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Van der Corput lemmas for Mittag-Leffler functions. I

Michael Ruzhansky and Berikbol T. Torebek

Abstract. In this paper, we study analogues of the van der Corput lemmas involving Mittag-Leffler
functions. The generalisation is that we replace the exponential function with the Mittag-Leffler-
type function to study oscillatory-type integrals appearing in the analysis of time-fractional partial
differential equations. Several generalisations of the first and second van der Corput lemmas are
proved. Optimal estimates on decay orders for particular cases of the Mittag-Leffler functions are
also obtained. As an application of the above results, the generalised Riemann-Lebesgue lemma
and the Cauchy problem for the time-fractional evolution equation are considered.

1. Introduction

In harmonic analysis, one of the most important estimates is the van der Corput lemma,

which is an estimate of the oscillatory integrals. This estimate was first obtained by the

Dutch mathematician Johannes Gaultherus van der Corput [28] and named in his honour.
Following Stein [24], let us state the classical van der Corput lemmas as follows.

* van der Corput first lemma. Suppose that ¢ is a real-valued and smooth function in
[a, b]. If v is a smooth function, ¢’ is monotonic, and |¢'(x)| > 1 for all x € (a, b),
then

b
/ Oy (x)dx| < CA7L, A > 0. (1.1)

* van der Corput second lemma. Suppose that ¢ is a real-valued and smooth function
on [a,b]. If |p® (x)| = 1,k > 2 forall x € [a,b] and ¥ is a smooth function, then

b
/ ey (x)dx

Note that various generalisations of the van der Corput lemmas have been investigated in
numerous papers [8,15-17,20,24,25,30]. Multidimensional analogues of the van der Cor-
put lemmas were studied in [3-5,9, 10, 18,21]. In particular, in [21], the multi-dimensional
van der Corput lemma was obtained with constants independent of the phase and amp-
litude.

<cAVk  xso. (1.2)
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A classic natural generalisation of an exponential function is the Mittag-Leffler func-
tion defined as (see, e.g., [7,11])

k

> z
Eqp(z) =) ————. a>0.BeR,
= Tk + p)

with the property that
El,l(Z) = e~ (13)

The main objective of this paper is to obtain the van der Corput lemmas for the integral
defined by

b
Tup(h) = / Ea g (iAd ()Y (x)dx., (14)

where 0 < @ < 1, 8 > 0, ¢ is a phase and ¢ is an amplitude, and A > 0.
The second part of this paper dealing with integrals of the type

b
Tup() = [ Eap (A ()¥ (x)dx (1.5)

has appeared in [22]. As we see above, the integral (1.4) is different from the integral (1.5),
since in (1.4) there is a purely imaginary number i before the phase function, and in (1.5)
the fractional power of the imaginary number, i.e., i*. The main difference between (1.4)
and (1.5) is that if to study (1.4) we used the estimate of the Mittag-Leffler functions given
by (1.7), then to study the integral (1.5) we used the following estimate of the Mittag-
Leffler functions:

Cy

|Eap ()] = QL1+ 12D 7P exp(Re(z1/)) + 1

z €C, |arg(z)| = p.

Since the asymptotic behaviour of Mittag-Leffler function in these cases is also different,
this yields different decay rates. We refer to Section 6 for the detailed comparison between
results for I, g(4) in (1.4) and fa,,g (A) in (1.5).

In view of (1.3), we are talking about the generalisation of the van der Corput lem-
mas replacing E11 by Eq g so that instead of integrals in (1.1) and (1.2) we have the
integral (1.4). As it is clear from the properties of the exponential function, the property
whether ¢ # 0 or ¢(c) = 0 at some point ¢ € [a, b] is not important for estimates (1.1)
and (1.2), as the terms ¢’*? can be taken out of such integrals for any constant y without
changing the estimates. However, this is no longer the case for more general Mittag-Leffler
functions. Therefore, the property whether ¢ # 0 or ¢ vanishes at some point will affect
the estimates that we obtain.

Such integrals as in expression (1.4) arise in the study of solutions of the time-fractional
Schrodinger equation and the time-fractional wave equation (see, for example, [12,13,23,
26,27,29]).

For the convenience of the reader, let us briefly summarise the results of this paper,
distinguishing between different sets of assumptions.
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van der Corput first lemma.

Let —o00 <a < b < +00. Let ¢ : [a,b] — R be a measurable function, and let ¢ €
L'a,b].1f0 <a < 1, B > 0, and ess infye[q,5] | (x)| > O, then we have the estimate

1
I,sM)| < ——, A1>0.
| ,f3()|~1+)k

Here, and further, we use X < Y to denote the estimate X < CY for some constant

C independent on A.

Let —oco<a<b<+4+ocand0 <o < 1,8 >0.Let p € L*®[a, b] be a real-valued
differentiable function on [a, b] vanishing at some point ¢ € (a, b). Let ¥ € Cyla, b],
and let m = infyeqpp(y) [’ (x)| > 0; then

log(2 + A)

., A=>0.
1+ -

Mo, (V)] <

Let0 <a < land —oo <a < b < +oo. Let ¢ € Cl[a, b] be a real-valued function,
¢’ monotonic, and ¥’ € L![a, b].

(1) If ¢’(x) # 0 for all x € [a, b], then we have that

1
—\ A>0.
1+ A -

(ii) If ¢(x) # 0 and ¢’(x) # O for all x € [a, b], then

Haa(A)] <

A >0.

1
Iaa/x S—, -
laa®| S 7

Let0 <o < land —0o <a <b < +00. Let ¢ € C?[a, b] be a real-valued function,
and let ¥ € Cl|a, b].

@) If ¢'(x) # 0 for all x € [a, b], then we have

1
<
Haa ()] < T A >0.
(i1) If ¢'(x) # O forall x € [a,b] and ¥ (a) = ¥ (b) = 0, then we have
log(2 + A1)
lyaM| S ———5 > 0.
e

(iii))  If¢(x) # 0and ¢'(x) # O for all x € [a, b], then we have

1
T

Let —o0 <a < b < 4o00. Let ¢ € L*>®[a, b] be a real-valued function, and let ¥ €
L'[a,b].If B > 1 and infye[q p] |¢(x)| > O, then we have the estimate

Haa(A)] <

1
18] < E =N A =0.
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van der Corput second lemma.

e Let—oo<a<b<+oo.Letd<a<1,B >0,and ¢ be areal-valued function such
that ¢ € C¥[a, b], and let ' € L'[a, b]. If ¢ has finitely many zeros on [a, b] and
|p® (x)| = 1,k > 2 for all x € [a, b], then we have

logk (2 + 1)
(1+ M)k
e Let—oo<a<b<+4ooand0 < o < 1. Suppose that ¢ is a real-valued function, and

lety’ € L'[a,b].1f ¢ € C¥[a,b], k > 2, and |¢p®) (x)| > 1 for all x € [a, b], then we
have the estimate

A>0.

Hap (M| <

1
HoaM)| S ——. A =0

(1421«
Lower and upper estimates.
e let—oco<a<b<+4ooand0<a <1/2,8 >2a.Let¢p € L*®[a,b] be areal-valued
function, and let ¢ € L*°[a, b].
Suppose that m; = inf,<x<p |¢(x)| > 0 and my = inf,<<p | (x)| > 0. Then,
Kyl 1+ A@lze
(b—a) 1+kiA2m3’

lapM)] < =0,

— 1 1 — i I'(B) I'(e+B)
where K1 = max{ (. tgrp ) and k1 = min{ 7 7. F(3D;+ﬁ)}’ and

mo Amy
[ap(M)| = - ; Az0
(b—a)l(@+p) 1+ LEDa2p)2
If m; = infy<x<p |¢(x)| = O, then
my 1
o p()| = - , A=0
(b—a)T(B) 1+ TE5202)1 )3

e let—-oco<a<b<+ooand 0 <a <1/2, B =2a. Let ¢ € L*®[a, b] be a real-
valued function, and let ¢ € L*[a, b]. Let m; = infy<x<p |$(x)| > 0 and m, =
inf,<x<p |¥(x)| > 0. Then, we have the following estimates:

r(+42a)
K| ¥ L+ AMSlLe (1 + / migag A7)

|Iot 2a(l)| = ="
: h—a . (TG T (1+2a) 2
( ) (1 —+ mln{ nggg, F(1+43)}12m%)
and A
my mj
fapa()] = » Az0
@20 (b—a)T(Ga) 1+ £&522]¢2

where K = max{m, l"(;oz)}'
If m; = infy<x<p |9 (x)| = 0 and my = inf,<x<p [¥(x)| > 0, then we have
noy 1

TOTCO (14 HES 1)

, A>0.

|]a,2a(/x)| > (b
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1.1. Preliminaries

In this section, we briefly review some preliminary properties for the sake of the rest of
the paper.

1.1.1. Mittag-Leffler function and some of its properties. The Mittag-Leffler-type func-
tion is defined as (see, e.g., [7, 11])

k

> z
Ea,ﬂ(z)=k§m, >0, BeR. (1.6)

The function (1.6) is an entire function of order é and type 1 (see, e.g., [6,7]).

From the definition of function (1.6), we obtain a series of formulas relating the
Mittag-Leffler function E, g(z) with elementary and special functions, which we list here
for the convenience of the reader.

* Inthecaseax = 1 and B = 1, we have
E11(z) = exp(z) = €.

» If B = 1, then we have the classical Mittag-Leffler function [14]
% k

z
Eqi(z) =) ———. a>0.
— T(ak +1)

We will need the following properties.
Proposition 1.1 ([19]). If 0 < « < 2, B is an arbitrary real number, and (i is such that

wo/2 < p < min{r, wo}, then there is C > 0 such that we have

C
|Eqp(2)| < m, zeC, p<=larg(z)| <m. 1.7

Proposition 1.2 ([2]). The following optimal estimates are valid for the real-valued
Mittag-Leffler function:

1 1
— < Eyi1(—x) < , x>0,0<a<1, 1.8
14T —a)x — a1 (%) = + —r(11+a)x (18
1 1
ﬁ <T()Ege(—x)< e 2 x>0, O<a<l1, (1.9
1—« 14o
(14 raray¥) (14 Fit29%)
1
l—i—F(T“)x = F(ﬂ)Ea,ﬁ(—x)SF—(ﬂ)x, x>0, 0<a=1, p>a. (1.10)
T'(B) r'(+a)

The following properties of the Mittag-Leffler function with special argument possibly
follow from its known properties. But we give simple proofs for completeness.
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Proposition 1.3 (Fractional Euler formula). Let o, 8 > 0 and ¢ : [a, b] — C. Then, for
all A € C, we have

Eap(iAd(x)) = Ezap(—A?¢%(x)) +iA$(X) Era pra(-A9* (). (L11)
Proof. From the representation of the Mittag-Leffler function (1.6), we have
: g P
Eqp(irg(x)) —;zu'—r(aj 5
Ien.jy 700 I, /()
Sl p T2 Y T 1
Iy $70) I ¢
B 2 TR B vy
L A GO NN B VP Py A )
NP DU v R P B vy
_l S i/ J J¢—(x)
2;}0 T DIV T
Lo g $7 &)
' 52} Y e h
2j12 ¢ (x) 12j+172j+1 ¢+ (x)
_Z’ KA Yo +,3)+Z A Tag a4 B
= Eza,ﬁ(—/\2</> (x)) +ll¢(X)Eza,ﬁ+a(—?t2¢ (x)).
This completes the proof. |

Proposition 1.4. Let ¢ be a differentiable function such that ¢’ (x) # 0 for all x € [a, b].
Then, for any o > 0 and A € C, we have

Eau(idp(x)) = A:( S oy (Bt (26(0). (1.12)

Proof. Using the property I'(z + 1) = zI['(z) [11, p. 24] of the Euler gamma function, we
have

d . 3 ¢’ (x) R S N )
T (Ear(2(0) = Z”F( D ¢(X);sz’m

_ P MY idg(x) o A9 (x)

a o T'(j) o j=OI‘(aj+a)
= P g i),

Hence, we get (1.12). The proof is complete. ]
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2. The generalisations of the van der Corput first lemma

In this section, we consider the integral operator defined by

b
lop(h) = / Ea g (i Ad ()Y (x)dx. @1

where 0 < @ <1, B > 0, ¢ is a phase and ¢ is an amplitude, and A is a positive real
number that can vary. We are interested in particular in the behaviour of /, g(A) when A
is large, as for small A the integral is just bounded.

Theorem 2.1. Let —00 <a < b < +o0. Let ¢ : [a,b] — R be a measurable function,
andlety € L'[a,b). If0 <a < 1, B >0, and m = essinfye[q.p] |$(x)| > 0, then we have

the estimate 1l
M L1[a,b]
I M < —=
| at,ﬂ( )I = 1+ mA

where M does not depend on ¢, Vr, and A.

. A>0, (2.2)

Proof. As for small A the integral (2.1) is just bounded, we give the proof for A > 1. Let
¢ : [a,b] — R be a measurable function and ¥ € L'[a, b]. Then,
b
< [ 1Eup@rgp@nliy oldx.
a

b
g ()] = [ Ea g (i A$ ()Y (x)dx

Using formula (1.11) and estimate (1.7), we have that
|Eap(iAp (X)) < [Eaq,p(=A7¢% ()| + AP ()| Eza et p (—17¢%(x))]|
- C ChAlp(x)] - 1+ Alp(x)] (2.3)
T 14+ A202(x) 14+ A2¢2(x) T 1+ A2¢02(x)
As ¢ and ¥ do not depend on A, and m = essinfye[q,p] [¢(x)| > O, then from (2.3) and
using 2(1 + y?) > (1 + y)? we have

A

b
[Hap (M) S/ |Ea.p (AP (X))[[¢ (x)|dx

b1+ M)l
SC/a H_TWW(X)WX
e [P LA
= Je (L4 Ap(x)))2

b
)l
= Cl/; TP T

< G
T 1+ Aessinfreqp] |9 (x)]

MY llL1ap)
1+mA
The proof is complete. ]

¥ (x)|dx

b
/ I (0)ldx
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If ¢ can vanish at some point ¢ € [a, b], we have a weaker decay rate. To handle this
case, we require some regularity of ¢.

Theorem 2.2. Let —oco <a <b <+4ocoand0<a <1, >0.Letp € L®[a,b] be a real-
valued differentiable function on [a, b] vanishing at some point ¢ € (a,b). Let € Cyla, b],
and let m = infyequpp(y) |@'(x)| > O; then

log(2 + [[¢]l o[, b]l)
14+ mA
where M is a constant independent of ¢, W, and M.

[a,p (M| = MYl cola.p) A =0, 2.4

Proof. Since I g(A) is bounded for small A, we can assume that A > 1.

If a = —o0, we understand Ca, b] as C(—o0, b]; if b = +00, we understand C|a, b]
as Cla, +00). Similarly, if a = —oo and b = +o00, we understand C[a, b] as C(R).

Let

supp(¥) := [a1.b1] C (a.b),
where —o0 < a1 < by < 4-00. Without loss of generality, suppose that ¢ € (a1, by). Since
Y € Cyla, b], we have
by

ap O] = Wlcgan [ |EapGrg(opldy.
a

1

From (2.3), it follows that
P+ Al
Iop(A)| =M Cola,b / FETETVCTIN
[ 1o,8(1)] V[l Cola.b) T e
Here, and in what follows, we assume that M is an arbitrary constant independent of A.

Without loss of generality, we can assume that ¢ is nondecreasing; then ¢ <0, x €
[ai,c]and ¢ = 0, x € [c, by]. Since ¢ is a bounded function, we get

i)
|1a,ﬂ(/\)|§M||1//||Co[a’b]/ I:Tm .
€ 1-2¢9(x) by 1+ A (x)
ai mdx-'_ . mdx}

c 1 b1 1
< M|[¥llcola.tn [/ %d" +/c Hx—qﬁ(x)dx}’

I] I

< 2M||1/f||co[a,b][

thanks to the 2(1 4+ a?) > (1 + a)?, a > 0. Here, M > 0 is the arbitrary constant.
As ¢ is the differentiable function with m = infye[, p) [¢’(x)| > 0, we have that

/bl 1 dx—l bi 1 A (x)
e l+ip(x) A ¢'(x) 1+ Ag(x)

by d(1 + A¢(x)) 1
=— / e mlog(l + A (by)).

I, =
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Similarly, for /;, we obtain

1
Iy = ——log(1 — A4 (a)).

Combining the above estimates, we get (2.4).
The cases ¢ = a; and ¢ = by can be proven in a similar way. The proof is complete. m

2.1. The case Ey 4

In this section, we are interested in a particular case of the integral operator (2.1), when
0 <o <1, B = «, that is, the integral operator /o o (1). For smoother ¢ and v, we get a
better estimate than (2.2).

Theorem 2.3. Let0 <o < 1 and —0o <a < b < +o0. Let ¢ € C[a, b] be a real-valued
function, ¢’ monotonic, and let ' € L'[a, b].

1)  If¢'(x) =1 forall x € [a,b], then we have

b
LealV)] < M1[|w<b)| + [ |w’(x)|dx](1 Tyl oazo @3
where M does not depend on ¢, ¥, and A.
(i) Ifm = infyepqp) |p(x)| > 0and ¢'(x) > 1 for all x € [a,b], then we have
b
laalV)] < Mz[|w(b>| + [ |w’<x>|dx}<1 FOT L may Az,

where M, does not depend on ¢, ¥, and A.

Proof. For small A, we have bounded estimate for the integral /4,4 (A).
Let A > 1. First, we consider the integral

E(x) = /x Eqo(idAp(s))ds, x €la,b].

Then, using property (1.12) and integrating by parts give

E(x) = / " Eaalir()ds

a [* 1 d .
== / S5 gy B (29)ds

o . 1
= JEa,l(l)Wb(x))m
1

¢'(a)
a [* ) d 1
_ J g Ea’l(lk¢)(s))d—s(¢/(s))ds

- %Ea,l(z‘wm))




M. Ruzhansky and B. T. Torebek 358

Then, for all x € [a, b], we have

|E(x)| < —

“f Ean (6 (l(s)) ‘

Eq1(iAg(x)) Eq1(iAg(a))

1
¢()' ¢(a)"

We first prove case (11) Since ¢’ is monotonic and ¢’(x) > 1 for all x € [a, b], then & ¢,

also monotonic, and -2 Ix m has a fixed sign. Therefore, using estimate (2.3), we have

E()| < —[ |Ea1(zx¢<s>>|‘—(¢ = ))

o, A a, A
IE 1(iAd(x ))||¢( T IE 1(iA¢(a ))I|¢,( 0

Coz * 14 Alg(s)] _( 1 )‘ds
= A S, 1+ A2¢2(s) |ds \ ¢/ (5)
Ca 1+ Alp(x)]  Ca 1+ Alg(a)l
A 14 A2¢2(x) A 1+ A2¢2(a)

2Ca [~ 1 d 1
=7 / [+ A60)] $(¢/(s>) ds

2Cu 1 +2Coc 1
A T+Ap()] A 1+ Ag(a)]

2Ca *ld 1
= 20+ mh) [“/a %(M)"“]
2Cua *d 1 8Cua
2ol () = s
where m = infy¢pq 5] [P (X)].

= —02
Al +mAd)
Consequently, thanks to % < _A for A > 1, we have

ds

M,
|E(x)| < TE00Tmh)’ A>1, (2.6)

where the constant M; does not depend on ¢ and A.
Now, we write Iy o (1) as

b g
laa(h) = / B ()dx.

Integrating by parts and using the estimate (2.6), we obtain

M b
o) = gy | PO+ [ @l |
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If infxefq,p) [¢(x)] = O, then we have

b
ool = 37 [ v®1+ [ W eolar |

If infyeq 5] |@ (x)| > 0O, then we have

e, (A)] < m

[w/aan +/ v (x>|dx]

where the constant M, does not depend on ¢ and A. ]

Theorem 2.4. Let0 <o < 1 and —0o <a < b < +o00. Let ¢ € C?[a, b] be a real-valued
function and € C[a, b].

1)  If¢’(x) # Oforall x € [a,b), then we have

‘(1//)/ Y (b)
¢/

where My does not depend on A.
(i) If¢’(x) # Oforall x € [a,b] and Y (a) = Y (b) = 0, then we have

(%)

where M5 does not depend on A.
(iii) If¢p(x) # 0and ¢'(x) # 0 for all x € [a, b), then we have

‘(K)/ v (b) V(a)
o) L

¢'(a)
where M3 does not depend on A.

|Iozo¢()t)| = Ml[

}(1 +20)7h A=o0,

¢'(a)

L>[a,b]

log(2 + A1)

Ao, 2.7)
Loap (1 +A)?

|I(¥,(X(A’)| = MZ

laa)] < M3|:

]( +1)72, A>0,

Proof. For small A, we have bounded estimate for the integral Iy 4(A). Let A > 1, ¢ €
C?[a,b], and ¥ € C![a, b]. Then, using property (1.12) and integrating by parts in (2.1)
give

b
Lea() = / Eaa(iAd ()9 (x)dx

a P 1 d .
== / i e Eaa (A )Y (x)dx

- v () V(@)
- Y L Baaapan D
o v ()
-2 " B2 ))—(¢( ))d
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Then,
_a b ¥ (x)
(V)] < ;/a al(’w("))_(dﬂ( ))dx'
o I//(b) v (a)
— a A’ '
Lo 50|+ 3| Fe hota) G

Recall that ¢ € C2[a,b], ¥ € C'[a,b] do not depend on A, and ¢’ (x) # 0 for all x € [a, b].
Let

Mg = max |¢p(x)] and mg = min_|@(x)]|.
xé€la,b] x€la,b]

Case (iii). If ¢(x) # 0 for all x € [a, b], then using the estimate (2.3) we have

” 1+ Al (x)| Y (b) | 1+ Alp(D)|
'I"‘“@)'<_[H( ) . I T 20200 T 30) |1+ 22620)
0 1+A|¢(a>|]
1 4+ A2¢2%(a)
<£[H(g)’ L |e® vf(a)]lﬂm
=7\ ) |t oo Ty

Since l + uA > 1+ A, whenpu > 1land 1 +vA <14 A, when v < 1, we have

1ﬂ(b) Y(a) |11+ AMy
|1”(M|<_[”( ) }1+Azm;
oGl (ﬂ) V¥ (a) } 14 A
T4 ¢’ ¢’'(b) ‘(a)|]1+ A2
G (z) Lo, vf<a)] 142
- A (1+2)2
(b) ¥ (a) 1
= M3[ (¢’) " }(1 + )2
thanks to 2(1 + y2) > (1 + y)?2. Therefore,
IIa,a(k)lfMa[ (K/) L |r@r, w/(“) ](1+A)2, A >0,
¢ Loo a

where the constant M3 depends on ¢ but does not depend on A.

Case (i). Let
v )’ v (b)
Kgy = R T
i H‘ (‘f’/ L

¢'(b)

Y (a)
¢'(a)

+

+

I
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If minye[q,p) [¢(x)| = 0, then we have

«C PIpap)] . 14+ASB) 1+ A
MeoaD] = =5~ Ko, [/ T+ 2o T TE e 0) 1+AZ¢2(a>}

B A e XL CO TR ] 1+A|¢<a)|}

= UL A Ae))? 1+ 22¢2(b) ' 1+ 22¢%(a)
aCy b dx L+ Ao®)| 1+ Alpa)]

=75 Kow / T A6 1+ 242(0) 1+)Lz¢2(a)}
aCr . [, 1+Ap®B) 1+ Ap@) M,

= TKtb,l// _1 + 1+ A2¢2(h) 1+/\2¢>2(a):| = K, ’wl—i—/\’

where the constant M depends on ¢, but not on A.
Case (ii). If ¢’(x) # O for all x € [a, b] and ¥ (a) = ¥ (b) = 0, then using the estim-
/b 1+ Alp ()]
Lo Ja

ate (2.3) we have
aC (v
o = 5 (5)],. L e

Then, repeating the procedure of the proof of Theorem 2.2, we obtain (2.7). ]

2.2. The case Eq g

In this section, we are interested in a particular case of the integral operator (2.1), when
a =1, B > 1, that is, the integral operator /; g(1).

Theorem 2.5. Let —00 < a < b < +o0. Let ¢ € L*®[a, b] be a real-valued function,
andlet Y € L'[a,b]. If B > 1 and m = infye[q p] |¢(x)| > O, then we have the following

estimate:
s = VL5 5o
(1 +maA)B-1
where M does not depend on .
Proof. For small A, we have bounded estimate for the integral /; g(1). Let A > 1, ¢ €
L*®[a,b],and ¥ € L'[a, b]. Then,

b
140 = [ 1EL@aIlvoldx.
Using formula (1.11) and estimate (1.7), we have that

|E1g(GA¢(x0)] < |E2,5(=A2¢ (X)) + Alp ()| E2,145 (=A% (x)).
The following asymptotic estimate (see [11, p. 43])

Eyp(—y) =y~ ’”“COS(va ult > ﬂ))

N

( l)k —k 1
ZF(ﬂ 2) O( N+1)’ e
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implies that
b
1p 01 = [ IELpGAg v (ldx
a

b
< MAUP [ ¢ ()P
a

cos()uj)(x) + w)‘lw(xﬂdx

b
_,_M)L(l—ﬂ)/ ()[R
a

cos(ktp(x) - ?) ' [ (x)|dx

b
< Mml—ﬁ/x“—ﬁ)/ [y (x)|dx

M|y
= (L +mA)p-1

Here, M is a constant that does not depend on A. n

3. The generalisations of the van der Corput second lemma

In this section, we will obtain some generalisations of the van der Corput second lemma
for the integral operator (2.1), that is, for

b
Ing(A) = / Eqpg(irdgp(x))¥(x)dx, —oo<a<b < +oo,

where 0 <a <1, 8 > 0.

Theorem 3.1. Let —oo <a <b < +00. Let 0 <a < 1, B > 0, and ¢ be a real-valued
function such that ¢ € CK[a, b). If ¢ has finitely many zeros on [a, b] and |p® (x)| > 1,
k > 2 forall x € [a,b], then we have

logk (2 + A) - G

b
| Eupirgronds < 2 Ea

Here, M} does not depend on .

Proof. For small A, we have bounded estimate for the integral I, g(1). Let A > 1 and
k = 2. Let ¢ € [a, b] be a point, where |¢'(c)| < |¢'(x)| for all x € [a, b]. As ¢"(x) is
non-vanishing, it cannot be the case that ¢ is the interior local minimum/maximum of
¢’ (x). Therefore, either ¢’(c) = 0 or ¢ is one of the endpoints a, b. We can assume that
¢// > 1.

Let ¢'(c) = 0.If x € [c + &, b], then we have

() = ¢'(x) — §/(C) = / ' (s)ds = x —c > &,
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We have a similar estimate for x € [a, ¢ — ¢]. Now, we write

/ab Eqp(iA¢(x))dx = (/:_s-I-/ci:s+/618)Ea,ﬁ(i/\¢(x))dx,

Applying the results of Theorem 2.2 with m = ¢ and estimate ﬁ > Hﬁ for A > 1, we
have that

< M(ed) tog(2 + 1),

/c—e Eqp(irAp(x))dx

and
b
/+ Eqp(idep(x))dx| < M(ed) " log(2 + A).
As
cte
| Euplirg@nax| <2
c—¢€
we have
b
[ Eqop(irg(x))dx| < 2M(ed) " log(2 + A) + 2e.
Taking ¢ = %ﬂl), we obtain the estimate
’ log(2 + A log(2 + A log(2 = A
/ Equp(irgp(x))dx| < ZM\/Og( +4) +2\/0g( +4) <M, m_
’ VA z Jr

This gives inequality (3.1) for k = 2. The cases when ¢ = a or ¢ = b can be proved
similarly.

Let k > 3 and A > 1. Let us prove the estimate (3.1) by induction method on k. We
assume that (3.1) is true for k > 3. And assuming ¢*+ 1D (x) > 1, for all x € [a, b], we
prove the estimate (3.1) for k + 1. Let ¢ € [a, b] be a unique point, where |¢%)(c)| <
|p®) (x)| for all x € [a, b]. If ¥ (c) = 0, then we obtain $*) (x) > ¢ on the interval
[a, b] outside (¢ — &, ¢ + ¢). Further, we will write fab Eqpg(id¢(x))dx as

/ab Eqp(iA¢(x))dx = (/:_s+/:8+/cl)E(,,ﬂ(iA¢(x))dx,

By inductive hypothesis,

ee , log"’*(2 4+ 1)

f Eqp(id¢(x))dx| < Mkw
1/k

< klog 2+2)

(sl)l/k ’
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and
b lOgl/k(Z—i—/\)
E A dx|l < M, —=—— "~
/c+e wpiAG(x)dx| = M, (1 + ed)l/k
= kT )R
As
cte
| Euplirg@nax| <2
we have , | logl/k(z .
[ Eqp(irgp(x))dx| < 2MkW + 2¢.

Taking ¢ = AT logﬁ (2 + 1), we obtain the estimate (3.1) for k + 1, which proves
the result. The cases when ¢ = a or ¢ = b can be proved similarly. ]

Corollary 3.2. Let —oo <a <b < +o00. Let 0 < < 1, B > 0, and ¢ be a real-valued
function such that ¢ € C*[a,b], and let ' € L'[a, b]. If ¢ has finitely many zeros on
[a,b] and |¢p® (x)| = 1, k = 2 for all x € [a,b], then the estimate

b logk (2 + A
g1 = M [l @)+ [y lax |2 CE a0,
holds with some My > 0 independent of A.
Proof. We write (2.1) as
fb E'(x)¥(x)dx,
a
where .
Ee) = [ EapGaoo)is
Integrating by parts and using the results of Theorem 3.1, we obtain
logk (2 + A) b,
a1 < 2D o+ [ cola ],
completing the proof. ]

3.1. The case Ey 4

In this part, we consider the particular case of integral operator (2.1), when 0 < o < 1,
B = «. In this case, we can obtain an improvement of the decay order in Theorem 3.1.
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Theorem 3.3. Let —00 <a < b < +00and 0 < o < 1. Suppose that ¢ is a real-valued

function. If € C*[a, b] and |¢® (x)| > 1, k > 2, for all x € [a, b], then we have the
following estimate:

b
[ Eaq(idg(x))dx| < Mi(1+2)7k, A >0, (3.2)

where My, does not depend on A.

Proof. For small A, the integral /, 4(A) is bounded. Let A > 1. First, we prove the case

k = 2. Let ¢ € [a, b] be a point, where |¢'(c)| < |¢'(x)| for all x € [a, b]. As ¢"(x) is

non-vanishing, it cannot be the case that ¢ is the interior local minimum/maximum of

¢’ (x). Therefore, either ¢'(c) = 0 or ¢ is one of the endpoints a, b. Let ¢'(¢) = 0. If

X € [c + &, b], then we have |¢'(x)| > &. We have a similar estimate for x € [a, ¢ — &].
Now, we write

/ab Eou(irp(x))dx = (/ac_a +/je+/cl)Ea,a(i/\¢(x))dx.

As ¢ is non-vanishing and ¢’ is monotonic (since |¢”(x)| > 1) on [a,c —¢] and [c + ¢, b],
then using (2.5) in Theorem 2.3 we have

e ) M, M,
E A dx| < < =
/a waliAgp()dx| = T2 < 2L
and ,
. M, M,
Eya(i) dx| < < —
/m waliip()dx| = T <
As
c+e
f Faalirg(x))dx| < 2e,
c—¢&
we have b
/ Eoo(idg(x))dx| < 2M;(eA)™! + 2e.

Taking ¢ = JLX’ we obtain estimate (3.2) for k = 2.

Let us prove the estimate (3.2) by induction method on k > 2. We assume that (3.2)
is true for k. And assuming ¢**+1 (x) > 1, for all x € [a, b], we prove the validity of
estimate (3.2) for k 4 1. Let ¢ € [a, b] be a unique point, where

1p® ()] < |p®(x)| forall x € [a,b].

If ®)(c) = 0, then we obtain ¢ (x) > ¢ on the outside (¢ — ¢, ¢ + ¢). Further, we will
write fab Eqo(ird(x))dx as

/ab Eou(irp(x))dx = (/ac_a +/cj£ + /cl)Ea’“(M(p(x))dx'
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By inductive hypothesis, we have

< My(1 4+ 62)"F < My(ea)F,

/ " EaaliAp(x)dx

and b
|| Beatirgtnas| < i+ et < Mt
c+e
As
cte
/ Eqyo(idp(x))dx| <2e,
c—&
we have ,
/ EaaliAd(x))dx| < 2Mi(eA)"% + 2.
a
Taking ¢ = A_T}A, we obtain the estimate (3.2) for k + 1. The proof is complete. ]

Corollary 3.4. Let —oo <a <b < +ooand0 < a < 1. Let ¢ € C¥[a, b] be a real-valued
function, and let ' € L'[a,b]. If |¢® (x)| = 1, k > 2 for all x € [a, b], then we have the
following estimate:

b
|1a,a<x)|5Mk[|w(b>|+ / |w’(x)|dx](1+x>—k, >0,

where My does not depend on A.

Corollary 3.4 is proved similarly as Corollary 3.2.

4. Optimal bounds of the van der Corput-type estimates

In this section, we find optimal bounds in estimates for (2.1), when 0 < @ < % and > 2a.
We assume —oco < a < b < 4-00. By optimality we mean estimates from below showing
the sharpness of decay orders in general.

Theorem 4.1. Let —o0o <a <b < +ooand0 < a <1/2, B > 2a. Let ¢ € L*>®[a, b] be
a real-valued function, and let Y € L*[a, b].
Suppose that m| = inf,<x<p |P(x)| > 0 and m, = infy<x<p | (x)| > 0, then we have

K 0 1 s
Ul 1+ Agles o @
(b—a) 1+ kA2m?

Hap (M| =

_ 1 1 — i ') I'(a+B)
where K1 = max{zy. vy b and k1 = min{ 5755 F(;;Jrﬂ)}, and

myp )Lml
g ()| = — ., A>0. 4.2)
(b—a)l(@+B) 1+ (L52%]0)3
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Ifmy = infy<x<p |Pp(x)| = 0 and mp = inf,<x<p | (x)| > 0. Then, we have

ma 1
[ 1o,8(A)| = , A>0. (4.3)
g (b —al(B) 1+ HEZD02 |92

Proof. First, we prove estimate (4.1). Let ¢ € L*°[a, b] and ¢ € L*°[a, b]. Then,

b
g @)l = [ 1EapGro@IIvColdr.
a
Using formula (1.11) and estimate (1.7), we have that

|Eq,p(iAp(x)] < E2q,p(=27¢%(x)) + Al ()| Ezq,at5 (229" (x)).

The properties of functions ¢ and i and the use of estimate (1.10) lead to the result
b
ap @)l = [ |EupGrg@)llv(oldx
a

b
< [ (Eza g (—32¢2()) + Ald(0)| Esaras g (—2202 ()9 (x)ldx

1 b 1
= ¥l {F(ﬂ) /a T8 22000

T'a+p)
Mgl }

1 /”
+ X
Pla+pB) Ja 1+ F&B2202(x)

1 1
< Il maX{Tﬁ)’—F(a—kﬂ)}

’ ! b Mo
x Ua () ,\2¢2(X)dx+/a ANCEY) ;Lz¢2(x)dx]

I'Ca+p) T'(Ga+p)

M (L
Z -0 "T@) T+ p)

y [ ! L Ml ]
F@) 2,2 T@th) 12,2
L+ faarp M 1+ tGarpAimi

ST . 4+ Al
- — ’ ; ') I'(e+p) ’
(b (1) F(ﬂ) F(Ol + 18) 1 + mln{m, F(;1+B)}A2m%

Now, we prove the lower bound estimate (4.3). As |x + iy| > |x|, we obtain

|Eq,p(iAp(x)| = Ezq,p(=2>¢%(x)).
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Hence, by estimate (1.10), it follows that

b
s (V)] = ms / g (—A242(x))dx
a
nmop b 1
=T FG—2a) 272, 0"
B) Ja 1+ Wl ¢?(x)
my 1

>
> T(—2a) 2 ey
b—-a)l'B)1+ Tﬂ)akzn‘/’”Lw(a,b)

Now, we prove the lower bound estimate (4.2). As |x + iy| > |y|, we obtain

|Ea,p(iAp(x)] = A (x)| Ezaatp(—27¢%(x)).

Hence, by estimate (1.10), it follows that

b
Ha,g(M)] = mzk/ |6 ()| Ezg a4+ (—A2¢% (x))dx

__mak /” [P ()]
T T+ ) Ja 1+ FEA242(x)
- my Amy
T 0—aT@+B) 1+ L2261 s
The proof is complete. u

Theorem 4.2. Let —00 <a <b < 4+ooand0 <a <1/2, B =2a. Let ¢ € L*>®[a, b] be
a real-valued function, and let Y € L*[a, b].

Let m; = infy<x<p |¢(x)| > 0 and mp = inf<x<p |V (x)| > O; then we have the
following estimates:

I'(1+42
Kl 1+ AlBllze (14 /T2 221613 )

|Ia 201(A)| =< A > 07 (4~4)
’ b—a . (T3 L (142 2
( ) (1+ mm{rﬁsziv F§1+4Z;}Azm%)
and ;
nmop mi
|Ia,2a(/\)| > s A > 07 (4-5)
(b—a)FGa) 1+ 22162

where K = max{ﬁ, ﬁa)}.
Ifmy = infa<x<p |P(x)| = 0 and mp = infy<x<p | (x)| > O, then we have

1
a2a(V)] > —2 A>0. (46

~— (b-a)a) (1 + \/%AZIWIIE)Z
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Proof. First, we prove the estimate (4.4). Let ¢ € L*°[a, b] and Yy € L*°[a, b]. Then,
b
la2a)) = [ |ExaaliAg ()l pldx.
a

Using formula (1.11), we have that
|Ea2a(iA§(X))| < Eagpa(—A%¢%(x)) + Al$(X)| Eza,30(—A2¢%(x)).

The properties of functions ¢ and ¥, using estimates (1.9) and (1.10), imply that
b
a2 )| = [ |Euaalizg (v (ldx
a

b
< / (Ezaiza(—A2$%(x)) + A1 ()| Ezarza (—A2¢2 () [ () dx

< W le=| 1 | ’ : d
oo X
= L 1"(20[) a (l+ ;E}iia;k2¢2(x))2
o
L] /b Mol
FGa) Ja 14 [E821242(x)
b 1
< oK dx
= ”W“L /a (1 n ;Eiﬁag)\zd’z(x))z
o
N /” Mg () dx]
a 14 [8822¢2(x)
- annm[ 1
o L+ FaEgaems)’

N Mglize (1 + / TS A2 161120 ) }
rGa) r'(1+2a)
(1 + I‘(Sg)’lzm%)(l + v I‘(1+4g)12m%)
C(1+2a) 2
_ Kyl 1+ Al (U4 rraan A 1912-)

b—a . (TGa) [T(O+2a) n2
( ) (1 +mm{r<53y r(1+43>}12m1)

where K = max{ﬁ, ﬁ}
Now, we prove estimate (4.6). We have

|Eq 20 (i2(xX))| = Eaq2q4(—A2¢*(x)).
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Hence, by estimate (1.9), it follows that

b
aza(V)] = ms / Esaa(—A2¢%(x))dx

a

b
nop / 1 dx
T Ju (14 [T 2420

. my 1
T (b—a)'Qu T'(1—2a) 2’
(b=alQe) (4 [L0-23 5242,

370

The estimate (4.5) can be proved similarly as estimate (4.2) by replacing f = 2«. In fact,

b
laza(D)] = mah / 16(0)| Eza (A2 (6))dlx

_ omak [P |6 ()]

T TG Ja 1+ £5250%4%(x)

moyp /\ml

>
— (- ['(a) ’
G =a)TG) 1+ 522613 00 (q.)

The proof is complete.

5. Some applications
In this section, we give some applications of the obtained results.

5.1. Generalised Riemann-Lebesgue lemma

The Riemann-Lebesgue lemma is one of the most important results of harmonic and
asymptotic analysis. The simplest form of the Riemann-Lebesgue lemma (see, e.g., [1,

p. 3]) states that for a function f € L'(a,b) we have

b
lim e’ f(x)dx = 0.

k—o0 Jq

If f is continuously differentiable on [a, b], then it follows that

b 1
/ e f(x)dx = (9(;), as k — oo.
a

Next, we consider a generalisation of the Fourier integral in the form

b
/ Eqp(ikx) f(x)dx,

where 0 <o <1, >0and —o0 <a < b < 4o0.
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Let0<a<1,B>00ra=1,8>1.1If f € L'(a,b), then from the results of
Theorems 2.1 and 2.5 it follows that

b
lim Eqpglikx) f(x)dx = 0.
k—o00

a

If f € C'(a,b), then from the results of Theorems 2.1, 2.3, and 2.5 we obtain the
following.

e ForO<a<1,8>0,—00<a<b< 400, wehave

b
/ Eqp(ikx) f(x)dx = (9(%)

e ForO0<a<1,B=0a,0<a<b < +o00, we have

b ' 1
/a Eqo(ikx)f(x)dx = O(k—z)

e Fora=1,8>1,0<a<b < +o0, we have

b
/ E1p(ikx) f(x)dx = a(kﬂl_l).

5.2. Decay estimates for the time-fractional PDE

Consider the time-fractional evolution equation
Doy Lxult, x) +ux(t,x) =0, t>0, xR, (5.1)
with Cauchy data

u(0,x) =v¥(x), xeR, 5.2)

where £ f = 375_1(\/1 + E2F (f)) and

1 t
Doy ult, x) = m/o (t —s) %us(s, x)ds

is the Caputo fractional derivative of order 0 < o < 1.
By using the direct and inverse Fourier and Laplace transforms, we can obtain a solu-
tion to problem (5.1)—(5.2) in the form

u(t,x) = /R e’*EEa,l(i\/%gzr“)@(S)ds,

where

~ 1 .
16 =+ [ eEpoay.
R
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Suppose that ¥ € L!(R); then classical Riemann—Lebesgue lemma implies that 1’/} €
Co(R). It is obvious that

5
Si+e

bounded for all £ € supp(¥)

and

(%52) >0, forallf e supp(1/7)-

Then, using Theorem 2.2, we obtain the dispersive estimate

log(2 + t)

W”&”LI(]RL t>0.

u(t, ) llLe®) <

6. Comparison of results for integrals (1.4) and (1.5)

For the convenience of readers, this section provides comparisons of results for integrals
(1.4):

b
Lap () = / Ea g (i A (0) Y (x)dx

and (1.5):

- b
Tup(h) = / Eap(®A$ () (x)dx.

Let us start with the results in R (i.e., when ¢ = —00, b = 400). For both integrals
I.g(A) and I g(A), the following estimate holds:

Lo p (X
|~,ﬁ()|}5;, >0 620,
[lap ()]

1+A
However, if for I, g(A) above the estimate is true in case 0 < o < 1, B > 0, then for
Iopg(A)itistrueincase 0 <o <2, >a+ 1l,andincase 0 <a <2, 1 <fB <a +1
integral /, g(A) has the estimate

~ 1
Hap(M| S ——5=-
(1421«
In addition, if ¥ € Co(R), ¢ is the real-valued differentiable function vanishing at
some point ¢ € (R) and infyequpp(y) [¢'(x)| > 0, then

log(2 + 1)

Iog(A)] <
lap ] < =555

, A>0.
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The above estimate was not obtained for I~a, g (A) in [22]. In addition, this estimate is also
carried out for semi-axes [a, +00) and (—o0, b].
Now, let us move on to the results on a finite interval [a, b], —0o < a < b < 400.
For both integrals /4 g(A) and fa g (1), the following estimate holds:

L Iop(V)], O<a<l1, B>0,
ATklogk(24+ 1) 2 1 _
Iap(A)], 0<a <2, B>a+1.

In the case o = B, the integrals /, g(A) and Zx,ﬂ (1) have the same decay rate:

oA, O0<a<l,

ATk >
[Haa(A)], 0<a <2,

which corresponds to the classical van der Corput’s lemma.

Due to the presence of an Euler-type formula (1.11) and thanks to estimates (1.8),
(1.9), (1.10) for I4 (L), 0 < a < 1/2, B > 20, the following two-sided estimates are
valid:

A
lop(M)] = Cio—3

i
_— <
‘e <! 1+ A2

where C; and ¢ are positive constants.
However, the above two-sided estimates do not hold for I, g(A) and have not been
studied in [22].

Conclusion and some open questions

The main object of the paper was to estimate integral operator defined by

b
Iup(X) = / Eap (1A ()Y (x)dox.

with0 <a <1,8>0.
For I, g(A), the following results have been obtained:

o for different cases of parameters « and 8, some analogues of the van der Corput first
lemma are obtained;

» for different cases of parameters « and 8, some analogues of the van der Corput second
lemma are obtained;

» forO0 <o <1/2and B > «, bilateral optimal bounds estimates are obtained;
* some applications of the generalised van der Corput lemmas are presented.

In conclusion, we present some open questions related to generalisations of the van
der Corput lemmas:
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(1) are van der Corput-type estimates valid for I, g(A) witha = 1 and B < 1?

(2) is it possible to obtain bilateral optimal estimates as in Section 4 for I, g(A) with
0<a<1/2and B <2u?

(3) how to prove bilateral optimal estimates as in Section 4 for I, g(A) for some
particular case 1/2 <o < 1 and 8 > 0?
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