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On Trudinger-type inequalities
in Musielak–Orlicz–Morrey spaces of an integral

form over metric measure spaces

Takao Ohno and Tetsu Shimomura

Abstract. We establish Trudinger-type inequalities for variable Riesz potentials J˛.�/;�f of func-
tions f in Musielak–Orlicz–Morrey spaces of an integral form over metric measure spacesX . As an
application and example, we give Trudinger’s inequality for double-phase functionals with variable
exponents. Finally, we prove the result for Sobolev functions satisfying a Poincaré inequality in X .

1. Introduction

Let G be a bounded open set in RN . A famous Trudinger inequality in [43] insists that
Sobolev functions in W 1;N .G/ satisfy finite exponential integrability (see also, e.g., [4,
28]). For 0 < ˛ < N and a locally integrable function f on RN , the Riesz potential U˛f
of order ˛ is defined by

U˛f .x/ D

Z
RN
jx � yj˛�Nf .y/ dy:

In [25], Trudinger-type inequalities were studied for U˛f of locally integrable functions
f on RN satisfying

sup
x2G

�Z dG

0

r��N'1.r/

�Z
B.x;r/

jf .y/jp'2.jf .y/j/ dy

�
dr

r

�1=p
<1; (1.1)

where dG D sup¹d.x;y/ W x;y 2Gº and 'i .i D 1; 2/ are positive monotone functions on
the interval .0;1/ satisfying the conditions .'/, (i), and (ii). See also, e.g., [6–9,22,24,27]
for Trudinger-type inequalities.

In the present paper, we work in metric measure spaces X D .X; d; �/, where X is
a bounded set, d is a metric on X , and � is a nonnegative complete Borel regular outer
measure on X with �.X/ < 1. We denote by B.x; r/ the open ball in X centered at
x 2 X with radius r > 0 and dX D sup¹d.x; y/ W x; y 2 Xº. We assume that dX <1,
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�.¹xº/D 0 for x 2X and 0 < �.B.x; r// <1 for x 2X and r > 0 for simplicity. We do
not assume that� satisfies the doubling condition. Recall that a Radon measure� is said to
be doubling if there exists a constant c0 > 0 such that �.B.x; 2r// � c0�.B.x; r// for all
x 2 supp.�/.D X/ and r > 0. Otherwise, � is said to be non-doubling. See, e.g., [31,41]
for examples of non-doubling metric measure spaces.

Let ˛.�/ be a measurable function on X such that

0 < ˛� WD inf
x2X

˛.x/ � sup
x2X

˛.x/ DW ˛C <1:

Following [34, 36] and [11] by Hajłasz and Koskela, we consider the Riesz potential
J˛.�/;�f of order ˛.�/ for � � 1 and a locally integrable function f on X by

J˛.�/;�f .x/ D
X

2i�2dX

2i˛.x/

�.B.x; �2i //

Z
B.x;2i /

f .y/ d�.y/;

which is better suited to the metric measure case. Trudinger’s inequality for J˛;1f was
studied onLp.X/ in [11, Theorem 5.3] and on Lp.�/.X/ in [13, Theorem 4.8]. It is known
that

I˛.�/f .x/ D

Z
X

d.x; y/˛.x/

�.B.x; d.x; y///
f .y/ d�.y/ � CJ˛.�/;1f .x/

when � satisfies the doubling condition. For I˛.�/f , see, e.g., [11, 29, 32].
Our main aim is to establish a Trudinger-type inequality for variable Riesz potentials

J˛.�/;�f of functions f in Musielak–Orlicz–Morrey spaces of an integral form Lˆ;!;� .X/

defined by general functions ˆ.x; t/ and !.x; r/ (Theorem 5.1), as an extension of [25,
Theorem 5.4] and [11, 13]. See Section 2 for the definition of Lˆ;!;� .X/. We prove The-
orem 5.1 by relaxing .ˆ5I �/ in [18, 36] by .ˆ5I!/ below. See Remarks 2.4 and 6.3. We
refer to [39, Section 8] for the relationship among .ˆ5I !/, .ˆ5I �/ and [12, (A1)] by
Harjulehto and Hästö. To obtain Theorem 5.1, we use Hedberg’s method [15] and apply
the boundedness of the (modified) Hardy–Littlewood maximal function defined by

M�f .x/ D sup
r>0

1

�.B.x; �r//

Z
B.x;r/

jf .y/j d�.y/

for a locally integrable function f on X and � � 1.
As a good example, we give a Trudinger-type inequality for double-phase functionals

with variable exponents [18]

ˆ.x; t/ D tp.x/ C a.x/tq.x/
�
D tp.x/ C .b.x/t/q.x/

�
; x 2 X; t � 0;

where p.�/ and q.�/ satisfy log-Hölder conditions, p.x/ < q.x/ for x 2 X , a.�/ is nonneg-
ative, bounded and Hölder continuous of order � 2 .0; 1� and b.x/ D a.x/1=q.x/ (Corol-
lary 6.5). Thanks to the relaxed condition .ˆ5I !/, we give an improvement of [37,
Theorem 5.1] (see Corollary 6.2 and Remark 6.3). For the study on double-phase func-
tional, we refer to, e.g., [2, 3, 5] by Baroni, Colombo, and Mingione and [21, 26].
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As an application of our discussions, we study a Trudinger-type inequality for Sobolev
functions satisfying a Poincaré inequality in X (Theorem 7.2 and Corollary 7.3), as an
extension of [11, Theorem 5.1].

For Sobolev’s inequality for Musielak–Orlicz–Morrey spaces, see [34, 37, 38].
Throughout the paper, we let C denote various constants independent of the variables

in question and let C.a; b; : : :/ be a constant that depends on a; b; : : : only.

2. Musielak–Orlicz–Morrey spaces of an integral form

In this section, we define Musielak–Orlicz–Morrey spaces of an integral form. Let us
consider a function

ˆ.x; t/ W X � Œ0;1/! Œ0;1/

satisfying the following conditions (ˆ1)–(ˆ3):

(ˆ1) ˆ.�; t / is measurable on X for each t � 0 and ˆ.x; �/ is continuous on Œ0;1/
for each x 2 X ;

(ˆ2) there exists a constant A1 � 1 such that

A�11 � ˆ.x; 1/ � A1 for all x 2 X I

(ˆ3) t 7! ˆ.x; t/=t is uniformly almost increasing on .0;1/, namely, there exists a
constant A2 � 1 such that

ˆ.x; t1/=t1 � A2ˆ.x; t2/=t2 for all x 2 X whenever 0 < t1 < t2:

Remark 2.1. By (ˆ2) and (ˆ3), we have

ˆ.x; t/ � A1A2t for 0 � t � 1 and ˆ.x; t/ � .A1A2/
�1t for t � 1: (2.1)

Letting x�.x; t/ D sup0<s�t .ˆ.x; s/=s/ and x̂ .x; t/ D
R t
0
x�.x; r/ dr for x 2 X and

t � 0, then x̂ .x; �/ is convex and

ˆ.x; t=2/ � x̂ .x; t/ � A2ˆ.x; t/ (2.2)

for all x 2 X and t � 0. In fact,

x̂ .x; t/ �

Z t

t=2

x�.x; r/ dr �
t

2
x�
�
x;
t

2

�
� ˆ

�
x;
t

2

�
and

x̂ .x; t/ D

Z t

0

x�.x; r/ dr � t x�.x; t/ � A2ˆ.x; t/

by (ˆ3).
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We also consider a weight function !.x; r/ W X � .0;1/ ! .0;1/ satisfying the
following conditions:

(!0) !.x; �/ is measurable on .0;1/ for each x 2 X ;

(!1) r 7! !.x; r/ is uniformly almost increasing on .0;1/, namely, there exists a
constant Qc1 � 1 such that

!.x; r1/ � Qc1!.x; r2/

for all x 2 X whenever 0 < r1 < r2;

(!3) there exist a constant Qc3 � 1 such that

!.x; r/ � Qc3

for all x 2 X and r > 0 and

!.x; dX / � Qc
�1
3

for all x 2 X .

Note that (!2) in [38], which is the doubling condition on !, is not needed in this
paper.

Let us write thatLc.t/D log.cC t / for c > 1 and t � 0,L.1/c .t/DLc.t/,L
.jC1/
c .t/D

Lc.L
.j /
c .t//. Let f � WD infx2X f .x/ and f C WD supx2X f .x/ for a measurable function

f on X .

Example 2.2. Let �.�/ and ǰ .�/, j D 1; : : : ; k be measurable functions on X such that
0 < �� � �C <1 and �1 < ˇ�j � ˇ

C

j <1 for all j D 1; : : : ; k. Then,

!�.�/;¹ ǰ .�/º.x; r/ D

´
r�.x/

Qk
jD1.L

.j /
e .1=r// ǰ .x/ when 0 < r � dX ;

!�.�/;¹ ǰ .�/º.x; dX / when r > dX

satisfies (!0), (!1), and (!3).

Recall that f is a locally integrable function on X if f is an integrable function on all
balls B in X . Let � � 1. In connection with (1.1), given ˆ.x; t/ and !.x; r/ as above, we
define the Lˆ;!;� norm by

kf kLˆ;!;� .X/

D inf

´
� > 0I sup

x2X

�Z 2dX

0

!.x; r/

�.B.x; � r//

�Z
B.x;r/

x̂
�
y; jf .y/j=�

�
d�.y/

�
dr

r

�
� 1

µ
:

The space of all measurable functions f on X with kf kLˆ;!;� .X/ < 1 is denoted by
Lˆ;!;� .X/. The space Lˆ;!;� .X/ is referred to as a Musielak–Orlicz–Morrey space of
an integral form. In the case when ˆ.x; t/ D tp , Lˆ;!;� .X/ is denoted by Lp;!;� .X/ for
simplicity.
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Remark 2.3. We remark from .!3/ that 2dX in the definition of kf kLˆ;!;� .X/ can be
replaced by �dX with � > 1.

We will also consider the following conditions for ˆ.x; t/: let p � 1 be given.

(ˆ3Ip) t 7! t�pˆ.x; t/ is uniformly almost increasing on .0;1/, namely, there
exists a constant A2;p � 1 such that

t
�p
1 ˆ.x; t1/ � A2;pt

�p
2 ˆ.x; t2/ for all x 2 X whenever 0 < t1 < t2I

.ˆ5I!/ for every � > 0, there exists a constant B� � 1 such that

ˆ.x; t/ � ˆ.y;B�t /

whenever y 2 B.x; r/, ˆ.x; t/ � �!.x; r/�1, and t � 1.

Note that (ˆ4) in [18], which is the doubling condition on ˆ, is not needed in this
paper.

Remark 2.4. For a measurable set E � RN , jEj denotes its Lebesgue measure. In the
Euclidean setting, Maeda, Mizuta, and the authors [18] considered the following condition
for ˆ.x; t/:

.ˆ5I �/ for every � > 0, there exists a constant zB�;� � 1 such that

ˆ.x; t/ � zB�;�ˆ.y; t/

whenever x; y 2 RN , jx � yj � �t�� , and t � 1.

For the metric measure setting, see .ˆ5I �/ in [33, 36]. Harjulehto and Hästö [12] con-
sidered the following condition:

(A1) there exists a constant 0 < ˇ < 1 such that

ˇˆ�1.x; t/ � ˆ�1.y; t/

for every 1 � t � 1=jBj, x; y 2 B and ball B with jBj � 1.

On the relationship between .ˆ5I!/, .ˆ5I �/, and (A1), see [39, Section 8].

We give two good examples of ˆ.x; t/.

Example 2.5. Let !.x; r/ be as in Example 2.2. Let p.�/ and qj .�/, j D 1; : : : ; k, be
measurable functions on X such that 1 < p� � pC <1 and �1 < q�j � q

C

j <1 for
all j D 1; : : : ; k.

Then,

p̂.�/;¹qj .�/º.x; t/ D t
p.x/

kY
jD1

.L.j /e .t//qj .x/

satisfies (ˆ1), (ˆ2), and (ˆ3). It satisfies (ˆ3I p) for 1 � p < p� in general and for
1 � p � p� in case q�j � 0 for all j D 1; : : : ; k.
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Moreover, we see that p̂.�/;¹qj .�/º.x; t/ satisfies .ˆ5I!/ if p.�/ is log-Hölder continu-
ous, namely,

jp.x/ � p.y/j �
Cp

Le.1=d.x; y//
.x; y 2 X/

with a constant Cp � 0 and qj .�/ is .j C 1/-log-Hölder continuous, namely,

jqj .x/ � qj .y/j �
Cq;j

L
.jC1/
e .1=d.x; y//

.x; y 2 X/

with constants Cq;j � 0 for each j D 1; : : : ; k. In fact, for � > 0, let y 2 B.x; r/,
p̂.�/;¹qj .�/º.x; t/ � �!.x; r/

�1, and t � 1. Then, we see from (2.1) and (!1) that

1 � t � A1A2 p̂.�/;¹qj .�/º.x; t/ � A1A2�!.x; r/
�1
� C.�/!.x; d.x; y//�1;

so that p̂.�/;¹qj .�/º.x; t/ satisfies .ˆ5I!/.

Example 2.6. The double-phase functional with variable exponents

ˆ.x; t/ D tp.x/ C a.x/tq.x/; x 2 X; t � 0;

where p.x/ < q.x/ for x 2 X , a.�/ is a nonnegative, bounded, and Hölder continuous
function of order � 2 .0; 1�, was studied in, e.g., [18, 19, 32, 40]. See Section 6.

3. Maximal operator

Recall that
M�f .x/ D sup

r>0

1

�.B.x; �r//

Z
B.x;r/

jf .y/j d�.y/:

For � � 1, we say that X satisfies (M�) if there exists a constant C > 0 such that

�.¹x 2 X WM�f .x/ > kº/ �
C

k

Z
X

jf .y/j d�.y/ (3.1)

for all measurable functions f 2L1.X/ and k > 0. In (3.1), we cannot remove the number
� (Stempak [42]).

The following lemma was given in [35, Theorem 2.4] when !.x; r/ D !.r/ and !
satisfies (!2) in [35]. In the same manner, Lemma 3.1 can be proved by using .!3/.
Hence, we omit the proof.

Lemma 3.1. Let 1 � �1 < �2 and � > �1.�2 C 1/=.�2 � �1/. Assume that X satisfies
.M�/. Further, suppose that

.!10/ r 7! r�"1!.x; r/ is uniformly almost increasing in .0; dX � for some "1 > 0.

If p > 1, then there is a constant C > 0 such that

kM�f kLp;!;�2 .X/ � Ckf kLp;!;�1 .X/

for all f 2 Lp;!;�1.X/.
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Here, we remark that (!10) implies (!1). Letting !.x; r/ be as in Example 2.2, then
(!10) holds for 0 < "1 < ��.

Theorem 3.2. Let 1 � �1 < �2 and � > �1.�2 C 1/=.�2 � �1/. Suppose that ˆ.x; t/
satisfies .ˆ3Ip/ and .ˆ5I!/ for p > 1. Assume that X satisfies .M�/ and .!10/ holds.
Then, there is a constant C > 0 such that

kM�f kLˆ;!;�2 .X/ � Ckf kLˆ;!;�1 .X/

for all f 2 Lˆ;!;�1.X/.

For p � 1 and � � 1, set

I.f I x; r; �/ D
1

�.B.x; �r//

Z
B.x;r/

f .y/ d�.y/

and
J.f I x; r; p; �/ D

1

�.B.x; �r//

Z
B.x;r/

ˆ.y; f .y//1=p d�.y/:

We show the following lemma to prove Theorem 3.2.

Lemma 3.3. Let 1� � < �. Suppose thatˆ.x; t/ satisfies .ˆ3Ip/ and .ˆ5I!/ for p � 1.
Then, given L � 1, there exist constants C1 D C.L/ � 2 and C2 > 0 such that

ˆ
�
x; I.f I x; r; �/=C1

�1=p
� C2J.f I x; r; p; �/

for all x 2 X , 0 < r � dX and for all nonnegative measurable functions f onX such that
f .y/ � 1 or f .y/ D 0 for each y 2 X and

sup
z2X

�Z 2dX

0

!.z; t/

�.B.z; � t//

�Z
B.z;t/

ˆ.y; f .y// d�.y/

�
dt

t

�
� L: (3.2)

Proof. Given f as in the statement of the lemma, x 2 X , and 0 < r � dX , set I D
I.f I x; r; �/ and J D J.f I x; r; p; �/. Taking f , note that (3.2) and .!1/ imply

!.x; r/

�.B.x; �r//

Z
B.x;r/

ˆ.y; f .y// d�.y/

� C

Z �r=�

r

!.x; t/

�.B.x; � t//

�Z
B.x;t/

ˆ.y; f .y// d�.y/

�
dt

t
� C0L;

so that

J � C
1=p
0 L1=p!.x; r/�1=p: (3.3)

By .ˆ3Ip/, ˆ.y; f .y//1=p � .A1A2;p/�1=pf .y/ for all y 2 X . Hence,

I � .A1A2;p/
1=pJ:
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Thus, if J � 1, then by .ˆ3Ip/

ˆ.x; I=C1/
1=p
� J

�
A2;pˆ.x; 1/

�1=p
� .A1A2;p/

1=pJ

whenever C1 � .A1A2;p/1=p .
Next, suppose J > 1. Sinceˆ.x; t/1=p!1 as t!1 by .ˆ3Ip/, there existsK > 1

such that
ˆ.x;K/1=p D ˆ.x; 1/1=pJ: (3.4)

Let � D A1C0L. Since K > 1 and

ˆ.x;K/ � A1J
p
� A1C0L!.x; r/

�1
D �!.x; r/�1

in view of (3.4) and (3.3), we see from (ˆ5I!) that there is ˇ D ˇ.�/ � 1, independent
of f , x, r , such that

ˆ.x;K/ � ˆ.y; ˇK/

for y 2 B.x; r/. Hence, with this K, we have by .ˆ3Ip/, (3.4), and .ˆ2/Z
B.x;r/

f .y/ d�.y/ � ˇK�.B.x; r//C A
1=p
2;p ˇK

Z
B.x;r/

ˆ.y; f .y//1=p

ˆ.y; ˇK/1=p
d�.y/

� ˇK�.B.x; r//C
A
1=p
2;p ˇK

ˆ.x;K/1=p

Z
B.x;r/

ˆ.y; f .y//1=p d�.y/

� ˇK�.B.x; �r//
®
1C .A1A2;p/

1=p
¯

as in the proof of [18, Lemma 3.3]. We refer to [20, Lemma 9] for details of the rest of the
proof.

Proof of Theorem 3.2. Consider the function

ˆ0.x; t/ D ˆ.x; t/
1=p:

Let f be a nonnegative measurable function on X with kf kLˆ;!;�1 .X/ � 1=2. Let
f1 D f�¹x2X Wf .x/�1º, f2 D f � f1. Applying Lemma 3.3 to f1 and L D 1, there exist
constants C1 � 2 and C2 > 0 such that

ˆ0
�
x;M�f1.x/=C1

�
� C2M�Œˆ0.�; f1.�//�.x/;

so that
ˆ
�
x;M�f1.x/=C1

�
� C

p
2

�
M�Œˆ0.�; f .�//�.x/

�p (3.5)

for all x 2 X .
On the other hand, since M�f2 � 1, we have by .ˆ2/ and .ˆ3/

ˆ
�
x;M�f2.x/=C1

�
� A1A2 (3.6)

for all x 2 X .
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Here, note from (!10) and .!3/ that there exists a constant C3 > 0 such thatZ 2dX

0

!.z; r/
dr

r
D

Z 2dX

0

r�"1!.z; r/ � r"1
dr

r
� C

Z 2dX

0

r"1
dr

r
� C3 (3.7)

for all z 2 X . In view of (2.2), (3.5), (3.6), (3.7), and Lemma 3.1, we find thatZ 2dX

0

!.z; r/

�.B.z; �2r//

�Z
B.z;r/

x̂ .x;M�f .x/=.2C1// d�.x/

�
dr

r

�
A2

2

´Z 2dX

0

!.z; r/

�.B.z; �2r//

�Z
B.z;r/

ˆ.x;M�f1.x/=C1/ d�.x/

�
dr

r

C

Z 2dX

0

!.z; r/

�.B.z; �2r//

�Z
B.z;r/

ˆ.x;M�f2.x/=C1/ d�.x/

�
dr

r

µ

� C

´Z 2dX

0

!.z; r/

�.B.z; �2r//

�Z
B.z;r/

�
M�Œˆ0.�; f .�//�.x/

�p
d�.x/

�
dr

r

C

Z 2dX

0

!.z; r/
dr

r

µ
� C

for all z 2 X . Thus, we conclude the desired result.

4. Lemmas

Let us recall the following lemma from [16, Lemma 5.1].

Lemma 4.1. Let F.x; t/ be a positive function on X � .0;1/ satisfying the following
conditions:

(F1) F.x; �/ is continuous on .0;1/ for each x 2 X ;

(F2) there exists a constant K1 � 1 such that

K�11 � F.x; 1/ � K1 for all x 2 X I

(F3) t 7! t�"
0

F.x; t/ is uniformly almost increasing for some "0 > 0, namely, there
exists a constant K2 � 1 such that

t�"
0

1 F.x; t1/ � K2t
�"0

2 F.x; t2/ for all x 2 X whenever 0 < t1 < t2:

Set

F �1.x; s/ D sup¹t > 0IF.x; t/ < sº

for x 2 X and s > 0. Then, the following hold.
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(1) F �1.x; �/ is nondecreasing.

(2) F �1.x; �t/ � .K2�/1="
0

F �1.x; t/ for all x 2 X , t > 0, and � � 1.

(3) F.x; F �1.x; t// D t for all x 2 X and t > 0.

(4) K�1="
0

2 t � F �1.x; F.x; t// � K
2="0

2 t for all x 2 X and t > 0.

(5) min¹1; . s
K1K2

/1="
0

º � F �1.x; s/ �max¹1; .K1K2s/1="
0

º for all x 2 X and s > 0.

Remark 4.2. Note that F.x; t/ D ˆ.x; t/ is a function satisfying (F1), (F2), and (F3)
with K1 D A1; K2 D A2, and "0 D 1.

We consider a function �.x; r/ W X � .0;1/! .0;1/ satisfying the following con-
ditions:

(�0) �.x; �/ is measurable on .0;1/ for each x 2 X ;

(�1) there exists a constant Q� � 1 such that supx2X;0<r�2dX �.x; r/ � Q� andZ 2dX

0

�.x; r/
dr

r
� Q�

for all x 2 X .

Lemma 4.3. Let 1� �1 <�2 and �> �1.�2C 1/=.�2 � �1/. Suppose thatˆ.x; t/ satisfies
.ˆ3Ip/ and .ˆ5I!/ for p > 1. Assume that X satisfies .M�/ and .!10/ holds. Let 0 <
" � 1. Then, there exists a constant C > 0 such thatZ 2dX

0

�.z; r/
®
ˆ�1

�
z; !.z; r/�1

�¯�"
�.B.z; �2r//

�Z
B.z;r/

¹M�f .x/º
" d�.x/

�
dr

r
� C

for all z 2 X and f 2 Lˆ;!;�1.X/ with kf kLˆ;!;�1 .X/ � 1.

Proof. Let f be a nonnegative measurable function on X with kf kLˆ;!;�1 .X/ � 1. Then,
by Theorem 3.2, there exists a constant C1 � 1 such thatZ 2dX

0

!.z; r/

�.B.z; �2r//

�Z
B.z;r/

x̂ .x;M�f .x/=C1/ d�.x/

�
dr

r
� 1 (4.1)

for all z 2 X . Let z 2 X , and set c1 D A1A2 Qc3. Then, we have by Lemma 4.1 (5) and
.!3/

ˆ�1
�
z; c1!.z; r/

�1
�
� min¹1; .A1A2/�1c1 Qc�13 º D 1

and by Lemma 4.1 (3)

ˆ
�
z;ˆ�1

�
z; c1!.z; r/

�1
��
D c1!.z; r/

�1

for all z 2 X and 0 < r � 2dX , so that, by .ˆ5I!/, there exists a constant ˇ � 1 such that

c1!.z; r/
�1
D ˆ

�
z;ˆ�1

�
z; c1!.x; r/

�1
��
� ˆ

�
x; ˇˆ�1

�
z; c1!.x; r/

�1
��
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whenever x 2 B.z; r/ and 0 < r � 2dX . Therefore, we find by .ˆ3/, Lemma 4.1, (�1),
and (2.2)

�.z; r/
®
ˆ�1

�
z; !.z; r/�1

�¯�"
�.B.z; �2r//

Z
B.z;r/

¹M�f .x/º
" d�.x/

�
�.z; r/

®
ˆ�1

�
z; !.z; r/�1

�¯�"
�.B.z; �2r//

Z
B.z;r/

®
2C1ˇˆ

�1
�
z; c1!.z; r/

�1
�¯"

d�.x/

C A2
�.z; r/

®
ˆ�1

�
z; !.z; r/�1

�¯�"
�.B.z; �2r//

�

Z
B.z;r/

¹M�f .x/º
" ¹M�f .x/=.2C1/º

�"ˆ.x;M�f .x/=.2C1//®
ˇˆ�1

�
z; c1!.z; r/�1

�¯�"
ˆ
�
x; ˇˆ�1

�
z; c1!.z; r/�1

�� d�.x/
� .2A2c1C1ˇ/

"�.z; r/

C A1C"2 .2C1ˇ/
"c�1C"1

�.z; r/!.z; r/

�.B.z; �2r//

Z
B.z;r/

ˆ.x;M�f .x/=.2C1// d�.x/

� C

²
�.z; r/C

!.z; r/

�.B.z; �2r//

Z
B.z;r/

x̂ .x;M�f .x/=C1/ d�.x/

³
for all z 2 X and 0 < r � 2dX , so thatZ 2dX

0

�.z; r/
®
ˆ�1

�
z; !.z; r/�1

�¯�"
�.B.z; �2r//

�Z
B.z;r/

¹M�f .x/º
" d�.x/

�
dr

r

� C

´Z 2dX

0

�.z; r/
dr

r
C

Z 2dX

0

!.z; r/

�.B.z; �2r//

�Z
B.z;r/

x̂ .x;M�f .x/=C1/ d�.x/

�
dr

r

µ
� C

by (�1) and (4.1). Hence, we obtain the required result.

Let E be a measurable subset of X . To consider Trudinger-type inequalities, we pre-
pare an auxiliary function. For s0 D min¹1; 1=.2dX /º, we consider a function

�.x; s/ W E � Œs0;1/! .0;1/ (4.2)

which satisfies the following conditions:

(�1) s 7! �.x; s/ is uniformly almost increasing on Œs0;1/, that is, there exists a
constant c�1 � 1 such that

�.x; s1/ � c�1�.x; s2/

for all x 2 E and s0 � s1 < s2;

.�2/ there exists a constant c�2 � 1 such that

�.x; 2/ � c�2�.x; s0/

for all x 2 E;
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.�log/ there exists a constant c�` � 1 such that

�.x; s2/ � c�`�.x; s/

for all x 2 E and s � 1.

We recall the following lemma which gives estimates for the function � .

Lemma 4.4 (Cf. [23, Lemmas 2.1 and 2.2]). (1) �.x; �/ has uniform doubling property
on Œs0;1/; namely, there exists a constant C > 0 such that �.x; 2s/ � C�.x; s/ for all
x 2 E and s � s0.

(2) For a > 0, there exists a constant C � 1 such that

C�1�.x; s/ � �.x; sa/ � C�.x; s/

for all x 2 E and s � 1.
(3) There exists a constant C > 0 such that

�.x; s/ � Cs�.x; s0/

for all x 2 E and s � s0.

We define another useful function with certain properties. We consider a function

.x; �/ W E � .0;1/! .0;1/ (4.3)

satisfying the following conditions:

(1) .x; �/ is measurable on .0;1/ for each x 2 E;

(2) there exists a constant B1 � 1 such that

.x; �1/ � B1.x; �2/

for all x 2 E whenever 0 < �1=2 < �2 � �1 � 2dX ;

(3) there exists a constant 0 < B2 � 1 such that infx2X;0<��2dX .x; �/ � B2.

Further, we consider the following condition:

.�ˆ˛!/ there exist constants c�1 � 1 and c�2 � 1 such that

�˛.x/!.x; �/�1.x; �/�1ˆ�1.x; .x; �// � c�1�.x; 1=�/

for all x 2 E whenever 0 < � � 2dX andZ 2dX

ı

�˛.x/ˆ�1.x; .x; �//
d�

�
� c�2�.x; 1=ı/

for all x 2 E whenever 0 < ı � dX=2.
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Here, note from .�ˆ˛!/, .3/, and Lemma 4.1 (5) that there exists a constant c�3 >
0 such that

�.x; 2=dX / � c�3: (4.4)

Now, we state and prove our lemma using the functions � from (4.2) and  from (4.3).

Lemma 4.5. Let 1 � � � �=2. Suppose that ˆ.x; t/ satisfies .ˆ5I 1=/. Assume that
.�ˆ˛!/ holds. Then, there exists a constant C > 0 such thatX

2ı<2i�2dX

2i˛.x/

�.B.x; �2i //

Z
B.x;�2i /

f .y/ d�.y/ � C�.x; 1=ı/

for all x 2 E, 0 < ı < dX=2, and nonnegative f 2 Lˆ;!;� .X/ with kf kLˆ;!;� .X/ � 1.

Proof. Let f be a nonnegative measurable function with kf kLˆ;!;� .X/ � 1=2. Let x 2
E and 0 < ı < dX=2. Set c1 D A1A2B

�1
2 . Then, we have by .3/, .ˆ2/, .ˆ3/, and

Lemma 4.1

ˆ�1.x; c1.x; t// � 1

and

ˆ
�
x;ˆ�1.x; c1.x; t//

�
D c1.x; t/

for all x 2 E and 0 < t � 2dX , so that, by .ˆ5I 1=/, there exists a constant ˇ � 1 such
that

c1.x; t/ � ˆ
�
y; ˇˆ�1.x; c1.x; t//

�
whenever y 2 B.x; t/ and 0 < t � 2dX . Therefore, we find by .ˆ3/, Lemma 4.1, and
.�ˆ˛!/

t˛.x/

�.B.x; � t//

Z
B.x;t/

f .y/ d�.y/

�
t˛.x/

�.B.x; � t//

Z
B.x;t/

ˇˆ�1.x; c1.x; t// d�.y/

C A2
t˛.x/

�.B.x; � t//

�

Z
B.x;t/

f .y/
f .y/�1ˆ.y; f .y//®

ˇˆ�1.x; c1.x; t//
¯�1

ˆ
�
y; ˇˆ�1.x; c1.x; t//

� d�.y/
� C

²
t˛.x/ˆ�1.x; .x; t//C

t˛.x/.x; t/�1ˆ�1.x; .x; t//

�.B.x; � t//

Z
B.x;t/

ˆ.y; f .y// d�.y/

³
� C

²
t˛.x/ˆ�1.x; .x; t//C

�.x; 1=t/!.x; t/

�.B.x; � t//

Z
B.x;t/

ˆ.y; f .y// d�.y/

³
(4.5)
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for all 0 < t � 2dX . It follows from (4.5) and (�1) thatX
2ı<2i�2dX

2i˛.x/

�.B.x; �2i //

Z
B.x;2i /

f .y/ d�.y/

� C

² X
2ı<2i�2dX

2i˛.x/ˆ�1.x; .x; 2i //

C

X
2ı<2i�2dX

�.x; 1=2i /!.x; 2i /

�.B.x; �2i //

Z
B.x;2i /

ˆ.y; f .y// d�.y/

³
� C

² X
2ı<2i�2dX

2i˛.x/ˆ�1.x; .x; 2i //

C �.x; 1=ı/
X

2ı<2i�2dX

!.x; 2i /

�.B.x; �2i //

Z
B.x;2i /

ˆ.y; f .y// d�.y/

³
D C.I1 C I2/:

By .2/, .�ˆ˛!/, and Lemma 4.1, we have

I1 � C
X

2ı<2i�2dX

Z 2i

2i�1
t˛.x/ˆ�1.x; .x; t//

dt

t

� C

Z 2dX

ı

t˛.x/ˆ�1.x; .x; t//
dt

t

� C�.x; 1=ı/:

By .!1/ and � � �=2, we see that

I2 � C�.x; 1=ı/
X

2ı<2i�2dX

!.x; 2i /

�.B.x; �2iC1//

Z
B.x;2i /

ˆ.y; f .y// d�.y/

� C�.x; 1=ı/
X

2ı<2i�2dX

Z 2iC1

2i

!.x; t/

�.B.x; � t//

�Z
B.x;t/

ˆ.y; f .y// d�.y/

�
dt

t

� C�.x; 1=ı/

Z 4dX

2ı

!.x; t/

�.B.x; � t//

�Z
B.x;t/

ˆ.y; f .y// d�.y/

�
dt

t

� C�.x; 1=ı/

Z 2dX

0

!.x; t/

�.B.x; � t//

�Z
B.x;t/

ˆ.y; f .y// d�.y/

�
dt

t

� C�.x; 1=ı/:

This completes the proof.
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5. A Trudinger-type inequality

Before we state our main theorem, we give the assumptions for the function in Trudinger-
type inequalities. We consider a function

‰.x; t/ W E � Œ0;1/! Œ0;1/

with the following properties:

.‰1/ ‰.�; t / is measurable on E for each t 2 Œ0;1/ and ‰.x; �/ is continuous on
Œ0;1/ for each x 2 E;

.‰2/ there is a constant zQ1 � 1 such that ‰.x; t1/ � ‰.x; zQ1t2/ for all x 2 E
whenever 0 < t1 < t2;

.‰�/ there are constants zQ2; zQ3 � 1 and s�0 � s0 such that‰.x;�.x; s/= zQ2/� zQ3s
for all x 2 E and s � s�0 .

Note that .�ˆ˛!/ and .‰�/ give the relation between ‰ and ˆ.

Theorem 5.1. Let 1 � � � � . Let 1 � �1 < �2, � > �1.�2 C 1/=.�2 � �1/, and �1 � �=2.
Suppose that ˆ.x; t/ satisfies .ˆ3I p/, .ˆ5I!/, and .ˆ5I 1=/ for p > 1. Assume that
X satisfies .M�/ and .!10/ holds. Suppose .�ˆ˛!/ holds. Then, for " > 0, there exist
constants c1 > 0 and c2 > 0 such thatZ 2dX

0

�.z; r/
®
ˆ�1

�
z; !.z; r/�1

�¯�"
�.B.z; �2r//

�Z
E\B.z;r/

‰

�
x;
jJ˛.�/;�f .x/j

c1

�
d�.x/

�
dr

r
� c2

for all z 2 X and f 2 Lˆ;!;�1.X/ with kf kLˆ;!;�1 .X/ � 1.

Proof. Let f be a nonnegative measurable function on X with kf kLˆ;!;�1 .X/ � 1. Let
x 2 E and " > 0. Then, we may assume 0 < " � 1 since we have by Lemma 4.1 (5)®

ˆ�1
�
z; !.z; r/�1

�¯�1
� max

®
1; A1A2 Qc3

¯
for all z 2 X and 0 < r � 2dX . For 0 < ı � dX=2, Lemma 4.5 implies

J˛.�/;�f .x/ �
X
2i�2ı

2i˛.x/

�.B.x; �2i //

Z
B.x;2i /

f .y/ d�.y/C C�

�
x;
1

ı

�
� C

²
ı˛.x/M�f .x/C �

�
x;
1

ı

�³
with a constant C > 0 independent of x.

If M�f .x/ � 2=dX , then we take ı D dX=2. Then, by (4.4),

J˛.�/;�f .x/ � C

²�
dX

2

�˛.x/�1
C �

�
x;

2

dX

�³
� C�

�
x;

2

dX

�
:
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By Lemma 4.4 (1), there exists a constant C > 0 independent of x such that

J˛.�/;�f .x/ � C�.x; s
�
0 / if M�f .x/ � 2=dX : (5.1)

Next, suppose 2=dX < M�f .x/ < 1. By Lemma 4.4 (3) and .�1/, there exists a
constant m > 0 such that �.x; s/=s � m�.x; 2=dX / for s � 2=dX . Let

ı D .dX=2/

�
�.x;M�f .x//

m�.x; 2=dX /M�f .x/

�1=˛.x/
:

Then, by (4.4) and Lemma 4.4 (2),

ı˛.x/M�f .x/ D .dX=2/
˛.x/�.x;M�f .x//

m�.x; 2=dX /
� C�.x;M�f .x//

� C."/�
�
x; ¹M�f .x/º

"
�
:

By the choice of m, ı � dX=2. Since �.x; 2=dX / � C�.x;M�f .x//,

1

ı
� C.M�f .x//

1=˛.x/:

Hence, using .�1/ and Lemma 4.4 (1) and (2), we obtain

�

�
x;
1

ı

�
� C�.x;M�f .x// � C."/�

�
x; ¹M�f .x/º

"
�
:

Therefore, there exists a constant C > 0 independent of x such that

J˛.�/;�f .x/ � C�
�
x; ¹M�f .x/º

"
�

if 2=dX < M�f .x/ <1: (5.2)

By (5.1) and (5.2), there exists a constant C � > 0 such that

J˛.�/;�f .x/ � C
��
�
x;max¹s�0 ; ¹M�f .x/º

"
º
�

for a.e. x 2 E.
Now, let c1 D zQ1 zQ2C �. Then, by .‰2/ and .‰�/, we have

‰

�
x;
J˛.�/;�f .x/

c1

�
� ‰

�
x; �

�
x;max

®
s�0 ; ¹M�f .x/º

"
¯�
= zQ2

�
� zQ3 max¹s�0 ; ¹M�f .x/º

"
º � zQ3.s

�
0 C ¹M�f .x/º

"/

for a.e. x 2 E. Thus, we have by Lemma 4.3Z 2dX

0

�.z; r/
®
ˆ�1

�
z; !.z; r/�1

�¯�"
�.B.z; �2r//

�Z
E\B.z;r/

‰

�
x;
J˛.�/;�f .x/

c1

�
d�.x/

�
dr

r

� zQ3s
�
0

Z 2dX

0

�.z; r/
®
ˆ�1

�
z; !.z; r/�1

�¯�" dr
r

C zQ3

Z 2dX

0

�.z; r/
®
ˆ�1

�
z; !.z; r/�1

�¯�"
�.B.z; �2r//

�Z
B.z;r/

¹M�f .x/º
" d�.x/

�
dr

r

� zQ3s
�
0C
��
C zQ3CM D c2
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for all z 2 X since we have by (!3), Lemma 4.1, and (�1)Z 2dX

0

�.z; r/
®
ˆ�1

�
z; !.z; r/�1

�¯�" dr
r
�
�

max¹1; A1A2 Qc3º
�" Z 2dX

0

�.z; r/
dr

r
�C ��

for all z 2 X . Hence, we obtain the required result.

Let!.x;r/D!�.�/;¹ ǰ .�/º.x;r/ be as in Example 2.2, and letˆ.x; t/D p̂.�/;¹qj .�/º.x; t/

be as in Example 2.5. Set E.1/.t/ D et � e, E.jC1/.t/ D exp.Ej .t//� e, and E.j /C .t/ D

max.E.j /.t/; 0/. Consider �.z; r/ D r"1 for some "1 > 0.
As in the proof of [17], we obtain the following corollaries in view of Theorem 5.1.

Corollary 5.2. Let 1 � � � � . Let 1 � �1 < �2, � > �1.�2C 1/=.�2 � �1/, and �1 � �=2.
Assume that X satisfies .M�/. Suppose p.x/ D �.x/=˛.x/ on E and p� > 1. Assume
that there exists an integer 1 � j0 � k such that

inf
x2E

.p.x/ � qj0.x/ � ǰ0.x/ � 1/ > 0

and
sup
x2E

.p.x/ � qj .x/ � ǰ .x/ � 1/ � 0

for all j � j0 � 1 in case j0 � 2. Then, for " > 0, there exist constants c1; c2 > 0 such
that

sup
z2X

Z 2dX

0

r"

�.B.z; �2r//

´Z
E\B.z;r/

E
.j0/
C

 �
jJ˛.�/;�f .x/j

c1

�p.x/=.p.x/�qj0 .x/� ǰ0
.x/�1/

�

k�j0Y
jD1

�
L.j /e

�
jJ˛.�/;�f .x/j

c1

��.qj0Cj .x/C ǰ0Cj
.x//=.p.x/�qj0 .x/� ǰ0

.x/�1/
!
d�.x/

µ
dr

r

� c2

whenever f 2 Lˆ;!;�1.X/ with kf kLˆ;!;�1 .X/ � 1.

Corollary 5.3. Let 1 � � � � . Let 1 � �1 < �2, � > �1.�2 C 1/=.�2 � �1/ and �1 � �=2.
Assume that X satisfies .M�/. Suppose p.x/ D �.x/=˛.x/ on E and p� > 1. Assume
that

sup
x2E

.p.x/ � qj .x/ � ǰ .x/ � 1/ � 0

for all j D 1; : : : ; k. Then, for " > 0, there exist constants c1; c2 > 0 such that

sup
z2X

Z 2dX

0

r"

�.B.z; �2r//

´Z
E\B.z;r/

E
.kC1/
C

��
jJ˛.�/;�f .x/

c1

�p.x/=.p.x/�1/�
d�.x/

µ
dr

r

� c2

whenever f 2 Lˆ;!;�1.X/ with kf kLˆ;!;�1 .X/ � 1.
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6. Double-phase functions with variable exponents

Let �.�/ be a measurable function on X such that 0 < �� � �C <1. Set

!.x; r/ D r�.x/:

In this section, let us assume that p.�/ and q.�/ be real-valued measurable functions on X
such that

(P1) 1 � p� � pC <1,

(Q1) 1 � q� � qC <1.

We assume that

(P2) p.�/ is log-Hölder continuous, that is,

jp.x/ � p.y/j �
Cp

Le.1=d.x; y//
.x; y 2 X/

with a constant Cp � 0, and

(Q2) q.�/ is log-Hölder continuous, that is,

jq.x/ � q.y/j �
Cq

Le.1=d.x; y//
.x; y 2 X/

with a constant Cq � 0.

As an example and application, we consider the case where ˆ.x; t/ is a double-phase
function with variable exponents given by

ˆ.x; t/ D tp.x/ C a.x/tq.x/
�
D tp.x/ C .b.x/t/q.x/

�
; x 2 X; t � 0;

where p.x/ < q.x/ for x 2 X , a.�/ is nonnegative, bounded, and Hölder continuous of
order � 2 .0; 1� and b.x/ D a.x/1=q.x/ (cf. [1, 40]).

This ˆ.x; t/ satisfies .ˆ1/, .ˆ2/, and .ˆ3Ip�/. Set X0 D ¹x 2 X W a.x/ > 0º.
Let us write

E1 D ¹x 2 X nX0 W �.x/ D ˛.x/p.x/º;

E2 D ¹x 2 X0 W �.x/ D ˛.x/q.x/º

and E D E1 [E2. We define

.x; �/ D ���.x/.log.e C 1=�//�1

for x 2 E and � > 0 and

�.x; s/ D

´
.log.e C s//.p.x/�1/=p.x/; x 2 E1;

b.x/�1.log.e C s//.q.x/�1/=q.x/; x 2 E2;

for s � s0.
This .x; �/ satisfies .1/, .2/, and .3/; �.x; s/ satisfies .�1/, .�2/, and .�log/.
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Lemma 6.1. (1) ˆ.x; t/ satisfies .ˆ5I!/ for � � supx2X0¹�.x/.q.x/=p.x/ � 1/º.
(2) ˆ.x; t/ satisfies .ˆ5I 1=/ for � � supx2X0¹�.x/.q.x/=p.x/ � 1/º.

In fact, for � > 0, let y 2 B.x; r/, ˆ.x; t/ � �.x; r/, and t � 1. Then, note that

ˆ.x; t/ � �.x; r/ � �!.x; r/�1;

so that we can show (2) as in (1) [39, Lemma 6.1].
By Theorem 3.2 and Lemma 6.1, we obtain the boundedness of M� on Lˆ;!;�1.X/,

as an extension of [37, Theorem 5.1] in the Euclidean case.

Corollary 6.2. Let 1 � �1 < �2 and � > �1.�2 C 1/=.�2 � �1/. Assume that X satisfies
.M�/. If p� > 1 and � � supx2X0¹�.x/.q.x/=p.x/� 1/º, then there is a constant C > 0
such that

kM�f kLˆ;!;�2 .X/ � Ckf kLˆ;!;�1 .X/

for all f 2 Lˆ;!;�1.X/.

Remark 6.3. In [37, Theorem 5.1], we considered .ˆ5I �/ and proved Corollary 6.2
above when supx2X0.q.x/ � p.x//=� � p

�=�C holds for X D RN . Hence, we find that
.ˆ5I!/ is better than .ˆ5I �/.

We recall a lemma which we need in the proof of a Trudinger-type inequality.

Lemma 6.4 (Cf. [19, Lemma 4.9]). If infx2E1 p.x/ > 1 and infx2E2 q.x/ > 1, then
�.x; s/ satisfies .�ˆ˛!/.

If we define

‰.x; t/ D

´
exp

�
tp.x/=.p.x/�1/

�
; x 2 E1;

exp
�
.b.x/t/q.x/=.q.x/�1/

�
; x 2 E2;

for t >0, then‰.x; t/ satisfies .‰1/, .‰2/, and .‰�/with s�0D2=dX when infx2E1 p.x/>
1 and infx2E2 q.x/ > 1.

In view of Lemmas 6.1 and 6.4 and Theorem 5.1, we obtain a Trudinger-type inequal-
ity on Musielak–Orlicz–Morrey spaces of an integral form in the framework of double-
phase functional with variable exponents.

Corollary 6.5. Let 1 � � � � . Let 1 � �1 < �2, � > �1.�2C 1/=.�2 � �1/, and �1 � �=2.
Assume thatX satisfies .M�/. Suppose supx2X0¹�.x/.q.x/=p.x/� 1/º � � and p� > 1.
Then, for " > 0, there exist constants c1 > 0 and c2 > 0 such that

sup
z2X

Z 2dX

0

r"

�.B.z; �2r//

�Z
E1\B.z;r/

®
exp

�
c1jJ˛.�/;�f .x/j

p.x/=.p.x/�1/
�
� 1

¯
d�.x/

C

Z
E2\B.z;r/

®
exp

�
c1b.x/jJ˛.�/;�f .x/j

q.x/=.q.x/�1/
�
� 1

¯
d�.x/

�
dr

r
� c2

whenever f 2 Lˆ;!;�1.X/ with kf kLˆ;!;�1 .X/ � 1.
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7. Poincaré inequality

In this section, we assume that � satisfies the doubling condition. Let u 2 L1
loc
.X/, and

let g be a nonnegative measurable function on X . We say that the pair u; g satisfies a
Poincaré inequality in X if there exist constants A0 > 0 and � � 1 such that

1

�.B.x; r//

Z
B.x;r/

ju.y/ � uB.x;r/j d�.y/ �
A0r

�.B.x; �r//

Z
B.x;�r/

g.y/ d�.y/

for all x 2 X and r > 0, where

uB.x;r/ D
1

�.B.x; r//

Z
B.x;r/

u.y/ d�.y/:

Remark 7.1. We say that a function u 2 Lˆ.X/ belongs to Musielak–Orlicz–Hajłasz–
Sobolev spaces of an integral form M1;ˆ;!;1.X/ if there exists a nonnegative function
g 2 Lˆ;!;1.X/ such that

ju.x/ � u.y/j � d.x; y/.g.x/C g.y// (7.1)

for �-almost every x; y 2 X . Here, we call the function g a Hajłasz gradient of u. For
spaces related to Hajłasz spaces, see, e.g., [10, 14, 30]. Integrating both sides in (7.1) over
y and x, we obtain the Poincaré inequality.

We show the following result, as an extension of [11, Theorem 5.1], [13, Corollary
5.4], and [30, Theorem 7.7].

Theorem 7.2. Let u 2 L1
loc
.X/, and let g 2 Lˆ;!;1.X/ with kgkLˆ;!;1.X/ � 1 be a

nonnegative measurable function on X . Assume that the pair u; g satisfies a Poincaré
inequality inX . Suppose thatˆ.x; t/ satisfies .ˆ3Ip/, .ˆ5I!/, and .ˆ5I1=/ for p > 1.
Assume that .!10/ holds and .�ˆ˛!/ holds with

˛.�/ � 1:

Then, for " > 0, there exist constants c1 > 0 and c2 > 0 such thatZ 2dX

0

�.z; r/
®
ˆ�1

�
z; !.z; r/�1

�¯�"
�.B.z; r//

�Z
E\B\B.z;r/

‰

�
x;
ju.x/ � uB j

c1

�
d�.x/

�
dr

r
� c2

for all balls B � X and z 2 X .

Proof. Since � is doubling and the pair u, g satisfies a Poincaré inequality in X , we have

ju.x/ � uB j � CJ1;1g.x/

for a.e. x 2 B (see [11, Theorem 5.2]). Hence, Theorem 5.1 yields this theorem.
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Finally, as a corollary, we obtain the double-phase version by Theorem 7.2.

Corollary 7.3. Let X0, p.�/; q.�/, a.�/, and �.�/ be as in Section 6. Set

ˆ.x; t/ D tp.x/ C a.x/tq.x/ and !.x; r/ D r�.x/

for x 2 X , t � 0, and r > 0. Set

E1 D ¹x 2 X nX0 W �.x/ D p.x/º

and

E2 D ¹x 2 X0 W �.x/ D q.x/º:

Let u 2 L1
loc
.X/, and let g 2Lˆ;!;1.X/ with kgkLˆ;!;1.X/ � 1 be a nonnegative measur-

able function onX . Assume that the pair u;g satisfies a Poincaré inequality inX . Suppose
supx2X0¹�.x/.q.x/=p.x/ � 1/º � � and p� > 1. Then, for " > 0, there exist constants
c1 > 0 and c2 > 0 such that

sup
z2X

Z 2dX

0

r"

�.B.z; r//

�Z
E1\B\B.z;r/

®
exp

�
c1ju.x/ � uB j

p.x/=.p.x/�1/
�
� 1

¯
d�.x/

C

Z
E2\B\B.z;r/

®
exp

�
c1b.x/ju.x/ � uB j

q.x/=.q.x/�1/
�
� 1

¯
d�.x/

�
dr

r
� c2

for all balls B � X .
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