2(N +2)
o= —"7.

N
If % <m< % + 1, we choose ¢(u,) = uﬁ)((oyz), (A >1), as a test

function in (2.1); we have

is true via the Gagliardo—Nirenberg inequality, since

1
—/ uﬁ“(x,t)—i—)&/ uﬁ_lM(x,t)Vun -Vu,
Q Qy

A+1
<A |uAE(x t)||Vun|+f uﬁ f+ ! / MAH(X).
= a n s Q, (un_’_%)e A+1 o 0

From the condition (1.2) and the fact that 1 < ulg, ug € L°°(2), we can write

(un+%)9 -

1 A+1 / A-1 2
— 1)+ A v
i L wn e [
51/ lul E(x, 1)]| Vit | +/ fur? 4+ c. (3.31)
Qy Q

Observe that

4 A+l
A—1 2 2 |2
u Vu = — Vu . 3.32
/;Zt n | n| (A, ])2 /;Ztl n | ( )
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Recalling condition (1.3), applying the Holder and Hardy inequalities, we estimate the
first term on the right-hand side of (3.31) as follows:

/ lu} E(x.1)||Vu,| < B/ / I |V, |
i
= n |
/\—I—I/ |x|
u——— u
A+1Jo g [|xI? o
1 1
2B (! PES TN A1\ 2
o [ (frow®e) ([ wute)
+1Jo Q Q

=
2B Atl
2|2
= 3.33

Invoking (3.32), (3.33) in (3.31) and applying Holder’s inequality, we obtain that

1 it 24 [ 20, B [ PRSI
— t _Z Vi,
A+1/ R vl ey Q,l |

1
< C(/ G- 9)’”) +C. (3.34)
Q

By some simplification, inequality (3.34) becomes

2001 B Atl
ey e S Vu.t 2
A+1/””(x WP+ A+1(A+1 H)/Q,“‘” |

SC(/ U= 9>m)m +C.
Q;

Now, passing to supremum for ¢ € (0, T), we get

| at 21 20 B
—lun? 117 el ben
A1 e=orrze) Ty I\ 1 H

1
< c(/ ult= 9"") +C. (3.35)
Qr

At1
Recalling Lemma 1.1 (where v = u,?* , p = 2, h = 2) and from (3.35), we have

A+l 2(N+2) At 2 A+l 2
o P8 = (¥ o raay) ¥ [ 1V |
T

N FHD
< C(/ uf,*—”'") +C.
Qr
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G+D(N+2) N\ F D5
/ u, V< C( / ulA=0m ) + C. (3.36)
Qr Qr

Now, choosing A such that

Therefore,

_ N+ + 1)

N =@A—-0)m, (3.37)
this implies that
(N +2)m—1)+ NOm m(N +2)(6 +1)
A= and o = .
N —-2m+2 N—-2m+42

From (3.37), inequality (3.36) becomes

F D5
[ uy < C(/ ug) +C. (3.38)
Qr Qr

The condition m < N/2 4+ 1 ensures that (2/N + l)% < 1; then, applying the Young
inequality in (3.38), we find that

/ ul < C. (339)
Qr

Note that the condition m > % is equivalent to the condition A > 1. There-

fore, inequality (3.39) implies that u, € L?(Q27). Thanks to the almost everywhere con-
vergence of u,, we can use Fatou’s lemma, obtaining ¥ € L°(27). Hence, the proof of
Theorem 3.11 is completed. ]

In the following lemma, we will prove some a priori estimate for u,; the solution of
problem (2.1) in the Sobolev space is larger than L2(0, T'; HI(Q)).

Lemma 3.12. Ler6 < 1,0 < B <%W and 0 < f € L™(Q27) with

Lo 2(N +2)
= 2(N +2)—N(1—6)

Then, u,, is uniformly bounded in L1(0, T, Wol’q (R)) N L(Q27), where

_mWN 4O+ m(N 2@+ D)
T T N-m+2 M AT NI aa-e)

Proof. We fix ¢ < %, and we take @(uy) = ((un + €)* — 8)“))((0,,), (0 <A <1)astest
function in (2.1); we have

/\Il(un(x,l))—i—)t/ (un + &' M(x,1)Vup - Vu,
Q Q

=4 IunE(x,z)||vun(un+€)x—1|+/ (un + &)*

5 [ )9f+/ V(o (x)).
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where W(s) = fos @(£)d L. From condition (1.2) and the fact that

1 1

< . ug € L=(Q),
(un + 10 7 (un +)? 0 )

we can write

/ Wt (.1)) + Ao / (e + n)* [ Vatn P
Q Q;
<2 / u EG6. 6)tn + )~ Vity|
Q

+ | fu.+e*?+cC. (3.40)
Q
Observe that

4 A+1

[+ 9P = s [V e =R an

From (1.3), applying Holder’s and Hardy’s inequalities, we can estimate the first term on
the right-hand side of (3.40) as follows:

/S; lunE(x, 1) (un +8)A_lvun|

(un + &)} Vuy|

<B
Q x|
_ g [ Gt )T e+ 05 |Vu
Q; | x|
A+l 2 % %
< B( M) (/ (n +s)“|Vu,,|2) . (3.42)
Q, | x| Q

We use the algebraic inequality
(a+b)? <2a®>+2b%* Va=>0,b>0,

and Hardy’s inequality; we can write

(n+ )52 [ () =™ )2
o WP 2, X2
<5 ((uy +8)% —g%)z +2/ At
~Ja, 2 o, 1P

A+1
= —/ V(G + )" —sT)|2+2/ . 6#
2 o, |x|
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Invoking (3.41) and (3.43) in (3.36) and applying Young’s inequality, we find that

/ [un E(x, 1) (un + 8)1_1V”n|

t

)L
<B(1§z/ |V(<un+e)w—elz‘)|2+2/m H) (/ (un+8)*" ‘|vun|2)

228 At A+l g1 2
< V I P 2 H2/
<o, s e [0

X (/Q; V((un +8)Lzr1 +8)L21)|2)2

22B A4l ag1 V2BH ghtl
V(G + )T — TP +

SO+ DH A+1 Jo, X2

+

In view of (3.41), (3.42) and applying Holder’s inequality, (3.40) becomes

41 oq B A+l Al o
W(u,(x,t — \Y% —
/sz (tn (x ))+A+1(A+1 ﬁH)/sz,l (@n ) 2 —2 2
]
\/EBH 8/1+1
<C @A=6)m’ C + — 3.44
< ( QT(M + &) + A1 Jo, WP ( )

If & < A < 1, by the definitions of ¢(s) and W(s), we can get
U(s) > Cyls* 1+ Cp Vs=>o0.

Since

\/iBH 8)»+1
A+1) Jo, [x?

< 400,

and using the last inequality in (3.44), we find that

B(A+1) _
C / u AH—}—A(O{ ——) Uy + &)1 Vu,|?
A Q| n| 1 \/EH Qt(n ) | n|

1
< C( (un + e)‘“’)’"') +C+GlQ|.
Qr

Passing to the supremum for ¢ € (0, T'), we obtain

B(A+1)

CA”un”Loo(O T;LA+1(Q)) + /X(Ol] - \/EH

) (6 + 1) Vit 2
Qr

1
< C( (un + s)“—@”") "t (3.45)
Qr
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Observe that 0 < B < %W and 6 <A < 1leadto oy —

q < 2; applying Holder’s inequality and using (3.45), we have

|Vu, |4 a(=4)
[ vt = [ ﬁ( L+ e)™s
Qr Qr (u, +¢€) 2
Vit |? w7
< oy Gin T8 — a7 (un +e) 24
2—q

5[ ( (un + 6)*~ 9>m) " +C}( (u,,+e)‘“z'—7z“)2. (3.46)
Qr Qr

Applying Lemma (1.1) (where p = A + 1, h = ¢, v = |u,|) and from (3.45), we get

g(IN+A+D)
lun| ¥
Qr

(”un”Loo(o T: L)LJrl(Q)))

B(A+1)

Vol > (. Let now

2

/ Vit 4
Qr
sy e (1-2) =
’ m m q(1—
< [C(/ (Un +s)(*—9)'”) + C](/ (Up + €) 2 ) . (347)
Qr Qr

Let us choose A such that

_qN+A+1) _()L_e)m,_q(l—i—l)
o N - - 2—¢q

; (3.48)

then, we deduce that

(N+2)(m—1)+N6m m(N+2)(6+1)
. o=
N —-2m+2 N —-2m+2

_m(N+2)(0+1)
T N+2—-m(1-0)

A= . and

From (3.48) and letting ¢ — 0, inequality (3.47) becomes

RIS
/ |un|"sc(/ |un|°) e
Qr Qr

Since A < 1, then we have m < %, that is, ensure 2m, + Nm, + 2q <1

then applying Young’s inequality, we can deduce that
/ lual” = C. (3.49)
Qr
Putting (3.48) and (3.49) in (3.406) yields

/ [Vu,|? < C.
Qr

The two last estimates prove the boundedness of u, in L4(0, T; Wol’q QYNL°(2r). =
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Theorem 3.13. Let 6 < 1,0 < B < %W and 0 < f € L™(Qr) with 1 <

m < —2(N42-(21)V—4;\%()1—6)' Then, there exists a solutionu € L4(0, T Wol’q (Q) NL(QT) to
problem (1.1) in the sense of Definition 1.2, where

m(N +2)(0 +1) m(N +2)(0 +1)
o= and q = .
N —2m +2 N+2—-—m(1-20)

Proof. we repeat the same techniques used in the proof of Theorem 3.3, and we obtain
the proof of Theorem 3.13. |
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