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Orbital stability of the black soliton for the quintic
Gross—Pitaevskii equation

Miguel A. Alejo and Addn J. Corcho

Abstract. In this work, a proof of the orbital stability of the black soliton solu-
tion of the quintic Gross—Pitaevskii equation in one spatial dimension is obtained.
We first build and show explicitly black and dark soliton solutions and we prove
that the corresponding Ginzburg—Landau energy is coercive around them by using
some orthogonality conditions related to perturbations of the black and dark solitons.
The existence of suitable perturbations around black and dark solitons satisfying the
required orthogonality conditions is deduced from an implicit function theorem. In
fact, these perturbations involve dark solitons with sufficiently small speeds and some
proportionality factors arising from the explicit expression of their spatial derivative.

1. Introduction

In this work, we consider the one-dimensional quintic Gross—Pitaevskii equation (quintic
GP, for short)
(D) iuy +uxy = (Ju|* = Du, (t,x) € R?,
’ u(0, x) = up(x),

where u is a complex-valued function and the initial data u satisfies the boundary condi-
tion

(1.2) lim  |uo(x)]*> = 1.
|x|—=+o00

From the physical point of view, it is interesting to look for solutions u(¢, x) of (1.1)
satisfying the boundary condition (1.2) for all # > 0.

This is a defocusing nonlinear Schrodinger equation modeling, for example, ultra-cold
dilute Bose gases in highly elongated traps. More specifically, it describes dynamics of
weak density modulations of one-dimensional bosonic clouds (Tonks—Girardeau gases)
when the tight transverse confinement potential is turned off. In fact, (1.1) in the case
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of one-dimensional atomic strings allows to explain many fermionic properties arising
in one-dimensional chains of bosons, phenomena usually named as bosonic fermioniza-
tion. See [7, 14,17, 19] and references therein for a complete background on the physical
phenomena accounted for by this quintic defocusing model.

The quintic GP equation is phase (also called U(1) invariance) and translation invari-
ant, meaning that if u is a solution of (1.1), then

eu(t,x+a), acR, 0eR,
is also a solution of (1.1). The quintic GP (1.1) also bears Galilean invariance, namely,
ei(cx/z—czt/4)

u(t,x —ct), ceR,

but this will not be used in our approach. Note moreover that in (1.2) the asymptotic
value 1 can be changed to any number ¢ > 0 without loss of generality by rescaling the
values of u through v = u (¢4, £2x). Under this change, (1.1) recasts as

iV + Uy = (|v|4 - {4)1), (t,x) € RZ.

Furthermore, and as far as we know, the quintic GP (1.1)—(1.2) is a non-integrable
hamiltonian model (see [6,23]), with well-known low order conservation laws for regular
solutions, such as the mass

M) = [Ra Py dx = M{u](0)

and the classical energy

B0 = [ (jual? =50 = ) dx = Exul 0)

In this work, a crucial role will be played by the so-called quintic Ginzburg—Landau
energy, which is given by
Ez[u] = El[u] + M[u],

or more explicitly, by

(13) Ealu0)i= [ (jusl? + 50 =@+ i) d

which is also preserved along the flow. Another conserved quantity of (1.1) is the momen-
tum, which in the context of solutions satisfying (1.2) can be suited in different forms. For
example, for nonvanishing solutions (see [16]), it is written as'

(1.4) Pi[u] () = /Rgu,ux)c(l L) dx.

qup?

"Here (-,-)c means complex product, as introduced in (2.8).
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Moreover, considering vanishing solutions, in [3] it was introduced a renormalized version
of the momentum (1.4), namely (here u(z, x) = A(t, x)e“"(t’x)),

Ry
Palul) = ngm(% /_ e dr - S((R2) ~ p(R))) mod .

Here, by regular solutions we will understand those solutions that belong to the energy
space associated to (1.1):

(1.5) T={ueH.L(R) : ux € L>R)and | — u|* € L*(R)}.

Notice that if u € X, then 1 — |u|? € L?(R). Hence,
(1.6) (I =[ul?? Q@+ ul) = 0= u)? + A= u) (1 —[u*) € L'R).

and E,[u] is well defined.

Some previous results on the Cauchy problem of (1.1) are well known in the literature.
For example, local well-posedness in the context of a Zhidkov space, thatis, {u € L>°(R) :
dxu € L?(R)} was shown in [25] and global well-posedness of (1.1)—(1.2) was established
in [9], where the following general model was considered:

(1.7) iuy +uxx + f(u))u =0,

with regular nonlinearity f:R* — R satisfying (1) = 0 and f’(1) < 0. The model (1.7)
includes, as particular cases, other important equations such as the following:

e Pure powers: f(r)=1—r?, peZ*.
e Cubic case (p = 1): f(r) = 1 — r, the cubic Gross—Pitaevskii (cubic GP) equation.
¢ Cubic-quintic case: f(r) =(r —1)2a+1—-3r)with0 <a < 1.
* Quintic case (p = 2): f(r) = 1 — r?, the quintic GP equation (1.1).
More precisely, it was proved in Theorem 1.1 of [9] that the Cauchy problem for the
quintic GP equation (1.1)—(1.2) is globally well-posed in the space

¢+ H'(R),
for any ¢ satisfying
¢ € CZR), ¢ € H*R), [p]*>—1€ L*[R).

See [2, 11] and [10] for further reading on these generalized Schrédinger models.

Concerning solutions, complex constants with modulus one are the simplest solutions
contained in (1.1). Moreover, with respect to particular soliton solutions, and specifically
to the stability of solitonic waves for (1.7), the situation is well understood in the case
of the cubic GP equation, profiting its integrable character (see [24]). Indeed, it is well
known that the black soliton of the cubic GP is

vo(x) = tanh(%),
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which is a stationary, i.e., time independent wave solution. Furthermore, the study of
orbital and asymptotic stability for vy(x) was considered in several works [3, 8, 12, 13].
Besides that, for some cases of the cubic-quintic model (f(r) = (r — 1)(2a + 1 — 3r)),
the stability of traveling solitonic bubbles was shown in [18]. See [1,3,20] for more details
on these models. Finally, [4] dealt with stability (and instability) problems for stationary
and subsonic traveling waves giving an explicit condition on a general C? nonlinearity f
in the NLS model. Once in this work we have obtained exact traveling wave solitons (also
named as dark solitons), Theorem 24 in [4] can be applied to study the orbital stability
of stationary solutions (i.e., black solutions) but in another metric, well adapted to the &
space (1.5), different from the metric used in the current work.

In comparison with the cubic GP, the non-integrability of the quintic GP equation
makes the search of solutions even harder as well as the rigorous study of the analytical
properties related to them. Actually, and as far as we know, the black soliton solution for
the quintic GP was discovered in [ 14, equation (12)]. Besides that, we present in this work
the explicit expression of this solution as well as its formal derivation (see Section 2).
Namely, the black soliton of (1.1) is given by

tanh(x)

1.8 _ 5o @)
(1.8) $o(x) e

which is a solution of

(1.9) " +(1—9¢H¢ =0,

the corresponding differential equation describing stationary real waves of (1.1) with
u(0, x) = ¢(x) (see Section 2 for further details). Therefore, it is natural to question
whether, in the case of the quintic GP, the stability of ¢ is preserved in some sense. In
fact, the main result of this work is the following (see Section 5 for a more detailed version
and proof of this result):

Theorem 1.1. The black soliton solution ¢ given in (1.8) of the quintic GP equation (1.1)
is orbitally stable in a subspace of the energy space X, see (1.5).

The black soliton (1.8), stationary by nature, belongs to a greater family of traveling
waves. As far as we know, an explicit and correct expression of a traveling wave family of
solutions for the quintic GP (1.1) is missing in the literature. In fact, we show in this work
that the quintic GP (1.1)—(1.2) also bears explicit traveling-wave solutions. These waves,
with the form

u(t,x) = d.(x —ct),

are currently known as dark solitons, a reminiscent terminology coming from nonlinear
optics (see [15]). The function @, satisfies the complex nonlinear ordinary differential
equation

(1.10) Q) —ic®, + (1 —|®.|*H P, =0.
Indeed, for |¢| < 2, we are able to obtain the following explicit family of dark solitons:

ipy(c) + pa(c) tanh(k () £)

111 Dc(§) = ’
( ) (S) ﬁ\/l +M(c)tanh2(K(C)§)
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with & = x — ct, where

/4 — c2
(1.12) K = i(c) = TC
= () 3¢2—4+2/3c2+4
1 = 1 = )
V18¢2 — 8 4 (3¢2 + 4)3/2
3cvV4 —c?
M2 = pa(c) =

V182 =8 + (3¢ + 4)3/2

and where u = pu(c) satisfies the constraint relation

2 2
(1.13) M =1
242u

for all |c| < 2, which comes from (1.2). Therefore, u is explicitly

3¢2 4+ 20 — 84/4 + 3¢2

(1.14) w=ple) = 3412

Note that

limpu; =0, lim pu, =+—
c—0

c—>0% ﬁ
and, from (1.13),

1 1
i = —— ith —— < <
}gr%)u 3 with 3 <u=<0.

Also notice that, as a consequence of the above limits, we get
tanh(x
(1.15) lim ®.(x) = £Pg(x) = iﬁ#-
c—>0* 3 — tanh?(x)

Finally, hereafter, since =&, are both solutions of (1.10), it is better to consider a c-
smooth continuation of (1.8) in the following way:

P, c >0,
1.16 =
(1.16) de {—@c, ¢ <0.
Hence,
lim d’c = d)().
c—0%

Remark 1.2. The main ingredient in the orbital stability proof is the use of the associated
family of complex dark profiles ¢ whose real parts are odd functions with respect to the
speed ¢ and which are laterally approximated to the stationary black solution when ¢ — 0,
as shown in (1.15).

Our motivation to deal with the orbital stability of black solitons with this particular
quintic nonlinearity (note that the cubic GP case was approached in [13]) comes firstly
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from the physical relevance that this model has in quantum gases as we said above. We
were also motivated to prove this orbital stability result getting rid of a hydrodynamical
formulation because this approach only describes non-vanishing solutions, and therefore
excluding the black soliton solution. From a specific mathematical point of view, we avoid
technical issues coming from the non-integrable character of the model and therefore not
being allowed to use classical integrability methods.
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Figure 1. Left: graphics for the black soliton qbg (full line), see (1.8), against several profiles of dark
solitons |¢¢ |2, see (1.16), corresponding to dashed (¢ = 0.75), dotted (¢ = 1.25), and dashed but
less segmented (¢ = 1.75). Right: the nonlinear weight 1o (full line) against several weights 7.,
see (2.5), varying ¢ similarly.

More specifically, our proof establishes the coercivity of the functional Q.[3], defined
in (3.37), when the function 3 satisfies suitable orthogonality conditions well adapted to
this specific quintic nonlinearity. These orthogonality conditions are guaranteed by the
introduction of modulation parameters (see Proposition 4.2) and are needed to perturb a
stationary object as the black soliton of the quintic GP. This approach has the advantage
to show a better control on the perturbation with respect to the black soliton.

Besides that, we are able to explicitly obtain (despite the nonintegrable nature of the
model) dark solitons (traveling wave kinks) of the quintic GP, being one of the special
cases where it is still possible to get these solutions (the other one is the cubic GP). The
knowledge about dark solitons of quintic GP allowed us to perform precise perturbations
on the black soliton.

Summarizing, we highlight here the main results involved in the proof of the orbital
stability of the black soliton of the quintic GP equation (1.1). Our proof introduces new
theoretical and technical tools, with respect to the integrable cubic GP equation [13] or
more recently with respect to systems of cubic GP equations [5]. These tools are spe-
cially suited to deal with the associated nonlinear solutions of (1.1), namely, the black
soliton ¢y, see (1.8), and the dark soliton ¢, profile, see (2.4). Specifically, we introduce
the following:

* A new family of traveling wave solutions ¢., see (1.16), close to the stationary black
soliton ¢y, for the quintic GP equation (1.1). Obtaining non-constant solutions of this
non-integrable equation is not a simple task, and even more in the case when one has
to solve a coupled nonlinear ODE system, see (1.10). Only by proposing a suitable
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ansatz and a careful tuning of the free parameters allowed us to obtain them. Just,
compare these solutions of the quintic GP equation with the corresponding ones of the
cubic GP equation, where a simple complex constant translation gives the traveling
family. See Section 2.2 for further reading.

* A modified metric d.. This is a weighted metric with nonlinear weight ¢ as it is
dictated from the coercivity estimates that we need to prove on the quintic Ginzburg—
Landau energy on black and dark solitons. See (2.12) for a precise definition of d,
and also Propositions 3.2-3.4.

* New functional spaces, in order to correctly measure the distance between black and
dark solitons and their perturbations 3. See Section 2.3 for details.

* New orthogonality conditions which are associated to perturbations of the black and
dark solitons, see (3.15) and (3.35), and which are specially adapted to the spectral
properties of the quintic GP equation.

In this work, we were able to overcome several technical issues coming from the
nonlinear functional structure of the quintic GP and its black and dark solitons, by working
in a small speed region |¢| < c.

Moreover, the apparent structural difference between black solitons in the cubic GP
and the quintic GP is reflected in many identities and related functions around these black
(and dark) solitons, e.g., the quintic Ginzburg—Landau energy E», see (1.3), or the spatial
derivative ¢;,.

The strategy we used for the proof of the orbital stability result for the black soliton ¢¢
of (1.1) was focused to first show that the quintic Ginzburg-Landau energy E is coercive
around the black and dark solitons. This was done by using some orthogonality relations
based on perturbations 3 of the black and dark solitons and arising from the particular
spectral problem related to (1.1), suitable nonlinear identities and some proper Gagliardo—
Nirenberg estimates on functions of the black and dark solitons of (1.1).

We notice that the orthogonality conditions arising from the coercivity result (Proposi-
tion 3.2) on the black soliton ¢¢ do not include a linear term appearing after the expansion
of E,, see (1.3), around the black and dark solitons, and therefore we must deal with this
remaining linear term along the proof, estimating it in a suitable way to obtain the expected
bounds, in contrast with previous approaches (see [13]) where their natural orthogonality
conditions imposed its cancellation.

After that main step, we continued with Proposition 4.2, proving, through a modu-
lation of parameters, the existence of suitable perturbations 3 of the dark soliton which
satisfy the orthogonality conditions defined in (3.35).

Finally, note that related with the orbital stability is the concept of asymptotic stability,
which essentially states the convergence of perturbations of the black soliton to a special
element in the tubular neighborhood generated by its symmetries, e.g., phase and transla-
tion invariances. A detailed study on the asymptotic stability of the black soliton (1.8) of
the quintic GP equation (1.1) is currently being made and it will appear elsewhere.

1.1. Final remarks

Our work does not get an orbital stability result for dark solitons (1.16) in d, metric (2.12)
for speeds close to 0. However, this kind of stability for dark profiles can be obtained in
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an alternative metric as the one used in Theorem 1.1 of [18]. In fact, computing directly

M1z H2
P = arctan — 2arctan{ — ),
1lpe] = 222 arctan(/70) ()
we get
dP;
—[¢c] <0,
el <

as it can also be seen in Figure 2.
Note that (1.1) is phase invariant, and therefore, since

: c—0 :
e p. —— '™ g, 10 € (0,27),

we also have orbital stability for this phase transformed family of black solitons.
The quintic NLS is given as

iV + Uy — |v|4v =0.

The application to this model is rather direct, because it only involves the introduction of
a rotation in time transformation u# = e?’v to connect (1.1) with the quintic NLS.

Note that some recent works (see [21,22]) have approached another NLS model with
modified dispersion terms, and dealing with orbital stability of black solitons using dark
solitons with small speed, close to 0, but without an explicit expression of them and resort-
ing to symmetries to simplify the coercivity analysis.

Py [¢c]

J

-7

Figure 2. Momentum P, see (1.4), at ¢, see (1.16).

1.2. Structure of the paper

In Section 1, we introduce the problem and the main result. In Section 2, we obtain the
black and dark solitons of (1.1) and describe some properties and nonlinear identities and
norms based on them. In Section 3, we present the coercivity properties of the quintic
Ginzburg-Landau energy E, around black and dark solitons. In Section 4, we study the
existence and time growth of some modulation parameters associated to black and dark
solitons. Finally, in Section 5, we prove the main theorem on the orbital stability of the
black soliton of (1.1), gathering the results obtained in the previous sections.
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2. Derivation of black and dark solitons for the quintic GP

In this section, we explain the derivation of the black and dark solutions given in (1.8)
and (1.16). The following basic result will be useful for obtaining the black family (1.8).
Lemma 2.1. Let b > 0. Then

/y ds o ln(,/zb+y2+~/§y)
o (b—s)/s2+2b  2bv/3 \\2b+y2— /3y )’

for all |y| < v/b.
See Appendix B for a proof of this identity.

2.1. Derivation of black solitons

Using (1.9), we get, after multiplication by ¢/,

Pp(x)P'(x) + ¢"(x) ¢’ (x) = ¢ (x) ¢’ (x),
and then

d 6
2o + @y - 0] =0
which yields

B + (¢ (1)) -

From the boundary conditions at infinity in (1.2), we conclude that Ko = 2/3 and we
obtain the following first order ODE:

1 2 1
2.1 () =30°—¢"+ 3 =3(1-¢7°C+¢").
Assuming that ¢’ > 0 and integrating, we get
* ¢'(X)dx X=X
0 VI-¢@PZ@E?+2 V3

where we consider xo = ¢~!(0). Then, making the change s = ¢(X), we have

¢(x) ds X —Xg

o JI-52(2+2) V3

Without loss of generality we can assume x¢ = 0. Since |¢(x)| < 1, using Lemma 2.1, it

follows that
! 1n(\/2+¢2(x) + ﬁqﬁ(x)) _ X
23

ek

V2+92(x) = V3¢(x)

2x
¢(x) 1 e —1 1 tanh(x).

V2180 B+l A

which yields
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and consequently
tanh(x)

V3- tanhz(x)’
which in fact is the unique (up to symmetries of the equation) non-trivial stationary solu-
tion of the quintic GP (1.1)—(1.2) and named as black soliton.

An important observation is that the black soliton ¢g, see (1.8), has a definite vari-
ational structure. More precisely, considering the quintic Ginzburg-Landau energy E,[u]
defined in (1.3) as the corresponding Lyapunov functional, and considering a small per-
turbation 3 of the black soliton ¢y, namely, a 3 € Ho(R) with #o(R) C H! (R) to be
defined in (2.9), we get, after a power expansion in 3 of E» (see (1.3))

Ealgo + 5] = Ealgo] = 2Re[ [ 5685 + (1= 10l)0)] + 067,

Because the first variation of E, vanishes for (1.9), the black soliton is characterized as
critical point of the functional E, associated to the quintic GP (1.1). In fact, it is easy to
see that

Pp(x) =2

(2.2) Es[¢o] := 23 arctanh(%).

Moreover, it is possible to state the following minimality’s characterization on the

black soliton solution.

Proposition 2.2 (Lemma 2.6 in [3]). Let E5 be as in (1.3) and let ¢g be the black soliton
solution (1.8). Then we have

Exlgo] = inf {Eo[g]: ¢ € Hl (). inf [(x)| = 0].
Moreover, if Ex[¢] < Ez[¢o], then infyer|p(x)| > 0.

Proof. This result is essentially contained in Lemma 2.6 of [3], where the black soliton
case for the cubic GP was considered. The extension to the quintic GP case, once we work
with the energy E5, is direct and does not require additional steps. We therefore skip the
details. [ ]

2.2. Derivation of dark solitons

Once obtained the black soliton (1.8), the detailed construction of the dark soliton solution
(1.16) to (1.10) is presented in Appendix A. A sketch of the derivation is the following:
bearing in mind that (1.10) reduces to (1.9) at ¢ = 0, we propose a suitable ansatz like

iay + ap tanh(kx)

v1+as tanhz(kx)’

with a1, as, az and k as free parameters to be determined in order that (2.3) is actually a
solution of (1.10) which satisfies the asymptotic behavior

(2.3) De(x) =

lim |®.(x)]* = 1.
x—>+o0

Hence, substituting (2.3) into (1.10) and after lengthy manipulations, we get (1.16), with
n1 = ﬁal, Ur = ﬁaz and a3 = u, satisfying the relation (1.13) and k = « asin (1.12).
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Finally, we introduce the notion of dark profile.

Definition 2.3 (Dark profile). Let ¢ € (—2,2) and xo € R be fixed parameters. We define
the complex-valued dark profile ¢ with speed ¢ # 0 as follows:

i141(¢) + a(©) tanh(k()(x + %0))
V21 + pe) tanh? (e (¢) (x + x0))
Remark 2.4. Note that the profile ¢, is the standard profile associated to the dark soliton

solution (1.16). Note, moreover, that although ¢, is not an exact solution of (1.1), it can
be interpreted as follows: for each (¢, x) € R2,

2.4) Pc(x) := ¢ (x; ¢, x0) = sgn(c)

(t,x) = ¢c(x;c,x9 —ct)

is an exact dark soliton solution of (1.1) moving with speed c.

2.3. Preliminaries

First of all, we introduce the following notation for the nonlinear weights:

2.5) no(x) =1 —¢g(x) and 7ne(x) =1 — [¢(x)[*,

and for the real and imaginary parts of the dark soliton:

o tanh(k x)
2.6 R.(x) =Re¢.(x) = 7
oo “ e V2+y/1 + ptanh?(kx)
2.7) I(x) = Im ¢ (x) = H1 .

V2+4/1 + ptanh?(kx)
To simplify the notation, we shall also denote
(2.8) (f. g)c =Re(f3).

Moreover, we define the following functional spaces: given ¢ € (—2,2), we consider
the weighted Sobolev space

(2.9) He(R) :={f € COR,C): f" € L*(R) and n}/? f € L*(R)},

with the norm

1/2
b= (L1772 +nel )
R
We will also use F°4(R) to denote the set of real-valued functions in J#, (IR), that is,
HENR) = {f € COR,R) : f" € LA(R) and n}/2 f € L*(R)}.

Using the exponential decay of 1., we can check that the space #, does not depend
on the velocity ¢ when |c| < ¢, for some ¢ small enough. Even more, the norms || || ,
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are equivalent with | - || s,. For further details, see Lemma 2.6. Therefore, hereafter we
simplify the notation using the identification

(2.10) H = H, and H™! .= Jor,

for all |c| < c. Besides that, we define a proper subset of Z(R) < J#(R), namely,
(2.11) Z(R) :={u € HR): 1—|ul* € L>(R)},

which has metric structure with the distance

1/2
(2.12) de(ur.uz) o= (Jlur —uzl%y, + 162 (w1 > — uz?)[2,) "2,

for all |¢| < c. Also notice that if u € Z(R), from the computations in (1.6), we see that
the energy E5 defined in (1.3) is well defined for elements in Z(R).

Remark 2.5. As in the theory developed in [13] in the context of the cubic GP model,
here we also have that the unique global solution u of (1.1) with initial data uy € Z(R)
remains continuous from R to Z(R) endowed with the metric structure induced by d,
defined in (2.12).

2.4. Nonlinear identities and estimates for black and dark solitons

Now we present some nonlinear identities related to the black soliton and dark soliton
profile (1.8) and (2.4), respectively, which shall be useful along the work. Firstly, we note
that from (2.1), we get

1
(2.13) P(x) = — (1 — p2(x)) /2 + $2(x).
bo(x) ﬁ( $o (X)) by (x)
In comparison, the dark soliton satisfies the following identity:
1 K sech? (kx .
$e(x) = — (kx) (2 — ippy tanh(kx)),

V2 (1 + ptanh?(kx))3/2

and which shows the localized character of ¢.
Notice that from (1.9), (2.1) and (2.2), the black soliton solution (1.8) satisfies the
identity

1
o, = /R (0 #3 + (¢)>) dx = /R (—#096 + 51— B2 + g dx

= E>[¢o] = 2x/§arctanh<%),

and by direct calculation, we have also |79 ||i2 ®) = 2+/3 arctanh(1/+/3). Hence,

1
2 _ 2 _ —
2.14) Iboll3e, @y = 170122y = Exlo] = 2+/3 arctanh(%).
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Es[¢c] vs Ea[do]

c
-2 -1 0 1 2

Figure 3. Comparison between the quintic Ginzburg-Landau energy (1.3) of the dark (full line),
see (2.15), and black (dotted), see (2.2), soliton solutions of (1.1).

Coming back to (1.16) and using (1.14) and (1.13), we get that the explicit quintic
Ginzburg-Landau energy (1.3) of the dark soliton (1.16) is

s1 + s arctanh(4/
2.15) Ealie] = 2200 RVID
32kp

with

(2u(p +3) — 3 — D) (15 — 4p3 1+ 4u(p + €)).
1

3—m(12/u<2(uf(/x =3+ p3Gu—1)

— (1} =22 (u3 Bp® =2 + 3) — 23> + 10p — 9))).

On the other hand, we get the right convergence of (2.15) to (2.14) when the speed ¢ goes
to 0, namely (see Figure 3),

A

A

(2.16) lim Efge] = Ealo] = 2v/3 arctanh(%).
In fact, the expansion of (2.15) around ¢ up to ¢2 order is
1) Ealgel = Ealpol - 3+ Ealgo)? + 0.
and therefore, for ¢ small enough one gets
(2.18) Ex[¢e] — Eapo] = —2+/3¢”.
For the sake of completeness, we also show here the following related amounts:
(2.19) dg (¢o. pe) 1= o — e, + 1165 (Idcl” — d)II72-
We now have that if |¢| < ¢, with some ¢ < 1,
(2.20) o = dellZe, = O(c?)
and

Ipg (pel® — ¢, = O(c*).
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Therefore, we get that
2.21) dg (0. pc) = O(c?).

In the following lines, we show some interesting computations, which are justified in
Appendix D. Firstly, we have that

(2.22) H ﬁ 3 \/_ farccotanh(f ),
for all |¢| < 2. On the other hand, because —1/3 < u < 0 for all |c| < 2, we have
(2.23) 1] oo = ﬁ = 0(c),
with /. defined in (2.7). We also have the following useful estimates:
(2.24) HM =00,
(2.25) ‘ W =00,
(2.26) ‘M L =0,
Mo
0o | nc|¢c|25§_ L | R
Mo

|| — 2

(2.28) H ey H = 0(c?).

for all |c| < ¢, with some ¢ < 1. Also we have the uniform pointwise estimate
(2.29) |po(x)| < |pe(x)| forallx e R, |c| <¢, ¢ K 1.

For more details on these L2 and L*-norms, see Appendices D.1 and D.2, respectively.
The next estimate will be useful in subsequent technical results on perturbations of the
black soliton ¢, and therefore we present a brief proof of it.

Lemma 2.6 (Equivalent norms). Let ¢o and ¢. be the black soliton and dark soliton
profile (1.8) and (2.4), respectively. Then there exists ¢ € (0,2) such that

(2:30) [ 11gel* = 31157 dx < sl

for all |c|, |c*| < ¢ and any 3 € H.x. Furthermore, we conclude that ¥, = Hy for all
|c| < ¢, and there exist positive constants 61 and o, such that

2.31) o1ll3ll3e, < 313, < 02l13115%,-
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Proof. From (2.28) and using the identity 3(x) = 3(0) + fox 3/(¥) d X, which implies

3] < O]+ x5 ]| 22,

we have that

(2.32) A||¢c|4—¢3||3|2dx
< 2/R||¢c|2—¢§||a|2dx SCZ/R(I + )P dx

£ (BOP [+t dr 4151 [+ Dol dx).

—

() (1)

Now we show that the last two integrals are uniformly bounded in ¢, with |c| < 1. Firstly,
to do this we observe that

max{l + x2, (1 + x?)|x|} < cosh(k(c)x),

for all x € R and |¢| < 1. Furthermore, due to the exponential decay of 1. (x), one gets
O+ d =< / cosh(k(c)x) ne(x) dx
R

2
/ COSh(K(c)x)(l _ (M% + M% tanl; (;c(c)x))z) i
R 4(1 + ptanh®(k(c)x))?

7 12—43 -t
4V2 k()Vu? + 13

So, using this control, from (2.32), we conclude that

(2.33) [ 119el* = 31182 x5 GO + Ll

To estimate |3(0)|2, we consider a cut-off function y € C*°(R, [0, 1]) such that
x=1 on[-1,1] and y=0 onR\[-2,2].
Then, using that the functions

x(X)/Vnex(x) and  x'(x)/y/ 1+ (x)

are bounded on R (uniformly for |¢*| < ¢), combined with the Sobolev embedding, we
have

(2.34) B3O < 0307 < Ix3llz2x'sllze + 13'122) < 1315, -

Thus, (2.30) follows by substituting (2.34) into (2.33). Finally, in view of (2.30), and using
the relation

13115, — 13113, = fR(qﬁS —I¢e|HI31% dx,

we check that #, = H#, for all |c| < ¢, and further we have (2.31). |
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3. Coercivity of the quintic Ginzburg-Landau energy

In this section we establish that the quintic Ginzburg-Landau energy E, given in (1.3) is
coercive around ¢ and ¢, solitons respectively. First of all, we establish some preliminary
notation and results.

We first expand the energy E; in (1.3) around ¢¢ given in (1.8). Let 3 := 31 + 32,
with 31, 32 € R, and define

3.1 po(3) == |do + 31° — lpo|> = 2Re(do 3) + 131> = 2o 31 + I31*-

Then

_ ’ 2, Lo 2,2 2
Ealdo 51 = [ [+ 52 + 50 = o + 527 @+ g+ 51 dn

1
= /R [@6)2 +2Re@30) + I5:? + 51 = 95 — p0)> @ + 85 + po) | dx
— Eafpo] ~ 2Re [ 56§+ o) dx
R
1
+ [ Gos = molsfyax + [ (635 +5.03) ax.

thus, using (1.9), we have

(3.2) Es[¢o + 3] — Ez[po] = 2Q0[3] + Mo[3].
where Qg[3] is the quadratic form

1
Qo] i=5 [ (5sl? = molsl) d.

and MN[3] is the nonlinear term

1
Nl = [ (18065 + 503) d.

In the case 3 = f is a real-valued function belonging to the space #™¥(R) (see (2.10)),
1
Oolf1i=5 [ 1P = nof?1d.
R
Then, considering now that #™#(R) is endowed with the inner product

(f.g)o = /R (f'g + o f g) dx.

we have that (F™¥(R), (-, -)o) is a Hilbert space with the induced norm

113, = [R () + nof2] dx.
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For a fixed f € #™(R), we have g > Jrnofge [ (R)]". Indeed,

| /R nof gdx| < Ing"” flzling*glez < lng/” £z N8l

Therefore, by the Riesz theorem, there exists a bounded and self-adjoint operator 7y such
that

(3.3) (Tof. g)o = / nofgdx forall g € J™(R).
R

and also ;
1/2
ITof lgeo < lIng~ fllz>-

Moreover, the quadratic form Q satisfies
_ 1 "2 2 2 — 1
64 0l =5 [0 +nordx= [ nosax=((51-1) £ 1),

forall f € ™ (R).
Lemma 3.1 (Compactness of Ty). The operator To: H™*(R) — H™¥(R) is compact.

Proof. Throughout the proof we will use M;, j = 1,2...,6, to denote some universal
constants. Consider now a sequence f,, € #™¥(R) such that

(35) | ull3e, = 15072 + Ing" full32 < My foralln € N.
Then we can assume that
fo— f*e I~ (R) whenn — oo.
Claim 1: It holds that
(3.6) In8/* full21 < My foralln € N.

To obtain this estimate, we note that

1/2 2 1/2 2 1/2 prp2 _2¢8¢6 2
GD I Al = I e+ Iy 0+ | %0
Mo

L2
Now, using (2.13) and that |¢| < 1, we get

2AolIds] _ 2 1P @A (i o in
0 =2 >

w? 3 )
so we have

(3.8) H %/32% I

1/2
Lo =20 fale.
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Then, using that no(x) < 3 sech?(x), combined with (3.5), (3.7) and (3.8), we obtain the
statement in (3.6) and so Claim 1 is proved. In particular, from (3.6), we conclude that

(3.9) £ O] < Iny/? fullzos < M5 foralln € N,
and also we can assume that

(3.10) 1% fo — ny/ > f* € CA(R),

i.e., we get uniform convergence on compact subsets of R.

Claim 2: It holds that

3.11) Ine/® full2 < My foralln € N.

To prove this estimate we first observe that

X
Ju(x) = fu(0) +/ fi(s)ds foralln € N,
0
which implies that

01 O < 181 £u O] + X120 1 £l -

Then, from (3.5), (3.9) and using the exponential decay of 7o, we get the estimate (3.11)
in Claim 2. Now given ¢ > 0, due to the exponential decay of 19, we can take a, > 0 such
that

17(1,/2 < ¢ forall |x| > a,.

Then, using (3.11), we have

(3.12) /| = s / V2(f, — ) dx

[x|>ae
1/4 *
< ellng* (S = )2 < Mse.
Then, from (3.10), one gets

||n(l,/2(fn — ) ro(xi<a) <& foralln > ng, for some ng > 1.

Therefore, by using (3.11), we get

(3.13) / no<fn—f*)2dxss/ W21 = £ dx

|x|<ae

1/4 1/4
< ellnd 2 1ms* fu = f 52 < Mee.

Now, from (3.12) and (3.13), notice that

“+o00
/_ no(f— /%2 dx S,

oo
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for all n > ng, so lim,,_,oo”r](l)/z(fn — )Lz = 0. Finally, from (3.3), we have that

U To(fe = £ gt < 106> = F )22

which implies
n—o0

TOfn 7= TOf* in %real(R),

and the proof is completed. ]

Proposition 3.2 (Coercivity of E, around the black soliton). Let 3 € H(R) be such that
the perturbation ¢o + 3 € Z(R) and set py = 2Re(¢o3) + 13| as in (3.1). Then there
exists a universal positive constant Ao > 0 such that

1
(3.14)  Eafdo + 31 — E2lgo] = Ao(ll3l1%, + I#5p0ll72 + I320072) — A—0||5||,3;:g0

as long as

(3.15) /(71073)«: =0, /(ino,shc =0 and /(i¢0n0,3><c =0.
R R R

The proof will be divided into 3 steps.

Step 1. There exists a constant A; > 0 such that
Q12 Arlf flo = A [[[(F)? +ms?dx.
for any function f € #™¥(R) satisfying

/fnodxzo and /f¢onodx:0.
R R
Furthermore, Q[ f] > 0 if only the first orthogonality condition is satisfied.

Proof of Step 1. Recall that from (3.4), we have Qo[ f] = ((%]1 —To) f. o =(00f. [ o
where

~ 1
Qo = E]l—To

Then, using the spectral theorem, there exists a sequence {1, } of eigenvalues for Qo
with lim,, s 4 0o A» = 1/2 and a Hilbert basis {e,, } of #™¥(R) such that
Qoen =Ane,, neN,
Notice that

Oolf1= 50/ o forall f € HEW(R)

consequently,

~ 1 1
Qo= 5L (Awnen C(-00.1/2] and Ay 7

Now, let A € (—o0, 1/2] be an eigenvalue with f as the corresponding eigenfunction.
Then, for all g € #™¥(R), we have

(Qof.8)o = A(f. &)o-
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So, from (3.3), it holds that

1 /
3 |ran=5 [worgax=a [ rgaxs [ mrgar]
R R
which yields
[1a =257+ @a+ Do flgax =o,
R
for all g € #™¥(R). Thus,
(I=20)f"4+ @A+ Dnof =0,

which implies
4

Y/ —
S =nof 1—2A

no /.

and therefore,
e f =1=:¢qisasolution for A = —1/2,
e f = ¢o =: e; is a solution for A = 0.
Note that, since ¢o has exactly one zero, the Sturm-Liouville theory guarantees that

A = —1/2 is the only negative eigenvalue of Q¢ with kernel given by the span(¢g). More

precisely,

1
Ao=—§<0=ll<;{2<"'<

N =

and {
Ker(éo + Eﬂ) =R, Ker(Qo) =R - ¢y.

Thus, expanding f € #™¥ on the normalized basis of eigenfunctions

+o0
~ ~ ~ €n
f —’;)(f?en)oeny ep = ||en||,7€0’
if (f.1)0 = (f.d0)o = 0, we get f = Y ";725(f.&1)0&y. and then
+o00
(3.16)  Qolf1=(Qolf1. fo = ZA (18205 = A2 ) _(f:@)5 = A2(f. [ o
n=2 n=2

Hence, under the hypothesis

(ﬁl)OZ/Rr’/ofdx:O and (ﬁ¢o)o=2/Rf¢ono=0,

and taking A1 := A,, we complete the proof of Step 1. ]

Step 2: Let 3 € #(R) fulfilling the orthogonality conditions (3.15). Then it follows that

2 1
Ez[¢o + 3] — Ealgo] = 200[31] + 3 Idopollz2 + §||32/00||iz + 2A1 132013, -

with A asin Step 1.
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Proof of Step 2. Recall that, from the expansion of E; in (3.2), we have

Ex[po + 3] — E2[po] = 2Q0[3] + Mo[3].

where 3 = 31 + 132, po = 2031 + 3> and Qo satisfying Qo[3] = Qo[31] + Qol32].
Applying Young’s inequality, we obtain the estimate

1
G Wbl = [ (35 +300) dn
= [ d3iax+ 5 [ @os+ 15105 dn

= [ diopar+ s [bPosar =[5 [ dosofar

/¢opodx+ /(|3|2_31)P0dx

—/¢§p§dX+ /32podx
3 )k 3

On the other hand, from Step 1, the first two orthogonality conditions in (3.15) imply that

(3.18) Qo311 >0 and Qo[32] > 0,

I V

while, in addition, the last orthogonality condition in (3.15) ensures that

(3.19) Qol32] = A1 132113,

where A1 := A, is the first positive eigenvalue obtained in Step 1. Then, putting the bounds
givenin (3.17), (3.18) and (3.19) into the expansion of E,, we obtain the claimed estimate
in Step 2. ]

Since Qg[31] = 0, in order to complete the proof of Proposition 3.2, we remark that,
bearing in mind the estimate in Step 2, we only need to show the coercivity property for
the operator Q¢ on the full variable 3. We will explain this in the next step.

Step 3. Now we proceed with the proof of (3.14).

Proof of Step 3. We begin by estimating the term % lP0 po ||i2 which appears in the lower
estimate of the Step 2:

2 2
(3.20) 3 lpopoll> = 3 g poll7> + 1.

where

2
(3.21) I:= 3/ 770¢0P0

2 8 8

=—/ nod2l3|* dx + = /no¢031dX+—/ N0 ¢a 311317 dx
3 e 3 3 Je

2211+12+13212—|13|.
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Now, bearing in mind (1.9) and integrating by parts, we simplify /3 as follows:

(3.22) 13=——/¢> 2311317 dx

8 8
= —/ 2(¢0) o 31131% dx + —/ G5 G1l31) dx =: Iy1 + I35.

3 R 3 R
Using (2.13), the inequality 0 < 1 — ¢>§ <1- ¢>g and a Gagliardo—Nirenberg inequality,
we obtain

323 |l <—[<1—¢0> (2+¢o)|¢0||51||3|2dx

IA

R S = (A E A

1= o) 251357 11— 92) 1 25) 11,57

< o ?313% (o d6 (1 = ¢ 23012 + 11 = 65 l122)
< 13152 (1o @ (1 — 62)"23ll2 + I31122) "

<3152 (1 = 6223012 + 13'1122) % < 11313

and in a similar way, we deduce

A

1/2

G24) Lol < /%(1 G2+ D2 565 + )+ 231325 dx

I/\

§/R<1—¢3>|53(35%+a§)+2315235|dx

A

/Ra — (51 + D3P dx

< BL+ 35102 11— 9) 23012,
< 3l 11— D252 1101 = ) 23) 152 < 13113, -

Therefore, combining (3.20), (3.21), (3.22), (3.23) and (3.24), we get, for some positive
number y,

2 8
625 3 ldopolie = 3 18dpolie + 5 [ moddsddx —ylslie,

=3
Now, we consider the real function 31 := 31 — (31, €1)0 €1, Where e; = ¢o/| dol 5, Then,

using the first orthogonality condition in (3.15), we have (31, e0)o = (31,€1)0 = 0. Thus,
the expansion of 3; is given by

+o00

51=) (i.ea)oen and Qols1] = Qol31].

n=2

Hence, from Step 1, it follows that

Qol31] = A2ll31 — (1. €1)oerllZe, = 2213115, — A2(31. €1)5-
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Now, for any number 0 < v < 1 which will be chosen later, using the identities (2.14) and

01, = 21413 and [ modx =3,
combined with the Cauchy—Schwarz inequality, we have
(3.26) Qols1] = Aall31ll3, — A2(31.€1)8
= Xall3h 1122 + Aallng 31113

—A Y 2
B ||¢oﬁ§€0 (« _U)[ B1¢odx + (1+ V)[Rnoalqﬁodx)
1/2

> Aall3h 122 + Azllng 231122

27
= 2 (= g6l + 300+ 077 [ st d)
16013, R
(1+v)?
> Ao (1= (1= 35125 + Aallng *310122 =642 ———— | 110333 dx.
Igol1%, Jr

Now, using the estimates ¢ < 1/4 + ¢4 and A, < 1/2 in (3.26) allows us to select a
positive constant A, such that

(3.27) Qol31] = A2 (1= (1 =) 341122 + Aallng*311122
3A,(1 + v)2 /‘ 5 6A2(1 + v)2 / 2.4
e — No3i dx — ————— No31 %o dx
2lipolZ,, Jr " lgoliZ, Je "'

3(1 +v)?
> Aol = (L= w122 + A2 (1= 5 ) In 25112

2(¢oll%,
3(1+v)2/ 2.4
B — M0371 Po dx
IgollZe, Jr 17O

3(1 +v)?
> Ayll31l1, — TN /R n037 ¢ dx,
Ho

which holds under the restriction

301 4 v)?
(3.28) WYy
2ol

valid for small enough v because ||¢0||§,€0 ~ 2.28 > 3/2 (see (2.14)).
On the other hand, from Step 2 and (3.25), we have

2 1
(3.29) Ex[¢o + 31 — Ealgol = 222113213, + 3 lpg poll7 > + 5”82 poll7-

8
+2000511+ 5 [ modd st =1l
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Then, substituting (3.27) in (3.29), we obtain the estimate

2 1
Ex[¢o+3] — E2[$o] = 2, 131115, + 2421132115, + 3 g poll72 + 5”32 poll72—v 13113,

which holds if
6(1 + v)?

IbollZ,

One can find such a v because ||¢0||§€0 ~ 2.28 > 9/4.

Finally, since conditions (3.28) and (3.30) are satisfied for a small enough positive
number v, there exists a universal constant A satisfying inequality (3.14), and the proof
is complete. u

(3.30) < 8
’ 3

Remark 3.3. We recall that in the case of cubic GP treated in [13], the corresponding
black soliton (denoted as Up) satisfies the relation Uj = \/LE 1- Uoz), and hence the ortho-
gonality condition

(f,l)ozf(l—ug)fdx:ﬁ/ U, f dx =0,
R R
but in the case of the quintic GP (1.1) this relation is not satisfied anymore.

Now we perturb the black soliton ¢q of (1.1), given in (1.8), with a function u € # (R)
belonging to the orbit generated by the symmetries of (1.1), namely,
(3.31) Uo(e) :={w € H(R): inf le " w(- + b) — doll ey ®) < af,

(b,)eR2
for some o > 0. Then, given a function u € Ug(cr), we can choose (¢, b, 1) € (—2,2) x R?
in such a way that '
e Mu(-+b) =¢c +3,

with 3 satisfying the orthogonality conditions (3.35) around the dark soliton.

Finally, note that we can define the following tubular subset of Ug(x):

(3.32) Vo(o) := {v € Z(R) : o i;lf]R2 do(e™™ (- + b), ¢o) < &} C Uo(a).

Coming back to the main question on the orbital stability of the black soliton, we use
the coercivity of E, around the black soliton ¢ to small perturbations around the dark
soliton ¢, (see Proposition 3.4). In fact, the idea to introduce a dark soliton family in
this argument is to give an extra degree of freedom which allows us to satisfy the third
constraint in (3.2) rewritten as (3.35).

In that case, the situation is different with respect to the cubic GP equation, because
we cannot assume the cancellation of the linear term (i ¢, 3)c in our approach, given the
orthogonality conditions arising naturally, from the particular structure of the associated
spectral problem as we already saw in Proposition 3.2, e.g., (3.16). In fact, this extra
technical difficulty introduced by the linear term (i ¢, 3)c is overcome in Proposition 3.4,
by using a previously computed L? norm, see (2.22).

Before establishing the next result, with (2.8), we fix the following notation:

(3.33) pe(3) = lpe + 3% — |pe|? = 2{¢e. 3)c + 131> = 2Re(dc 3) + I31*
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Proposition 3.4 (Coercivity of E, around the dark soliton). There exists ¢ € (0,2) small
enough’® such that the following holds. For all |c| < ¢ and for any 3 € #(R) satisfying

(3.34) ¢ +3€ ZR),  with [|pc3)llL2 < C,

for some constant C and the generalized orthogonality conditions
639 [lesle=0 [linese=0 ad [ (iReneis)e =o.
R R R

there exists T > 0, not depending on ¢, such that

- 1
(3.36) Es[¢e + 3] — E2lo] = T(I3115, + 62 pell72) — R (€® + 13115¢,)-

Remark 3.5. Note that the quadratic term |32 o ||i2 is not appearing in (3.36) because
the lower bound is already guaranteed only with the current terms. Hereafter, for the sake
of simplicity, we will not include such a quadratic term but note that by keeping it, we
would recover (3.14) in the limit ¢ — 0.

Proof. First of all, we recall that 3 = 3; + i3> € #(R) and that by defining the quadratic
form in 3,

1
(6.37) Oclsli= 5 [ Gssl? = nelsl) .

and the nonlinear term

1
Nelsli= [ (1ePo2 +508) a.

we have
(3.38) Exlge + 3] — Ealge] = —c [R 2Re(i¢L3) dx + 2063 + No[3].

Also (see (2.16), (2.17) and (2.18)) we already know that for small c,

639 Balged - Ealge] =~ + Balgu)e® + 0(c?) = 232
We recall (see (3.2)) that

Ex[po + 3] — E2[po] = 2Q0[31] +2Q0[32] + Mo[3].
which implies

(3.40) Ex[¢e + 3] — Ealgo]
= (Ez2[¢c + 3] — E2[¢o + 3] + 20Q0[31] +2Q0[32] + Mo[3].

2Note that ¢ is chosen as the minimum of the values that guarantee that some precise estimates in the proof
hold for, e.g., (2.30) and (3.39).
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We begin by computing the first term of the right-hand side of (3.40). Note that sub-
tracting (3.38) and (3.2), we have

(3.41)
Ex[¢pe + 3] — E2[go + 3]
= Ex[¢c] — Eazéo] —CfR2Re(i¢23) dx + /R(I¢cl4—¢6‘)|5|2 dx+ AN,

where

1
ANT) = Nl = Nols] = [ (10cPo2 =0 i+ [ 3002 —piax.
Substituting (3.41) in the right-hand side of (3.40), we get
(3.42) Ex[¢c+3] — Ezl¢o]l = 2Q0[31] +2Q0(32] + (E2[¢c] — Ez[¢o])

LNl - /R IRe(il3) dx + /R (I6el* = 68) 3P dx.

Hereinafter, unless otherwise noted, we shall consider the constant ¢ as defined in (2.31).
Now we proceed to estimate the last three terms in (3.42), and we begin by the last integral.
Using (2.30), we have

G| [ (el = glsP ax| = [ Nt = gil15 dx < el

for some positive constant 8 and all |¢| < ¢. Now we continue estimating the linear term
—c f]R 2Re(i¢.3) dx. In fact, we use (2.31) and (2.22), to get

/

. be
(3.44) ‘—c/ 2Re(id3) dx‘ < 2|c|H
R ¢ Ve
with a larger constant B if necessary, and all |¢| < ¢. Now we estimate the nonlinear
term N.[3]. Using that |[Re(¢¢3)| < (|¢c|? + [3]%)/2. we get

Iv/7e3ll2 < Blel 113l 5

L2

1 -
Ga5)  Nli) = [ 19cPoddx + 5 [ CRe@:s) + 5o dx
1 2 _
> / |pc|?p7 dx + 3/ 31702 dx—g)/ Re($e3) 07 dx
R R R
2
> 5/ |pel?p? dx.
R
Combining (3.39), (3.42)—(3.45) and Young’s inequality, we obtain

(3.46) Ex[¢c + 3] — E2[¢o]

2
> 2Q031] +2Qols2] =23 ¢ + S ldepellza = Blel ey — Be?ll3l%,

2
> 200[31] +2Qol32] —2V3¢* + 3 pepelzs — Bre? = Ball3liZe, — Be? 11313,
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for all |¢| < ¢ and B to be fixed later. Now we split the components of the perturbation
3 = 31 + 32 in the following way:

31 =31 + @1(c)no,
32 = 35 + w2(c)no + w3(c) o no.

with w1, w, and w3 real-valued functions chosen so that 3* := 37 + i3} satisfies the ortho-
gonality conditions in (3.15). Thus, using (3.35), the functions w; satisfy the relations:

/(710_7]073>C dx =/(no,3)c dx:wl(C)/ e dx,
R R R
/(ino—inc,s)c dx=/(ino,a><cdx

R R

(3.47) amm/n&u+wﬁ@/¢w&u
R R

/R(i%no—ichc,a)cc dx =/R(i¢ono,3><c dx

=m@4m%w+w@4%%m,

and the system has a solution, because it has a nonvanishing determinant.’
Now, using (2.24) and (2.25), the integrals in the left-hand side of (3.47) can be estim-
ated as follows:

(A(no—nc,g)ch‘ + ‘/R(ino—inc,s)ch‘+)/R(i¢ono—ichc,a)c dx)

2 2
S e llvmosliez < I3l -

and therefore there exists a positive constant 83 such that

(3.48) lo1(c)| + |w2(c)]| + lwa(c)] < Bzc?lI3]l%,-

Notice that, by using Step 1 of Proposition 3.2 applied to 3] and 33, combined with (3.48),
we can obtain the following estimates:

(349) Qol31] = Qol31] — @i Qolnol +w1(/RS/1776 dx _/RSIW% dx)

> Q0l3%] — 2| Qolnoll — w1 (134 12152 + 131 /7ol 21 1.2)
> Qol37] = Bac? 3113,

where Qo[37] = 0, B4 is a positive constant and |c| < ¢ < 1. Analogously, since 35 verifies
the inequality Qo[35] > A1]135113,, We deduce that

(3.50) Qol32] = Aill32llZe, — Bac? 3117, -

for a larger B4 if necessary and for all |¢| < ¢ < 1.

3Note that for parity reasons, fR bo 116 dx = 0.
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On the other hand, since 3} is orthogonal to 79 in L?, the same arguments used to
obtain (3.27) in Step 3 of Proposition 3.2 allow us to conclude the existence of positive A,
such that

(3.51) Qol31] = Avll3T 13, — W /1; no3t do dx.
0
> Ao 31115, — Bs 1315, — —3&:];2 /Rnoafqﬁa‘ dx
0
J[31]
with 0 < v < 1 such that ziﬁjng); <1.

Now, combining (3.49), (3.50) and (3.51), we have

(3.52)  Qol31] + Qols2] = Avl31llZe, + Atlls2llZe, — 2B + Bs)e (13115, — J 31,

and by substituting (3.52) in (3.46), it follows that

2
(353)  Ealge +3] — Ealp] = 2003113, + 20132113, + 5 Igepeli-
=27 (1] = BallsliFe, — (Br +2V3)e? = Bo 3113,

where B¢ = B + 484 + 2f5. At this point, to control the effect of J[3;] on the lower bound
of (3.53), we shall proceed in a similar way as in (3.20)—(3.21), estimating the following
L? norm:

8 8
3 [ o5t + 3 [ eldd R = nogf)st dn

2 2
§ ||¢cpc||1242 = 5 ||¢3Pc||iz + 3

—

Jal3]

8 16
—= / Nelpe*|Re31 + Ie32| 1317 dx __/nc|¢c|2|R0103152|dx»
3 R 3 R

Ip[3] Je[3]

where R, I, are defined in (2.6), (2.7). Using that |¢.| < 1, (2.23) and (2.31), one gets

[T S cll3l%, -

On the other hand, since |¢.| < 1, we have

J5l3] S/Rflc|¢c|3|5|3dxS/R(Tlc|¢c|2—770¢§)|3|3dx+/R770¢3|5|3dx
= Jb1[3] + Jbz[g]'

Note that
Inli] = —/R¢3¢0|a|3dx,
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so in a similar way as for the integral /3 in (3.22), we have

17, 1311 < 13113, -

Recalling that (see Appendix C for details)

(3.54) [3llzoe < (14 llpell2) (X + [131l56)-

then using (3.34), we obtain
3L < 1+ 11311520

and finally, by (2.26), we obtain

Nelpe |2 - 7)0‘155
/7o

Following the same procedure as for estimating Jp, [3] and using (2.27), we get

/e, [3]] < (1 + IISIIJeo)zA;{ Viol3ldx < (Il se + 13113,)-

a3l < (U3ll 0 + 13113¢,)-

Therefore, collecting estimates J,, Jp, J., we conclude that

2 2 8
655 Sdepels = S IsEpclis + 5 [ nelpelR2 5 dx —nlsl,

-3 3
—yale + ) I3l1%, — B7¢>,
for some positive numbers y1, y», 7. Finally, we fix B, such that f, < min(A;, A,) and
0 < v < 1, smaller if necessary, such that
6(1 + v)?
Iboll%,
Then, substituting (3.55) into (3.53), the second term on the right-hand side of (3.55)

allows to control the integral J[31], and consequently we can take a positive constant I
such that

8
< —-
3

1
Es[¢c + 3] = Ealgo] = Te(ll3ll%, + 162 0cl72) — F—C(C‘2 + [31%,) forallle| <.

Notice that in the process of obtaining the constant I'c, we see that this coercivity
constant is lower bounded by a constant I' when ¢ — 0. In other words,

[>T and —1/T.>—-1/T
for all ¢ in a small interval (0, 7). Hence, we get
- 1
Ealge + 3] = E2lpo] = T(ll, + I92pclz2) = = (@ + I3l 3,)-

as claimed in (3.36). ]
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4. Modulation of parameters

In order to apply the coercivity property of the quintic Ginzburg—Landau energy E, shown
in Section 3, we have to ensure that the orthogonality relations hold.

In this section, we prove that there exist small perturbations 3 € # (R) such that the
orthogonality conditions (3.15) for the black soliton are satisfied. In fact, we will prove
a more general result, valid for ¢ # 0, and dealing with the generalized orthogonality
conditions (3.35) for perturbations 3 € #(R) around the dark soliton, thus obtaining the
desired orthogonality conditions related with the black soliton (3.15) in the limit ¢ = 0.

Firstly, and for the sake of completeness, we will present a preliminary result on the
continuous dependence for the shift and phase parameters b, 6 on the corresponding dark
soliton profile.

Lemmad.1. Let (c,a,0) € (—c,c) x R? and set ¢ 4.0 1= e p. (- — a). Given a positive
number 8, there exists a positive number § such that if

||¢C,b1,91 - ¢C,b2,92 ”:%c < 5’
then we have |by — by| + |e'?2 — 91| < §.
Proof. The proof runs exactly as in Lemma 2.1 of [13]. ]

Proposition 4.2 (Modulation). Let (c,a,8) € (—c, ¢) x R2. There exist two positive num-
bers Fc and 5., depending continuously on c, for which there exist a map (C,a, 0) :
Bty (Pe.a0:7c) = (—c,¢) x R? with (¢,a, 0)(¢ea.0) = (c,a, ) and such that for any
W € By, (¢c,a,0:7c), the perturbation of the dark soliton profile

3= e P w4 a(w)) — dew)

satisfies the generalized orthogonality conditions (3.35). Also, ¢, a, 6 are C L_functions in
Bty (bc.a.0.Tc), and given any w € Bgp,(¢c.a.0:7¢), the vector (¢, a, 0)(w) is the unique
element in the ball B((c,a, 0);5.) C R3 satisfying (3.35).

Proof of Proposition 4.2. The proof of this result is a classical application of the implicit
function theorem. We begin by considering the functional F: # x (—c, ¢) x R? — R3,
given by

F(w,o,b,t):=(/R(na,ahc,A(ina,s)C,A(iRana,s)c), 3i=e"w(-+b) — o

Notice that, similarly to the context of the cubic GP, see [13], the functional F has
C !-regularity. Recall now the notation introduced in Lemma 4.1:

(4.1) beap = elpe(-—a).

Then
F(¢cap.c.a,0) =0 forall(c,a,f) e (—c,c)x R?,
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where 0 := (0, 0, 0). On the other hand, we have that*
aoF((pc,a,Ga c,a, 9) = (Oa / (inw_ac(pc)(c, 0)3
R
(4.2) abF(d)c,a,Ov c,a, 9) = (A(nm ax¢C)C7Os/]R(ichC‘7 ax¢c)C)a

0 Geasic.a.0) = ( [ tneido)e.0. [ iRene.igele)

Let ¥ (c) be the 3 x 3 matrix ¥ (¢) := (05 F, 0p F, 0, F)(¢¢c,a.0. . a, 0), which is a
continuously differentiable function on the interval ¢ € (—c, ¢).

From (4.2), we have that for all ¢ € (—c, ¢) (see Appendix E for a detailed computation
of det ¥ (¢)),

“3) Q7 (0) == [ {ine.~degele x D) £0,
where
D(e) = (/Rm, dxde)c A(ichc,—i¢c>c - /ch,—iqsc)c /R<ichc, dxde)c).
Therefore, by the implicit function theorem, there exists a neighborhood
Bty (0,03 7e) X B((c.a,0):5c) C I x (=, ¢) x R?)
and a unique C! map (¢, a, 9): By (¢c.a.0:7c) = B((c,a,0);5¢) such that
F(w,&(w),da(w),(w)) =0,
for any w € By, (¢c,q,0:7¢), and consequently, we get (3.35). |

Before establishing the next result, we recall the neighborhood (3.31) of the orbit
of ¢, that is,

U (ar) := {w e HR): inf e w(- +b) — ol om) < a},
(b,1)eR2

where we split e *‘w(- 4+ b) = ¢, + 3. By taking o smaller, if necessary, we can apply the
well-known standard theory of modulation for the solution u(-) € Uy () of the Cauchy
problem (1.1).

Corollary 4.3. Let 7y and 5o be the constants established in Proposition 4.2 for the case
¢ = 0, chosen in such a way that 7oSg < 1. There exists a > 0 such that for a given
w € Uo(x), there exist numbers ay, and 0y, such that w € By, (¢o.a, .6, T0/2), and
the map (¢, a, é) established in Proposition 4.2 in each ball By, (¢o.a,.0,:T0/2) is well
defined from the neighborhood Ue(a) with values in R2 x R/2x. More precisely, the
Sfunctions ¢(w), a(w) and 6(w) (modulo 27) do not depend on which (a, 0) parameters
are chosen.

4By parity arguments, some of the terms vanish in (4.2).



M. A. Alejo and A.J. Corcho 1762

Proof. Taking a < o := min{Fo/2, § /4} (with § provided in Lemma 4.1 in the case
¢ = 0), the proof follows in a similar way as it was done in the first part of the Step 2 in
the proof of Proposition 2 in [13]. |

Corollary 4.4. Consider o as in Corollary 4.3 and let u(t,-) be the solution of (1.1)—(1.2)
with initial data uq satisfying do(Uo, Po) < «. Then there exist T > 0 and mappings

[T, T2t (c(t),a(?),0(t)),
such that F(u(t,-),c(t),a(t),0()) = 0.

Proof. As a direct consequence of the continuity of the quintic GP flow in Z(R), we can
find T > 0 such that

u(,-) — @ollge, < do(uo, o) <a forallt e [-T,T],

and consequently u(z,-) € Bg, (¢o; ) C Uo(a) forallt € [T, T]. So, from Corollary 4.3,
we can define the mappings

t—c(), tra), t—0()

on [T, T] by setting () := c(u(t,-)), a(t) := a(u(t,-)), 0(r) := 5(u(t, -)). Moreover,
the perturbation 3(¢) = e 9Oy (- + a(r)) — ¢c(r) satisfies, forall t € [T, T1,

Fu(t.).c(0). a(e). 0(1)
= ([ w3, [ ncorsOle. [ (Raoneersolc) =0.  m

Furthermore, using the definition in (4.1), we also have an estimate on the size of the
modulation parameters involved in the perturbation

3(0.) = e DUt ) = ge(ry (- — a(0)),
namely, the following result.

Corollary 4.5. Let o be as given in Corollary 4.3, and let u(t,-), c(t), 0(¢t) and a(t)
be as in Corollary 4.4. There exist positive constants Ky and Ao such that if for some
(a,0) € R? and 0 < ¢ < min{1, a},

4.4) lut,) — poa6lls = lut.-) —ePpo(-—a)ls, <e. tel-T.T]
then it follows that
@5  le@®|+ la@t) —al + "D — €] < Koe and |3(t,)]l5, < Ao/e.

Proof. First of all, note that all components in the mapping
W € Bity ($o.0,6:@) = (E(w),a(w), 6(w)) € B((0.a.6):50)

are C!-functions, and therefore Lipschitz continuous with Lipschitz constant K. So,
from (4.4), we have that

@.6) |c(0)] + la(t)—al + |0()—0] = |Eu(t,))| + lau(t,)—al + |0, -))—0]
< Kollu(t,-) — ¢o,a.6ll56, < Koe

for allt € [T, T]. This implies the first estimate in (4.5).
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On the other hand, using (2.20), we have that
@7 Ne@.a,00) — Po.a6l%,
= 1D ey (- —a(0) — o (- — )%,
S 1oy (- —a(t) = e Ogo(- —a(t)) %,
+ 1P o(- —a()) — e go(- — @)%,
<) + llgo(- = a(0) = po(- = )3, + 1€ =P go (- — a) [,
< ) + do(- — a(0)) — go(- — @)1 g, + 10(0) = 01| ol|%, -
Now, using the mean value theorem, there exist v; = v; (¢, x) € (0,1),i = 1,2, such that

48)  llgo(- —a(®)) — po(- — )%,
=/ 770|¢0('—a(l))—¢0('—a)|2+/ 60— a(t)) — g (- — a) 2
R R

= Ja(t) —a|2/R?70|¢6(' — a4+ (1= v)a()?

+ la(?) —al /R lgo (- —a(®)) — ¢ (- —a)| |#o (- — v2a + (1 = v2)a(?)]
< la(@) —al(lnollzrla() — al + 2llggllLr) < la@) —al? + |a(t) —al.
Combining (4.7) and (4.8), we have
4.9) llpc),a).00) — Po.a.0ll7e, < K(c()* + la(t) —al* + |a(t) —a| + [6(t) — 0/?).

for some universal constant K for all |¢| < c.
Now, from (4.6) and (4.9), and using that ¢ < 1, one gets

(4.10) 3G, s, = Nut, ) — Pey.am.omll
< lu(@. ) — ¢o,a,0ll 5 l|Pc),ae)6¢) — Po.a.0lls
< (1+ VK(Ko + VKo) Ve,
which yields the second estimate in (4.5) with Ag = 1 + \/E(Ko + VKp). [ ]

Now, we will determine the growth in time of the modulation parameters c(¢), a(t)
and 6(¢) for any ¢ € [-T, T']. We will first show the evolution equation satisfied by the
perturbation

3(0) = 3(t,) = e Du(t,- + a(t)) — pery(-)-

Lemma 4.6 (Evolution equation for 3). Let 3() = e 0O u(r,- + a(t)) — dc()(+) be the
perturbation of the dark soliton profile ¢.()(-), see (2.4). Then we have that

(4.11) ¢3(t) := =" (1)0c oy — 10" (1) (bey +3(1) +a' () (9x ey + 0x3(1) +i Z (1),
with

(4.12) Z(1) 1= 8xx3(1) +ic(1)x bery + M3 () = (02 +21e) | Pe) Gey +3(0)).-
and pe(ry = pe(r) (3(1))-
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Proof. First, consider the explicit time derivative of 3(z, -):

0:3(t) = —c'(1)0c ey — 10" (1) (Pee) + 3(1))
+a (1) (3 Peqey + 0x3(0)) + e Ddu(t, - + a(r)).

Now computing the last term d,u(¢, - + a(¢)), bearing in mind that v fulfills (1.1), and
also (2.5), (3.33) and that

u|* = ey |* + 02y + 20c) b))
a direct calculation gives us (4.11). [

We now look for an expression for the growth in time of the modulation parameters
¢(t), a(t) and 6(¢). In order to do that, we resort to the continuity of the quintic Gross—
Pitaevskii flow in Z(R) C #(R). Specifically, if the initial data u¢ is chosen such that
do(uo, po) < «, then we get a time T such that the corresponding solution u(z, -) along
the quintic Gross—Pitaevskii flow belongs to Vo (), for any ¢ € [T, T], see (3.32).

We will see, in Section 5, that we can fix the smallness parameter « in such a way that
the solution u(¢, -) of the Cauchy problem (1.1) still belongs to V() for all ¢ € R.

Proposition 4.7 (Estimates on the growth of the modulation parameters). There exist
numbers ay > 0 and Ay(a1) > 0 such that if the solution u(t,-) lies in Vy(oty) for any
t € [=T, T), then the functions c, a and 6 are Cl([—T, T1; R) and satisfy

(4.13) ' O]+ la' @) +16'(0)] < AT @3, ) |56, forallt € [=T,T].

Proof. We differentiate with respect to time the three generalized orthogonality condi-
tions (3.35) for perturbations around the dark soliton profile ¢ ;).

Since we need to compute the derivatives in time of the orthogonality conditions, we
initially consider regular enough initial data, for example, d,uo € H?(R). In fact, with
this regularity we can justify (4.14), (4.15) and (4.16) below. We consider initially o and
up as in Corollary 4.4 so that the solution u(¢, -) belongs to Up(x) for all ¢ € [T, T},
and then we can set the modulation parameters (c(¢), a(t), 8(¢)) € (—c, ¢) x R? for any
tel-T,T].

Note that ¢, @ and 6 belong to C ! ([T, T],R) by the chain rule theorem and moreover
note that 3(t) € C'([~T, T], #(R)), and therefore we can get (4.11). Therefore, differen-
tiating the first orthogonality condition in (3.35), and with the notation m;;, i, j = 1,2, 3,
for integrals independent of 3(¢) and ng, k = 1,...,9, for integrals with terms depending
on 3(t), we get

. a),‘ c(t)»
(4.14) [R et 30
= /R (" ()3cney. 3())c + (Me@y» €' (1)e3())c + (Neqr). 9:3(1))c)

- /R (€' ()Bene 3N + (e ¢ (e3(D))c
+ (Ney. =€ (1)0c pery — 10" (1) (Peqry + 3(1)) + &' (1) (Ox bery + 0x3(1)) + i Z(1)))-
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Thus,
at/(ﬁc(t)’5(t))c
R
=a/(l)</ (Ne@ys 0x Pe@r)) +/(nc(t)»ax3(l))(C)
R R
+O(= [ e dedeole + [ @enes0le + [ ey deso)c)
R R R
+9/(t)(/<nc(t)»_i¢c(t))c +/(nc(z),—i3(t))<c) +/(77c(z),iZ(t))<c
R R R
=a'(t)(miy +n1) + () (n2 —miz) + 0'(1)(m13 + n3) + A(nc(t)’ iZ(t))c = 0.
Now, we differentiate the second orthogonality condition in (3.35), and we obtain
(4.15) 0; / (incw),3@))c
R
= a/(t)(/ (iNc(), Ox Pe(r))C +/(i77c(z)73x3(t))<c)
R R
+C'(t)(—/ (iNc() 0c Pe(r)) +/(i3cnc(t),5(f))<c +/(inc(t),3c5(t))c)
R R R
+0O( [ e —idewde + [ lineo.=iso)e) + [ ineeriZ0he
R R R
= a/(t)(mzl +ny4) + C/(l)(ns —my3) + 9’(t)(m23 +ne) + A(inc(t), iZ(l))(c =0.
Finally, we differentiate the third orthogonality condition in (3.35), and we get
(4.16) 8Z/R<iRc(t)77c(l)’3(t)>(C
= [iReneer d3Ne + [ (iReioneir-¢ O3es(0)c
+/R(ic’(l)3cRc(t)Tlc(z) +ic' () Rer)dene(ry» 3(1))
= d/(l)(/ (iRc)Ne(r)s Ox Pe(r))C + / (iRc(t)nc(t)vBXS(t))C)
R R
O [ G0 01 + [ (Reneer des0e
—(iRc(t)Ne(r)» Oc ¢c(t))(C>
+9/(l)(/ (iRetyNe(), —1der))C +/<iRc(t)77c(t)s_i3(Z))C>
R R

+/R(iRc(t)nc(t)’iZ(t))(C
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= a'(t)(m31 + n7) + c'(t)(ng — m32) +0'(t)(m33 + no)
+ /R(iRc(t)nc(t)’ iZ(t))c =0.
Gathering all three previous derivatives, we obtain the following linear system:
a'(t)

(4.17) M(c,3) | (1) | = Ble.3),
0'(1)

with the matrix M(c, 3) defined by

myy+ny np—myp M3+ n3
(418) M(C,g) = |mp1 +ng n5—myy M3+ ng|,
m3; +n7 ng—ms msz+no

and the matrix 8B(c, 3) written as follows:

— Jx (e i Z(1))c
B(c,3) = — Jg{inew) i Z(1t))c ,
— JgiRc@ynew)- i Z(1))c

with Z(¢) as in (4.12). See Appendix E for a full expression of the computed matrix
elements m; j,i,j =1,2,3.

Note that, in the case of null perturbation in (4.18), and considering the limit case of
¢ = 0, it turns out that M (0, 0) has a nonvanishing determinant, namely,

8
det M(0,0) = z Ex[¢o].

and therefore M (0, 0) is invertible. By using a continuity argument, we can select a small
enough parameter @y < « such that for small speeds and perturbations (c, 3), the matrix
M(c, 3) is still invertible. In fact, having in mind the Neumann series theorem, it is enough
to consider (c, 3) satisfying

IM(c.3) — MO.0)|atnic) < 1 < [MTHO.0)34 -

Namely, choosing «; < « small enough such that u(z,-) € Ug(ay), forall ¢ € [T, T],
and therefore, from (4.5) in Proposition 4.2, it holds

3. s + lc@®] < Ao,

with det M(c, 3) # 0, and consequently the operator norm of its inverse is bounded by
some positive number A;(«1). In the same way, the right-hand side of (4.17) is bounded
as follows:

[B(c,3)llrs < A1(a)|I3(, )l 30
for a suitable choice of the constant A («1). Therefore, from (4.17), we finally get that

(4.19) @' ()] + ' O] + 16" ()] < [M(c,3)™" - Ble,3)| < AT (@137l 35
forallt € [-T,T].
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Finally, we extend the above estimate (4.19) for general initial data uy € Z(R). In fact,
the flow of (1.1) is continuous with respect to initial data in Z(R) (see [9]). Moreover,
from the continuity of the modulation parameters c(¢), a(¢) and 6(¢), we have that the
matrices M(c, 3) and B(c, 3) depend continuously on u € # (R). Therefore, since the
matrix M (c, 3) is invertible with an operator norm of its inverse depending on «/;, we can
use a standard density argument to extend (4.17) to a general solution. Therefore, we get
the continuous differentiability property of the modulation parameters c(¢), a(t) and 6(¢),
and we obtain the corresponding estimates (4.13) from (4.17). ]

5. Proof of the main theorem

In this section we prove a detailed version of Theorem 1.1.

Theorem 5.1 (Orbital stability of the black soliton). Let ¢¢ be the black soliton (1.8) of
the quintic GP equation (1.1). Given € > 0, there exists §(¢) > 0 and a positive constant A
such that if the initial data u verifies

uo € Z(R) and do(uo, o) < 8(e),

then there exist functions a,9 € C'(R,R) such that the solution u of the Cauchy problem
for the quintic GP equation (1.1), with initial data u, satisfies

(5.1) do(e™*Ou(t,- + a(t)), o) <
and

la' ()] +10"(1)] < Axe
foranyt € R.

Remark 5.2. With respect to the cubic case [13], a difference appears in the proof of
the orbital stability theorem for black solitons of (1.1), that is, we could not achieve a
Lipschitzian control of the metric, i.e.,

(5.2) do(e 0D u(t,- + a(t)), pery) < do(uo, o) forall ¢ € (0, c).

The main reason is that if the momentum (see equation (1.27) on p. 313 of [13]) is used
in our problem, a linear term

(5.3) / (idey 3)c
R

appears when expanding it around dark solitons ¢.(;). Unfortunately this term does not
match with any orthogonality relation (3.34) and it cannot be bounded from above nor
controlled in the right and proper way. This is a big difference with respect to the cubic
GP case (see equation (1.7) on p. 314 of [13]) which allows one to get an upper bound on
the speed c(¢) as shown in equation (1.3) on p. 314 of [13].

In our case, instead of (5.2), we get

do(e™Du(t,- + a(t)), dewry) < do(uo, po) + c.
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Moreover, and again in view of this technical issue with the linear term (5.3), we decided
to change this uniform control on c(¢) on a fixed speed interval (—c, ¢) by using the
following strategy: for each fixed ¢ > 0, we choose a suitable interval (0, c(¢)) which
allows us to select initial data in an appropriate ball with center ¢¢ in the dy metric and
such that the solution remains in the e-neighborhood for all time by a bootstrap argument
(note that (5.1) is not as strong as the corresponding statement in equation (1.9) on p. 308
of [13]). Obviously with this approach, once we reduce &, the speed interval (—c, ¢) can
also be reduced. As a consequence of our approach, we lose any possibility to say some-
thing about the orbital stability of the dark soliton solution.

Proof of theorem 5.1. In order to simplify the explanation, we show the proof for # > 0.
Let o, Ap and o7 be as in Corollary 4.3, Corollary 4.5 and Proposition 4.7, respect-
ively. Consider now & > 0 such that

0<e<min{l, o}, O<e<oao; and Age <K 1.

Firstly, we take ug € Z(R), see (2.11), such that dg(ug, ¢p9) < /2 and u € C(R, Z(R))
is the corresponding solution to (1.1).
Now we define

(54) T*:= sup{T >0 forall € [0,T], inf do(e ™ u(t, - + b), o) < a},

and the idea is to use a contradiction argument under the assumption 7* < oo when
do(ug, ¢o) is small enough.

Note that since do(ug, ¢p9) < &, then, as a direct consequence of the continuity of the
quintic GP flow in Z(R) with respect to the metric dy, we can find Ty > 0 such that

do(u(t,-),¢o) <& forallt € [0, Ty,
which, in particular, implies that 7* is well defined in (5.4). Furthermore,
(5.5) u(t,-) € Vo(e) C Up(e) C Ug(a) forallz €[0,TF).

Consider now the functions c¢(¢), a(t), 6(t) given in Corollary 4.4 and notice that, in
view of (5.5), we can consider these functions defined on the whole interval [0, T*).
Now suppose that T* < 400 and consider
3(1.) = e Out, +a@) = pei(-), 1 €[0T,

where (c(t),a(t),0(¢)) € (—c,c) x R2.

Then, having in mind the global theory in [9], which guarantees that || p.(3)||z2 veri-
fies (3.34), using the coercivity of E,, see (1.3), around the dark soliton (3.36) in Propos-
ition 3.4 and Corollary 4.5 with (a, ) = (0, 0), we obtain

132, ) IZe, + 1620 ey G DI 2

1 -
E(F(EZ[QSCU) +3] = Exlgo]) + (1) + 131, ) 1 3,)

IA

= %(fwz[e—”(”u(z, -+ a()] — Ealpol) + (1) + Aovel3(. )3, )-
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Selecting ¢ such that Ag ./ < %FZ and using the conservation of the E, energy (1.3), one
gets

2 .
(5.6) 13, )5, + 1620y Pcr G N2 < 5 (T(E2uo] = Exlgo) + c(t)?)

forallz € [0, T*). Now, from the expansion (3.2) with 3 = u¢ — ¢y, there exists a positive
constant k1 such that B
Exluo] — Ea[¢o] < k1dg (uo, o),

with k; independent of u¢. Then, putting this estimate into (5.6) and using (2.29), we have
that there exists a universal positive constant K, not depending on ¢, such that

133, + 168 Pe G D72 < KI5 )3, + 1620 PerGEDII72)

2K - -
< E(Fkldg(uoyd)o) + cz(t))
ZEIEI 2 ZE 2
< = afo(uo,¢>o)+§C .
So, we have
o€ u(t,- + a()). pery) = (3. )%, + 63 ey G(E. ) 22)'72

2Kky , 2K ,\1/2
< (T g0+ 55 )

and hence from (2.21) we have

2Kk,
r
2Kk \1/2 V2K -

(F5) dotuo.go) + “== c +kac.

. K \1/
(5:7) dole™Ou(t, +a(). do) < (= dg w0, go) + Zf—’fcz)l "t oy o)

<

for some positive constant k,. Now we reduce c, if necessary, so that

V2K - e
(5.8) <T 4 kz) ¢< g
and we also consider ug satisfying
(& € r 1/2
(59) d(uo,¢o) < mln{z, Z(ﬁ) }

Then, combining (5.7), (5.8) and (5.9), we get
do(e™ O u(t, - + a(t)), do) < g forall 7 € [0, T,

which contradicts the definition of 7* < 0o in (5.4), due to the continuity of the flow of
the solution u(z, -) with respect to the metric dy. Then T* = oo and the proof of (5.1) is
completed.
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Finally, from Proposition 4.7, one gets

supla’(t)| + 10" (1)| < Ase,
teR

for some positive constant A,. This completes the proof of Theorem 5.1. ]

A. Proof of (1.11)

In order to prove that (1.11) is a solution of (1.10), we propose a suitable ansatz (see (2.3)):
ia; + aptanh(k§)
v1+as tanhz(ké)’

This ansatz must reduce to the black solution (1.8) when ¢ = 0, therefore this implies
that a; has to be dependent on ¢ in some way. We make the following selection:

(A.1) D.(§) = £ =x—ct.

ay =capas,
with @, to be determined. Hence, we recast (A.1) as follows:
icaias + aptanh(k§)
V1 + aztanh(k§)?

where a1, k, az, az are parameters to be determined imposing that (A.2) is a solution
of (1.10). Therefore, substituting (A.2) into (1.10) and simplifying (here X = tanh(k§),
D =1+ as tanh(k§)?), we get

(A2) D (§) =

5

. az i

D —icd, + (1 — |0 | P, = D573 > riX',
i=0

where r;,i =0, ..., 5, are the following complex coefficients:
ro = —ic(k + arkas + Elfc“ag —ay),
r1 = (=ac*kas + k*(=3a3 —2) —ajctad + 1),

A3) ry = —ic(2a1k*(—az — 2)as — k(1 —as) + 2&?0241‘2‘ —2d1a3),
r3 = —(—dic?kas(1 — az) + k*(—4az — 2) + 2a3c?a3 — 2as),
ra = —ic(@ a3 — @ a3 — ask + ajas(3 + 2as)k?),
rs = (—ag — Cl3(k2 —dic%kas — as)).

Now, we impose that
(A4) ri =0 foralli =0,...,5,

and look for non-trivial solutions (i.e., ¢ # 0). Starting with the last equation rs = 0, we
get

(A.5) ag = as(—k? + a,c*kas + az).
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Substituting the above value for a3 into system (A.4), we get that the equation r4 = 0 is
solved for

—1 4 2ka,

A6 ___Tlt2ka
(A.0) T Tk + 2ay)

Therefore, with these values for ag and a3, the group of (A.3) is recasted as follows:

kH
ro = —iCkHMQ =0, ry = —~—M() =0,

ra=—ickHM; =0, r3=——M1 =0, rs4=0, r5s=0,
with
1 +c%ag
B 2k + c2ay)?
and
My = 6k? 4 6ac*k? + a k(5¢% — 4(k? 4 1))
(A7) + @3c?k(=5¢ + 4(k% + 1)) + a2 (c* — 422k + 1)),
My = —8k* + 8a1k> + c*(1 — 10d 1k + 12a3k?) — 4 + 8a: k.

Solving M; = 0, for a;, we get (selecting, e.g., the + root)

(5% —4) — 4k2 + /13¢* + 8c2(Tk2 + 1) + 16(k2 + 1)2

A8 iy =
A8 12¢2k

Now, rewriting M in (A.7) with a; as in (A.8), we get

_ (4k*+c2—-4)

M - m ,k N

mo(c. k) = [16 — 16¢* + 19¢* + 32k? + 80c2k> + 16k*
+ (5¢% — 4k* — 4)/13c* + 8¢2(Tk% + 1) + 16(k2 + 1)2].

Finally, selecting k = %«/ 4 — 2, we get My = 0, and we have solved system (A.4), and
therefore (A.2) is a solution. Note that for these values of @; and k, the factor H is well

defined; in fact,
_ 6c% 4 (3¢ —4)V/3c2 +4+8
c2(V3c2+44+4)2

In order to compare this solution with (1.16), we rewrite it as follows: firstly note that with
this value of k, (A.8) and (A.6) reduce to

3¢ —4+244+3c2
3¢2/4 —c?

H

(A.9) i =
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d
" I TR I
44+ V32T HB2—4+2V3c2+ 4

and hence, from (A.5), with the above values of @, k and a3, and simplifying, we get
(taking for instance a real + root, with the notation A = V4 —c2/=3¢* + 8¢2 + 16)

az =

3c(c?—4)
(A.10) ap =
V2/—18c* + (3A + 80)c2 + 4(A —8)
_ 3cv/4 —c?
ﬁ\/3(~/3c2 +4+6)c2+4(+/3c2+4-2)
_ 3cv/4—c?
«/5\/1862 — 8+ (B¢ + 4)3/2
Therefore,
\/5612 = U2.
Now, from ansatz (A.2), and the values of (A.9) and (A.10), we get that
~ 3¢2 +2/3c2+4—4 3c/d — 2
(A.11) calazzcx( )x( )
324 —c? V2/18¢2 =8 + (3% + 4)3/2

_ 3¢2—4+423c2+4
V2/18¢2 =8 4 (3¢2 + 432

and hence
\/chzlaz = U1.
Finally, note that k = «, and with (A.11) and (A.10), we get
2 2
MitHe
24+ 2as

and then a3z = u.

B. Proof of Lemma 2.1

The proof of this identity is made by quadratures. Making the change s = +/2b tan 6, we

get the following equalities for the indefinite integrals:

/ ds . sec0dt cos 6 db
(b—s2)/s2+2b J b(1—2tan20) | b(1—3sin0)

Now, by using the change p = /3 sin 6, we obtain
cos 0 do _/ dp 1 ln(1+p)

b(1 — 3sin2 6) V3b(1—=p2) 2by/3 ‘l—p/

Combining (B.1) and (B.2) the result follows from the fundamental theorem of calculus.

(B.1)

(B.2)
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C. Proof of (3.54)
Having in mind that p. = |¢. + 3|2 — |¢c|*> = 2Re(¢¢3) + |3|%, it turns out that

e + 3|2 = |¢6|2 =+ Pc,

and therefore we have

(C.1) I3l < (1 + llpel}2) < (1 + [lpellze)-
On the other hand,

||1/2 1/2

1/2
1oL 1157 < lleell)

)1/2

el < llpe (3llzee + 113" L2 + l3llzell3llz2

Hence, using Lemma 2.6, we get
1/2 1/2 1/2 1/2 1/2
(C2) lpelizee < llpell 2 Uslle + 3l + 311 131 50)-

Now, substituting (C.2) into (C.1) and using Young’s inequality, we obtain

lallee < (14 llpellze + lleel 215052 + leellzz3llse) < (1 + loellz2) (1 + l3ll5e,).

D. Computation of some L? and L™ norms

We collect some L2 and L norms, needed along this work, in the following sections.
Hereafter, we will consider by K the smallest of the constants that allow us to get the
corresponding upper bound.

D.1. L? norms

We first compute the associated o norm in the distance dy, see (2.19). By definition,

lpo — ¢cl%e, = llgo — Peliz2 + I1V/n0(do — ¢o)17-.

therefore we split the computation in two steps. First, we consider (with R, in (2.6))
166 =04l = [ 85— 600 =80 = [ (@) + 160 = 2R

Then, expanding in ¢ the last integrand, we note that this .2 norm is bounded above, at
small speeds |c| < ¢, with ¢ < 1, by

o 9anh’ (x) sech’ (x))
O.1) 10 01 = K [ (- SR )

= 3—1(2(12 —5/310g(2 + V/3)) 2.
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On the other hand, we consider

|00 — bo)l22 = /R 100 — $e)(do — §e) = /R 10((@0)® + |92 — 2Re do),

which again behaves (proceeding as above), at small speeds |c| < ¢, with ¢ < 1, as

27(tanh*(x) + 2 tanh?(x) — 3) 2) d
8(tanh?(x) — 3)3

02 IV —dolE <K [ (
=K 33—2(12 —/3log(2 — V/3)) 2.

Finally, summing (D.1) and (D.2) and simplifying, we get the #y norm in (2.19):
o — bell3e, < K%(m —V3log2 + V3)).

With respect to (2.22), we first compute |¢../ /7c|* as

‘ 2 8x¢cax¢_)c
Vel T (e)?

_ —2i? sech4(/cx)(/Lf/L2 tanh?(kx) + ©“3) )
1 + ptanh?(kx))(ud + 2(u?pu2 — 4p) tanh?(kx) 4+ (u4 — 4442) tanh* (kx) — 4)
M My H1H2 2

Therefore, integrating and having in mind the constraint relation (1.13), we have that (here
Do = 1 + ptanh?(kx))

o / —2k2 sech* (kx) (3 pu? tanh?(kx) + w3)dx

| =1

R Do(u} + 2(u?u? — 4p) tanh? (ke x) + (14 — 4u2) tanh® (cx) — 4)
2
4 (U5 + 2 + pp? )arctan(, / 2:%)
_ k. (ﬁm arctanh(+/|u|) + o
=72
(u1—2) V2 + 1 V2p+ ul
arccotanh(\/_ 3).
3f V3

With respect to the L2-norms in (2.24) and (2.25), we get after an expansion in ¢, |c| < c,
with ¢ < 1 in the integrand of (2.24), that this L? norm is bounded above by

” e |? — $2 12 < K/ 3 sech?(x)(tanh?(x) + 9)2 4y
12 R 64(tanh?(x) — 3)2(tanh?(x) £ 3)

4
K
< KICE (36 + /371 + 12+/310g(2 + V/3)) < ZC4’
and therefore we obtain (2.24). Now, in (2.25), expanding again in |c| < ¢, with ¢ < 1,

we get that

3 4 (=14 rtanh*(x)) tanh?(x)
2= Jo 512 (53 4 anh?(0))5 (3 + tanh?(x))

“450770— ce
/1o
3 K

<Ko ¢*(630 — 831 — 394/3log(v/3 + 2)) < Zc“.
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We now compute the L2 norm in (2.26). Firstly, we write explicitly the integrand

13413 tanh? (kc x) _ 2 tanh? (x)
(el e |* — 10 9§)* _ e a1 — 10 3Gy |

4 tanh* (x)
o (1 " (3—tanh? (x))z)

In fact, in the same small speed region |¢| < ¢, with ¢ < 1, we get, after an expansion of
the above expression, that

776|¢c|2 - 770¢§ 2
v

= \/_log(

% / SISech42(x) Ay
R 8(3 — tanh*(x))3

K 4
2f)fc

We now compute the L2 norm in (2.27) proceeding in the same way. In fact, after an
expansion of the integrand in the small speed region |c| < ¢, with ¢ < 1, we get

4
) 2 <K/ 27 sech(x) tanh™(x) 4 <£ 4
L2 — R

nc|¢c|2R5 —Tlo¢>3 c
8(3 — tanh?(x))3 2
D.2. L* norms

V7o

We now compute the L norm in (2.28). Expanding it in the small speed region |c| < ¢,
with ¢ < 1, we get

|pe|® — 2 - (9 — 4x tanh(x) + tanh?(x)) ,
(1+x2)n: ~ 8(1 + x2)(3 + tanh?(x))3

El

uniformly in x € R, and whose maximum value 3/8 is attained at x = 0. Therefore, we
get that
3
< Z¢2
Xz)ﬁc 8

Now we justify the uniform pointwise estimate in (2.29). First, we note that for any
given x € R, we have

H |pc|® —

V3

(D.3) 7|x| =x(1)|x| <k(c)|x| forall|c|] <1,

with « defined in (1.12). Now observe that
. lpo(X)> 4 . lpo(X)>
lim ———————— = — and lim ———— =
x>0 |¢o(v/3x/2))2 3 x=>00 | (+v/3x/2)[2
from which, we can conclude that

tanh?(+/3|x|/2)
— tanh?(+/3]x|/2)

for all x € R.

(D4) EEE
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Now, selecting s := tanh(+/3|x|/2) and using the fact that the function s

increasing on the interval [0, 1], we have, by combining (D.3) and (D.4), that

tanh? (i (c)|x|)
— tanh?(k (¢)|x])

(D.5) |po(x)|? < 3 forall (x,c) € R x [—1,1].

Finally, using that

2 1
lim c)=+— and — - <u(c) <0,
Hoi‘”( ) 7 3 = ule) <
we conclude, from (D.5), that there exists ¢ << 1 such that
13(0) + 13(¢) tanh? (k (¢)|x])
2 + 2u(c) tanh® (k ()| x|)

b0 () < ~ [¢pe (x)]?

forall (x,c) € R x (—c¢,¢).

E. Computation of det ¥ (c) and matrix elements of M (c, z)

First of all, we recall the expression of det ¥ (¢) in (4.3):

(E.1) det?(c):/(inc,—ac%)(c
R

3

2
2
3757 I8

x {/ch,—iqsc)c/RUchc,axqﬁc)c—/ch,axqbc)(cA(ichc,—i¢c>c},

for all ¢ € (—2,2). Now, we compute the five different elements in (E.1) at ¢ = 0. We start

with the first factor in (E.1):

(E.2) / (ine,—dcPc)c = _[ Re(inc0e (]SC),
R R
and at ¢ = 0, we get
9(tanh*(x) + 2 tanh?(x) — 3) '
3 — tanh?(x) (tanh?(x) — 3)2

Now, integrating the above expression, we obtain

) Cs_ac c _ =—2
/Run seel.

—Re(inc0d. (56)|c=0 =—

The second factor is
(E.3) A;(ichc» ax¢c>(C = /RRe(ichcax <13c),

and at ¢ = 0, we have that B
Re(iRenc0x ¢c)|c=0 =0,
and thus we get

/ﬂ%(ichc» aX¢C)C|c=0 =0.
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The corresponding third factor is

(E4) /]R<7707_i¢c)(c :/I‘{Re(incéc), with Re(incd_)c)fc=0=0-

Therefore, as above, we have

/ (e ~idhe)c|,_g = 0.
R
The fourth factor is
(E.5) / e+ By de)c = / Re(edx o),
R R

with
. 94/2 (tanh*(x) + 2 tanh?(x) — 3)sech?(x)

R cax -C =0
e(ncdx ¢ )|c—0 V/3 — tanh?(x) (tanh?(x) — 3)3

Therefore, by integrating, we get

8
/IR(UCa8x¢C)C|C=0 = 3

Finally, the last factor is

E6 .Rc c,_. c = R _Rc C_C )

(E6) | (Ren=ige)e = [ Re(—Rene o

with

B 6(tanh?(x)(tanh*(x) + 2 tanh?(x) — 3)) .

Re(—Rcﬂc‘iSc)|c=o = (tanh®(x) — 3)3

By integrating, we get
. . 1
/ (chnc,—l¢c)<c|c=0 =3 V3log(v/3 +2).
R

Finally, gathering the five terms above, we have that
83
5
Now, using a classical continuity argument, we get, for ¢ € [0, ¢), with smaller ¢ << 1 if
necessary, that

det 7 (0) = log(V3 +2) = —2 Es[¢o].

det F (c) # 0.

We now list here the computed matrix elements of M(c, z) in (4.18). By parity reasons,
some terms vanish. Namely,

mi = /R(nc(z),axsbc(t))cc = (E.5),
miz = /R(ﬁc(t),ac%(t))c =0,

miz = A(nc(t)v_i(bc(t))(c = (E4).
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Now, we list the products coming from the second orthogonality condition in (3.35):
My = /R(i??c(t), Ixde)c =0,
Map = /RU”C(t)» de Pe(r))c = —(E.2),

Mmy3 = /]R<inc(t)»_i¢c(t)>c =0,

and finally, the products coming from the third orthogonality relation of (3.35):
mzy = /]RURC(t)nc(t)vax Peny)c = (E3),
msp = /R(iRc(t)nc(t), de Per))c =0,

msz = /RURc(t)nc(t)a_inc(t))(C = (E.0).

In the limit case when (¢ = 0,z = 0), the matrix (4.18) has the simple expression:

8/5 0 0 .
M©O0,0:=]| 0 2 0 . with det M(0,0) = ~2 Exfgo].
0 0 —L1E;[po]
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