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Energy scattering for a 3D Hartree equation with inverse
square potential

Tarek Saanouni and Radhia Ghanmi

Abstract. This work studies the focusing inhomogeneous nonlinear equation of Hartree type

i@tu �K�uC jxj
��
jujp�2.J˛ � j � j

��
jujp/u D 0; u.t; x/ W R �R3 ! C:

Here, the linear Schrödinger operator reads K� WD ��C
�
jxj2

for some � > �14 . The Riesz poten-

tial is J˛.x/ D C˛ jxj
�.3�˛/ for certain 0 < ˛ < 3. The singular decaying term jxj�� for some

� > 0 gives an inhomogeneous non-linearity. One considers the inter-critical regime, namely, 1C
2.1��/C˛

3 < p < 1C 2.1 � �/C ˛. Moreover, one assumes that p � 2 in order to avoid a singular
term jujp�2. Furthermore, one restricts � > 0 because there is no dispersive estimate L1! L1 for
� < 0. Contrarily to the homogeneous case � D 0, for � > 0, there is a ground state which minimizes
the associated Gagliardo–Nirenberg-type estimate. The purpose is to investigate the energy scatter-
ing of global solutions under the ground state threshold. One uses the method of Dodson–Murphy
based on Tao’s scattering criteria and Morawetz estimates. The decay of the inhomogeneous term
jxj�� avoids any spherically symmetric assumption.

1. Introduction

This paper is concerned with the Cauchy problem for a focusing inhomogeneous general-
ized Hartree equation´

i@tu �K�uC jxj
��
jujp�2.J˛ � j � j

��
jujp/u D 0;

ujtD0 D u0:
(1.1)

Here and hereafter, the wave function is u WD u.t; x/ W R � R3 ! C. The linear
Schrödinger operator is denoted by K� WD ��C

�
jxj2

, where the classical Laplacian oper-

ator is � WD
P3
kD1

@2

@x2
k

. The inhomogeneous singular decaying term is j � j�� for some

� > 0. The Riesz potential is defined on R3 by

J˛ WD
�.3�˛

2
/

�.˛
2
/�

3
2 2˛
j � j

˛�3; 0 < ˛ < 3:
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In all this note, one assumes that

min¹�; ˛; 3 � ˛; 3 � �; 2 � 2� C ˛º > 0: (1.2)

Motivated with the next sharp Hardy inequality [3],

1

4

Z
R3

jf .x/j2

jxj2
dx �

Z
R3

jrf .x/j2 dx; (1.3)

one assumes that � > �1
4

, which guarantees that extension of ��C �
jxj2

, denoted by K�,
is a positive operator. In the range �1

4
< � < 1 � 1

4
, the extension is not unique [12, 29].

In such a case, one picks the Friedrichs extension [12, 23].
Note that by the definition of the operator K� and Hardy estimate (1.3), one has

k
p

K� � k D

�
kr � k

2
C �

 �
jxj

2� 12 ' k � k PH1 :

The nonlinear equations of Hartree type, namely, (1.1), model many physical phenom-
ena. Indeed, it is used in nonlinear optical systems with spatially dependent interactions
[4]. In particular, when � D 0, it can be thought of as modeling inhomogeneities in the
medium in which the wave propagates [2,13]. When � D 0, it models quantum field equa-
tions or black hole solutions to the Einstein’s equations [12].

When � ¤ 0, equation (1.1) is not space-translation invariant, contrarily to the case
� D 0. It is known that Sobolev norms using

p
K� are not equivalent to the classical

ones [15]. This restricts the application of Strichartz estimates to the study of the local
well-posedness and scattering of global solutions [21].

The inhomogeneous generalized Hartree equation, namely, (1.1) with � D 0, was
treated first by the second author [1], where the ground state threshold dichotomy was
investigated using a sharp adapted Gagliardo–Nirenberg-type estimate. After that, the
second author treated the intermediate case in the sense of the local well-posedness in
PH 1 \ PH sc , 0 < sc < 1. The scattering under the ground state threshold with spherically

symmetric data, was proved by the second author [27] and extended to the non-radial
regime in [26, 30]. The well-posedness in the energy-critical regime was investigated
recently [16,17,25]. The energy critical scattering was treated in [10]. Recently, the inho-
mogeneous generalized Hartree equation with inverse square potential, namely, (1.1) with
�¤ 0, was investigated in the inter-critical and the energy-critical regimes. Indeed, in [24],
a dichotomy of global existence versus blow-up under the ground state threshold for inter-
critical solutions was investigated and a local energy-critical well-posedness theory was
developed in [16].

The purpose of this paper is to investigate the scattering of energy solutions to the
Schrödinger problem (1.1) in the inter-critical regime and under the ground state threshold.
This naturally extends the recent work [24], where the global existence versus finite-time
blow-up under the ground state threshold was proved, but the scattering was not treated.
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The scattering is obtained by using the new approach of Dodson–Murphy [7] which is
based on Tao’s scattering criteria [28] and Morawetz estimates.

The rest of this paper is organized as follows. The next section contains the main result
and some useful estimates. Sections 3 proves the main result.

2. Background and main result

This section contains the main result and some useful estimates.

2.1. Preliminary

Here and hereafter, one denotes for simplicity some standard Lebesgue and Sobolev spaces
and norms as follows:

Lr WD Lr .R3/; W s;r
WD W s;r .R3/; H s

WD W s;2
I

k � kr WD k � kLr ; k � k WD k � k2:

Similarly, one defines Sobolev spaces in terms of the operator K� as the completion of
C10 .R

3/ with respect to the norms

k � k PW 1;r
�
WD k

p
K� � kr ; k � kW s;r

�
WD kh

p
K�i

s
� kr ;

where h�i WD .1C j � j2/
1
2 . Take also, for short, the Hilbert space PH 1

�
WD PW

1;2
�

and H 1
�
WD

W
1;2
�

. Note that, by the definition of the operator K� and Hardy estimate, one has

k � k PH1
�
WD k

p
K� � k D

�
kr � k

2
C �

 �
jxj

2� 12 ' k � k PH1 :

Let us also define the real numbers

 WD 3p � 3 � ˛ C 2�; � WD 2p � ;

and the source term

N Œu� WD jxj�� .J˛ � j � j
��
jujp/jujp�2u:

If u 2 H 1
�

, one defines the quantities related to energy solutions of (1.1):

P Œu� WD

Z
R3

NuN Œu� dx; (2.1)

	Œu� WD k
p

K�uk
2
�


2p
P Œu�I (2.2)

MŒu� WD

Z
R3

ju.x/j2 dxI (2.3)

EŒu� WD k
p

K�uk
2
�
1

p
P Œu�: (2.4)
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Equation (1.1) enjoys the scaling invariance

u� WD �
2�2�C˛
2.p�1/ u.�2�; ��/; � > 0:

The critical exponent sc keeps invariant the following homogeneous Sobolev norm:

ku�.t/k PH� D �
��. 32�

2�2�C˛
2.p�1/

/
ku.�2t /k PH� WD �

��scku.�2t /k PH� :

Two cases are of particular interest in the physical context. The first one sc D 0 corre-
sponds to the mass-critical case which is equivalent to p D pc WD 1C 2�2�C˛

3
. This case

is related to the conservation of the mass (2.3). The second one is the energy-critical case
sc D 1, which corresponds to p D pc WD 1C 2 � 2� C ˛. This case is related to the con-
servation of the energy (2.4). A particular periodic global solution of (1.1) takes the form
eit', where ' satisfies

K�' C ' D jxj
��
j'jp�2.J˛ � j � j

��
j'jp/'; 0 ¤ ' 2 H 1

� : (2.5)

The existence of such a ground state is related to the next Gagliardo–Nirenberg-type
inequality [24].

Proposition 2.1. Let 0 < ˛ < 3 and 1C ˛
3
< p < pc . Assume that � > �1

4
and (1.2) is

satisfied. Thus, the following hold.

(1) A sharp constant Cp;�;˛;� > 0 exists such that, for all u 2 H 1
�

,

P Œu� � Cp;�;˛;�kuk
�
k
p

K�uk
 ; (2.6)

(2) Moreover, there exists ' as a solution to (2.5) satisfying

Cp;�;˛;� D
2p

�

��


� 
2
k'k�2.p�1/; (2.7)

(3) Furthermore, one has the following Pohozaev identities:

P Œ'� D
2p

�
MŒ'� D

2p


k
p

K�'k
2: (2.8)

In the inter-critical regime 0 < sc < 1, one denotes the positive real number 1
sc
� 1 WD

˛c 2 .0; 1/, ' to be a ground state of (2.5) and the scale-invariant quantities

MEŒu� WD

�
MŒu�

MŒ'�

�˛c�EŒu�
EŒ'�

�
;

MKŒu� WD

�
kuk

k'k

�˛c�kpK�uk

k
p

K�'k

�
;

MP Œu� WD

�
MŒu�

MŒ'�

�˛c�P Œu�

P Œ'�

�
:
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Let e�i�K� be the operator associated to the free Schrödinger equation .i@t �K�/D 0.
Then, by Duhamel integral formula, energy solutions to the problems (1.1) are fixed point
of the function

f .u/ WD e�i�K�u0 C i

Z �
0

e�i.��s/K�
�
N Œu.s/�

�
ds: (2.9)

In the next sub-section, one lists the contribution of this note.

2.2. Main results

The contribution of this note is the next energy scattering under the ground state threshold.

Theorem 2.1. Let � > 0 and �; ˛ satisfying (1.2). Take p 2 .pc ; pc/ such that p � 2, and
let u 2 CT �.H 1

�
/ be a maximal solution to (1.1). Then, u is global and scatters if one of

the following assumptions holds:

sup
t2Œ0;T �/

MP Œu.t/� < 1; (2.10)

max
®
MEŒu0�;MKŒu0�

¯
< 1: (2.11)

In view of the results stated in the above theorem, some comments arise and we enu-
merate them in what follows.

Remarks 2.1. (1) In the first point, the threshold is expressed in terms of the non-
conserved potential energy in the spirit of [6].

(2) In the second point, the threshold under the ground state threshold follows the
pioneering works of [11, 14].

(3) The assumption � � 0 exists there is no dispersive estimate L1! L1 for � < 0;
see [22].

(4) Compared with the homogeneous regime � D 0, the minimizing problem associ-
ated to (2.6) is never reached for � > 0; see [19].

(5) The above results do not require any radial assumption.

2.3. Useful estimates

In this sub-section, one gathers some standard tools needed in the sequel. Let us start with
the Hardy–Littlewood–Sobolev inequality [20].

Lemma 2.1. Let 0 < ˛ < 3.

(1) Let s � 1 and r > 1 such that 1
r
D

1
s
C

˛
3

. Then,

kJ˛ � gks � Cs;˛kgkr ; 8g 2 L
r :

(2) Let t � 1 and 1 < s; r <1 be such that 1
r
C

1
s
D

1
t
C

˛
3

. Then,

kf .J˛ � g/kt � CN;s;˛kf krkgks; 8.f; g/ 2 L
r
� Ls :
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Now, one gives some estimates related to Schrödinger problem (1.1).

Definition 2.1. A couple of real numbers .q; r/ is said to be � admissible (admissible if
� D 0) if

3

�
1

2
�
1

r

�
D
2

q
C �;

6

3 � 2�
< r < 6:

For simplicity, one denotes by �� the set of � admissible pairs and � WD �0. Let also, for
any real interval I ,

ƒ�.I / WD
\

.q;r/2��

Lq.I; Lr /; k � kƒ�.I / WD sup
.q;r/2��

k � kLq.I;Lr /I

k � kƒ0��.I / WD inf
.q;r/2���

k � kLq0 .I;Lr 0 /:

Take also the particular cases

ƒ.I / WD ƒ0.I /; ƒ0.I / WD ƒ00.I /; ƒ� WD ƒ�..0;1//; ƒ0�� WD ƒ
0
��..0;1//:

An essential tool used in this note is Strichartz estimate [5, 9, 31].

Proposition 2.2. Let � > �1
4

, � 2 R, and 0 2 I be a real interval. Then, there exists
C > 0 such that

(1) ke�i�K�ukƒ�.I / � Ckuk PH� I

(2) k
R �
0
e�i.���/K�f .�/ d�kƒ.I/ � Ckf kƒ0.I /;

(3) if � � 0, so k
R �
0
e�i.���/K�f .�/ d�kƒ�.I / � Ckf kƒ0��.I /.

The above Strichartz estimates are consequence of the next dispersive estimates [8,22].

Proposition 2.3. There exists C > 0 such that

(1) ke�i�K�ukr 0 � C
kukr

jt j
3. 1r �

1
2 /

, whenever 1
2
�

1
r
< min¹1; 1 � �

3
º;

(2) ke�i�K�ukr 0 � C
kukr

jt j
3. 1r �

1
2 /

, whenever r 2 Œ2;1� and � � 0.

Let � W R3 ! R be a convex smooth function. Define the variance potential

V� WD

Z
R3

�.x/ju.�; x/j2 dx; (2.12)

and the Morawetz action

M� D 2=

Z
R3

Nu.r� � ru/ dx WD 2=

Z
R3

Nu.�juj / dx; (2.13)

where, here and in the sequel, repeated index are summed. Let us give a Morawetz-type
estimate for the Schrödinger equation with inverse square potential [18].
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Proposition 2.4. Take u 2 CT .H 1
�
/ to be a local solution, to (1.1). Let � W R3 ! R be a

smooth function. Then, the following equality holds on Œ0; T �:

V 00� Œu� DM
0
� Œu�

D 4

Z
R3

@l@k�<.@ku@l Nu/ dx �

Z
R3

�2�juj2 dx C 4�

Z
R3

r� � x
juj2

jxj4
dx

C 2

�
2

p
�1

�Z
R3

�� NuN Œu� dxC
4

p

Z
R3

r� � r.jxj�� /jujp.J˛ � j � j
��
jujp/ dx

C
4

p
.˛ �N/

Z
R3

jxj�� jujpr�
�
�

j � j2
J˛ � j � j

��
jujp

�
dx:

From now on one hides the time variable t for simplicity, spreading it out only when
necessary. Moreover, one denotes the centered ball of R3 with radius R > 0 and its com-
plementary, respectively, by B.R/ and Bc.R/. Furthermore, C.R; R0/ is the centered
annulus of R3 with small radiusR and large radiusR0. Finally, the critical Sobolev embed-
ding H 1 ,! L2

�

gives the index 2� WD 6. In what follows, one proves the main result of
this note.

3. Proof of Theorem 2.1

The proof of the energy scattering is divided into several steps.

3.1. Global existence

The global existence follows by the conservation laws via the next coercivity result.

Lemma 3.1. Let u 2 H 1
�

satisfying

MP Œu� < � < 1: (3.1)

Then, there is c.�; '/ > 0 such that

k
p

K�uk
2 < c.�; '/EŒu�; (3.2)

	Œu� > c.�; '/k
p

K�uk
2: (3.3)

Remark 3.1. It is obvious that one can apply the above result to  Ru rather than to u.

Proof. A direct computation gives the useful identities

2.p � 1/sc D  � 2; (3.4)

˛c. � 2/ D �: (3.5)
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Using the Gagliardo–Nirenberg inequality (2.6) via Pohozaev identities (2.8), the explicit
expression (2.7), and the equalities (3.4)–(3.5), one writes

ŒP Œu��

2 � Cp;�;˛;�

�
kuk2˛cP Œu�

� 
2�1k

p
K�uk



�
2p

�

��


� 
2
k'k�2.p�1/

�
MŒu�˛cP Œu�

� 
2�1k

p
K�uk



�
2p

�

��


� 
2
MŒ'�

��2.p�1/
2 ŒP Œ'��


2�1

�
MP Œu�

� 
2�1k

p
K�uk



�

�
�



P Œ'�

MŒ'�

� 
2 �

MP Œu�
� 
2�1k

p
K�uk



�
�
MP Œu�

� 
2�1

�
2p


k
p

K�uk
2

� 
2

:

Thus,

P Œu� �
2p



�
MP Œu�

� �2
 k

p
K�uk

2: (3.6)

This implies that

EŒu� D k
p

K�uk
2
�
1

p
P Œu�

�

�
1 �

2


.MP Œu�/

�2


�
k
p

K�uk
2:

The proof of (3.2) follows by (3.1) via the assumption sc > 0, which gives  > 2. More-
over, by (3.6) and (3.1), one has

	Œu� D k
p

K�uk
2
�


2p
P Œu�

� k
p

K�uk
2
�
1 � .MP Œu�/

�2

�

& k
p

K�uk
2:

This proves (3.3).

3.2. Scattering criteria

Here and hereafter, one denotes a smooth function 2C10 .R
3/ such that D 1 onB.1

2
/,

 D 0 on Bc.1/, and 0 �  � 1. Take also  R WD  . �R /. In this sub-section, one proves
the next scattering criteria.

Proposition 3.1. Take the assumptions of Theorem 2.1. Let u 2 C.R; H 1
�
/ be a global

solution to (1.1). Assume that

0 < sup
t2R
ku.t/kH1

�
WD E <1:
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There exist R; " > 0 depending on E; d; p; � such that u scatters if

lim inf
t!1

Z
B.R/

ju.t; x/j2 dx < "2: (3.7)

Proof. Using an interpolation via the bound in L1.H 1
�
/, it is sufficient to prove that

u 2 L4.L2
�

/:

Moreover, by Sobolev embeddings and Hölder estimate, one writes

kukL4T .L2
�
/ � T

1
4 kukL1.H1

�
/:

So, it is sufficient to prove that there is T > 0 such that

u 2 L4..T;1/; L2
�

/:

By continuity argument, Strichartz estimate, and Sobolev embedding, the key of the proof
of the scattering criterion is the next result.

Proposition 3.2. Take the assumptions of Proposition 3.1. Then, for any " > 0, there exist
T;� > 0 satisfying

kei.��T /K�u.T /kL4..T;1/;L2� / . "�:

Proof. By the integral formula, one has

e�i.t�T /K�u.T / D e�itK�u0 C i

Z T

0

e�i.t��/K� ŒN Œu�� d�

D e�itK�u0 C i

�Z T�"�ˇ

0

C

Z T

T�"�ˇ

�
e�i.t��/K� ŒN Œu�� d�

WD e�itK�u0 C i

�Z
J1

C

Z
J2

�
e�i.t��/K� ŒN Œu�� d�

WD e�itK�u0 C F1 C F2: (3.8)

Now, one estimates the three different parts in (3.8).

The linear term. By Hölder and Strichartz estimates via Sobolev injections, one has

ke�i�K�u0kL4..T;1/;L2� / � ke
�i�K�u0k

1
2

L1..T;1/;L2
�
/
ke�i�K�u0k

1
2

L2..T;1/;L2
�
/

� cke�i�K�u0k
1
2

L1..T;1/;H1
�
/
ke�i�K�u0k

1
2

L2..T;1/;L2
�
/

� cke�i�K�u0k
1
2

L2..T;1/;L2
�
/
:

Thus, by the dominated convergence theorem via Strichartz estimates and the fact that
.2; 2�/ 2 � , one may choose T0 > "�ˇ > 0, where ˇ > 0 is to pick later, such that

ke�i�K�u0kL4..T0;1/;L2
�
/ � "

2: (3.9)
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The term F1. First, the integral formula (2.9) gives

F1 D e
�itK�

�
e�i.�TC"�ˇ /K�u.T � "�ˇ / � u0

�
: (3.10)

So, using Strichartz estimate via (3.10), the fact that .2; 2�/ 2 � , and an interpolation, one
writes

kF1kL4..T;1/;L2� / � kF1k
1
2

L1..T;1/;L2
�
/
kF1k

1
2

L2..T;1/;L2
�
/

� ckF1k
1
2

L1..T;1/;L2
�
/
:

Let us prove the next claim: Z
R3

N Œu� dx . kuk2p�1
H1
�

: (3.11)

One decomposes the integral on the unit ball and its complementary as follows:Z
B.1/

N Œu� dx

� kuk
2p�1

b

�
kjxj��kLa1 .B.1//kjxj

��
kLc.B.1// C kjxj

��
kLa2 .B.1//kjxj

��
kLd .Bc.1//

�
� ckuk

2p�1

H1
�

:

Here, one uses Lemma 2.1 so that8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

1C
˛

3
D

1

a1
C
2p � 1

b
C
1

c
D

1

a2
C
2p � 1

b
C
1

d
;

3

d
< � < min

²
3

c
;
3

ai

³
;

1

6
<
1

b
�
1

2
:

Thus, 8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂
ˆ̂̂̂̂̂̂
ˆ̂̂:

1C
˛

3
�
2p � 1

b
D

1

a1
C
1

c
>
2�

3
;

1C
˛

3
�
2p � 1

b
D

1

a2
C
1

d
;

3

d
< � < min

²
3

c
;
3

ai

³
;

1

6
<
1

b
�
1

2
:

This reads
2p � 1

6
<
2p � 1

b
<
3C ˛ � 2�

3
:
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This is possible because p < pc . Moreover, by Lemma 2.1, one hasZ
Bc.1/

N Œu� dx

� kuk
2p�1

b1

�
kjxj��kLa1 .Bc.1//kjxj

��
kLc1 .B.1// C kjxj

��
kLa2 .Bc.1//kjxj

��
kLd1 .Bc.1//

�
� ckuk

2p�1

H1
�

:

Here, by Lemma 2.1, one has8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

1C
˛

3
D

1

a1
C
2p � 1

b1
C
1

c1
D

1

a2
C
2p � 1

b1
C

1

d1
;

max
²
3

ai
; d1

³
< � <

3

c1
;

1

6
<
1

b
�
1

2
:

Thus, 8̂̂̂̂
ˆ̂̂̂̂̂̂
<̂
ˆ̂̂̂̂̂̂
ˆ̂̂:

1C
˛

3
�
2p � 1

b1
D

1

a2
C

1

d1
<
2�

3
;

1C
˛

3
�
2p � 1

b1
D

1

a1
C
1

c1
;

max
²
3

ai
; d1

³
< � <

3

c1
;

1

6
<
1

b 1
�
1

2
:

This reads
3C ˛ � 2�

3
<
2p � 1

b1
<
2p � 1

2
:

This is satisfied because
p > pc >

1

2
C
3C ˛ � 2�

3
:

Now, an interpolation via (3.10), (3.11) and Proposition 2.3 implies that

kF1.t/k2� � kF1.t/k
1
3 kF1.t/k

2
3
1

� ckF1.t/k
2
3
1

� c

�Z T�"�ˇ

0

jt � sj�
3
2 kN Œu�k1 ds

� 2
3

� c
�
.t � T C "�ˇ /1�

3
2 kuk

2p�1

H1
�

� 2
3

� c"
ˇ
3 :

So, it follows that
kF1kL1..T;1/;L2� / � c"

� ; � > 0: (3.12)
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Finally, with an interpolation via (3.12), one gets

kF1k
2
L4..T;1/;L2

�
/
� kF1kL1..T;1/;L2� /kF1kL2..T;1/;L2� / � "

� ; � > 0:

The term F2. By the assumption (3.7), one has, for T > "�ˇ large enough,Z
R3

 R.x/ju.T; x/j
2 dx < "2:

Moreover, a computation with use of (1.1) and Hölder estimate givesˇ̌̌̌
d

dt

Z
R3

 Rjuj
2 dx

ˇ̌̌̌
D

ˇ̌̌̌
� 2=

Z
R3

 R Nu�udx

ˇ̌̌̌
D

ˇ̌̌̌
2=

Z
R3

Nur R � rudx

ˇ̌̌̌
.
1

R
:

Then, for any T � "�ˇ � t � T and R > "�.2Cˇ/, this yields

k Ru.t/k �

�Z
R3

 R.x/ju.T; x/j
2 dx C C

T � t

R

� 1
2

� C":

This gives

k RukL1.ŒT�"�ˇ ;T �;L2/ � C": (3.13)

Using Strichartz estimate in Proposition 2.2, one writes

kF2kL4.L2� / � kF2kƒ 1
2

� kN Œu� kƒ0
� 12

.J2/

� kN Œu� k
L4.J2;L

6
5 /

� k RN Œu� k
L4.J2;L

6
5 /
C k.1 �  R/N Œu� k

L4.J2;L
6
5 /

WD k.I /kL4.J2/ C k.II /kL4.J2/: (3.14)

Now, by Hölder estimate via (3.14) and (3.13), one writes, for certain 0 < � � 1,

.I / � k Rukf kuk
2.p�1/

f

�
kjxj��kLa1 .B.R//kjxj

��
kLc.B.R//

C kjxj��kLa2 .B.R//kjxj
��
kLd .Bc.R//

�
� ck Ruk

�
kuk

2.p�1/C1��

H1
�

� c"� : (3.15)
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Here, 8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

5

6
C
˛

3
D

1

a1
C
2p � 1

f
C
1

c
D

1

a2
C
2p � 1

f
C
1

d
;

3

d
< � < min

²
3

ai
;
3

c

³
;

1

6
<
1

f
�
1

2
:

This gives 8̂̂<̂
:̂
5

2
C ˛ �

3.2p � 1/

f
D
3

c
C

3

a1
> 2�;

1

6
<
1

f
�
1

2
:

So,

2p � 1

6
<
2p � 1

f
<
1

3

�
5

2
� 2� C ˛

�
:

This is possible because p < pc : Moreover, by Hölder estimate via (3.14) and the
properties of  , one writes

.II /

� ckuk2p�1e

�
kjxj��kLg1 .Bc.R//kjxj

��
kLh.Bc.R// C kjxj

��
kLg2 .Bc.R//kjxj

��
kLk.B.R//

�
� cR�.g��3/kuk

2p�1

H1
�

� cR�.g��3/: (3.16)

Here, g WD min¹g1; g2º and8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

5

6
C
˛

3
D

1

g1
C
2p � 1

e
C
1

h
D

1

g2
C
2p � 1

e
C
1

k
;

max
²
3

gi
;
3

h

³
< � <

3

k
;

1

6
�
1

e
�
1

2
:

This reads

5

2
C ˛ � 2� <

3.2p � 1/

e
<
3.2p � 1/

2
:

This is possible because p > pc gives

p � 1 >
1 � 2� C ˛

3
:
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Now, by (3.14), (3.15), and (3.16), one gets for 0 < ˇ < � and R�.g��3/ < "ˇ ,

kF2kL4.L2� / � k.I /kjL4.J2/ C k.II /kL4.J2/

� cjJ2j
1
4
�
R�.g��3/ C "�

�
� c"�

ˇ
4
�
R�.g��3/ C "�

�
� c"� : (3.17)

The proof is closed via (3.9), (3.12), and (3.17).

3.3. Virial/Morawetz estimate

The next radial identities will be useful:

r D
x

r
@r ;

@2

@xl@xk
WD @l@k D

�ılk
r
�
xlxk

r3

�
@r C

xlxk

r2
@2r ;

� D @2r C
2

r
@r :

In the rest of this note, one takes a smooth radial function �.x/ WD �.jxj/ such that

� W r !

´
r2 if 0 � r � 1;

r if r > 2:

Now, for R > 0, take via (2.12) and (2.13),

�R WD R
2�

�
j � j

R

�
; MR WDM�R ; and VR WD V�R :

Moreover, one assumes that, in the centered annulus C.0;R; 2R/,

@r� > 0; @2r � � 0; and j@˛�j � C˛j � j
1�˛; 8 j˛j � 1: (3.18)

Note that, on the centered ball of radius R, one has

@jk�R D 2ıjk ; ��R D 6; and �2�R D 0: (3.19)

Moreover, for jxj > 2R,

@jk�R D
R

jxj

�
ıjk �

xjxk

jxj2

�
; ��R D

2R

jxj
; and �2�R D 0: (3.20)

Now, one states a Morawetz-type estimate.
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Proposition 3.3. There is 0 < "� 1 and tn; Rn !1 such thatZ T

0

�Z
B.R/

ju.s; x/j2
�

dx

� 1
3

ds . T
1
1C" ; (3.21)

lim
n!1

Z
B.Rn/

ju.tn; x/j
2� dx D 0: (3.22)

Proof. Taking account of Proposition 2.4, one writes

V 00R Œu� D 4

Z
R3

@l@k�R<.@ku@l Nu/ dx �

Z
R3

�2�Rjuj
2 dx

C 4�

Z
R3

r�R � x
juj2

jxj4
dx C 2

�
2

p
� 1

�Z
R3

��R NuN Œu� dx

C
4

p

Z
R3

r�R � r.jxj
�� /jujp.J˛ � j � j

��
jujp/ dx

C
4

p
.˛ �N/

Z
R3

jxj�� jujpr�R

�
�

j � j2
J˛ � j � j

��
jujp

�
dx

WD .I /C .I /C .III /; (3.23)

where one decomposes the above integrals as .
R
B.R/
C
R
C.R;2R/

C
R
Bc.2R/

/. By (3.19) via
[27, Section 5], one has

.I / D 8

�Z
B.R/

jruj2 dx �


2p

Z
B.R/

NuN Œu� dx C �

Z
B.R/

juj2

jxj2
dx

�
CO

�Z
Bc.R2 /

NuN Œu� dx

�
: (3.24)

Moreover, taking 6 r WD r � x�r
jxj2
x to be the angular gradient, by (3.20), it follows that

.III / D 4

Z
Bc.2R/

R

jxj

�
ıjk �

xjxk

jxj2

�
<.@ku@l Nu/ dx C 4�

Z
Bc.2R/

R

jxj

juj2

jxj2
dx

� 2

�
1 �

1

2p

�Z
Bc.2R/

2R

jxj
NuN Œu� dx �

4�
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Z
Bc.2R/
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jxj
NuN Œu� dx
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�Z
Bc.R2 /

NuN Œu� dx
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D 4
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R

jxj
j 6ruj2 dx C 4�

Z
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R

jxj

juj2

jxj2
dx
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�
1 �

1

2p

�Z
Bc.2R/

2R

jxj
NuN Œu� dx �

4�

p

Z
Bc.2R/

R

jxj
NuN Œu� dx

CO

�Z
Bc.R2 /

NuN Œu� dx

�
& �R�2

Z
R3

juj2 dx �

Z
Bc.R2 /

NuN Œu� dx: (3.25)
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Furthermore, by (3.18), one has

.II / WD 4

Z
C.R;2R/

@l@k�R<.@ku@l Nu/ dx �

Z
C.R;2R/

�2�Rjuj
2 dx

C 4�

Z
C.R;2R/

r�R � x
juj2

jxj4
dx C 2

�
2

p
� 1

�Z
C.R;2R/

��R NuN Œu� dx

C
4

p

Z
C.R;2R/

r�R � r.jxj
�� /jujp.J˛ � j � j

��
jujp/ dx

C
4

p
.˛ �N/

Z
C.R;2R/

jxj�� jujpr�R

�
�

j � j2
J˛ � j � j

��
jujp

�
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& �R�3
Z

R3

juj2 dx �

Z
Bc.R2 /

NuN Œu� dx:

Now, by (3.23), (3.24), and (3.25), it follows that, for certain " > 0,

V 00R Œu� &
Z
B.R/

jruj2 dx �


2p

Z
B.R/

NuN Œu� dx C �

Z
B.R/

juj2

jxj2
dx

�R�2
Z

R3

juj2 dx �

Z
Bc.R2 /

NuN Œu� dx

&
Z
B.R/

jruj2 dx �


2p

Z
B.R/

NuN Œu� dx C �

Z
B.R/

juj2

jxj2
dx

�R�2
Z

R3

juj2 dx �R�"kuk
2p

H1
�

&
Z
B.R/

jruj2 dx �


2p

Z
B.R/

NuN Œu� dx

C �

Z
B.R/

juj2

jxj2
dx � cR�2 � cR�": (3.26)

Indeed, by Lemma 2.1 and Sobolev embeddings, one getsZ
Bc.R2 /

NuN Œu� dx

. kuk2pe
�
kjxj��kLa1 .Bc.R2 //

kjxj��kLb1 .B.1// C kjxj
��
kLa2 .Bc.R2 //

kjxj��kLb2 .Bc.1//
�

. R3�b2�kuk
2p

H1
�

:

Here, 8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:
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D
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This gives 8̂̂<̂
:̂
3C ˛ �

6p

e
D

3

a2
C

3

b2
< 2�;

1

6
�
1

e
�
1

2
:

Such a choice is possible because p > pc . Moreover, by the identitiesZ
R3

. R Nu/N Œ Ru� dx D

Z
R3

NuN Œu� dx CO

�Z
Bc.R/

NuN Œu� dx

�
;Z

R3

 2Rjruj
2 dx D kr. Ru/k

2
C

Z
R3

 R� Rjuj
2 dx;

via (3.26), (3.3), and Sobolev embedding, one writes

V 00R Œu�C cR
�2
C cR�" & 	. Ru/

& k
p

K�. Ru/k
2

& k Ruk26

&
�Z

B.R/

juj6 dx

� 1
3

: (3.27)

Integrating in time the estimate (3.27) and taking 0 < "� 1, it follows thatZ T

0

�Z
B.R/

ju.s; x/j6 dx

� 1
3

ds . V 0RŒu.T /� � V
0
RŒu0�C cTR

�2
C cTR�"

. RC cTR�":

So, (3.21) follows by taking R D T
1
1C" . Moreover, (3.21) gives

2

T

Z T

T
2

�Z
B.R/

ju.s; x/j6 dx

� 1
3

ds . T �
"
1C" :

We conclude the proof of (3.22) by using the mean value theorem.

3.4. Proof of the scattering in Theorem 2.1 under (2.10)

Take R; " > 0 given by Proposition 3.1 and tn;Rn!1 given by Proposition 3.3. Letting
n� 1 such that Rn > R, one gets by Hölder’s inequality that

ku.tn/k
2
L2.B.R//

� jB.R/j
2
3 ku.tn/k

2
L6.B.R//

� R2ku.tn/k
2
L6.B.Rn//

. "2:

Hence, the scattering of energy global solutions to the focusing problem (1.1) follows
from Proposition 3.1.
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3.5. Proof of the scattering in Theorem 2.1 under (2.11)

This part follows from the first point in Theorem 2.1 with the next result.

Lemma 3.2. The assumption (2.11) implies (2.10).

Proof. Taking the real function g W t 7! t2 �
Cp;�;˛;�
p

t and computing using (3.5), one has

EŒu�ŒM Œu��˛c � k
p

K�uk
2
kuk2˛c �

Cp;�;˛;�

p
kuk�C2˛ck

p
K�uk



D g.k
p

K�ukkuk
˛c /: (3.28)

Now, with Pohozaev identities (2.8) via (2.11) and the conservation laws, one has, for
some 0 < " < 1,

g.k
p

K�ukkuk
˛c / � EŒu�ŒM Œu��˛c

< .1 � "/EŒ'�ŒM Œ'��˛c

D .1 � "/g.k
p

K�'kk'k
˛c /: (3.29)

Thus, with time continuity, the assumption (2.11) is invariant under the flow of (1.1)
and T � D1. Moreover, by Pohozaev identities (2.8), one writes

EŒ'�ŒM Œ'��˛c D
 � 2



�
k
p

K�'kk'k
˛c
�2
D
Cp;�;˛;�. � 2/

2p

�
k
p

K�'kk'k
˛c
�
:

So, with (3.28) and (3.29), one gets

1 � " �


 � 2

�
k
p

K�ukkuk
˛c

k
p

K�'kk'k˛c

�2
�

2

 � 2

�
k
p

K�ukkuk
˛c

k
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K�'kk'k˛c

�
:

Following the variations of t 7! 
�2

t2 � 2
�2

t via the assumption (2.11) and a continuity
argument, there is a real number denoted also by 0 < " < 1 such that

k
p

K�u.t/kku.t/k
˛c � .1 � "/k

p
K�'kk'k

˛c on R: (3.30)

Now, by (3.30) and Pohozaev identities (2.8) via (3.5), it follows that, for some real num-
ber denoted also by 0 < " < 1,

P Œu�ŒM Œu��˛c � Cp;�;˛;�k
p

K�uk

kuk�C2˛c

� Cp;�;˛;�.1 � "/.k
p

K�'kk'k
˛c /

� .1 � "/
2p


.k
p

K�'kk'k
˛c /2

� .1 � "/P Œ'�M Œ'�˛c :

This finishes the proof.
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