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Liouville theorems for a fourth order Hénon equation
in the half-space

Abdelbaki Selmi and Cherif Zaidi

Abstract. We investigate here the nonlinear elliptic Hénon-type equation

A%y = |x|*uP 'y inRY, u= u =0 indR%,
0xp
where p > 1,a > 0 and n > 5. Based on the approach of Hu [J. Differential Equations 256 (2014),
1817-1846], we prove Liouville-type theorems for stable solutions and solutions which are sta-
ble outside a compact set possibly unbounded and sign-changing. In contrast with the results of
Hu (2014), we apply a new method to provide an implicit existence of the fourth-order Joseph—
Lundgren exponent. To classify finite Morse index solutions in the supercritical case, we adopt a
new method of monotonicity formula together with blowing down sequence. In addition, a diffi-
culty stems from the fact that applying the doubling lemma leads to the singularity. For this reason,
we use a more delicate approach to the interval (n + 4 + 2a, p yr»(n,0)). Our analysis uses a com-
bination of some integral estimates, Pohozaev-type identity, and monotonicity formula of solutions.

1. Introduction

We are interested in the Liouville-type theorems, that is, the nonexistence of the solution
u which is stable or with finite Morse index of the following problem:

_ ou
T Ox,

Au = |x|?lu|? 'y inR%, wu =0 ondR", (1.1)

where
p>1,a>0,n>5 ]R':L::{x:(x’,x,,),x/eR”_l,xn>O}, B]Ri::{x € Ri,xnzo}.

Liouville-type theorems and properties of the subcritical case have attracted much atten-

tion of scientists and many results were obtained. The most remarkable result on this

aspect is the first Liouville-type theorem obtained by Gidas and Spruck [14], in which
n+2

they proved that for 1 < p < 7= the problem

—Au = [ul’'u inR" (1.2)
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does not possess positive solutions. Moreover, this result is optimal in the sense that, for
any p > % and n > 3, there are infinitely many positive solutions to problem (1.2). Soon
afterward, similar results were established in [13] for positive solutions of the subcritical
problem in the half-space R” ,

—Au=[ul’'u in R%, u=0 ondR%. (1.3)

Later, Chen, and Li [3] obtained similar nonexistence results for the above two equa-
tions by using the moving plane method. These results received wide attention as regards
the theory itself and its applications. Particularly, when variational methods cannot be
employed, one uses them to establish a prior bound of solutions for general operator,
and therefore, existence of solutions may be dealt with via topological methods; see, for
instance, [5,8,11, 13, 14].

We note that the above-mentioned results only claim that the above equations do
not possess positive solutions. In a so important paper [1], Bahri and Lions proved the
nonexistence of sign-changing finite Morse index solutions of (1.2) or (1.3), provided that
l<p< % Their proof is based on some integral estimates via Morse index com-
bined with the Pohozaev identity. So, motivated by [13], they used blow-up argument
to obtain a relevant L°°-bound for solutions of semilinear boundary value problems in
bounded domain from the boundedness of Morse index (see also [1, 10, 19]). We mention
also that when the Palais—Smale; or the Cerami compactness conditions for the energy
functional do not seem to follow readily, the proof of existence of solutions is essentially
reduced to deriving L°°-estimate from Liouville-type theorems via Morse index (see, for
instance, [9,26,27]). After these works, many authors investigated various Liouville-type
theorems for solutions with finite Morse indices in subcritical case such as problems with
Neumann boundary condition, Dirichlet-Neumann mixed boundary conditions and non-
linear boundary conditions (see [2, 17-20,29,32,33]).

In a famous paper [10], Farina completely classified finite Morse index solutions posi-
tive or sign-changing possibly unbounded. In particular, he proved that a smooth nontrivial
solution to (1.5) exists if and only if p > pyri(n) andn > 11, 0r p = % and n > 3.
Here, psr1(n) denotes the so-called Joseph—Lundgren exponent (see [10,15]). In addition,
similar results were established in [10] for finite Morse index solutions in the upper half-
space R, with homogeneous Dirichlet boundary conditions on dR” . His proof makes a
delicate application of the classical Moser iteration method. There exist many excellent
papers to use the generalization of Moser’s iteration technique to discuss the harmonic and
fourth-order elliptic equation. (See [4,6, 16,28,30,31] and the references therein). How-
ever, the classical Moser’s iterative technique may fail to obtain the similarly complete

classification for the biharmonic equation:
A%y = |[u|Ptu. (1.4)

Recently, Davila, Dupaigne, Wang, and Wei [7] have derived a monotonicity formula and
employed blow down analysis to reduce the nonexistence of nontrivial entire solutions
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for the problem (1.4) to that of nontrivial homogeneous solutions and gave a complete
classification of stable solutions and those of finite Morse index solutions. Furthermore,
in a recent paper [6], Dancer, Du, and Guo extended some results in [10] have considered

—Au = |x|*lu|”"'u  inR" (1.5)

with a > —2 they prove that (1.5) has no nontrivial stable solution in R” if 1 < p <
psr1(n,a) and that for p > pyr1(n,a), admits a positive radial stable solution in R”,
where pyr1(n,a) is the Joseph—Lundgren exponent for the Hénon-type equation. In addi-
tion, Wang and Ye [28] obtained a Liouville-type result for finite Morse index solutions
in R”, which is a partial extension of results in [6]. However, in case of the biharmonic
equation, when @ > 0, Hu [22] proved Liouville-type theorems for solutions belonging
to one of the following classes: stable solutions and finite Morse index solutions posi-
tive or sign-changing. His proof is based on a combination of the Pohozaev-type identity,
monotonicity formula of solutions and a blowing down sequence.

Relying on Hu’s approach [22] and using the technics developed in [7, 10], we give
Liouville-type theorems for solutions belonging to one of the following classes: stable
solution and finite Morse index solutions of (1.1) possibly unbounded and sign-changing.
In contrast with the results of Hu [22], we apply a new method to provide an implicit
existence of the fourth-order Joseph—Lundgren exponent. Let us note that, to classify finite
Morse index solutions in the supercritical case, we adopt a new method of monotonicity
formula together with blowing down sequence. In addition, a difficulty stems from the fact
that applying the doubling lemma leads to the singularity. For this reason, we use a more
delicate approach to the interval (n 4+ 4 + 2a, pjr2(n,0)). Before stating our results, we
need to recall some definitions.

Definition 1.1. We say that a solution u of (1.1) belonging to C 4(M) has the following
cases.

e tis stable if
0u(y) = / (AYY2dx — p f Py 2dx 2 0 Vg e C2®TD). (16)
R" R"

* Itis stable outside a compact set X C R’} if Q, () > 0 for any ¢ € c? (M\JC)

* It has a Morse index equal to K > 1 if K is the maximal dimension of a subspace Xx
of CZ(R”) such that Q,,(¥) < 0 for any ¥ € Xg\{0}.

Remark 1.1. (i) Clearly, a solution is stable if and only if its Morse index is equal to zero.

(i) Any finite Morse index solution u is stable outside a compact set X C R” . Indeed,
there exist K > 1 and Xk := span{y¥1,..., ¥k} C CCZ(M) such that 0, (¥) < 0 for any
¥ € Xk \{0}. Then, Q. (¥) > 0 for every ¢ € CCZ(M\JC), where

K
X = supp(v).

J=1
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Now, we can state our main results. For any fixed @ > 0 and n > 5, we have the
following theorem.

Theorem 1.1. Let u € W>

loc

RAA\{0}, p € (”+4+2“,p1L2(n a)) and assume that |x|*|u|PT1 € L1
u=0.

(]R \{0}) be a homogeneous, stable solution of (1.1) in
(R \{0}). Then,

Theorem 1.2. Letu € C‘%M) be a stable solution of (1.1). If 1 < p < pjr2(n,a), then
u=0

Theorem 1.3. Letu € C 4(@) be a solution of (1.1) that is stable outside a compact set.
« If1<p<psan0),pz# 242 theny = 0.

e Ifp= "+4+2“ , then u has finite energy, i.e.,

/ (Au)? =/ lx|*|uP! < +o0.
R R’

+

Here, the representation of pjr,(n,a) in Theorem 1.1 is the fourth-order Joseph—
Lundgren exponent given by (2.1) below.

Remark 1.2. From Theorem 1.3 and the fact that any finite Morse index solution is stable
outside a compact set X C R”, we directly obtain that under the same assumption of
Theorem 1.3, there is no finite Morse index solution to (1.1).

The proof of Theorem 1.2 or 1.3 is rather long and contains several technical aspects.
The idea of the proof relies on some integral estimates together with blowing down se-
quence combined with a version of monotonicity formula of equation (1.1). We mention
that the monotonicity formula is a powerful tool to understand supercritical elliptic equa-
tions or systems. This approach has been used successfully for Lane—-Emden equation
in [23].

This paper is organized as follows. In Section 1, we establish some finer integral esti-
mates for the solutions of (1.1) which will be the key that we will use in the proofs of
Theorems 1.2 and 1.3, and we construct a monotonicity formula which is a crucial tool
to handle the supercritical case. Section 2 is devoted to the proof of 1.1. In Section 3, we
prove Liouville-type theorem for stable solutions of (1.1), that is, Theorem 1.1. While in
Section 4, we prove Theorem 1.3.

In the following, we use B,(x) to denote the open ball in R” centered at x with
radius r, we also write B, = B,(0). C denotes a generic positive constant, which could
be changed from one line to another.

2. Monotonicity formula and integral estimates

In this section, we construct a monotonicity formula and we establish various integral
estimates of stable solutions which play an important role in dealing with Theorems 1.2
and 1.3.
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To explore the main results in this paper, we need to provide an implicit existence of
the fourth-order Joseph—Lundgren exponent for equation (1.1). For any fixed a > —4 and
n > 5, we define

Hh=al@+2)n—-2—-a)(n—4—a)

and

n%(n — 4)?
Falw) = ply =
n%(n —4)?

=@+4+a)a+2)(n—2—a)(n—4—a)— T ,

where o = %. Note that

n+442a n—4
(p>—)<:><0<0l<—>,

n—4 2
n—4

Fy, is increasing on (0, *57). A direct computation finds

P <n—4>: n—i—4—i—2anz(n—4)2_112(11—4)2 _ 2(4 4+ a) n?(n — 4)? -
“\ 2 n—4 16 16 n—4 16

0.

‘We also have

(n—4

—4
Fa(0) = == (=n’ + 4n® + 32(a + 4)n — 64a — 256) = (n—4)

E,(n),

where
E.(x) = —x3 + 4x% 4+ 32(a + 4)x — 64a — 256.

The function E, satisfies the following properties:

(1) Ez(5) >0, foralla > —4,

(2) EJ(x) = —6x +8 <0on [5, +00),

3) limy— 400 Eq(x) = —o00.
It follows that there exists a unique x, € (5, +00) such that E;(x,;) = 0 and E,(x) > 0
on [5, x4). If we denote by n(a) the integer part of x,, then we have the following.

(i) Vn<n(a),E,(n)>0.Thisimplies that F,(0) > 0. As a consequence Fy, () >0

on (0, %).
(i) Vn >n(a)+ 1, E;(n) < 0. This yields F;(0) < 0. Then, there exists a unique

g € (0, %5*) such that F,(ag) = 0.

For any fixed a > —4 and n > 5, we define

+00 ifn <n(a),
,a) = 2.1
pir2(n.a) {p(n,a) ifn >n(a)+1, 1
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where p(n,a) = % + 1. Therefore, we find that

n%(n —4)?

J
pbJ2 > 16

% < p < pjra2(n,a).Inparticular, if a = 0, then Fy (oo := m) =0,
where pjr2(n,0) in (2.1) is the fourth order Joseph—Lundgren exponent which is com-
puted by Gazzola and Grunau [12]. See also Harrabi and Zaidi [21] in the study of the
sixth-order for a > 0. Furthermore, F,(c¢) > Fo(ag) = 0, then g > 4 for all n > n(a),
this implies that pyr,(n,0) < pyjr2(n,a) fora > —4.

Next, we will establish a monotonicity formula. Equation (1.1) has two important
features. It is variational, with the energy functional given by

[ Glaup = —1xieir).
2 p+1

For A > 0, set B;r =B, N Ri. Under the scaling transformation

for any

wt(x) = AT u(Ax),

this suggests that the variation of the rescaled energy

1 1
/ (_|Auk|2__|x|a|uk|p+l>.
B+t \2 p+1

1

2(R) N L2 (R™) and define

. 4
For any given x € R”, we choose u € W loc

loc

4(p+D+2a _ 1 1
E(u.b) = 2" (/ S - |x|“|u|"+1)
B;r 2 P +1

n ‘“r_“(n_g_ﬂ),ﬁjffﬂ—n/ 2
2(p—1) p—1 B,

4+a 4+a\ d 8+2a 4 5
- _2_ . A’ 1 +2 n/ 2
+2(p—1)(n p—l)d/\( ’ ag;u
A?’ d 8+2a 4 U\ 2
- /\j—i-l—n/ —/\_1 -
+zd/x[ ’ aB;(p—1 wt3,)
1d 8+2a du
- Aj"l“t—n/ Vul? — |— |2
+zdx[ ! 33;0 ul |8r|>

1 8+2a du
_A’ 1 +3—n/ V 2 _ 1272 ,
+3 g (7 =15.F)

where derivatives are taken in the sense of distributions. Then, we have the following
monotonicity formula.
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es +4+42 4,2 1
Proposition 2.1. Lern > 5,a > 0 and p > "£2524 y € W )" (R%) and |x|*|u|P*! €

Ly (R™) be a weak solution of (1.1). Then, E(u, X) is non-decreasing in A > 0. Further-
more, there is a constant C(n, p,a) > 0 depending only on n, p and a such that

d a 4 dun 2
S E@. ) = Cn, p,a)d "5 / (ﬂrlu + —”) ds.
dr OB} \P — 1 or

Proof. The proof follows the main lines of the demonstration of [22, Theorem 2.1], with
small modifications. Since the boundary integrals in E(u, A) only involve second order
derivatives of u, the boundary integrals in ‘é—i (u, A) only involve third order derivatives of
u. Thus, the following calculations can be rigorously verified. Assume that x = 0 and that
the balls B), are all centered at 0. Take

B} 2 p+1

Define " "
v = Au,ut(x) = Artu(dx), v*(x) = A1 2y (Ax).

We still have v} = Au?, Av* = |x|*|u?|?~'u*, and by differentiating in A,
du* _d vt
dr — dr’
Note that differentiation in A commutes with differentiation and integration in x. A rescal-
ing shows that
~ 1 1
R e A
By 2 p+1
Then,
d

~ dv*
—E) = ALY vap,Alp—1,,A
dA @) /B;rv dA e[l "

du*
i

=/ md_ﬂ_wﬁzf 0 dut oot aut
B+ dA d\ — Jogr Or dx Or dA

Since u* = 0in BR:’L for any A > 0, then % =0in aRf"_. Therefore, all boundary terms
appearing in the integrations by parts vanish under the Dirichlet boundary conditions. So,

we get
d ~ 9 du* vt du*
—EQ) = (v’l—————). 2.2
di @) /331+ ar dA ar da 22)
In what follows, we express all derivatives of u* in the r = |x| variable in terms of deriva-
tives in the A variable. In the definition of u* and v*, directly differentiating in A gives
du* 1

_ 44a , u*
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and ,1
2(p+1)+a )
—( ) = ((p—)v’l(x) + r—(x)). 2.4)
p—1 ar
In (2.3), taking derivatives in A once again, we get
d2 A 4+ a du* 9 dut
— () = —_— ——(x). 2.5
A+ D ST @5)

Substituting (2.4) and (2.5) into (2.2), we obtain

dE d2ut —5—adut du* / dv* ( )
_E_faB+ A(/\ U p—5 aL)_L(AL_ZP—}_l_’_avl)

dr dA? p—1 dAi dr \"dx p—1
d?ut du* du* dv*
= vt 3t - 2.6
e L daz U an Tt an an 2.6

Observe that v* is expressed as a combination of x derivatives of u*. So, we also transform
*into A derivatives of u*. By taking derivatives in 7 in (2.3) and noting (2.5), we get on
dB;", that
2yt Aaau p+3+adut

a2 ar dA p—1 or
_Azazuk+p_5—akd_ul_p+3+a(kdi_4+a A)
Ve p—1 " dA p—1 dr  p—1

, 0%ut 8+2axdul @+a)p+3 +a)uA

A2 p—1"dxr (p—1)2

Then, on BB{",

5, Put -1t 1

_ 2 n— v - A
v ar2 + r or +r2A9u

_ 2d2ul_8+2alﬂ (4+a)(p+3+a)uA

dA? dA (p—1)2

du 4+a

d?ut 8+2a\.du* 4+a/4+a
_ 12 _ _ A A
=2 +(n 1 ) o +—p_1(p_1 n+2)u + Agut.

Here, Ay is the Laplace—Beltrami operator on dB; and below Vg represents the tangential
derivative on dB;. For notational convenience, we also define the constants

8+2 4 4
p—1 —1\p—1
Now, (2.6) reads
d
—EQ) =1 + I,

dA
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where
d?u* du* d?u*
I = A(A? oA ——
VS o M T T N
+3()&2d2u n Adu + pu )du)L Adu d (Azdzuk_’_ Adu +B )
— — - — u
di? di dA d) dx dA? dA
and 5
2 d u* du* du
L= AA 3Agu* A— —
2= g o't T an tan

. A . . . .
Let A > 0. Since ddLA = 0in 0R", then all boundary terms appearing in the integrations
by parts vanish under the Dirichlet boundary conditions; hence, the calculations are even
easier. The integral I, can be estimated as

2,,A A 2

d
12 = [ —AV@MAVQ "
aB

dA? dA

= —%j—;(/wr IVeu"Iz) - 257(/;;3; |V9u*|2) + 24 /aB; vgcil_”f ’
- —%j—;(xfm Vo) - %%(/ﬁ Vou P ) +2x/ v 2ef
= _%j_;(k /aB; WWHZ) - %j_)t(/azaf |v9u*|2),
Furthermore, a direct calculation implies that
= /aB+ A3(§fj>2 +47 d;)\; Cizux +hru Acizz)tlz +3pu Mizux
+ 2 - )A( dx) _ 3%‘5;’:
= [, () e G+ e () § e

Bd_ ,, 1d d ;du*
———A3
tra) T dA(dA)
Here, we have used the relations (writing f/ = j_A f,etc)

A

A= (5

S17) =2 =M

and

3 ¢t g As /2// 2 pl gl 3 11\2
RS =[S IR
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Since p > %, direct calculations show that

8+2a) 4+a<4+a

—B=(n-1-
«—p (n p—1 p—1\p—1

—n—|—2>>1.

Consequently,

d2ut\2 ,d*u* du* du?\2
223 42 2 4 Qa=28)r =
(dAZ)+ oz an T ﬂ)(dk)
d*u*  du* du*\2

_2A</\ e +d7) +(Qa—28— Z)A(dk) > 0.

Then, we conclude that

i d /du gd
/ ZdAZ[( ”‘um[ dx(dx)]+§d_x(” >

Now, rescaling back, we can write those A derivatives in /1 and I, as follows:

d 8+2a
A2 +1-n 2
= A7 )
aB dl(u . dl( /aza;u)
d2 8+2a _
/ + d)LZM(uA)Z] T dxz (A e n/aB+ uz)’
A
d d sdu d d 8+2a 1 44a ou\2
el A, - = A3_ APl +1 n/ _Afl st
/aB;dA[ d)k(dl)] d)t[ d/\( ' 331(19—1 ”+ar) :
d2 d2 8+2a 3u
A \v/ A12) kl+ +2+1 n/ \V4 2_ 1272
([ v = 7| L, (we=ige)]

d d 8+2a ou
e v A2 = | A=t +2+1—n/ \vj 2 _ 1272 .
dk(fwg wi) = 52 (=15

Substituting these into j7 E(u, X), we finish the proof. |

For § > 0, set Bﬂ = Bg N R’ and A+ {x e R:,a18 < |x| < azB} for some
0 < a; < ap. Letu be a solution of (1.1), Wthh is stable outside a compact set K C B;{ .
For all R > 4Ry, we define a family of test functions ¥ = ¥ (g,Rr,) € CC2 (RY) satisfying

0<y <landy =0 if|x| < Rgor|x|> 2R,

v =1 if2Rg < |x| < R,

2.7)
|Vay| < CRy? if Ry < |x| < 2Ry,
[Viy| < CR™ if R<|x| <2Rand 1 <gq < 4.

Similarly, if u is a stable solution of (1.1), then ¥ = ¥(g), with R > 0 verifying (2.7) with
Ry = 0; thatis, ¥ = 1if |x| < R. Then, we have the following integral estimates.
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Lemma 2.1. Letu € C* (R ) be a solution of (1.1), which is stable outside a compact
set K. Let Ry > 0 such that X C B R, and set v = Au, there hold the following:

( )+2a
/ v2 +/ Ix[[u|P*! < Co+ CR"™ 71 VR > 4R, 2.8)
BY BY
and
/ v? +/ |x|%ulP*! < Co +CR—4/ u? +CR_2/ luv| VR > 4R,,
By By A} At
2.9)

where Cy and C are positive constants independent of R.

Proof of (2.8). First, for & € (0,1) and n € C2(R"), we have
[ [Aun))? = / (uAD 4+ 2VuVn + nAu)?
R n

C
(1+C8)/ vt 4+ = / u2(An)2+—/ [Vul?|Vn|?.
R" & Jr2

Using
A@W?) = 2|Vul* + 2uAu
yields
2/ |Vu|?|Vn|? =/ uzA(|Vr)|2)—2f uv|Vn|?. (2.10)
R" R" R"
So, we get

C
fsmpsasce [T [ el s i@l [ wenvn?

+

(2.11)
Take n = n™ with m > 2. Apply Cauchy—Schwarz’s inequality, we get
[ o[V ? < cng v+ Ce,mf w? |Vt 4, (2.12)
R™ R" R"

Substitute 1 by ¥"" in (2.11), then from (2.12) and (2.7), we obtain

[ [Amy™))* < Co+ (1 + Cs)/ v2y2m 4 CER_“/ u?,
+ + +
BZR B2R AR

where

Co = CR™ / u?,
A+

Ay ={x e R, Ry < |x| < 2Ry}.
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Let u be a solution of (1.1), which is stable outside a compact set X C B;;O. Clearly,

uy™ e H02(B;' =\ B;O), so after a standard approximation argument the main inequality
of stability (1.6) implies that

p/ x| o] PH 2 —/ (Auy™)?> <0 VR > 4R,.
B Bx

2R

Therefore, we conclude that

pf |l |% |u|P 2™ — (1 +C£)/ v2Y2m < C0+C£R_4/ u?. (2.13)
B}, By A}

2R R

On the other hand, recall that u = 2% = 0 in 0R’_, then multiply equation (1.1) by un?,

0x,

n € C2(RV) and integrate by parts, using again (2.10), we derive
/n [vznz o |x|a|u|p+ln2]

anu-Vn—Z/ nuvAn—Z/ uv|Vn?

R+
i 4 RY

=_4/
R +
v2n2+cs/ uZ(An)2+c8/ |Vu|2|Vn|2—2/ wv| VP2
R" R R

ECS/

R" "

sce [ vt C [ l@n? +180VaP] < G [ ellvaP. @i4)
R R R

Using the above inequality (where one substitutes 7 by ¢™), it follows from (2.12) and
(2.7) that

1 _CS)/B;’R v2y2m —./B

Taking & > 0 small enough, multiplying (2.15) by 11+_2CC:’ and adding it with (2.13) we
then get

L Py < Co + CeR“‘/+ w2 (@215

2R AR

1+2C
Ce/ v2w2m+<p—:)/ |x|“|u|P+1w2msco+ch—4/ %3
55 1=Ce Jsg, "

2R

As p > 1and A; - B;‘R, using € > 0 small enough, there holds that

/ v? +/ lx|%u)|Pt! < Co + CR—“/ u?.
Bj By AR

Applying Young’s inequality, we deduce then for any & > 0 that

4(p+1)+2a
/ v+ (- s’)/ Ix|9ulPt! < Co+ CR"™ 7T~ VR > 4R,.
BY BY

R

Taking ¢’ > 0 small enough, the estimate (2.8) is proved. ]
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Proof of (2.9). Invoking now (2.11) where we substitute 7 by ¥, we obtain

/ [Awy™)]? < Co + (1 + Ce)/ V22 4 CgR“‘/ u? + CER_Z/ luv|.
B+ + + A+

2R B2R AR R

Adopting a similar argument as above where we uses the equality (2.14) and inequality
of stability (1.6), we obtain readily the estimate equality (2.9). Thus, Lemma 2.1 is well
proved. ]

3. Proof of Theorem 1.1

In this section, we obtain a nonexistence result for a homogeneous stable solution of (1.1).
We have the following lemma.

Lemma 3.1. Letn > 5,a > 0, we define
Ji=@+2)n—4—a)+an—-2—a).
Ifpe (”+4+2a,pJLz(n a)), then we have

nn—4)
J1>0,J2>0,pJ1>—

and 5 5
n“(n —4)
J _
pJ2 > 16

Proof. Since
n+4+2a n+4

>
n—4 n—4

’

then
Ji>0 and J; > 0.
For "";14# < p < pjr2(n,a), we get from the definition of psr,(n,a) that
hs > =47 3.1)
16
From (3.1), we obtain
2p2), > (%)znz(n — 42, (3.2)

Using inequality /Xy < 2(x + y) forall x > 0,y > 0 with x = (¢ + 2)(n —4 — ) and
y = a(n —2 — ), we derive
220, < (1) (3.3)

The last inequality combined with (3.2), yields
1
pJi > En(n —4). 34

This finishes the proof of Lemma 3.1. ]
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Let u be a homogeneous solution of (1.1); that is, there exists a w € Wz’z(S’rl) such
that in polar coordinates

_4+a

u(r,0) =r-rtw(h).
Denote A; = B;’R\B;. Since u € W2’2(Ai") and |x|%|u|?T1 e LI(AT), it implies that
w e WZ’Z(S'_ﬁ__l) N LpP+! (S'_j__l). A direct calculation gives

ow

Ajw(®) — J1Agw(®) + Jw(®) = |w|P'w inST, w= 30 = 0 ondS%,
3.5)
where 4+ dtay 4+ 4+
a a a a
Ji= (p—l +2)<"_4_p—1>+ p—1<”_2_ p—l)
and 44a 4+ 4+ 4+
a a a a
Iy = ( +2)(n—4— )(n—z— )
p—1\p—1 p—1 p—1
Because w € W22(S"™1), we can test (3.5) with w to obtain
/ (Agw)? + J1|Vow|? + Jobw?do = / lw|Pt1de. (3.6)
Snfl §171

+

As in [7], for any & > 0, choose 7, € C5°((5. %)) such that n, = 1 in (e, %), and
Pl ()] + r2[ny(r)] < 64 Vr > 0.

Let Qi = Bog/e\Bejok, since w € W22(S%~1) n LPHI(SHT), "2 w(0)n.(r) can
be approximated by C§°(Q2> N R™) functions in W22(Q; N R") N LPT1(Q; NRY).
Hence, in the stability condition for u, we are allowed to choose a test function of the
form

r‘%w((?)ne(r)'
Direct calculations show that
n— — 4 z 2
AT w(O)ne(r) = —%r_iw(@ﬁs(r) +3r 72 w(@)n,(r)
+r 3 P20@)n(r) + 12 Aquw(9)ne(r). 3.7

Substituting (3.7) into the stability condition for u, we deduce that

+o0
o /S wiretas) ([ eyar )
B 2(np — 4)? +o0
(L ot P ) [

+o0
w0l [T e + PR+ n o+ ol

x/ (Vaw(0)]? + w(9)2)d9}.
Sl
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Note that
+00
[ edr = fogal,
0

00
/0 (re(r)? 4+ 20 (r)? + ne(r) I, (D] + roe(r)|nf (Mhdr < €
for some constant C independent of ¢. By letting ¢ — 0, we obtain

n%(n — 4)? >

—4
p/ lw|PT1d6 5[ (Agw)2+M|ng|2+ w?dh.  (3.8)
Srer—l Si—l 2 ]6
Substituting (3.6) into (3.8), we derive
n(n—4 n?(n — 4)?
[ 0= v@aw?+ (p5 = D) Woul + (- = uras <o
S'_:jl 2 16

Finally, by Lemma 3.1, we observe that w = 0. Then, it follows that u = 0.

4. Proof of Theorem 1.2

: : n+4+2a
, we apply the integral estimates. For the case =% <

p < psr2(n,a) with the energy estimates and the desired monotonicity formula we can
show that the stable solutions must be homogeneous solutions; hence, by applying the
classification of the homogeneous solutions (see Theorem1.1), the solutions must be zero.

Since we assume that u is a stable solution, then the integral estimate (2.8) holds with
Co = 0. We divide the proof into three cases.

n+4+2a
For the case 1 < p < T

n+442a

Case 1. The subcritical 1 < p < ==

Applying (2.8), we deduce that

4(p+1)+2a

/ v2~|—/ |x|“lulPT < CR" " 7T -0 asR— +o0.
Bj By

Consequently, we obtain u = 0.
e — n+4+2a
Case 2. The critical p = #2254,

Applying again (2.8), we have

/ v2 + |x |9 u|Pt! < 400.
Rn

n
So, we get

lim v2 + |x|%u|Pt = 0.
R—+o00 A;
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Now, using Holder’s inequality, we derive that

2 p-1
R—4/ M2§CR_4(/ |x|a|u|p+l)1’+1(/ |x|;3,i)p+l.
A A} A
Therefore, from (2.9), we conclude that

R
—1 p
/ 02 4+ |x[9ul?H < CRO—#% fri—4 / A +c/ 0.
B - AT AT
R

R R

Under the assumptions p = w, tending R — +o00, we obtain u = 0.

Case 3. The supercritical 24424 < p < p;;5(n. a).

We define blowing down sequences

u'l(x) = A%u(kx), vk(x) = A%+2v(kx) VA > 0.

u’ is also a smooth stable solution of (1.1) on R’ . By rescaling (2.8), for all A > 0 and
balls B, C R”,

4(p+1D+2a

[ @+ e < et
B;

LP+1 A

In particular, u* are uniformly bounded in oc (RZ). By elliptic estimates, u* are also

uniformly bounded in W,gc’z(]R{’i). Hence, up to a subsequence of A — 400, we can

p+1
loc

assume that u* — 1 weakly in W] (]R )N L
A

(R’ ). By compactness embedding,
— u® strongly in w2 Z(R ). Then, for any ball B +(O) by interpolation

loc

between L4 spaces and noting (2.8), forany ¢ € [1, p + 1), as A — 400, we have

one has u

A A A
”u - uoo”LfI(B;(O)) = ||M oo”Ll(B'F(O))”M OO||Lp+1(B+(0)) 0’ (41)
where | |
q p+1

That is, u* — u® in L{ (R") forany g € (1, p + 1).
For any function { € C§°(R"), we have

/ AUP AL — |x|*u®|Pu®t = lim/ Au* AL — |x|*[u* Pt
R A—>o0 JR7

+

/ (AD? — plx[“u™ P~ (©) = lim / (AL — plx*[u P~ (©)? = 0.
]R’_;_ A—>00 th_

Thus,
® e W2ZAR™) N LT (R™)

loc loc

is a stable solution of (1.1).
Now, we can follow exactly the proof of Lemmas 3.1-3.3 in Hu [22], (see also Lem-
mas 4.4—4.6 in Dévila et al. [7]), to obtain the following lemma.
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Lemma 4.1. We have the following:
(1) limy— 400 E(u,A) < 400,
(2) u® is homogeneous,
3) limy— 400 E(u,r) =0.
Therefore, by the monotonicity formula, we know that u is homogeneous, then by

Proposition 2.1 and using the classification of the homogeneous solutions given by Theo-
rem 1.1, we get u = 0. This finishes the proof of Theorem 1.2.

5. Proof of Theorem 1.3

We proceed based on a Pohozaev-type identity, the decay estimates from the doubling
lemma [24], the monotonicity formula, and the classification of the homogeneous solu-
tions and stable solutions. The proof is divided into three cases.
Case 1. The subcritical 1 < p < 23422,

The proof is based on the following Pohozaev-type identity. More precisely, we start
by testing the equation (1.1) against by Vu - x1, where ¢ € CCZ(RN), 0<y <1,are
cut-off functions satisfying

{¢E1 if|x| <R, y=1 if|x|>2R, 5.0

|Viy| < CR™4 ifxe Ag ={R < |x| <2R}, ¢ <2.

Then, in view of the cut-off functions ¥, we can avoid the spherical integrals raised in [3,
25], which are very difficult to control and we have the following lemma.

Lemma 5.1. Let u be a solution of (1.1) and set v = Au. Then, for any ¥ € CCZ(B;'R ,

””/ |x|“|u|f’“w—"_4/ 2y
p+ 1/ 2 Jgj
2R 2R
1 1
- |x|“|u|1’+‘<w-x)+—/ (V- x)0?
p+1 s, 2 Jsz,

— / . [20(Vu - V) + 20V2u(x, V) + v(Vu - x) Ay ]. (5.2)
2R
Proof. Letyr € C, Cz(Ber ) multiplying equation (1.1) by Vu - x¢ and integrating by parts,
we get

/ el (V- )y
B+

2R

=/ AulA(Vu -x1//)=/ v[(V(v) X)) +20¢ +2V(Vu - x) - VY +(Vu - x)Alﬂ].
g Bk

BZR
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Direct calculation yields

V(Vu-x)- Vi = V2u(x, Vi) + (Vu - V)

and
V(v?) )
v[(V() - x)¥ + 20y ] = XY 42 vy
Bjk By 2 B3k
4— 1
= n/ vzlp——/ v2(Vy - x).
2 Js% 2 /B
Moreover,
1
J I Ty I T —/ (<[l - V.
By p+ 1% p+l
Therefore, (5.2) follows by regrouping the above equalities. ]

We claim then the following lemma.

Lemma 5.2, Letu € C 4(]R ) be a solution of (1.1) which is stable outside a compact set
of R .. If p € (1, ”";l“_"f”) then |x|p+1u € L"+1(R ), vE LZ(]R ), we have

n—4 n+a
3 / v? = 1/ | u|P 1 (5.3)
n p+1Jry
and
/v2=[ | |%|u|P T (5.4)
i RY

Proof. Using (2.8) and tending R — 0o, we obtain
x| 7Ty € LP*I(R”%) and v e L(R™). (5.5)

By Holder’s inequality, there holds that

B[ = RO et)
A Ak

R

On the other hand, by standard scaling argument, there exists C > 0 such that for any
R > 0,any u € C*(A}) with A} = Bx\Bp,

R—Z[ |Vu|? §C/ v2+CR_4[ u?.
A A% A

R R

Therefore, as p is subcritical, we deduce that

CR—“/+ u2+R_2/+|Vu|2—>O as R — oo. (5.6)
A A

R R
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/A+ |V2ul?.

R

Now, we will estimate the integral

Since u{ = 0 on dR’}, by standard elliptic theory, there exists C > 0 such that

/ |v2(uz)|250[ |A<u:>|256[ [WIALR + [VuPIVER + %], (5.7)
A Af A}

R
So, we get

/ |v2u|2c2§c[ |v2<uc>|2+c[ |Vu|2|vz|2+c/ (VI 4 V2P
A} A} A} A}

R

< C/ v2+CR—4/ u2+R—2/ [Vul?. (5.8)
A} A% AL

R R

Using (5.5) and (5.6), there holds that
f IV2u|? < oo. (5.9)
R%
Now, to prove (5.3), we will show that any terms on the right-hand side of (5.2)

(denoted by I) tends to 0 as R — +o0. Remark that Vi # 0 only in A}, = B;R\B;
and || V¥/||oo < Cx R7¥, there holds that

C
|1R|sC/ (|x|“|u|l’+‘+v2)+—/ |v||Vu|+C/ 0]1V2u].
A} R Ja3 A%

R

Thanks to the estimates (5.5)-(5.9) and Holder’s inequality, clearly, limg—o I = 0;
hence, we get (5.3).
On the other hand, using u as test function in (1.1), we have
wollay]+C [ pullvulvylax

2 1
/+ v w—/+ | e P wfc/
BZR BZR B2R 2R

C C
<& |uv|+—/ o|Vul.
R A; R A;

Applying Holder’s inequality, (5.5), (5.6) and tending R to infinity, so we obtain (5.4).
The proof is completed. |

Combining (5.3) and (5.4), there holds that

(n—4_n+a>/ P+ =0,
2 p+1 A;

4(p+1)+2a
p—1

We are done since n < implies that

n—4 n+4a
2 p+1
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Case 2. The critical p = 2t4424
We can proceed as in the proof of equality (5.4) to derive that

/ v? =/ x| )Pt < +o0.
R” R”

+ +
Case 3. The supercritical % < p<pjra(n,0).
To classify finite Morse index solutions in the supercritical case, applying the doubling

lemma in [24], we get the following crucial lemma.

Lemma5.3. Letn > 1,1 < p < pjr2(n,0)and v € (0,1]. Let c € C’(B1+) satisfies

lellegr, < Crande(x) = G, x € B (5.10)
1

for some constants Cy, C, > 0. There exists a constant C, depending on o, C1, Ca, p, n
such that for any stable solution u of

ou

Xn

Au=cX)|uP'u inBf and u= =0 ondBf, (5.11)

u satisfies
-1
u(x)|T < C(1 + dist™'(x, 9B}")).

Proof. Arguing by contradiction, we suppose that there exist sequences cg, uy verifying
(5.10)—(5.11) and points yi such that the functions

p—1
My = |ug| *

satisfy
My (yi) > 2k(1 + dist ™ (yg, dB]")) > 2k(dist™ " (yx, 0B}H)).

By the doubling lemma in [24], there exists x such that

My (xk) > Mi(yi), Mi(x) > 2k (dist™" (xg, dB;"))

and
My (z) < 2My(xg) Vz € B suchthat |z — xg| < kM " (xk). (5.12)
We have
A =M (xx) >0 ask — o0 (5.13)
due to My (xg) > My (yr) > 2k.
Next, we let
p% Yk,n

ve(¥) = A0 " up(xp + Aky) and G (y) = cx(xp + Aky) fory € Br, yp > — %
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where yx = (Vk,1.---. Ykn). Then, vk (y) is the solution of

{szk(y) = Gk WIP o), Iyl < koyn > =52,

ad n
ve(y) = B =0, Iyl <k yn = =52,
with
4 Yk,n
loe(0) =1 and |ve(¥)| <2777, |y| <k, yn>— e
Two cases may occur as k — 00, either case (1)
Yk,n
— — +00
Ak

for a subsequence still denoted as before, or case (2)

Yik,n
Ak

—c>0.

In case (1), after extracting a subsequence, ¢y — C in Cjo.(R") with C > 0 a constant
and we may also assume that vy — v in Clﬁc (R™), and v is a stable solution of

A% =Cpl”'v inR" and [v(0)| = L.

By the Liouville-type theorems in [7] for stable solutions, we derive that v = 0. Thisis a
contradiction.

In case (2) we can prove that ¢ > 0, thus we get a stable solution of (1.1) in M and
|v(c)| = 1, which contradict Theorem 1.2 for 1 < p < po(n, 4). L]

Proposition 5.1. Let u be a (positive or sign changing) solution to (1.1) which is stable
outside a compact set of R’} . There exist constants C and Ro such that

u(x)| < Clx["7t  Vx e B (0, (5.14)
> x| 7R TR U < €V € B, (0. (5.15)
k<3

Proof. Assume that u is stable outside B;O and |xo| > 2Ro. We denote

R =Ll
= —|x
20

and observe that, for all y € B, @ <|xo+ Ry| < 3';"', so that xo + Ry € B;O(O)C.

Let us thus define

m
U(y) = R7Tu(xo + Ry).
Then, U is a solution of

U
AU =c(y)|UP'U in B and U:ay
n

a
=0 0n83f‘withc(y)=}y+%)’ .
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Notice that |y + 32| € [1,3] forall y € B_l‘|r Moreover,

||C||C1(B+) —_ C(a)

Then, applying Lemma 5.3, we have |U(0)| < C; hence,
_4ta
|u(xg)| < CR™ 71,

which yields the inequality (5.14).
Next, we prove the inequality (5.15). For any x¢ with |xo| > 3Ry, take A = "‘Z—Ol and
define ra
u(x) = ArTu(xg + Ax).

From (5.14), |i| < Cp in B 1+ (0). Then, standard elliptic estimates give
> IvRa() < C. n
k<5

Lemma 5.4. There exists a constant Cs, such that forall v > 3Ry, E(u,r) < C,.

Proof. From the monotonicity formula, combining the derivative estimates (5.15), we
have

4(p+1)+2a
E(u,r)<Cr »T "(/ v? + |x|“|u|p+1)
B}

8+2 _
Lo / || V?u] < C.
9B;+

where C depends on the constant that appeared in (5.15). ]

We claim then the following corollary.

Corollary 5.1. We have

2 8+21a

/ R Ix I u(x) + §¢ (X))2
(B3, (0)) |x]

As before, we define a blowing down sequence

wr(x) = AT u(x).
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By Proposition 5.1, u” are uniformly bounded in C3 (BF(0)\ B}, 1r (0)) for any fixed r > 1.
4 is stable outside B+ Ro/A (0). There exists a function u® € C®(R™\{0}), such that up to

* converges to u®™ € C# (R \{0}). u® is a stable solution

a subsequence of A = +o00, u loc

of (1.1) in R’ \{0}.
Using Corollary 5.1, we obtain, for any r > 1,

_ 8+2a
i |x|"27 5T

/ (x| () + B ()2
B\BF,

) (£ x| (x) + B2 (x))?
= m
A=too Jg\By, "2

(A x| u(x) + 4 (X))2

= lim
A—+00 B+\B

_~_8+42a
1/r |x|" 72

Hence, u®° is homogeneous, and from Theorem 1.1, ¥*° = 0. This holds for every limit
of u* as A — +oo; thus, we get

. 4+a
lim |x|7=T|u(x)| = 0.
|x|—>+00

From (5.15), we derive

lim Z |x|%+k|vku(x)| =0.

|x|—>+ook
For ¢ > 0, take an R such that for |x| > R,

4L
> x| VRu () < .

k<4

Then, forr > R,

4(p+1)+2a
E@.ry<Cr ri (/ v? + |x|“|u|p+1)
B} (0)

8+2a 8+2a 4

+ Cer p-1 T477 / |x|” 21
B/ (0\Bj (0)

4 Cerrt ST "/ lx|7 7 4 < C(R)(r
B (0)

4(p+1)+2a

' te).
Since w —n < 0 and ¢ can be arbitrarily small, we derive lim,_, o, E(u,r) = 0.
Because lim,_,¢g E(r, u) = 0 (by the smoothness of u), the same argument for stable
solutions implies that u = 0.
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