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Perturbing isoradial triangulations
Francois David and Jeanne Scott

Abstract. We consider an infinite planar Delaunay graph G¢ which is obtained by locally
deforming the coordinate embedding of a general isoradial graph G, with respect to a real
deformation parameter €. Using Kenyon’s exact and asymptotic results for the critical Green’s
function on an isoradial graph, we calculate the leading asymptotics of the first- and second-
order terms in the perturbative expansion of the log-determinant of the Laplace—Beltrami oper-
ator A(e), the David—Eynard Kihler operator £ (¢), and the conformal Laplacian A (¢) on the
deformed Delaunay graph G.. We show that the scaling limits of the second-order bi-local term
for both the Laplace—Beltrami and David—Eynard Kihler operators exist and coincide, with
a shared value independent of the choice of the initial isoradial graph G.;. Our results allow
us to define a discrete analog of the stress-energy tensor for each of the three operators. Fur-
thermore, we can identify a central charge (¢ = —2) in the case of both the Laplace-Beltrami
and David-Eynard Kihler operators. While the scaling limit is consistent with the stress-energy
tensor and the value of the central charge for the Gaussian free field (GFF), the discrete cent-
ral charge value of ¢ = —2 for the David—Eynard Kihler operator is, however, at odds with
the value of ¢ = —26 expected by Polyakov’s theory of 2D quantum gravity; moreover, there
are problems with convergence of the scaling limit of the discrete stress-energy tensor for the
David-Eynard Kéhler operator. The second-order bi-local term for the conformal Laplacian
involves anomalous terms corresponding to the creation of discrete curvature dipoles in the
deformed Delaunay graph G; we examine the difficulties in defining a convergent scaling limit
in this case. Connections with some discrete statistical models at criticality are explored.
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1. Introduction

1.1. Purpose and motivation

This paper studies deformations of infinite isoradial planar graphs and triangulations,
and the effect of these deformations on three discrete Laplace-like operators defined
on these graphs, and on their determinants.

Our initial motivation for this study is to better understand the relation between
a model of random Delaunay triangulations (RDT) in the plane, proposed in [7]
by Eynard and the first author (FD), and the field theory model of two-dimensional
gravity (Liouville gravity) proposed first by Polyakov in [23]. The random triangu-
lation model of [7] is a model where any (finite) distribution of points z = {z;} in
the plane (or the Riemann sphere) is weighted by the determinant det[D] of a dis-
crete operator D defined from the Delaunay triangulation 7 associated to z (hence
the terminology random Delaunay triangulation model). This discrete model has very
interesting properties. Thanks to [7,24], it can be viewed as a model of PSL(2, C)
invariant embeddings of random abstract discrete rhombic surfaces into the Riemann
sphere, and thus is related to random planar maps models and discrete 2d gravity.
As shown in [4], it also provides an alternative description of the moduli space of the
punctured sphere Mo n equipped with the Weil-Petersson metric, since O defines
a Kihler form on the space of Delaunay triangulations.

The authors of [7] pointed out a similarity between the discrete operator D of the
RDT model and the continuous gauge fixing Faddeev—Popov operator J in Polyakov’s
model [23] (see Appendix A.4 and references therein for details), whose determinant
gives the famous Liouville action for the conformal factor (the Liouville field, see
Appendix A.4). Like the discrete RDT model, Liouville gravity is a conformal field
theory (CFT), invariant under PSL(2, C) transformations on the sphere. We therefore
want to probe this analogy further, and find discrete analogs of CFT structures in the
RDT model, such as a stress-energy tensor 7', some short distance operator product
expansion (OPE), and whether such an OPE has a discrete central charge ¢ which can
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be compared to the central charge of the ghost sector of Liouville gravity, famously
known to be cgpost = —26.

The operator £ on a general Delaunay triangulation is a special case of a discret-
ized Laplace-like operator (elliptic operator) defined on graphs. These operators can
be viewed as discretizations of differential operators defined on Riemannian spaces,
with respect to some metric, and are related to some quantum field theories (QFT),
in particular, some CFT’s. They are interesting objects in their own right, both in
mathematics (index theorems, Seeley—DeWitt heat kernel expansions, trace formu-
las) and in physics (conformal field theories, quantum gravity, string theory, statist-
ical mechanics, etc.). The simplest and perhaps most notable example is the scalar
Laplace—Beltrami operator A acting on functions ¢ over a Riemannian manifold M
with metric g = (g,v) and given by

L
NG

with d,, the standard derivative with respect to the local coordinate x* acting on scalar
functions. The operator A is related to the massless scalar quantum free field the-
ory (i.e., the Gaussian free field, or GFF) on the manifold M, see Appendix A.3 for
details. Its functional determinant (properly defined), is related to the GFF partition
function Z through

A= ——3,/3g"d,

det(A) = Z72  with Z = / D[¢ple 591,

where ¢ is the free field (a random scalar real function) and S[¢] is the GFF action
(see (A.7)). Both the action S[¢] and the partition function Z depend explicitly on
the metric g on M, and the effect of varying the metric in the action S[¢] is encoded
in the so-called stress-energy tensor T = (T#"). For a CFT such as the GFF, one
has to consider the holomorphic and antiholomorphic components 7' = —2x T, and
T = —2nTs= of T which encode the effect of changing the metric by an infinitesimal
anti-analytic diffeomorphism

z—>z+€eF(2) (1.1)

with F such that dF/dz = 0 on M (for details, see Appendix A.2). The OPE for T,

c 1
TET(E)=z—— +--- 1.2
OTE) =5 (12)
with central charge ¢ of the CFT, is of special importance. It implies (Appendix A.2)
that the second variation of the logarithm of the partition function of the CFT, log Z,

under (1.1) is

¢ IF(w)dF(v) dF(u)dF (v)
4_2// Pud = T oy

+ contact terms. (1.3)
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In the cases we are interested in, the central charge c is real, and this can of course be
rewritten as the double integral of the real part of %.
Accordingly, we shall try to define

(i)  adiscrete analog of diffeomorphisms (1.3) for Delaunay triangulations,

(i) a discrete stress-energy tensor T associated to the operator O of the RDT
model,

(iii) an analog for O of the OPE (1.2) and of formula (1.3).

This requires us to introduce and study an appropriate “scaling limit” (in the QFT
sense) of the RDT model.

This program turns out to be very difficult for general random Delaunay trian-
gulations. As a first step, we shall study deformations of a very specific subclass of
Delaunay triangulations, namely, isoradial Delaunay triangulations. One reason for
this restriction is technical. The analysis is much simpler and explicit calculations can
be done, thanks to the fact that on isoradial triangulations, the & operator is propor-
tional to the critical Laplacian A, considered by Kenyon in [17] (to be defined later).
Thanks to the methods of discrete analyticity, both the determinant det[A.;] and the
Green’s function A_! (the propagator) take simple explicit forms in terms of the geo-
metry of the isoradial triangulation. A second reason is that isoradial triangulations
can be viewed as analogs of “discrete flat metric” (see Section 1.2.1). It is therefore
natural to study the operator & and the associated measure for triangulations which
are close to but not exactly isoradial, as a means of understanding the relationship
between the RDT model and 2d gravity, as suggested in [7].

This work is rather technical, limited in scope, but it represents the first step in
this general program. In addition to studying the operator £, we carry out a similar
analysis for two related operators, also defined for Delaunay graphs:

(i) the discrete Laplace—Beltrami operator A,

(ii) a conformal Laplacian A with PSL(2, C) invariance properties.
Several issues require a lot of attention:

(1) Under deformations, the Delaunay constraints (see the precise definition in
Section 2.1.1) cause the incidence relations of the graph to change (by edge
flips). These flips are a potential source of discontinuities and singularities for
the operators and the determinants we are interested in.

(2) We want uniform estimates for the variation of operators and determinants, in-
dependent of the initial isoradial Delaunay graph. This is not always possible.

(3) We also look for the existence of “scaling limits” (in the usual sense of stat-
istical mechanics and quantum field theory), in particular, for the discrete
analogs of the OPE (1.2) and of formula (1.3), in order to recover a continuous
QFT interpretation of our results.
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Point (1) is treated thoroughly. Whitehead flips are under control for the operat-
ors & and A, but are shown to induce discontinuities for A.

For point (2), uniform estimates are obtained for all three operators, for which
we get discrete analogs of the stress-energy tensor T. For A, the OPE (1.2) and (1.3)
hold with central charge ¢ = —2, as expected. For O, an OPE holds as well, and
unexpectedly we obtain a central charge ¢ = —2 too. We do not, however, recover
formulas (1.2) and (1.3) (specific to CFT’s) for the conformal Laplacian A.

For point (3), good scaling limit results are obtained for A (this was to be expect-
ed), and we prove similar results for &£, which are valid under some restrictions. This
program fails for A.

Let us now be more specific, and summarize: (1) the main concepts and tools used
in this paper, (2) the main results, and (3) the detailed plan and content of the paper.

1.2. The concepts

1.2.1. Delaunay graphs. Delaunay triangulations in the plane are models of dis-
crete space which has been studied by many authors, in particular, in high energy
physics [6] as well as in statistical physics, condensed matter and soft matter physics.
Anticipating the precise definitions and details given in Section 2, we highlight some
notions which are important.

A polyhedral graph G is a planar graph (with finitely or infinitely many vertices)
equipped with an embedding z: V(G) — C of its vertex set V(G) such that edges are
mapped to straight line segments and faces are mapped to convex, cyclic polygons.
Accordingly, we can associate with each face f of G the circumcircle C¢, the circum-
disk D¢, and the corresponding circumradius R(f) of its cyclic polygon with respect
to the embedding.

A Delaunay graph is a polyhedral graph G such that, under the embedding,

(1) the interior of the circumdisk of each face of G contains no vertices,
(2) no two faces share the same circumdisk.

Equivalently, the dual of Delaunay graph G is the Voronoi complex VU associated to
the set of (embedded) vertices of G.

A weak Delaunay graph is a polyhedral graph G such that condition (1) is sat-
isfied.

A (weak) Delaunay triangulation T is a (weak) Delaunay graph whose faces are
all triangles.

Following [7], we associate to an oriented edge € = (u, v) “north” and “south”
faces £, and £ along with angles

On(é) = Zvuo, and 6,(é) = ZLosuv,
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Figure 1. The north and south faces f,, and £ of an (oriented) edge € = (u, v) are drawn in
dark blue, while the corresponding circumcircles are outlined in light blue. Their respective
circumcenters o, and o, as well the associated north and south angles 6,(€) and 6,(€), are
highlighted in orange.

where o, and oy are the respective circumcenters of £, and fg, as depicted in Fig-
ure 1. Reversing the orientation of € interchanges the roles of north and south. The
conformal angle 0(e) associated to the unoriented edge e is defined as'

On(8) + 65(e)

O(e) = .

1.4)
The clockwise orientability of the north and south triangles enforces
b4 . I 4
_E < en(e)9 95(6) < E
The Delaunay condition ensures that

b4
0<4 —
< (e)<2,

while the weak Delaunay condition ensures that 0 < 6(e) < 7.
Finally, as explained in [7] and in Section 2, to each plane Delaunay graph G,
we can associate an abstract rhombic surface Sg obtained by gluing rhombi {(e)

'Note that the conformal angle 6 (e) considered in [7] is twice the conformal angle 6(e)
defined here by (1.4) (i.e., 8 (e) = 26(e)). We choose definition (1.4) for compatibility with
Kenyon’s notations in [17].
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associated to the edges e of G according to the incidence relations of G. Each rhom-
bus {(e) has a unit edge length and has a corresponding rhombus angle 26(e). We
view Sg as a discretized Riemann surface with curvature concentrated at the vertices.
This rhombic surface Sg will be “flat”, i.e., can be isometrically embedded in the
plane, if and only if for each face f of G, the sum of the conformal angles of the
edges e which form the boundary of f equals 7

b/
> 6(e) = 5

ecdf

Equivalently, the Delaunay graph G is isoradial, i.e., the circumradii R(f) are all
equal. Alternatively, a Delaunay graph G is isoradial if and only if Sg coincides with
the planar bipartite kite graph G° discussed in Section 2.1. Isoradial Delaunay graphs
are also referred to as flat graphs or critical graphs.

1.2.2. The random Delaunay triangulation model. The David—Eynard model [7]
is a theory of random (finite) Delaunay graphs which are sampled (with Lebesgue
measure) according to the conformal angle values of the corresponding edges. By the
Voronoi construction, a configuration of N > 3 distinct marked points {zy,...,zx}
in the extended plane CP! is equivalent to a Delaunay graph G with vertex set
V(G) ={1,..., N} and embedding k > zi. This correspondence between point
configurations and graphs is PSL(2, C) equivariant in the sense that the incidence
relations which define the Delaunay graph are invariant under the action of PSL(2, C)
by Mobius transformations. In this formulation, the relevant measure on the space
of configurations of marked points is, after fixing three points (z1, z2, z3) thanks
to PSL(2, C) invariance,

N
det’ D

[]4z=2 > > 5, (1.5)

k—d |21 — 22|%|z2 — z3]*[z1 — z3]

where D is the David—-Eynard discrete Kéhler operator of the graph G as defined
in (1.8) below, and det’ D is the (N — 3) x (N — 3) principal minor of £ with row
and column set {4, ..., N}, see [7]. We view det’ D as a reduced determinant which
suppresses the effect of the zero modes of . As shown in [4], the measure in (1.5) is
PSL(2, C) invariant and coincides with the Weil-Petersson measure on Mg, y . Points
configurations whose corresponding Delaunay graph is a triangulation form a Zar-
iski open subset, and consequently the subspace of non-triangulations has measure
zero. For this reason, we speak of the David—Eynard model as a theory of random
triangulations.

1.2.3. The operators A, A and D. In this paper, we are interested in the three
discrete operators defined on generic polyhedral graphs G: the Laplace—Beltrami
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operator A, the conformal Laplacian A, and the David—Eynard Kéhler operator D.
All three operators act on the space CV(®) consisting of complex valued functions
supported on the vertices V(G) of the graph G.

e The discrete Laplace—Beltrami operator A is defined for ¢ € CV(® by
Apw)= > (@) (W) — (W),
efges é=(u,v) (1.6)
c(e) = E(tan 0. (€) + tan 6(e)).

This is a standard discretization of the Laplacian in the plane, both in physics (see,
e.g., [6]) and in mathematics. It is a symmetric real operator.

* The conformal Laplacian A, which we introduce here, is defined by

Apw = Y anb(e)p —¢v). (1.7)

edges é=(u,v)
It is invariant under global conformal transformations

az+b

2
cz+d

of the graph embedding z: V(G) — C for g € PSL,(C). It is worth noting that A
can be viewed as the discrete Laplace—Beltrami operator defined not on the planar
graph G, but rather on the image of G inside the rhombic surface Sg (i.e., the
black vertices of Sg where two black vertices are joined by an edge if and only
if they lie on a common rhombus). We point the reader to a related construc-
tion in [21]. As such, A is a discretization of the Laplace—Beltrami operator on
a Riemann surface with respect to a non-flat metric. It is also a symmetric real
operator.

» The Kdhler operator £, which we are interested in, has been introduced in [7].
It is defined in terms of the geometry of the graph G as

1 Oa(e) + i Os(e) — i
Do = Y (T TEE ) @w o). (9

edges e=(u,v)

where R, (€) and R,(€) are the circumradii of the north and south faces £, and f;
adjacent to e, respectively. It is a Hermitian complex operator. Although it is not
obvious from this definition (1.8), the operator O transforms covariantly under
global conformal PSL(2, C) transformations of the graph embedding, and (even
less obviously) it defines a Kahler metric dz,dD.,dZz, on the space of Delaunay
graphs in the plane.
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These three operators can be defined for any polyhedral graph G. The weak Delau-
nay condition on G ensures that the three operators are positive semidefinite. If G is
isoradial (with common circumradius R > 0), then the operators A, A and R2D all
coincide, and agree with the critical Laplacian A, considered in [17] and defined by

Aap@) = Y tanb(e)(¢(w) — ¢(v)). (1.9)

edges e=(u,v)

This coincidence occurs because 6,(€) = 65(€) = 6(e) for any (oriented) edge € in the
isoradial case. The Green’s function Ac_rl of the critical Laplacian A, (see Section 3)
turns out to be accessible and can be written explicitly in terms of the graph’s local
structure; furthermore, the log-determinant of the critical Laplacian can be computed
as a finite sum of local contributions if in addition one assumes the graph is periodic.

1.3. The main results

1.3.1. Asymptotics of the critical Green’s function. The asymptotic behavior
of Ac_rl is essential to us. The leading asymptotics has been worked out by Kenyon
in [17]. Our first result is a refinement of Kenyon’s estimate, which entails isolating
subleading terms. We shall make use of this series development later in the proof of
Theorem 1.6.

Proposition 1.1. For any vertices u and v in an isoradial Delaunay graph G,

Re[p3(uv V)]
6| p1(u, v)|?

+O(|m<ul,v)|4)>’ (49

where Ygyler is the Euler—Mascheroni constant, and

_ 1
(A5 uw = =5 (10821 p1 (2. 9)]) + Viuer +

T

pl(u’ V) = Zcr(v) - Zcr(u)-

The term p3(u, v) is introduced in Definition 2.23 (and written explicitly in (2.4)) in
Section 4.2. It depends on the local geometry of the graph G between u and v, but is
bounded uniformly and linearly by

|p3(u,v)| < 3|p1(u, v)l.

Remark 1.2. Proposition 1.1 sharpens Kenyon’s theorem [17, Theorem 7.3] by iden-
tifying and obtaining a uniform bound on the first non-constant subdominant term

|p1(u’ V)|_2'

N =

11l Relps(a ] <
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Proposition 4.9 in Section 4 extends these asymptotics to all orders of the large dis-
tance asymptotic series expansion of the Green’s function, and gives uniform bounds
for those terms. Proposition 1.1 follows from Proposition 4.9.

1.3.2. Deformations of critical graphs. We introduce a scheme for deforming De-
launay graphs (and general polyhedral graphs) and study the response of the corres-
ponding operators supported on the deformed graph.

Definition 1.3. A Delaunay deformation G¢ of an initial Delaunay graph Gy is de-
fined as follows. We start by deforming the initial vertex embedding v > z¢(v) for
A V(G()) by

ze(v) 1= zo(v) + €F (v), (1.11)

where € > 0 is a real parameter, and where F: V(Gg) — C is a displacement function
with finite support Q F C V(Gy). Provided the mapping v > z¢(v) is one-to-one, the
corresponding Delaunay deformation G¢ of G is defined to be the unique Delaunay
graph with vertex set V(G¢) = V(Gy) and planar graph embedding v + z(v). For
a generic polyhedral graph G, the lattice closure QF of QF is

Qr = {v e V(G) : v shares a face f € F(G) with a vertex u € Q). (1.12)

We first need to control the geometry of the deformed graph G, in terms of the
deformation parameter €. This is ensured by Lemmas 5.1, 5.4, 5.7 and Proposition 5.8,
which we summarize in the following proposition.

Proposition 1.4. Let G be an isoradial Delaunay graph, and F a displacement func-
tion as above. There is a threshold €r > 0 such that whenever 0 < € < €f,

(1) z¢:V(Go) — C is an embedding,

(2) there is an inclusion of edge sets E(Gg) C E(Ge),

(3) the edge sets are stable, i.e., E(G¢,) = E(Ge,) whenever 0 < €1,€; < €F.

Proposition 1.4 ensures the existence of a right-sided limit graph when € — 0,
which is weakly Delaunay.

Definition 1.5. The refinement G+ of G¢ determined by F is the weak Delaunay
graph with vertex set V(Gy+) := V(Gp) and embedding z,+ := zo, whose edge set
is given by

E(Gy+) := lim E(G).
e—>0t
Note that G+ will be a weak Delaunay graph precisely when the inclusion of

edge sets is strict, otherwise G+ and G will coincide. It will be convenient to com-
plete Gy+ to a (weak) Delaunay triangulation GO+ by maximally saturating E(G¢+)
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with additional non-crossing edges (see Definition 2.8). The choice of these additional
edges (referred to as chords, introduced in Definition 2.3) will not affect our calcu-
lations because the weights assigned to these edges by the operators A, D, and A
always vanish. We want to emphasize that

Go+ = Go+ = Go

whenever Gy is a triangulation.

Our chief interest is when the initial graph Gy is a critical graph, i.e., an isoradial
Delaunay graph G, with isoradius R ;. A Delaunay deformation G., — G, (corres-
ponding to some F) supports a Kihler operator £ (¢€), as well as a Laplace—Beltrami
operator A(¢) and a conformal Laplacian A (¢). All three of these operators degener-
ate on the critical graph when € — 0,

Acr
2
Rcr

lim A(e) = lim A(e) = A,
€e—0 e—>0

lim D(e) =
e—>0

where A, is the critical Laplacian of Kenyon on G,.

Let O denote either A or A or D. Accordingly, @ (¢) will denote the correspond-
ing operator on the perturbed Delaunay graph G, while @, will denote the operator
on the critical graph G.,. We introduce the variation of operators

§0(€) := O(e) — Oy (1.13)

and formally expand the log-determinant log det O (¢) using the Green’s function ;!
of the critical operator as

logdet O(e) = logdet O + tr[§O(€) - O]

— %tr[((?@(e) SO+ (1.14)

The trace terms occurring on the right-hand side of equation (1.14) are well defined
owing to the fact that the support of the perturbation is compact; consequently, the dif-
ference log det O (¢) — log det O, is well defined and takes a finite real value.

Our most significant results concern the second-order term tr[(809(¢) - O;1)?]
arising from a bi-local version of the deformation given in (1.11), executed simul-
taneously at two distant sites and controlled by a pair € = (€1, €2) of independent
deformation parameters. These results are mainly given by Proposition 6.10 for A,
Proposition 6.11 for £, while the analysis of A is handled in Sections 6.3 and 6.4.
The following theorem summarizes these results.
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Theorem 1.6. Consider two complex functions Fy(z) and F,(z) whose supports
Qp =suppF1 and 2 = supp F»

in the vertex set V(G,) are finite and disjoint (hence at finite distance), and a bi-local
deformation of the embedding v + z..(v) given by

Zg(v) = Zcr(v) + EIFI(V) + Eze(V),

where € = (€1, €3) is a pair of independent deformation parameters.

As functions of €1 and €5, log det A(e), log det A (¢), log det D(¢) are analytic
within the range 0 < €1, €2 < min(€f, , €r,).

Furthermore, the €1€; cross-term in the perturbative expansion of log det A(e),
denoted by O, logdet A, is obtained from tr[(A(€) - A;1)?). It takes the asymptotic
form

VFi(x1)V Fa(x2) ]

2
bslez log detA = _; Z A(XI)A(XZ) (Re[(zcr(}h) - Zcr(XZ))4

triangles
X1,X2

+ O(|za(x) = Za(x2)| ) ). (1.15)

where x; € F(60+) is a triangle having at least one vertex in Q2;, whose center has
the coordinate z..(%;), and whose area is A(x;) withi = 1, 2. Formula (1.15) makes
use of the discrete derivative operators V, V:CVD — CFD jntroduced in [7] for
polyhedral triangulations T; see Definition 3.3.

Likewise, the €€, cross-term 66162 log det D in the expansion of log det D (¢)
is obtained from t[(§D(€) - D;1)?] and takes the same asymptotic form as for-
mula (1.15).

For the conformal Laplacian A, the €1€; cross-term 36162 log det A in the expan-
sion of log det A (¢) does not, in general, have an asymptotic form given by (1.15).
“Anomalous” chord-to-edge and chord-to-chord terms have to be added to formu-
la (1.15) in order to obtain the correct asymptotics. They can be interpreted as “cur-
vature defects” arising from the deformation of the graph.

Remark 1.7. Formula (1.15) is independent of the choice of triangulation 6’0+ used
to complete G+, in light of a discretized version of Green’s theorem, namely Lem-
ma 3.5 and Corollary 3.6 as detailed in Section 3.2.

1.3.3. Smooth deformations and scaling limits. In this paper, we are interested
in the existence and the form of the continuum limit of the results in Theorem 1.6.
For this purpose, we shall consider smooth Delaunay deformations implemented by
test functions, defined below. We aim for results independent of the initial critical
graph G, and which reconstitute the continuous formula (1.3) expected from CFT’s.
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Definition 1.8. Let F' be a smooth (non-holomorphic) function F: C — C with com-
pact support 2 C C, and consider its restriction to an initial Delaunay graph G by
declaring

F(v) := F(zo(v)), (1.16)

where v € V(Gy) is a vertex.

The smooth Delaunay deformation G, of G corresponding to F is the Delaunay
deformation of Gg given by Definition 1.3 with the function F(v) given by for-
mula (1.16).

We shall incorporate a parameter £ > 0 into our deformation rubric (1.16) by
rescaling the displacement function accordingly:

Zo(V))'

Fu(v) = Fulzo(v) := LF (=5

Using the construction above, we obtain a rescaled deformed embedding z, ; and
a corresponding Delaunay graph G ¢ together with an attending refinement G+ , and
a completion 6’04—’(. We shall denote by A(e, £), D(e,£), and A (¢, ) the discrete Bel-
trami—Laplace operator, Kéhler operator, and conformal Laplacian on the graph G, ¢,
respectively.

The following estimate (see Appendix B for the proof) explains why V and V
should be considered as discrete analogs of the holomorphic and anti-holomorphic
derivatives d and 0.

Lemma 1.9. Given a smooth function ¢: C — C and a triangle £ with vertices z1,
2, z3 (listed in counter-clockwise order), circumcenter z (f), and circumradius R(f),
we have the following estimate:

3 — 1 -
Vg (£) = 09(=(£))| = R@)(5 sup 09| +2 sup |33] + 5 sup [7%9]).

ZEBs ZEBs ZEBs

where Bs is the disk bounded by the circumcircle of £,
By ={z:]z —z(f)| = R(f)}.

Using Lemma 1.9, we are able to obtain a smooth version of Theorem 1.6 involv-
ing a scaling parameter £ > 0 whose continuum limit is consistent with formula (1.3).

Theorem 1.10. Consider two smooth complex functions F1(z) and F>(z) whose sup-
ports 21 = supp Fy and Q5 = supp F» in the plane are compact and disjoint (hence
at finite distance), and a bi-local deformation of the embedding given by

Ze 0 (V) i= zer (V) 4+ €1 F1,0(v) + €2 F50(v),
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where £ > 0 is a scaling parameter and F;(v) := EF,-(Z“TSV)) for i =1,2. The
scaling limit £ — oo of the €€, cross-term in the expansion of log det A(e, £) and
of log det D (e, £) (given by Theorem 1.6) exist and are given by

lim O, logdet A(£) = lim bem log det D(¢)
{—o00

0F;(x1)0F>(x2)
z_//szlxszz dxidx R[ zx)fl—xzz)“xz ] (1.17)

The limit value in formula (1.17) is independent of the initial isoradial Delaunay
graph G;.

Remark 1.11. Whenever the refinement G+ , contains finitely many chords (see
Definition 2.3), the scaling limit £ — oo of the bi-local formula for the €;€, cross-
term in tr[§ A (¢, £) - AZ']? of the conformal Laplacian (as presented in Section 6.3.1)
agrees with the limit value in formula (1.17) of Theorem 1.10. In general, this is not
the case, and a scaling limit does not exist. If it exists, the effect of the anomalous
terms may be present in the scaling limit, which need not be universal. An example is
given in Appendix C.

Formula (1.17) in Theorem 1.10 implicitly involves a nested limit where the
deformation parameters € = (€1, €3) are first taken to zero, and subsequently the scal-
ing parameter £ is taken to co. An interesting question is whether the limits € — 0
and £ — oo can be interchanged.

To study this question, one needs uniform bounds on the variations §A(e) and
6D (¢) (see (1.13)) with respect to the space of isoradial Delaunay graphs. Since the
bound €F in Proposition 1.4 depends on the graph, we cannot hope to make a stable
deformation simultaneously for all Delaunay graphs. This requires us to work with
Delaunay deformations beyond the € threshold, and take into account the occurrence
of Whitehead flips as the graph is deformed. This is addressed in Section 8.

Bounding the variation of the circumradii. In order to bound the operator vari-
ations §A(e) and 8§D (¢), it is necessary to track the circumradius R(f¢) of each
face £, of G as a function of €. In Proposition 8.1, we bound the radius R(f)
uniformly for all faces and all initial isoradial Delaunay graphs G., with isoradius
R.. = Ry. Specifically, we show that there exist ep.x(R.;), as well as two functions
R_(€, Rey) and R (€, R.;) such that for 0 < € < €gax(Rer),

R_(¢,Ry) < R(f¢c) < Ry(e, Rey), (1.18)
lim R_(e, Ryy) = lim Ry (€, Ry) = R
€e—>0 e—>0

The quantities €pax (Rer), R_(e, R¢) and Ry (e, R.;) depend only on R and on the
smooth displacement function F. They are given explicitly in Proposition 8.1.
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Results for interchanging the limits ¢ — 0 and £ — oo. The matrix entries of the
operators A(e) and D(e) are continuous functions of ¢, and using the bounds R_
and R of (1.18), we can show that the derivatives A’(¢) and D’ (¢) with respect to €
are piecewise continuous functions of € and obtain uniform bounds on their matrix
entries. This leads us to the following conjecture for A.

Conjecture 1.12. Let G, be an isoradial Delaunay triangulation with embedding
Vv >z (), let Fy, F> be two smooth displacement functions with disjoint compact
supports, and let z¢ g = Zor + €1 F1;0 + €2 F5.¢ be the corresponding scaled and de-
formed embedding with respect to a pair of independent parameters € = (€1, €2) and
£ > 0. Then

lim lim tr[aiA(e 0) - A" —A(e 0) - A ]

€e—>0/(—>0c0

9
— lim lim tr[a—AL 0 - A7 EA(Q,E)-A;]

L—o00 €0

2 F F
2 [ e [ e 2]
Q1 Q>

(x1 — x2)4

Conjecture 1.12 is a special case of Proposition 8.8, which relies on the rigorous
estimates obtained in Section 8, and also on Conjecture 8.5, the later of which stipu-
lates a bound on V pj for critical lattices (where pj is defined in Definition 2.23 and
appears already in Proposition 1.1).

For O, we do no get such a strong result, but only the following weaker conjecture,
which follows from Propositions 8.10 and 8.11.

Conjecture 1.13. Let G, be an isoradial Delaunay triangulation with embedding
v > z(v), let Fy, > be two smooth displacement functions with disjoint compact
supports, and let z¢ g = Zor + €1 F1y0 + €2 F5.¢ be the corresponding scaled and de-
formed embedding with respect to a pair of independent parameters € = (€1, €2) and
£ > 0. In general, the limit

d d
lim o] = D(e.0)- D'+ 2> Die. 0)- D'
(—>oo L0eg €0 ey €0 °r
does not exist for non-zero €.

The double “simultaneous” limit exists, where { — 0o and € — 0 such that {e = c

with ¢ > 0 staying constant. Its value is

lim tr[%@(g, 0D 9 Do :D;l]
1

L—>00 862

le=c
F F
L2 [ [ e i)
Q9 Q)

(x1 — x2)4
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1.3.4. Interpretation in terms of discrete stress-energy tensors and discrete cent-
ral charge. The results presented above can be formulated in the language of CFT
in terms of an action, a stress-energy tensor and a central charge. This is done in
Section 9.2. For the Laplace-Beltrami operator A, the associated discrete action is

S[®. ] = DA = ) DA, D,
vertices
u,veG
where (®, ®) are Grassmann fields supported on vertices of the Delaunay graph G-.
The corresponding functional integral is

det(A) = | D[, Ple 5P,

A general deformation z = z 4 € F of the coordinate embedding induces a de-
formed action S¢[®, ®] = ®-A(€)®, which we can develop as S¢ = S + €d.S +
O(€?). Using the variation of A(e) given by Proposition 5.12, the linear term O.S
reads explicitly as

0 S[0. @) = —4 > AX)(VFE)VIx)VI(x) + c.c.).
faces
xeé()+
In analogy with the continuous case, the components of the discrete stress-energy
tensor T o can be identified as

Ta(x) = =47V () VO(x) and Ta(x) = —47VO(x)VD(x) (1.19)

while Tp is traceless, namely, tr Ta(x) = 0. See (9.4) for details. Taking vacuum
expectation values of the components of the stress-energy tensor, we recover our
results (Proposition 6.1 and Theorem 1.6) for the first and second-order variations
of log det(A) in the case of a critical lattice G = G;. In the scaling limit, the dis-
crete Ta given in (1.19) becomes the continuum stress-energy tensor T’ = —479DIP
for the CFT of a free Grassmann field (see Appendix A for details).

Theorem 1.10 shows that, when perturbing a critical lattice, the scaling limit for
the second-order variation d¢, ¢, log det A of the Laplace-Beltrami operator A exists,
and can be calculated in terms of the connected vacuum expectation values

(TA(®)Ta(y)) and (Ta(x)Ta(y))-
This implies that in the scaling limit, we recover a short distance operator product
expansion for T,
1

(TA(W)TA(v)) = NTE +en, (1.20)
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which is the OPE for a CFT with central charge ¢ = —2 (through (1.2)). This is the
expected result for a complex Grassmann field, which is indeed a conformal field
theory with central charge ¢ = —2 (see Appendix A and, e.g., [10]).

The same analysis is carried out for the Kéhler operator . From the variation
of D () given by Proposition 5.13, we can isolate the components of the correspond-
ing discrete stress-energy tensor T g (see (9.7))

To(x) = —4nm(vq>(x)v&>(x) + Cx)VO(x)VD(x)),
To(x) = —4nw(%(xﬁ&>(x) + C(x)VP(x)VD(x)),
trTo(x) = S%X)zﬁcb(x)V&)(x),

where R(x) is the radius of the face x, and C(x) is a geometrical factor given in for-
mula (5.13), which depends on the shape and orientation of the face x. Note that T g is
no longer traceless. The factor C(x) has no obvious scaling limit £ — oo, independent
of the details of the Delaunay lattice, so we cannot associate a stress-energy tensor for
some continuum QFT to the discrete T p, as we did for A by replacing V by d.

Surprisingly, Theorem 1.10 also shows that, when perturbing a critical lattice, the
scaling limit for the second-order variation beléz log det O of the Kéhler operator
still exists, and can still be calculated in terms of the connected vacuum expectation
values

(To(®)To(y)) and (To)To(y)).

Moreover, we recover a short distance OPE for T'p which is identical to the OPE
for Ta given by (1.20)

1

TowW)TpW)) = ———— + -+,

(To(0To() = s +
and therefore we can associate a “central charge” cp = —2 with the same value as
the central charge cA = —2 for A (see Section 9.2 for a more thorough discussion).

Finally, a similar analysis is taken in Section 9.2.3 for the conformal Laplacian A,
and leads to a discrete stress-energy tensor Ta. The trace term tr Tao vanishes, and
the discretized holomorphic (and anti-holomorphic) component 7 (and TA ) can be
written explicitly as

A(x)VO(x)VO(x) + b(x) VO(x) VD(x) + ¢(x) VO(x) V(%) + d(x)VD(x)VD(x).

The coefficients d(x), ..., d(x) depend in a non-trivial way on the geometry of the
face x and its three neighboring faces in 604—, and have no meaningful continuum
limit. This is reflected in the fact that the second-order variation bel e, logdet A () has
no scaling limit in general, as stated in Remark 1.11.
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1.4. Plan of the paper

This paper is organized as follows.

The present Section 1 is the introduction.

Section 2 presents basic concepts about the geometry of planar graphs which are
relevant to the paper. Most of the material is standard, however we introduce the
notion of a chord (see Definition 2.3) which allows us to slightly broaden the defini-
tion of an isoradial triangulation (given in [17]) to accommodate configurations with
four or more cocyclic vertices. Section 2.1 gives definitions and sets notation for poly-
hedral graphs, edges and chords, (weak) Delaunay graphs, isoradial graphs, etc. and
makes precise the notion of the abstract rhombic surface Sg associated to a polyhedral
graph G alluded to in Section 1.2.1. Section 2.2 addresses geometrical concepts and
properties of rhombic graphs, mainly following the presentations of [17, 18]. In order
to help establish the asymptotic formula in Proposition 1.1, we undertake in Proposi-
tion 2.27 a careful analysis of the interval of possible angles taken by any path in the
rhombic graph of an isoradial Delaunay graph.

In Section 3, we review the V and V operators of [7] and show how they are
used to obtain “local factorizations” of the Laplace—Beltrami and Kéhler operators A
and D for a general polyhedral triangulation; see Remarks 3.8 and 3.9. We remark
that the conformal Laplacian A does not admit a simple local factorization. Following
this, we recall two approaches used to define the (normalized) log-determinant of
a Laplace-like operator such as A, O, and A for infinite polyhedral graphs which
are either (1) doubly periodic or (2) obtained as a nested limit of finite graphs, each
with Dirichlet boundary conditions. Formulas (3.14) and (3.15) serve respectively
as definitions in these two cases. We end the section by discussing Kenyon’s local
formula in [17] for the normalized log-determinant of the critical Laplacian for doubly
periodic isoradial (weak) Delaunay graphs, as well as its formal extension to the non-
periodic case.

In Section 4, we derive the long-range asymptotic formula for the Green’s function
of the critical Laplacian (associated to an isoradial Delaunay graph) as stated in Pro-
position 1.1. We rely on the methods of [17] along with some added improvements,
in particular, for non-periodic graphs. Among other things, our analysis provides
uniform bounds on the coefficients of the asymptotic expansion (see Lemma 4.3
and (4.4)), thus sharpening the results and approximations in [17].

Section 5 addresses deformations of Delaunay graphs and corresponding operat-
ors. In Section 5.3, we introduce the notions of Delaunay and rigid deformations:
In both cases, the coordinate embedding of the graph is perturbed by a local displace-
ment function together with a deformation parameter € > 0. Delaunay deformations
modify the incidence relations (i.e., the edge and face sets) so that the Delaunay con-
straints are maintained while rigid deformations always fix the incidence relations of
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the initial graph (and so the resulting graph may cease to be Delaunay). In the case
of a Delaunay deformation, we explain in Lemma 5.7 how to regulate the parameter
€ > 0 so that the edges of the initial graph are stable and do not undergo Lawson
“flips”. A generic Delaunay deformation, however, can break the cyclicity of faces
having four or more vertices in the initial graph and introduce new edges which sub-
divide these faces. Nevertheless, these additional edges are shown to be stable for
values of € > 0 which are bounded appropriately. This follows from Proposition 5.8
which also proves the existence of a (weak) Delaunay limit graph G+ whose redac-
tion G, coincides with the initial Delaunay graph Go. In Section 5.3, we study the
first-order variation of the Laplace-Beltrami and Kihler operators, when the under-
lying polyhedral triangulation is subject to a rigid deformation. Results are given in
Propositions 5.12 and 5.13, respectively. The conformal Laplacian A does not admit
a local factorization of the kind presented in Propositions 5.12 and 5.13, and for this
reason there is no analogous formula for its first-order variation. Section 5.4 sets up
notation.

The calculations of the first- and second-order variations of the log-determinant
for the Laplace—Beltrami operator, the Kihler operator, and the conformal Laplacian
are undertaken in Section 6. The first-order variation formulas are entirely local,
i.e., expressed as sums of weights of edges. The second-order variations, on the
other hand, involve long-range effects of the critical Green’s function A_! asso-
ciated to pairs of distant vertices and, in principle, register aspects of the global
geometry of the initial isoradial Delaunay graph G.,. In Propositions 6.1 and 6.6 of
Section 6.1, we present formulas for the first-order variations of the Laplace—Beltrami
and Kéhler operators which are valid uniformly for all isoradial Delaunay graphs.
The first-order formula for the conformal Laplacian incorporates an additional term
which accounts for the effect made by chords in G4+ and is given in Proposition 6.4.
The second-order formulas for the variation of the log-determinant of the Laplace—
Beltrami and Kéhler operators are calculated separately in Propositions 6.10 and 6.11
of Section 6.2, respectively; this is the content of Theorem 1.6. In both cases, our
approach relies on the asymptotics of the Green’s function in Proposition 1.1 and
Lemma 6.9; the latter makes use of the operator factorizations in Propositions 5.12
and 5.13, as well as a novel estimate presented in Lemma 6.8. Formula (1.15) of
Theorem 1.6 is not valid for the conformal Laplacian, and it must be modified by
defect terms which take into account the effect of chords in G+ . See formulas (6.25)
and (6.26). We propose that these defects are indicative of a discrete curvature anom-
aly arising from the perturbation. This is examined in Section 6.4.

Section 7 handles the proof of Theorem 1.10, which deals with the existence and
value of the scaling limit given by formula (1.17) for the Laplace—Beltrami and K&hler
operators. Sections 7.1 and 7.2 address some technical points about bi-local deform-
ations, scaling limits, and re-summation. In Section 7.3, we prove the existence of



F. David and J. Scott 734

the scaling limit of (1.15) in the case of a continuous bi-local deformation and settle
Theorem 1.10. The basic idea is to interpret (1.15) as a Riemann sum with a mesh con-
trolled by the scaling parameter. The scaling limit considered in Section 7.3 is taken
with respect to an isoradial refinement GO+, ¢ associated to a (scaled) deformation of
our initial isoradial Delaunay graph G.;. In effect, the result is a calculation of a nested
limit: First we take the deformation parameter limit €;, €, — 0 (bringing us to 6’0+, )
and then we subsequently take the scaling limit £ — oo. In Section 7.4, we ask whether
these two limits can be interchanged. This question is related to whether the scaling
limit in Theorem 1.10 exists for a Delaunay graph (not necessarily isoradial) which is
obtained as a small deformation of an isoradial Delaunay graph. We return to this issue
in Section 8. Section 7.5 addresses the issue of the uniform convergence in the “flip
problem” for smooth scaled deformations. A first attempt is offered in Lemma 7.1,
where we introduce a lower bound on the range of conformal angles for an isora-
dial Delaunay triangulation. This constraint ensures that no flips occur whenever the
deformation parameter ¢ is bounded above by a threshold €z which is uniform both
with respect to the scaling parameter and this proper subclass of isoradial Delaunay
triangulations.

In Section 8, we return to the general case of deformations G, of Delaunay graphs
G, which may incur edge flips. We look for uniform bounds on the variation of the
corresponding operators A(e) and D (€) for small but non-zero values of the deform-
ation parameters. In order to get uniform bounds with respect to the choice of the
initial graph Gy, we obtain in Proposition 8.1 an estimate for the variation of the
radius R(f¢) of an arbitrary triangle f. of G, as the deformation parameter € varies.
We deduce strong results (summarized in Conjecture 1.12) on the uniform conver-
gence of the scaling limit for A (Proposition 8.4) and of the scaling limit of the
second-order bi-local term (leading to the OPE) (Proposition 8.7); the later result
depends on a conjectural uniform estimate (Conjecture 8.5) on V p3(£) and V p3(f)
in terms of the radius R(f) of a face £ and the scaling parameter. We finish the
section by showing that there is a qualitative difference between A and O, and we
obtain a weaker but interesting “simultaneous convergence” result for the scaling limit
of the second-order bi-local term for £ (Proposition 8.11), summarized in Conjec-
ture 1.12.

Section 9 summarizes our results and presents them from a more statistical physics
point of view. After reviewing the aims of the paper in Section 9.1, we discuss in Sec-
tion 9.2 the first-order variation of the log-determinant for the three operators A, A
and D vis-a-vis the Gaussian free field. We show that formula (6.3) for the Laplace—
Beltrami operator A can be re-expressed in terms of the vacuum expectation value of
a discrete stress-energy tensor T a for a Grassmann free field theory (for convenience,
we opt for a fermionic analog of the massless free field (GFF)) supported on G, and
whose scaling limit coincides with the standard continuous free field. This is not a sur-
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prise. Our results for O and A are similarly expressed using discrete stress-energy
tensors Tp and Ta however neither formula (6.6) nor formula (6.4) have an obvious
continuous limit relating it to the continuous free field. In Section 9.3, we discuss
the bi-local second-order variation formula and the universal form of its scaling limit
for A and D in terms of their respective discrete stress-energy tensors. Furthermore,
we address the (in general) non-existence of a scaling limit for A. In Section 9.4, we
discuss the relation and differences between (i) the model and the questions addressed
for Delaunay graphs in our work, and (ii) previous studies made by Chelkak et al. on
the O(n) model and by Hongler et al. on the GFF and the Ising model on the hexagonal
and square lattices respectively. Finally, in Section 9.5, we briefly list some open ques-
tions and some possible extensions of this work.

Some standard material, technical derivations of results and matters not central to
this work are relegated to appendices. Appendix A presents some standard notations
and reminders about QFT, CFT and the stress-energy tensor, in particular, for the free
boson and the b—c ghost theory. Appendix B gives the derivation of Lemma 1.9, which
is instrumental for Theorem 1.10 and the derivation of the scaling limit. Appendix C
examines the conformal Laplacian A on a particular critical Delaunay graph G, as
well as the anomalous terms associated with chords in G+ which arise in the second-
order variation of the log-determinant formula for A addressed in Section 6.3.1. The
graph G is sufficiently regular, and G+ has a sufficient density of chords to ensure
that these anomalous terms have a convergent scaling limit, which is computed expli-
citly in Proposition C.4.

2. Planar graphs and rhombic graphs

2.1. Definitions and properties of the basic objects

Let us first introduce the basic geometrical objects that we shall consider: plane tri-
angulations, plane polyhedral graphs (whose faces are cyclic polygons), Delaunay
graphs, rhombic graphs, etc. Most of the notations and properties are standard, and
can be found in, for instance, [1, 8, 13]. Some notations and concepts on isoradial
graphs come from [17, 18].

2.1.1. Plane graphs and Delaunay graphs.

Definition 2.1. An embedded planar graph will be — for the purpose of this article —
a graph G given by a set of vertices V(G) and a set of edges E(G), together with
an injective map z: V(G) — C. For a vertex v € V(G), we shall denote its complex
coordinate by z(v); if there is no risk of confusion, we shall sometimes denote the
complex coordinate by the vertex label v itself. Each edge e = uv is embedded as
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a straight line segment joining its end-points z(u) and z(v), while the oriented edge
e = (u,v) corresponds to the displacement vector z(v) — z(u). We require that for
any pair of edges the corresponding line segments are non-crossing (i.e., do not share
any interior points). The embedding determines an abstract set of faces F(G), and
we require that each face £ € F(G) is embedded as a convex polygon endowed with
a counter-clockwise orientation (so that no face is folded onto an adjacent face). Fur-
thermore, the set of faces must cover the plane and they must not accumulate in any
finite region of the plane (i.e., each open disk must contain only finitely many faces).
We shall occasionally suppress the distinction between G as an abstract combinatorial
entity (i.e., vertices, edges, faces and their incidence relations) and its description as
an embedded object in the plane (points, segments, and polygons with the geometrical
restrictions described above).

Definition 2.2. A polyhedral graph will be an embedded planar graph such that each
face is a cyclic polygon, i.e., all the vertices of the face lie on a circle (the circum-
circle Cs of the face f), in cyclic order. Two faces may have the same circumcircle.

Definition 2.3. An edge e € E(G) of a polyhedral graph G is a chord if the two
faces £ and g of G adjacent to e share the same circumcircle (i.e., the circumcenters
of £ and g coincide). An edge which is not a chord is said to be a regular edge of G.
If no ambiguity arises, we shall use the term edge for regular edges only, and chords
for the others.

Definition 2.4. A chordless polyhedral graph is a polyhedral graph without chords,
i.e., no pair of faces share the same circumcircle. Obviously, chordless polyhedral
graphs correspond to a special class of circle patterns in the plane. In a general poly-
hedral graph, a face which does not share its circumcircle with another face will be
said to be a chordless face.

Definition 2.5 (Redacted graph). Given a polyhedral graph G, let G* be the graph
with the same vertex set V(G®*) = V(G), the same embedding z* = z, and with
edge set E(G*) = E(G) — chords(G), where chords(G) is the set of all chords in G.
We call G* the redaction, or redacted graph, of G.

Definition 2.6. A weak Delaunay graph is a polyhedral graph G such that for any
face £, the interior of the circumdisk D¢ (the closed disk whose boundary is the
circumcircle C¢) contains no vertex of G. The circumcircle itself contains the vertices
of £, and possibly other vertices. A Delaunay graph is a chordless weak Delaunay
graph.’

Note that in the literature the term Delaunay graph often denotes what we call here a weak
Delaunay graph.
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Definition 2.7. A triangulation is an embedded planar graph T such that each face
is a triangle. Obviously, a triangulation is a polyhedral graph. A Delaunay triangula-
tion is a triangulation which is a Delaunay graph. A weak Delaunay triangulation is
a triangulation which is a weak Delaunay graph.

Definition 2.8. A triangulation T is called a completion of a weak Delaunay graph G
if E(G) C E(T). Such a triangulation is necessarily weakly Delaunay, and is obtained
by saturating G with a maximal collection of non-crossing chords. Clearly, the redac-
tions T* and G* coincide. Throughout the paper, G will denote a choice of completion
of a weakly Delaunay graph G.

Remark 2.9. The concepts of polygonal and Delaunay graphs can be extended to
finite graphs embedded in the Riemann sphere. This is done in [7], for instance. Such
a graph can be visualized either on the sphere or as an embedded planar Delaunay
graph together with edges (represented as infinite rays) joining vertices on the bound-
ary of the convex hull of the graph to a vertex situated at co (if present). Likewise,
the Voronoi construction, as well as the Lawson flip algorithm [20], can be adap-
ted to construct a unique embedded Delaunay graph from any finite configuration of
points in the Riemann sphere. A similar approach can be undertaken for (finite) graphs
embedded in a compact Riemann surface; for example, this is done implicitly in [17]
for the torus.

Mobius transformations preserve the Delaunay property for finite graphs embed-
ded in the Riemann sphere, and so one can incorporate the PSL;(C) symmetry into
the model, as done in [7]. Our situation is different: We are chiefly interested in infinite
Delaunay graphs in the plane which are locally finite, i.e., having only finitely many
vertices in any open ball. Although the application of a PSL,(C) transformation pre-
serves the Delaunay property, the resulting graph may cease to be locally finite, since
a neighborhood of co can be mapped to a finite radius ball containing an infinite num-
ber of vertices. This is not a problem for our study, since we shall consider graph
deformations which are implemented by bounded functions with compact support.

2.1.2. Isoradial graphs.

Definition 2.10. An isoradial graph is a polyhedral graph G such that the circum-
radii R(f) (the radius of the circumcircle C; of f) of all the faces £ of G are equal.

Definition 2.11. Following [17], a face £ whose circumcenter is inside or on the
boundary of £ (considered as a cyclic polyhedron) is called a regular face. A poly-
hedral graph such that all its faces are regular is called a regular graph.

Remark 2.12. Given an oriented edge e of a polyhedral graph, we define the corres-
ponding north and south angles 6,(€) and 6;(€) through Figure 1 in Section 1.2.1.
By the inscribed angle theorem, 6,(e) does not depend upon the choice of vertex
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n € £, in the north face. Likewise, 6;(€) is independent of the vertex s € £, in the
south face. Note that reversing the orientation of € exchanges the roles of north and
south, and so the conformal angle 0(e) := %(9[1(6) + 6s(e)) is independent of the
choice of edge orientation, hence the notation 6(e).

Remark 2.13. Given an edge e = uv with vertices u,v € V(G), the value of the
conformal angle 6(e) equals the argument of the following cross-ratio involving the
(coordinates of the) vertices u, v, n, s:

1
0(e) = 5 arg(—[z(w). 2(v): 2(n). 2(s)]) 2.0

with the anharmonic cross-ratio

(z1 — 23)(22 — z4)
(z1 —24)(22 — 23)

[z1,22:23,24] =

Consequently, the conformal angle is SL,(C)-invariant owing to the fact that the
cross-ratio is invariant.

Remark 2.14. We want to reiterate the comments in Section 1.2.1, and stress that the
Delaunay condition as stated in Definition 2.6 is equivalent to the condition that for
any edge e of a polyhedral graph, its conformal angle 6(e) is positive and bounded
between

b4

The weak Delaunay condition holds for a polyhedral graph if and only if for any
edge e of the graph the conformal angle 8(e) is non-negative and bounded between
0=<6(e) < 7.

Remark 2.15. In a weak Delaunay graph, an edge e is a chord if and only if
On(e) + 65(e) = 20(e) =0,

i.e., if and only if the conformal angle 8(e) vanishes. However, in this case, the north
and south angles 6,(¢) and 6;(€) need not to be both zero. The special case

On(€) = 65(e) = 6(e) =0

occurs only if the edge e is a diameter of the circumcircle of the cyclic quadrilateral
(u, s, v,n).

Remark 2.16. Note that 7 — 26(e) is the intersection angle between the clockwise
oriented north and south circumcircles C, and C;. In a polyhedral graph, we have
0(e) > 0 if and only if z(n) lies outside the circumdisk of Cj, or equivalently if and
only if z(s) lies outside the circumdisk of C,.
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2.1.3. Some properties. Regular graphs will be useful when discussing rhombic
graphs (following Kenyon’s treatment, see [17]) in Section 2.1.4, thanks to the fol-
lowing simple result.

Lemma 2.17. Let G, be a planar, isoradial Delaunay graph with common circum-
radius R,. Then G is regular.

Proof. Suppose by contradiction there exists an irregular face £ € F(G,,). There exists
an edge e € df with an orientation € such that f = f; and such that the face f; is
contained in the intersection of the disks of circles Cs and C, where C is the circle
of radius R, obtained by reflecting Cy about the line determined by the edge e as
depicted in Figure 2. In virtue of isoradiality, the vertices v € 0f, with v ¢ de must
all lie either (1) on the portion of the circle C residing in the interior of the disk of
circumcircle C; or else (2) on the circumcircle C. Case (1) is impossible because
then any vertex v of this kind would violate the Delaunay property with respect to the
face £ because the edge e would form a chord between faces £, and f. Likewise,
case (2) is impossible because the edge e would form a chord between faces f,, and f;.
So G must be regular. [

G C;

C C

Figure 2. Cases (1) and (2) in the proof of Lemma 2.17.

Corollary 2.18. By Lemma 2.17, the redacted graph G* is an isoradial regular De-
launay graph whenever G is isoradial and weakly Delaunay.

2.1.4. Rhombic graphs and abstract rhombic surfaces. We now consider the bi-
partite kite graph built from the vertices and the face centers of a Delaunay graph, as
well as the associated concept of rhombic surface.

Definition 2.19 (Kite graphs G°). For a Delaunay graph G, let G° denote the bipart-
ite graph whose vertex set consists of all vertices v of G (the black vertices o) together
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with all circumcenters o; of faces £ of G (the white vertices o), and whose edges cor-
respond precisely to those pairs {v, o} for which v € df. We extend the embedding z
of G to G by setting z(o¢) := z(£) for each face £ € F(G), where

2(8) = 1 z@PEE) —zW) + 2P Ew) - zw) + [2@)]((@) - 2(v))
T 4iz(v)Z() — z(WZ(v) + z(W)Z(v) — z(v)Z(W) + z(w)Z(w) — z(w)Z(v)

is the complex coordinate of the circumcenter of the face £ € F(G) with any choice
of three vertices u, v, w € 0f appearing in counter-clockwise order. As constructed,
each face of the graph G is quadrilateral (in fact, a kite) {(av) = (u, 0s, V, Op)
corresponding to a unique unoriented edge uv of the graph.

Remark 2.20. For any weak Delaunay graph G, we define G° := (G*)®. Clearly,
G? = Gg if and only if G} = G for any two weak Delaunay graphs G; and G.

Definition 2.21 (Rhombic surface SS). Following [7], a thombic surface S can be
constructed from a Delaunay graph G in the following way: assign to each unoriented
edge e = uv a rhombus {)(e) = Uo,vo, with unit edge lengths £ = 1 and rhombus
angle Z/5,uo, = 26(e), as depicted in Figure 3.

26 v 26

Figure 3. An edge e = uv of G and the associated kite in the plane (left), and the associated
rhombus {(e) of Sg (right).

If two edges e; and e; of the graph share a common vertex and simultaneously
belong to a common face, then rhombi {(e;) and {(e;) are glued together along
their common edge. In this way, we obtain an abstract rhombic surface Sg.

A simple example is depicted in the Figure 4. In this example, an explicit isomet-
ric embedding in R3 as a tesselated rhombic surface is possible. Part (a) is a piece of
a Delaunay graph G, in blue, with the kites associated to each edge (in orange); (b) is
the associated kite graph G° (in orange); (c) is an isometric embedding in R3 of the
associated rhombic surface Sg. In this particular example, the conformal angles 6(e)
for each edge of G equal Z, and so the faces of Sg are, in fact, squares, and the embed-
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(a) (b) (0

Figure 4. An example (in blue) of a Delaunay graph G (a), of the associated kite graph
G (b), and of the rhombic surface Sg , here represented as consisting of squares embedding
in R3 (c). The curvature K is localized on the o vertices with 3 neighbors e vertices (positive K)
or 5 neighbors e vertices (negative K).

ding (c) is a surface in Z3. In general, the rhombic surface Sg cannot be embedded
isometrically and rigidly into R3.

A rhombic surface is flat at each vertex U associated to a vertex u of G but has
a potential curvature defect at each vertex Of corresponding to a circumcenter o of
a face f of G, with scalar (Ricci) curvature Ry, defined by

Ree(3s) :=4m =2 ) (m — 26(e)). (2.2)
e€lf
If Rya1(05) = O for every face £ of the graph, G is said to be flat. It is easy to see
that this is equivalent to saying that the Delaunay graph is isoradial, namely that all
circumradii are equal to some R. Note that for every oriented edge € of an isoradial
polyhedral graph either

On(e) = 0,(8) = 6(e) > 0 or 6,() = —bs(e)

in which case 6(e) = 0.

When G is isoradial (with common circumradius R), each kite {)(uv) will be
a thombus with side length R; in this case, we shall refer to G° as a rhombic graph,;
see Figure 5 for an illustration. Up to a global rescaling R — 1, we have

¢
G¢ =sg.
This corresponds to the thombic graphs discussed in [17].

Remark 2.22. Isoradial Delaunay graphs are in bijection with the rhombic graphs
of [17].
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Figure 5. Fragments of an isoradial Delaunay graph G, (on the left) and its rhombic graph G$
(on the right).

2.2. Geometry on rhombic graphs

In the following discussion, G, will be an isoradial Delaunay graph with embedding
Zer: V(G¢) — C and, if not specified otherwise, we shall assume for simplicity that
the value of the common circumradius is R, = 1. Let us recall some geometrical
concepts of [17, 18], with some more material needed in this paper.

2.2.1. Paths on rhombic graphs. A path in Gg is a finite sequence of vertices v =
(vo, ..., Vi) such that for each 1 < j < k, the vertices v;_; and v; are joined by an
edge e; of Gg; in this case, we say v is a path of length k from vq to v ; see Figure 6.
Let&; = (vj—1,v;) be the oriented edge corresponding to e;, let IE(V) =(e1,...,8k)
be the sequence of oriented edges of v, and E(v) = | i {ej} the set of edges of v.
For each edge €; of v, there is a phase el = Zer(Vj) — zer(vj—1) associated to it.
We denote by 8(v) = (04, ..., 6;) the sequence of angles of these phases.

We can regard the rhombic graph Gg as a cellular decomposition of the plane;
accordingly, vertices, oriented edges, and oriented faces of Gg can be viewed respect-
ively as 0, 1, and 2-chains of a cellular complex X with Z-coefficients. For a path v,
let V denote the 1-chain é; + --- + &, in C1(X; Z). Two paths v; and v, are said to
differ by an oriented rhombus (© if ¥V, = v; + 9O ; see Figure 7 for an example.
The vanishing of H; (X; Z) is equivalent to the fact that any two paths ¥; and ¥, both
from a vertex u to a vertex v must differ by a sum of oriented rhombi.

For an integer n together with an oriented edge € joining a vertex u to a vertex v,
in® where ei?

set [e], ;= e = Z (V) — ze(u) is the phase of the difference of the
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Figure 6. Path v = (vo, ..., vx) in the rhombic graph GC?.

uyg Ve
u3 vs
[ ]
° & °
u s V2
[ uq ] [ V1 ]
uo vo
Figure 7. Paths u = (ug,...,uq) and v = (vo, ..., ve) are differ by a rhombus.

coordinates of the vertices; extend this by linearity to 1-chains in C;(X; Z), and thus
define
LZaJEjJn = Zaj Lé]Jn
J J

Notice that ||, = 0 for any oriented rhombus ()© whenever 7 is an odd integer.
It follows that for any path v, and for any odd integer n = 2d + 1, |V |, depends only
on the two end-points (v, vg) of v.

Definition 2.23. For any pair of vertices u and v of GO and for any odd integer
n = 2d + 1, we define p,(u,v) := |V ],, where v is any path from u to v.

Note that p;(u, v) = ze (V) — Ze(w). In addition, p,(u, v) = —py, (v, u).
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2.2.2. Train-tracks.

Definition 2.24 (train-track). A train-track in the rhombic graph Gg is an infinite
sequence of rhombi t = ({, : n € Z), whose consecutive rhombi <, and {41
are incident along a common edge e, for each n € Z, and for which the edges e,
and e, 4+ are parallel for each n € Z. We shall denote these parallel edges “train-
track tie”, or in short “tie”. We consider train-tracks up to shift and inversion, i.e.,
¢t = (<>,(,1) :n € 7) is equivalent to t® = ((),(12) 'n € Z)if <>,(,2) = <>$3;+d for
some d € Z. Let Ties(t) = {e, : n € Z} denote this set of edges. A train-track t has
inclination 6y € [0, 7) if the ties e, are parallel to the phase exp(ift). See Figure 8
for an illustration.

Figure 8. Train-track t.

Clearly, any train-track is determined (but not uniquely) by an initial rhombus
together with a choice of one of its edges e(. For any choice of initial edge e in t, the
distance of each edge e, from the axis determined by e( is monotonically increasing
with n, i.e., the train-track must move forward in the axis perpendicular to eg.

We say two train-tracks t (1) = (Q,(ll) ‘neZ)and t® = ((},(12) :n € 7) intersect
if $ S,i ) = O 5,2) for some m,n € Z. Two important features of any rhombic-graph Gg
are the following facts.
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Fact 2.25. No train-track can intersect itself, i.e., if t = (O, : n € Z), then Oy # On
for all integers m # n.

Fact 2.26. Any two distinct train-tracks are either disjoint or else intersect once.

The notion of train-track is amenable to any quad-graph (a planar graph consisting
entirely of quadrilateral faces) and these two properties characterize rhombic graphs
within the broader class of quad-graphs; specifically, any quad-graph satisfying these
two properties is a deformation of a rhombic graph (see [18]).

2.2.3. Intersections of train-tracks with paths. A train-track t partitions the vertex
set V(GQ) into two disjoint subsets V/ and V”. Specifically, the edge set E(G3) —
Ties(t) defines a disconnected subgraph of Gg with two disjoint components; V' and
V" are the respective vertex sets of these components. Accordingly, we say that two
vertices u and v are separated by t if they lie in different components; furthermore,
we say t separates the path v if the end-points of the path vy and vy are separated
by t.

Givenapathv = (vo,...,vx) and a train-track ¢, let I(v;t) :={1 < j <k :e; €
Ties(t)} be the set of indices of edges common to both v and ¢. If ¢ separates v, then
its cardinality |/(v;t)| must be odd due to the fact the path must begin on one side
of t and end on the other. If, on the other hand, t does not separate v, then |/(v;t)] is
even (and may, in fact, be zero if there is no intersection at all).

The edges e; for j € I(v;t) are clearly parallel (since they all inhabit the train-
track ¢) but the oriented edges €; for j € I(v;t) must alternate in direction, and so
their phases ¢ for j € I(v;t) must alternate in sign. Consequently, if I(v;t) =
{j1 <--+ < jq} and n is odd, then

d ino; ¢%1  whenever t separates v,
Z e"0is — . (2.3)
s=1

otherwise.

If t separates v, their intersection angle is defined as ¥(v,t) := 6;,, and O(v) =
{¥(v,t) :t intersects v } is the set of intersection angles of all train-tracks that separate
the path v. Define the multiplicity my := |{t separates v : } = ¥ (v, t)}| for & € O(v).
It follows from equation (2.3) that for odd n,

k
palwv) =) " = Y PO = N e (2.4)
j=1

train-tracks ¢ ?e@(v)
separating v

where vo = u and v = v are the beginning and end points of the path v. Given a train-
track t separating v with angle of intersection 6 = 6(v, t), define Ry = zc(u) +
R-ge'? to be the ray (half-line) starting from z..(u) in the direction 6, and Ry =
Zer (V) + R-0e'@+™ be the ray starting from z.(v) in the direction 6 + 7. It is
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Figure 9. Vertices u and v separated by a train-track ¢.

geometrically clear that t must intersect the right-hand sides of rays Ry and Ry, _,
without backtracking in the direction orthogonal to Ry (and without intersecting the
opposite rays Ry and Ry). See Figure 9.

For completeness, one should consider the case where lozenges in t become infin-
itely flat, so that ¢ goes to infinity in the 6 direction before intersecting R} (see

Figure 10). Then one can consider that t crosses R} at infinity.

Proposition 2.27. Letv = (vy,...,Vg) be a path in Gg, let the direction of the path
be 0y = arg(ze (Vi) — zer (Vo). Let us fix the determinations of the angles ¥ € (V)
as real numbers in

U e (6o — 7, 0 + 7],

and let
a =max{? € O(v)}, B =min{d € O(v)}.

Then
a—pB<m and B <6y =<ca.

In other words, the set ©(v) and the angle 8y are contained in the open subinterval
(0 — Z,6y + Z), where 0y = 1(a — B).

Proof. Set 6y = arg(z.,(vk) — zer(vo)) € [0, w). Each § € ®(v) is the intersection
angle of at least one train-track t whose inclination equals ¥ (modulo 7r) and which
separates the vertices v and vy.

First let us note that the angle 6y + 7 cannot be an element of ®(v). Were this
the case, there would be a train-track joining the right-hand sides of the rays R‘e‘O o
and Rgo without backtracking. This is impossible, as depicted in Figure 11.
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Figure 10. A situation where the vertices u and v are asymptotically separated by a train-track.

6o
D — NV Ve—n———
u
R90+7T °

Figure 11. A track separating u and v with orientation 6y + 7 must backtrack.

Consequently, the angles in ®(v) are in the interval (6p — 7, 8y + 7). Consider
o = max ®(v) and B = min ®(v). It is enough to prove that « — § < 7. Indeed, sup-
pose instead that « — 8 > 7. Both & and f are intersection angles for two respective
train-tracks t; and t, which separate u := vo and v := vg. If we attempt to draw t;
and t, bearing in mind monotonicity and their requisite intersections with the rays
Ry, Rg, Ry 4y and Ry,
intersect at least three times (as depicted in Figure 12).

we will observe that the two train-tracks are forced to

Since two distinct train-tracks may intersect at most once, we are forced to con-
clude that « — 8 < . Finally, by equation (2.4), the difference z.(v) — z¢(u) can be
written as

Za(V) = Za(@) = Y mype”  withmy € Zo.
€O (v)
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Figure 12. Two train-tracks separating u and v cannot have separating angles differing by more
that 7.

Any positive combination of phases e for # € ®(v) must lie in the positive cone
{ae® + be'P :a,b € Rog) because o — B < 7. It follows that f < 0y < «. "

For obvious topological reasons the set {t separates v : ¢ = (v, t)} only depends
on the end-points vy and v of the path v. By Proposition 2.27, if % € ®(v), then
U + 7 ¢ ©(v), which means that if two distinct train-tracks t; and t, share the same
inclination and both separate v, then

l?(V,ﬂll) = Is(V,ﬂlz).

Consequently, the set ®(v) together with the multiplicities my for ¢ € ®(v) must
only depend on the end-points vy and v of the path v as well. This observation is
consistent with the fact that the value of |V |, depends only on the end-points of v.

3. Laplacians and their determinants

3.1. Laplacians and the critical Laplacian

3.1.1. Laplacians associated to polyhedral graphs and triangulations. Given a
polyhedral graph G, we denote by CV(®), CF(©) and CF(® the vector spaces of
complex-valued functions supported on the vertices, edges, and faces of G, respect-
ively. The operators A, A and D are associated to a general polyhedral graph G and
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were introduced in Section 1.2.3. Each operator is a linear map CV©®) — CV(® The
Laplace—Beltrami operator A is defined as

M= Y c@GW-pW). @) = 5(@n6(E) + b E). G
edgee=(u,v)

The conformal Laplacian A is

Apw) = Y tanb(e)p) —p).

edge e=(u,v)

The Kéhler operator O is

1 stanB,(e) +i tan6,(e) —i
pw= Y (et e ) OW-9m).

edge é=(u,v)

where 6,(¢), 65(¢) and 6(e) are the north, south and conformal angles, respectively,
associated to the oriented edge € = (u, v), while R,(€) and R(€) are the circumradii
of the respective north £, and south f; faces associated to & (see Figure 1).

Remark 3.1. The Laplace-Beltrami operator A, the conformal Laplacian A, and the
David-Eynard Kihler operator £ on a polygonal graph G agree with A, A, and D,
respectively, when defined on the associated redacted graph G* (see Definition 2.5).
By definition, the vertex sets of G and G* coincide. So for any pair of vertices u, v,
the corresponding matrix entries Ay, A,

u,v?

and 9, y are independent of whether we
calculate their values with respect to the graph embedding (and incidence relations)
of either G or G°. Likewise, A, A, and D operating on G agree with their respective
counterparts when defined on any completion G of G (see Definition 2.8).

3.1.2. Areas, angles and circumradii formulas. We recall some basic geometrical
formulas for these quantities. Let £ = (vy, v2, v3) be a counter-clockwise oriented
triangle with vertices labeled vy, v,, v3 and respective coordinates z1, z», z3, then the
area A(f) of the triangle is

1 _ _ _ _ _ _
A(f) = 5(2221 — 2122 + 2322 — 2273 + 2123 — 23Z1). (3.2)

The circumcenter z (f) of the triangle is given by

2(f) = 7121(22 — 23) + 2222(23 — 1) + 23Z3(21 — 22)
4iA(£) ’

and the circumradius R(f) of the triangle is given by the trigonometric relation

|z1 — 22|22 — z3||z3 — z1]
4A(f) ’

R(f) = (3.3)
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while the north angle associated to the oriented edge € = (v1, v2) is

(3.4

(Z2—Z3) (2 - Zs))

. 1
6® = 5 e~ e,

Furthermore, tan? 6,(€) can be written explicitly in coordinates as

23—23 Z]—Z3 Z1—23 Z2p—Z3

2 = Zp—23 21—Z3 Z1—Z3 22—Z3
tan” 6, (e) = - e —
9 _ Z27Z3Z1=Z3 _ Z1=Z3 2273

Zp—Z3 Z1—Z3  Z1—Z3 Z22—Z3

Z2 + 21

5 3.9

with z{7 =
The derivatives of A(f), R(f) and of the angles 6,(€) under a variation of a vertex
coordinate are easy to calculate, using, for instance,

1 z1—2;

with 0, = —

|
aZ]A(f) = Z(Zfi _22)7 azl |Zl _ZZ| = aZl

T2 |z1 — 22
and will be discussed later.

3.1.3. Laplacians on critical (isoradial) graphs. The critical Laplacian studied by
Kenyon in [17] corresponds to the special case of A with edge weight c(e) given
by (3.1), defined on a critical graph (according to the terminology of [17]), i.e., an
isoradial, Delaunay graph G,. Accordingly, we shall use the following terminology
for critical Laplacians, given here.

Definition 3.2. Let G, be an isoradial Delaunay graph. The Laplace-Beltrami oper-
ator A, the conformal Laplacian A, and the David—Eynard Kéhler operator (normal-
ized by the squared isoradius R, of the faces of G.,) coincide for G,. This common
operator is called the critical Laplacian associated to G, and is denoted by A,

Ae=A=A=R.D onG,.

An explicit formula for A, is also given in equation (1.9) of Section 1.2.3.

3.2. Factorization of Laplacian using V and V operators

In the case of a planar triangulation T, we present an alternative representation of
the operators A and £ which will be convenient for our calculations. We follow the
definition and the notations of [7].

Definition 3.3. The operators V and V are linear operators from the space of com-
plex-valued functions over the set of vertices V(T) of T, onto the space of complex-
valued functions over the set of triangles (faces) F(T) of T,

cvm X cFm v v CF™,
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where V is defined as follows. Given a triangle £ (a face of the triangulation T) with
vertices v1, vy, v3 (listed in counter-clockwise order) and complex coordinates z; :=
z(v;) for 1 < j < 3 together with a function ¢ € CV(™, define

¢(v1)(Z2 —Z3) + ¢(v2)(Z3 — Z1) + ¢(v3)(Z1 — Z2)

Ve = —4A(f) ’

(3.6)

V corresponds to a discrete linear derivative with respect to the embedding v > z(v)
because
Vz=1, Vz=0.

Similarly, its conjugate V is defined as

V() = ¢(v1)(z2 —z3) + ¢(V24)i(jzf; z1) + ¢(v3)(z1 — 22) 3.7)

and satisfies
Vz=0, Vz=1.
The transposes of these operators are defined accordingly

CFD v, V@, CF v oV

Remark 3.4. It follows from definitions (3.6) and (3.7) and the area formula (3.2)
that for any function ¢ € CV(D,

P(v1) — p(v2) = (z1 — 22) VP (£) + (Z1 — Z2) Vo (£). (3.8)

Note that the discrete derivatives V and V are defined for general triangulations.
Even when the triangulation is isoradial, V and V do not coincide with the discrete
holomorphic and discrete antiholomorphic derivatives 8 and 9 considered in [17] for
isoradial bipartite graphs. Indeed, V and V do not even act on the same space of
functions as 9 and .

Nevertheless, we shall need to bound the difference between the V¢ and the
ordinary continuous derivative d¢ in the case of a smooth complex-valued function
¢: C — C with compact support and its restriction to V(T) given by

P(v) == ¢(z(v)),

where z: V(T) — C is the embedding of T. This estimate is explained in Lemma 1.9
of the introduction and proven in Appendix B.
In addition, the V-operator satisfies a discrete analog of Green’s theorem

/fﬂ 3¢ (z.7) dzdZ = 959 ¢(z.7)dz

in complex coordinates, namely, the following lemma.
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Lemma 3.5. Let T be a polyhedral triangulation with embedding z: V(T) — C,
let Q C F(T) be a finite collection of triangular faces (each taken with a counter-
clockwise orientation), let 02 C E(T) be the finite subset of (oriented) edges corres-
ponding to the boundary of Q2, and let ¢ € C VD pe g complex-valued function, then

S AWV = Y G -z P W (3.9)

X€EQ (u,v)€0Q2

Proof. Use definition (3.6) for V and observe that the area A(x) defined by (3.2)
cancels with the area factor in the denominator of V¢ (x), and that for each oriented
triangle x = (u, v, w), the term A(X)V¢(x) can be reorganized as

1
(GO —Z@) (@) + $(w) + E(W) = Z(v)(¢(W) + ¢(v)
+ EW —zZ(W) (P () + ¢ (W)}
Now sum over the faces of 2. Note that all internal edges count twice with opposite

orientations and cancel, and so only the oriented edges on the boundary 92 contribute
and give the right-hand side of (3.9). |

The polyhedral condition can, in fact, be dropped but we assume it to keep the
exposition simple. Lemma 3.5 implies the following corollary which is relevant to
our results.

Corollary 3.6. Let T and T, be two polyhedral triangulations which share a com-
mon redacted graph G := T = T5. Given a face f € F(G) with vertex set V(f), let
Q; (f) be the set of triangular faces of T;, each of whose vertices are in V(f). Then

D AxDVe) = D A(x2)Ve(x2)

xlte(f) szQz(f)
for any complex-valued function ¢ € cV©),

Definition 3.7. The diagonal operators A = diag({A(£); £ € F(G)}) (with A(f) the
area of the face f defined by (3.2)), and R = diag({R(£); £ € F(G)}) (with R(f) the
circumradius of the face £ defined by (3.3)) map CF(® — CF(® and are defined by
their action on all y € CF(®) a5

Ay (f) = ADY (), Ry () = REOY ().

Then we shall heavily use the following local decompositions for the £ and A
operators.

Remark 3.8. The Kéhler operator & can be factored as

- A
ival
D =4V _2V' (3.10)
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This decomposition is shown in [7, Section 2.6, Proposition 2.2]. Note that A
and R commute.

Remark 3.9. The Laplace—Beltrami operator A can be factored as
A =2(VTAV + VT AV). (3.11)

This decomposition can be derived easily using the method of [7]. Alternatively,
one can use formula (3.2) for A(£) and (3.8) to reorganize terms and show that for
any ¢ € CF(©@ one has

Y FWALG(W) =2 AE)(THE)VH(E) + VH(£) T4 (£))

u,v f
which amounts to (3.11).

Remark 3.10. No similar decomposition holds for the conformal Laplacian A, since
the weight tan 6(e) associated to an oriented edge € depends non-additively on the
north and south angles 6,(€) and 6;(e).

3.3. Making sense of the log-determinant for infinite lattices

3.3.1. The problems. As explained in the introduction, we are interested in studying
the variation of the logdet () under a variation of the coordinates of the triangulation T,
where (@ is any of the Laplace-like operators A, A and . Two potential dangers
arise:

(1) These operators have zero modes and some care is needed in imposing bound-
ary conditions in order to exclude them.

(2) We consider infinite polygonal graphs — and so by any naive account, the log-
determinant will be infinite.

There is a host of standard methods used to handle these issues; below we discuss two

situations where problems (1) and (2) can be side-stepped.

3.3.2. Using periodic triangulations. Consider a polyhedral graph G which is peri-
odic with respect to a lattice Z + tZ with Im 7 > 0. This means there is an action of
the additive group A = Z? on V(G) denoted v — v + (a, b) such that

(1) z(v+(a.b)) = z(v) + a + 1b,

(2) u+ (a,b) and v + (a, b) are joined by an edge whenever u and v are joined

by an edge (moreover, the weights of these edges agree)

for all u,v € V(G) and (a, b) € A. Given a choice of an additive subgroup, A, :=
mZ x nZ of A with m,n € Z~( form the quotient graph G/A,,, which we can
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view as a finite graph embedded in the torus Ty, := C/(mZ + tnZ). Since the
edge weights are periodic, the operator @ descends to an operator O, on the quo-
tient graph G/A,,; moreover, if we identify the vertices of G/A,;, with the sub-
set Vi, consisting of vertices v € V(G) for which z(v) € {s + t7 : (s,t) € [0,m) X
[0,n)}, then O, is a finite-dimensional operator acting on a vector space of dimen-
sion |V |.

We define the reduced log-determinant log det’ ©,,,, as the sum of the logarithms
of the non-zero eigenvalues of @ (the non-zero part of the spectrum is real and positive
since @ will be a positive operator in the cases we consider). Then the normalized
reduced log-determinant log det’ O is defined as

1

logdet, Oy = —— logdet' Oy (3.12)
[Vinn|

The normalized log-determinant of O, defined for the entire infinite bi-periodic

graph G, is defined simply as the limit

logdet«@ = lim logdet,Op,. (3.13)
m,n—>00

So log det,@ corresponds to an “effective action” density (free energy density) per
vertex on the infinite lattice.

Definition (3.13) agrees with the log-determinant considered by Kenyon in [17]
when @ is the critical Laplacian on a bi-periodic infinite isoradial (critical) graph.

In fact, the limit in formula (3.13) exists and coincides with the following descrip-
tion in terms of matrix-valued symbols: Choose complex parameters z and w, and for
each pair (m,n) € Zio define the space of quasi-periodic functions

Fun(z,w) = {¢):V(G) — C : ¢p(v + (am,bn)) = z%wP(v)
forallve V(G)andalla,b € Z}.

This is a finite-dimensional vector space of dimension dim %, (z, w) = |V |. Clear-
ly, O¢ € Fn,, Whenever ¢ € 5,5, and consequently the operator () restricts to a finite-
dimensional linear operator O,(,? » O Fpp (2, w) which is called the symbol of @. The
entries of the matrix 0.0
of z and w, this matrix will be invertible; indeed, the work of Kassel and Kenyon [16]

,, are Laurent polynomials in z and w, and for generic values

implies that its determinant det .2, is non-negative for values of z and w each having
unit modulus. One checks that the average value of the log-determinant of this symbol
agrees with normalized log-determinant of O,

1
T 472 |V

2w 2w ) )
log dety O / dtdwlogdeto?, (e, e). (3.14)
0 0

Remark 3.11. The value of the right-hand side of (3.14) can be evaluated using
Jensen’s formula (twice) and is independent of the choice of m,n € Z+y.



Perturbing isoradial triangulations 755

3.3.3. Using Dirichlet boundary conditions. Let us propose the following alternat-
ive construction. For an arbitrary polygonal graph G (not necessarily periodic), one
can consider a sequence of truncated operators (,, obtained from a nested sequence of
domains Q; C --- C 5, C 2,41 C --- whose union is C: for instance, the sequence
of 2n x 2n squares 2, = {z : |Re(z)| < n, |Im(z)| < n}, where O, is the restriction
of the operator @ to the subset of vertices V,, = {v € V(G) : z(v) € Q,} with Dirich-
let boundary conditions imposed on the complement of €2,,. This amounts to setting
the (u, v) matrix entry of O, to zero, whenever z(u), z(v) ¢ 2,. Thus the non-zero
part of @, is a |V,| x |V, | submatrix. Since we choose Dirichlet boundary condi-
tions on the boundary of €2,, @, has no zero modes and log det 9, is well defined.
Then we expect that the normalized co-volume log-determinant, defined in analogy
with (3.12) by

lim
0o |2

log det Oy, (3.15)

exists, at least in the case of a non-periodic graph G which is sufficiently “regu-
lar/homogeneous” (e.g., a quasi-periodic lattice), and agrees with the normalized
log-determinant log det,. @ defined above by (3.13) when the graph is periodic. This
is to be expected on physical grounds by arguments analogous to those leading to
the existence of a unique infinite volume thermodynamical limit for simple classical
statistical systems, such as a lattice of classical oscillators, or spin systems, in their
high temperature phase, independent of the boundary conditions chosen for the sys-
tem. We shall not elaborate more, nor attempt to present a complete and fully rigorous
proof, since this is not needed for the rest of this work.

3.3.4. Local variation of co-volume determinants. The finite variation of co-vol-
ume determinants (by themselves infinite) under a local deformation can be defined
properly for the two schemes that we have presented above. Let us explain the idea
in the Dirichlet boundary scheme. We begin with a polyhedral graph G and make
a perturbation G — G’ by moving some of its vertices inside a finite size compact
domain 2. The operator @ changes accordingly

O — 0 =0 +350.

If the incidence relations of G do not change, the variation §(9 will be an operator sup-
ported on the finite set  consisting of all vertices in €2 plus their nearest neighboring
vertices (any vertex which shares a common face with a vertex in €2). Considering
a nested sequence of domains 27 C Q5 C -+ C Q, C --- — C such that QcQ,
one can write the variation series expansion for the restriction of @ in each 2,

1
logdet @), = logdet O, + t[80, - O, '] — 3 (8O, - O] +---.
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In the limit n — oo, since the §0U,, extended to G are equal to §O, every term in
the expansion will converge to its co-volume limit, so that we have for any positive
integer K

tr[(80, - 0, HX] — u[(80 -0~HX], K e N,

so that, although log det @’ and log det O are formally infinite, the difference is finite
and one can write

1
logdet ©" = logdet @ + tr[§@ - O] — 5tr[(w OTH 4 (3.16)

We shall study the perturbation around an isoradial, Delaunay graph G, where we
have seen that O ! (the Green’s function) can be expressed in a simple contour integ-
ral form. Moreover, we shall consider infinitesimal transformations (1.11), namely,

z(v) = ze(v) = z(v) + €F(v)

and study the general form of the first-order term in (3.16), and some especially inter-
esting terms in the second-order term.

3.4. Kenyon’s local formula for log det A ,

3.4.1. Kenyon’s formula for a periodic infinite lattice. In [17], Kenyon derived
an explicit formula for the normalized log-determinant of A, for periodic, isoradial,
Delaunay triangulations T,. The proof of this result relies only on the structure of
the corresponding rhombic graph Tg and indeed works for any rhombic graph. For
this reason, Kenyon’s formula implicitly extends to all periodic, isoradial, Delaunay
graphs G¢;. The formula reads

2 T
logdety Ayy = ——— L(O(e)) + L{—= —06(e)) + H(e)logtan H(e
g VX, 0@ (3 - 6()) + () logtanbe)
of Ger/A 11

is the volume (number of vertices) of the elementary domain of the infinite periodic
graph (see Section 3.3.2), the sum runs over all edges e in the quotient toric graph,
and L is the Lobachevsky function (related to the Clausen function Cl,) defined by

Cl, (ZX)

> (3.17)

X
L == [ dy Rlog(r)] =
3.4.2. Extension to general isoradial (weak) Delaunay graphs. Kenyon’s formula
can be formally extended to express the (formally infinite) un-normalized log-deter-
minant log det A, for a general isoradial Delaunay graph G, as a sum over all edges
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e € E(G,), namely,
2
logdet Ay, = — L0 3.18
ogde — ). £0() (3.18)

e€E(Gr)

with for compactness of the function £ of the conformal angles 8(e) given by
£(0(e)) = L(0(e)) + L(% - e(e)) + 6(e) log tan 6 (e). (3.19)

We may further generalize this formula to any isoradial weak Delaunay graph G
obtained from G, by adding chords inside the faces of G, i.e., any graph such that
G* = G,,. Indeed, if e is a chord in G, then

On(e) = —0s(e) and L(6h(e)) = —L(6:(e)),

where the function £(6) is analytically extended to an odd function of 6 over (—m, ).
For any isoradial weak Delaunay graph G of this kind, formula (3.18) becomes

logdet Ag; = 1 D L(6:(3) + L(6:(3)) (3.20)
s

e€E(G)

since the contribution of any chord is zero. This is true, in particular, for the isoradial
weak Delaunay graphs G,+ and @0+ mentioned in Definition 1.5 of the introduction.
Note that the derivative of £ is

0

, d
L0 = @1(9) "~ sinfcosf’

(3.21)

4. The critical Green’s function and its asymptotics

4.1. Kenyon’s formula for the critical Green’s function

The Green’s function A;! studied by Kenyon in [17] is a right-inverse of the critical
Laplacian A, characterized uniquely by the following three conditions:

(1) AcrAc_rl = ]1,

@ [A5'],, = 00g |z (u) = zer(v)]) for |zer(w) — zar(v)| > 0,

3 [AG'].. =0
Here G, is an isoradial Delaunay graph with embedding z.,, and Gg is its associated
rhombic graph (its embedding is also denoted by z.,). Kenyon showed that this critical
Green'’s function Ac_rl on G, is expressed by the explicit integral

1

A_l uv — —
Ao lov = =575

d
99 & log(w)Eg(v)(w), 4.1)
e w
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where v = (vy, ..., vg) is any choice of path from vo = uto vy = von Gg; O(v) =
(01, ..., 0k) is the associated sequence of angles; Eq(w) is the meromorphic func-
tion in w,
k i0;
w + e'%
j:

The value of Eg(w) depends only on the end points vo and v of the path; this follows
from an argument similar to the proof in demonstrating that the value of |v |, for
odd positive integers n also depends only on the end points vy and vi of the path.
If we fix vo and allow the end point v = v of the path to vary, then the mapping
v = Eg(w) is an example of a discrete analytic function on (}g as discussed in [17].
By Lemma 4.4, the restriction of this mapping to vertices v € V(G,;) may be viewed
as a lattice approximation of the continuous exponential function

z > exp{2w[z — Z(vo)]}

provided |w| < 1. For this reason, Eg (w) is referred to as a discrete exponential func-
tion. Finally, € is any closed, counter-clockwise oriented contour enclosing the finite
set of phases ®(v) := {e : ¥ € ®(v)}. As explained in Proposition 2.27, the set of
angles ®(v), and thus ®(v), are finite and depend only on the end-points u and v
of the path v. The set of poles of the integrand in formula (4.1) is precisely ®(v)
and e"% ¢ ®(v), so a contour C can be chosen to avoid the branch cut —f, =
arg(z. (u) — cr(v)) of the logarithm; see Section 4.3 below for details.

Remark 4.1. Formula (4.2) is invariant under both global translation and rotation of
the graph G;.

Remark 4.2. Let us consider an oriented edge € = (uv) of an isoradial weak Delau-
nay graph G.. There are two possible situations.

(1) Either ¢ = (uv) is not a chord (see Figure 13, left), in which case the north
and south angles of ¢ are equal (and generically non-zero) and both coincide
with the conformal angle of the edge e,

On(€) = 0,(8) = 6(e).

(2) Or e = (uv) is a chord (see Figure 13, right), in which case the north and
south angles of € are opposite, while the conformal angle of e is zero,

0.(3) = —0,(3) £0, 6(e) = 0.

In both cases, Kenyon’s formula for the Green’s function for this pair of vertices u, v
reads

1 1
[AL v = ——60,(8) cot B,(8) = ——6,(&) cot 65(8).
i i
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Figure 13. Either the edge € = (uv) is not a chord, in which case the respective north and south
centers o, and oy are different and 6,(8) = 6,(e) (and generically non-zero). Or else the edge
& = (uv) is a chord, in which case the centers coincide o, = o, = o and 6,(8) = —6,(e).

Proof. Select, for instance, the north face f,, and let o, be its center. Assume that
the isoradius of the critical triangulation is R, = 1 for simplicity. Consider the path
v = (u, o, v). Set it = z.(0,) — Zr(u) and €2 = 2z (v) — z(0n) and note that
O,(av) = 1262 Then

2
[A_l] 1 dw1 ( )w—l—eigl w + eif?
=—— QP —log(w - -
er Y 872 Je w B — e W — i
_ (26 e+ % log(e®) ) g, + e log<ei92>)
4 ei91 _ ei92 ei91 ei92 _ eiel eiez

el 4 ei02) _ _191 -6, cot(el _ 92).

1
— —— (218, —
471( i(0; — 02) P 3

ei@] _ ei@z

The calculation with the south face fg gives the same result, regardless of whether

0s 7 Oy OF 05 = Oy. n

4.2. Expansion and bounds for the discrete exponential

Lemma 4.3. Consider a finite sequence of angles (01, . . ., 0;) contained in the closed
interval of the form [ — 7,0 + 7] centered about some fixed angle . Using Defin-
ition 2.23, consider

k
Dan+1 = Zei(z”“)ei.
=1
Then we have the uniform bound

|P2n+1] < 2n + 1)|p1].
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Proof. Clearly, it is enough to verify the lemma in the case of # = 0, otherwise we
have pani1 = e "% Popi1, where Ponyq = Zle ¢'@n+18; and where 0; = 6, — ¥ €
5.3

Begin with the polynomial

Gan+1(w) 1= 2w (W — (=" (> + 17!

and notice that

w)2" — (—1)" 2 _ g
a0 =20 (S =

=(_1)n2(w2n+w2n—2+_”+w2+1)’

therefore,

Grny1(w) = (=1)"2(1 —w? + w* —w® + - + (=1)"w?").
For w = €' with 6 € [-%. 5], the function 6 gan+1(e?) is clearly continuous
and its modulus takes the maximal value |¢2,+1(£1)| = 2n, and s0 g2 +1]c0 = 21.
By construction, i@*TD8 = cos(0)gan41(€'?) + (—1)"e?, and so

k
Pant1 = Y c0s(0;)qant1(e) + (=1)" py.
j=1

We now proceed with a chain of inequalities:

Pansal = | Y cos(O)gznr1(e®)| + |1l
1<j<k
= 3 1cos(6))gan+1 ()] + |l
1<j<k
‘ v note that cos(6;) > 0
= Y cos@lama@l+nl (o 50
1<j<k
< Z c0s(0))|g2n+1loo + |P1] < 2nRe[p1] + | p1
1<j<k
< (2n+ 1)|p1| (since 0 < Re[p1] < |p1]). u
Lemma 4.4. Given a finite sequence of angles 0 = (01, ..., 0;) and |w| < 1, the

following infinite product expansion of Eg(w) is valid:

2 -
Eg(w) = (=¥ 1_[ exp(;w”pn), where p, = Z e,
n odd 1<j<k
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Proof.
k 9 k —i0:
w + el _ (1) l—[ 1+ we %
Ll w—elt YL —we 9
Jj=1 j=1
e a1+ we i
O Ll
=D pj=1 g 1 — we 0

k
— _1k 2( —10j ~ .53 —31(9j ~ 55 —519j ”_)
(-1 expjg=1 we™™ + Jw’e +zw’e +

k k k
. 2 . 2 .
= (—1F exp(2w e +§w3 E e 3 +§w5 E e% 4 )
j=1 j=1 j=1

2
= (D* [T exp(Gw" ).
n
n odd
Note that this can be rewritten as
(=D expw ) - (1 + > wNEN)
N=>3
with the coefficients ¢y of a series. [ ]

Remark 4.5. Let § = (64, ..., 0;,) be a finite sequence of angles contained in an
interval of the form [ — %, + 7], where n is a positive odd integer. Define

1
Uy = —Pnand u(w) = Zunw”. 4.3)
P odd
n>3
By Lemma 4.3, each |u,| < 1, and u(w) is analytic in the unit disk and Eg(w) =
(—1)* - exp(2p1w) - exp(2p1u(w)). Furthermore, we have, through the standard com-
binatorial series expansion,

Eg(w) = (—=D)* -exp(2p1w) - (1 +y. > w2m+d(2131)"6m,d)

m=1d=1

with the coefficients c,, 4 given by

1
ema = ) |1 om0, (4.4)
rkm s>1 2577
#(r)=d
and where the sum is taken over infinite tuples r = (r{,72,73,...) € Zlﬁo with

D s>17s =d andsuchthat }  _, srg =m.
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Let u and v be distinct vertices of G, and let v = (vg, ..., vg) be a path from u
to v. Translation and rotation invariance of the Green’s function allows us to assume
without loss of generality that u is situated at the origin and that the phases el =
Zer(vj) — Zer(vj—1) of the path lie in the open interval (—7, 7); if not, then the embed-
ding of G, may be shifted z > z — z.(u) and rotated z — z exp(—ify) to achieve
these features; see Proposition 2.27 for a definition of 6.

4.3. Contour integral for the expansion

In [17], Kenyon handles the asymptotic behavior of the Green’s function with respect
to the distance |u — v| using a keyhole contour C with a corridor of width € > 0 avoid-
ing the cut of the logarithm arg(w) = —m. Paraphrasing Kenyon, this contour C, runs
counter-clockwise along the circle of radius R about the origin (connecting —R = i€),
then travels horizontally above the x-axis from —R + i€ to —r + i€, runs clock-
wise along the circle of radius r about the origin (connecting —r =+ i€), and finally
returns horizontally from —r — i€ to —R — i€ below the x-axis. Here R > |u — v|
and r < |u—v|™! (see Figure 14).

[e>0 r 1 R

S e

Figure 14. Keyhole contour C.

The following lemma allows us to compute the Green’s function by integrating
along the cut of the logarithm provided we subtract off the logarithmic divergences.

Lemma 4.6. Let F(w) be a function which is holomorphic on the extended complex
plane C U {00} outside a subset S contained in the interior of the keyhole contour C
for some values of R, r, and €, and such that F(0) = F(oc0) = 1. Then

95 d—wlog(u})F(w) = —Zni/oo(F(—t) — l)ﬂ.
c w 0 t
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Proof.
$ < togw)Fw)
c w

= lim hm¢ —log(w)F(w)

r—>0 €e—>0

= lir% (1[ log(re'®)F(re'?) d¢ +271i/ F(t)—
“l %,_/

R—o00

contribution from the circle of radius r contribution
along the cut

+1i /n log(Re')F(Re'?) d¢p )

contribution from the circle of radius R

dt
= lim( 2milog(r) — 27112—( NNay — 27r1/ F(— t)—
r—0
R—00 N=>1
1
+ 2rrilog(R) + 271 Y —(=R)™Vb )
g(R) NZZIN( ) Nby

< dt
= —Zni/ —(F(=1) - 1),
o I
where 1+ > yo ayw and 1 + D oNs1 byw?" are the power series expansions
of F(w) at 0 and oo, respectively. ]

Corollary 4.7. For vertices u and v in G, the value of the Green’s function is

1 1 d
(85w = 5 Re /0 (Egqw (1) — 1)%. 4.5)

Proof. We begin with the observation that Eg(w™!) = (—1)¥Eg(w) for any finite
sequence of angles 8 = (61, ..., 6;). Since u and v are vertices in G, the length k
of any path v = (vg,...,vg) from vo = uto vy = v in G?r must be even. Thus
EQ(u)_l) = EQ(W)(U)). Then

1 dw 1 [ dt
AL wy = T o 5. —1 E = — E —1)—1)—
83 s =~ g5 . o oE0)Eay () = o= [ (Baco-) — D%
1 ! dt 1 (% dt
= E/O (Eon)(—0) —D—+ E/l (Egw) (1) = 1)—

1 ! dt | dt
= — | Bow(=t) = D=+ — | (Eoer(=1) — 1) =
4”/0(9@)( ) )t+4n/0(9<v)( ) )t

! d
- %Re[/o (g (—1) — 1)%}. .
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Remark 4.8. Since |7| < 1, in formula (4.5) we may use the presentation of Eq(y) ()
given in Remark 4.5 and write

1 ! di
185 Dy = 5= Re [ (exp(-2p10) - exppru(-1) ~ D,
T 0 t

where u(f) = Y_,- o U2n+1(t)>" ! is the function defined from the momenta pay 41
in equation (4.3).

We may adopt the view that p; and p; are independent variables on the plane and
that [A_;!],,v is a smooth function of p; and p;.

4.4. The general asymptotics
Proposition 4.9. The Green'’s function [A'],., has a series expansion at 0o given by
1 _
—— (1og(2|p1 D+ Vewer — (D9 @m +d = 1)!Re[cpm,a(2p1) 2'"]),
2m m>d=>1

where the coefficients ¢, 4 are defined in equation (4.4) in terms of the u1425 defined
by (4.3), which are themselves bounded in terms of p1 by Lemma 4.3.

Proof.

' o

! d 1 d
(AT ey = — Re|:/0 (Eg(v)(—t)—l)Tt] - %Re[/o (exp(—2p1t)—1)7tj|

1 1
e X RefonaCon? [Pt exp(-2piny |

m>d>1

1
= —— Re|:10g(2p1) + YEuler + /
2 2pi

o0

exp(—n%

null power series
expansion at 0o

1 _
“5r 2 Relenat-D o
m>d=>1
2m+d—1 1
2m +d —1)! .
oy B DGy exp(—zplz)}
i=0 ’ 0

null power series
expansion at 0o

1
= _2_<108(2|P1|) + YEuler
4

= > (=D?@m+d = 1)IRe[ep,a2p) ")), "

m>d>1
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5. Deforming Delaunay lattices and operators

5.1. Setup and problems for deformations of isoradial Delaunay graphs

We start to address the main problem of this work, which is to study geometric
deformations of isoradial Delaunay graphs and their associated operators defined in
Section 1.2.3.

Begin with an initial (not necessarily isoradial) Delaunay graph G as presented in
Definition 2.6 with vertex set V(Gy), edge set E(Gy), and face set F(G¢). We deform
the initial vertex embedding v — z¢(v) for v € V(Gy) by

ze(v) 1= zo(v) + €F(v), (5.1)

where € is a positive real parameter and the displacements F'(v) are implemented by
a complex-valued function
F: V(G()) - C

with finite support, i.e., a finite subset C V(Gyg) suchthatv e  p < F(v) # 0.

If the deformation parameter € is unconstrained, displaced vertices may poten-
tially collide, i.e., the mapping v + z¢(v) may fail to be one-to-one. The following
simple lemma allows us to avoid this situation.

Lemma 5.1. For any pair of distinct vertices u,v € Gy, the corresponding perturbed
coordinates z¢(u) and z¢(v) will always remain distinct provided

/o —1
0<e<ep=Mg,

where
F(u) — F(v)

Zo(@) —20(v)’ 62

Mp = max |dF(av)| withdF(u,v) =
uFv
Proof. The mapping v — F(v) has finite support, so the set of pairs u, v € G¢ such
that d F(av) # 0 is finite, and M is well defined and finite. The coordinates z¢(u)
and z,(v) are distinct, so

|ze(w) — ze(v)| > 0
provided 1 4+ €d F (u, v) is non-zero, which is clearly the case whenever € < M;l. ]

Definition 5.2. Let Gy be a Delaunay graph with embedding v — zo(v), and let
F:V(Gy) — C be a displacement function as above. Let € > 0 be a value for which
the mapping v — z¢(v) given by (5.1) is one-to-one. The corresponding Delaunay
deformation G, of Gy is the unique Delaunay graph with vertex set V(G¢) = V(Gy),
for which the map v — z.(v) is a planar graph embedding.
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Generically, the edge set of G, differs from the edge set of the initial graph Gy.
This is caused by the Delaunay constraints, and this difference can occur spontan-
eously for € > 0. We offer two (not unrelated) examples. Consider first a cyclic face £
of Gy with n > 3 vertices. As soon as € > 0, these vertices may cease to be concyclic.
In this case, the Delaunay condition imposed on G, will force the appearance of new
edges which will subdivide the initial face f into new cyclic sub-faces. An example is
depicted in Figure 15. In the limit € — O, these new edges would become chords of
the original face £ if they were adjoined to the edge set of G (see Definition 2.3 for
the concept of chords and edges of a weak Delaunay graph).

ha

h3

e

Figure 15. Example of deformation of a general cyclic face of the Delaunay graph Go into
several cyclic faces; here a cyclic octagon f (n = 8) splits into 3 cyclic polygons &1, h, and A3,
a triangle (n; = 3), a pentagon (n> = 5) and a quadrilateral (n3 = 4).

This phenomenon can also occur around intermediate thresholds €y > O of the
deformation parameter. Two (or more) faces of G, which are distinct for € < €y may
become concyclic and merge into a single face (the boundary edges having vanished)
when € = €. For € > ¢, this larger face may cease to be cyclic and instantaneously
split into sub-faces caused by the appearance of new edges, possibly different from
those which existed for € < €g. The prototypical example is depicted in Figure 16.
Two triangular faces for € < €¢ merge into a cyclic quadrilateral at € = €( and split
again along the opposite diagonal of the quadrilateral for € > €. This is, of course,
an example of a Lawson flip (well known from the flip algorithm used to construct
Delaunay triangulations) or, more generally, of a Pachner move on a two-dimensional
simplicial complex.

In the next section, we shall discuss how to control this phenomenon of face split-
tings and edge flips. Let us first introduce two other concepts of graph deformations,
which shall be used later.

Definition 5.3. Let T be an initial planar triangulation with embedding v — z¢(v),
and let F: V(Ty) — C be a displacement function as above. For € > 0, the trian-
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Figure 16. Example of a flip when two triangular faces become concyclic.

gulation T.. with vertex set V(T..) = V(T) and edge set E(T..) = E(Ty) is called
a rigid deformation of Ty if the mapping v — z.(v) given by (5.1) defines a planar
embedding of T... In particular, this implies that the face set F(T..) induced by the
embedding coincides with the initial face set F(T). Stated simply, no flips are allowed
during a rigid deformation.

For a Delaunay deformation, the mapping v — z.(v) will be an embedding pro-
vided it is one-to-one since, by construction, the edges determined by the Delaunay
constraints will never cross in the plane. Injectivity can be achieved, for example,
by bounding the deformation parameter 0 < € < € as prescribed in Lemma 5.1.
For rigid deformations, the mapping v — z.(v) must be a planar embedding with
respect to a predetermined edge set E(Ty). One way to ensure this is to regulate the
deformation parameter € > 0 so that the area of a triangle (z¢ (u), z¢(v), z<(w)) given
by formula (3.2) remains positive whenever £ = (u, v, w) is a triangle of T¢. This is
addressed in the following lemma.

Lemma 5.4. For an embedded planar triangulation Ty and a displacement func-
tion F as above, let

M} = max max{|VF(f)|,|VF(£)|},
£e€F(To)

where V and NV are the discrete derivative operators which map cV(@o) _ CF(To)
as defined by (3.6) and (3.7) in Section 3.2. Then the rigid deformation T.. is an
embedded planar triangulation if

1

0<e<éef=—.
M,

Proof. Let us consider a face £y of T¢ with embedding (zo(w), zo(v), zo(w)) and the
deformed face £ with embedding (z¢(u), z¢(v), z¢(w)). Using formula (3.2) for the
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area A of a triangle, and result (3.8) of Remark 3.4, it is easy to show that the area
of £, is related to the area of £ by

A(fe) = A(£0)(1 + e(VF(£9) + VF (£9))
+ €*(VF(£0)VF (£0) — VF(£0)VF (£0)))
= A(£0)((1 + €VF(£0))(1 + €V F (£9)) — €2V F (£0)VF (£0)).

where A(fy) is positive, and for 0 < € < we have the inequality

M#F,
A(fe) > A(fo) (1 — eMp)? — 2 MP) = A(fo)(1 — 2eM}).

Therefore, 2 M, < 1 implies that A(f¢) > 0, so that the face f. is clockwise oriented
as £¢. This bound is valid for all the faces of T.c. This ends the proof. [ ]

Note that the concept of rigid deformation can be extended from triangulations to
more general embedded planar graphs, but we shall not need it. We shall, however,
use the following concept.

Definition 5.5. Let Gy be a Delaunay graph, and let F' be a displacement function
as above. A Delaunay deformation G¢ of Gy as defined in Definition 5.2 is said to be
stable if and only if G, is a Delaunay deformation of G¢ for all0 < ¢ < ¢ and

E(Gy) C E(G,) and E(G,) =E(G¢) forall0 < e <e.

This means that edges of the initial graph G¢ remain edges in G, and that the deform-
ation creates a common set of new edges in G, which persist (i.e., do not flip) within
the range 0 < € < €.

5.2. Keeping control of stable deformations
The following results allow us to control stable deformations of Delaunay graphs.

Lemma 5.6. Let Tg be an initial planar triangulation with embedding v +— zy(v),
and let F:V(Tg) — C be a displacement function with finite support @ g C V(Gy),
as in the previous section. Let € = (u,v) be a given oriented edge of To, and let Oy (e)
be its conformal angle defined by (2.1). We do not assume T to be Delaunay, so
the conformal angle 0y(e) can be positive, zero, or negative. Let £, = (u, v,n) and
fs = (v, n, s) be the adjacent north and south triangular faces of €, and let

MFp(e) = max{|dF (v,n)|, |dF(v,s)|, |dF(u,n)|, |dF(u,s)|} (5.3)
with dF (u1, 1) = % as in Lemma 5.1. Take € such that

4
0<e<efp
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with €y, defined as in Lemma 5.4, and let us consider the rigid deformation T.. of T
(which is an embedded planar triangulation by Lemma 5.4 ). Let O¢(e) be the deformed
conformal angle of the edge e in T... Then we have the bound

<Mr (e)) (5.4)

1
0<eMp(e) <b = |B(e) — bo(e)] < Earcsin(

with the constant

b=+10—-3=0.162278...

Proof. Consider the triangulation T and an oriented edge 9 = (u, v) with adjacent
north and south faces £, = (u,v,n) and £, = (v, n, s). Let T.¢ be the rigid deformation,
and let

ze(w) = zo(u) + €F(u)

be the corresponding embedding. By (2.1), the conformal angle of the edge e in the
initial triangulation can be expressed as

_ (z0(w) — zo(m))(z0(v) — Zo(S)))
(zo(w) — z0(s))(z0(v) — Zo(n))

and the deformed conformal angle in T.¢ is given by

_ (ze(w) — ze () (Ze (V) — ze (S)))
(ze(u) — ze(8)) (ze(v) — ze(n))

1
bo(e) =  arg(

Oc(e) = %arg(

20 (w)—zp(n) zo(v)—2z0(s)

1+ F(w)—F(n) 1+ F(w)—F(s)
=90(e)+larg|:( € )( € )i|

2 L0+ eSS (1 + egin)
= 6p(e) + %arg[l + X(e)], (5.5)
where
X(e) = eX1(e) + €2 X5 (e)
(7 ZRE B+ L)
with
i)~ F@-F@)  F0-F()  FW-FE)  F6)-F@
! Zo(1) — Zo(n) Zo(v) —zo(s)  zZo(w) —zo(s)  zo(v) — Zo(n)’
Xy(e) = F(u) — F(n) + F(v)—F(s) F(u)—F(s) n F(v) — F(n)

200 —z0@)  20(v) —20(s)  20(w) —z0(s)  Z0(v) — z0(@)’
Consider M (e) defined by (5.3). Provided that e M (e) < 1, we have

4eMp(e) + 262MF(e)2
(1—€eMFp(e))?

|X1(e)| <4Mp(e), [Xa2(e)| <2MFp(e)*> = |X(e)| <
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Define the function Y (x) by

4x + 2x?
(1—x)?"

It is a monotone convex function on the interval x € [0, 1) with Y(0) = O satisfying

Y(x) =

0<x<b=+10—3=0.162278... = 0 < Y(x) <

o=

Now we use the fact that for any complex number x € C,
x| <1 = larg(l + x)| < arcsin(|x]).
Combining these inequalities, we deduce that

e Mp(e) b = farg(1 + X(@))| < arcsin(¥ (M () = arcsin( ),

Combining this with (5.5), we get (5.4). ]

We now use this lemma to get our first result for a Delaunay deformation of
a Delaunay graph.

Lemma 5.7. Let Gy be a Delaunay graph, and let F be a displacement function
F:V(Gy) — C with finite support X p C V(Gy), as above. To each edge e € E(Gy)
of Go, we associate its conformal angle 0(e) defined by (2.1). Define ¥ as

Ur = min{f(e) : e =uv € E(Gy) such thatuorv e @} (5.6)

and M as defined by (5.2) in Lemma 5.1. Let G¢ be the Delaunay deformation of G
as introduced in Definition 5.2. Then the following bound ensures that the edges of G
remain edges of G¢, namely,

b
€ <€ = 51n(2z9F)M— = E(G()) C E(Ge)
F

Proof. The proof uses Lemma 5.6 and the Lawson flip algorithm.
Given our initial Delaunay graph Gy, let us consider a triangular completion Ty
of Gy, as introduced in Definition 2.8. In other words,

Ty is a triangulation, and E(Gg) C E(Ty).

Any completion T is a weak Delaunay graph (see Definition 2.6), and the edges of T
which are not edges of G are chords; consequently,

e ¢ E(Gg) & bOp(e) =0, e € E(Gy) < Oyg(e) >0

for any edge e € E(Ty).
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In general, Gy may have multiple (possibly infinitely many) triangular comple-
tions. Let J7(Gg) denote the set of triangular completions of Gy, and let us extend the
bounds M}, and €/, of Lemma 5.4 (valid for triangulations) to Delaunay graphs,

M, = max max max{|VF®#)|,|VF®&)|,
P maxmac max(VE©LTF©)

and then as in Lemma 5.4,
1
VA

€ = ——.
F= oMy

Now we start the proof. We choose an arbitrary triangular completion Ty of G
and consider the rigid deformation T.. of T for € > 0 bounded by

b
€ <sin(2¥p)—— and € <ef. (5.7)
MFp
For any edge e of Ty, notice that
b b
€ <sin¥p)— & € < ——,
MF MF(e)
and by Lemma 5.6, we have

Oc(e) > Op(e) — %arcsin(eMbﬁ).

If the edge e of T.. is also an edge of Gy, then 6y(e) > ¥'f. Clearly, Mp(e) < MF
and therefore

1 M
Oc(e) > VF — Earcsin(6

F) > 0. (5.8)

So the initial edges of Gy still satisfy the Delaunay condition in T...
Now we consider whether or not the deformed triangulation T.. is weakly Delau-
nay, i.e., whether
Oc(e) >0 foralle € E(T.).

If T.c is weakly Delaunay, it is sufficient to remove all its chords, namely, all edges
such that 6. (e) = 0. We obtain the redacted graph T, (see Definition 2.5) which is
a Delaunay graph with the same vertex set as Gy and with embedding v — z.(v) =
zo(v) + €F(v). Hence it is the Delaunay deformation G, of Gy, and it contains the
original edges of G¢ in light of (5.8). In short,

G() — T() d T:e ad T:.e = GE.
If T.c is not weakly Delaunay, there must exist edges e of T.. such that

O (e) <O.
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In this case, we recursively apply the Lawson flip algorithm to construct from T..
a weak Delaunay triangulation TPG which still completes Gy (see [20] and standard
textbooks such as [8, 14]). Let us describe the first iterative step.

(1) Choose an edge e of T.. such that 6.(e) < 0, and consider the quadrilateral
(u, s, v, n) made of its north and south faces.

(2) Flip the edge e, i.e., perform the replacement

J— ’ J—

e =10v — e =1s,

so that one obtains a new triangulation T.

Some conformal angles in T’, have changed. Specifically,
0l(e') = —be(e) > 0,

and the conformal angles 6. of the edges Us, vn, Vs, and vn as measured in T, may
differ from their corresponding measures 6, in T... The new triangulation T’, is the
rigid deformation of another triangular completion T(, of G, namely, the triangula-
tion with edge set

E(Tp) = E(To)\{e} U {e}.
Therefore, E(Go) C E(T’,) and inequality (5.8) is still valid for the edges of Gy, i.e.,

e € E(Go) = 6.(e) > 0.

The Lawson flip algorithm entails iterating of this process: Choose an edge e
in T!_ such that 6/ (e) < 0 and perform the edge flip e — €” to obtain a new triangula-
tion T, with 6/ (e”) > 0. Repeat. This process is known to stop after a finite number
of iterations, and the final triangulation TPE will have no edge e with OZE(e) < 0, and
so it will be weakly Delaunay. Clearly, TPE is the rigid deformation of a triangular
completion Tlg of Gy. Now take the redaction TPE' by removing any chords. Schem-
atically,

Go—>Te—>T, > —Th - T2 =G

The redacted graph T.* is a Delaunay deformation of G which coincides with G
and, to be sure,
E(Go) C E(Go)

as long as the initial bounds (5.7) on € are satisfied. ]

Lemma 5.7 says nothing about the additional edges which can appear and flip
within the initial faces of G¢ during the deformation. The following proposition estab-
lishes that these additional edges are themselves stable, i.e., undergo no flips, for
values of the deformation parameter € > 0 which are sufficiently small.
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Proposition 5.8. Let Gy be a Delaunay graph and F a displacement function as
above. There exists a deformation threshold € > 0 such that for any 0 < € < €p
the deformation G is stable (see Definition 5.5). As a consequence, the limit of the
Delaunay graph G, when € — 0% is unambiguously defined and denoted by

Go+ = lim Ge. 5.9

€e—>0

The graph Gy+ is a weak-Delaunay graph sharing the same vertex set and embed-
ding as Gy. Its redacted graph (see Definition 2.5) is the initial Delaunay graph, i.e.,

Gt = Go.

Proof. Let us consider T be a triangular completion of Gg (an element of T(Gy))
and an edge e = uv of Ty which is not an edge of Gy (i.e., a chord such that its
conformal angle is 6p(e) = 0). Now, as in the proof of Lemma 5.7, consider the rigid
deformation T.¢ of Ty. The deformed conformal angle of e is given by

B-c(e)

Jare(—lze(w), 7e(v); ze(a), z¢(5))

1o [(1 + edF(u,n))- (1 + edF (v, s))]
2 8 (1 ¥ edF(u,s)-(1 + €dF(v,n))

with n and s the north and south vertices for the north and south faces f, and f, of
the edge e in T.. (remember that for ¢ = O this is zero).

Here 6. is a regular function of € (for € small enough). We are interested in the
values of € for which 6.¢(e) vanishes. Clearly, this occurs if (¢ is taken real)

(1 + €dF(un))(l + €dF(v.s)) (1 + €dF (u.5))(1 + €dF (v,n)) _ |
(1+ edF(u.8))(1 + €dF(v.n)) (1 + €dF (w,n))(1 + €dF (v,s))

This amounts to solving a quartic real polynomial equation in € of the form
Ba(e) =0,
where &4 is a degree 4 real polynomial,
®ie) = (1 + €dF(u,n))(1 + €dF(v,s))(1 + edF (u,s))(1 + €dF (v,n))
— (14 €dF(u,8))(1 + €dF(v,n)(1 + edF (u,n))(1 + edF (v, s)).

The polynomial &, has at least one zero (with multiplicity) at € = 0, and at most three
other zeros, unless it is identically zero. Let us define €. (e) by

+o00 if &, is identically zero,
€c(e) = { the smallest strictly positive root of &4 if it exists,

+00 if it does not exist.
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For the completion Ty, define
€(To) = min e.(e).
e€E(Tp)

It is strictly positive (possibly infinite) since F has finite support on V(To) = V(Gy)
and there are only finitely many chords e affected by the deformation. For the initial
Delaunay graph Gy, define
€.(Go) = min €.(Typ).
c( 0) ToeT(Go) c( 0)
Again, F has finite support on V(Gg) and since the €.(Tg)’s can only take a finite

number of distinct (strictly positive) values, it must be the case that €.(Gy) is strictly
positive, €.(Gg) > 0. Now define

€r = min{e.(Go), €. €F ).

Take € within the range
0<e<€fr

and construct T2 according to the proof of Lemma 5.7. It is weakly Delaunay, hence
0c(e) > 0 for each edge. By the argument above, the conformal angles cannot change
sign in the interval 0 < € < €.(Gyp). Therefore, for any €’ < ¢, each conformal angle
must stay non-negative, and so TZ/ remains weakly Delaunay. This implies that its
redacted graph is the Delaunay deformation G, of G¢ and that E(G¢) = E(G¢).
In other words, G is a stable deformation of Gy.

The graph G+ stipulated in (5.9) exists: it shares the same vertex set and embed-
ding as Gg, while its edge set coincides with E(G,) for any 0 < € < €g by stability.
In particular, each edge e of Gy is an edge of G+, while the remaining edges of G+
are all chords. ]

Remark 5.9. The bound € (which defines an interval 0 < € < €r where no flips oc-
cur) may be much smaller than €. In fact, even for a fixed initial Delaunay graph G¢
and a generic displacement function F, the threshold €z may be arbitrarily small with
respect to € 7. This point will become relevant when discussing the scaling limit and
the problem of obtaining uniform bounds with respect to the choice of G¢. We return
to this issue in Section 8.

Remark 5.10. As discussed in the proof of Proposition 5.8, the edge sets E(G¢) and
E(Gg+) coincide for 0 < € < €r. Consequently, any stable Delaunay deformation G
of Gy is also a rigid deformation of the corresponding limit graph G+ within the
range 0 < € < €r. Accordingly, the notions of stable and rigid deformation agree
for the limit graph G+ provided that we work with sufficiently small values of the
deformation parameter.
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Remark 5.11. Since E(G¢) = E(Gg+) for 0 < € < €F, and since the faces of G+ are
cyclic polygons, the conformal angle 6 (e) of any edge e € E(G.) is unambiguously
defined and strictly positive as € varies in the interval 0 < € < €F.

5.3. Variation of operators under rigid deformations

We now study the variations of the operators A(e€), O (¢) and A (¢) and of the associ-
ated local geometrical quantities arising from rigid deformations (see Definition 5.3)
of triangulations. It will not be necessary to assume that the triangulations are Delau-
nay at this stage.

Let T be an initial triangulation (possibly Delaunay) with vertex set V(T), edge
set E(T) and face set (triangles) F(T). Let T.¢ be the rigid deformation of T induced
by the deformed embedding

ze(v) = z(v) + €F(v),

where F € CV™ is a displacement function and where € > 0 is bounded by the
threshold e} defined in Lemma 5.4. Recall that T.. and T share the same set of ver-
tices, edges and faces. The deformed discrete differential operators are denoted by
Ve, Ve: CVM — CFM | while the deformed area and radius operators are denoted
by Ae, Re: CFM — CF™ They are obtained by making the substitution z — z, in
formulas (3.6), (3.7), (3.2), and (3.3), respectively. This allows us to unambiguously
define deformed versions A(e€) and O (¢) of the Laplace—Beltrami and discrete Kihler
operators using factorizations (3.11) and (3.10), namely,

_ _ _A
A€) =2(V] AV 4+ V] ANV,) and D(e) = 4VJR—§VE. (5.10)
€

We may expand all the relevant operators as (formal) series in € (they are, in fact,
meromorphic in €). Up to first order in €, the terms in these developments can be
compactly expressed using the discrete derivatives VF and VF with respect to the
triangulation T.

Proposition 5.12. The variation of the Laplace—Beltrami operator is
A(€) = A —4e(VT(AVF)V + VT (AVF)V) + O(€?). (5.11)
Proposition 5.13. The variation of the Kdihler operator is
D(e)=D - 46[6T%(VF +VF+CVF +CVR)V

+ VT%WF)V + W%(vﬁﬁ] + 0(€?) (5.12)



F. David and J. Scott 776
with the diagonal function C € C¥™ and its conjugate C which are given for a tri-
angle £ = (u,v,w) by

zZw—z(v) z(v)—z(w) zZ@w)—Zz(uw)
2@ -z T zm) —z(@ | 2 —z(w)

Before deriving these two equations, let us note that the variation for A is rather

C(f)=( ) C(f) = CH). (5.13)

simple, while the variation for £ is more complicated since we have not found
a simple interpretation for the quantities C and C in terms of the geometry of the
triangle f.

Proof. From (3.8), for a pair of vertices u and v of a triangle £ = (u, v, w) in F(T),

ze(w) — ze(v) = z(uw) — z(v)
+e((z(w) —z(W)VF(E) + (Z(w) —Z(v)) VF (D)),

_ _ _ _ (5.14)
Ze(u) — Ze(v) = Z(0) — Z(v)
+ e((z(w) — 2(v))VF(£) + (Z(w) — Z(v)) VF (£)).
Inserting this into (3.2) gives the variation of the area of the triangle f
Ac(£) = A(f) + €A(£)(VF(£) + VF (%)), +0(€?),
which we can succinctly express as
Ac = A+ €A(VF + VF) + 0(e?), (5.15)

where we view A, VF, and VF as functions in CF(™ or, alternatively, as diagonal
operators mapping CF(™ — CF(D,

Using (3.3), we can write the variation of the circumradius R(f) of the face f.
We write only the leading term of order O(e) with the same compact notation and
with C, and C defined by (5.13)

Ac A A= o 2
B =g CTF + TV +0@) (5.16)

Similarly, we get the variation of the matrix elements of the operator V. At first order,
[Velew = Ve — €(VF () Ve, + VF(£) Vi) + O(€?). (5.17)
When read as operators, formula (5.17) for V, and its complex conjugate become

Ve =V —€e(VFV + VFV) + 0(e?),

_C D , (5.18)
Ve =V —e(VFV + VFV) + 0(?).

Combining this with (5.10) and the Leibnitz product rule, we get (5.11) and (5.12). =
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Remark 5.14. Note that the exact formulas (to all orders in €) for these variations
(5.15)—(5.18) are derived in Section 8 (see, in particular, equations (8.5) in Sec-
tion 8.3).

Remark 5.15. There is no such a compact expression for the variation of the con-
formal Laplacian A in the general case. In particular, the variation of the weight
associated to an edge e = uv will depend on the discrete derivatives of F' both at
the north triangle f,, and the south triangle f, of the oriented edge € = (u, v), which
are a priori independent (see Figure 1).

We can, of course, make the substitution z — z, into formula (3.4) for the north
and south angles (which express the angles as a difference of arguments of edge vec-
tors)

 (Ze(v) — Ze(n)) (2 (u) — ze (n)))
(2e(v) = 2e() (Ze(w) — Ze(n)) )
~ (Ze() —Ze(s) (ze (v) — ze (S)))
(2e(u) — 2(8)) (Ze(v) — Ze(s))

where n € £, and s € £, are the respective north and south vertices of the adjacent

- 1
Ou(e,€) := Zlog(

. 1
Os(e, €) := Zlog(

triangles £, and £ to the edge € = (u, v) as depicted in Figure 1. The order zero and
order one terms in the formal € series expansion read from (5.14)

On(e.€) = bh(e) + Gé(ﬁF(fn)gn(é) — VF(£2)€x(8)) + O(€?),

- (5.19)
0.5.0) = 0.3) + 5 (VF(£)E,8) — VF(£)E.(@) + O(e?)
with complex coefficients &,(€) and &,(€) given by
T 0 iz G @)EW @)

zw) —z(s) z(v)—z(s) (2(v) —z(s))(z(w) —z(s))

The corresponding first-order variation of the edge weight tan 6(e) with 8(e) =
%(Gn (8) 4 6,(8)) can be written explicitly in terms of the discrete derivatives V F (£,,)
and V F (£), the coefficients &,(¢) and &;(e), and their complex conjugates. We shall
not write the formula here, since it lacks the simplicity and geometrical interpretation
of our results for A and D.

5.4. Generic notation for derivatives under graph deformations

We shall use the following compact notation for derivatives and variations of general
objects Obj associated to a rigid deformation G — G¢ of a polygonal (Delaunay)
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graph induced by a deformed coordinate embedding z — z = z + €F as set up in
Definition 5.3. The object Obj can be a local quantity such as the angle 8, 6,, 6,
associated to oriented edge € of G or the area A and circumradius R of a face f. Other
objects include the operators A, A and D.

If the object Obj is defined on the unperturbed graph G, the corresponding object
on the deformed graph G is denoted by Obj(€) or sometimes Obj, (for clarity or
brevity). This is consistent with the notations of Section 5.3. The variation of Obj for
finite € is denoted by

80bj(e) = Obj(e) — Obj.

The initial derivatives with respect to € are denoted by

J . . 2
&DbJ(e)—bsObJ(E), P

while their evaluations at zero are denoted by

Obj(e) = deeObj(e), etc.,

2
0e2

Accordingly, the Taylor expansion of Obj reads

9
—0bj(e)| = 0.0bj, 0bj(e)| = decObj, etc.
de e=0 €e=0

1
Obj(€) = Obj + € O.0bj + 562 dcc0bj + O(e?).

The terms of order € obtained in the previous Section 5.3 give the explicit formula
of the first derivatives . for the objects considered there. We do not rewrite them
explicitly.

6. Variations of log-determinants

6.1. First-order variations of determinants

6.1.1. The setup. Here we compute the first-order term in the e-expansion of the
(formally infinite) logarithm of the determinant of @ (¢), which, in general, has the
form

§logdet O(e) = tr[§O(e) - O '].

Each trace is expressed as a sum of local terms over the weak Delaunay graph G+
arising from the critical graph G, and the displacement function F. For both the
Laplace—Beltrami and Kihler operators, there is a local term associated to each edge
of G(+; there is an additional local term attached to each face of G+ for the Kihler
operator. In the case of the conformal Laplacian, the local terms associated to chords
of G+ differ from local terms of the regular edges of Gy+. For this reason, for-
mula (6.4) is expressed as two sums: one over the regular edges e € E(Gy, ) = E(G«)
and another over the set of chords e € C(Gy+) = E(Gy+)\E(Go).
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6.1.2. The results for first-order variations. We first give the results; their deriva-
tions are given in the following sections.

Proposition 6.1 (Laplace-Beltrami). For the Laplace—Beltrami operator A(e), the
first-order variation of log det A(€) with respect to deformation (5.1) can be expressed
simply in terms of the variations of the north and south angles 6, (e, €) and 65(&, €) of
edges e € E(Gy+),

WBA@) - A7 = S D 2BEL () +ALELO.E) +OE). 6.1)
Rt
The function &', given by (3.21), is the derivative of the function £ given by (3.19);
0u(e, €) and 64(8, €) are given by (5.19).

Remark 6.2. Owing to the extended form (3.20) of Kenyon’s result for log det A,
it is interesting to note that, up to terms of order €2, log det A(¢) can still be written as
a sum of local terms involving the local geometry of the deformed Delaunay graph G,
similar to Kenyon’s result, although the graph is not isoradial,

1 -
logdet A(e) = — > L(bu(e.€)) + L. €)) + O(e?). 6.2)
b4
R
Remark 6.3. Equivalently, formula (6.1) can be written as a sum over triangles f of
any triangular completion (30+ of G+, namely

wf8A(e) - AG'] = —4e Y AE)TF(E)Q(F) + c.c.) + O(€?), (6.3)

faces
fEGO+

where Q(f) = [V Ac_rl V T)¢s is a diagonal matrix entry. This is a direct consequence of
the variational formula in Proposition 5.12. Note that the value of (6.3) is independent
of the choice of triangular completion.

Proposition 6.4 (Conformal Laplacian). For the conformal Laplacian A (€), the first-
order variation of log det A (€) with respect to deformation (5.1) can also be expressed
simply in terms of the variations of the north and south angles 0,(¢, €) and 05(é, €)
of edges e € E(Gy+). However, we must distinguish between the contributions made
by regular edges versus chords in Gy+. Keep in mind that the set of regular edges
E(Gy ) coincides with the edge set E(Gv) of the critical graph,

wBAE© - A1 = 2 Y 26@LE@) + S T dhEH G(E)

edges chords
e€G; e€G, 4

+c6,(8) H'(65(8)) + O(e?), (6.4)
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where J'(0) = 0 cot 0 is the derivative of the function
H(0) = 201og(2sin ) + L(H),

where 1.(0) is the Lobachevsky function defined in (3.17). Remember that 0(e) =
%(9n (&) + 05(8)) is the conformal edge angle for general triangulations.

Remark 6.5. Up to order €2, log det A (¢) can still be written as a sum of terms
reflecting the local geometry of the weak Delaunay graph G+ (see Section 5.1),

logdet A (¢) = ; > Z(b(e.€)

edges
e€G,

L D H(ba(e.©) + H(B:(3.€) +O(€?). (6.5
b

chords
eEGO+

Proposition 6.6 (Kihler operator). For the Kiihler operator D(¢€), a local formula
also holds at order €. It involves the variations of the angles 0,(¢, €) and 05(¢, €)
for edges e € E(Gy+), but also the variations of the circumradii R(£, €) for faces
f € F(Gy+). We note that

R(f,€) = Ry + SR(£,€) = Ry + €6 R() + O(€?),
WD) D' == Y WEL (@) + Db £ (L)

edges
eEGO+
deR(%)
—e > R— + O(€?). (6.6)
fEfzgz:_

Remark 6.7. Up to order €2, log det D(e) can still be written as a sum of terms
reflecting the local geometry of G+,

logdet D(e) = % Z L(bn(e, €)) + L(Os(e, €))

edges
e€G0+

— ) logR(£.€) + O(e?). (6.7)

87,
Again, we obtain a nice local expression involving the angles 6,(e) and 6(€) and
the circumradii R(f). Like the conformal Laplacian, the global conformal invariance
properties of the Kéhler operator are not evident in the result. However, concyclic
configurations and chords do not play any special role.
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6.1.3. Proof of Proposition 6.1. We first consider the variation of the Laplace—Bel-
trami operator A under a deformation of form (5.1). One can use (5.11) to compute
explicitly the first-order variation of log det A, but it is simpler to start from its defin-
ition in terms of angles (1.6). For an edge e = uv of G,
tan 6, (e, €) + tan 6(e, €)
[AO)]w = —c(e,€) = ——— 5 : -

This implies that the variation is
BAE)]ay = =5 Ocba(3) see? (8) + c6,(8) sec? 6h(3)) + O(€?).
where .6, () and .6, (&) are of order O(1). The limit graph G+ is weakly Delaunay

and isoradial, so either 6,(8) = 6,(€) or 6,(¢) = —6,(&). In both cases, sec? 6,(8) =
sec? 05(8), so that at first order,

be en (é) + be es (é)
—€ S

[bA(E)]w = ) ec? On(e) + 0(62)
= —¢ Oefn @) —2i_ 06, @) sec? 0,(8) + O(€?).

It remains to combine this with the propagator [A7!],, which for regular edges e = &
of Gg = Ger is

1
[AZ e = ——0(e) cotf(e). (6.8)
b8
A similar relation is, in fact, valid for chords of G+,
L, . - | -
[Ac_rl]vu = ——0h(e) cotth(e) = ——b;(e) cotbs(e).
b4 b4

Thus the first-order variation is

w[deA - A = Z bsAuV[Agl]vu:% Z 0:6,(8)6,(8) cot B, (8) sec? 6, ()

vertices edges
u,vEGO+ eeG(H’

+ 564(8)6,(8) cot b5(8) sec? 6(8)
R D YO R LU WO e

sin 0,(€) cos 0,(€) sin 6,(€) cos O5(&)

edges
eEGO+

Z% D7 Vebn(B)L (6a(3)) + eb(3) L' (6u(3))

edges
eEGO+

_ b[% Y £(6a(3.€) +é€(93(é,e))].

edges
eEGO+

This, together with (3.20), leads to (6.2), and this ends the proof of Proposition 6.1.
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6.1.4. Proof of Proposition 6.4. For an edge e = uv of G, the matrix element of
the conformal Laplacian A is

On(&, €) + 65(8, €)

[A(€)]wy = —tanf(e,€), B(e,€) = .

This implies that the variation is

[6A(E)]w = —

Ebe en(é) + bees(é') sec2 (en(é) + 95(8)

: . )+0@%.

Keep in mind that the limit graph G+ is weakly Delaunay and isoradial, and so either
0.(e) = 6,(e) or 6,(8) = —6,(&). The first case corresponds to a regular edge, while
the second case corresponds to a chord. Thus, at first order in €, the matrix entry is

90, (8) sec? 6, () +dc 0, (3) sec? B, (3) - >\ a2
_ if 6,(e) = O,(e),
Vs

_Ah@H6E) if 6,(8) = —6,(2)

S © " (6.9)
[bé A]uv + d¢ 0, (3) tan? Gn(e)-zl-bées(e) tan? 6, (3) if Gn(e) — —95(6).

_ { [beA]uv if en(é) = 08(6),

The first-order variation of the log-determinant reads as a sum over the edges of G+,
but it is different for the edges in G(') + = G¢ and the chords of Gy+. Combining
with (6.8), we get at first order

A8 = Y Al A= 2 Y 2L 6(e)
o =S
113 20X G:E) + 36,6 K (6,@)
b

chords
eGGO+

with the function #(6) given by
0
H(O) = / dt t cot(t) = 201og(2sin0) + L(6).
0

This leads to (6.5) and the proof of Proposition 6.4.

6.1.5. Proof of Proposition 6.6. The variation of the Kéhler operator O starts from
the expression of the matrix elements £, of an edge € = (u, v) in terms of the
angles 6, (&, €) and 65(€, €) and of the circumradii R, (€, €) and R,(e, €) given by (1.7),
namely,

[D(E)]wr = —

1 (tan On(e,€) +1 tanb(e,€) — i)
2 R2(8,¢) R2(8,¢)
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Its variation is therefore

6D ()] = 0D + .02 + O(e?),

1 _—
O DY = (2R2( )b tan 6, (e)+2R2( )b tan@(e))
2 _ (tan Oa(e) +1i .. tanf(e) —i -

For an isoradial triangulation (the critical case),
Rn(é) = Rs(é) = R,

therefore one has D, = Rc_rzAcr. Thus in the critical case, the contribution made by
the first term in (6.10) to the variation is

0DV = RZD Ay = [0 DV - D71 = tr[dA - ALY,

The second term’s contribution can be reorganized as a sum over faces of G+, i.e.,
counter-clockwise oriented triangles £ = (u, v, w)

O R(£)

3
Rcr

D@ D71 = Y ADP[D;fw= ).
vertices triangles
u,vEG 4 £f=(u,v,w)in 60+

x ((tan 6 (@) + )[D5 " Jvu + (tan 6,(78) — )[D5 Tuw
+ (tan 6, (VW) + )[DF Juw + (tan 6,(w9) — ) [ D7 uu
+ (tan 6, (i) + 1) [Dg; T + (tan O(@h) — )[Dy; ')

Using the fact that ,(av) = 6,(vd) and that for the critical case

(D5 = [D5 ' ]uw = ——R - 0, (TV) cot 6, (V)

cr cr

and the fact that for a triangle £ = (u, v, w), one has

we obtain
O R(%)
@.p11=_ € - _
[ D? - D' = f}acei R f;m: dc log R(£).
fea()+ fEG(H_

This leads to (6.7) and to Proposition 6.6.
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6.2. Second-order variations

6.2.1. Principle of the calculation. In order to probe the second trace term in the
perturbative expansion (1.14), we consider a bi-local deformation G, of the underly-
ing critical graph G, with an embedding of the form

ze(v) == za(v) + €1 F1(v) + €2F2(v),

where € = (€1, €2) is a pair of independent deformation parameters and Fi, F» €
CV(®e) are two functions, with finite supports

Ql = QF1 and Qz = QFz

in V(G,;) and whose respective lattice closures Qq and Q, are disjoint; see (1.12).
To ensure that G, is a stable Delaunay deformation, we restrict the parameters €, €
within the range [0, €r), where €r := min(€F,, €r,) and €f,, €F, are the thresholds
dictated by Proposition 5.8. Furthermore, we shall assume that the distance d between
the two supports is large, i.e., d > R, where

d = diSt(S_zl, S—Zz) = inf{|zcr(w1) — Zcr(W2)| W1 € Ql,wz € 5_22}

We want to isolate and then examine the long-range behavior of the €€, cross-term
occurring within the perturbative expansion of the log-determinant, namely, in

1
logdet O(¢) = logdet O, + tr[6O(¢) - (9;1] —3 tr[(8O(€) - OH) ] +--- .

The first trace term tr[§O (€) - O] contributes nothing of order €; ¢, since the lattice
closures of the supports Q1 and Q, are disjoint. The only non-vanishing contribution
comes from the second trace term

3 660 - 057

which is bilinear in the total variation 9 (¢). Accordingly, the coefficient of €;€5 can
be expressed as

—tr[bel (9 . (90_1.1 . 662(9 . (9;1] = - Z [bel O]uv[(gc_rl]vp[bez(g]pq[(gc_rl]quv

u,VEf:Zl
p,q€€2

where d¢, O and O, are first-order variations of the Laplace-like operator O (¢)
following the notations set in Section 5.4. The sum on the left-hand side is taken over
vertices u, v, p, q such that both matrix entries [ e, @]y and [de, O],q are non-zero.
In particular, this implies that uv is an edge in G+ with vertices u, v € 8_21. Likewise,
pq must be an edge in G+ with vertices p, q € Q.
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Provided the two zones of support €2; and €2, are far enough apart, the matrix
entries [0 ']yp and [0 ']qu of the critical Green’s function will only involve pairs
of vertices with |z (v) — z(p)| >~ d and |z (q) — zer(w)| 2~ d. Under these circum-
stances, we may estimate the contributions made by these matrix entries using the
asymptotic expansion (1.10) for the Green’s function.

It will be convenient to take a triangular completion G of the deformed Delaunay
graph G as defined in Definition 2.8. Likewise, éo+ will be the completion of the
limit graph G+ induced from Ge. This will allow us to use the variational formu-
las (5.12) and (5.13) for the Laplace—Beltrami and Kihler operators. In general, such
a completion G will not be unique. Nevertheless, the redactions satisfy 6{ = G, and
G(.,+ = G, regardless of the choice of completion. The Laplace—Beltrami operator,
Kihler operator, and the conformal Laplacian will not be affected by this choice, since
the weights assigned by the operators to any chords, introduced by the completion,
must vanish.

6.2.2. The Laplace-Beltrami operator. The simplest case is the Laplace—Beltrami
operator A. We shall need two intermediate results.

Lemma 6.8. Let £ = (vy,va, v3) be a counter-clockwise oriented triangle with cir-
16 = Zcr(vj) - Zcr(f) fOV ] =
1,2,3. Let vaj be the matrix elements of the discrete derivative operator V restric-

cumcenter z..(f) and circumradius R = 1. Define e

ted to the triangle f. For any integer m € 7, one has the uniform bounds

3
. 1
3 Vi, e | < mm+l) ez, 6.11)
- 2
and X
_ 1
3 Vi e | < % mel. (6.12)

Jj=1

Proof. Using definition (3.6) of V, one can rewrite

3 1 e—i91 eim91 1 e—i01 eiel
D Vi e =det|1 72 it / det[1 e |, (6.13)
j=1 1 e—i93 eim93 1 e—i93 ei93

For m > 0, we can rewrite the numerator as
e—i(91 +62+63) det] 1 6192 ei(m+1)92
1 €i03 ei(m+1)93
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which involves a special case of the following Vandermonde-like determinant:

1 z; zi”“
det| 1 zp zit' | = (21 — 22)(22 — 23) (23 — 21) Sm—1(21. 22, 23),
1 z3 ZS”H

where S, is the complete homogeneous symmetric polynomial of degree n (a Schur
polynomial),
Sn(z1,22,23) = Y. z{'z3%dR,

P1,p2,p3€EN
p1+p2+p3=n

(n+D@®r+2)
f n 2}1

which consists o monomials. The numerator equals the denominator in

the right-hand side of (6.13) when m = 1, and since So(z1, 22, z3) = 1, we get
3
Z vaj eim@_,' — Sm—l(eiel , ei@z, 6193)
j=1

when m > 0. It is clear that for m > 0, we have the bound

m—-1+1)(m—-1+2) :m(m+1)

|Sm—1(€iel ,€i92,€i62)| S > 5 ,

which is saturated when 68; = 6, = 65. Form = 0 or m = —1, it is clear that
3
3 Ve, e = 0.
Jj=1
When m < —2, we can rewrite
3
Z vaj elmej — e—19] 6_1628_193 S_m_z(e—lﬁl ’ 6_192, 6_103)
Jj=1

by a similar trick. Since —m — 2 > 0, we get the bound

(—m-=-24+1)(-m—-2+2)
2

|S_m_n(e™1 7192 ¢7103)| <

m(m + 1)
—

Thus we get (6.11). To obtain (6.12), one uses simply

3 3
E Vij elmej = E vaj' e—1m9j
Jj=1 Jj=1

and (6.11). ]
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Now we can get uniform asymptotic estimates for the discrete derivatives of the
Green’s function.

Lemma 6.9. Let Ac_rl be the critical Green’s function on an isoradial weak Delaunay
triangulation T, let £ and g be two faces (triangles), and let z..(f) and z.(g)
be the complex coordinates of their respective circumcenters os and og. Let d =
|zer(£) — zer(g)| be the distance between the centers. Then the discrete double deriv-
atives of the Green’s function have the following large distance asymptotics:

L1 1 [Toe, € [Toee e -
- =_( veg _Aluer® ) o(d 4,

[ cr ]fg 4 (Zcr(f) - Zcr(g))3 (Zcr(f) - Zcr(g))3 " ( ) (6.14)
_ 1 [Tye, e [Tues € - |
- Z_(_ veg B uef ) od™*

[ cr ]fg 47 (Zcr(f) - Zcr(g))3 (Zcr(f) a Zcr(g))3 ’ ( )

and 1 1
VA-lyTL — L 0(d™),
[ cr ]fg 4 (z(f) — Zcr(g))z o : (6.15)
.85 g = —— 1 o).

47 Za(f) — Za(g))?

Proof. Let £ = (123) and g = (456) be the vertices of £ and g, respectively. The
triangulation T, is isoradial, so denote

Za() — zo(£) = €%, u=1,2,3,

and
«(V) —za(g) =%, v=456.

Use (1.10) to separate the Green’s function [A_'],, into its leading large distance
term (continuous limit term) of order log d, its subleading large distance correction
of order d 2, and the rest of its large distance expansion of order d ~#,

[Ac_rl]uv = Gég) + Gxg) + G’L(li‘/:)

with
G =~ (log2Jz0@) — Z¥)]) + ier).
G — _ 1 ( p3(u,v) _ ﬁs(u,_V) ) (6.16)
o 247\ (zar(0) = 2a(v))?  (Zar(w) — Zar(v))?
G = 0za(w) = za(v)| ).
Begin by writing

Zee(W) — 2 (V) = 2o (£) — zer(g) + it _ i
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and expand the logs and powers of (z¢(u) — z.(v)) and (Z(u) — Ze(v)) in for-
mulas (6.16) as power series in (z,(f) — z(g)) and (Z(£) — Z(g)), where d =
|zer(£) — zer(g)] > 1 is large. For example,

G =~ (10g2]ze(£) — zee(@)]) + o) + ——Re 3 1( ot et )r
= ——(log(2|z -z —Re ) .

uv T g cr crlg YEuler T ~ r Zcr(f) — Zcr(g)

The coefficients in these expansions involve the phases e'% and ¢'% and so the matrix

entries in formulas (6.14) and (6.15) can be computed using the basic identities

Z Vfueie“ =1 and Z Vfue_ie“ = Z Via =0
u€ef uef uef

along with values of Vg, Veu and VT Vev, V = ﬁgv explicitly given in (3.6)
and (3.7). As an illustration,

VGOV =D VeV GY
uef veg
_ L( [Toer@® Tl - )
B (Zcr(f) - Zcr(g))3 (Ecr(f) - Ecr(g))3

0y 0y

EODHRAS Re(zc @)

r>4 uef veg

The vanishing of the coefficients of order r < 2 is straightforward. We present the
calculation of the coefficient of (zer(f) — zer(g)) ~> occurring in [VG @ VT, here,

- szfu gv(ele 19u)3

qu vEg
v ,3if 16y U ,2i0,
= (X)X Tare™) = (X Vaue™) - (X Tae®™)
uef vEg uef vEg
——
vanishes equals 1 _ nveg eifu
. - . 1 . —
2i6, 0, 3i0,
+ (D0 Ve ) - (X Vee™) =5 (2 Vaue™ ) - (X Vi)
u€f vEg u€f vEgE
N—— ——
vanishes vanishes

Due to Lemma 6.8 (or in this case through a direct estimate), its norm is uniformly
bounded by a constant independent of the shape of the faces. For G©, which is
a smooth function of the vertex coordinates, these calculations amount to replacing V
and V by their corresponding continuous derivatives d and 9, up to subdominant terms
of order 0(d ~3). This is in agreement with Lemma 1.9. The result is that asymptot-
ics (6.14) and (6.15) are valid for G alone.
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To end the proof of the lemma, one must show that the corresponding derivative
terms for G@® and G® are O(d~3). This is clear for G, which is itself O(d %),
hence its discrete derivatives are also O(d ~*). But this is not obvious for G® which
is only O(d ~2). We must use the explicit form of G®@. Let us consider the term

p3(u’ V)
22 Vel — ) T

u€ef veg

which appears in VG® VT . One has

p3(u,v) = p3(os. 0g) + e 30 _ o300

So we have to consider three terms. The first term is

p3(0s, 0g)
22 Vel ) T

u€f veg

1
= p3(os, Og) Z Z Vfu((zcr(u) — ze(v))? )V;;

uef veg

—12
(Zer(£) — Zcr(g))s

In the last step, we used the uniform bound from Lemma 4.3

= pa(or. o) +0d™)) = 0.

|p3(0fv Og)| = 3|Zcr(f) - Zcr(g)| =3d.

The second term is

Z Z Vfu( (Zcr(uj

u€f veg

—3i6y -
\Y
— Zcr(V))3) vg

36_319“ B
= > Vol @y T 0¢)

uef

_ ~3i0, 1 -
=3( X Vae ™) gy O

u€ef

From Lemma 6.8,
S 6’

‘ Z Vfue_3i9“

uef

hence the second term is of order O(d ~*). By the same argument, the third term is

—3i6,

=2 X Vel o —ma) Ve = 0@,

u€f veg

This ends the derivation of (6.15) (the second equation is the complex conjugate
(c.c.)). The derivation of (6.14) proceeds in a similar way. ]
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We are now in a position to state the main result.

Proposition 6.10. The second-order variation for the Laplace—Beltrami operator
A(¢€) on an isoradial Delaunay graph G, is

tr[de, A - ALY e, A ALY

1 VF,(£f)VF,(g) VF(£)VFa(g)
= A(f)A
7[2 fgl g%z (f) (g)[(zcr(f) - Zcr(g))4 * (Ecr(f) - Ecr(g))4]

+0(d™3), (6.17)

where the double sum is taken over pairs of triangles f,g € F(60+) such that all
vertices of £ reside in Qy and all vertices of g reside in Q.

Proof. We start from the local form of the operator A(e) (3.11), which implies that
the first-order variation on A(e) is

QA =20VTAV + VAV + VT ANV +d.VTAV + VT AV + VT A V).
We use the formula for the variation of A4,
d.A=A(VF + VF),
as well as the formulas for the variations of the operators V and v given by (5.18),
which read
0.V =—(VFV +VFV),
0.V = —(VFV +VFV)
to get
O A =—4NVT(VFYAV + VI (VF)AV).
One uses this and the cyclicity of the trace to rewrite the second-order variation as
tr[de, A+ AL 0, AAL] = 16[tr(AVF; - VAL'VT - AVF, - VA'VT)
+tr(AVF, -VA'VT - AVE, - VALV
+tr(AVF, -VA'VT - AVF, - VAL'VT)
+tr(AVF; - VAZ'VT - AVFE, - VAL'VT)].
Note that the trace on the left-hand side is a sum over vertices, while the trace on the
right-hand side is a sum over faces (triangles). Using the large distances asymptot-

ics (6.14) and (6.15), and writing the trace explicitly as a double sum over faces £
and g gives the theorem. |

We now consider the other operators. The case of the conformal Laplacian is more
complicated, so let us first discuss the Kihler operator.
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6.2.3. The Kiihler operator D.

Proposition 6.11. The second-order variation for the Kdhler operator D (€) on an
isoradial, Delaunay graph G has the same form as the second-order variation for
the Laplacian A(€)

tr[ e, D - D' e, D - D

1 VF,(£)VF,(g) VFi(£)VF(g)
= — A(f)A
> feif_z:l gEXK_Z:Q (f) (g)[(zcr(f) - Zcr(g))4 - (Zcr(f) - Ecr(g))“]

+0(d™®), (6.18)

where the double sum is taken over pairs of triangles £, g € F(GO+) such that all
vertices of £ reside in Qy and all vertices of g reside in Q.

Proof. The derivation goes along the same line. We start from Proposition 5.13 which
gives the explicit form (5.12) of the first-order variation of O (¢). The graph G, is
isoradial, so all circumradii are equal R(f) = R, and thus D, = Rc_rzAcr. This
implies that the first-order variation of £ (¢) has the special form

deD = R;2A — 4RV (A(VF +VF) + CVF + CVF)V

with C and C defined by (5.13). Formula (6.18) follows by repeating the analysis
made in the proof of Proposition 6.10, which relies on the asymptotics of Lemma 6.9.
One can check that the new terms involving C and C do not change asymptotics (6.17)
obtained for A. ]

6.3. The case of the conformal Laplacian: The anomalous term

6.3.1. Second-order variation for the conformal Laplacian A. By formula (6.9) in

the proof of Proposition 6.4, the contribution made by regular edges e € E(G(') +) tothe

first-order variation O A of the conformal Laplacian is identical to the variation O A

of the Laplace—Beltrami Laplacian. There is, however, an additional term in the first-

order variation . A coming from the chords of G+ . We call it the “anomalous term”

and denote it by §A, OcA = d A + ) A.

The non-diagonal elements of O. A are non-zero only for chords. From (6.9), for

vertices u # v, they are
0cA(8) = [VeAluy
0c6,(8) tan? 6,(8) + Ocb,() tan? Hy(8) | .
if e = uvis a chord
= 2 in E(Gg+), (6.19)

0 otherwise.
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Here e = v is an edge of Gy+ and € = (u, v) is an orientation. The graph G+ is
isoradial and weakly Delaunay, and so 6,(e) = +6,(e) for any edge. In particular,
tan? 0, (8) = tan? 6,(2), and s0 A (8) = d.A(e*), where &* = (v, u) is the opposite
orientation. As for the diagonal terms, we have

[OcAluw = — Y [dcAluy. (6.20)
v#u

In the case of a chord &, we may use (5.19) for the angle variations d6,(€) and O, 6, (&)
and re-express the anomalous term d. A (&) given in formula (6.19) as

dA(E) = %ImWF(fn)gn(é) tan? 0,(8) + V F(£,)&,(8) tan® 6(8)], (6.21)

where the functions &,(€) and &(¢é) are defined in (5.20) and where f, and f are
the respective north and south triangles abutting € in the triangulation 6’0+ which
completes G+.

The second-order variation

tr[belé' Ac_rl ’ bezA' Ac_rl]

is the sum of the second-order variation made by the Laplace-Beltrami Laplacian,
namely
[, A- AL e, A ALY (6.22)

cr
along with three anomalous trace terms, which we can express (in light of (6.20)) as
follows:

tr[Oe, A+ AL 0, A - ALY

chord-edge term

= Y 0, AG)K(E1 8, AR)K(E2.81).

chords €1 €G,+
edges ep an+

tr[bél A- Ac_r1 'bezA ) Ac_rl]

edge-chord term

= D 0 ARDK(EI )0, A(E2)K (82, 81),

edges &) EGO+

(6.23)

chords &, € GO+

tr[de, A+ AL 0, A - ALY

chord-chord term

= D 0 ARDK(EI,82)0,A(2)K (82, 81),

. chords
e1,e2 GGO+
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where €; = (u1,vy) and &, = (up, vy) are oriented edges of the triangulation G+,
whose vertices uy, vi and uy, v, lie in €2; and €25, respectively, and where

K(éh 52) = [Ac_rl]vwz - [Ac_rl]uwz - [Ac_rl]vwz [Ac_rl]uwz'

Note that K(€1,8,) = K(é2,€1) = —K(&é1,€2), where &;* = (vq,u;) has the reverse
orientation. Applying two rounds of formula (3.8), we obtain
K(81,82) = pi(u2, v2)[AL'V ]y, — pr(u2, v2)[ALV s,
+ P1(02, v)[AZV e, — P12, v2)[AT' Vo 1,
= 2Re[ p1(u1, v1) p1(uz, v2)[VAL Ve 1,
+ p1(ar, vi) 51 (w2 v2) VALV e, . (6.24)
where £; is a triangle of 60+, north or south, containing the edge €; fori = 1,2. By
assumption, Q; and Q, are separated by a large distance d > R, and so we can

estimate K(&1, e,) as presented in formula (6.24) using asymptotic expansions (6.14)
and (6.15) of Lemma 6.9. We end up with

Lo 1 p1(ur, vi)p1(uz, va) 1
K(el’e2) o ERC[ (Zcr(fl) —Zcr(fz))z ] * O<|Zcr(f1) _Zcr(f2)|3),

where p1(u, v) = z,(v) — z(u) as introduced in Definition 2.23.

6.3.2. The chord-chord term. Let us begin by examining the chord-chord term
of (6.23). It involves the contribution of two (oriented) chords €; = (uy, v{) and
é, = (uy, v), whose vertices uy, vy and u,, v, are contained in Qq and Q,, respect-
ively. Since €; = (u;, v;) is a chord for i = 1,2 in G+, the corresponding north
and south triangles f;, and f; in GO+ are concyclic and therefore share a common
circumcenter whose complex coordinate we denote by

ffcr(éi) = z(£iy) = z(£iy).

This is depicted in Figure 17.

v
l._~ o
,’ N\\ f—_-~
s > np . » .
nl.l \\ .' \
1 €] ‘I 1 52
1 ] . L ] e 1
1 \ 2,
\ i éyg d N ) ,
. ’ AN ’
N S ~ e
~ . ~--0”
uj uz

Figure 17. Two far apart chords €1 = (ujvy) and e, = (upv3) at distance d > 1.
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Putting things together, we see that the contribution made by a pair of (oriented)
chords (€1, ;) to the chord-chord anomalous trace term in (6.23) is
1
1672

pl(ul, V1)p1(u2, V2) ])2
(Z2a(81) — Zer(82))2

belA(él)bezA(€2)<Re[

SPRCAT)
|fé‘cr(él) - ffcr(é2)|5

+0f (6.25)
with bel A(é7) and bezA(éz) given by (6.21) that we recall for completeness,
- 1 — - - — - -
dA(R) = 5 IMVF(£)6,(E) tan” 60,(8) + VF(£,)& (&) tan® 6(e)]

with

£,(3) = Z(v) —zZ(n) B Z(u) — z(n) _ —4A(f,)
! z(v)—z(@ z@@-z@ () -z@)(z@) -z(@)

and a similar form for &(€). Any triangulation 60+ which completes the limit graph
G+ is itself isoradial and weakly Delaunay, consequently tan? 6, () = tan? (&) the
value of which is given by (3.5).

Result (6.25) for the anomalous chord-chord contribution to the variation of
log det A (¢) does not have the same form as the “regular” contribution (6.22) which
is similar to the variation of the Laplace—Beltrami operator A, which is a sum over

triangles of terms _ 3
VFi(£f1) - VF(f2)
A(f)A(E +c.c.
(E)A(E2) (Za(f1) — Zcr(fZ))4

First, in addition to harmonic terms in the coordinates of the circumcenters of the

form
(gcr(él) - ycr(é2))_4 and (ycr(él) - gcr(EZ))_{

it contains non-harmonic terms of the form
|gcr(él) - fz)cr(EZ) |_4

which are problematic with respect to the conformal invariance and an interpretation
in terms of CFT, as will be discussed in Section 9.
Second, from the form of bel A(é1) and bezA(éz), it does not contain only terms
of the form
VFi(£f1)- VFx(f2) and VFi(£2) - VFa(£,)

but also terms of the form
VFi(£f1)- VF(f2) and VFi(£2) - VFa(£2).

Third, the geometric terms associated to the faces (the triangles £, and f,) are not
simply the area terms A(£;) and A(£;), but they depend on the detailed geometry and
orientation of the chords and the triangles through the terms &,/5(¢) and tan? 6,/5(8).
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6.3.3. The chord-edge term. We now discuss briefly the chord-edge term present
in (6.23), which involves the anomalous variation term [b61 Aly,v, of a chord €; =
(u1,vy) and the ordinary variation term [, Aly,v, of an edge &, = (uz, v2). It will
be simpler to group together the terms made by a single chord

e =¢=(u,v)

and the edges e, forming the boundary of a fixed (counter-clockwise oriented) tri-
angle f, and then sum the contributions as the chord € in Go+ and triangle f in 60+
both vary; see the illustration in Figure 18.

Figure 18. A chord e = (12) and a triangle g = (1723’) at distance d.

Accordingly, the contribution made by a chord-triangle pair (€, £) is found to be

pi(u, V)A(fWFz(f)]
(fcr(é) - Zcr(f))4

This term is again different from the regular term. Now it is harmonic in the coordin-

1 o
54 A@ R (6.26)

1
(Iffcr(é) - zcr(f)|5)'

ates of the circumcenters, since it does not contain the non-harmonic term
|Zer(81) — Zer(82)| 74
However, it still contains the terms of the form
VFi(£1)-VF(f2) and VFi(f2)- VF(£2),

and it depends on the detailed geometry and orientation of the chord, as for the chord-
chord term discussed previously.

6.3.4. A simplification for specific deformations. Finally, let us note that the anom-
alous term O A (&) for a chord & from (6.21) takes a simpler form in the special case
when the discrete derivatives of F coincide on the north and south triangles f,(e)
and f(¢) due to the following lemma.
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4 4

Figure 19. The triangles N, S, E and W.

Lemma 6.12. Consider two triangles N = (v, v3,v3) and S = (va, vy, v4) sharing
the edge Vv, and the flipped triangles E = (v3,v4,v3) and W = (v4,V3,vy) sharing
the edge V3vy4 as depicted in Figure 19. Let v +— F(v) be a function defined on the
vertices. Then the four following expressions are equivalent:

VF(N) = VF(S), VF(E)=VF®W), VF®N) =VF(@S), VF(E)=VF®W).
Note that the four points are not necessarily concyclic.

Proof. The proof follows from definitions (3.6) and (3.7), and it is left to the reader.
It has a simple geometric interpretation. Again, note that this is valid for any pair of
triangles sharing an edge. ]

In this case, a single pair of discrete derivatives (V F(c), VF(c)) of F is associ-
ated to a cocyclic configuration of points, namely, a simple cyclic polygon

P =(z1,22,...,2r), k>4,

with circumcenter c. The variation bel A(@) for a chord € is then given by

00, A®) = 3 Im[TF (@) + @] 1an® 6,5 (3).

6.4. Curvature dipoles and the anomalous chord term

Let us discuss a possible explanation of the anomalous terms corresponding to defor-
mations of cocyclic vertex configurations. The adjective “anomalous” indicates that
these contributions are not present for either the Laplace—Beltrami operator A or the
Kéhler operator D, both of which admit a smooth continuum limit consistent with the
predictions of conformal invariance.
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3
°
Q o)
Ky =0
1 2
Ks=0
o o)
°
4

Figure 20. A regular edge e = (12) of a critical triangulation G (left) and its associated rhombic
lattice G (right), the curvature K associated to each face of G, i.e., its white o-vertices of GO,
is zero.

71

Figure 21. A deformation of G. The Gauss curvatures K of the N and S faces are non-zero, but
of order O(¢).

As discussed in definition (1.7), the conformal Laplacian A for a Delaunay graph
G can be viewed as the discretized Laplace—Beltrami operator on the rhombic sur-
face Sg introduced in Definition 2.21. The construction of Sg is illustrated in Fig-
ure 20 for an isoradial Delaunay graph G and in Figure 21 for a generic (non-isoradial)
Delaunay triangulation G.

It is easy to see that the surface Sg is piecewise flat, with curvature defects (i.e.,
conical singularities) localized at the vertices o¢ associated to circumcenters of faces f
in G. The defect angle K(£f) corresponds to a localized curvature defect at G¢, and its
value is given in terms of the conformal angles 6(e) of the edges forming the boundary
of the face £. Recall from Remark 2.2 that the associated scalar curvature R, () at
a vertex O¢ is

Ryca(05) = 4 —2 Z(n —26(e))

e€df
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or, equivalently, twice the measure of the defect angle around the circumcenter os of
the face f, i.e., the Gauss curvature

K(f) :=2m =) (1 —26(e)).

e€ef

discrete Gauss curvature

For an isoradial Delaunay graph G, the rhombic surface Sg coincides with the planar
kite graph G© whose faces, in this case, are all thombi. Furthermore, the scalar
curvature Ry, (0r) associated to each face f in G is zero. For a generic Delaunay
graph G, the scalar curvature R, (0:) will be non-zero (see Figure 21). Indeed,
consider a cyclic quadrilateral face £ in an isoradial triangulation G, depicted in
Figure 22 and the effects of a generic deformation G, — G, depicted in Figure 23.
In Sgﬂ, four lozenges meet at oy where the scalar curvature R, (0¢) vanishes.

3
[ )

Q@ Q
K. =0

A 2

10 o

o
(e} 4 19)

Figure 22. A cocyclic face P = (1423) of a critical triangulation G, (left) and its associated
rhombic lattice G (right), the curvature K associated to each face of G, i.e., its white o-vertices
of G<>, is zero.

As illustrated in Figure 23, as soon as we deform this cyclic quadrilateral, a di-
agonal edge e generically emerges in G, (infinitesimally a chord e in G+) which
subdivides the quadrilateral f into two triangles f, and f,, while the circumcen-
ter o¢ splits into two circumcenters o, and o. In the deformed rhombic surface Sgg
a new lozenge appears between o, and o,. However, this new lozenge is “flat”, i.e.,
to first-order in € its angles are (0, 7r, 0, 7). Therefore, the Gaussian curvatures K(£f,)
and K(f) have opposite signs and they are both of order O(1), not of order O(e).
In terms of the north and south angles of the chord &, they read

K(£f,) = —20,(e) + O(e), K(£5) = —26,(e) + O(e).

Thus the deformation produces a curvature dipole associated to the chord e, i.e.,
neighboring curvature defects with non-zero but opposite signs. Said differently, the
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Ky =Ko + O(e)

2
Ks = —K( + O(e)

L 2
4

Figure 23. A deformation O(¢) of the cocyclic configuration. The Delaunay condition select
achord e = (12), which splits the face P = (1423) into two triangles N = (123) and S = (214).
A flat lozenge (1S2N) appear in the rhombic lattice G . The curvatures K of the N and S faces
are non-zero, but of order O(1) and opposite. The triangles N and S form a “curvature dipole”.

smooth deformation G., — G, manifests a discontinuity in the curvature. Generic-
ally, when one smoothly deforms a cyclic face £ of G, with four or more vertices,
a curvature dipole will emerge for each chord e € G+ which subdivides the face £.

Finally, let us stress that a curvature dipole appears if the anomalous term J. A (8)
discussed above in Section 6.3.1 is non-zero. Indeed, this anomalous term is pro-
portional to tan? ,(8), while the dipole is proportional to 6,(€). Thus for a chord
e € Gy+ with 6,(e) = 65(&) = 0, no anomalous term is present, and so no curvature
dipole appears at first order in the deformation. This occurs if and only if the cir-
cumcenter os of the face f lies on the edge e. Notice that if f is a quadrilateral (as
in Figure 23) where the north and south angles of both e = (12) and the flipped
edge e* = (34) are zero, then the face f is a rectangle. In this case, to first order in ¢,
the deformation is isoradial — isoradial, not isoradial — non — isoradial.
These isoradial — isoradial deformations are the ones considered by Kenyon
in the seminal paper [17].

7. The scaling limit of variations

7.1. Rescaling smooth deformations

As explained in the introduction, we incorporate a scaling factor £ > 0 into the deform-
ation in order to define and study a continuum limit. We may view the scaling para-
meter £ > 0 as imparting a resolution on the critical graph, i.e., we get a rescaled
embedding chr/ b= % of G, under which vertices become closer and denser in any

compact region of the plane as £ > 0 increases. In particular, the area A(f) of a face
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f € F(G,,) shrinks by a factor of e% under the rescaled embedding, while its circum-
center coordinate z.(f) is rescaled by a factor of %. In this way, the scaling parameter
£ > 0 allows us to interpret the critical graph as a planar partition and can be used
to define a Riemann sum. More specifically, given any continuous complex-valued
function H: C — C with compact support 2 = supp H, then

im A®) -H(Z“(X)) =/ d2x H(x).
{—00 {2 £ Q
x€F(Gyr)

Given a smooth complex-valued function F': C — C with compact support, and £ > 0
a scaling real parameter, we set Fy(z) := £F(%). When deforming a critical isoradial
Delaunay graph G, (with unit circumradius R, = 1), we shall consider the restriction
of Fy to (the coordinates of) the vertices of the critical graph. By abuse of notation,
we shall write Fy(v) := £ F (%(")) for each vertex v € V(G;). We use Fy to displace
the coordinates of the critical graph and define a deformed embedding, namely,

ZE,K(V) = Zer(V) + €Fy(v).

7.2. Rescaling bi-local deformations

Our analysis of second-order variations (for the log-determinants which we consider)
involve a bi-local deformation implemented by two smooth, complex-valued func-
tions F; and F,: C — C whose respective supports €21 and €2, are compact and have
lattice closures 2 and Q, which are disjoint. Set

d = dist(Qq, Q) = inf{|lw; —wy| : w; € Q;}

to be the distance between the supports 21 and 5. Obviously, 0 < d < co. The
corresponding deformed embedding z¢ ¢: V(G.;) — C of the critical lattice is given by

Zg,E(V) = Ze(v) + €1F1;Z(V) + €2F2;Z(V)7

where € = (€1, €3) is a pair of deformation parameters €1, €; > 0, and where we use
the notation Fj(z) := EFi(%) and by abuse of notation Fj.¢(v) := Fj;¢(z(v)) for
a vertex v € V(G¢;) and i = 1, 2. The results of Lemma 5.8 still hold for the bi-
local deformed embedding z¢ ¢; simply apply the lemma to F; and F, independently
and take € = min(€F,, €f,). Let us denote by G¢ ¢ the Delaunay graph uniquely
determined by the vertex set V(G ¢) := V(G,) together with the deformed embed-
ding z. ¢. As we have seen, the one-sided limit ¢; — 0t for i = 1,2 induces the
structure of a weak Delaunay graph G+, on the vertex set V(G,;) with respect to
the critical embedding z.;. In general, the edge set E(Gg+ ) will vary as the scaling
parameter £ > 0 evolves; nevertheless E(G¢) € E(Gg+ ) forall 0 < £ < oo. For each
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value of £ > 0, select a weak Delaunay triangulation 6’0+, ¢ wWhich completes G+ 4.
Because E(G.;) C E(Gg+ ) € E((A}OJQ ¢) foreach 0 < £ < oo, we may always perform
the following resummation:

Y A®HGe®) = Y AGH(Gu(y)),

XeF(aO"‘,Z) yEF(Ger)

where we combine terms on the left-hand side involving triangles of (A‘ro+,é which
share a common circumcenter and where H (x) is any quantity which depends only
upon the circumcenter z..(x) of x € F(Got ¢). Consequently, the choice of triangula-
tion 60+’ ¢ completing G+, will not affect our calculations.

7.3. Scaling limit and derivation of Theorem 1.10

We now are in a position to study the scaling limit of the bilocal terms (6.17) (Pro-
position 6.10) and (6.18) (Proposition 6.11) and to derive Theorem 1.10. For G = G,
or G = 60+’€, we denote by Fg_ ;) (G) the subset of faces x of G whose vertices
belong to the lattice closure €2; (£) of the support €2;(£) := supp Fj,, fori = 1,2.

7.3.1. The initial £ finite term. Let O (¢, {) denote either the Laplace—Beltrami
operator A(e, £) or the Kiéhler operator £ (e, £) on the Delaunay graph G ;. From
Propositions 6.10 and 6.11, the €;¢€5 cross-term of logdet O (¢, £) is given by the trace
term

—tr[ 06, 0(€) - AL -0, 0(0) - AL
which can be expressed as the following double sum over triangles in 60+, 0

2
-— ZA Ax1)A(x2)
x1€Fg, )G+ )

x2€Fg, (0)(Go+ )

V F1.4(x1)V Fa0(x2)
X (R [ (Zcr(xl) — Zcr(XZ))4

where z..(x;) is the circumcenter of x; for i = 1,2. Both F; and F, have compact

|+ 00zat) = zax2) ). 7.1

support, so by Lemma 1.9 we have that

Zer(%) )

Rcr
. )T ().

VFie() = 0F ( ;

where |E;(x)| is bounded by a constant B; > 0 independent of both x and £ > 0.
We begin by breaking (7.1) into two pieces and evaluate their large limits £ separ-
ately.
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7.3.2. The subleading term. The large limit £ of the second part of (7.1) vanishes
as the following computation shows:

Y AGDAGR) Oz ) — 2a() )|
X1 GFS_Z] (Z)(ao+'£)
x2€Fg, 0)(Go+ ¢)

< Y AEDARE) - |O(|ze(x1) — Za(x2)| )]
x1€Fg (o) Go+.0)
x2€Fg, 0)(Co+ )

Y AEDARR) - [0(ze(x1) = zer(x2)| )]
x1€Fg 1O (Ger)
XzEF(zz(@) (Ger)

11 A(x1) A(x2) ‘
_11 Jof
=71 X o @
XIEFQI(@(GU)
XZGFQZ(Z)(Gcr)

IA

a(x1)  Za(x2) |-
Zel_z : 4)‘

In the large limit £, the sum over the triangles becomes a standard Riemann integral

. A(x1) A(Xz)

<1 )o(

sfm 2 @
X1 GFQI (z)(Gcr)

X2 GFQZ(@ (Gar)

_ // d2x1d%x; - 10(x1 — x2| )| = O(1).
legz

Zer(X1) Zcr(Xz) )_4)‘

Hence

lim E A(x1)A(x2) - O(|zer(x1) — Zcr(x2)|_5) =0.
{—o00
X1 eFﬁl(g)(Gcr)

X2 GFQZ ) (Ger)

7.3.3. The leading term. To evaluate the first part in (7.1), we consider the norm of
the difference between the original term with discrete derivative and the correspond-
ing term with continuous derivatives, and use the previous results to get the bounds

> AEDA(x)
x1€Fg 1) Go+ )
X2GF§2(€)(60+.€)
VF10(x1)V Fay(x2) — 0F; (zer (x1) /)3 Fa (2er(x2) /£) ] ’
(Zer(x1) — Zcr(XZ))4

xRe[
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- R Z A(x1) A(x2) |E1(x1)] - |0F2(zer(%2) /0)|
-l ~ (2 (2 |Zcr(xl)/£ - Zcr(XZ)/K|4
x1€Fg (0)(Go+ ¢)
x2€Fg, 1) (Go+ o)

+ R Z A(x1) A(x2) |[0F1 (zr(x1)/0)] - | E2(x2) ]
~ KZ 62 |Zcr(X1)/£ - Zcr(XZ)/£|4
x1€Fg, (Z)(S’ofe)
x2€FG, 0)(Go+ )
R? Z A(x1) A(x2)  |E1(x1)| - [E2(x2)]
2 £2 |Zcr(X1)/Z - Zcr(XZ)/£|4

~|

x1€Fg | (0)(Go+ o)
x2€Fg, 1) (Go+ )
< R Z A(x1) A(x2) By |0F2(ze(x2)/0)]
4 ~ (2 2 |Zcr(xl)/£ - Zcr(XZ)/€|4
x1€F5, (0 (Go+.0)
x2€Fg, 0)(Co+ )

o A(x1) A(x2) |0F1(za(x1)/0)| - Ba
+ )

~ KZ 62 |Zcr(xl)/g - Zcr(XZ)/£|4
x1€F5, (0)(Co+ )
x2€Fg, (0)(Go+ o)

N|>U

n R 3 A(x1) A(x2) B - B,
2 2 {2 |Zcr(X1)/Z - Zcr(XZ)/€|4

*1€Fg, (0 Cot o)
x2€Fg, (1) Got )
Rar 5 A(x1) A(x2) B -[3F>(za(x2) /)]
¢ 2 2 ze(x1) /€ — zer(x2) /£*

=
X1 EFg_zl ) (Gor)
X2€F§2([) (Ger)

R Z A(Xl) A(X2) |5F1(Zcr(xl)/€)| - B>

2 > — 2
ell XleFﬁl(Z)(Gcr) 14 14 |Zcr(X1)/E Zcr(Xz)/a
X2EF§2(Z)(Gcr)
RZ A(x1) A(x2) By B,
© : 7.2
+ 62 Z 62 62 |Zcr(X1)/e _ Zcr(XZ)/€|4 ( )

X1 GFQI 105) (Gar)
X2 €F§2(g) (Gar)

In the large limit £, each sum over triangles becomes a Riemann integral. Hence
the large £ limit of the left-hand side of (7.2) is less than or equal to

. Cc B] dxldxz
lim — ——= /[ ———[0F>(x2))|
{—00 27T QIXQZ |x1 |
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B dx,d
+ lim o 220 // al x24|8F1(x1)|
QIX§22| |

X1 —

B B dxid
+ lim 02 1D2 cr // X1 x24 -0
E—)oo 271' QIXQZ |x1 _le

7.3.4. Summing up. From this it follows that

61""1;1&(X1)§1"2;e(Xz)]
(Zer(x1) — Zcr(XZ))4

lim > AG)A) Re[

{—00 ~
X1 GFSTZI (@)(GOJ",K)

x2€FG, (0)(Go+ )

ﬁFl;g(xl)ﬁFz;l(Xz)]

— lim Z A(x1)A(x2) Re[ (zer(%1) — zer (%2))4

{—o00 —
X1 EF(GO+!£)

x2€F(60+’Z)

. Ax1) A(x2) | [0F1(Zer(x1)/0)Fa (Zer(%2) /£)
= Jim Z {2 £2 Re[ (Zcr(Xl)/E _Zcr(XZ)/z)4 ]

{—00 —
X1 EF(GO+.2)

X2 EF(60+!€)

_ A(x1) A(x2)  TF1 (Zer(x1) /0P (Zer(x2) /£)
= lim XIG%(:}“) 2 02 Re[ (zer(x1) /€ — zer(%2) /)4 ]
X2€F(Gcr)

/fQQ dx1dx; R [”;fjliiﬁixz) ]

Thus we have

Jim [0, 0(0) - AL 0, 0(0) - ALY
—00

=l e

This settles the proof of Theorem 1.10 by establishing equation (1.17).

7.4. Controlling the geometry of the lattice for small deformations

804

7.4.1. The limits we considered. Let us summarize what we did previously, up to

Section 7.3. We begin with an infinite critical graph G, and two displacement func-

tions F; and F, whose respective supports €21 and €2, are compact and whose lattice

closures Q and €, are disjoint. We construct the stable Delaunay deformation Ge

with embedding z¢ = z + €1 F1 + €2 F, along with a corresponding deformed oper-

ator O (€), where € = (€1, €3) is a pair of independent parameters. We then proceed
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to isolate the coefficient of €;¢; in the Taylor series of log det @ (¢). Since the lattice
closures of the supports of F; and F, are disjoint, the first trace term tr[9(¢) - O]
contributes nothing. The only non-vanishing contribution to €€, comes from the
second trace and can be expressed as

—tr[d¢,0 - O 0,0 - 0] (7.3)

defined on the weak Delaunay graph 6’0+ (a completion of the isoradial refinement
of the initial graph G, relative to the deformation). We then rescale the deformation
by £, consider the family of deformations z, — z¢r + €1 F1;¢ + €2 5,4 and show that
the scaling limit £ — oo of (7.3) exists and is independent of the choice of initial
critical graph G;. Stated simply, we study the nested limit
lim lim (tr[d¢, O (e, £) - O - O, 0(¢, ) - O 1)), (7.4)
{—00 €10
ex—0
An interesting question is whether these two limits can be interchanged. A positive
answer would be a first step in understanding if one can define a continuum limit of
(the total variation of) logdet O (¢, £) starting from an infinite Delaunay graph which is
not isoradial, but rather obtained by a small smooth deformation of a Delaunay graph
which is isoradial. A simpler question is the following: We know that for a given crit-
ical graph G, limit (7.4) makes sense when €1, €, — 0. Is the convergence uniform
with respect to all critical graphs G,? We return to this issue in Section 8.

7.4.2. The problem with flips. The geometrical effects of a finite e-deformation of
a Delaunay graph G have already been discussed in Sections 5.1 and 5.2. Lemma 5.6
and Proposition 5.8 ensure that, for a given initial graph G, and a given displacement
function F (with compact support), there exists a strictly positive bound 0 < €r such
that no flip occurs in the interval 0 < € < €r. However, €r depends non-trivially
on F and on the geometry of G.,. Furthermore, it is clear that such a bound cannot be
made uniform with respect to all critical graphs G,. This means that given any small
value € > 0O of the deformation parameter, flips will occur in G¢ for some critical
graph G, within the class of all critical graphs. Consequently, the (matrix entries
of the) operators d.0(¢) are discontinuous functions of €, and it will be difficult to
control them as € varies.

7.5. A simple restriction to control small deformations: Enforcing a global
lower bound on the edge angles

A naive but brutal way to manage the “flip problem” is to consider only a subclass of
graphs G, such that the bound €r of Proposition 5.8 can be controlled explicitly, so
that no flip occurs. Similar constraints (7.5) on the geometry of G, have been used
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in the literature for other problems involving isoradial lattices, see, e.g., the paper
by Biicking [3]. Our solution is given by the following lemma.

Lemma 7.1. Let F:C — C be a non-zero smooth complex-valued function with com-
pact support Q. We define

Mp = max |0F (z)| + max |9F(z)|.
zeC zeC

This is a simple modification of the bound M of Lemma 5.1 given by (5.2) which
is now independent of the triangulation. For a generic Delaunay triangulation T,
we define, in analogy with O given by (5.6) in Lemma 5.7,

H(T) = inf{f(e) : e € E(T)}.
For a fixed, strictly positive 3 > 0, define the subset of Delaunay triangulations
75 = {Delaunay triangulation T : E(T) > 5} (7.5)
and the strictly positive bound
éFp = bsin(21\§)]\2;1

withb = /10 — 3 as in Lemma 5.6.
For any triangulation T € .75 and any scaling parameter { > 0, the Delaunay
deformation z — z¢y = z + €Fy(z) of T preserves all the edges of T if

0<e<ép, €>0 and Te.J5 = E(I() = E(D).

In other words, no flip occurs as long as 0 < € < ép.

Proof. The mapping z¢ 4: V(T¢ ¢) — C is an embedding provided there are no “col-
lisions”, that is, z¢ ¢(u) 7# z¢¢(v) whenever u # v are distinct vertices in V(T;).
Equivalently, 1 + ed F(g)(u, v) must not vanish. Apply the fundamental theorem of
calculus using y,,(7) := rz°2(u) + (l_t);“("),

F(za(n) /) = F(za(v)/0)
Zer(W) /€ — zer(v) /4

1 1 d
e/ za(m)/] ‘ fo dr - Fyw(®)

1
_ ‘ /0 deaF (o) + === |

Ecr(u) - Ecr(v) .
Zer(W) — 2 (V)

< max |[0F| 4+ max [0F| = Mp.

dFeav)| = |

dT IF (yu(7))

1 1
< /0 draF(yw<r>)‘+ /0 4t TF (yar(0))
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By construction, a1 < ¥F,, and taken it together with the fact that Mp, < M F, Wecan
conclude that € < €F,. Aslong as e < &F, we can apply Lemma 5.7 and conclude
that the edge set E(T) C E(T¢¢). Since T is a triangulation, no chords appear, and
hence E(T) = E(T¢ ). We stress that this bound on ¢ is valid and independent of all
values of the scaling parameter £ > 0, including { = oco. ]

8. Finite € variations, beyond the linear approximation

8.1. Outline of the section

In this section, we now consider deformations of an initial critical lattice G, imple-
mented by a local diffeomorphism of the plane

z—>z+€eF(z,2)

for small values of a deformation parameter €, and a fixed smooth (but non-analytic)
displacement function F' with compact support. We shall look for uniform bounds for
the variation of the operators A and D with respect to €, independent of the particular
geometry of the initial critical graph G, except for its isoradius R.;.

We therefore need to consider generic Delaunay deformations and take into ac-
count the occurrence of edge flips in the deformed Delaunay graph G.. — G. These
flips were avoided in the stable deformation scheme studied in Sections 5, 6 and 7 by
imposing tight bounds on the parameter €.

For a fixed smooth displacement function F' and a deformation parameter e,
it will be necessary to compare the corresponding Delaunay and rigid deformations,
as explained in Section 5. We discuss this in Section 8.2, as well as the concept of
“backtracking a deformation without flips”.

In Section 8.3, we give explicit variational formulas for the various operators V,
V, A and D, as well as the circumradii R in the case of a rigid deformation of the
graph; see Definition 5.3.

In Section 8.4, we derive integral representations of the variations of these objects
taking flips into account.

In Sections 8.5 and 8.6, we give variational formulas for the discrete derivatives V
and V, as well as the circumradius of a face. The later result, given in Proposition 8.1,
is important and leads to uniform bounds on the variations of V, V, A and D with
respect to €; see Proposition 8.2.

In Section 8.7, we deduce strong results on the uniform convergence of the scal-
ing limit £ — oo for A (Propositions 8.3 and 8.4) and of the scaling limit of the
corresponding second-order bi-local trace term (which leads to the OPE) (Proposi-
tion 8.7).
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In Section 8.8, we finally address the problem of interchanging the ¢ — 0 de-
formation limit and £ — oo scaling limit when evaluating the bi-local trace term
of log det A(e, £). Specifically, we consider the scaling limit £ — co of the bi-local
term in the variation of logdet A for non-zero deformation parameters. The uniformity
of this limit depends on a technical bound on the discrete derivatives of the function
p3(u, v) defined for isoradial graphs by (2.4). We explicate this condition and conjec-
ture that the bound is valid for general isoradial graphs in Conjecture 8.5. Provided
the bound is satisfied, we prove in Proposition 8.7 that the bi-local trace term has
a uniform scaling limit, and that the scaling limit £ — oo and the ¢ — 0 deformation
parameter limit both exist, are uniform, and commute (see Proposition 8.8).

Finally, in Section 8.9, we address the same questions for deformations of the
Kéhler operator . Proposition 8.9 gives a uniform bound on the variation of O, but
it implies that there is no general scaling limit £ — oo for D for non-zero values of
the deformation parameters € (Proposition 8.10). This is different from the situation
for A. We argue that the best uniform convergence result to be expected for the bi-
local trace term is a scaling limit where both £ — oo and € — 0 simultaneously,
keeping the constant £¢ = c (Proposition 8.11).

8.2. Deforming triangulations with and without flips

We now define and compare Delaunay deformations of graphs and connectivity-fixed
deformations of the same graphs.

8.2.1. Delaunay deformations (with flips). We start from an (isoradial) Delaunay
graph Gy = G, and then deform its embedding v — zo(v) using a smooth function
F:C — C with compact support to obtain a mapping

Vi zo(v) = zo(v) + €F(z0(v))

for vertices v of Gg. Using the method for proving Lemma 5.1, it is simple to prove
that the mapping v + z¢(v) defines an embedding of the vertex set V(Gg) as long
as € is small enough, namely,

le| < éF = (max(|dF|) + max(|]dF )~ . 8.1

Indeed, we have

Ze(w) —ze(V) | _ ‘1 _ Fzo) — Fzo(v))
Zo(w) — zo(v) Zo(w) — zo(v)
> |1 — e(max |dF | + max |3 F)|.

This ensures that if u # v, |z¢(u) — z¢(v)| > 0 at least as long as (8.1) holds.
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As in Definition 5.2, the Delaunay graph G is obtained by applying the Delaunay
construction to the set of deformed coordinates z.(v) for v € Gg. The vertices of G¢
and Gy are identical by definition, however the edges and the faces of G, may differ
from those of G¢ since the Delaunay constraints may force flips to occur during the
deformation. Unlike the setup of Lemma 5.7, the inclusion E(Gy) C E(G.) may now
fail. Generically, G, will be a triangulation regardless of whether the initial graph G
is a triangulation.

The operators A(€), D(¢) and A (€) act on the same space of functions CV(®e¢) =
CV(©0) jrrespective of € since, by construction, the vertex sets V(G¢) = V(Gy) agree.
Denote by V¢ and V. the discrete derivative operators relative to the faces of G¢, both
of which are operators C V(Ge) _ CF(O) Note that, in general, the set of deformed
and critical faces differ, i.e., F(G¢) # F(Gy). Similarly, let A and R, denote the area
and circumradius functions for the faces of G..

8.2.2. Geometric back-deformation: Deforming without flips. We define the rigid
back-deformation Ge.o of the Delaunay graph G, to be the graph whose vertex set
and embedding are identical to those of our initial (weak) Delaunay graph Gy, but
whose edge and face sets coincide with those of the Delaunay graph G, obtained
from G¢ by a Delaunay deformation. The construction of G.o can be seen in two
stages:

(1) First G¢ is the end point of the continuous family of Delaunay deformations
Gg—>G, >Gc:0—>e— ¢

obtained by continuously deforming the embedding zo — z. = zo + ¢F (z¢)
of the initial graph G over the range 0 < ¢ < ¢, while maintaining the De-
launay condition (and performing edge flips as required) at each stage of the
deformation.

(2) Then, starting with G, reverse the deformation z, by letting £ move from €
to 0,
Ge > Geg > Gepi€e > —0

but without performing any edge flips. In general, G.. will denote the graph
whose vertex, edge, and face sets coincide with G¢ but whose embedding
18 Zg.

More schematically,

0 = e 5 0

8.2)

Delaunay rigid
Go > Ge > Geo-

It is clear that G..¢ is a graph (and, in general, a triangulation) with the vertex set as
the original Delaunay graph Gy, but is generically not a Delaunay graph.
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8.2.3. An illustrative example. Let us give a simple but illustrative example of such
deformations of a triangulation Tg9 — T — T.o. The original triangulation Ty is
a biperiodic lattice. Vertices are labeled by (m,n) € Z? with coordinates

zo(m,n) = b(m + %) +in, 0 < b < 1 asmall parameter.

Hence the Delaunay triangulation Ty is made of “thin” up and down triangles such
that
height =1, basis =b.

We choose as a deformation function a simple shear parallel to the real axis, so that
the deformed coordinates of vertices are

ze(m,n) = b(m + %) +in + en.

The effect of a Delaunay deformation To9 — T, is depicted in Figure 24, on the special

case of b = %, and for0 <e <¢y = %. Note that a flip occurs for every
2k +1
¢ = 2+ b, kel

and that the Delaunay deformation Tog — T, is then periodic

Terrp =Te, keZ.

€e=0 € =0.02 € =0.04 ¢ =0.06 e =0.08 e =0.1

Figure 24. Deformation of a periodic isoradial Delaunay triangulation To — T by a global
shear z — z + € Im z, keeping it Delaunay. On this example, the base and the height of the
triangles are b = % and h = 1, respectively, so that a flip occur for ¢ = % = 2%7 and we
choose € = b = 11—0. Since a flip occurs at €; = g, a triangle such has the one depicted in red,
which is an original face of Tq, stays a face of T, for 0 < € < €¢, but is not a face after the flip

for € > ¢;.
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Note also that if
KK ek,

a large number of flips Neyip(€) = % occur, even when € is small. The correspond-
ing no-flip back-deformation €: €9 — 0 which sends back T¢, — Te.¢ is depicted in
Figure 25. It is clear in this figure that no back-flip occurs at € = 0.05, so that an
original face of T, stays a face of T¢.o. However, T is a triangulation which is not
Delaunay anymore.

AR

L D

€ =0.1 € = 0.08 € = 0.06 e =0.04 € =0.02 €e=0

Figure 25. The back-deformation of the triangulation of Figure 24 T, — T..q, keeping the
edges and faces of the triangulations fixed (no-flips). An original face of T, (in blue) stays
a face of T¢.o. However, T¢.q is not Delaunay.

8.3. Full variation of operators without flips

8.3.1. Variation of the area. Consider the variation of the triangulation T — T,
given by deforming the embedding z(u) — z¢(u) = z(u) 4+ €F(u) without flips (so
that, in fact, T should be denoted by Ty.. with the notations of the previous section).
For a triangle £, the full variation of its area is from (3.2) and (3.8)

A— A= A(l + €«(VF + VF) + &(VFVF —VFVF)). (8.3)
For brevity, D(e; F') will denote the scaling factor
D(e;F)=1+¢(VF +VF)+e*(VFVF —-VF VF). (8.4)

8.3.2. Variation of the discrete derivatives. The vertex sets V(T) and V(T,) are, by
definition, identical, and the face sets F(T) and F(T,) agree so long as no flips occur
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in the deformation T — T,. Consequently, the nabla operators V and V. (and their
conjugates V and V) share a common range and domain. Accordingly, we have

1+eVF eVF —
V—)VEZ - )

D(e; F) D(e; F) 8.5)
_ _  14eVF_ VF '
VoV, =€ €

D(e; F) _D@JUV

8.3.3. A word of caution: deformations of functions. Recall that we may restrict
a smooth, complex-valued function G: C — C to the vertex set of the triangulation T
using its graph embedding z: V(T) — C. Bearing some abuse of notation, we define
and denote this restriction by G(v) := G(z(v)) for vertices v € V(T). Some care is
needed when restricting a smooth function G to the deformed triangulation T,. The
vertex sets of T and T, are identical but, of course, their respective embeddings z
and z, are not, and consequently the functions v — G(z(v)) and v > G(z¢(v)) do
not agree. In order to side-step this discrepancy, we introduce a deformed smooth
function G¢: C — C defined implicitly by

Ge(w + eF(w)) = G(w)
for all w € C, where € > 0 is fixed and sufficiently small. By construction,
Ge(ze(v)) = G(z(v)) =: G(v).

To stress the role of the deformed embedding z., we shall define and denote G(v) :=
Gc(ze(v)) for v e V(Te). When G = F, this allows us to write

Zeter (V) = 2(v) + (€ + €)F(2(v)) = ze + € Fe(ze(v)). (8.6)

8.3.4. Variation of the circumradii. The full variation of the circumradius R(f) of
a face is more complicated. For a face with vertices labeled 1, 2, 3, i.e., £ = (123)
using (3.3), we get

Niz2(e; F)Naz(e: F)N3yi(e; F)

R?> > R? = R?
S D(e; F)?

with
Nu(€; F) =14+ e(VF +VF + Cy VF 4 Cy VF)
+ €(VFVF + VFVF + Cy(w VFVF + C VFEVF),
where Cy, for an (unoriented) edge uv denotes

. = T ==

RECEE &7
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8.3.5. Variation of the operators. Thus we get the variation of the Laplacian oper-
ators from

A — A(e) =2(V] AV + V] 4V,),

=TA
D — D(e) =4V] 2V,
R2
€
that we do not write explicitly. Note that these expressions are rational functions in €,
and the results of Section 5.3 can be recovered by keeping only the first-order terms
in the series expansions (in €).

8.4. Full variation of operators under Delaunay deformations (with flips)

Here we address the case of a critical triangulation T = T, with isoradius Ro > 0
whose embedding undergoes a deformation

z—>ze: =z +¢€F,

where flips are allowed, so that the deformed graph T, remains Delaunay. As before,
the displacement function F is the (restriction) of a smooth complex-valued function
on the plane with compact support. We consider the full variation of the operators
associated to the deformation T, — T¢, namely,

SA(G) = A(€) - Acr, Si)(é) = °(O(€) - cT)cr

instead of the instantaneous, first-order terms d. A and d. D in the respective e-expan-
sions, as done in Sections 5.3 and 6. We shall need uniform estimates for the ¢ — 0
limit of terms related to the variations §A(e) and § D (¢) which are independent of the
initial critical lattice T.,. Furthermore, uniform estimates for the Ry — 0 limit will be
needed, as this is synonymous with the £ — oo scaling limit.

Unfortunately, the exact results of the previous Section 8.3 cannot be directly
applied, since flips generically occur within the continuous family of Delaunay graphs
T, as the deformation parameter € moves from zero to € > 0. Nevertheless, we may
write each variation as the integral of a derivative, and then try to get uniform bounds
on the derivatives. This is what we discuss in the remaining part of this section.

Let us first consider the simpler case of the Laplace—Beltrami operator A. We can
write

§A(e) = /0 de A'() with A'(e) = %A(S) =, A(e). (8.8)

Indeed, since F is smooth with compact support, there is a finite (possibly large)
number of flips as ¢ increases, and we know that A(e) is a continuous function of &,
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and its derivative exists and is continuous in the interval between the flips. Therefore,
the derivative A’(g) is bounded and piecewise continuous, so that integral (8.8) makes
sense. For a given value ¢ > 0, the first-order term in formula (5.11) extends to the case
of A(e) defined on T, and with respect to the transported displacement function Fg in
the plane,

A(e) = V] - Ae DV, + V] 4DV, (8.9)

with
®, = -4V, F.,, ®, = —4V,F,. (8.10)

Similarly, we can write the variation of the Kéhler operator as

§D(e) = /Oeds{l)’(g), D'(e) = digo(g) =3, D(e).

&

The results of Section 5.3 give for the derivative of D

D'(e) = V] AR Ve + V] A5,V + V] 4,5,V, (8.11)
with 4
38 = _ﬁ(vst + 6eﬁez + Caﬁst + CSVSF_€)7
48 B 4 (8.12)
68 = _R_gvst, ‘55 = _R_gVeFa

and with the C, and C, defined by (5.13) for faces the triangulation T, namely, for
aface f = (123),

T =%, Za—Z3 Z3—7
+ +

C(f) =Ci3 = (8.13)

Z1 — 22 Zp —2Z3 Z3—21'

Note that we can decompose C(f) as a sum of the terms C,, defined in (8.7) for
edges uv of £. Specifically, C(123) = C;5 + Cz3 + C31, where £ = (123).

8.5. Uniform bounds under Delaunay deformations (with flips)

8.5.1. Bounds on continuous derivatives. Now we study whether it is possible to
give uniform bounds with respect to € and T, on the various coefficients A, R¢, D,
R and ), of the previous Section 8.4, and on the operators V. and V.. From now on,
let F:C — C be a given smooth deformation function with compact support. Let

M; = sup max{|dF (z)|, |0 F(2)]}.
zeC

_ _ (8.14)
M, = sup max{|0>F(z)|,|00F (z)|, |0*>F (z)|}.
zeC
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We will consider the transported function F¢ defined by (8.6), and the transported
version of (8.14)

Mi(e) = sug max[|dFc(z)|, |0 Fc(2)|],

M>(€) = sup max[|0% Fe(z)|, |00 Fe(z)|, |9* Fe (2)]].
zeC

By differentiating the functional relation (8.6) between F and F¢, one gets the general
inequalities

M-

My(€) < My(e) = (= 2eMy)?

Mi(©) < () = 5! (8.15)

—2¢ M1 ’
valid as long as € is small enough, namely,

1
O<e<ip=—.
R Y2

which ensures that F, is not multivalued (and stays smooth with compact support).

8.5.2. Bounds on discrete derivatives. Let T, be a critical (Delaunay isoradial) tri-
angulation with isoradius Ry, and let T, be the Delaunay triangulation T, obtained by
the e-deformation z — z + € F'. We shall establish bounds on the norm of the discrete
derivatives of F¢ on the triangulation T, as well as inequalities on the radii R(f) of
the faces of T.
First we define for a generic triangulation T and a generic smooth function G with
compact support
Bg(T) = sup max(|[VG(f)|,|[VG(£))).

faces f€T
We use Lemma 1.9, which gives a bound on the difference between the discrete deriv-
ative VG (f) and the continuous derivative G of G at the circumcenter of f. This
bound involves the circumradius of £ and the maximum of the second derivative of G
inside the circumcircle. Denote the maximum of the circumradii of the faces £ of
a triangulation T by

Ruax (T) = max R(%).

feT

For the initial critical triangulation T, Lemma 1.9 implies
Bp(Te) < My + 4MaRg
but for T, it becomes
BF(Te) < Mi(e) + 4Ma(€) Ryax (Te),

and we need an estimate of Ryay(Te).
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8.6. Inequalities for general variations of circumradii (with or without flips)

8.6.1. The problem. In order to get a bound on R (T¢), we now derive a bound on
the variation of the circumradius of the faces, of a triangulation under a deformation
z—>z+e€F.

Let us consider the following general deformation scheme. We start with an initial
Delaunay triangulation T which need not be isoradial. We deform the embedding
z — z 4+ ¢F(z) of To within the range 0 < ¢ < € (with € < éF defined by (8.1)). If at
any stage of the deformation the circumradii R(f;) and R(f;) of two neighboring
faces f1 and f, agree, we may either (1) perform an edge flip, so that £, £, are
replaced by two new faces £}, £/, or (2) not perform the flip. Thus we get a family of
triangulations {T, : € € [0, €]}, in general, not Delaunay, which share the same vertex
set and have vertex embeddings z¢ = zg + €F(2¢).

Now let us consider an initial face (triangle) £y of T, with initial circumradius
R(0) = Ro(f9). When deforming T, from O to €, we can continuously follow the
face f¢, and when it sustains a flip, we choose one of the two faces created by the
flip. In this way we get a “continuous” family of faces {f, € T, : € € [0, €]}, so that
e R(f,) is a continuous piecewise differentiable function (this is a crucial point for
the following argument).

8.6.2. Bounds on the derivative of R and consequences. Now, in between the flips,
from (5.15), (5.16) the derivative of the circumradius R(f.) of this face f, is
d
R/(fs) = d_R(fa)
)

_ R(fe)
2

(Ve Fe(£e) + VeFe(fe) + Co(£) Ve Fo(fe) + Co(fe) Ve Fo(£e)).

Using Lemma 1.9 again, for this face f, of the triangulation T, we get the bound
[VeFe(fe)| and  [VeFe(£e)] < Mi(e) + 4R(£:) Ma(e),

and from the definition of C (8.13), we have

|Ce(£0)] < 3.

We thus get the bound

LRG| =AM R + 163020 RS, (8.16)

Remember that the functions M (¢) and M,(g) are explicitly known functions of &
and the constants M; and M, associated to the displacement function F,

M,
(1 —2eM;)3"

M,

M) = ey

M () =
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8.6.3. Bounds on the circumradii R(f.). Using inequality (8.16), we get uniform
bounds on the variation of the circumradius of faces R(f,) under deformations z —
ze =z + €F(2).

Proposition 8.1. The radius of the face £ satisfies the inequalities
R_(¢.R(£9)) = R(fe) = Ri(e. R(%o)) (8.17)

with the functions of the radius variable R

R

Rl B = ML R/M (1= 2M 16y — (MaR/ M1 = 2Mie) 2

(8.18)

and
— R(1 - 2Mi€)?

R_(e,R) = .
(€ R) 14+ (8M>R/ M) log(1/(1 —2Mi€))
Inequality (8.17) is satisfied at least if

(8.19)

1 My \—1/4
0 < € < eane(R(£0))  with égax(R) = W(l - (1 + ) ) (8.20)
1 2

the value of €, where R (€, R) diverges. Note that €pax(R) < ﬁ and that R_ (¢, R)

is positive and well defined for €pax(R) < ﬁ

Proof. Let us perform a change of variable and consider instead of € the variable y
y = —log(1 —2M;e¢)

and the function V(y) defined as

(1—2Mj¢)?
V(y) = ————
= "R
and denote |
Vo =V(0) = . 8.21
0 (0) R(£o) (8.21)
After some algebra, inequality (8.16) becomes a simple linear inequality
dv 3M
Ay < YDy, M2 (8.22)
dy M1

The rightmost inequality implies obviously
V(y) < V-(y) = Vo + Ay.
The leftmost inequality gives for the function

T(y) = V(e ™



F. David and J. Scott 818
which is such that T'(0) = Vo, the inequality 45} > —Ae* which implies

A
T(y)=Vo— Z(e‘w -1,

hence

_ A _
V) = Ve = (Vo + 5)e¥ = 2 = T,

Note that the functions V_(y) and V. (y) are the functions which saturate inequali-
ties (8.22) for V' with the same initial condition V_(0) = V. (0) = V(0) = V}. Going
back from V to R(f) through (8.21), and defining R and R_ through

(1 —-2M;¢)? (1 —2M;¢)?
Vi) = ———— and V()= —%———,
Ry(fe) R_(f)
we get the results of Proposition 8.1. ]

Proposition 8.1 is the main result of this section. Note that it does not require the
initial triangulation to be Delaunay or isoradial. It is also completely independent of
whether we perform flips or do not perform flips during the deformation. It depends
only on the deformation function F and on the initial radius of the initial face we
start from.

Notice that when the initial radius of the initial face becomes very small, (8.17)
implies that

R(f
(1—-2eM)*> < lim (fo) < (1 —2eM;)~2.
R(£0)—~0 R(fo)

8.6.4. Final estimates. With Proposition 8.1, we can complete the estimates of Sec-
tion 8.5. We start from an initial critical triangulation T, with initial radius Ry, and
deform it into the Delaunay triangulation T. Inequality (8.17) implies that

Rmax(Te) = iIelé_il_X R(f) =< E+(€, RO)’

hence

Br(Te) = ?ée}x(|V€FE|, |V F.|) < My(€) + 4My(€) R4 (¢, Ry).

We can bound the coefficients in the derivative with respect to € of the Laplace—
Beltrami operator A(¢) (in (8.9)), and of the Kihler operator D (¢) (in (8.11)),

|De| < 4M;(€) + 16 M, () R4 (€, Ry),

16 M, (€) + 64M>(€) R4 (€, Ro)
R_(e, Ro)?

4M,(€) + 16M»(€) R4 (€, Ro)
R_(e, Roy)? '

[Be| <

’

[Fe] <
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Using the explicit forms of M;(¢) and M,(¢) given by (8.15), and of R, (e, Ro)
and R_(e, Ro) given by (8.18) and (8.19), one deduces that |®,|, |R.| and |3, | are
uniformly bounded. More precisely, we can summarize the estimates we obtained into
the following proposition.

Proposition 8.2. Let us choose a smooth displacement function F with bounds M,
and M, associated to its first and second derivatives. Let us also choose ey strictly
smaller than €.y (Ro = 1) given by

1
0 <6 < €max() = o —(1— (1 + My My)~1%), (8.23)
1

for instance, €, = %Gmax(R() = 1); see formula (8.20) for a definition of €yax (Ro). Then
consider an arbitrary initial critical triangulation (isoradial and Delaunay) T with
circumradius Ry, some € > 0, the deformed Delaunay lattice T, obtained from Ty by
the deformation z — z + €F(z), and an arbitrary face £ of Te.

Then the factors ®c(£) (given by (8.10)), R (£) and H(£f) (given by (8.12)) for
the face £ are uniformly bounded over the sets of

(i)  initial triangulation T with isoradius Ry less or equal to one,
(1) deformation parameter € smaller or equal to €y,
>iii) faces £ of T..

Namely, there exist constants Do, Ko and Hy which depend only on F and on the
choice of €, such that

e (£)] < Do, [Be(H)] = Ko, [Be(£)] = Ho.

Similarly, there exists a constant Py, which depends only on F and on €y, which
uniformly bounds the variation of the radius of the faces

‘R(fe) — Ro

<e€Py.
Ry |_ 0

8.7. Consequence for the control of the scaling limit of A

8.7.1. The Laplace-Beltrami operator A. To simplify, we use a 2 x 2 block matrix
notation. The A operator and its e-derivative A’ on the deformed lattice T, reads

T
s=(§) (i 2)(2)
t —
!/ — Vé 0 AeVgFE VE
v () (a7 )

(8.24)
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Remember that A, V. F. and V. F, are defined for the faces of the deformed trian-
gulation T., whose vertices have positions z. = z + €F(z), while A(¢) and A’(¢)
act on the functions defined on the vertices of T.. Since T is obtained by deforming
an initial critical lattice To = T, let us rewrite them in terms on objects defined for
the “back-deformed” lattice T¢.o defined by the procedure introduced in Section 8.2
(see (8.2) and the example illustrated in Figures 24 and 25)

Delaunay no flip
To=T¢ — T¢ — Teo.

Again, T..¢ has the same vertices as Ty, but the edges and faces of T.. In other
words, T is obtained from T..¢ by the deformation z — z. = z + € F(z), but without
flips. We can therefore express the objects relative to the faces of T, in terms of those
relative to the faces of T..g. The area A, of a face f. of T, is related to the area A of
the corresponding face f = f..g of T¢.o by (8.3), namely,

Ae = D(e; F)A,

where D(e; F) is defined by (8.4). Note that the operators V and V refer now to
faces of T¢.. In a strict sense, they should be denoted by V.o and ﬁe;o. ‘We omit the
subscript to simplify notation. The discrete derivative operators on T, are expressed
in terms of those on T.¢ by (8.5), which can be expressed in the block matrix nota-

Vel . 1 1+eVF —€eVF \ (V
Ve]  D(e;F)\ —eVF 14+eVF)\V]"

VeFel 1 1+eVF —eVF \(VF
VeF.)]  D(e;F)\ —eVF 1+eVF)\VF)"

Again, the discrete V and V refer now to faces of Te.q. Including this into (8.24),

tion as

In particular,

one gets
+
\vJ \YJ
1 —_ Y . M
A'(e) = (V) AD(e; F) (V) , (8.25)
where D is the 2 x 2 block matrix,
(—4)
D(e; F) = ——— 8.26
©F) = 5Py (3.26)

—VFVFQ2+e(VF +VF)) VF((1+4€VF)?—€e*VFVF)
VF((14€eVF)? —€e*VFEVF) —eVFEVFQ+e(VF+VF))]"
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8.7.2. Scaling limit for A(e). We can now study the scaling limit of the deformed
operator A(e). We proceed as follows. As before, we choose a smooth displace-
ment function F with compact support F': C — C. For each r € (0, 1] (or simply
a decreasing sequence of (r,),eN converging to 0), we associate an arbitrary crit-
ical triangulation of the plane T[, = Tj, with isoradius r. Finally, we choose a finite

bound € such that

1
0<e¢ < Eemax(l) (8.27)

for the deformation parameter €, where €,,;(1) is given by (8.23) above. The calcu-
lations leading to the bounds of Proposition 8.2 for the deformation To — T, can
be easily repeated for the double deformations Ty, — T — T¢ . In particular, the
circumradius of each face £ of T¢ ;, is bounded uniformly by

€<e, r=<1= |R(f)—r|<erPy(F;2¢) (8.28)

with Py defined in Proposition 8.2. This allows us to uniformly control the » — 0 limit
of the discrete derivatives V and V by using Lemma 1.9 combined with the previous
ingredients.

Proposition 8.3. Let F be a smooth displacement function with compact support,
fix e, and let ¥ = {T{} be a family of critical triangulations as above. To each point
z € C and to each r, we associate the face £.(z) of the deformed triangulation T,
which contains z. Note that the set of z which are either vertices or else belong to
an edge of the triangulation is a set of measure zero and can be ignored. Then in the
r — 0 limit, the discrete derivative operators N and V for the face £l.0(2) converge
uniformly towards the continuum partial derivative 0 and 9 at the point z. More pre-
cisely, let ¢ be a smooth function (or at least of the class C?) with compact support Q
of the plane. Then

lim Vo(£0(2) = 3¢(2).  lim V$(£{(2)) = 9p(2).

Moreover, the limit is uniform: Namely, there is a constant C independent of z € €2,
the choice of the family ¥ of triangulations, and the value of € € [0, €]] (but still
depending on F, on €| and on ¢), such that

IV (£L.0(2)) — 0¢(2)| and |V (£Lo(2)) —dp(z)| <Cr.  (8.29)

Proof. Let us apply bound (B.5) obtained in Remark B.1 in the proof of Lemma 1.9
in Appendix B to the face £..,(z), to get

5 - 1 -
IV (£L0(2)) = 09(2)| = R(EL(2))(5 sup 13°] + 3 sup [309] + 5 sup [7°9) ).
zeQ zeQ zeQ



F. David and J. Scott 822

We then use (8.28) to bound uniformly the circumradius of £..,(z) by
R(£L9(2)) < (1 + €Po(F:2¢}).
This leads to bound (8.29). The same argument applies to V¢. ]

It follows that the full variation of the discrete Laplace—Beltrami operator §A(¢€) =
A(e) — A converges uniformly towards a local Laplace-like operator which depends
on € and F, in the following sense.

Proposition 8.4. Let F, € and ¥ = {Tj} be as in Proposition 8.3, and let ¢ be
a smooth function (or at least of the class C?) with compact support Q of the plane.
Then

¢80 -9 = Y FWBAEOwd(v)

u,veT

converges uniformly when r — 0 towards the local quadratic form

;
2[99 e (99
/Q d z(% E(e; F) 5] (8.30)

where E(€; F) is the 2 X 2 matrix,

E(e; F) = /OedsE’(g;F)

with
B —4
(14 &dF)(1 + £dF) — e20F9F)2
—cdFOF (2 +¢(dF + 0F)) OF((1 + edF)*> —e29F0F)
) (5F((1 1 edF) —e29F0F) —edFOF (2 + e(dF + 5?))) '

E'(e; F)

(8.31)

Proof. One just writes §A(€) as
€
SA(€) = 8A(e) = / de N (¢)
0

and use the explicit representations (8.25), (8.26) for A’(¢) to write

.
: Vo (D) Vo (D)
b-AE)-$= Y A (— ) -[D(s;F)](f)-(- )

Z Vo (0) Vo (0)

which is a Riemann sum. Then (8.28) and Proposition 8.3 ensure that in the r — 0
limit this converges uniformly towards an ordinary integral involving continuous deri-
vatives of ¢ and F' (D becoming [E). One thus recovers (8.30). ]
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8.8. Scaling limit for the bi-local deformation term for A

These arguments can be repeated for studying the scaling limit £ — oo of the bi-local
term
tr[§1A(er) - ALY - 82A(e2) - ALY

for finite deformation parameters €; and €,. Again, we consider two smooth deforma-
tion functions F; and F, with disjoint compact supports 27 and Q2,. Here 61 A(€;) =
A(e1) — Agr (resp. 62 A(e2) = A(ez) — Ap) is the variation of the Laplace—Beltrami
operator under the deformation z — z + €1 F1(z) (resp. z — z + €2 F»>(z)). As above,
instead of considering a fixed initial critical lattice T, with isoradius Ry = 1, and
rescaled deformation functions Fy(z) = £F (), with rescaling parameter £ — oo,
we consider a family ¥ = {T"} of critical lattices with isoradii r, fixed deformation
functions F’s, and study the limit » — 0. This is equivalent since by a change of
variable, r ~ %

For a finite 0 < r < 1, deforming the initial T, critical lattice, the bi-local deform-
ation term reads as a double sum over the faces of the two non-isoradial lattices T¢ .,
and T:z:o, which share the same vertices, but not the same faces, with T, of the
explicit form

Tr[A (e1) - A7 - Allea) - AZ]

|
e S (R

£ ET:] :0 f2ET222()

T
X[D(Gz;Fz)](fz)'[<§) A (g” ) (8.32)

The trace Tr[ ] in the left-hand side of (8.32) is the “big trace” over the infinite set
of vertices of the critical lattice. The trace tr( ) in the right-hand side of (8.32) is

a finite trace over a product of 2 x 2 matrices. This appears again as a double Riemann
:2 :0°
Studying the scaling limit »r — 0 might seem similar to what was done above

discrete sum over the faces of the triangulations T¢ ., and T

for A. There is, however, a delicate point. The critical propagator A_! on T7_ is given
by Kenyon’s explicit integral formula, but its matrix elements [Ac_rl]u,V are not given
by the restriction of a smooth function of the vertex positions G(z (u), z(v)).

Indeed, the large distance asymptotics of Ac_rl on a critical lattice with isoradius
Ry = 1 given by Proposition 4.9 implies that the propagator Ac_rl on a lattice T,
can be separated in a dominant smooth part Gp and a subdominant non-smooth
part Gsp,

[Ac_rl]u,v = Gp(u,v) + Gsp(u, v).
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The dominant smooth part is the continuum propagator (note now the dependence

onr)
Gp(u,v) = —%(log (M) + VEuler)-

The subdominant non-smooth part is

Gsp(u, v) = %( Y —hl@m+d -1
m>d>1

x Re((cma(u. v)(ﬁ)zm)) (8.33)

with the coefficients ¢, 4 (u, v) defined by (4.4). Note that now p;(u, v) = M
From Lemma 4.3, the ¢, 4’s are of order O(1) irrespective of (u, v), so the sum of
the terms given by a fixed m > 0 is bounded by an O(r2™) in the scaling r — 0 limit,
and is indeed subdominant.

In the scaling limit r — 0, the sum over triangles in equation (8.32) becomes
a Riemann integral,

> A(fl)A(fz)—>/Qldzz1 dezzz.

r r
f1 GTGI :0 f2€T€210

The D(eg4; Fu)(£4), a = 1,2, in the right-hand side of equation (8.32) are easy to
control since they converge uniformly to E'(e,; F,;)(z,) given by (8.31). Controlling
the scaling limit of the discrete derivatives of the smooth part of the propagator is also
easy by means of Lemma 1.9. We get the uniform limit

;
\V Vi 1 0 (z1 — 22)72
(0)0]], =+l e ) o

The non-trivial point is to get a uniform bound on the scaling limit of the left + right
discrete derivatives of the non-smooth part of the propagator, and to show that it is
subdominant. This issue has been discussed in detail in Section 6.2 through Lem-
mas 6.8 and 6.9. However, Lemma 6.8 relies on the fact that the discrete derivatives V
and V are relative to the faces £ of an isoradial triangulation T. This is not the case
anymore here, since the discrete derivatives are relative to the faces of a non-isoradial
triangulation T, derived from an isoradial one T by flips of edges, without moving
the position of the vertices.

We can repeat the analysis of Section 6.2 for this more general case. The dan-
gerous contribution which could give a term of order |z; — z5| 72 is the m = 1 term
in (8.33), which is explicitly proportional to the real part of

p3(y, v)r3

(z(w) —z(v))*
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The most dangerous contribution comes from applying left + right discrete derivat-
ives to p3(u, v). Generically, a naive dimensional analysis shows that each discrete
derivative applied on p3 will bring a term of order r~!, so that we will get for a pair
of triangles £; € T;:O N,y € TZZ:O N,

+
Z Z v p3(ur,uz) v ~ const - 7 2.
\Y ] ’ \V/
1,41

uj€f) up €ty up,fq

However, we shall see that this estimate is generically not uniform. Namely, the const
in this estimate can be arbitrarily large! One should remember that from Lemma 6.8,
if £1 and £, are faces of the original isoradial triangulation Ty, then this const is
bounded by const < 9.

This is a technical point which comes from the fact that generically, if we start
from an isoradial Delaunay triangulation Ty with isoradius r, and consider an arbit-
rary triangle t = (uj, up, us) which is not a face £ of Ty, this triangle may have a very
large circumradius R(t), R(t) > r, and an arbitrarily small area A(t), A(t) < r2.
“Experimental mathematics” studies of such singular cases and some analytical estim-
ates lead us to the following conjecture.

Conjecture 8.5. Let Tj, be an isoradial Delaunay triangulation of the plane with
isoradius r, and let p3(u, v) be the function defined by

2n
pa(u,v) =) e, 0; = arg(z(v)) - 2(vj-1))
=1

for any pair of vertices (u,v) of T}, where v = (v, ..., Vi) is a path in the rhombic
lattice 'l'(r)<> going from vo = u to v = v (see Definition 2.23 and (2.4)).

For any non-degenerate triangle t = (u1, u,u3) in T, (not necessarily a face,
as illustrated in Figure 26), let V p3(t) and V p3(t) be the discrete derivatives of
the function u — p3(u, v) evaluated at the triangle t, where the vertex v is fixed,
according to definitions (3.6) and (3.7).

Then there is a uniform bound

S R(t
Vps®)| and [ ps(t)] < const- 2
;

where the circumradius R(t) of the triangle t given by formula (3.3), and const is
a number of order O(1) independent of the choice of the critical triangulation T{, and
of the triangle t. Among the examples we have studied, we found const = 6.

Assuming the validity of the conjecture, it is easy to adapt the arguments of
Section 6.2, and to use that fact that the circumradii of the faces f; and f, of the
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Figure 26. Example of a triangle t = (uj, up, u3) in an isoradial graph, with its circumcircle,
as considered in Conjecture 8.5.

deformed-back-deformed non-isoradial triangulations T¢ ., and T¢ ., are uniformly
bounded for € and €, small enough by (8.28). This leads to the following assertion.

Lemma 8.6. Assuming Conjecture 8.5, the left-right discrete derivative of the non-
smooth part of the propagator is uniformly bounded in the scaling limit r — 0 by

[@)=6)],

It is therefore subdominant when compared to the contribution of the smooth part of

r

<constr —m M.
|z(f1) — z(£2)[3

the propagator given by (8.34).

Combining the previous results, we can state the following proposition about the
existence of the scaling limit of the bi-local term.

Proposition 8.7. Assuming Conjecture 8.5, Tr[A'(e1) - AL - A'(e2) - ALY], the bi-
local term, defined on critical triangulations T{y converges uniformly in the scaling
limit r — O towards the bi-local term

2 2 / . 0 (Zl _ZZ)_2
/&'21 d=zy o d z; tr|:IE (€1: F1)(z1) - ((El _5)2 0 )

< E(&: F2)(z2) - ( 0 G ‘ZZ)_Z)].

(Z1 —72)72 0

Note that this term depends on the four derivatives dFj, dF,, OF,, 0F, and
their c.c., and contains both the analytic term (z; — z,)™%, the anti-analytic term
(Z1 — Z2)™*, and the mixed term (z; — z2)72(Z] — Z2) 2.
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Finally, from the explicit expression (8.31), the limit € — 0 of E/(e; F) exists

oy o [ 0 —43F
eli%E(e’F)_(—ﬁF 0)‘

Together with Proposition 8.7, this leads to the commutation of limits result for A.

and is uniform,

Proposition 8.8. Assuming Conjecture 8.5, the limit ¢ — 0 and the scaling limit
r — 0 for the bi-local term exist, are uniform, and commute. One recovers the result
obtained previously for the scaling limit of the OPE on the lattice for A,

lim lim Tr[A'(e1) - ALY - A'(e2) - ALY

€e—>0r—0
= lim lim Tr[A'(e;) - AL - Al(er) - ALY
r—>0e—0
1 0F(z1)0F. IF)(z1)dF:;
—— | | &= 1(z1) 2£22) n 1£21) _2522)
7 Jo, Q0 (z1 —22) (zZ1—22)

Conjecture 1.12 in the introduction is a special case of Proposition 8.8. We simply
repeat the arguments given at the beginning of Section 8.8, which show that one can
equivalently define the scaling limit by choosing a given deformation function F,
and letting the isoradius R, of the critical graphs G, go to zero R, — 0, or fixing
the isoradius R, of the critical graph G, but then instead introducing the rescaled
displacement function Fy and letting £ go to infinity £ — oo.

8.9. About the scaling limit of the Kiihler operator O

We now discuss briefly the deformations of the Kihler operator, without giving details
of the calculations. In the block matrix representation, the Kéhler operator £ and its

e-derivative read ;
A
Ve 25 0\ (V.
D) =4 = Re =1,
+ _
’ _ vs Asxs Aéée Ve

with A, and R, the areas and circumradii of the faces of the deformed lattice T,
while B, and 9, are given by (8.12) and (8.13). In order to study D(¢) at a finite
epsilon and to compare it to D (0) = D, and its scaling limit, one can try to repeat
the argument for A presented in the previous section. It is enough to consider D’(¢).

(8.35)

We start from a critical lattice T{, with isoradius r, perform the deformation z —
z + €F(z), and reexpress D’(¢), defined on the deformed Delaunay lattice TZ, on
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the back-deformed lattice T..,. We can thus rewrite D’(¢) under a block form similar

t0 (8.25) T
D'(e) = (g) A-TF'(e; F) (g) (8.36)

with 2 x 2 block matrix F’(¢; F) made of diagonal matrices relative to the faces £
of T..,, defined implicitly by (8.36). The 2 x 2 matrix extracted of F’ relative to
a face £, [F/(¢; F)](£) can be computed explicitly out of the VF(f) and V F(f), and
of the geometry of the face £, but the result will be quite long and not very illuminating
at this stage. The difference with the previous case of A is that for a face £ (let us
denote its vertices (123)) F’ will depend explicitly on the circumradius R(f) of the
face, and on the phases C, associated to the unoriented edges e = (12), (23) and (31)
of £, defined by (8.7). Indeed, the coefficient 4(f) depends explicitly of R(f), and
the coefficient R (£) depends also on the coefficients C(f) = )., C,. Moreover, the
variation of these coefficients under the back-deformation T.9 <> T, depends also on
these C..

We can now use Proposition 8.2 which bounds the 4(f) and R(f) and R(f),
and the fact that since the C, are phases so that |Cs| = 1, to bound uniformly the
coefficients of the matrices [F'(e; F)](£f)’s with respect to the deformation parameter ¢
(small enough) and the triangulations T§,.

Proposition 8.9. Let F be a displacement function, ¥ = {Ty:r € (0, 1]} a family
of critical triangulations labeled by their isoradius r, and € € (0, €] with €; defined
by (8.27). There is a constant which depends only on F and the choice of €], such that
there is a uniform bound for the matrix elements of the [F'(¢; F)|(f) matrices

ITF" (e F)I(E)] < const-r—2
with the standard operator norm || - || on matrices (for instance).

Proof. The proof relies on writing explicitly the matrix F’. This is lengthy but not

difficult. Note that the factor r 2, where r is the isoradius of the initial lattice Ty,

comes from the % in the initial definition of D (8.35). ]
0

If we look now at the limit r — 0, keeping € fixed, denoting as in Proposition 8.3
the face of T_., which contains the point z by £..,(z), there is no reason for a gen-
eric family ¥ = {T,} that the ratio R(f.,(z)) = M and the coefficients
Ce(fL.)(2)) and C(£fL.,(z)) converge towards fixed values R(z;€), C(z:€), Co(z;€)
in the scaling limit ¥ — 0. Indeed, these quantities depend explicitly on the detailed
local geometrical structure of the lattices T, in the neighborhood of the point z, for
each value of r. Only for some very specific sequences of T}, for instance, iterative
isoradial refinements of the initial lattice for » = 1, we can expect strong correlations
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leading to the existence of a limit r — 0 for these quantities. We can therefore state
the following.

Proposition 8.10. Under the hypothesis of Proposition 8.9, the matrix ]F/(:—SF) has
generically no local scaling limit for € finite when r — 0,

. [F'(e: F)I(££,0(2))

m

li
r—0 r2

does not exist. Of course, one must have
z € Q = supp(F)

since otherwise this limit exists and is zero. The same is obviously true for the non-
existence of the limit r — 0 of the bi-local term at finite €1, €5,

lim Tr[D' (1) - D' - D'(e2) - D' (8.37)
r—

does not exist.

Therefore, the existence of a scaling limit for £ could make sense in a much more
limited setting than for A. Remember that we want to compare
(i) the limit € — 0, which, for D’ as well as for A’, has the effect of keeping only
the terms linear in VF, VF and their c.c.;
(i) the scaling limit 7 — 0, which allows replacing the discrete derivatives V, V
by continuous derivatives d and 9, and, in particular, (8.34).

In fact, the best result we obtain so far concerns the “simultaneous limit” when € and r
go to zero, and is stated in the following proposition.

Proposition 8.11. Let F be a displacement function, ¥ = {T;:r € (0, 1]} a fam-
ily of critical triangulations labeled by their isoradius r, and €] defined by (8.27).
We consider the “simultaneous limit” where

r—0, €, =€) =rcq

with 0 < ¢, < € for a = 1,2. Assuming the validity of Conjecture 8.5, the bi-local
term of (8.37) converges uniformly towards its continuum limit given in Theorem 1.10,

lim Tt[D' (1) - D' - D'(e2) - D]
r—

€1/r=cy

e/r=cz

:%/ d221/ dzzz(gFl(Zl)gFZ(ZZ) n 8171(21)8152(22))'
n? Jq, Q)

(z1 — 22)* (zZ1 —22)*
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9. Discussion and perspectives

9.1. The aim of the study

In this work, we study properties of the measure on planar graphs introduced by [7] in
order to better understand the relationship between this discrete model and continuum
models of random geometries on the plane arising from conformal field theories
(CFT), in particular, the quantum Liouville theory. The model is defined as an integ-
ral over the space of all Delaunay graphs of the plane. We do not study as a whole
the global properties of this integral and its associated measure. Rather, we study
the measure in the neighborhood of very specific graphs, namely, isoradial Delaunay
graphs. Our motivation is twofold:

(i) isoradial graphs can be viewed as a discretization of flat geometry, so this
should amount to some “semiclassical limit”;

(i) deforming the geometry is a way to introduce a stress-energy tensor into the
statistical model, whose properties are crucial for conformal theories.

The measure of the model is a Kihler measure (in fact, equivalent to the Weil—
Petersson measure), and its density can be written as the determinant of a Laplacian-
like Kahler operator O (defined on the Delaunay graphs), with specific global con-
formal invariance properties under PSL(2, C) transformations. In order to compare
our result with other cases, we study in parallel the Kihler operator D, the ordin-
ary discrete Laplace—Beltrami operator A (which is not PSL(2, C) invariant), and the
conformal Laplacian A which, like D, also enjoys a global PSL(2, C) invariance

property.

9.2. The first-order variations and discretized conformal field theories

9.2.1. The Laplace-Beltrami operator A. The calculation for the first-order vari-
ation for the discretized Laplace—Beltrami operator A is easy to discuss in the frame-
work of a discretized CFT on the lattice. We refer to Appendix A for a reminder of the
definitions and properties of CFT which are needed in this discussion. Our result (6.3)
in Proposition 6.1 states that

dc log det(A) = — Z 4A(£)(VF(£)Q(f) + VF(£) O (£)) 9.1)
faces
f€60+

with
Q(f) :=[VAT'V e = Y Ve Ve [AZ'],,- 9.2)

u,v
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where the operators V, V are defined in formulas (3.6) and (3.7), respectively. Equa-
tion (9.1) can be read as the discretized version of the first-order variation of the
partition function under a diffeomorphism for a CFT (see (A.4)) given by

delog(Z) = — / d2x GF (T () + 0F (o) (T (),

where the sum over faces discretizes the integral over the plane, and the derivat-
ives VF and V F serve as discrete versions of dF and 0 F,

ZA(f)e/dzx, VF < 3dF, VF < dF.
f

The term Q(£) is given by the vacuum expectation value (v.e.v.)
4nQ(f) = (Ta(9))

of a discretized stress-energy tensor Ta for a theory with Grassmann fields (P, ®)
attached to the vertices of the triangulation G, with discretized action S,

S[@. 0] =dAD= ) DA,D,. (9.3)
vertices
u,veG
where
TA(f) = —4xVO(£)VO() = —41 Y Ve, @, Ve, Dy (9.4)
u,vef

for a face (triangle) £ of the triangulation G;.

Note that this definition (9.4) for the discrete stress-energy tensor follows directly
from (9.3) and the variation of the discrete Laplace—Beltrami operator A given by
Proposition 5.12 and equation (5.11).

The above discussion is valid regardless of whether we consider the variation of
the Laplace—Beltrami operator defined on an isoradial Delaunay graph G, or instead
on a general Delaunay graph G. Indeed, (9.4) follows from the general equation (5.11)
for the variation of A on generic triangulations. Note also that the absence of the term
VF + VF in the variation of A means Tr'T = T?Z = T?Z is zero, and that the discrete
Laplace—Beltrami operator A has a discrete conformal invariance property.

The interesting result, relevant for the discussion here, is that for an isoradial
Delaunay graph G.; the term Q(f), i.e., the v.e.v. of the discretized stress-energy
tensor 7', depends only on the local geometry of the graph, i.e., on the shape of the
triangle £, as stated in Proposition 6.1. This is not true when G is not isoradial; in that
case, (T (f)) will depend on the full geometry of the lattice.
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9.2.2. The Kéhler operator O. The first-order variation for the Kéhler operator
is given by (6.6) in Proposition 6.6. The first term in (6.6) is the same as the first-order
variation for A in (6.1), which is rewritten in (9.1) as a sum over the triangles of the
lattice involving the discrete derivatives of the deformation V F and V F. The second
term in (6.6) involves the first-order variation d¢ R(f) of the circumradii R(£, €)
of a face, which can be obtained from formulas (5.15) and (5.16). Then the final
result is

delogdet(D) =— ((4A(f)Q(f) + %C(f))w(f) + %VF(f)) tec. (9.5)
faces
f€60+

with the geometrical factor C(£) for a triangle £ given by (5.13), while Q(£) is given
by (9.2), and corresponds to the v.e.v. of the discretized stress energy tensor 7T (f)
defined by (9.4) for the Laplace—Beltrami theory.

Like for the Laplace—Beltrami operator, variation (9.5) can be written in terms of
a discretized stress-energy tensor T g for a theory with discretized action

So[®, P] =P - DD
in the following way:
O log det(D) = tr[d.D - D71

= _% > AE)(VF(£)(Tp(£)) + VF(£)(To(£)))
1 — —
+5 Zf: A(E)(VF(f) + VF(£)) (e To(£)), 9.6)

where the components of the discretized stress-energy tensor are
1 _ _

Ty = —4nﬁ(V<I>Vd> + CVOVD),

_ 1 — —— —— —

To = 4nﬁ(V<I>VCI> + CVOVO), 9.7)

1 -
trTo = SEVQDVCD.
One should note the non-zero term %(ﬁF + VF) in (9.5) and the non-vanishing of
the v.e.v. of the trace of a discrete stress-energy tensor tr T p. This follows from the
fact that the dimension of the matrix elements of O is length™2.
Definition (9.7) and the variation formula (9.6) remain valid if we replace the iso-

radial Delaunay graph G, by a generic Delaunay graph G. The additional term C(f)
in (9.7) depends explicitly on the local geometry of the graph in the neighborhood of
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the triangle £. This term cannot be written simply in the continuum limit £ — oo in
terms of continuous derivatives d and 9 of a “smooth” complex Grassmann field ®(x)
in the flat continuum plane R2. This implies that Tgp has no direct interpretation in
a continuum field theory setting, in contrast with Tx.

Again, the interesting explicit local form given in Proposition 6.6 and in Re-
mark 6.7 are only valid for the variation of an isoradial Delaunay graph G;.

9.2.3. The conformal Laplacian A. The result given by Proposition 6.4 for A ad-
mits a similar interpretation. Again, the absence of a VF + VF term signals the
conformal invariance of A, which in this case is ensured from the start, before one
takes the scaling limit. The first-order variation can still be written as a sum over
triangles, of the form

dclogdet(A) = — ) 4AE)(VF(£) Qeont(f) +c.c) 98)

faces
fe GO +

but now the local face term Q.o (f) differs from Q(f) when one or several of the
edges of the triangle £ are chords, owing to the additional terms in (6.4). More pre-

cisely, the contribution for a chord can be separated into equal contributions for its
adjacent “north” and “south” triangles, so that one writes

A(f) Qconf(f) = A(f)Q(f) + Hanom(f)

with the anomalous term H,,om(£) for a (counter-clockwise oriented) face f expressed
as a sum over its (oriented) edges € which are chords

Hanorn(f) = E H(é’ f)
chords
eedf

with
HG.£) = 0h(3) cot,(3)6,(@).
8mi
where &,(€) is defined in (5.20). These explicit results are valid when deforming an
isoradial Delaunay graph G,.
Again, for a deformation of a generic triangulation G, variation (9.8) can be writ-

ten in terms of a discretized stress-energy tensor Ta using a Grassmann field (®, @)
with action Scopr = © - AP,

d.logdet(A) = —— 3" AT FENTA) + VF(E)Ta®)

+ % Xf: A(£)(VF(£) + VF(£))(r Ta(£)).
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Figure 27. A face f (triangle) and its three neighbors.

One has generically tr To = 0 (conformal invariance). The discretized analytic and
anti-analytic components 75 and TA can be written explicitly, using Section 5.3 and,
in particular, (5.19) in Remark 5.15. We get a generic form for TA involving all pos-
sible binomials of discrete derivatives of the fields

Ta = dAVOVD 4 bVOVSD 4 cVOVD + dVOV . (9.9)

The coefficients d(f), b(f), C(f) and d(f) depend not only on the geometry of the
triangle £, but also of its three neighboring triangles £/, £” and £”, since they depend
explicitly on the conformal angles of the three edges €', ¢” and €”” of £. See Figure 27.
Like T, the discrete stress-energy tensor T a is quadratic in the local derivatives of
the fields (®, ®). However, it involves not only the term V®V ® but three other terms.
Furthermore, the coefficient d(f) of the V&V ® term is non-constant and depends on
the geometry of f and its neighbors.

9.3. The second-order variations and discretized conformal field theories

We now discuss along the same lines our result for the second-order variation and its
scaling limit.

9.3.1. The Laplace-Beltrami operator A. Here we consider the Laplace—Beltrami
operator of the Delaunay graph G obtained through a bi-local deformation

Ze(V) 1=z (V) + €1 F1(v) + e2F2(v)

of the critical embedding of an isoradial Delaunay graph G.,. The €;€; cross-term
of log det A(¢) can be calculated exactly using Proposition 5.12 and expressed using
the limit graph G+ and any weak Delaunay triangulation 60+ which completes it.
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This gives

O¢,Oc, logdet A = —tr[ e, A - AL -0, A ALY (9.10)
= —64tr[Re[VT (VF)AV] - Acrl ‘Re[VT(VF)AV]- AL
=— Z 32A(x1) A(x2) Re[VF1 (x1)V F2(x2) ([VAL'V ] x,) ]

triangles
X1,X2 E(}O+

— > 324D AR) Re[VFI(x1)VEa (x2) (VALY Ty 2y)?)-

triangles
X1,X2 EGOJ,_

Using formula (9.4) for the discrete stress-energy tensor 7Ta and applying Wick’s
theorem, we can express the two-point v.e.v.’s

55 (TaGDTaG))eom. = (VAT Vs
©.11)

327 2<TA(X1)TA(X2))c0nn = ([VA IVT]xlxz)z

and the c.c. So far we do not require the initial graph to be isoradial: We may, in fact,
replace the critical graph G, with any Delaunay graph G equipped with its corres-
ponding Laplace-Beltrami operator A and Green’s function Ay, and the variational
formula (9.10) and the double correlator identity (9.11) remain valid. If, however,
we incorporate a scaling parameter £ > 0 and consider the bi-local smoothly deformed
embedding z¢ ¢(v) := ze(v) + €1€F1.¢(v) 4+ €20 F5,4(v), then the isoradial property
(responsible for the asymptotic expansion (1.10) for the critical Green’s function Ac_rl)
is sufficient to establish the convergence of the scaling limit of formula (9.10), which
is consistent with the OPE of a CFT with the expected central charge ¢ = —2, namely,

lim ¢, e, log det A(€) = // dx2dx R[aFl(xl)aFZ(XZ)]. 9.12)
{—00 Q%2

(x1 — x2)4

As we have seen, VA VT and VAO_I VT (and their complex conjugates) must decay
in accordance with Lemma 6.9 in order for (9.12) to hold. Our result is, of course, not
surprising, and should be viewed as a check of the validity of our approach.

9.3.2. The Kébhler operator . Proposition 6.11 and its scaling limit given in Sec-
tion 7.3 are the novel results of the paper. They state that the scaling limit of the
bi-local second-order variation for log det D (¢, £) and log det A(e, £) are identical,

1 // dxid, 0F (x1)0Fa(x2) n 81‘?1(361)31'72(362)).
QIXQZ

(x1 —x2)* (X1 — X2)*

This result is interesting for two reasons.
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The operator D has a different form and even a different scaling dimension than A.
Its variation (5.12) and the associated stress-energy tensor (9.7) are different. How-
ever, the second-order variation has exactly the same OPE as the second-order vari-
ation for A, and it corresponds to a CFT with the same central charge

c=-2.

This value for the central charge is in our opinion somehow unexpected, and this is
interesting per se. Indeed, it was suggested by the first author in the original paper [7]
that the measure over triangulations given by det() (later shown in [4] to coincide
with the Weil-Petersson metric over a marked complex curve), had a direct rela-
tion with the gauge fixing Faddeev—Popov determinant in two-dimensional quantum
gravity. If true, it should be related to the so-called b—c ghosts system in Polyakov’s
formulation as Liouville theory of 2D gravity and non-critical strings (see [12]). Then
one could have expected a different value for the central charge, since the central

charge for the b—c system is ¢ = —26, and the central charge for the corresponding
Liouville quantum gravity (at Q = %, ie,y = %) is ¢ = 26.

9.3.3. The conformal Laplacian A. For the conformal Laplacian operator A, we
do not have such a simple result, and the corresponding OPE cannot be interpreted
as coming from a CFT. There are additional contributions that come from the chords,
which have been studied in Section 6.3, namely the chord—chord term given by
expression (6.25) and the chord—edge term given by (6.26). The latter chord—edge
term has the expected harmonic form (depending only on (x — x’)™* and its c.c.), but
with a local geometry dependent coefficient involving both VF,V F, and VF;V F,
terms. The chord—chord term is even more involved and contains a non-harmonic
term, proportional to |x — x’|~#, with a more complicated geometrical dependence in
the geometry of the faces and the chords. In Appendix C, we give an explicit example
of a critical lattice with a finite density of chords where these additional “anomalous”
terms give a macroscopic anomalous contribution to the second-order variation, which
precludes an interpretation in terms of conformal field theory in the scaling limit.
Of course, this comes from the anomalous terms in the expression of the discretized
stress-energy tensor T, (of general schematic form given in (9.9)), which does not
have a simple universal field theoretical interpretation in the scaling limit. This is also

a new, although somehow negative, result.

9.4. Relations and differences with other discrete models

The operators that we study here are defined on planar isoradial Delaunay graphs.
Isoradial graph embeddings play a very important role in the study of two-dimensional
models of statistical mechanics in theoretical physics and in mathematics. In partic-
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ular, they are an essential tool in the proof of the conformal invariance of the Ising
model at its critical point, and in the study of the conformal invariance of other critical
models. They are very important in our study too, since they allow control of the large
distance properties of the respective Green’s functions.

However, we stress that there is an important difference in terms of perspective.
In studies of critical statistical models on such graphs, the underlying graph is fixed,
and the proofs of the existence of a scaling limit and of its conformal invariance are
undertaken for a fixed lattice. The random triangulation model of [7] is a statistical
model of planar graphs, rather than a statistical model on a planar graph. The planar
isoradial graphs that we consider here are just some special “semiclassical” configura-
tions, which minimize a “local curvature functional”, as discussed in the Section 2.1.4,
formula (2.2).

There are nevertheless relations between our work and some recent works, espe-
cially in regard to defining a notion of a discrete stress-energy tensor. Let us briefly
discuss two of them.

9.4.1. Discrete stress-energy tensor in the loop model of Chelkak et al. In [5],
Chelkak, Glazman and Smirnov study the famous critical O(#n) loop model [11,19,22]
on abstract discrete surfaces with boundaries (denoted by Gg) made by gluing together
equilateral triangles A and rhombi {)(8) of unit length §, where each rhombus has an
independent acute angle 6 selected in the range 0 < 6 < 7, as depicted in Figure 28.
The surface has, in general, conical singularities at all of its vertices. A discrete sur-
face may admit more than one tessellation into triangles and rhombi if some vertices
are flat (no conical defect). Two tessellations are equivalent (i.e., they describe the
same surface) if one can be transformed into the other by applying a sequence of the

following three kinds of local operations:

(i)  Yang—Baxter transformations which flip a flat hexagon made up of three
rhombi sharing a common vertex,

(i1)  pentagonal transformations which interchange a triangle and a rhombus
which form a flat pentagon with a triangle and two rhombi,

(iii)  split transformations which dissect a rhombus (%) into a pair of equilat-
eral triangles sharing a common edge; this is depicted in Figure 29.

9

Figure 28. The triangles and rhombi of [5].
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(¢)

Figure 29. Yang-Baxter (a), pentagonal (b) and split (c) moves of [5]; white vertices o have to
be flat (no conical singularity).

The states of the O(n) loop model for a tessellated surface Gg are configura-
tions y consisting of non-crossing loops and strands (joining boundary components,
if present) drawn on the surface Gg which can be obtained by concatenating local
arrangements of arcs, one for each triangle and rhombus in Gs. A local weight wy, (f)
is associated to each face £ of Gs which depends on the configuration of the loops
on £, the geometry of the face (hence of angle 6 if £ = {)(6) is a rhombus), and on
a parameter s (related to the temperature). A factor n (loop fugacity) is associated to
each closed loop. The local weights w,, (£) (that we do not discuss here) are taken to
have a very specific form in order to satisfy the Yang—Baxter and pentagonal relations,
ensuring that the model is the same for equivalent tessellations of the surface.

The partition function Z?(Gs) for the O(n) loop model on a fixed surface G
equipped with a boundary condition b (specifying which boundary edges are joined
by arcs), is given by the sum over states (loops+arcs configurations y) by

Z%(Gy) = > MO TT wy ().

b-configurations y ffgc&;
In addition, when the specific relation between n (the loop fugacity) and s (the tem-
perature parameter)

n = —cos (?)

holds, then the loop model is critical.

In [5], Chelkak et al. consider a planar version without conical defects where
all rhombi have angle 6 = %, and such that the discrete surface Gy is a compact,
connected domain €2 of the triangular lattice. In this planar case, they define a discrete
stress-energy tensor as the response of the model to an infinitesimal e-deformation
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€

. -—>o<-<:>o

Figure 30. The e-deformations of rhombi in [5].

of the original planar surface into a non-planar surface with conical defects. More
precisely, two deformations are considered:

(i) replacing two adjacent equilateral triangles (forming a rhombus (%)) by
a rhombus () with angle 6 = 5 + ¢,

(ii) replacing two aligned edges by an “almost flat” rhombus ¢ (¢) (see Figure 30).

The variation of the logarithm of the partition function under such e-deformations
defines the v.e.v. of a discrete stress-energy tensor 7gn, associated to edges e or to
midlines m (of the honeycomb lattice built from the original triangular lattice), and
out of these related real objects, a discrete complex stress-energy tensor J can be
associated to the vertices and the faces of the lattice (with relations). In [5], it is
conjectured that this object is approximately discrete-holomorphic and converges to
the stress-energy tensor of the corresponding CFT in the scaling limit.

9.4.2. Similarities and differences. There are similarities but also important differ-
ences with the approach and results of our study. The discrete conformal Laplacian A
defined in (1.7) is also defined with respect to a rhombic tessellated surface Sg nat-
urally associated to a Delaunay graph G in the plane (see Section 2.1 and especially
Definition 2.21). However, Sg is constructed only out of rhombi ¢)(e) associated to
edges e of G, and contains no equilateral triangles. Moreover, the rhombic surface Sg
is bipartite, with black and white vertices corresponding to vertices and faces of G
respectively. Finally, and most importantly, the black vertices of Sg must be flat (they
do not carry a conical singularity), while the white vertices may carry a conical sin-
gularity (corresponding to a non-zero Ricci curvature given by (2.2)), see Figure 31.
Thus our model considers only a subspace of the space of tessellated surfaces of [5].

Like [5], the stress-energy tensor in our study is defined in terms of deform-
ations. However, an important difference is that we consider deformations of Sg
which are induced from deformations of the underlying Delaunay graph G in the
plane. This space of deformations differs from those considered in [5] in two respects.
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curvature

N
4— flat

Figure 31. The rhombi which build the tessellated surface Sg in this paper.

First, our deformations preserve the flatness of the black vertices of Sg. Second, and
this is essential, our discrete stress-energy tensor has a specific invariance properties
under global continuous analytic transformations of the plane, i.e., Mobius trans-
formations. This holds a priori, independent of the specific geometry of the Delaunay
graph G.

In [5], as well as in other studies, the framework is different. One looks for a dis-
crete stress-energy tensor on an isoradial critical graph G which has some specific
invariance properties under the discrete analytic and anti-analytic transformations
of G. Discrete analyticity is a very special and powerful property, but it depends
explicitly on the critical graph considered. It is only in the scaling limit that discrete
analyticity can be shown to “converge” (this is a crude presentation of beautiful and
precise results) towards the usual analyticity in the continuum (i.e., in the complex
plane C).

Another difference is that our setting includes deformations of “flat rhombi” (cor-
responding to chords) which are not deformations of aligned edges, as considered
in [5] and depicted in Figure 30. These deformations induce the appearance of the
“curvature dipoles” discussed in Section 6.4, which complicate the analysis of A.

The overlap between our work and the results of [5] is restricted to the case of the
operator A, which is related to the GFF. Strictly speaking, the authors of [5] consider
the critical O(n) loop model for n € [—2, 2], but it is known that the GFF can be related
to the » = 2 model, and that there is some relation between the Laplace—Beltrami
operator on a graph and the n = —2 model.

On the other hand, the Laplace—Beltrami operator A and the Kihler operator D,
which we would like to study on a general Delaunay graph G, are not defined in terms
of the abstract thombic surface Sg. We do not know how to relate precisely, and, in
general, their corresponding discrete stress-energy tensors to the construction of the
stress-energy tensor given by [5].

9.4.3. Stress-energy tensor constructions through lattice representations of the
Virasoro algebra. In an approach taken by Hongler et al. in [15], a stress-energy
tensor for some lattice models is defined implicitly by identifying its modes through
an action of the Virasoro algebra on an appropriately defined vector space & :=
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Floc /il of Jattice local fields (modulo null fields) supported on the graph. This con-
struction avoids interpreting the stress-energy tensor as a response to a deformation
of the graph embedding. Instead, an intermediate action of the Heisenberg algebra is
introduced using a discrete holomorphic current along with a technique of discrete
contour integration and a notion of discrete half-integer power functions. Only the
special cases of the discrete GFF and of the Ising model on the square lattice G = Zl%
with mesh size § are handled in [15]. However, we expect that most of their tech-
nology (e.g., the notions of medial and corner graphs, discrete power functions, and
discrete contour integration) is readily adaptable to arbitrary isoradial graphs (and
their rhombic graphs where the theory of discrete holomorphicity is well behaved).
The space of lattice local fields F'°° of [15] depends on the translation properties
of G= Z%. Specifically, F'°° consists of fields which can be constructed as polynomial
expressions of elementary fields ¢s (z) together with their translates ¢ (z 4+ x8) for x
in some fixed finite set V' C Z? of admissible displacements. For a general isoradial
graph, one would need to specify an adequate vector space of lattice local fields F'°°
on which a representation of the Virasoro algebra could be supported. Bearing this,
it would be natural to examine whether the stress-energy tensor(s) for the operator(s)
considered in our paper can be realized by such putative Virasoro algebra action(s).
For older references of representations of Virasoro algebra in lattice models, see the
references in [15].

9.5. Open questions and possible extensions

Problem 1. We would like to reiterate the problem of settling Conjecture 8.5 of Sec-
tion 8.8, or in lieu of that, finding another adequate bound on R(£)™'V p3(£) uniform
in the faces £ of T(()r) and the scaling parameter £ (or r = % ), in order to complete the
proof of Propositions 8.7 and 8.8 as well as 8.11.

Problem 2. Instead of using an isoradial Delaunay graph, we could begin with a De-
launay graph which is “smoothly non-isoradial”, in the sense that the circumradii
of the faces R(f) vary slowly with the position of the faces in the plane. Studying
the Laplace-like operators A, A and D and their deformations on such a graph
is an interesting problem which might entail finding asymptotic expansions of the
corresponding Green’s functions.

Problem 3. The properties that make a general isoradial graph G so useful as a start-
ing point in our analysis are a reflection of the underlying notion of discrete analyticity
supported on the lozenge graph G°. Chelkak et al. [5] have introduced the concept of
s-holomorphicity and s-embeddings of graphs, and one can try to develop a theory of
deformations for such graphs and their associated operators.
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Problem 4. In the scaling limit, random planar graphs are known to be related to the
Liouville conformal field theory. Finding a notion of discrete Liouville local field, with
good properties in the scaling limit, for the model of random Delaunay triangulations
is still an open problem. A solution could lead to an alternative discrete stress-energy
tensor on a Delaunay graph, different from the one considered here, and with differ-
ent properties under geometrical deformations of the graphs; in particular, having
a discrete central charge different from ¢ = —2 (possibly ¢ = —26).

Problem 5. It should also be interesting to study the existence and description of
a stress-energy tensor for other discrete models on Delaunay graphs, such as Dirac
fermions, the Ising model, the O(N) model, etc. using the approach of our work.
It would be fruitful to compare the results with the approaches taken in [5,15] (see Sec-
tion 9.4).

A. Reminders: The stress-energy tensor in quantum field theories and
the central charge in 2D conformal field theories

A.1l. The stress-energy tensor

For completeness, we recall some textbook material of quantum field theories (QFT)
and (CFT), which can be found, for instance, in [10]. A central concept in field theory
is the stress-energy tensor T = (TH") (also denoted the energy-momentum tensor
in the literature). Firstly, T can be viewed (in flat space) as the conserved current
J" = (T})") associated to space-time translation invariance, and is defined through
Noether’s theorem by the action of an infinitesimal local change of coordinates

xV = x4+ E"(x) (A1)

on the action § (classical or quantum) of the theory. Secondly, T can be viewed
(in a general curved space) as the “response of the theory” to an infinitesimal vari-
ation of the classical “background metric” g = (guv)

guv = v T Sg,uv

of the space-time M where the theory “lives”. More precisely, T is defined classically
by the functional derivative of the action §

2 sS
Vegx) 8guv(x) '

For a quantum theory (i.e., a local QFT), T is now a quantum operator. Its vacuum

TH (x) = —

expectation value (the vacuum-vacuum matrix element) is given by the first-order
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variation of the logarithm of the partition function Z of the QFT under an infinitesimal
variation of the metric §g,,

§logZ = % / dx /g ()88 (N (TH (X)) + - (A2)
M

Similarly, the first-order variation of the vacuum expectation of an observable O, for
instance, a product of local operators O1(x1) --- O, (xy,), gives by the connected cor-
relator of T times @

8(0) = %/M dx+/g(x)8gw ((THY (X)O)onn. + contact terms) + -+, (A.3)

where the so-called “contact terms” are present in (A.3) when the position x of T
coincides with that of some local operators in ©.

These two definitions of the stress-energy tensor T are closely related, and, in
fact, equivalent (with the proper definitions of T), since diffeomorphism (A.1) induces
a change of metric

Sguv = DMEV + Dvéu

with the covariant derivative D, and &, = g,,£”.

These definitions extend to the higher-order terms in 6g,, and give expectation
values of products of T (correlators). For instance, the second-order term in the vari-
ation of log Z gives the two-point connected correlator

! [ /g ()38 (x) f Ay /28800 (T ()T (7)) conn. + contact terms
8 Jm M

and so on.

A.2. The stress-energy tensor in two-dimensional conformal field theories

In two dimensions, it is standard to work in complex coordinates z = x! + ix?2,

7 = x! —ix2, so that the flat metric is

1
8zz = 8zz = O, 8zz = 8zz = E

An infinitesimal diffeomorphism z > z 4 € F'(z, Z) thus amounts to a variation of the
metric
€(dF 4+ 0F)

8g.; = €dF, 8gzz = €0F, §8g.7 =088z = 3

For QFT’s in two dimensions (in particular, for CFT’s), especially important are
the holomorphic and antiholomorphic components of the stress-energy tensor T,
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which are denoted by 7" and T in the literature (see, e.g., [10]). In the flat metric,
they are
- — T
T = _ETZZ = 2nT,,, T = _ETZZ = 2nT5;.

The variation of log Z (A.2) reads
§log(Z) = — §/d2x (OF (x)(T (x)) + 0F (x)(T(x)))
+ g / d?x (OF (x) 4+ OF (x)){tr T(x)) + - , (A.4)

where r T = T/, = T*g,, = T?* = T?=.

Conformal invariance in 2D implies that 7?7 = T?? = tr T = 0 identically van-
ishes. For a quantum theory, this requires a proper definition of the renormalized
stress-energy tensor, and this identity is valid up to very specific contact terms. The
conservation law for the current 3, T*¥ = 0 reduces to 9T = 0, 3T = 0, hence the
terminology holomorphic and anti-holomorphic components. This is valid for a CFT
in a flat metric.

For a 2D CFT defined on a general surface with a non-flat metric g, one can still
use (local) conformal coordinates where the metric reads ds? = p(z,Z) dzdZ, so that
the analyticity property of T and T are preserved. Here p is the conformal factor of
the metric. A most important property is that the trace of the stress-energy tensor does
not vanish anymore. Its expectation value is given by the trace anomaly

(trT(x)) = g;w(x)(le(x)) = Rscal(x) (A.5)

c
241
with the central charge c of the theory, and Ry, (x) the scalar curvature of the met-
ric g. The trace anomaly is a quantum anomaly, caused by short distance quantum fluc-
tuations and renormalization effects. See, e.g., [12] for details. It can be derived from
the short distance operator product expansion (OPE) for the stress-energy tensor,
which takes the form (for the holomorphic component 77)

1
T(z)T(Z)) = %—,4 + subdominant terms. (A.6)
z—>z/ (Z —Zz )

Formula (A.5) can be obtained from (A.6), e.g., by writing (T'(z)T (z')) as the func-
tional derivative % and comparing with the classical %
or [10]).

For a discrete statistical model, corresponding to a lattice regularized QFT, con-

formal invariance is expected to hold only at a critical point and in the large distance

(see, e.g., [12]

scaling limit (a famous example is the Ising model). The scaling limit of the model
corresponds to a CFT. The discretized stress-energy tensor Ty, can be defined, but
it contains, in general, short distance UV divergent terms, proportional to negative
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powers and logarithms of the short distance regulator a (the lattice mesh) or powers
of the high momentum/energy cut-off A ~ é By dimensional analysis,

Treg X A* ~ a2

The definition of the continuum limit a — 0 (A — 00) requires a renormalization
prescription in order to define a renormalized stress-energy tensor T with the correct
properties for conformal invariance (OPE, trace anomaly).

A.3. The two-dimensional boson and the A theory

Finally, we recall that our results for the Laplace—Beltrami operator A can be inter-
preted in the framework of the standard free boson CFT (which has the central charge
¢ = 1). Indeed, for the classical free boson, the action Sposon and the stress-energy
tensor are (on a closed Riemannian manifold M)

1

1
Swanlt] = 5 [ @5 VB8 00 = 5 [ PrEasm A

with stress-energy tensor

1
T = (38" 8" + g™ 5" )3,8959.

In two-dimensional flat space, using complex coordinates, A, = —499. The action
and the components of the stress-energy tensor are

Sboson[@] = 2 / d?x 3¢dep
and
T =-21(0¢)?, T =-2m0¢)>, tT=T?=T7=0.

The last identity shows that the two-dimensional free boson is indeed conformally
invariant. The partition function for the boson is related to the determinant of Az by
the functional integral

Zooron = / OlpleSW) = det(Ag) 2

with the properly defined functional determinant det(A) of A, taking into account
renormalization and the zero mode.
Formally, det(Ag) = Z, 2 is the partition function of the “n = —2 compon-

ents” free boson CFT, with ¢ = —2. Equivalently, a standard trick is to write det(A)
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as the partition function of a theory for a scalar complex Grassmann field: A spin
zero field obeying Fermi—Dirac statistics, described by a pair of conjugate Grassmann
(anti-commuting) fields (®, ®), where the ®(x)’s and ®(x)’s are the generators of
an infinite-dimensional Grassmann (or exterior) algebra. The partition function Zx is
given by a Berezin functional integral (see, e.g., [9,10] and the original reference [2]).
It reads, using the Berezin integration notation

Zpn =detA, = / D[P, Dle S DD, P] = [[do(x)d®(x)

with the action Sa (here a degree 2 element of the Grassmann algebra) which is
simply the Grassmann version of the action for a complex bosonic scalar field

SA[®, D] =4/d2xaq>§&> = /d2x®-Ag<T>.

Of course, unlike the bosonic case, the Berezin functional integral cannot be con-
sidered in terms of probabilistic averages over random real or complex fields “living”
on a space-time manifold, but as an algebraic construction. In the fermionic theory,
the two-point functions (the propagator) are (note the anticommutativity)

(PN)P()) = —(@()P() = [Ag ]xy.
(@) P(y)) = (D(x)D(y)) = 0.

The stress-energy tensor components are
Ta = —47d®d®, Tp = —470dd®, tr'T, = 0.

As explained in the discussion in Section 9, our results for the variations of the dis-
cretized Laplacians A, A and the Kéhler operator O (defined on a triangulation T)
can be easily formulated in terms of discretized stress-energy tensors attached to the
faces of T. However, only for the Laplace—Beltrami operator A can the discretized
stress energy tensor be given a simple continuum limit formulation as the stress-
energy tensor of a continuum QFT.

A.4. The conformal ghost-antighost theory

For completeness, we recall what is the ghost-antighost CFT theory for two-dimen-
sional gravity. The two-dimensional gravity is a quantum theory for the Riemannian
2d metric tensor g = (g,,v) on a Riemann surface (e.g., the sphere). It must be invari-
ant under local diffeomorphisms

x* x/M = xH + eéﬂ’ guv —> &uv — E(D;ﬁv =+ DVSM) (AS)
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with vector field § = (§*) and covariant derivative D = (D,,) in the metric g. In Po-
lyakov’s formulation (see the original article by Polyakov on the bosonic string [23],
and the Les Houches lecture notes by Friedan [12] for details), the diffeomorph-
ism local invariance is fixed by the conformal gauge. A background classical metric
g = (guv) is chosen, and the metric is fixed to be conformal with respect to g, i.e.,
of the form

Zuv(x) = A(x)gpuv(x), (A.9)

where A(x) is the conformal factor. This amounts to enforcing the local gauge fixing
condition

_ 1
Kt = gupgpagav - Egpagap g’ =0.

The variation of the gauge fixing term K under a general diffeomorphism (A.8) is,
when deforming a conformal metric of form (A.9),

K™ =0 — K" = —eA(D"€" + D"E" — g D, £7)

with D = (D ) the covariant derivative with respect to the background metric g.
It can be written as

—e(J- 9",

where J is a differential operator which maps a vector field & onto a symmetric trace-
less tensor (with respect to the background metric g). Quantizing the metric g in
the conformal gauge gives in the functional integral a Faddeev—Popov determinant,
which can be written as a Grassmann functional integral in terms of two anticommut-
ing ghost fields, ¢ and b, where

¢ = (c") isatype (1,0) tensor

and
b = (b,y) isatype (0,2) symmetric traceless tensor

such that b, = b, and g"*b,,,, = 0. The Faddeev—Popov determinant reads
det[J] = / Db, c]ebIe.
The action for the h—c system is (here in the background metric g)
Sghost[b. €] =b-J-¢ = /dzx V&b (D" ¢V + D c* — g D).
The symmetric stress-energy tensor for this ghost action is

THY = BETDVe, 4 BV Dle, + Dob™ct — g% Dicy,

ghost
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As shown by Polyakov in [23], this b—c system is a conformal theory (CFT) with
central charge ¢ = —26. As a consequence, when fixing the conformal gauge (A.9) in
the functional integral for 2D gravity, which is

“= / Dlgle™ m d*xiovE,
the resulting effective action for the remaining conformal factor

A(x) = exp(p(x))

with the Liouville field ¢(x) is the Liouville action, which defines the Liouville 2D
gravity model.

B. Proof of Lemma 1.9

Proof. For j = 2,3, introduce interpolations z;(¢) := tz; + (1 — t)z; between z;
and z;. In addition, set

z(s,t) ;= sz3(t) + (1 — 5)z2(2).

We start from the definition of V

[#(z2) — d(z)][23 — Z1] — [¢(23) — d(21)][Z2 — Z1]

Vo) = —4A(£) ’

where by formula (3.3), we have for the area of the triangle f

|z1 — 22||z2 — z3||z3 — z1]

4A(£) = R

The numerator can be expressed by
[¢(22) — ¢ (zD][z3 — Z1] — [¢(23) — ¢ (z)][z2 — Z1]
1
= [t S0~ 5 - gz - 2]

1
= /0 dt [[z2 — 21][Z3 — 21109 (22(1)) — [23 — z1][Z2 — Z1]39 (23 (1)) ]

*-integral

1
+Ad4@—amyimw@m»—w@mm} B.1)

**x-integral
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Apply the fundamental theorem of calculus once again, the *-integral in (B.1) can be
expressed as a double integral

1 1 d
~ [ [ drds L[908 — 2E ~F + (1 -9z — 2llE - 21D
o Jo S

1ol
= /O /O dtds 3¢(z(s.1)) ([z2 — 21][z3 — Z1] — [23 — z1][Z2 — Z1))

=—4iA(f)

+ /01 /01 t dids 3de(z(s,1))[z2 — 23]

X ($[zz —z1]lz2 =21l + (1 = 9)[z2 — z1][z3 — Z1])
+ /01 foltdtds 30¢ (z(s.1))[Z2 — 73]

x (s[z3 — 21][F2 = Ta] + (1 = 9)[22 — 21][F3 — T1).

Dividing the *-integral in (B.1) by (—4 Im A(f)), we obtain a first contribution
to V¢ (£), namely,

/01 /:dtds 0p(z(s,1))

1,1
—|-1R(f)/0 /0 tdtds88¢(z(s,t))|22_z3|

Z3—2Z1 Zp—Z
x( 3 1 22 l—l—(l—s)
|z3 — z1| |22 — z1]
22—33

1,1 B
—{—1R(f)/(; /0 ta’tds83(,15(2(5,1‘))|Z2 Za]

< Z3—2Z1 Z3—1Z1 Zy — 21 53—51)
X )

+ (1 —-y)

Zp —Z3

Zy—2Z1 Z3—1I1 )
|z2 — z1| |23 — z1]

|23 — z1]| |22 — z1] |z2 — z1| |23 — z1]

Again, by the fundamental theorem of calculus, we can transform the **-integral
in (B.1) and obtain

1
/o dt ([z2 — Z1][z3 — Z1][0¢ (22(1)) — 09 (z3(1))])

1 1 d
——F-alE-a [ [ dds g 0sE60)

= [22 - Z1][z3 —31]/01/:Idtds
x ([z2 — 23]00¢ (2 (5, 1)) + [Z2 — 23]00¢ (2 (5. 1))).



F. David and J. Scott 850

Dividing the *x-integral in (B.1) by (—4 Im A(£)), we obtain a second contribution
to V¢ (£), namely,

—Z1 Z3—1I1

1R(f)
|22 —Z1| |23 —21|

/ / t dids |88¢(z(s 1) + | l%qs(z(s z)))

So we end up with

1 1
qu(f)—/o /0 dtds d¢(z(s,t))

. 1 1 Zp —Z3
=1R(f)/ / t1dtds 30¢(z(s. 1)) ————
o Jo |z2 — z3]

( Z3 —Z1 32—21
X
|z3 — 21| |22 — z1]

+(1-3)

Zy —I1 33—21 )
|z2 — z1| |23 — z1]

1R(f)/ / tdtds 3¢ (z (s, t))| |

Z3—21 Zp—2Z Zp—Z1 Z3—Z
x( 3—Z1 Z2—I1 4 (1—s) 2—Z1 I3 1)
|Z3—21||22—21| |z2 — z1] |23 — z1]

+ 1R(f) 21 / / tdtds
|22 —Zl| |Z3 —21|
Zy —
x (|Z |88¢(Z(s 1) + | |38¢(Z(s z))) (B.2)
Thus we can bound the norm of the right-hand side of (B.2) by

1 1 _ _

R(f)/ / tdtds (|00¢p(z(s,1))| + 2|00¢(z(s,t))| + |00¢(z(s,1))]).

0 0

Thus we have
1 1

‘V(ﬁ(f) —/0 /0 dtds d¢(z(s,1))

< R)(5 sup 902 + sup [939(2)| + 5 sup [Fp(2))). (B3

zef zef zef

Finally, we come to bound the difference between d¢(z(s, ¢)) and d¢(zs), where z¢
is the circumcenter of £. Again, by the fundamental theorem of calculus, defining

z(p,s,t) = pz(s,t) + (1 — p)zs,
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we write
1 d
36 ((s5.1)) — 3p(z¢) = [O Ip 08(p.5.0)

1
- /0 dp (2(5.1) — 20)000 (2 (p. 5.1))
(5. 1) — 20009 (2 (p.5.1))).

Since z(s, t) is inside the triangle £, it is also in the disk B: of radius R(f) with
center z¢, hence |z(s,t) — z¢| < R(£), and we get the bound

18¢p(2(s,1)) = 3¢ ()| < R(£)(sup [90¢(2)| + sup |93 (2)]),

ZEBs Z€B;s

which when averaged becomes

1 1
/ dtds 3¢ (z(s,1)) — 3 (zs)
0 0

< R(£)(sup [30¢(z)| + sup [39¢(2)]). (B.4)

ZEB;s Z€EBs

Combining bounds (B.3) and (B.4), we get the final result of Lemma 1.9,

Vo (@) 39zl < RE)(2 sup 19| + 2 sup (3] + 5 sup [Fl).
2 zZ€B;s zZ€Bs 2 ZE€Bs
Remark B.1. For a general point w € B¢, we have |z(s,t) — w| < 2R(f) and after
modifying our estimates by a factor of 2, we obtain

5 - 1 -
V(@) —dp(w)| < RE)(3 sup 06| + 3 sup |93g| + 5 sup [3°¢]). (B.5)

ZEBs ZEBs ZEBs

C. Continuum limits of curvature anomalies: An example

In this appendix, we present an example of an isoradial Delaunay graph G, for
which the anomalous terms of the associated conformal Laplacian A (as defined in
formulas (6.23) and examined in equations (6.25) and (6.26) of Section 6) have well-
defined non-trivial scaling limits £ — oo. Unlike the continuum limits addressed in
Theorem 1.10, the limit values of the anomalous edge-to-chord, chord-to-edge, and
chord-to-chord terms computed in Proposition C.4 of this section reflect features of
the underlying geometry of the initial critical graph G, specifically the choice of
fundamental quadrilateral @ used to construct G.;. See Figure 33. We emphasize that
this is a very specific example; for “generic” isoradial Delaunay graph G, no such
continuum limit exist.
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Begin with four angles o1 < @p < a3 < @4 in the interval [0, 277) and construct the
cyclic quadrilateral @, whose vertices are the unit complex numbers 3; := exp(iog)
with k € {1,2, 3, 4}. We will require that the origin is contained in the interior of @,
which is achieved whenever oz — oy > 7 or ag — oo > 7. This constraint ensures
that the tiling we are about to construct is Delaunay. Let @°P denote the quadrilateral
obtained by rotating @ by 180 degrees. A cyclic quadrilateral with associated angles
T Sm 137 21w

3,02 = 35, a3 = —5-, and g = - is illustrated in Figure 32.

¥ = 9 11

o2

QB@M

Figure 32. The fundamental quadrilateral @ considered in the example.

Construct a doubly periodic quadrilateral tiling G, of the plane using translations
of @ and @Q°P. Clearly, G, will be isoradial and Delaunay in the sense of Section 2.1.1;
by construction, each face of G, is a cyclic quadrilateral. Figure 33 depicts such
a tiling.

For each quadrilateral face q of G, let z4 denote the complex coordinate of its
center; with respect to this center, the four vertices v4(k) of g, with k € {1,2, 3,4},
have complex coordinates z (vq(k)) = zq & 3k, where the sign is + if g is a translation
of @ and — if q is a translation of @°P. Let e;r denote the chord of the quadrilat-
eral q joining vertices vq(2) and vq(4), while e, will denote the chord joining v4(1)
and v4(3). Up to a sign, the corresponding north angles are given by 9 1= as —ay
and 9_ := a1 — a3, respectively. Define z; := 3, — 34 and z_ := 3 — 33. Let Ag
denote the area of @.

Let F(z) be a smooth complex-valued function with compact support together
with deformation and scaling parameter values € > 0 and £ > 0. Let G, ¢ denote the
graph obtained by deforming the embedding of G by z > z + €£F(}) and then
adjoining edges e;' or e, to those quadrilateral faces q of G according to whether
) (e(‘;) > 0or Oc ¢(e;) > 0, respectively; these conditions are mutually exclusive, as
the signs of O ¢ (ej{) and 0, ¢(e;) are opposite. Neither edge is selected if both con-
formal angles are zero. As long as € > 0 lies within the range 0 < € < €f ¢ prescribed
by Proposition 5.8, the graph G, ¢ will remain Delaunay.
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Figure 33. Fragment of a tiling G, by a cyclic quadrilateral q.

As an example, consider the following “mollified” shear of G,. For simplicity, we
consider the case where the support of F' has one connected component (in particular,
it is a disk ID with unit radius):

2

exp (i¢ + |Z||22‘_1) Im[z] if|z]| <1,

otherwise.

F(z) :=

Figure 34 depicts the effect of the corresponding deformation z +> z + €£F (7). The
reader will notice that the support of Fy:z + {F (%) is partitioned roughly into three
“unidirectional” zones consisting of deformed quadrilaterals whose diagonals share
the same alignment. In general, for any smooth compactly supported perturbation
z > z + el F(%), the support of Fy will be partitioned into such zones of constant
alignment. If we ignore the quadrilaterals q for which 96’ ‘ (e(‘;) vanishes, then the
remaining set of quadrilaterals can be partitioned into zones over which the sign
of 9(/)’ ‘ (e;r) is constant. For £ >> 0 large, the interfaces between these zones approx-
imate the level curves of Im[d F;&] = 0 within the disk Dy of radius £, where
E:=ejp—exy3t+ezy—eyq and ey, = §m —bn form,n € {1,2,3,4}.
3m — 3n

The appearance of continuous interfaces is a prodigy (of the existence) of the scaling
limit for the anomaly, as formalized in Lemma C.1 and Proposition C.4. In the case
of the mollified-shear example, the corresponding level curves are depicted in red in
Figure 34.
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Figure 34. Mollified-shear with angle value ¢ = —%, deformation parameter value € = 0.1,
and scaling parameter value £ = 22.

In order to analyze the anomalous terms arising in the second-order variation
of the conformal Laplacian, we return to using a scaled, bi-local perturbation as
prescribed in Section 7. As before, Fi(z) and F>(z) are complex-valued functions
whose supports 1 and 2, are compact and whose lattice closures Q; and Q, are
disjoint. In addition, € = (€1, €3) is a pair of independent deformation parameters,
and ¢ > 0 is a scaling parameter. Let G, ¢ denote the Delaunay graph associated to
the deformed embedding z¢ ¢(v) := z(v) + €1 F1,¢(2(v)) + €2 F,¢(z(v)), where the
deformation parameters are constrained within the range 0 < €1, €, < min(ég,, €f,),
whose bounds €, , €F, are specified in Proposition 5.8.

Given p € C and a value of the scaling parameter £ > 0, center a copy of the
fundamental quadrilateral @ about the dilated point £p € C. The coordinates of its
vertices are q¢(p; k) = £p + 3x for k € {1,2,3, 4}. The perturbation will displace
these vertices by q¢(p; k) = qe ¢(p: k), where

Get(Pik) :=qu(p:k) + €1 Fr(qe(p: k) + €2F5.0(qe(pi k)).

The conformal angle k¢ ¢(p) and its ¢;-derivatives bei k¢(p) are accordingly defined by

(Ge,t(P:4) = Gee(P:3))(qee(P:2) — qe e (p; 1))]

¢(p) =Iml
ket(p) =Im Ogl:(qg,g(p; 4) = qe. (P D) (Get(P;2) = qee(pi3))

0
dikce(p) = 5| _ Kket(p)
=Im[§Fi(p+371,p+372,]7-#%4)(612—614)] €D
+ Im[?Fi (p + %,p + 3{73, p+ 374)(‘334 - 623)]

— Im[3F; (p)&] + o(%).
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Lemma C.1. Fix a value of the scaling parameter £ > 0, then for any pair of points
p,z € suppF; with |z — p| < %

Reyke(2) ~ ImIE(P)E]| < 5 Mi(2.,0),

where

Mi(z.0) == max_ |02 F;(w)| + 2 max 1 |09 F; (w)]

lw—z|<g lw—z|<g

+ max |02 F; (w)].

lw—z|<¢

Proof. For brevity, we will simply write F instead of either F; or F, and d.k¢(z)
instead of bel Kke(z) or bEZKg (2). For indices i, j, k € {1,2, 3,4}, we will use the pro-
visional notation

T 3 3 kY _ 3
Al]k.—VF(z—}—g,z—i—g,z—i— Z) dF(p).

By Remark B.1, if |z — p| < %, we have
1A | < R<5 192F | + 3 max [09F| + & |52F|)
ii — max max — max ,
ikl = 2 zeB z€EB 2 zeB
where B is the disk of radius R = % centered at z. By formula (C.1), we have

Deke(z) —Im[OF (p)&]| = | Im[A124(e12 — e14) + Az3a(ess — €23)]|
< |A124] - |e12 — e1a| + [A234] - [e34 — e23]

< 2(|A124| + [A234]).

Accordingly, we have
Ockr(z) —Im[OF (p)&]| < f(é max |82 F| 4+ 3max |00 F| + L nax |52F|) "
€ ~ ¢ \2 zeB z€EB 2 zeB ’

Definition C.2. For a fixed value of the scaling parameter £ > 0 and any (continuous)
function ¢p: C — C, let us introduce the following piecewise abridgment:

d( %) whenever £p € int(q) for a quadrilateral g,
i S, ¢(Z%) whenever £p € int(dq; N dqp) for
(P)e(p) := a pair of quadrilaterals q; and qa,

%Z£=l g{)(ZqT"') whenever £p € dq; N dqx N dgqz N gy
for quadrilaterals q;, g2, 93, and qq.
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Remark C.3. Let y;. := (be,- ke)g, then yi 0 — Im[3 F; €] uniformly in the limit
{ — oo. Furthermore, XEJFZ — Im*[0F; €] uniformly as £ — oo, where

g"(p) == max(g(p).0) and g (p):= —min(g(p).0)
for any real-valued function g: C — R.

Proposition C.4. For signs 0,1 € {+, —}, define

J@D = tan? Do tan” // d*xd?y Im° [0 F,(x)€]
167242 o xa,
o L R RO
o g‘jj@ //legzdzxdzy Im® [3F, (x)E] R [f?()yf]
7O = g’zj@ //legzdzxdz Re[%]l I [IF>()E].

The continuum limits of the edge-to-chord Azdmh, chord-to-edge A?‘X"d, and chord-
to-chord AthCh anomalies exist and their values are

lim Achch J(Z) + J(z)

{—00
Jim At = JW 4 gm,
—00

ehm Achxch J(+ +)+J(+ )+J( +)+J(__)

Proof. We will verify the claim in the case of the chord-to-chord anomaly A;hxc}‘ and
leave the remaining cases to the reader. Begin with a pair of signs o, t € {+}. For
(x,y) € Q1 x Q5, let us introduce the following step-function

[Oe,ce(3)]° - [Re (Zziif)zlz'[bezw(%)]’, x eint(x), Ly €int(y),

Q?’r(x, V)= %,y € F(Gy),

bounded noise otherwise.

Note that A;hxcr = Jé+’+) + Jﬁ’_) + Jz(_ﬁ) + JZ(_’_), where

2 2
(0,r) _ tan ¥y tan” U or{Zx Zy
Jf - 1672 Z Z q)f (7’7)

x€F(Gyr) yEF(Gr)
xNQ(OF#D yNQ22(L)#0



Perturbing isoradial triangulations 857

It follows from Lemma C.1 that ®7"(x, y) — ®%(x, y) converges uniformly on
Q1 x Q5 as £ — oo, where

%7 (x, y) :=Im° [IF; (x)E] - [Re ﬂ]z M [IF(1)E],

(x—y)?
tan? ¥, tan? ¥,

J@0 =—// d?*xd?y @7 (x, y)
1671'214%,2 QxS
tan? ¥, tan? ¥
T tim f/ d>xd?y ®7%(x, y)
16 AQ £—o0 Qx>
tan? ¥, tan? ¥, or(Zx Z
Y ()
o2 Amo D 2. (77
x€F(Gyr) yEF(Ger)
xNQ(O)F#D yNQo (£)#0

= lim J°7. -
{—o00
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