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Critical points of the Eisenstein series E4
and application to the spectrum of the Lamé operator

Zhijie Chen and Chang-Shou Lin

Abstract. We give a complete description of the distribution of the critical points of the classi-
cal Eisenstein series £4(t). An application to the spectrum of the Lamé operator is also given.

1. Introduction

The Eisenstein series are well known as the first nontrivial examples of modular
forms. Since their discovery in the early 19th century, the Fisenstein series have
always played fundamental roles in the theory of modular forms and elliptic func-
tions. On the other hand, besides their numerous applications, the Eisenstein series
are rather deep objects by themselves.

This paper is the second in our project of understanding the critical points of the
classical Eisenstein series. We studied the Eisenstein series E,(t) in [8]. By devel-
oping further the idea from [8], the aim of this paper is to completely determine all
the critical points of the Eisenstein series E4(t) of weight 4, or equivalently the well-
known invariant g, (7) in the theory of elliptic curves. We will see that this result has
interesting applications to the spectrum of the Lamé operator.

Throughout the paper, we use the notations w; = 1, w; = 7, w3 = 1 + t and
Ar =7 + Zt,where t € H = {t | Imt > 0}. Let p(z) = p(z|7) be the Weierstrass
g-function with periods A ;, defined by

) =pED = 5+ (g~ ),

—0)2 w2
werno)F T @
It is well known that p(z|7) satisfies the following cubic equation:

9 (z]1)? = 4p(z]7)? — g2(0)p(z]7) — g3(7).
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Here g»(7), g3(7) are invariants of the elliptic curve E; := C /A, which are just mul-
tiples of the basic two Eisenstein series G4(7), Gg(7), or equivalently the normalized
E4(7), Eg(7), respectively:

© = B0 = 60640 =60y
T) = — T) = T) .= _—
&2 3 0t * (mt 4+ n)*
(m,n)ez?
876 ’ 1

= —— E¢(t) = 140Gg(7) := 140 —_—,

g5(t) = ——Ee(1) 6(7) 2 G
(m,n)ez?

where >’ means to sum over (n,m) € Z? \ {(0,0)} conventionally. The derivative of
E4(7) is given by Ramanujan’s formula (see e.g., [25, p.1786])

Ey0) = DL (Ex(0) Ealr) — Eol(0), (L1)

where E;(t) is the Eisenstein series of weight 2 defined by

o0 o0

3 ’ 1
B0=5 2 2 G

m=—00 n=—00

It is well known that E4(t), E¢(7) are both modular forms for SL(2, Z) of weight
4, 6 respectively, while E5(t) is not a modular form but only a quasimodular form
(cf. [19]), and so is E; (7). This infers that the set of the zeros of E}(t) is not stable
under the modular group SL(2, Z). Recently, there are many works studying the zeros
of quasimodular forms including critical points of modular forms; see e.g., [3,12, 19,
25,26] and references therein. In particular, Saber and Sebbar [25] proved that for
each modular form f for a subgroup of SL(2, Z), its derivative [’ has infinitely many
inequivalent zeros and all, but a finite number, are simple. As an example, they proved
that £ () has infinitely many inequivalent zeros which are all simple. However, the
distribution of the zeros of E} () is still far from being understood.

In this paper we develop our own approach to completely determine its critical
points. Since the basic fundamental domain Fy of ['y(2) plays a crucial role in our
approach, we would like to state our results in fundamental domains of 'y (2) first. The
corresponding statements Theorems 1.5-1.6 in fundamental domains of the modular
group SL(2, Z) will be given as consequences.

1.1. Distribution in fundamental domains of I'¢(2)

Recall that I'y(2) is the congruence subgroup of SL(2, Z) defined by

To(2) := {(Z’ Z) e SL(2,7)

c=0 modz},
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and Fj is the basic fundamental domain of 'y (2) given by

1 1
FO;:{reH‘0§Rer§land)r—§|2§}.

Then for any y = (z 3) € I'9(2)/{*1>} (i.e., consider y and —y to be the same),

b
p(Fo = {yvi= S o e Rob = ()R

is also a fundamental domain of I'g(2). Note that y(Fy) = Fy + m for some m € Z
if and only if ¢ = 0. Our first result shows that the critical points of E4(t) satisfy the
following distribution.

Theorem 1.1. Let y(Fy) be a fundamental domain of T'g(2) with
a b
= Io(2)/{£1>}.
= (0 ) em@ren

Then the following hold:
(1) E4(7) has no critical points in y(Fp) if c = 0;
(2) E4(7) has exactly one critical point in y(Fy) if ¢ # O.

In view of Theorem 1.1, we can transform every critical point of E4(7) via the
Mobius transformation of I'g(2) action to locate it in Fy. Denote the collection of
such corresponding points in Fy by Dy, which consists of countable many points.
A fundamental question related to the distribution of the critical points is: What is the
geometry of the set Do ?

Surprisingly, it turns out that £y locates on the union of three disjoint smooth
curves T(C)’s in Fy, which are parameterized by C € R \ {0, 1} via the following
identity:

. 4rigs(t)
T 2 (@ga(0) — 383(0)
Here 71(7) := 2¢(5[7) is a quasi-period of the Weierstrass zeta function ¢{(z) =
L(z|r) == — fz g (&|t)dE. Indeed, it is a multiple of the Eisenstein series E»(7):
n(r) = ”TZEZ(r). The relation between (1.2) and E(t) comes from Ramanujan’s
formula (1.1), which can be written in terms of g5, g3, 11 as follows (see also [5,
p-704]):

T € F. (1.2)

G = L en g - 3g0). (13

We will prove in Section 3 that for each C € R \ {0, 1}, there is a unique point
7(C) € Fy such that (1.2) holds. Consequently, the parametrization (1.2) will give



Z. Chen and C.-S. Lin 962

three disjoint curves

Co :={t(C) | C € (0, D},
€. :={1(C) | C € (—0,0)}, €4 :={t(C)|C € (1, +00)},

the limit points of which are exactly the cusps of Fy:

9, = {0,1}, €. = {o,;1 —I—ioo}, ge, = {1, % + ioo}.

Theorem 1.2. Let 1(C) be defined by (1.2) for C € R\ {0, 1}. Then

—d

Do = {r(—) ‘ (a b) € To(2)/{x L), ¢ # 0} CE_UGUE,. (14)
¢ c d

Furthermore, the closure of Dy in Fy is precisely the union of the three disjoint smooth

curves:

DoNFy =Dy \{0,1,00} =€_UCUE,. (1.5)

Remark 1.3. In fact, we will prove t(C) € Igo, where Igo = Fy \ 0F) denotes the set
of interior points of Fy. Given y = (g 3) € I'o(2)/{x 1>} with ¢ # 0, we will prove
in Theorem 4.1 that the unique critical point of E4(7) in y(Fp) is precisely

ar(i) +b

[4

m € y(Fo).

For y; € T9(2)/{£ 12} with y; # %y, we have
Y1(Fo) N y2(Fo) = @

(though y1(0Fpy) N y2(dFy) # @ may happen). Thus, there is a one-to-one correspon-
dence between Dy and the set of critical points of E4(7).

Remark 1.4. As mentioned before, E4(7) is a modular form, but E,(t) is not. It
is interesting to compare the distribution of the critical points of E4(7) with that of
E> (7). We proved in [8] that, under the Mobius transformations of I'g(2) action, the
images of all critical points of E;(7) in Fy form a dense subset of the union of three
smooth curves in Fy. However, this union is path-connected for the E; case, which is
different from the situation of Theorem 1.2. See [8] for the complete theory concern-
ing the critical points of E, (7). We will study the critical points of E¢(7) in a coming
work.

We will see in Section 6 that the three curves have interesting geometric mean-
ings from the viewpoint of the multiple Green function on the elliptic curve and also
monodromy meanings from the classical Lamé equation.
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1.2. Distribution in fundamental domains of SL(2, Z)

Since E4(7) is a modular form for the modular group SL(2,7Z), it is natural to consider
the distribution of the critical points of E4(7) in fundamental domains of SL(2, Z).
In this paper, it is convenient for us to choose

F={reH|0<Rer<1,|t|=1,|t—-1] =1} (1.6)

to be the basic fundamental domain of SL(2, Z), because F' C Fy and (see Figure 2
in Section 2)

0 1 1 -1
F0=FU)/1(F)UV2(F)’ Y1 = (—l 1)’ Y2 = (1 0)

Now, we can restate Theorem 1.1 as follows, which gives the distribution of the criti-
cal points of E4(t) in fundamental domains y(F)’s of SL(2, Z).

Theorem 1.5. Let y(F) be a fundamental domain of SL(2, Z) with y = (‘C‘ 3) €
SL(2,7Z)/{£1,} and ©(C) be defined by (1.2) for C € R\ {0, 1}. Then
(1) E4(7) has no critical points in y(F) lf_c—d € (—1,2) U {oo};
(2) E4(7) has exactly one critical point
at(ZL) +b
cr(_c—d) +d

in y(F) if _c—d € (—o0, —1] U [2, 400). Moreover, the unique critical point
lies on the boundary 0y (F) = y(0F) if and only zf_c—d e {-1,2}.

Similarly, we can transform every critical point of E4(t) via the Mdbius transfor-
mation of SL(2, Z) action to locate it in F'. Denote the collection of such correspond-
ing points in F by . Recalling the smooth curves €_, € in Theorem 1.2, we define

two disjoint sets
'61 = t’_ﬂF, 82 = '€+ﬂF. (17)

Theorem 1.6. Under the above notations, the following hold.
(1) Each of €, \ 0€; and €, \ 9€; is a smooth curve in F with

g€, = {r(—1), % + ioo}, 9e, = {r(2), Z + ioo}

with t(—1), T1(2) € oF :

(2) D is a dense subset of the union of the two disjoint curves €1 and €,, i.e.,

DCEUEC=DNF =2\ {0}
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The above results give a complete description of the distribution of all critical
points of E4(t) or equivalently g, (7). We believe that they will have important appli-
cations. Here we give an application to the spectrum of the n = 3 Lamé operator.

1.3. Application to the spectrum of the Lamé operator

As an application, we study the spectrum o (L) = o (L; ) of the n = 3 Lamé operator

2
L:=— —12p(x+z0;7), xR (1.8)
dx?
in L2(R, C), where zo € C is chosen such that p(x + zo; 7) has no singularities on
R. The spectrum of the general Lamé operator

2

d
L,:=——nn+ Dp(x+z0:7), xeR
dx?

with n € N has been widely studied in the literature; see e.g., [4,7,9, 14—17] and
references therein. It is well known that the spectrum does not depend on the choice
of zg. For the n = 3 Lamé operator (1.8), let us recall the so-called spectral polynomial
(seee.g., [14])

3

O(B) = Q(B:1) = B[ [(B*—6e; B +15(3¢] — g2)). (1.9)
j=1

where e; = p(%l‘[) for j = 1,2, 3. Since 3ejz — g» # O0forany j, B = 0is always
a simple zero of Q(B). Then it is already known the following.

* The spectrum o (L) consists of one semi-infinite simple analytic arc tending to
—oo and at most 3 bounded analytic arcs. Furthermore, the finite endpoints of
o (L) coincide with those zeros of the spectral polynomial Q(B) with odd order.
This result follows from Gesztesy and Weikard’s remarkable result [16, Theo-
rem 4.1]. Consequently, 0 is always an endpoint of o (L).

*  When 7 varies, different spectral arcs of o(L; t) might intersect with each other;
see [14, 15]. There are two kinds of intersection points in general. One is that the
intersection point B is not an endpoint (i.e., Q(B) # 0), so it is met by 2k semi-
arcs for some k > 2. It was proved in [14] that such inner intersection point B
must satisfy the following cubic polynomial

4 3,8 o
1—53 + g’hB —3g2B +9g3 —6m182 = 0.

The other one is that the intersection point B is also an endpoint (i.e., Q(B) = 0),
so itis met by 2k + 1 semi-arcs for some k£ > 1. Such intersection point was called
a cusp in [9], where it was proved that for any 7, o (L; t) has at most one cusp.
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In view of the above theory and since 0 is always an endpoint of 0 (L; ), we ask a
natural question: When is 0 an intersection point of different spectral arcs, i.e., when
is 0 is a cusp? Here we can answer this question as follows.

Theorem 1.7. 0 is a cusp of the spectrum o (L; ©) if and only if T is a critical point
of E4. In other words, using the same notations as Theorem 1.5, the following holds.

(1) If_c—d € (—1,2) U{oo} and t € y(F), then 0 is not a cusp of the spectrum
o(L; 7).
2) If_c—d € (—oo0,—1]U [2,400) and t € y(F), then 0 is a cusp of the spectrum

. . . _ ar(%d)-i-b
o(L;t)ifand only if t = ce=Drd’

The rest of this paper is organized as follows. In Section 2, we introduce an aux-
iliary pre-modular form Zr(?s)(r) from the study of the Lamé equation in [13, 23],
and recall the theorem concerning the zero structure of Z 533)
work [11]; see Theorem 2.1, which plays a fundamental role in this paper. In Sec-
tion 3, we apply Theorem 2.1 to prove the existence and uniqueness of 7(C). See

Theorem 3.1. In Section 4, we give the detailed proofs of Theorems 1.1-1.2. Some

() from our previous

precise geometry of the three curves (see Theorem 4.2) will also be described. In
Section 5, we apply Theorems 1.1-1.2 to prove Theorems 1.5-1.6. In Section 6, we
introduce the geometric meaning of the three curves from the Green function on
the elliptic curve, and also the monodromy meaning from the Lamé equation. The-
orem 1.7 can be proved as a consequence.

2. An auxiliary pre-modular form

Our basic strategy is similar to our previous work [8] concerning E5; the key point
is to establish the existence and uniqueness of t(C). For E,, we used an auxiliary
pre-modular form Z ,(Zs) () of weight 3 in [8]. Differently, here we need to study a new
auxiliary pre-modular form Z f?s)(t) of weight 6 introduced in [23, Example 5.9] (see
also [13]). For each pair (r,s) € R? \ %Zz, we define a holomorphic function Z 535) (1)

by
B/ . 6 4 />3 27 2\ »2
Z9)(z) = 25— 159 2% — 209/ 7 + (Ig2 —45p )Z
5
—12p9'Z — Z(@/)Z, @2.1)

where we write
p =pr +stlr), ' = +sti)
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for convenience and Z = Z, ;(7) is the Hecke form [18]:

Z = Zps(@) =L + sT]7) — i (v) — s72(7)
=¢(r +st|t) — (r +st)n1(v) + 27wis. 2.2)

Here ni(7) := 2{(“’7"|r), k = 1,2, are the two quasi-periods of {(z|7):
n(r) =8z + 1) = {(z|t), n2(v) = ¢z + t|71) — E(z]0), (2.3)

which satisfy the well-known Legendre relation 1,(t) = 711 (7) — 27i.
Note that Z 535) (7) is not well defined for (r,s) = (0, 0) since Zg,o = oo and so

do £(0), £'(0). To prove Theorems 1.1-1.2, in Section 3 we will “blow up” ZS’S) (1)

by considering limg_¢ Z(_%M (1), C € R, and the existence and uniqueness of 7(C)
will follow from that of the zero of Z(_% ss()ass —0.

To this goal, we need to recall some basic properties of Z 535) (7). First, we recall
the modularity of g>(), g3(7), (z|7) and ¢ (z|7). Given any (¢ ) € SL(2, Z), it s
well known that
at+b
ct+d

gz(m - b) = (ct + d)*g2(7), g3<

ct+d ) = (ct + d)°g3(7), (2.4a)

( z ‘ar—kb
60 ct+d |l ct+d

) = (ct + d)*p(z|7). (2.4b)

b
é-(crj—a’ ‘ erid

) = (et + d)t(z]7). (2.4¢)

From here and 1y (t) = 2((“’—2" |r), we easily obtain

at+b
b
) d)(“ )(’72(’)). 25)
m(ea) ¢ dJAm@)
In the rest of this paper, we will freely use the formulas (2.4)—(2.5).
As mentioned before, Z r(3s) () is not well defined for (r, s) € Z2. If we take (r,s) €

1

5Z* \ Z*, where |
—77 = {(ﬂ, z) ‘ m,n € Z},
2 22

then (2.3) and the oddness of {(z|7) imply Z,s(r) = 0 and so Zr(?s)(r) = 0, where
we used p'(“4) = 0. Thus, we only consider (r, s) € R? \ 3Z2. Then both Z,4(7)
and Z ﬁ?s)(r) are holomorphic in H, and it is easy to see that the following properties
hold:

(P1) Z,s(v) = £Zy+rn+s(7) and hence we get Zf’s)(t) = Z,(;ir’nis (7) for any
(m,n) € 72
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(P2) Zy g (t') = (ct + d)Zrs(7) and hence Z3, (¢') = (ct + d)5Z\3 (v) for

any y = (? 2) e SL(2,Z),where ' =y -1 := ST’IZ and (s',r") = (s,r) -
y~ 1 = (ds —cr,ar — bs).

In particular, when (r,s) € Qu is an N-torsion point for some N € N3, where
, ki ko
on = {(F7) | gedkrha. N) = 1. 0 < kiko < N =1},
then forany y € T(N) :={y € SL(2,Z) | fy = I mod N}, we have (r',s") = (r, )
mod Z? and so properties (P1)—(P2) imply

at+b

r’s(aT - b) = (et +d)Zs(0). Zg)(cr +d

— 67(3)
— ) = (ct+ )z ().

namely Z, s(tr) and Z §3s) (t) are modular forms of weight 1 and 6, respectively, with
respect to I' (V). Due to this reason, Z, s(7) and Z §3s) (7) are called pre-modular forms
in this paper as in [23]. It was proved in [23] that, given (r,s) € R? \ %Zz and tp, the
monodromy group of the classical Lamé equation

y'(2) = [n(n + Dgp(z|to) + Bly(z), n=3 (2.6)

for some B € C is generated by

e—2nis 0 eZyrir 0
( 0 leris)’ ( 0 e—2m’r)

if and only if Z) (o) = 0.
We are interested in the zero structure of Z Ss)(f) for (r,s) € R?\ %Zz. By prop-
erty (P2), we can restrict 7 in the basic fundamental domain Fy of I'g(2):

T
Foz{zeH(osRersland‘r—E 25},

and by (P1), we only need to consider (r, s) € [0, 1] x [0, %] \ %Zz. Define four open
triangles (see Figure 1):

Nog = {(r,s) O<r,s<%,r+s>%}, (2.7a)
AI::{(r,s) %<r<1,0<s<%,r+s>l}, (2.7b)
Az:z{(r,s) %<r<1,0<s<%,r+s<1}, (2.7¢)
Ay = {(r,s) r>0,s>0,r+s<%}. (2.7d)

Then [0, 1] x [O, %] = U,?;:O Ag. We recall the following result from our previous
work [11].
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0.5

AD) A3

0 0.5 r 1

Figure 1. The four open triangles Ag.

Theorem 2.1 ([11]). Let (r,s) € [0,1] x [0, 1]\ 1Z2.
(1) For (r,s) € Ny, Zf?s)(r) has exactly three different zeros in Fy, which are all
simple and belong to the interior Fy.
(2) For(r,s) € A1 U Ay U Aj, Z,(,as) (1) has a unique zero in Fy, which is simple
and also belongs to Fy.

(3) For (r,s) € Ul3c=0 dAE \ %ZZ, Zr(?s) (t) has no zeros in Fy.

In later sections, we will apply Theorem 2.1 to study the critical points of E4(7).

3. Existence and uniqueness of 7(C)

The purpose of this section is to prove the existence and uniqueness of 7(C) for C €
R\ {0, 1} by applying Theorem 2.1. This will give the parametrization of the three
curves as mentioned in Section 1. Given C € R, we define a holomorphic function

fe(r) on H by
fe (@) == 2g2(0)(Cm(r) = n2(r)) — 3g3(0)(C — 7). (3.1
By n, = ™1 — 2mi, we see that fc(t) = 0 if and only if (1.2) holds. Recall the
fundamental domain Fy of I'g(2):
F0={‘L’EH‘OSRC‘L’Sland)T—l‘Zl}.
2 2

The following result proves the existence and uniqueness of 7(C) as zeros of fc (7).

Theorem 3.1 (Zero structure of fc (7) in Fy). The following facts hold.

(1) Forany C € R\ {0, 1}, fc(t) has a unique zero ©(C) in Fy. Furthermore,
7(C) € Fy and is simple.

(2) For C €{0,1}, fc(t) has no zeros in Fy.
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To prove Theorem 3.1, first we need the following lemma.

Lemma 3.2. Ift = ib withb > 0, then g, (t) # 0 and

2g>(t)mi(r) —3g3(z) > 0, (3.2)
7(2n2(7)g2(t) — 31g3(7)) > 0. (3.3)

2wit

Proof. Denote g = e and recall the g-expansion of g,(7) (cf. [20, p.44]):

4 00
g2(1) = 5714(1 + 240; 03(k)qk), where o3 (k) =1§kd3. (3.4)

Let T = ib with b > 0. Then ¢ = ¢~2"? and hence %gz(ib) < 0 for b > 0. So,
g5(t) # 0 and (3.2) follows from (1.3). To prove (3.3), we use the following modular
property (see (2.5)):

771( 1) = 2(7), gz(_Tl) =t%¢1(1). gs( 1) = 1%¢3(1). (3.5)

T T
It follows that

1 —1 -1 -1
T(2n2(7)g2(7) — 3183(7)) = 1_4[2”1 (7)g2(7) - 3g3(7)] > 0,
1.e., (3.3) holds. ]
Lemma 3.3. Forany C € R\ {0, 1}, fc(tr) # 0 fort € 0Fy N H.
Proof. Suppose fc(t) = 0 for some t € dFy N H.

Case 1.t € iR~¢. Itis known that g>(t) > 0 and 7n;(7), g3(7) € R. It follows from
fc(r) =0, (3.1) and (3.2) that

. drigs(T)
T 2m(0)ga(r) — 3g3(x)

a contradiction with our assumption C € R \ {0}.

ciRR,

Case 2. }r — %| = % One has " = ;& € iR~¢. Define C' := & € R\ {0}. By

g2(7") = (1 = 1)*g2(v), g3(r) = (1 — 1)°g3(r) and
n2(7) = (1= Ona(r), M) = (1 =1)(n(r) —n2(r)), (3.6)
a straightforward computation leads to

(1-7)
1-C

Then we obtain a contradiction as in Case 1.

for (@) =

Je(x) =0.
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Case3.t1 €1+ iR-g. Onehast’ =t — 1€ iR-g. Define C' :=C — 1€ R\ {0}
By using g2(7") = g2(7), g3(¢') = g3(r) and

n (") = ni(z), n2(z") = na(r) — i (x),

we easily obtain fc/(t') = fc(r) = 0, again a contradiction as in Case 1.
The proof is complete. u
Recall the pre-modular form Zr(?s)(r) in Section 2. Now, we study the precise
relation between Z 53;) (r) and fc (7). This is the key point of our whole idea. Fix any

C € R, andfors € (0 we define

é)
> 4(1+|C))2
—4(r-C

Feate) = HC=C)

Lemma 3.4. Letting s — 0, Fc s(t) converges to fc(v) uniformly in any compact
subset of Fy = Fo N H.

3
Z(_Zws’s('c).

Proof. Denote u = —Cs + st = s(t — C) for convenience. Then v — 0 as s — 0.
Let t € K where K is any compact subset of Fy. Then g, = g2(7) and g3 = g3(7)
are uniformly bounded for t € K. So, it follows from the Laurent series of {(-|t) and
©(|t) (see e.g., [1,2]) that

1 g 3 g3 5 7
=——=u’ - — (0] , 3.7
(ulr) = = 2 = Bt 4 0(uf) (37a)
1 8, 83 4 6
=— 4+ = = (0] , 3.7b
plulr) = — + S2u + Zut + O(Jul) (3.70)
-2
o' (ult) = — + 82, 1 83,5 4 O(lul®) (3.7¢)
u3 10 7
hold uniformly for t € K as s — 0. From (3.7) and (2.2), we see that
1
Z_css(t) = " + au — %If — 5730”5 + 0(Ju|"),
where )
2mi Cni—mn
a:= - = —.
t—C t—C

Inserting these into the expression (2.1) of ZE% 5.5 (1), a lengthy yet straightforward
calculation (it is much easier if using Mathematica) implies that

9
285(0) = =5 (2agz + 3g3) + O(luP)

= (20T ) +3g) + O(uP)

_ 9 2
= iy fe® + 0luP) (3.8)

uniformly for T € K as s — 0. The proof is complete. |
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Lemma 3.5. Let s > 0. Then as s — 0, any zero t(s) € {t € H|Re1 € [—1, 1]} of
Z(_% 5.5 (0) (if exist) is uniformly bounded.

Proof. Assume by contradiction that up to a subsequence of s — 0, Z(_Sé 5.5 (r) hasa
zero t(s) € {tr € H|Ret € [—1, 1]} such that t(s) — oo as s — 0. Write T = t(s) =
a(s) +ib(s), thena(s) € [-1, 1] and b(s) — +o0.

As before, we denote u := —Cs + st = s(a(s) — C +ib(s)) and g = ™", We
also denote x = e2"* for convenience. Then

2P — 1417 > 1 > |x| = e72TPE) 5 || = e72T0E), (3.9)
We note that if x — 1, then sb(s) — 0 and
1 —x = 1 — 27is@O=CHIDO) — 275h(s5) + 0(sh(s)).
Together with b(s) — 400 as s — 0, we always have
s=o(x —1]). (3.10)
Since |x1g| = e 27(1=9)2() 5 ( as 5 — 0, there are two cases.

Case 1. Up to a subsequence, |x~'q| > ds3|x — 1|3|x| for some constant d > 0. Tt
follows from (3.10) that

e—27'r(l—2s)b(s) — |x—2q| > dS3|X _ 1|3 > S6

and so b(s) < ln% for s > 0 small. Thenu = s(t — C) = s(a(s) — C +ib(s)) = 0

as s — 0 and
W s2(a(s) — C +ib(s))3

t—C
Recall the g-expansions of 71 (t) and g3(7) (see e.g., [20, p.44]):

=o(lt —C|™h. (3.11)

2 o
m(t) = %(1 —24Zol(k)qk), where o1 (k) = Y d. (3.12)
k=1 1=dlk
8 o0
g3(t) = En6(l — 504 Z Os(k)qk>, where o5(k) = Z d°. (3.13)

k=1 1<d|k

Since b(s) — +o00, (3.4) and (3.12)—(3.13) show that
— 2244 004, g5 = —n® + 0(lq)
g2 - 37-[ q ’ g3 - 277T q

and

1
n = gnz + O(lq)



Z. Chen and C.-S. Lin 972

are uniformly bounded, so (3.7)—(3.8) still hold, namely

2mi

3)
0=2Z
t—C

@ 5e6) = — (28

—m)+3g) + O (14)

Since
2211 —3g3 = O(|q]) = 0(e™2™ ) = o(|t — C| ™),

we easily obtain from (3.14) and (3.11) that

0= (202(5% —m) +3g3) + O(ul?)

_1275i
- ”Cl to(r—C|™), (3.15)

T —

which is a contradiction.

Case 2. Up to a subsequence, |x"'q| = o(s3|x — 1|3|x]). We need to treat this case
in a different way since u = s(t — C) does not necessarily converge to 0 as s — 0.
We recall the g-expansions (see e.g. [20, p.46] for p and [8, (3.13)] for Z,): for
lg| < [e*™7%] < lg| 7",

KL)(Z|T) 1 eZniz
42 -2 T a ey
0o 00
+ Z annm(emrinz + e2minz _ 2), (3.16a)
m=1n=1
' (z]7) 2mie?iz 4rietmiz
—472 (1 —e27iz)2 | (] — ¢27iz)3
oo 0o
+ 27i Z Zn2qnm(62ninz _ e—2nin2)’ (3.16b)
m=1n=1
and
2mwiz
Zrs(t) =2mis — ni%
o0 2miz ,n —2miz ,n
—omi Y (e — ), (3.17)
— 1—e mzqn 1—e 27nzqn

where z = r + st in (3.17).
Now, we let z = u = s(a(s) — C + ib(s)), then e?™? = x and it follows from
(3.9) that we can apply the above g-expansions. It is easy to see that

1 1
2>|x—|—1|>§, 12>|x2+10x+1|>§ for s small.
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Recalling |x| < 1 and our assumption |x~g| = o(s3|x — 1]3|x]) = o(s3|x — 1]3),
we derive from (3.4) and (3.16)—(3.17) that

4
g = §n4 +o(s3|x — 1?), (3.18)
7% x2+10x + 1 3 3
g = p(z]r) = B +o(s3|x — 1),
1
o ='(z]r) = 87131'M +o(s3|x — 1)%]x)),
(x—1)3
(Xt 3 3
Z = Z cys(1) = m( - +2s) +o(s®lx — 1)), (3.19)

Then by (3.18)—(3.19) and (3.10) that s = o(|x — 1]), we easily obtain

e =
+ 0(&),
_15p7% = n6[5(x + 1):)Ex_2 :;610x +1)
+ags &t 1)3(;xiJ1r);0x +1)
L1028 F 1)2(Ecxi;i0x + 1)] 0(|x i31|3)’

3
+ 0(|xs—|xl||3)’

27
(ng _ 45&)2)22 = —475(x* —34x3 — 114x% — 34x + 1)

(x +1)? (x+1) , 1 53
'[(x— e T HE G TR 1)4] +0(|x— 1|2>’

x(x 4+ 1)?(x% 4+ 10x + 1)

2pp'Z = — 32716[

(x —1)¢
5 x(x —i)—c D(x%24+10x + 1) s3|x]
+as (x — 1)5 ] (|x—1|2)’
2 2
36 = 80m T o)



Z. Chen and C.-S. Lin 974

Therefore, inserting these formulas into (2.1) leads to

3
(3) (x+1) s
0= 28, () =n[ 125~ + 447 + 01— ) |
Since |x — 1| <2, |x + 1| > 1 and s = o(|x — 1) imply
53 x+1
wst+ 0 (=) = (o5 =5)
s° + x— 1P ols 1
we finally obtain
1
0_126(x+) (S‘x+ )
(x—=1) -1
a contradiction. Remark that, when u = s(t — C) — 0 as s — 0, we have x — 1 and
then 127%s (();+11)) = _;E’ési +o(Jt — C|™1), the same as (3.15).
The proof is complete. ]

Recall Ag,k =0,1,2,3, defined in (2.7). We define

Ay:={(rs) | (r + 1,5) € Ay}

1
={(r,s)‘0<s<5,7<r<0,r+s>0},

Ao i={(r,s) | (r +1,5) € Ay}

{(rs)‘0<s<1

-1
7 <r<0r+s<()}

Recalling property (P1) in Section 2 that ZSS) (r) = Zfi)l ;(7), we see from Theo-
rem 2.1 (2) that

for (r,s) € AU AU As, Zﬁ?s) (*) has a unique and simple zero in Fy.  (3.20)

Now, we fix C € (—o00,0) U (0,1) U (1, 00). Then s € (0, m) implies
(—Cs,s) € A1 U A, U As, 50 (3.20) implies that VA és () has a unique and sim-

ple zero T(s) € Fy. By the definition of Fj, we easily see that
—1 r(s)
eH|Ret € [-1,1]}.
o T S e HIRer e L1}

Lemma 3.6. As s — 0, the unique zero t(s) € Fy of Z(_%s (1) cannot converge to

any of {0, 1, co}.

Proof. Lemma 3.5 shows t(s) /4 oo. To prove 7(s) 4 {0, 1}, we use the properties
(P1)-(P2) of ZSS) () in Section 2:

Zr(r?:)l:r,nzl:s(t) = Z;S,S's)(r)’ forallm,n € Z,
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and
3) (ar —|—b
' \er +d

(s’,r/)=(s,r)(_dc _ab), (‘Cl z)eSL(Z,Z).

Letting (g Z) = (97'), we obtain

) = (ct+ )z (),

where

-1
z® (T) = ‘L’6Z,€iv)(‘[).

S§,—r

Recall C € (—00,0) U (0,1) U (1, +o00) and s € (0, m)

Case 1. C € (—00,0). By defining

~ —1
C:=—, 5:=—-Cs>0,
C K S
~ 1
we have § € (O, m) for s small and
-1 -1 -1
6—-(3) _ 703 _ 70) _ 703)
w20 =20 (D) = 2 D) = 2%,

Therefore, Z(_%ﬁ(r) has zero % e{treH |Ret €[-1,1]}.Since§ > 0ass — 0,
Lemma 3.5 implies % + 00, 1i.e., 7(s) /~ 0ass — 0.

Case?2. C € (0,1) U (1, +00) By defining
C:=— s =Cs >0,

1
* 311182

6~(3) ) —1 _ 703) —1
T Z—Cs,s(T) = Zs,Cs(T) - Z—@i,E(?)'

Again, we obtain t(s) /A Oass — 0.
To prove 7(s) # lass — 0, welet (¢ 5) = (1, 9) and obtain

3 T
Zin(75) = -0t 2

Case 3. C € (—00,0) U (0, 1). By defining

~ C
C:=m, §=(1—C)S>O,

we have § € (O ) for s small and

we have § € (0 for s small and

PIOENTSDEL,
LAHED?

6703) — 70 L A ©) v
(I1-1)"Z2¢, (1) = Z—Cs,(l—C)s(l _ t) = Z_fg,g( )
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3) z(s)
So, Z_C«Ej(l’) has zero =)

li(;()s) 4 o0o,ie., 1(s) A lass — 0.

Case 4. C € (1, +00). By defining

e€{r e H|Ret € [-1, 1]}, and Lemma 3.5 implies

~ C
C .

= m, s = —(1 - C)S > O,

we have § € (0 for s small and similarly,

#)
’ 4(1+|C))2

6,(3) — 70 L A ©) v
(1 —1)Z2¢; (1) = ch,—(1—C)s(1 _ t) = Z_ég,g(l _ t)-

Again, we obtain t(s) / 1 as s — 0. The proof is complete. ]
Now, we are in a position to prove Theorem 3.1 (1).

Proof of Theorem 3.1 (1). Fix C € R\ {0, 1} and let 5 € (0, m). Recall that
7(s) is the unique and simple zero of Z(_zg 4s(1)in Fo. By Lemma 3.6, up to a subse-
quence of s — 0, we have

7(C) := sli_r)%r(s) € Fo NH =F,. (3.21)

Recalling
Fesm = 079 .

we have Fc ¢(7(s)) = 0. Then Lemma 3.4 implies fc (z(C)) = 0, namely t(C) €
Fy is a zero of fc(t). Applying Lemma 3.3, we have 7(C) € 1420. Suppose fc ()
has another zero 71 # ©(C) in Igo. Since Fc () and fc(t) are all holomorphic
functions, it follows from Lemma 3.4 and Rouché’s theorem that F¢ 4(7) has a zero
71 (s) satisfying 7 (s) — 11 as s — 0, namely Z (_% 5.s(7) has two different zeros 7(s)
and 71 (s) in Fp for s > 0 small, a contradiction with (3.20). Therefore, 7(C) is the
unique zero of fc(t) in Fy. The same argument also implies that t(C) is a simple
zero and (3.21) actually holds for s — 0 (i.e., not only for a subsequence).

The proof is complete. u

The proof of Theorem 3.1 (2) will be postponed to the next section. As in The-
orem 3.1 (1), we always denote by t(C) the unique zero of fc(r) in Fy. Since
7(C) is simple, the implicit function theorem infers that 7(C) is a smooth function of
C € R\ {0, 1}. Here we study some basic properties of t(C) for later usage.

Lemma 3.7. The smooth function t(C) satisfies

1 1
z(l_c)= Ty fral € ER\(O1. (3.22)
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Proof. Lett' = ﬁ and C' = ﬁ then we have
'eFy < t€Fy, and C'eR\{0,1} < C €R\{0,1}.
By using g>(t") = (1 — 1)*g2(7), g3(r') = (1 — 1)®¢3(r) and
n2(7') = (1 = o)ni(r), (7)) = (1 =) (1 (v) — n2(2)),
a straightforward computation leads to

(1-17)°
1-C

fe @) = fe ().

So, fc(z(C)) = 0 gives fc/(ﬁ(c)) = 0. Applying Theorem 3.1 (1), we obtain
(3.22). This completes the proof. |

Lemma 3.8. Write 1(C) = a(C) + b(C)i witha(C),b(C) € R. Then

{1/4— if C — —oo,
b(C) - 400, a(C) — (3.23)
3/4+ ifC - +o0,

7(C) > 0asC -0 and t(C)—>1lasC — 1. (3.24)
Proof. Recalling (1.2), we define

B 4rigs(t)
2n1(v)g2(1) — 383(7)’

2wit

o) =1

T € Fp. (3.25)

Write T =a + bi and g = e
and (3.12)—(3.13) that

as before. Recall from the g-expansions (3.4)

1
n(r) = gnz(l —24q —72¢7) + 0(q1*).
4
g (1) = 3%4(1 + 240(q + 9¢°)) + O(lq|?).

g3(0) = 271~ 504(q + 334%) + 0(lg1").

Inserting these into (3.25) leads to

i 37i

—_— —_ _1 _——
#(r) == 2o—q" = 30—+ 0(lq)

_ sin2wa 5., '(b cos2ma 5., 37

Y+ o(q).
1207 1207 20n)+ (Iq1)
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Therefore, when C € R and |C| — +0o0, it is easy to prove the existence of 71 (C) =
a1(C) +ib1(C) € Fy such that C = ¢(71(C)) and

1/4— if C - —o0,

b1(C) = 4+o00, a1(C)—
1(€) 1(€) {3/4+ if C > +oo.

As mentioned before, C = ¢(71(C)) implies fc(r1(C)) = 0. Since 7(C) is the
unique zero of fc in Fy, we conclude 7(C) = 71(C). This proves (3.23), and then
(3.24) follows from (3.23) and (3.22). [ ]

4. Distribution in fundamental domains of I'¢(2)

This section is devoted to the proof of Theorems 1.1-1.2. First, we prove the following
result, which implies Theorem 1.1 as a consequence.

Theorem 4.1. Let 7(C) be the unique zero of fc(t) for C € R\ {0, 1} given in
Theorem 3.1 (1). Then the following holds.
(1) For any m € Z, there holds g, (t) # 0 in Fo + m. Consequently, g5(t) # 0

whenever Imt > %

(2) Giveny = (g 3) € I'g(2)/{x 15} with ¢ # 0. Then % is the unique

zero of g5(v) in the fundamental domain y(Fy) of To(2). In particular,

o ‘”(_c_d) +b | (a b .
®:= {m ' (c d) € I'o(2)/{x 15} with ¢ # 0} 4.1)

gives rise to all the zeros of g5(t) in H.
Proof. (1) First, we claim that
2n1(7)ga(t) —3g3(r) #0 fort € dFy N H. 4.2)
If T € iR~ ¢, Lemma 3.2 shows 211 (t)g2(t) — 3g3(t) > 0.If t € iR~ + 1, then
2n1(7)g2(7) — 383(7) = 2m(r — Dga(r — 1) — 3g3(r — 1) > 0.

If ’r — %| = %, then 7’ = = € iR . By using (3.6), we see from (3.1) with C = —1
that

fo1(t)) = 222 () (=1 (x)) — 12 (7)) = 3g3 () (=1 = T)
=—(1—1)°[2n1(1)g2(x) — 3g3(7)].
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Since Lemma 3.3 shows f_1(z") # 0, we obtain 2n1(t)g2(7) — 3g3(r) # 0. This
proves (4.2).

Suppose by contradiction that 27, (t)g2(7) — 3g3(7) has a zero p in Igo. Then
22(10) # 0 because g5 —27g3 # 0 for any . Recalling ¢ () in (3.25), it follows that
¢(t) is meromorphic at o with 7y being a pole and so maps a small neighborhood
U C ﬁo of 79 onto a neighborhood of co. Then for C > 0 large enough, there exists
71(C) € U such that C = ¢(71(C)), which implies fc(z1(C)) = 0. Applying The-
orem 3.1 (1) and Lemma 3.8, we obtain 7;(C) = t(C) — oo as C — +o00, which
contradicts with 71 (C) € U.

Therefore, we have proved that

2n1(7)g2(t) —3g3(r) # 0 forany v € Fy. 4.3)
Since (1.3) says _
£(r) = = (2m(Dg2(r) = 3g3(0)

and g»(t + 1) = g2(7), we conclude that g/, (t) # O forany t € Fop + mandm € Z.
This proves (1).

(2) Giveny = (95) € To(2)/{=£12} with ¢ # 0. Write " = y - T = 2L with
T € Fy. By using g3(t') = (ct + d)%g3(z) and

N (@) = (ct + d)(ena(r) + dni(v)),  g2(t)) = (cT + d)*g2(2),
we have
2n1(7")g2(7") — 3g3(¢)

= —clet + d)5[2g2(f)(—%7}1(f) - Uz(f)) - 383(T)(—% - T)]
= —c(ct +d)° f=a (0).

e

Clearly, _c—d € Q\ Z, so Theorem 3.1 (1) shows that r(_c—d) € I?’O is the unique zero
of f—a(7) in Fo. Consequently,

—d _ar(_c—d)—i—b o
)/‘C(—) - C‘L’(_C—d) +d € V(FO)

is the unique zero of 211 g, — 3g3 in y(Fp). Since
H — U V(FO)»
velo(2)/{x12}

we conclude that the set ® defined in (4.1) gives all the zeros of 211 g, — 3g3 and so
g5. This proves (2). The proof is complete. |
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Now, we can finish the proof of Theorem 3.1.
Proof of Theorem 3.1 (2). First we consider C = 0, i.e.,
Jo(r) = =2g2(1)n2(7) + 37€3(7).
Suppose fo(t) = 0 for some T € Fy. Then it is easy to see that 7/ := % € Fy. By
m@) =), @) =1gn@), g(@) =10,

we obtain
2n1(t")g2(t) — 3g3(¢') = —7° fo(r) =0,
a contradiction with (4.3).
Now, we consider C =1, i.e.,

S1(0) = 22(0)(m () — n2(7)) = 3g3(0)(1 — 7).

Suppose f1(r) = 0 for some © € Fy. Then it is easy to see that T/ := ﬁ € Fy. By
3(t") = (1 —7)°g3(c) and

n@) =1 =0)mi(0) —na(r), g()=(1- r)4g2(r),

we obtain
2m () g2(r') = 3g3(t") = (1= 1) fi(r) = 0,

again a contradiction with (4.3). The proof is complete. ]
Recall the curves defined in Section 1:
Co ={z(C) | C € (0. D},
C_={t(C)| C € (—00,0)}, €4 ={t(C)]|C € (1, +00)}.

Clearly, (3.22) implies
t?Oz{lir )TG&}’ t":{1ir ‘Tea}’ €+:{1ir ‘tee‘j‘
(4.4)

Before going to the proof of Theorem 1.2, we want to describe some geometry about

these three curves.

Theorem 4.2. The following holds.

(1) The function C + t(C) is one-to-one for C € R\ {0, 1}, i.e., any one of the
curves €_, €y, €4 has no self-intersection, and any two of them are disjoint.
Furthermore,

9€y = {0, 1), 8‘6_:{0,%+ioo}, 8‘€+:{1,Z+ioo}. (4.5)
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(2) The curve €y is symmetric with respect to the line Re t =

symmetric with respect to the line Re t = %

%; C_and € are
3) r(%) is the unique intersection point of the curve €y with the line Ret =

Furthermore, Imr(%) IS (%, ‘/73)

1
>
(4) Both €_ and €4 have no intersection with the line Ret = %
Proof. (i) As pointed out before, fc(t(C)) = 0 is equivalent to
4migs(z(C))
211(2(C))g2(z(C)) — 3g3(z(C))
That is, C = ¢(t(C)) for any C € R \ {0}. Thus, C — t(C) is one-to-one for C €

R\ {0, 1}. Note that (4.5) is just Lemma 3.8. This proves (i).
(i1) By the g-expansions (3.4) and (3.12)—(3.13), we easily obtain

C=¢((C)=1(C)—

(4.6)

m(1—17) =n(r)
and

gk(1—17) = gr(r), k=23

We also have

n2(7) = 28(/2]7) = 20(7/2|1 — 7)
=20(1/2)1 = 7) = 28((1 = 7)/2]1 = 7)
=ml—=7)—n(1—7),
ie., 12(1 —T) = 11(t) — n2(7). Since C € R\ {0, 1}, we easily obtain

Si—c(1=7) =221 = )((1 = O)pi (1 = 7) = n2(1 = 7)) = 3g3(1 = 2)(z = C)
= —2g2(0)(Cni(r) = 12(7)) + 383(0)(C — T) = — fc (7).

Therefore, it follows from Theorem 3.1 (1) that
t(1-C)=1-1(C). 4.7)

Since 7 and 1 — 7 is symmetric with respect to the line Re t = 5, we see that asser-

tion (ii) holds.

(iii) By (ii), €p has intersections with the line Re 7 = % Let 7o = % + ibo be
such an intersection point. Then 79 = t(C) for a unique C € (0, 1). Applying (4.7),
we have 7(1 — C) = 79 = ©(C), so assertion (i) gives | —C = C,i.e.,C = % This
proves that 7y = ‘C(%) is the unique intersection point of the curve €y with the line

1
2
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Ret = . By (4.60),

L R pp—_ L)
2 Y T T o (10) ga(0) — 3¢3(70)
. 4miga(to)
= _ by — . 4.8
2 i 2n1(70)g2(70) — 3g3(70) “48)

By the g-expansions (3.4) and (3.12)—(3.13), we know that n;, g», g3 are all real-
valued for Re 7 = % Therefore, (4.8) is equivalent to say that by is the unique zero of
the function

47rg2(% +1ib)

_ , b >
201(3 +ib)g2(5 +ib) —3g3(3 + ib)

o(b) :=b

’

N =

because if ¢(b) = 0, then % = (]5(% + ib) and so % +ib = r(%) = % + ibyg.

It is well known that gz(% + “/751) =0, gs(% + %l) = 0, and we proved in [8,
p.32] that 771(% + %i ) = 27. From here, we immediately obtain (p(‘/Tg) = ¢T§ and
¢(3) = —3. Therefore, by € (3. “/73) This proves (iii).

(iv) This assertion follows directly from (i)—(ii): €_ has no intersection with €,

N[—=

and they are symmetric with respect to the line Re t =
The proof is complete. =

Proposition 4.3. The three curves €_, €y, € are all smooth curves in Fy.

Proof. Recall ¢(7) defined in (3.25). It follows from (4.3) that ¢(t) is holomorphic
in Fy. First we prove that

¢'(t) £0 forallt e € U UE,. 4.9)

Fix any 19 € €_ U €y U €. Then 19 = 7(C) for some C € R\ {0, 1}, i.e., 7o is
the unique and simple zero of fc () in Fy. In particular, f/.(to) # 0. As pointed out
before, fc (o) = 0 implies ¢ (7o) = C, namely

47igs(to)
T0 — C = .
(21182 — 3g3)(70)
Consequently,
4ig! 4ig,(2 —3g3)
&' (10) = 1 _;&’2({0) n 82(2m &2 53) (o)

20182 — 383 (2n182 —3g3)

4migl 2 —3g3)

S T (g) 4 (- ) B2 I8) p

21182 — 383 21182 — 383
—f¢ (1)

N (21182 — 3g3)(70) '
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This proves (4.9).
On the other hand,

c_ U \C)() U '€+ = {’L’ e Fy | Im¢(r) = 0} (4.10)

Write T = a + bi witha,b € R. Since
dIm¢  Imd’ dIm¢ _

—a_ - ) = R /7
ba ob c¢
we see from (4.9) that €_ (resp. €y, €4) is smooth at any 7 € €_ (resp. t € €y,
7 € €4). The proof is complete. ]

Now we are in a position to prove Theorem 1.2.

Proof of Theorem 1.2. The smoothness of the three curves is just Proposition 4.3. The
assertion that, under Mobius transformations of the action I'g(2), the collection of all
critical points of g, (7) is precisely the set Dy given by (1.4), is a direct consequence
of the expression (4.1) of the critical point set ®. Recall that t(C) is smooth as a
function of C € R \ {0, 1}. Therefore, the denseness, i.e., the identity (1.5), follows
from the fact that

{i]dez,cezz\m}, (c,d):1}
C

is dense in Q and hence dense in R. This completes the proof. ]

Recall that g>(r) € R forRet = % We conclude this section by a simple obser-
vation.

Corollary 4.4. There exists be ( 3732 ) such that g2( + ib) is strictly decreasing
for b € (0, b) and strictly increasing for b € (b +00).

Proof. Lety = (1 Z1) € I'o(2). Then it is easy to prove that

()= feest|o—g|< 5=l 5 -3 = 4]

and so ’
{reH‘Rer=§} C Fo U y(Fy).

Applying Theorem 4.1 (2), we see that T := % is the unique zero of g5 in

y(Fp). Recall Theorem 4.2 (iii) that r(%) + ibg for some by € (2, “2[) Then

T = % + ﬁ, namely 7 is the unique zero of g2 on the line {r e H | Retr = 2} with
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bi=1mi e (51, 2) Note that g5 (1 +i%2) = 0 < 222 = limy_, | o0 g2(% + D).

Moreover, for T = 2 +ib,

g2(1 éllb) gz(zft__ll) = 16b*g,(1) = 400 asbh — +oo.

Thus, gz(% + ib) is strictly decreasing for b € (0, l;) and strictly increasing for b €
(b, +00). The proof is complete. [

S. Distribution in fundamental domains of SL(2, Z)

The purpose of this section is to prove Theorems 1.5-1.6 concerning the distribu-
tion of critical points of E4(7) in fundamental domains of SL(2, Z). Recall the basic
fundamental domain F of SL(2, Z) in (1.6):

={teH|0<Ret < 1,|t|=1,|t—1]=1}.
Recalling the curves €_, €y, €4 C }%0 and also €1, €, in (1.7), we have the following
important observation.

Lemma 5.1. The following holds:
€, =€.NF = {‘C(C) ) C e (—oo,—l]} CFnN {r ( Ret € (o, %)} (5.1)

with 9€; = {t(—1), + +ioo};
€ =€, NF = {r(C) ) C e [2,+oo)} CFnN {r ( Ret € (% 1)} (5.2)

with 9 = {1(2), 2 + ioco};
€ NF =0. (5.3)

In particular, €1 and €, are symmetric with respect to the line Re v = %

Proof. Since Theorem 4.2 (iv) implies €_ C {r | Rert € ( 1)} we have C_NJoF C
{t]|t| = 1}. Suppose 7(C) € €_ N IF, then |t(C)| = 1 and so Re —+= = I.On
the other hand, Theorem 4.2 (iii) implies

con e[ Rer =4} = ()}

It follows from (4.4) that #(C) = r(%), i.e., C = —1 by applying (3.22). This proves

1— ‘c(C)

C_NIF ={z(-D} C{r||r] =1}
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and so (5.1) holds. By (5.1) and Theorem 4.2 (ii), we easily obtain (5.2), the symmetry

of €; and €, with respect to the line Ret = 1

3 and

CLNIF={z2)} C{t]||lt -1 =1}

Finally, suppose €y N F # @, then €y N (OF \ {o0}) # @. Since Theorem 4.2 (ii)
says that €y is symmetric with respect to Re 7 = % there is 7 € €y such that

|t — 1| = 1. It follows from (4.4) that 7 := % € €_and ReT = %, a contradic-

tion with Theorem 4.2 (iv). Therefore, (5.3) holds. [ ]

As a consequence of Lemma 5.1, we can restate Theorem 3.1 as follows.

Theorem 5.2. Recall fc(t) defined in (3.1). Then the following holds.
(1) fc(z) has no zeros in F for any C € (—1,2).
(2) For any C € (—oo, —1] U [2, +00), fc(t) has a unique zero t(C) in F.
Moreover, T(C) € F for C ¢ {—1,2}and |t(—1)| =1, |[t(2)—1] = 1.

Now we are in the position to prove Theorems 1.5-1.6.

Proof of Theorem 1.5. Let y(F) be a fundamental domain of SL(2, Z) with y =
(¢5)eSL(2.Z)/{x,}.1f ¢ = 0, then y(F) = F +m C Fy + m for some m € Z,
and it follows from Theorem 4.1 that E;(7) has no zeros in y(F). So, it suffices to
consider ¢ # 0, and the proof is similar to that of Theorem 4.1 (2); we omit the details
here. ]

Proof of Theorem 1.6. It follows from Theorem 1.5 and Lemma 5.1 that

D= {r(_c—d) ‘ (if 2) e SL(2,Z)/{+ 1), _c—d € (—00,—1] U [2,+oo)}
C'€1U€2=50F=5\{00}.

The proof is complete. |

Remark that, if we use the more standard fundamental domain
Fi={reH|0<Rer<1l,|t|=1,|t =1 > 1} U{™/3}

of SL(2, Z) instead of F given by (1.6), then the only different thing is 7(2) ¢ ¥, so
Theorem 5.2 and Theorems 1.5-1.6 can be modified accordingly. We leave the details
to the interested reader.
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6. Geometric and monodromy interpretations of the curves

The purpose of this section is to give (i) the geometric meaning of the three curves
from the Green function on flat tori £, := C/(Z + Z7), and (ii) the monodromy
meaning from the Lamé equation. Theorem 1.7 will be proved as a consequence.

Let G(z) = G(z; t) be the Green function on the torus E:

—AG(z;1) =80 — on E., /G(Z;‘L’) =0,

E;

| |

where § is the Dirac measure at 0 and | E;| is the area of the torus E;. See [22] for a
detailed study of G(z; 7). In [6,21,23,24], Chai, Wang, and Lin introduced a multiple
Green function G,, n € N. Geometrically, any critical point of G, is closely related to
bubbling phenomena of nonlinear partial differential equations with exponential non-
linearities in two dimension; see [6,21,24] for typical examples. Thus, understanding
the critical points of G, is important for applications.

For the case n = 3, the multiple Green function G3 is defined by

3
G3(21,22,23:7) 1= ) G(zi —2;;1) =3 ) G(zi37),

i<j i=1
A critical point (a1, az, as) of G satisfies

3VG(aiit) =Y VG(ai—ajit), i=123.
J#i

Clearly, if (a1, a2, a3) is a critical point then so is (aj, . aj,, aj;), where (1. j2, j3) is
any permutation of (1,2, 3), and we consider such critical points to be the same one.
A critical point (a1, az,as) is called a trivial critical point if

{alaaZaa3} = {_a17_a2’_a3} in E‘E'

Recall w; = 1,w, = 7 and w3 = 1 + 7. Since G(z) is even and doubly periodic, we

have VG (%£) = 0 for k = 1,2,3. Then a = (%, %%, %) is a trivial critical point

of G3. Geometrically, we want to determine those t’s such that a is degenerate (i.e.,
the Hessian of G3 at a vanishes), because bifurcation phenomena should happen and

so nontrivial critical points of G should appear near such t’s. This motivates us to

define the degeneracy curve of G3 in Fy related to (%, %2, %):

— 2. (%1 @2 @3, _}
L.—{tEFO‘detDG3(2,2,2,1)—0. 6.1)
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On the other hand, we calculated in [10, Example 3.4] that the Hessian of G3 at
a= (% 2, %) is given by

4igy ), 62)

det D>G3(a;t) = —P(1)[2mg2 — 3g3|21m(f S
21182 — 383

where P(t) € (0, +00) for all 7. Recalling (4.3), i.e., that 2n; g, — 3g3 # 0 for all
T € Fy, we see from (6.1)—(6.2) and (4.10) that

L={reF|Img(r)=0} =€ UEUE,.

Therefore, the three curves coincide with the degeneracy curve L.

Theorem 6.1. The degeneracy curve satisfies L = €_ U €y U €4 and LN F =
€ U6,

Finally, we introduce the monodromy interpretation of the curves from the Lamé
equation. In a series of papers [6, 23, 24], Chai, Wang, and Lin established a theory
that connects the multiple Green function G, with the Lamé equation

y"(z) = [n(n + Dep(z|7) + Bly(2). (6.3)

By applying this theory, we proved in [10] that the Hessian of G, at a trivial critical
point (i.e., a determinant of a 2n x 2n real matrix which is too difficult to compute
directly) can be expressed in terms of the monodromy data of (6.3). Let us take G3 and
a = (wl w2 @3

55 7) for example. Let 0(z) = o(z|7) be the Weierstrass sigma function

defined by 0(z) :=exp [ “ £(§)d&. Then a direct computation shows that

0z~ 3o~ Flol + %)

o(z)3

yi(2) =
is an elliptic function and solves the Lamé equation (6.3) withn = 3 and B = 0:

y'(2) = 12p(z]0) y(2). (6.4)

Up to a constant, we see that

1
()2 =
TR () — (%)

is even elliptic and so has no residues at “’Tk’s. Then y(z) := [ Zy1(6)72d £ is mero-

morphic and has two quasi-periods:

=z tw)—x@), j=12.
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Since y»(z) := x(z)y1(z) is a linearly independent solution of (6.4) with respect to
y1(2), we easily obtain

(X1J’1(Z —|—a)1)) _ (1 O) (X1Y1(2))
y2(z + w1) L1 y2(z) )’

(X1y1(2 +a)2)) _ (1 0) (lel(z)) D= X2
y2(z + w2) D 1\ »@ )"

That is, the monodromy group of (6.4) is generated by

1 0 1 O
(O (Y

and we refer this D = y,/yx1 as the monodromy data of (6.4). Consequently, our
result in [10] implies

= —Pi(0)|x1/*Im D,

detDZG3(ﬂ ©2 @, r)

22727
where P;(t) € (0, +00). Since we calculated in [10, Example 3.4] that

_ —12(2m1g2—3g3)  x2 drigs
A= 3_27¢2 g 2mgs—3gs
82 83 X1 N1&2 — 583

= ¢(0). (6.6)

we immediately obtain (6.2).
Now, we consider the set of those t’s in Fy such that the monodromy data D =
x2/ x1 of the Lamé equation (6.4) is real-valued:

L := {r € F, | the monodromy data of (6.4) is real-valued}.

Then the above argument implies that the three curves coincide with L.
Theorem 6.2. L =€_UCUCyand LN F =€ UE,.

Remark 6.3. Giveny = (¢ 5)eT(2) withc #0,welety -7y = Z;‘Ig witht; € Fy

be the unique zero of Ej(t) in y(Fp). Then the above argument indicates that the
monodromy data D of the Lamé equation (6.4) with T = t; is precisely _c—d.

Proof of Theorem 1.7. In the proof of [9, Theorem 1.3], it was proved that B = 0 is
a cusp of the spectrum o (L; ) if and only if the corresponding monodromy data D
(see (6.5)) of the corresponding Lamé equation (6.4) satisfies D = oo. From here and
the expression (6.6) of D = y,/x1, we conclude that B = 0 is a cusp if and only if
2n182 —3g3 = 0, i.e., g5(r) = 0 or, equivalently, E;(r) = 0. [

Funding. The research of Z. Chen was supported by National Key R&D Program of
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