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Tunneling effect in two dimensions
with vanishing magnetic fields

Khaled Abou Alfa

Abstract. In this paper, we consider the semiclassical 2D magnetic Schrodinger operator in the
case where the magnetic field vanishes along a smooth closed curve. Assuming that this curve
has an axis of symmetry, we prove that semiclassical tunneling occurs. The main result is an
expression of the splitting of the first two eigenvalues and an explicit tunneling formula.

1. Introduction

1.1. Motivation

We consider two functions A: R;’g — R% and V: R;’g — R corresponding to the mag-
netic potential and the electric potential respectively. These two potentials provide an
electromagnetic field (E, B) defined by

E=VV and B =VxA.
Considering the Schrédinger equation
ihd, ¥ = ((—ihV + A)> + V), (1.1)

fort > 0, x € R? and ¥ a normalized solution of (1.1), |W(x, )|? is then the proba-
bility density of presence of the particle at point x and at time ¢. Here, / is considered
as a strictly positive semiclassical parameter close to 0T, in the spirit of the so-called
semiclassical analysis.

A particular solution of equation (1.1) is then

iAt

W(x,t) = p(x)e” 7,
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where A and ¢ verify
((-ihV + A)* + V)g = 4.

We are interested here in the determination of such a so-called eigenpair (A, ¢) in
the semiclassical limit (2 — 0).

In some cases (where there are symmetries), the difference between the first two
lowest eigenvalues can be exponentially small with respect to &, leading to what is
called runneling effect. The tunneling effect is an important physical phenomenon.
Mathematically, this phenomenon was studied in particular in the 80’s by Helffer and
Sjostrand in the case where the magnetic potential A = 0 and the electric potential has
non-degenerate minima [20-22]. They proved that the ground states are concentrated
near the minima of the potential V.

In the case where d = 2 and the magnetic potential is of the form

b
A(x1,x2) = 5(—)62, X1),

where b > 0, the phenomenon of quantum tunneling has, for example, been studied
by Helffer and Sjostrand [23]. In the case where the potential V is radial, we can also
mention recent work [9, 12—14,27].

This article deals with the same tunneling question, but when V = 0 and in a
particular geometric situation. A first answer to this type of question was found by
Bonnaillie, Hérau, and Raymond [6] in the case where the magnetic field is constant
in a open, bounded and regular domain of R? with the Neumann condition on the
boundary. In that work, the authors found an explicit expression of the difference
between the first two eigenvalues, leading to the first explicit tunneling formula in a
pure magnetic situation. A second case was studied by Fournais, Helffer, and Kach-
mar [11] in the case where the magnetic field is a piecewise constant function with a
jump discontinuity along a symmetric curve.

In this paper, we work with a variable magnetic field in R%. We prove that, under
some symmetry and small variability conditions on the magnetic field, the tunneling
effect also occurs. Note this work is the first one providing tunneling effect results in
the case where the magnetic field is variable.

1.2. Semiclassical magnetic Laplacian
The purely magnetic Laplacian in R? is defined by
£n = (—ihV + A)?, Dom(Ly) = {y € L*(R?) : £,y € L2 (R?)},

with A = (41, 42) € €*°(R?,R?). Note that this operator is self-adjoint (see e.g.,
[10, Section 1.1.2]), and by gauge invariance it is unitarily equivalent to

(=ihV 4+ A + V¢)2,
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for any suitable real valued function ¢. This gauge transformation ensures that the
spectrum of £; depends only on the magnetic field B = V x A. We assume that
lim|x| 400 B(Xx) = +00, to ensure that the resolvent of £ is compact. In this case,
we can consider the non-decreasing sequence of eigenvalues (A, (1))n>1.

In this paper, we will focus on a variable magnetic field that vanishes to order
k > 1 on a smooth compact connected curve I" of R2. In Section 2, the tubular coor-
dinates (s, ¢) in the neighborhood of the zero curve I' are defined in detail, where s is
the arc length of " and ¢ is the normal distance to I". With these tubular coordinates
and the diffeomorphism & defined in (2.2), we define the function y on I' by

y(s) == kl!(a’;k (B o ®)(s,0)).

The objective is then to find an explicit approximation of the difference between the
first two eigenvalues A, (h) — A1 (h) of £, in terms of y and other geometric quanti-
ties.

An important toy model in our context is the so-called generalized Montgomery
operator, which is the self-adjoint realization, on L2(R, dt), of the following operator:

tk+1

k+1

N )2, k=1 (1.2)
The spectrum of this operator can be found in [19], in which it is proven that the
function R > & > v[¥1(€) admits a unique non-degenerate minimum at E([,k] and that
plkl (E(Ek]) > 0, where v¥1(£) is the eigenvalue of I)[Ek]. This function will be crucial to
the result.

The spectrum of the magnetic Laplacian £ has been the subject of many works
[1,2, 10,17, 18, 25], particularly in the context of superconductivity, in which the
asymptotic description of the third critical field associated with the Ginzburg—Landau
functional is related to the ground state energy of the magnetic Laplacian.

In this paper we will follow the strategy of Helffer and Sjostrand which has been
recently applied to understand the tunneling effect for the Neumann realization in a
bounded domain. This strategy has been already used in the paper [6] by Bonnaillie,
Hérau, and Raymond and in paper [11] by Fournais, Helffer, and Kachmar.

Earlier rigorous spectral results were obtained in the case of the magnetic Lapla-
cian with vanishing magnetic field [8, 15, 16, 26]. Helffer and Morame exhibited
normal Agmon estimates which allow to show the localization of the eigenfunctions
in the neighborhood of the zero curve I' [16]. Helffer and Kordyukov found the first
term of the asymptotic expansion of the groundstate energy of &£ in [15], and the
following asymptotic formula was established:

2k+2 2k+42

_2
Ji(h) =y PV HEDET o F),
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where yo > 0 is the minimum of the function y on T'. In [8], Dombrowski and
Raymond also found local and microlocal estimates for the eigenfunctions when the
function y has a unique and non-degenerate minimum Yo > 0 at s = 0 on I'. They
established that, for k = 1 and forall n > 1,

An(h) = 0003 + 0713 + o(h3), (1.3)
with

2
07 = yg vl

’

2v[”(531]><v[11)“(s£1]>y0)

2 2
0" == y; C 32n—1
1 Yo Co + v (2n )( 377(0)

where Cy is a constant.

An open question for the magnetic Laplacian was whether the eigenfunctions have
a similar approximation as the eigenvalues in (1.3), i.e., whether we can approximate
the eigenfunctions by asymptotics of the form

R Y aj(s. )b, (1.4)

Jjz1

for some « > 0. A positive answer to this question was found by Bonnaillie, Hérau,
and Raymond in [3], in which they give a formal WKB expansions for the eigenfunc-
tions of the magnetic Laplacian. The function ® that appears in (1.4) is a solution of
an equation called eikonal equation. In the papers [6, 11], the eikonal equation has
explicit solutions and thus the function ® can be found explicitly as a function of
the curvature of the boundary. This shows that the tunneling effect is linked to the
curvature. However, in this paper, the situation is different.
In this work, the eikonal equation is given by (see Section 4.2)

2 ., 2
y(0)E2 v (€M i/ (0)) = pFF2 oKl (1.5)

where Yo := minger y(s) > 0. We note that in this equation, we implicitly use a
([)k], of the function R 5 &
Ikl (€) associated to the Montgomery operator E)gk]. For the solution of this eikonal

holomorphic extension, in a complex neighborhood of &

equation to be a priori well defined, we shall assume that
|r=31
Y lloo

The eikonal equation (1.5) is an implicit complex equation, and a priori its solu-

is sufficiently small.

tion is an unknown complex valued function. This induces difficulties not appearing
in [6,11].
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1.3. Main result
We work under the following assumptions on the geometry and the potential.

Assumption 1.1. It is assumed that the magnetic field B vanishes exactly to order
k > 1 on a closed, smooth, non-empty compact and connected curve I' C R2. The
following further assumed.

(i) B is symmetric with respect to the x,-axis and therefore I" also.

@ii)) The function y on I' admits a unique non-degenerate minimum yy > 0
which is reached only at two distinct symmetric points a;,a, € I'. We sup-
pose that s, and s; are the respective arc lengths for a; and a,.

(iii) ||1 — 770 ||oo is sufficiently small.
We define the so-called Agmon distance attached to the two wells as
S = min{S,,, S4},

with “up” and “down” constants S,, and S; defined by

Sy =/y(s)kl+25)(s)ds and Sy =/y(s)k]+2fi)(s)ds, (1.6)
[sr,s7] [s7.57]

where, © is a positive function defined on I" which will be defined later in (4.7).
Let L = @ We define the two constants A, and Az by

0
. BL(s) + 29, (s) — 2611
Ay = exp(— / Re( T )ds), 1.7)
and
B £ s) + 20 (s) — 261 ]
Ag = exp(—/Re( 3%, (5) ) s), (1.8)

S7

where 85’? is the second term of the asymptotic decomposition of the ground state
energy (see Theorem 4.4), and the functions B,, B;, R,, and R; are defined in
Remarks 4.6 and 4.7.

Let us state the main theorem of this paper, which gives an optimal estimate of the
tunneling effect when the magnetic field vanishes along a curve T'.

Theorem 1.2. Under Assumption 1.1, there exists € > 0 such that if

sup )l — @‘ <eg,
s€[-L,L] Y
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then the difference between the first two eigenvalues of £y, is given by
s
Aa(h) = A1 (h) = 2| | + e 17EF O(h?),
with
), = ;1/27,—1/2;121?%(%r(o)Aue_hl/(S%eiLf(h)
_ s .
+ QS,(—L)Ade_hl/(’g“) e—Llf(h))’ (1.9)

where S = min{S,, Sy}, ¢ is a constant defined in (4.15), and

(1) the function B, is introduced in Remark 4.2;

2) Ay, Ay are defined in (1.7), (1.8) and Sy, Sq are defined in (1.6);

(3) f(h) = Po/h—h¥> [°] y(s)F (€l — Im . (5))ds — ao, with

(1)  the constant oy defined in (4.18);

(1) @, an exact solution of the eikonal equation for the right well introduced
in Lemma 4.1;

(iii) the constant By, is proportional to the magnetic flux through 2, defined
as

1
ﬂo = m!B(X)dx, (110)

where 2 is the open domain formed by the interior of T'.

Remark 1.3. We have two situations in this theorem.

(1) If Sy # S4, only one term in the sum (1.9) defining w; , is dominant and
Wy, never vanishes for 4 small enough and in this case the spectral gap is
approximated by

2k+3 ___SI
Chk+2e nl/k+2)
where C > 0 is a constant independent of # and [ € {u,d}.

2) If S, = Sy, the situation is different: due to the circulation, the interaction
term Wy , can vanish for some parameters /2 and in this case the spectral gap

s
is of order @ (h%e” n1/kF2)),

The second case in Remark 1.3 occurs, for example, when the magnetic field is
symmetric with respect to the x;-axis, i.e.,

B(x1,x2) = B(x1,—x») forall (x1,x2) € R?. (1.11)
In this case, we have
Ay =Ag:=A, B,0) =B, (—L) =By, Su=S4:=S5,

and we get the following corollary.
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Corollary 1.4. If B verifies (1.11) and under Assumption 1.1, there exists € > 0 such
that if
sup )l - @‘ <&,
se[-L,L] 4

then the difference between the first two eigenvalues of £y, is given by
k _ S
Aa(h) = 21 (h) = 4812w~V 2ES (Dol AeTATETT [ cos(f ()]
+ W20 (e D),

1.4. Organization of the paper

In Section 2, we explain the spectral reduction scheme, using normal Agmon esti-
mates and tubular coordinates in the neighborhood of the zero curve I", which allows
us to replace the operator &£ by the rescaled operator N K1 \yith a new semiclassical
parameter h = h%72 . The localization near T allows us to reduce to the study of a
straight model, and we introduce reduced left and right “one well” models (see Sec-
tion 3). In Section 4, we construct the WKB expansions for the ground state of the

“right well” operator N K] In Section 5, we conjugate by an exponential and reduce
the dimension (at least formally) using a Grushin method. We then choose the expo-
nential weight as a perturbation of the solution of the eikonal equation and, to keep
ellipticity, we have to use the hypothesis of “soft” variation of the function y. With
these assumptions, the Agmon weight is uniformly controlled and we are reduced to
a perturbation problem near the minimum of the Montgomery operator. To ensure
that the frequency variable & is bounded, we truncate this variable in a neighborhood
of yol /+2) S([)k] and consider the operator with truncated symbol Oph‘i’ pj- Using the
Grushin reduction method, we show tangential coercivity (see Theorem 5.7) follow-
ing [24]. In Section 6, we prove Theorem 6.1. It consists in particular in removing the
cutoff function which was introduced in Section 5. In Section 7, we show optimal tan-
gential estimates using Theorem 6.1 (see Corollary 7.1). We also establish tangential
estimates for the double well operator N ﬁ[k] (see Proposition 7.2), and establish WKB
approximations of the first eigenfunctions of operator N f,[k] (see Proposition 7.5). In
Section 8, we prove Theorem [.2. WKB approximations allow the analysis of an
interaction matrix whose eigenvalues measure the tunneling effect.

2. A reduction to a tubular neighborhood of the cancellation curve

The following Agmon estimates can be found in [16, Proposition 5.1]. These esti-
mates show the exponential localization of the eigenfunctions of £; near the zero
curve.
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Proposition 2.1. Let E > 0. There exist C, hg, @ > 0 such that, for all h € (0, hy),
k+1
and all eigenpairs (A, ) of £, with A < Eh*%+2,
k+2
pednrl) 2 ,
[ wpax < v
R2

and
k+2

[T 1Y + Ay pax < crrER 2,
R2
Since the first eigenfunctions are concentrated in the neighborhood of I', we
deduce that we can work in a neighborhood of I" of size § small enough. For this
reason, we consider the §-neighborhood of the curve I"

Qs := {x € R? : dist(x, ") < §}.
Here, § normally depends on # which we will specify later. We consider the quadratic

form Qy s defined for all € Vs = H/} (Q2s),

Ons = / [(—ihV + A)y|?dx.
Qs

The associated self-adjoint operator is
Lns = (—ihV + A)?,
with domain
Dom(&£5) = {¥ € H*(Qs) : ¥(x) = 0on {x € R? : dist(x, ") = §}}.

This operator is self-adjoint with compact resolvent, and we can consider the non-
decreasing sequence of eigenvalues (A, (%, §)),>1. We will follow the same reduction
strategy as [6].

Proposition 2.2. Let n > 1. There exist C, hg, B > 0 such that, for all h € (0, hg) and
8 € (0, 8o),
k+2
85 2

An(h) < Ap(h,8) < Ap(h) + Ce Vi . 2.1)

Proof. The proof is similar to that of [6], except for the power of 4. We first prove first
inequality in (2.1). Let v, € Vs be the eigenfunction of &£, s associated with A,, (%, §)
such that || ¥, ||12(q,) = 1. Since ¢, = 0on {x € R? : dist(x,T") = §}, we can extend
it by 0 on R? to obtain a function ¥, defined on R? which satisfies

Qh(l/}n) = Qh,S (Yn) = An(h, ).
Then, by the min-max principle, A, (h) < A, (h, §).
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We now show the second inequality in (2.1). Let (/;)1<;<» be an orthonormal
family of eigenfunctions associated with (A (%))1<;<, and let
dist(x, T") )
5 b

where y is a smooth cut off function, which is equal to 0 on [1, +00[, and is equal to
1 on [0, 1/2]. We define

Xs(x) i= x(

&(h,d8) := Span ysyr; C Vs.

1<j<n
Let ¢ be a function of & (%, §). This function is written in the form
n
V=5 ) Bivi = sV
i=1
We have
Ons(xs¥) = [ 160V + A) oy

Qn.s
< (=AY + A1 + 2 [ (=ihV + AV [l 2 @2\0,)2) [V 251V |
+ 02|V sl
Since the family of eigenfunctions (¥;)1<;<x is orthogonal, then
((=hV + A)y;, (=ihV + A)yg) = 0 forall j # k,
which implies
I(=ihY + Ay [? < X (W) V]|

Using Proposition 2.1, we have

a(%)(k+2)/2

IVxslyll < Cs~le Vi lyll,

and
ey bk
(=Y + AVl = ChEF2e Vi iy,
Therefore,
k42
+3 s 2

Ons (@) < (An(h) + C(RET2 671 + h2572)e” Vi )|§|> forall § € E,(h.5).

with B = 575 Then we get
k42

Bs 2

An(h,8) < An(h) + Ce™ Vi . .




K. Abou Alfa 846

Proposition 2.2 allows to replace the initial operator &£, by the operator £ s with
Dirichlet conditions in a §-neighborhood of the curve I'. We will make a change of
coordinates in the neighborhood of the zero curve I'. This change of coordinates can
be found in detail in [10]. Let

M:R/(|T|Z) > s+ M(s) e
be the arc-length parametrization of I" (see figure 1) so that
TN {(x,y) € R? 1 x = 0} = {M(0) := (0, yo), M(L) := (0, y1)} with y; < yo.

Let v(s) the unit normal to I" at the point M (s). We choose the orientation of the
parametrization M so that
det(M'(s),v(s)) = 1.

The curvature «(s) of " at point M (s) is given by the parametrization
M (s) = k(s)v(s).

Since we are working with 2 L-periodic functions, then we can consider the restriction
of these functions on the interval | — L, +L].
We consider the function ®: R/(|I'|Z) x (=60, 80) — 25, defined by

D(s,t) = M(s) + tv(s) forall (s,7) € R/(|T'|Z) x (=80, o), 2.2)
where §p > 0 small enough, so that ® is a diffeomorphism with image
Qs = {x € R? : dist(x, ") < §o)}.
The inverse of ® is given by
O (x) = (M(x),t(x)) forall x € Qs,, (2.3)

where 7 (x) = dist(x, I') and M (x) is the parameterization of the normal projection
of x on the curve I'.

With the change of coordinates ®~! defined in (2.3), the determinant of the Jaco-
bian matrix of this transformation is given by

m(s,t) =1 —1t«(s),

and the quadratic form Qp, s can be rewritten as

0ns(u) = / (—ihV + Ayuf2dx
Qs

- /{(1 — tk(s))"*|(—ihds + A1)v|?
2-1(Q5)
+ |(=ihd; + A2)v|*}(1 — 1k (s))dsdt,
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Figure 1. Tubular coordinates in the neighborhood of T".

and
/|u(x)|2dx =/|v(s,t)|2(1—t;<(s))dsdt,
Qs 271(Q4)

forallu € Vs, withv = u o ® and
Ai(s,0) = (1 = 1x(s))(A 0 @), M'(5)),  Aa(5,7) = {(A 0 ), v(s)).
The magnetic field associated with the new magnetic potential A is given by
B(s, 1) == Vs X A(s, 1)
=m(s,1)(V x A)o D(s,1)
=m(s,t)B o D(s,1).

To eliminate the normal component of A, we now use the gauge transformation which
corresponds to the conjugation of the operator by e'% , with ¢ is given by

t N

¢ (s,1) = —Pos +//T2(s,t’)dl/+//T1(s’,0)ds’,

0 0

where B¢ is defined in (1.10). The presence of 8¢ guarantees Green—Riemann’s for-

mula on the curve I'.
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The new magnetic potential is given by A(s.1) = A(s, 1) — V(s,n¢. Then for all
u € Vs, we have

0nstw) = [ 1(-ihY + AyuPd
Qs
= /{(1 — 1 (8)) 72 |(=ihds + ADw|* + [(=ikd)w|*}(1 — 1x(s))dsdt,

o~ 1(Qs)

where w = eifvand v = u o .
After this change of gauge, the operator £ s is unitarily equivalent to &£ s, the
self-adjoint realization on L?(I" x (=8, 8); m(s, t)dsdt) of the differential operator

(1—1tx(s)) " hD (1 — 16(5))h D
+ (1= 11(5)) " (ADs + A1 (s,0)) (1 — tk(s)) " (hDs + A1 (s,1)),

where D = %8 and

t t

Ai(s,0) = Bo— /m(s,z’)B o ®(s,t')dt' = Bo — /(1 — 1'k(s))B o (s, t')dr’,
0

0
2.4)

with Dirichlet boundary conditions.
Using Assumption 1.1, magnetic field B vanishes exactly at order k > 1 on I". So

Bo®, 0/(Bo®), 95(Bo®), .... 051 (Bod)

vanish att = 0.
Since we work for ¢ small enough (—§ < ¢ < §), writing the asymptotic expansion
of B o ® near t = 0 (for s fixed) gives

tk . k+1
Bo®(s.1) = 150 (B o ®)(s,0)) + 7,

(957 (B 0 @)(5.0) + O(*2).

‘We recall the definitions

1 1
y(s) == E(a’;k(B o ®)(s,0)) and §(s) := R (0551 (B o @)(s.0)).

Using Assumption 1.1, the function s — y(s) has a non-degenerate minimum
yo>0ats =s, <0ands = s5; = —s, > 0, with

M(s;) =a,, M(s;) =a,, —L<s,<00<s <+L,
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and
v =v() =vo, V(1) =y'(sy) =0, y"(s1),y"(sr) > 0.

By computing the integral in (2.4), the expression of the magnetic potential Ay is

given by
th+1

k+1

Zk+2

(9tk+3
k+2+ ( )

Ai(s,1) = Bo—y(s) —8(s)

where g(s) = §(s) — y(s)k(s). The first eigenfunctions of f&h,g also satisfy Agmon
estimates (with respect to ).

Proposition 2.3. Let E > 0. There exist C, hg, @ > 0 such that, for all h € (0, hy),
~ k+1
and all eigenpairs (A, V) of £p.5 with A < Ehz‘kifz’

201 k+2)/2
/e i lylPde < ClvP,
Rz

and

2¢1k+2)/2 ~ ) k+1
[e Vi (|h3ﬂﬁ|2 + }(—ihas + Al(s,t))w, )ds dt < Ch*&+2 ||y |2

R2

2.1. Truncated operator and rescaled operator

In this section we follow the same spectral reduction method as in [6]. First, we trun-
cate the variable ¢ to work on the domain | — L, +L] x R instead of | — L, +L] x
(=38, 8). After the truncation, we use the fact that the first eigenfunctions of opera-
tor Eéh,g decay exponentially away from the cancellation curve T" at the length scale
h= hklﬁ. This localization allows us to consider the partial rescaling (s,¢) = (o, f;‘[)
with i = h*42 |

We start by truncating in the variable . Let & be a smooth truncation function
equal to 1 on [—1, 1] and O for |z| > 2.

We define

m(s,t) =1—1tE (é)l(

and
th+t i k2

A1) = o= (57 =502 (5) 5 + E(5) 00+,

We introduced here the truncation function E to ensure that the terms are bounded
t*+2 and tk*3 in

when ¢ is large. This truncation function is found only in front of
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A(s, t). Then, we define My s as self-adjoint realization on the space L*(T xR,
m(s, t)dsdt) of the differential operator

m'hDymhD; +m~ " (hDg + A(s.t))m ™" (hDs + A(s.1)).

We denote by (A, (h,8)),>1 the increasing sequence of eigenvalues of operator M, 5.

Using the same method of the proof of Proposition 2.2, Agmon estimates of Mj, s
in coordinates (s, ¢) (see Proposition 2.3), and the min-max principle we can obtain
the following proposition.

Proposition 2.4. Let n > 1. There exist C, hg, B > 0 such that, for all h € (0, hg) and
8 € (0, 8o),

k+2
B8 2

An(h’g) < An(h,g) < An(h,g) + Ce Vi

From now on, we fix
k 2 _k2n2
§ = h&k+2 +2

for some fixed 0 < 1 < % which verifies that
§' 5 = prE T s pIEE

Now, the h%+2 -scale normal localization invites us to make the following change of
variable:

(s,1) = (0, ht),

A 1 . . L A
where 4 = h¥+2 is the new semiclassical parameter. Dividing M}, s by h2k+2 we get
the rescaled operator

k — —1/(7 k —1(7 k
e/\/ﬁ[ I = a};lD,a};Dr + aﬁl(hDU - A% ](0, ‘L’))a};l(hDg — A% ](0, ‘C)), 2.5)

where a; and ALK satisfy
h

as(o,1) =1- ]’AZTEM(‘C)K(O’), (2.6)
and
[k] P —k—1 Tht! 15 Tht2 12 k+3
A}; (0,7) = —h ,30+y(0)k+1 +h8(0)au(r)k+2+h EnO(T™™),

with &, () = E(ut) where u = fzk%-frz”, and the notation O is defined in [6, Nota-
tion 3.1].

We denote by (v, (ﬁ)) n>1 the sequence of eigenvalues of N ﬁ[k]. Then, foralln > 1,
we have i

An(Mp5) = h2¥F20,(h) = h*F2 v, (h).
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Proposition 2.5. Let n > 1. There exist D > S and C, hy > 0 such that, for all h €
(0, ho)

D D

An(h) — Ce n/&FD < };Zk+2vn(};) < An(h) + Ce™ n7&FD |

N 1
where h = h*+2,

Proof. Using Propositions 2.2 and 2.4, we can deduce that

k+2 k+
Bs B8 2

An(h) —Ce™ Vi < h?*+2y (h) < An(h) + Ce vn

N
N

With the choice of §, we have

k+2
_Bs 2 __BhTN
e Vh —e nl/(k+2) .

Therefore, there exist D > S (for example D = 2S and Bh~" > 28§ for i small
enough) such that

Aon(h) — Ce WTERTT < j2K+2, (h) < A, (h) + Ce” W7k "

3. Single well

The function y admits two non-degenerate minima in s; and s, on I'. We will now
consider two operators V. 61 and 1 which represent the left well operator and
0 Ny

) h,l,Bo .Bo
the right well operator respectively.

3.1. Right well operator

This operator is attached to the right well s,.. We will work on R x R instead of I' x R
and with only one well. For this, we will remove the left well by removing a small
neighborhood of s;, and gluing an infinite strip (see Figure 2): precisely we start by
identifying I" with (s; — 2L, s7]. We fix ) so that

O<ﬁ<min{%,%}. 3.1)

We consider the right well differential operator in L?(R x R; a ;4o dT),

k1 _ -1 . —1(5ny _ 4lk —1(fp _ 4lkl
'Nﬁ,r,ﬂo = a};’rD,ah,r D, + a (hD(r Aﬁ,r,ﬁo (o, t))a};,r (hDU ’A’;; r,ﬂo(o, 'c)),
(3.2)

s
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r

Figure 2. One well domain attached to the right well.

with
aﬁ,r(a, 7)=1 —l;rEM(r)/cr(a),
and
AE (6 7) = —h 1By + 1, (0) Al + hé, (o) il E,.(1) + B h20(F?),
h,r,Bo k+1 k+2

where the functions §, and k, are respective extensions of § and « such that
§r(0) =8(0) and «k,(0) =«(0) onl,;:=(s;—2L+ 10,5 —1),

and are zero functions on (—oo, s; —2L) U (s7, +00). On the other hand, the extension
yr of y is chosen so that

Vr = V on Ir,ﬁ,

lim p-(s) = yoo € RY,
|s|—>—+o00

Yoo > max y (o).
el

This extension can be chosen so that y, admits a unique non-degenerate minimum
Yo > 0 at s, < 0and that |1 — yo/¥r || is small enough. We then define the function
§r onR by

gr (0) = 8, (0) — yr(0)kr (0).

Since we are now working with a simply connected domain, then the two oper-

ators &1 and ¥ are unitarily equivalent. We denote by u;k]r a normalized

h,r,Bo h,r,0
ground state of the operator ﬁ[k] =N h[kr] in L2(R x R; a i rda d ), and the nor-

s 1)

malized ground state of N h[kr]ﬂ is given by
>I 00

“k _ a—iBoo/R* T2 [K]
¢ﬁ’r(o, T)=¢e uﬁ’r(a, 7). 3.3)
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3.2. Left well operator

To define the left well operator, we consider the symmetry operator
Uf(o.7) == f(=0,7), (3.4)

and define the left well operator on L2(R x R; a ;,dodt) by

N —ytwH o
h,l,Bo hrBo

where
@ (0,7) = aj (=0, 7).

Note that this operator corresponds to the following construction. We identify I"
with [s,, s, + 2L), we can define on R the functions y;, §; and x; by y;(0) = y,(—0),
81(0) = 8,(—0) and k;(0) = kr(—0).

Then the functions §; and «; verify that

§1(c) =6(0) and ki(0) = k(o) onlpz:= (s, + 17,8 +2L—1),

and are zero functions on (—oo, s;) U (s, + 2L, +00). On the other hand, the exten-
sion y; of y is chosen so that y; = y on I; 5 and y; = Yoo ON (—00, 57) U (s + 2L,
~+00). In this way, y; admits a unique non-degenerate minimum yo > 0 at s; > 0, and
verify that |1 — yo/vi |l is small enough.

The normalized ground state of the operator ﬁ[kl]ﬂ on L2(R x R;a j,dodT) is
>t 00 §

given by
¢V>}[Zkl] (0,7) 1= U(j;}[;k] (0,7) = e_iﬁ""/hkﬁu%k} (0,1), (3.5)
, N ,
where u¥! = ¥
h,l h,r

4. WKB expansions of the right well operator

In this section, we will construct an approximation of the eigenvalues and the associ-

ated eigenfunctions for the right well operator N h[kr] = N ]0 by WKB expansions,

h,r,

and the construction for the left well operator N h[kl] =N iz[kl]o is obtained by symmetry.

These WKB constructions are inspired by [3].

4.1. Generalized Montgomery operator

For (x, £) € R?, we consider the operator, on L2(R2, dt),
th+1 >2
k+1/ "

MEL = D? + (-7 ()
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Forx e R,themapR 3 £ — M S is a real analytic family. Then for a fixed x € R,
we can locally extend the famlly (M [k ])geR to a holomorphic family. The lowest
eigenvalue of M S’ denoted by p[¥I(x, 5) satisfies

P (e, £) =y, (0 2o, (1)), @1

where v[¥1(£) is the smallest eigenvalue of the operator f)gk] defined in (1.2). Since the
function R 5 o — vy, (o) admits a unique non-degenerate minimum yg > 0 at s,, then
the function R2 5 (x, &) > ul¥l(x, &) admits a unique non-degenerate minimum at

(5. ’f“s”‘]) give by
Mgk] : J/() +2 [k](é k]) > 0

We denote by uik]é the eigenfunction of ‘M;[ck]s associated with the eigenvalue

uH(x, €). 1
In a neighborhood of (s, yo"ﬁ S(gk]) in R x C, we have

el ) = [ (@Dl @l oyar. “.2)
R

The formula in (4.2) is obtained by differentiating with respect to £ equation

(L ] =

4]

and taking the inner product with u By dlfferentlatmg the function u*! with

X,
respect to x and &, the Hessian matrix of p[*] at (57 %o Tz & [k]) is given by
1 k] (glk]
Hess u¥1(s,, Yo O f([)k]) = k+2V (Sr)Vo V[ 1& ) 0 . | 4.3)
0 0 &)

4.2. Eikonal equation

We consider the following equation:

v(igr(0)) = Fr(0), 4.4)

k k k 2/(k+2)
where v(§) = v (E(T + &) — VI (]) and F(0) = vH (E]) ((52%5) —1).
This eikonal equation can be found in [3, Section 4]. The following lemma is the

same as the one of [3, Lemma 4.4]. Since ||1 — o I

o is small enough, the solution of
this equation is defined for all ¢ € (s; + § — 2L, s; — ) where 7 > 0 is introduced

in (3.1).
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Lemma 4.1. Equation (4.4) admits a smooth solution ¢, defined on (s; + 1 — 2L,
§; — 1) such that ¢, (s;) = 0 and

2y M)
K2y 0By )

(P; (sr) =
For the proof of Lemma 4.1, we can follow the same procedure as the proof of
[3, Lemma 4.4, Section 4] using the Morse lemma, and the function ¢, is given by
¢r(0) = =0~ (if (),

where ¥ is a holomorphic function in a neighborhood of 0 such that ¥?> = v and
7(0) = /L© (0 and the function f, is defined by

2/(k+2)
Vo El) \/ B ifo > 5.

)/ (0)
2/(k+2)
— VKR \/ ’”(0 ) ifo < s
r

The function f, is differentiable at s, and {,.(0) = 4/ —w > 0. The Taylor series
of p~1 at 0 gives

fr (0) =

¢r(0) = Re(g,(0)) + iIm(e,(0)),

with
Re(gr(0) = (| ————a 71 ()] + O, @), @.5)
V Ty €
and
(“1)"() ,
(g, @) = 2" D5 (612 + 065,074, 46)

Remark 4.2. Concerning the left well operator &, h[ ; defined in (3.2), equation
v(igi(0)) = Fi(o)

admits also a smooth solution ¢; defined on (s, + 7, s + 2L — 1) such that ¢; (s;) =0
and

2 (s RIEM)
K42yl )

@ (s1) =

where

Fi(o) = V[k](é[k])<(yj/((;))2/(k+2) B 1)'
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As in the construction of ¢;, the function ¢; is defined by

¢i1(0) = —iv ™ (ifi (0)),

2/(k+2)
NI \/ Yo ifo > s,

where

fi(o) = V (U)
,/V[k](g[k] \/ yy((c)r) 2/(k+2) ifo <s;.

By construction of ¢, and ¢;, we can define the two even smooth functions © and
Sonl =[-L,+L]by

—Reg,(0) ifo e[-L,s,],

(o) = Re ¢, (0) ?fo € [sr,0], @)
—Reg;(0) ifo €]0,s],
Re ¢;(0) ifo € [s;,+L1].

and
{Im(pr(a) ifo e [-L,0],

J(0) =

Img;(o0) ifo €[0,+L].

Remark 4.3. ¢, and ¢; verifies that
¢j(0) = Ugl(0) and ¥ = yeior©,

where the symmetry U defined in (3.4).

4.3. WKB expansions

The WKB expansions of the eigenfunctions of operator J\/ are inspired from [3,
Section 5, Theorem 5.2]. In the following theorem, we w111 constmct these approxi-
mations and specify the Agmon distance adapted to our case, which will be a positive
real function.

Let us introduce the Agmon distance related to the “right well”

a

P, (0) = / 7, (6) /4 Re(, (5))d5.

Sr

which verifies that ®//(s,) > 0 where ¢, is the function defined in Lemma 4.1.
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Theorem 4.4. There exist

* a sequence of smooth functions (a ) i>0 C Dom(JV )

* asequence of real numbers (5 ~) =0 C R,

» afamily of functions (\IJA )he(o ho] € L?(R?),

* afamily of real numbers (8,, (h))fle(o hol

such that

_ ‘Pr (0) r (0) A
\If[k] (O’ ‘L’) ~ /’l 1/4 s Za[k] (O’, ‘L')h‘/,
h.,n =
o ol ~
s Ry ~ > 8L R
Jj=0
and )
k] clk] k1 _ fooy .—®, /h
(J\/};’r 3, (h))\l’h:n,r = O (h>)e ,
with
o
~ L o [k] ~ ~
3:@) = [ 1@ €l - (e @) (48)
0
Furthermore,

(1) 8 = k+2v[kl(s[k]) and 8% = 2n — )¢ + R (s,);

2) a[k] (0,1) = fu ()(O’)ua w, (0)(1'), where fn.0 solves the effective transport

o &
2

equatlon

1
5<Daagu[k] (0, w, (0)) + 9K (0, w, (0)) Do) frn0 + REN(@) fru0

- Sn,lfn,o,
with
¢ 2y opRER)
k+2 25 k
&P (B (gl
and

k
r(O)yr(G))/ T3 W o) e

k+1 Bk + 1)k +2)
+Kr(0)[(uu + &/ w70z ucw(a)(r)uom (0)(1)611:

k 3k, . k+2
- 20,(0) (b (0) + EEREONEN) 5 Ll onae

— k
—|—2mr(cr)2/<,(a)/ aMtuger(a)(r)dt,

R,(0) = 2y,(0) (8:(0) +
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where
w,(0) :=1®.(0) + q.(0) and mr(s,)—y"“ g8

Proof. For some real function ®, = ®,(0) to be determined, we introduce the con-

jugate operator
@r(0)—igr (o) [k] @r(o)—igar (o)

N — ¢ h N e h ,

h,r h,r
and expand it formally as follows:
vkl Y
W~ i,
Jj=0
with

k+1 o
) _ v
No = D? + (wr(0) = 1 (0) =)

and

k+1 .L,k-i-l
N1 = Do (w:(0) = 7,(0) - )+ (m(o)—w(a)m)m + R (0. 1),

where

k12
Rr(0.7) = 218, (0) (wr(0) = 17 (0) )

k+2 k+1

(w0 (@) =7 0) —)
+ Bukr (0)0; + B kr(0) Ty,

5 T
— 28r(‘7)3uk

w,(0) = i®,(0) + g (0), and the function g, is defined in (4.8).
Let al®l(o, 7:h) = Z/>0 Lk]] (o, r)h/ and let us formally solve equation

(Ng‘]r — 88 (hyya® (o, T: h) = Oh™).
Identifying the coefficient of each h , ] =0, gives us first

(No — 8LDalkh = o, (4.9)
(Mo = 8hp)all = 6] — Maly, (4.10)

Noticing that Ny = MH]

oy (o) W€ get that 4.9 allows us to choose the function @,
such that

8% = ub = 1M (0, w, (0)), @4.11)

and a[k] olo.7) = f”’O(O)ugflnr ( G)(‘L’) where f, o is to be determined at a later stage.
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2
Indeed, using (4.1), and that ,u[k] =y, plkl (S([)k]), the eikonal equation (4.11) is
given by

mwﬁw(MHWkaH@mHnm%@m
= 7, (4.12)

which is equivalent to

VREE iy, (0) TR ®(0) + i Im(g,(0)))) — v ()

= VE((22) 7 1),

Therefore, using Lemma 4.1, we choose the function @, such that
yr(0) T P,(0) + iIm(g, (0)) = 1 (0),
which is equivalent to
7,(0) 72 @, (0) = Re(g, (0)).
Then we get .
@:0) = [ 1:(6)*+ Relg, (6))d5

Sr

This function ®, verifies that

@, (sy) = Pl.(s,) =0

2 (s vk

®/(sr) = v D gl (s5,) = y
k+2 yo Ky gl

Equation (4.10) can be solved if the following Fredholm condition holds:

1
(8,[1]f]1 - ‘Nl)aikg) € (Ker(NO 5[k(])) ) span(u[k] ) .

o,wy(0)

Taking the inner product with u([fln & in L2(®), the Fredholm condition will be

k k [k]
<*N1a;[1,2)’ug,,]mrw)L2(R,dr) = 8 fn 0(0).

given by

Noticing that (BEMLk]é)U,mr (0) = Z(m, (0) — yr(0) i k+1 ) N1 can be written as

1
N = E(Da(awi’f]g)o,ma) + 0 ME D)o, 0) Do) + Rr(0. 7).
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Using (4.2) with x = o and § = w, (o), we have
k k k
O, )00 (0) = / (e MED) o, 01110, (o) D)L, oy ()T, (4.13)

R

Multiplying (4.13) by f».0(0) and differentiating with respect to o, we get

Do (fn,0(0) (L™ (X, €))610, (o))
k k k k
= (Do B¢ My Do, @) + OeMy Do, @) Do)y )
- (aéﬂ[k] (x’ E))o,mr(a) Dy fn,O(O)’

which implies
[k] [k]
(Ma, oo u r(U))LZ(R,dr)
! [k] [k]
= E(Da(aé‘:u* (x, S))o,mr(a) + (aé‘ﬂ (x, g;-))o,mr((r) DU)fn,O + R, (U)fn,o,

with
NRr(0) = (R, (o, t)u i — ML2R,d7)-

o,wr(0)’ "o, w, (0)

Therefore, f, o verifies the transport equation

1 k
E (Da (aéﬂ[k] (x, E))a,mr(a) + (aélu[k](x» S))o,mr(a)Da)fn,O + E)ch(a) = 8;[1,]1fn,0-
(4.14)
Considering the linearized equation near o = s,, we are led to choose 8[ 1 in the set

sp( Hess u8(s,, ([)k]yok+2)(a, Da)—l—er(sr)).

[k] k+2

Using (4.3), the Hessian matrix of ] at (sr. & ) is given by

k
Hess 1 (s, y k+2$[k) _ (&= 6 " zv["](é([, ) 0 iy
0 o) (&)

which gives us

1 k
> Hess ul¥1(s,, (g ]y0k+2)(0, Dy)

(et o) (e)(r)
2 0 Wy gh)) \Pe/\Do

= SOMY D3 + o)),
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with £ is given by

2y (s)uK gl
k+2 '
Y& ikl (BT

Recalling that the spectrum of the harmonic oscillator D2 + ({o)? is given by

(4.15)

{2n —1)¢, n € N*},

we get

1 7 "(s, (k] slk]
54 = (n— ) omy ) PEE ) g,
n,1 2 0 k+2 # k]

Yo (I (€57)

Let us come back to
k] k k
(No — 8%1)al) = (%1 — wpyal¥],

where a*) (6. 7) = f.0 (O’)u([TkLr(a) (7). Then we take agf]l as

s

A} (0.7) = fun(@uls o (@) +al (0.7,

where
a* e (Ker(Ny — )L,

The procedure can be continued by induction. |

Remark 4.5. By (4.12) and using the fact that E([)k] — Im(¢(0)) is bounded below
and that y(a)_k]ﬁ @/ (0) = Re ¢, (0) is sufficiently small, we can apply [4, Theorem
1.2] to the function v¥] and we obtain that the exact solution of the eikonal equation
verifies that

@,(0) = WIE (o) 2 — ). (4.16)

Remark 4.6 (Solving (4.14) and normalization of ‘ll[k]) In the expression of the
tunneling effect that we will write at the end, we need to ﬁnd the explicit form (a priori
in terms of ¢, ) of solution f] ¢ of the transport equation (4.14). This equation can be
written as follows:

B(0) + 2R, (o) — 28]

n,l
> =0. 4.17
aUfl,O Z%r( ) fl,O ( )

where
B, (0) := —ideu (0, w, (0)).



K. Abou Alfa 862

We may write f1, in the form f1 o(0) = el®1. O(U)fl 0(0) where f1 o and o o are
real-valued functions such that f1 0(0) > 0. From (4.17), f,, o solves the real classical
transport equation

k
B(0) + 20, (0) — 2801
2%, (0)

80]51,0 + Re( 1,0 = 0.

Then, we get

; P ) + 29 (s) — 250
S EE

Sr

and the constant K is chosen so that the WKB solution W in Theorem 4.4 is almost

normalized. Following, e.g., [5, Lemma 2.1], we choose K() so that 1 = Kj 2 [z q,,,(s y:
which allows us to choose Ky as

Ko (M)m _ (5)1/4’

b/ T

with ¢ is defined in (4.15). Therefore,

0
. / BL(s) + 2R, (s) — 282
fE0(0) = %Au and A, := CXP(— / Re( ) T, ((:)) ’l)ds).

Sr

From (4.17), the phase shifts o1 o are chosen so that

B’ (0) + 2R, (o) — 26K
—Im( - (0) (0) ,,1)

“10(8) = 2%,00)

Noticing that ). (s,) + 2R, (s,) — 28,[1k]1 = 0 and B, vanishes linearly at s,, the func-
tion o o(s) can be considered as a smooth function at s,. This shows that we have
determined the phase shift a1 o up to an additive constant. Then, we define

1,0(0) —a1,0(—L)

o = 7 . (4.18)

Remark 4.7. By the symmetry defined in (3.4), we define the functions attached to
the left well by

wy(0) :=w,(—0) and NR;(0) := R, (—0),
and the function T; by

B;(0) = —idep (0, w; (0)).
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5. A Grushin problem

In this section, we introduce pseudo-differential calculus with operator-valued sym-
bols and perform a pseudo-differential dimensional reduction using Grushin’s method.
This method is already used in [24, Chapter 3] and [6], and its importance is that it
gives optimal decay estimates consistent with the WKB expansions.

In this section, we consider again the right well operator N - [ r] introduced in (3.2).
To simplify the notations, we will omit the reference to rlght well” in the notation
and write a\f , )/, S, 8 k instead of eNA[ ], Vr,0r, 5,, k. We also denote ¢ instead of ¢,
which has been defined in Lemma 4. 1

5.1. Sub-solution of the eikonal equation

To obtain the optimal estimates for the ground states of N A[k], we will consider an
exponential weight defined as a sub-solution of the eikonal equation (4.12). For this,
we consider a non-negative Lipchitzian function, o + ®(0), satisfying the following
hypothesis.

Assumption 5.1. For all M > 0 there exist ﬁo, C, R > 0 such that, for all he (0, ﬁo),
the function @ satisfies the following conditions.

(i) Forallo € R, we have

Re(y(0)F2 0B (M — Im(p(0)) + iy(0) 72 @ (0)) — 2 vl )
>0,

(i) Forall 0 € R such that |0 — s,| > RhAl/z, we have

Re(y(0) 20 (W~ Im(p(0) + iy(0) 2 &/(0) — yF 2 v D)
> Mh,

(iii) Forall o € R such that |6 — s,| < Rh'/2, we have
|®(0)| < Mh.

Remark 5.2. The function
[k] sk
0(0) = | o8 {/J @)~y

verifies Assumption 5.1. Indeed, using the fact that S([)k]

— Im(p(0)) is bounded below
and that y(o)_k%rZ @’ (0) is sufficiently small, we can apply [4, Theorem 1.2] to the
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function v*¥1 and we obtain
2 & . 1 s k
Re(y (0)F2 v (€M — Im(p(0)) + iy(0) 72 @/ (0)) — yFT2 oM (£l))
1 X 2 2
> WG 0077~y ),

and Assumption 5.1 is well verified using the fact that the function y, has a unique
non-degenerate minimum at s,. But it should be noted that this does not give us the
optimal Agmon estimates (and after the optimal approximations of the eigenfunc-
tions); it is necessary to construct weight functions that are related to the exact solution
of the eikonal equation. Much more useful solutions will be presented in the following
proposition.

The following proposition shows the weight functions which satisfy Assump-
tion 5.1.

Proposition 5.3. We consider the function v, defined on R by
1 & 2 =3
vr(0) = VM ED 0r (072 — g ).
By the hypothesis on y,, we can choose co > 0 such that
v,(0) > co(0 —5,)> and ®,(0) > co(o —s,)* forallo € Bi(L —1).

The following functions verify Assumption 5.1.
(a) Fore € (0,1),

O, =1 —€d, withR>0and M = coeR?.

(b) For N € N* and h € (0, 1),

~ ~ D, . N . ~Up
) A:CDrR—Nhln(max(T,N)) with R= .,/ — and M = N inf —.
r,N,h > h Co 16)

r

(c) Foree (0,1, N € Nandh € (0,1),
<i>r’Nﬁ(s) = min{&Dr’Nﬁ (s),

Vi—e inf (dDr(t)—i-/y(&)lerz Rego,(&)d&)},

Esupp X7
[sr,t]

with R = ‘/Cﬂo and M = N min(e, inf (‘I’T’r), where supp x\ C In, \ Ian .
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Proof. Since ®, verifies (4.16) and the function y, admits a unique non-degenerate
minimum at §,, the existence of ¢y > 0 is well guaranteed.

We recall that ®, verifies the eikonal equation (4.12), and by Lemma 4.1, &, is
defined by

g

0:0) = [ 16/ Reg, @)ds. 5.1)

Sr

where @, verify (4.5) and (4.6), with

[fr(0)] = v[k](g W

According to the chosen hypothesis on y,, |f,(0)| is small enough for all o € R and
s0, by (4.5) and (4.6), |¢, (0)| is small enough for all ¢ € R.
(a) By (4.12) and (5.1), ¢, verify that

1o @ FVHIER 4 i, (o)) = pF 7 v D),

Then, by the expression of &, ., we get

Re(y, (0) 72 M (X _Im(g, (0)) +iy(0) 72 @) (0)) — yF 2 viH(ElD))
=y(o>%+2Re{v["1((Ek]—lm(wr(o))+w1—eRegor(o)) ["](s“‘] +igr (o).

Using the Taylor expansion for the function v*] in a neighborhood of E([,k], we get

Re(v[k]( ([)k] —Im(pr(0)) +ivV1 —€Re gor(a)) — v[k]( 3"] + i<pr(0)))
W)@ )
= Re { Z = 7 o)

n!

(- Im(@r(0) +iVT—eReg, ()" — (ig:(0))")]

n>2

Z @ Re{(—Im(¢,(0)) +iv1 — € Re ¢, (0))"
n=2 — (—Im(g,(0)) + iRe ¢r(0))"}.

Recall that, for all a, by, b, € R and for alln € N \ {0, 1}, we have

[k])(n)(g[k])

Re{(a +ib1)" — (a +ib2)"}
5]

= (b% - 2)Z( Nasle Pl ZJ(Zb”bz’ ). (52)
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Using (5.2), (4.5), (4.6) and the fact that |f,(0)| is small enough, we get
Re{(~Im(¢,(0)) +iv1 - €Re g, (0))" — (—Im(¢;(0)) +iRe ¢, (0))"}

_ | €Reg?(0) ifn =2,
| €Re@Z(@)O(Fr(0)?) ifn =2,

which implies that
Re(vI () — Im(g, (0)) +iv1—€Re g, (0)) — v + g, (o))
= € (0)? + €f+(0)20(F-(0)?).

Therefore,
y(o)kzﬁ Re{v[k]( ([)k] —Im(p,(0)) +iv1 —€Reg,(0)) — plkl (E([,k] + igr(0))}

2
= ey(0) 2§, (0)*(1 + O(f,(0)?)) > €v,(0),
and, for all 0 € R such that |0 — s,| > RAh'/2, we have
2 i 1
Re(y(0)F2 v (69 — (g, (0)) + iy(0) 72 ) (0)) — 7T v 1Y)
> ecoRzl;.

(b)Forall N € N and / € (0, hg), we have

Nh
/ r
_ q>,(1 cb,) if == 2 N
o =
r,N,h
, L@
0] if —_ < N
h
Then, on {®, > Nﬁ}, we have
2 . _
Re(y(0) 720 (&1 — Im(p, (0)) + iy (@) 72 ¥ | -(0)) — v W gl
2 [k] k] N/’l
= y(0)72 Re{ul () — Im(p, (0)) +i(1 - qT) Reg,())

Al +igro)).

Similarly to part (a), on {®, > N/;}, we get
2 k . = k
Re(y(0) 720 (&1 — Im(p, (0)) + iy (0) 72 | () - VSRICIC
Nh/ N 7
= >, (2 - >, )Ur

with ¢ = mf 7 > 0.

r

(0) = c1Nh,
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Let R > Ry = ,/Cﬂo.wehave
lo —s,| = Rh'V/? = @, > coR?>h > Nh,

which implies that for all o € R such that |0 — s,| > Rh'/2, we have

2 & . 1~ 2> &
Re(y(0) v (& — Im(g,(0)) + iy (@) 2 & | () —yg &)
> Mh.
(c) Theere exists 79 € supp(x,) such that

to

inf (cbr(r) i / y(5)7 Re <pr(a>d&) — (1) + / y(5)75 Re g, (5)d5.

tEsuppx;y

Sr Sr
Then,

|ci>/r,N,i2| - |~/r,N,i2 or |<i),r,N,ﬁ =Vi-el®]| = .
Therefore, dADr, N verifies Assumption 5.1. |

5.2. A pseudo-differential operator with operator-valued symbol
We consider the conjugate operator

)
h

NS — o NA[k]e_%,
h h

with the same domain as N ﬁ[k]. Itis
k],® — —1(7 k], ® —1(7 k], ®
,/vﬁ[ e _ o' Dea; Dy + a3 (hDy — A% 12 (g, 0)az! (hDg — A% M0, 1)),

with

A[k]’q’(a ) = —i@’(o) + (o) k+1 N ;;g(g) k+2 - ﬁzc 0(tk+3)
p D= Yo k+2 " # '

We recall that for a symbol a(o, £) € S(R?), the Weyl quantization of a is the
operator Opzv (a) defined, for allu € S(Ry; S(R;)), by

OpY (a)u(0) = l / / e%(c_a)'ga(¥,$)u(6)d6d§.
R2

271%2

Classical results of pseudo-differential calculus, for symbols with operator values, are
already detailed in [24, Chapter 2]. We consider the real valued function g defined by
g 1
S Yo\ FF2\ [k ~ ~
glo) = / y(6)F+2 ((1 — (7) ) ([) - Im((p(a)))da.

0
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Remark 5.4. Note that, only in this section, this is not the same function as the one

k . . .
Tz E([) ] This new function is more con-

in (4.8). There is an addition of the term —y,
venient for the computations than (4.8).

ig(g)

After the gauge transformation e = # , we are led to work with the conjugate
operator

~ _:g(0) 8@
:N[Ak]’q) —e i=z Nﬁ[k]’(b i i (5.3)

instead of N [E1:2 We notice that & can be written as an h- -pseudo-differential
operator w1th an operator valued symbol nl P (0 ¢) having an expansion in powers
of h:

= no + hny + 2o+
with
k+1 2
_ 2
no = DI + (E + w(o) — y(o)k n 1)
_ k2 k+1
n; = —28(0)k zau(é + w(o) — y(a)k 1)
k+1

2
+ 278,k <E+w(0)_3’(0)k+ 1)

where w(o) = g’(0) + i®’(0) and the notation O is defined in [6, Notation 3.1].

The frequency variable £ is a priori unbounded. Then, as in [6], nj, can be replaced
by a bounded symbol as long as nothing is changed near the minimum. For this, we
consider the function defined on R by

y1(€) = y0k+2 [k] + y(E — yk+2§-[k])

where y € €°(R) is a function that verifies the following assertions:

(i)  the function y is a smooth, bounded, increasing and odd function on R;

() x(§) =§&on[-1,1]and limg 00 x(§) = 2.
We will consider

Op.'(pj;). where p;(0.8) = nj (0, x1(5)).

The symbol p; has the same expansion in powers of fz, except £ to replace with the
truncation function y; (§).
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5.3. Solving the Grushin problem

For z € C, we define

P.(0,8) = (”’9‘2 Vot

(vog) O ) € S(R? ., £(Dom(po) x C, L*(R) x C)),

see [6, Notation 3.2], where

rk+1

2
k+1>’

k
P 1= M eyt = DF + (1E) +0(0) ~7()

is the principal symbol of p; and vy ¢ 1= u([ykg“ € +w(o)

with the smallest eigenvalue u®1 (o, y1(£) + w(0)) of po.

is the eigenfunction associated

&, decomposes in the form

P = Poz+hPr+ 2Py + o,

with
5 [ po—z veg o> _ (P10
JO,Z(O.aS) - ((.,UU,E) 0 )v Jl - (0 0)
where
-kt ch+1
P = = 280) 5 8u(1©) +wo) - 7))
rk+1 2
+2muk(xl($)+w(0)—y(o)k+ 1) : 5.4)

Let z € C such that Re(z) € (/,Lgk] —&, pL([)k] + &), with & > 0 such that

L .
e < 5 (infu® —vI(eg™). (5.5)

where vgk] (&) is the second eigenvalue of the Montgomery operator I)gk] for £ € R.

Lemma 5.5. For all (0,£) € R?, P ;(0, £) is bijective and

(po—z)~ '+ Yok )

Qo2 (0.8) = P ;(0.6) = ( (Vo) z—pFo 11(6) + w(0))

and
Qo,2(0,€) € S(RZ z; £(Dom(po) x C, L*(R) x C)).

Here I1 = Il ¢ is the orthogonal projection on v, ¢ and M+ =1d—TI.
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Proof. Let (v, B) € L>(R x C) and find (u, o) € Dom(pg) x C such that

noa(?)=()

This equation is equivalent to
(po—2)u =v—0avse and (u,v5g) = B.
We have

(po—2)ut = (po — 2) (U — (U, Vo)V z)
=V — V¢ — ,B(M[k](g, X1(6) + w(0)) = 2)vgg.

The space (C v(,,g)L is stable by po — z, then py — z induces an operator
Po— Z: (Cvg’g)L — (C vU,E)J‘.
On this space,
((Po = Re(2))u.u) = (Re(u3” (00 x1(8) + w(0))) = Re()) ull* = collul”.

by the choice of z. Indeed, applying [4, Theorem 1.2] to the function v; [k] (see also
[4, Remark 1.3 and 1.4]), using (5.5) and the fact that |®’(c)| is small enough for all
o € R (according to Assumption 1.1 and the choice of ® in Proposition 5.3), we get

Re(1f (0, x1(6) + w(0))) — Re(z)
= Re(y(0) 72 vl (y(0) 752 11 (€) + y(0) 72 g/ (0) + iy(0) 72 ¥/ (0))
k]
— Mo )
Re(y(0) 20 (y(0) 772 41.(6) + 1(0) 2 g/ (0)) — ¥'(0)* — il — )
zyokz (mfv[k](é) 1nfv[k](§)) dJ(a)2

=
> V02 (;nﬁgv[ ](E) mfv[k](g‘)) ' (0)? > co,

where ¢g > 0. Thus, this operator is injective with closed range and, by considering
the adjoint, it is bijective. We have

(Po — 2)u™ = v —avgge — B(kF) (0, 1(€) + W(0)) — 2) Vo € (Cuge)*

= (V.v5¢) — o — B(uM (0, x1(8) + w(0)) —2) = 0
= o = (V,v5¢) — (M (0, x1(8) + w(0)) — 2).
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By the bijectivity of po — z on (Cvg¢)t, we take
ut = (po— 27 (v — aveg — B0, 11(6) + w(0)) — 2)vee)
= (pO - Z)_l(v - (U, Ua,é’)”o,é’) = (pO - Z)_IHJ_U'
Therefore, u = (4, vg) Vg + ut = Busg + (po — 2)" I, [

The following proposition gives an expression of an approximative inverse of
operator OphW () with a remainder of order /.

Proposition 5.6. We have

Op} (Qo.2) Op} () = 1d +hO({)*+). (5.6)
Moreover, if we denote by
+
(2 P (qO,Z qO,z)
O,Z A — + ’
qO,z qO,z

then modulo some remainders of order h, we have
(Op} () —2)™" = OpY qo.- —Op} 45..(Op} 45..) "' Op} 45, (5.7)
Proof. Using Lemma 5.5, and composition of pseudo-differential operators, we have
OpY (@0,2) 0 OpY (o, 2) = OpY (D).

with Dy, = Id + hR. By the Calderon—Vaillancourt theorem, R is a bounded oper-

ator, but the bounds depends on the parameter p. In the terms of R, Tkt

appears and
so we can consider Opzv (R) as a bounded operator for the topology L2((t)**'d tdo).

On the other hand, we see that
OpY (@o,2) 0 (OpY (£2) — OpY (Po.2))

is of order A for the topology of L2({)2**3d tdo). This power of t2¥+3 comes from
the terms of &; in (5.4). Therefore, (5.6) is proved.
The proof of (5.7) was already established in [24, Proposition 3.1.7]. [ ]

5.4. Tangential coercivity estimates

The goal of this section is to prove the following Theorem which gives tangential
elliptic estimate for the truncated operator Oph\f"( pj)- We recall that ® is a non-
negative Lipchitzian function, verifying Assumption 5.1
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Theorem 5.7. Let co > 0 and yo € €°(R) which equals 1 in the neighborhood of 0.
There exist ¢, hg, Rg > 0 such that, for all R > Ry, there exists Cg > 0 such that for all
he (0, ho) and all z € C such that |z — Mo | < coh, and for all € Dom(Op (py)),

R < 1OpY () = 2091l + Crh | xo (T2 )| + A2y,

h1/2

The procedure for proving this Theorem is the same as the one followed in [6, The-
orem 4.2], but what differs here is the eikonal equation. We first prove the following
proposition which will be the main ingredient in the proof of Theorem 5.7.

Proposition 5.8. Let co > 0. There exist C, 1;0 > 0 such that, for all z € C with
X .
|z — /,L([) ]| < coh, and for all € Dom(Opzv(p};)),

[ €o@yPdode - ChlvI? < Re(OpY v 63)

where

a(0) 1= Re(y(0)F2 VM (69 _ Im(p(0) + iy (0) 2 &' (0)) — yF 7 v ¥ (€D).

5.9
Moreover, for some ¢ > 0 and all R > 0, there exists Cgr > 0 such that
KAy < 10D g3 ¥ + Crh| o (T =77 )| (5.10)
Proof. By Lemma 5.5, we have
—qi, = W (o, 11(6) + w(0)) -z
= (@) 2 0H (y(0) 2 11 (§) + y(0) 2 w(0))
2 A
—ys PEEN) + o)
= 7@ T Bl + y(o) 2 (e — i gll)
—Img(o) + iy(o)_m P'(0))
2
2 ' A
— g v BE + o).
Then, — Re(qgfz) is written in the form
2 N
—Re(95>,) = €a(0) + y(0)F2re(0,§) + O(h), (5.11)

with
ro(@.8) = VHER 1y (0) 72 45—y W) —Img(0) + iy (0) 29 (0)
VR (EF _ tm(p(0) + iy(0) TR @/ (0)),
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and the expression of ©g(0) is given in (5.9). Using the Taylor expansion for
the two terms of rg at E([,k] (for fixed o) and the fact that the functions ¢(o) and

y(a)_k+r2 @'(0) are controlled by |1 — (%) 52 ||ic/>2 we obtain

ro(0.£) = VHIER 4y ()T g€ — yF el o)

Yo. _1_ . =
+O(l1- () 1X2)min(1, |§ -y M),

Furthermore, since (v*1)/ (S([)k]) =0 and (vikly” (E([)k]) > 0, there exists a constant
c1 > 0 (independent of o) such that

y (@) (EER 1y (o) 7 4 (5 =y 1)) - VIl

. Tz L0k 2
chmm(l,@_)/oc_'— 0 [9).

1
Using the fact that || 1-— ("70) k2 || oo 18 small enough and from the Young inequality,
we get
2 ~ A
y(@)+2re + O(h) = —Ch,

and (5.11) becomes
—Re(q5>,) = Go(0) — Ch.

We apply the Garding inequality (see [7, Theorem 3.2]) to get
| ©otlyPdadz — Chlly P < ~Re(OpY g3t v).
R2

Using Assumption 5.1, the fonction ® verifies

/(‘5¢(0)|1//|2d0dr > /(9q>(0)|1/f|2d0dr > CRZﬁ/|¢|2dOdT
R> lo—s,|>Rh'/2 |lo—s,|>Rh!/2
= cR2h|y|? —chﬁ/ [y [2dodr.
lo—s|<Rh'/2

So, using (5.8), we get

(cR> = Oy > < 1 0pY g5l || + cR?A / y|?dodr,

|0'—Sr|§R};l/2

and for R large enough, (5.8) is well established. |

The proof of Theorem 5.7 is then the same as the one of [6, Theorem 4.2], but
here with the use of the two Propositions 5.6 and 5.8.
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6. Removing the frequency cutoff

The goal of this section is to prove that Theorem 5.7 remains true when we replace
the truncate operator OpﬁW pj, by the operator without frequency cutoff & il[k],@ defined
in (5.3). For this purpose, we want to prove the following theorem.

Theorem 6.1. Let co > 0. Under Assumption 5.1, there exist c, ﬁo > 0 such that for
all h € (0, ho) and all z € C such that |z — Mgk]| < coh, and all Y € Dom(N;;[k]’q)),

ey = 12N i)

In all what follows, we shall consider the smooth function R 3 £ — y,(§), such
that

QP EM ) = ga(6) forall£ € R, ©6.1)
and y2(§) = 0 in a neighborhood of yk“ L] ,x26) =1on{f eR: y1(§) = &)°

so that the support of y5 avoids y, +2§‘ . We will now deal with some lemmas that
help us to prove Theorem 6.1.

Lemma 6.2. Let co > 0. Under Assumption 5.1, there exist C, /20 > 0 such that for
all h € (0, ho) and all z € C such that |z — Mgk]| < coh, and all Y € Dom(u\/%k]’(b),

Tk+
k+1

1w+ [ (iDe — v@) Yo = CUFE® ~ 2y + Clyl. 62

Proof. Forall y € Dom(ﬂgc]’q)), we have

) R k+1
(N%k],cbw’w) > c||Dr1//||2 + c”(hD<r + w(o) — V(U)]:+ 1)1”

2
‘ 9

which implies that

k+

A T k
1Devll 4 | (5De + (o) = (o)~ | = cliBry 4 cpyl.
Using the fact that |w(o’)| is bounded, (6.2) is well established. [

Lemma 6.3. Let ¢co > 0. Under Assumption 5.1, there exist C, /;0 > 0 such that for
all h € (0, hg) and all z € C such that |z — ,ugk]l < coh, and all ¥ € Dom(u\f%k]’é),

rk+1
100} vl + | (Ao = v0)

kl,
< CI(NII® —2)0pY 12y

) OpY 29| + 1D 09 12w
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Proof. We have

k], @
Re((N 2 —2) OpY o1, Op) 129)
k+1

2
) +o(l) — Z) OpY x2v, Op)Y mlﬁ)
k+1

= Re{ (D24 (Dy + w(0) ~ y(0)

N 2
= (1 -+ o()((D2 + (Do + w(0) ~ (o)) ") OB} 120-0p} 12V
—Re(2)|0p} x2v/II?

> (1¥(0,& + w(0) — g + (1) OpY 12y |1 (6.3)

2 +2 [k]

We can assume without loss of generality that é > Y , and, by the symmetry

of x5 in (6 1), the results are true when & < y, 2 S[k]. By the choice of ® (see (5.3)),
ly(o)~ e ®’(0)| is small enough for all o € R, and, using [4, Theorem 1.2], we get

Re v (€l 4 (o) 7 (6 — y 2 ) — m(p(0)) + iy(0) 72 /()
= V() 4y (o) (6 — 76 — Im(p(0) — y(0) T2 @/ (02
and
Kl (0, £ + w(0))

> p(0) v () 4y (o) (6 - yk“so"])—lm(w(o)))—<I>’<o)2.

I\+2%_[k]

When £ € Supp(x2), £ is far from y, and for a certain ¢ > 0 we have

1
12 [k
I8 —yE2 e > ¢

Using the fact that |@(0)] is small enough, we get in this case

k+2
ly(o)~ "“(5 Vok+2~’3[k] Im(fﬂ(ff))lzyoo2 C, forallo € R.

Then, there exists a constant » > 0 such that for all c € R, we have

6 4 y(o) 26—y el — Im(p(0)) € R\ BE. ).

Since the function R 3 £ i v*1(&) admits a unique non-degenerate minimum at £ [k]
then there exists ¢; > 0 such that for all 0 € R, we have

V(R 4 ()72 (€ — 3 F P 9 Imp(0)) = or.
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lheleiole,
k k 2 k 2
/,L[ ](0,$+m(0))—ug]> V(U)k 2C1—//LE)]—®,(O')

> 1 E7 (e — WMD) - 9 (0)?
7 (o W)

= :C1>0.
2

Going back to (6.3), we get
okl @
| 0p} 12911 < € x Re(NI® —2)OpY 129, 0P y2).

Combining this inequality with (6.2), we get

k+1
A T
100} k2l + | (Do = y(@);— ) OBY 12¥| + 1D Op} s2¥/|

k], @
< CII(N P =) 0pY xay . .

Lemma 64. Let N € N, ¢ > 0. Under Assumption 5.1, there exist C, ﬁo >0
such that for all h € (0, ho) and all z € C such that |z — Mgk]| < coh, and all
Ve Dom(wg‘]’d’),

k+1

k+1

100y 21l + | (Do = (@) —= ) OBY x2¥r| + 1D OpY 12v/|

k+1
+[(ips —yo1 +1) OpY 29| + D2 0pY 2v/|

< CINE =2yl + 0GM) v .

Proof. Using Lemma 6.3, the proof of this lemma is exactly as the one of [6, Lemma
5.4]. ]

We will control now D, instead of h Dy —y(0)*— k - 1 Since y is bounded, then

k+1

it suffices to control T with the normal Agmon estimates.

Lemma 6.5. Let ¢y > 0. Under Assumption 5.1, for all k > 1, there exist C, /;0 >0
such that for all h € (0, ho) and all z € C such that |z — u%k]| < coh, and all y €
Dom(dvg‘]""),

k—1
IFE® My < I VB oy vl ©4)

Jj=0
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Proof. By calculating the commutator [,/V %k]q), %] = [a}TllD,a};Dr, ¥], and using
the fact that [D, %] = %tk_l for k > 1, we have

2 _ .
;Dt—aﬁl(ara};) ifk =1,

WA=
T D ke g Geap) — Kk = DT ifk 2 2.
1

For k = 1, using (6.2), we have

IV 2yl < CIDyll + Cllvll < CHNTE® =)yl + v,

forall ¥ € Dom(ﬂ%k]’q)). Then, (6.4) is true for k = 1.

By induction on k > 1, we assume that (6.4) is true up to order k£ — 1 and show
that it is true for order k. In effect, for all ¢ € Dom(ﬂ %k]’cb), we get

IV Tyl < CI Doyl + C Il 2yl + Cllv |
< CID( ')l + CI* 2y + Cliy |,
and, by (6.2), we get
IV 2 Ayl < CIN R =2yl + Clie* Myl + 2y + Clly |
< CI)* NI — o)y + CIIN TS Ny + C 14y
+ClI* 2yl +Clyl.

Using the induction hypothesis for order k — 1, (6.4) is true for order k. ]

Lemma 6.6. Let ¢y > 0. Under Assumption 5.1, for all k > 1, there exist C, /;0 >0
such that for all h € (0, ho) and all z € C such that |z — /Lgc]| < coh, and all €
Dom(dvg‘]""),

-
Iyl < CIEN T —2yyl + Cly . (6.5)
Proof. The proof is quite simple by noting that

Iyl < CHNEP® — o) @)l = CIFNER® =)y | + CIIN I, <y,

and, using (6.4), we get

k—1
Iyl < CIFWN I =2yl +C Y v,
Jj=0

By induction on k > 1, (6.5) is well established. [
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Proposition 6.7. Let N € N, co > 0. Under Assumption 5.1, there exist C, ﬁo >0
such that for all h € (0, ho) and all z € C such that |z — u%k]| < coh, and all ¢ €
Dom(dvg‘]""),

10 2291l + 1D Op}Y x2v/|
+ D5 OpY xo¥/|| + 1107 Op} x2¥ Il + [(:D)* OpY 129/
+ |5+ Do OpY xav |
< CI{)*$ 2N )y | + 0 ™) |y

Proof. By applying (6.5) to Op;liv x2¥, we have
I+ 0pY vl < Cl) M NIH® —2) 0p)Y oyl + €l Op)Y 2v Il
and by calculating the commutator [ff %k]’q), Opgj x2] and using Lemma 6.4, we get

I+ 0pY vl < CI*HNEE =2yl + 0GM) vl (66)
Likewise, we get
[+ 0p) yov|l < CI* PN — 2yl + OGNyl 6.7)

Since y is bounded, then using (6.6) and Lemma 6.4, we get

1ADs OpY 1291l = | (ADs —y(o)kljll)opf{mHJrHy(O),:k:ll

< CI)* N2 — 2y + 0GY) v .

Olf)hYV XzWH

Likewise, as the proof of [6, Proposition 5.6], we have

1(:D6)? OpY 12v |l < CID* 2NV — o)y + 0G™)|lv ),
and
|14 D Op)f 1a¥ |l < CHOH*2NIT — 2yl + OGNyl =

We now have all the elements to prove Theorem 5.7. Using the result of Proposi-
tion 6.7 and like the same strategy from the proof of [6, Theorem 5.1], we get

chlly |l < (@) (NE® —2)y +hHX°(RA1/z)

~[k],® e 1q(cr) N[k] ® ig(o)

forall ¢ € Dom(N [k1. & ). But we use the fact that N A, then

Theorem 5.7 is well established.
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7. Optimal tangential Agmon estimates

7.1. Agmon estimates

Let us give the optimal Agmon estimates for the eigenfunctions of the two operators
N h[kr] and N }I[k]' The following corollary is a consequence of Theorem 6.1.

Corollary 7.1 (Single well). Let co > 0. Under Assumption 5.1, there exist C, ﬁo >0
such that for all h € (0, ho) and all A eigenvalue of N such that A — [L([)k]| < coh,

N

and all associated eigenfunction ¥ € Dom(N iEkr])’

2% 5 2
e i |W|%dsdt < ClIV[|72gyg):
RxR

P
Proof. By applying Theorem 6.1 with v = e/ W and z = A, we get
clle¥ W) < HXO( 1/2) v

Since the function £ i is bounded on Supp(o — )(0(—1/2)) then
Rh

@
en W[ < C[¥]. .

We recall that the two Agmon distances for the two single well operators N

and N Vare respectively given by

ag ag

P, (0) = / ,(6) 2 Re ¢, (6)d and B;(0) = / y1(5)7 Re ¢1(6)d5.

Sr S7

We will consider the operator N ﬁ[k] with two wells defined on L2(I" x R) ~
L?*([-L, L) x R). For #j > 0 small enough, we denote by

B, (1) :=B(s. ) = (sr — 1,8 + 1)
and

B;(7) :=B(s;.0) = (51 — 7,51 + 7).

We define the two 2 L-periodic functions on [—L, + L) so that

B, (0) = ®,(0) if —L<o<s—1.
! ®,(c —2L) ifs; +A<o<L,
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and
5,(0) ®j(0 +2L) if —L <o <s,—1,
1(0) =
®;(0) ifs, +n<o =1L,

and that ®, > ®; on B; (1) and ®; > @, on B,(n).
For 6 € (0, 1), we define the function ¢ on I" by

= mmin(ar, ;).

Proposmon 7.2 (Double well) Let € > 0 and 1 > 0 small enough There exist
C, ho > 0 such that for all he (0, ho) and all A eigenvalue of N 1 such that

A — /Lgk” < coh, and all associated eigenfunction u € Dom(N fEk])’

2 5 H
e |ul*dodt < Ceh|lullp2q-r,1)xr)-
[-L,L)xR

Proof. Let A be an eigenvalue of N €} Such that A — ;L[k]| < coﬁ and u the associated
eigenfunction. We denote by y, the smooth cutoff function which is equal to 0 for
o € B;()) and 1 for ¢ € T" \ B;(27). The function ¢ is defined on [-L, +L), so we
will extend ¢ so that it is defined on R and verifies Assumption 5.1. Therefore, we
consider the function ¥ = X,e%u as a function on R and we apply the Theorem 6.1
with z = A to obtain that

ro 2 k ¢ NI AN
chlgrehull < e W 2y gehul + | ro( Topm et
Rh

By using that u is an eigenfunction of V. f,[k] associated with A, we get

e lull.

@
Iz)* W — 2 renul = i (x)

2k+3[ le]
h

But Supp(y,.) C (s; — 27,51 — 1) U (s + 1,51 + 21), and so for 7} small enough, we
can assume that ¢ < 5 in Supp([V, f,[k]’ xr]). Therefore,

IS

A LA k A
chlxrerull <e2: ||(T)2k+3[=/V;E ]er]u”Lz([—L,L)x]R) + Chllullz2-L,L)xr)-

By the normal Agmon estimates,

) €
[xrenul| < Cen ||u||L2([—L,L)x]R)’

and, by symmetry, we get

L) €
[xierull < Cekllull 21, L)xRr)-
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Since 7 is small enough, then

0 2 s
lerull2¢r,+1)xr) < lle7u ||L2((—L,0)XR) + llerullp2¢o,+L)xr)

2 ¢
< lxrefull + lxienul

< Cei|lullp2(—r,L)xR)- "

7.2. WKB approximation in the right well

In order to perform the tunneling analysis, an explicit approximation of the ground
state energy of the single well operators must be found. This approximation is a direct
consequence of the Theorem 6.1.

For 7 > 0, we denote

ar = (51 = 2L + fl, 51 — 7).

Let
k1 _ . plkl
wﬁ,r - Xn’r\pﬁ,r

be as follows.

* Let xy,r be a smooth cutoff function such that x5 , = 1 on I5; , and x5, = 0 on
R\ I} ,, that is to say supp(x4,-) C I3,

e Let \IJ[k] be the WKB expansions (already defined in Theorem 4.4), such that
v i
* Let II, be the orthogonal projection on the first eigenspace span{u}lk’]r} for N h[kr]
Proposition 7.3. We have
15 = v ey = 0G).

Proof. Usmg the fact that the spectral gap between the lowest eigenvalues of J\/ 3
of order h (see Theorem 4.4) and that ’

w[k] — Hrwgk] € (Vect{uLk] Nt
h,r h,r h,r
the min-max principle proves that there exists ¢ > 0 such that

N k k k SW (T k
chly ! =Ty ) < (W = ),

where 1] (h) is the smallest eigenvalue of JV assomated with u 7 ] . Therefore, by

applying Theorem 4.4, we get

k k I
10 =T 2@y = 0G). .
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The following lemma gives some properties on the weight CiDr j introduced in Propo-
sition 5.3, and the proof of this Lemma is exactly like that of [5, Lemma 2.6].

Lemma 7.4. Let K C 15 bea compact set. Forall N € N* there exists €y > 0 such
that for all € € (0, €g), there exist ho > 0 and R > 0 such that, for all he (0, ho) we
have

Using Theorem 6.1 and Lemma 7.4, we follow the same proof as [6, Proposition
6.3] (that of [5, Proposition 2.7] as well) and we obtain the following proposition.

Proposition 7.5. We have
P A
e n (U ¥y = 9(h),
h,r h,r

and o
k+1 5 nqlkl Tk [ oo
() e h (\Ijﬁ,r uﬁ,r) = O(h*),

in' €1 (K; L>(R x R)), where K C L5, is a compact set.

8. Interaction matrix and tunneling effect

The goal of this section is to estimate the difference between the first two eigenvalues,
) (h) — v (h) of the operator N (k1 \Which is defined in (2.5). For this, we will follow
the same strategy as in [5,6]. We denote by uj (h) the common “single well” ground
state energy of operators N ﬁ[,r],o and Nﬁfcl],o' By Corollary 7.1, Proposition 7.2, and the

min-max principle, we get
YR = B h) < vi(h) < va(h) < p(h) + e ),
~ _S r
where O (e #) means @ (e~S~9/") for all € > 0.
First, we will construct an orthonormal basis of
2
X A
& = @ Ker(N —vi(h)),
i=1

and we will write the matrix of the operator N+ [ic] in this basis. For that, we will

k) and ¥ (the two eigenfunctions of N (k] and K]
hr h,l h,r,0 h,l,0

start with two functions u'
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respectively associated with the same first eigenvalue p3" (ﬁ)). Inspired from (3.3)
and (3.5), we define the two functions ¢}[Alk] and ¢}[?kl] by
r ,

) k42
” e~Boo/h u%kl(a, 7) if —L <o <s —1/2,
¢i§,r(0’ = —iBo(o—2L)/h T K . R
e Po u};r(a—ZL,t) ifs;+7n/2<o0<L,
and

) k42
e-tholo+2L)/h K] (c+2L,t) if —L<o<s,—1/2,
SCE "
hlY T

) ~k+2
o~iBoo/h “Lkg (0,7) ifs, +7/2 <0 <L.

We will truncate these two functions so that they are defined on I x R, and then we
will build from these two functions a basis of &.
For o € {/, r}, we introduce the quasimodes f’ h[];] defined on T x R by

k] _ [k]
fﬁ,a - Xn’a¢ﬁ,a

where x; , is the cut-off function introduced in the beginning of Section 7.2; y,; =
Uyy,r is defined by the symmetry operator (see Section 3.2).
Let IT be the orthogonal projection on &, and consider the new quasimodes, for

aed{lr}
[k] f[k]

By Proposition 7.2, we have (see [5, Section 3])
~ 25
MMy =146 ifa =4,
a " h,p
Kl (Kl _ Be—? -
M =0T ita# B,

and

182 — 79 4 age% — £y = B,

The base { 8 g[ ]} is a priori not orthonormal, and by the Gram—Schmidt process,

we can transform 1t to an orthonormal basis B; = {g[k] ~[k]} defined by

h

where G is the Gram—Schmidt matrix ((gA Y g ))a Bell, r} With this construction,
i)’ is an orthonormal basis of &. Let M be the matrlx of N (K] velative to the basis i)’
given by

[k] ~[x] [
M = ((c’v}; g};’ ﬁ Na Bell,r}:
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We have R N
Spec(M) = {vi(h), v2(h)}.

Then, by solving the equation det(-Id — M) = 0, we deduce, as in [5, Proposition
3.11], that

N =i (h) =2 O _ (I Dk |
va(h) —vi(h) = 2w |+ 0O 7)., wi, = /) 8.1

where

k] _ (k] _ swepyy oLk
Tha = (’Nfz Ui (h))fﬁ,a fora € {/,r}.

The goal is now to estimate the interaction term wy . By integration by parts (see
[6, Lemma 7.1]), we have

wi, = ihw}, +wf,), 8.2)
with L
— k k k] [k
wy, = /aﬁl(qs}gl];o,;@gj + D00l 0, 7)d T,
R
and
[k k] , [k
uf, = [ o7 @00l + Dol oL 0.
R
where
rk+1 k+2
D =hD, +h B —y(a) —ES(a)c + i, 0%+
h 0 "k +2 " ’
and a; is defined in (2.6).
By the explicit form of qb}%’il, we can write
wy', = /a;l
R
k] Tkl fk+2 _ Caa (K]
X (hD — y(a) hS(o)auk +2+h ELO(trt ))u};,r(O, 1)dt
k+1 . k2,
— ) k
+/ 1( (a) [ h30) B +h B0 +3))

R
xu[Ak} [k] (0 7)dr.

>
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By Proposition 7.5, the explicit expression of the WKB solution in Theorem 4.4 and
the fact that ®,(0) + ®;(0) = Sy, the expression for w}’, is given by

k+1 r Tk+2
(0)“”k +2

[k]
x WDy — (o)

s

i 2,0 (k) 0, 1)d+

[I]

i k+1 o k2, fis
+ [ (hi%—y(o)k+1 —i8(0) 8 + 7 E,0(F)
R

=->‘§

lp["]\p["](o Ddt + 0GR )e™

Since

Dr(0) igr(o)

‘I‘Lk](O,r)zU\I’Lk](O,r) and \P[Ak](o,r)za[kl(o,r)e_ hoe h
h,l h,r h,r 1,h

(see Theorem 4.4), we get

enwy, = /athUa[II} (ﬁDa +i®) (o) + gL(0) — (o')k - 1) [1k}]z(0 T)dt
R
_id’ _ k] [k]
+/ (hD i®,.(—0) + g.(—0) )/((7)k+ I)Ua”; 1h(O T)dt
R
+ O (h),

with

g

I -
3r@) = [ 1@ (e - m@)a
0
where the function ¢, is defined in Lemma 4.1. Therefore,

+
ehwl, = 2[%;1(@;(0) +g.(0) — y(O) )Uag ! 5"}1(0 0dt + O(h).
R

We recall that by Theorem 4.4, we have a k

k A
Ei = au, + O(h), with

k .
a[1 (])(o, ) = f ()(cr)u(I W, (o) and w,(0) =iP,(0) + g,(0).

Using the expression of f; ¢ in Remark 4.2, we get

su . i Tk R
enwy, = f10(0)% 20”’0(0)/2(DW(0) Vr(o)k—_H)( [Oklar(o))zdr + O(h).
R
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Using (4.2), we have

k+1
T k] 2
/Z(w,(()) O 1)(”0,wr(0)) dr

R
k k k
— [ (@D, 0%, DL 0 (D17
R

= 3:(0, w, (0)).
According to Remark 4.2, we can write
f1.000% =272, and - idgp(0, w,(0)) = B, (0).

Therefore, we get

Su

ien wl, = 2a 2B, 0)Aye 10O 1 9 (h). (8.3)
By the same method, we can obtain

Sq P . . k42 - N
—ieh wld — Zl/zn_l/zﬁr(—L)Ade_21°”~0(_L)e_21ﬂ0L/h —2igr(—L)/h + (9(]’1),
(8.4)

Na

where Ay is defined in (1.8).
By combining (8.2), (8.3), and (8.4), we get

Wy, = h{l/zn_l/z %,(O)Aue_Zi“1~°(°)e_57u
T, (CD)Age 2 0L 2oL/ 2iar L)/

_S ~2
+e hOH).

s . r . . ~k+2
By multiplying wy,» by exp(ig, (—L)/h +i(a1,0(0) + a1,0(=L)) +ifoL/h ), and,
using (8.1) and the fact that h = hk%rZ, we get

S 2

va(h) —vi(h) = 2|W; .| + e #V/EFD Q(hF+2),

with
_ sy .
@l,r = zl/zn_l/zhklﬁ (%r (0)Aye nV/&+2 elLf(h)
T CD)Age D o ILS )

where f(h) = % — g + Poh and «y is defined in (4.18).
Finally, combining this result with Proposition 2.5, we get

Aa(h) — Ay (h) = 2|y, | + & M7EFD O (h?),
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2k+3 —— __ Sa .
i, = {12720 R (B, (0) Ay TR I/ D)

+ T (L) Age AT L),

which ends the proof of Theorem 1.2.
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