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L? improving properties and maximal estimates
for certain multilinear averaging operators

Chu-hee Cho, Jin Bong Lee and Kalachand Shuin

Abstract. In this article we focus on L2 estimates for two types of multilinear lacu-
nary maximal averages over hypersurfaces with curvature conditions. Moreover, we
give a different proof for the bilinear lacunary spherical maximal functions. To obtain
our results, we make use of the L!-improving estimates of multilinear averaging
operators. We also obtain L”-improving estimates for certain multilinear averages
by means of the nonlinear Brascamp-Lieb inequality.

1. Introduction

Let § be a compact and smooth hypersurface contained in a unit ball B¢ (0, 1) with x non-
vanishing principal curvatures, and let Oy, ..., ®,, be rotation matrices in My 4 (R). We
assume that {©;}"_ is mutually linearly independent. Then, for f1, f2..... fm € S(RY),
we define

m
(L.1) AS®0) = [ T] 10+ 6,)dos ),
j=1
where F = (f1, f2,..., fm) and dog is the normalized surface measure on §. We also

consider another m-linear averaging operator defined by
m

12 Ax® = [ 10 +)dos0) Greeom =y <R,
=1

where X is a compact (md — 1)-dimensional smooth hypersurface contained in a unit ball
B™4 (0, 1) with x non-vanishing principal curvatures. Note that « arising in (1.1) satisfies
1 <k <d —1,while k in (1.2) satisfies 1 <k < md — 1. Moreover, we are interested in
the following lacunary maximal operators associated with (1.1) and (1.2):

(13) ME®0) = sup | [ T 7i6s =20, 10500
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and
(14 M ()) = sup| [ [ 762y aox ).

The purpose of this article is to prove L?-improving estimates of the multilinear averaging
operators defined by (1.1) and (1.2). Further, using these L”-improving estimates, we
show LP! x LP2 x .- x LPm — [P boundedness, for 1/p = Z;-"zl 1/p;, of the multi-
(sub)linear lacunary maximal functions M? and Myx.

The averaging operators given in (1.1) and (1.2), and some related maximal operators,
arise in many studies in multilinear harmonic analysis. Since Coifman and Meyer [13]
opened the path of multilinear harmonic analysis in 1975, there have been significant
developments in the area over the last few decades. Among those achievements, we men-
tion the works [24,25] of Lacey and Thiele, in which they proved L”-boundedness of the
bilinear Hilbert transform given as

00 d
BHT,(f, )(x) := p.v.[_ f(x—t)g(x—at)T[, @ #£0,1,

Their seminal work settled a long standing conjecture of Calderén. Later, Lacey [23] stud-
ied L?-boundedness of the bilinear maximal operator

t
Mo (f. g)(x) := SUPZi |f(x = y)gx —ay)ldy. a#0.1,
1>0 21 J
which is related to the bilinear Hilbert transform. One may regard the averaging opera-
tor A? as a generalization of M, without the supremum, because the condition & # 0, 1
corresponds to the linear independence condition of {©; }.
On the other hand, Ax (given in (1.2)) is a direct analogue, for t = 1, of the spherical
averages Atgdﬂ f(x) defined by

Apars S = [ =) da ().

Therefore, we write Agma-1(F)(x) = ALma-1(fi ® -+ ® fm)(x, ..., x). For studies on
Agmd-1(F), we recommend [1, 14,31, 35] and references therein. In the literature, AtSd—l
have been extensively studied in terms of maximal operators.

Consider the (sub)linear spherical maximal operator MS*L,_1 defined by

Mgu f(0) = suplaby S i=sup| [ fe— ) o).
t>0 t>0 ! Jsd-1
where do is the normalized surface measure on the sphere S9-1 In 1976, Stein [36]
proved, for d > 3, that the spherical maximal operator Mga—1 is bounded in L? if and
only if p > d/(d — 1). Later, Bourgain [10] obtained L? boundedness of Mg, for p > 2.
Those restricted boundedness of Mgs—1 can be improved if one considers the lacunary
spherical maximal operator

Mga—1 f(x) := sup |A§§71f(x)‘.
JEZ
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Calderén [11] proved L? estimates of the operator Mga-1 for 1 < p <ooand d > 2. After
that, Seeger and Wright [34] showed L? estimates of general lacunary maximal operators
Mg for 1 < p < oo, when the Fourier transform of the surface measure o of § satisfies
|6(§)| < |&|7¢, for any ¢ > 0. There are also LP-L9 estimates for p < ¢ (we call these
L?-improving estimates) of the spherical average Aéd—l [29,37].

Lacey [22] used the L”-improving estimates of spherical averages to prove sparse
domination of the corresponding lacunary and full spherical maximal functions. It is
well known that sparse domination of an operator implies vector valued boundedness
and weighted boundedness of that operator with respect to Muckenhoupt 4, weights,
see [27,30]. This idea has been extensively used to obtain sparse domination of sev-
eral linear and sub-linear operators in the field of harmonic analysis, see [3]. The idea
of Lacey [22], together with LP-improving estimates of certain bilinear averaging oper-
ators, can be used to study sparse domination of maximal operators associated with the
bilinear operators. We recommend [9,32,33] and references therein, which contain results
of bilinear spherical maximal operators, bilinear maximal triangle averaging operators and
bilinear product-type spherical maximal operators, respectively.

Recently, Christ and Zhou [12] studied L?* x LP2 — L? (with 1/py + 1/p, = 1/p)
boundedness of bi-(sub)linear lacunary maximal functions defined on a class of singular
curves, which might be understood in the sense of both (1.3) and (1.4):

2
M(fi f)(x) 1= sup [ Boc(fi, f2)()] = sup | / [T/ =2 ) n dil,
LeZ LeZ R1j=1

where y = (y1,72):(—1,1) > R?and n € C{°((—1,1)). In consequence, they have proved
LPt x P2 — [P estimates for 1 < p1, pp <00,1/p1 + 1/p> =1/ p, of the bi-(sub)linear
lacunary spherical maximal operator Mtg24-1, for dimension d = 1:

M (1. )(3) = sup 42, (. L] = sup | [ T =2y aeo),

where do () is the normalized surface measure on the circle St. Ford > 2, the complete

(LP' x LP? — LP)-estimate of the operator Ig2s—1 was not known. However, there

are some partial results of the operator Mg24-1 in [9,32], and very recently, Borges and

Foster [8] have obtained almost sharp results including some endpoint estimates. In this

paper, we give a different proof of the same (L#! x L2 — LP)-estimate for Mgra-1.
There is another important bi-(sub)linear maximal function

M1 (f1, L2)(x) 1= sup |Ag2a-1 (f1. 2)(0)I,

which is known as bilinear spherical maximal function. The study of this operator started
in [2]. Later, in [21], Jeong and Lee proved almost complete LP! x LP2 — [P estimates
for 1/py +1/p2 =1/p, p1,p2 > 1and p > d/(2d — 1) when d > 2. The result was
extended to d = 1 by Chirst and Zhou [12]. It would be interesting to study L?! x LP? —
L? boundedness of N3, where X is a compact smooth hypersurface with ¥ non-vanishing
principal curvatures (k < 2d — 1). For some specific hypersurfaces, the optimal (except
few border line cases) LP! x L?2 — L? boundedness is known, see [26].
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However, for general hypersurfaces with non-vanishing Gaussian curvature, the esti-
mate L2(R%) x L2(R%) — L'(R?) is only known for d > 4, see [15]. It would be
interesting to study L' x LP> — LP? estimates of such full maximal averages for p < 1
in all dimensions and their multilinear analogues. However, multilinear estimates for
m-linear full maximal operators with m > 3 have not been pursued, while L?x---xL?2—
L?/™ bounds for lacunary maximal operators were studied by Grafakos, He, Honzik and
Park [17]. In this paper, we focus on L?! x --- x LPm — [P bounds for the lacunary
maximal functions for 1/p =1/p; + -+ 1/ pm and p < 2/m. It will be our future goal
to study m-linear estimates for the full maximal functions for m > 3.

We first state L!-improving and quasi-Banach estimates of the m-linear averaging
operators A? and Ayx. Note that the following two propositions are derived by simple
Fourier analysis and multilinear interpolation, and we will give a proof of the propositions
for self-containedness.

Proposition 1.1. Let A?(F) be given as in (1.1) and let S be a compact smooth hyper-
surface contained in B4 (0, 1) with k < d — 1 nonvanishing principal curvatures. Let
© ={0;}7_, be a family of mutually linearly independent rotation matrices. Let also
V! ={z=(1,....z2m) €[0,1]" :z; = z; = (k + 1)/(k + 2),2z; = 0,] #1i, j} and let
conv('Vy) be its convex hull. Then, for (1/p1,...,1/pm) € conv(Vy), we have

m
(C]
145 E)lLo@ay S [T 15117 e
j=1
2(k+1

whenever 1 < % < % = Z;’;l pij-
Proposition 1.2. Let d > 2 and let Ax(F) be an average given by (1.2) over a compact
smooth hypersurface % with k nonvanishing principal curvatures, with (im — 1)d < k <
md — 1. Then, for 1 < p; <2, j =1.2,....mand "1 < Y7 % < 245X the fol-
lowing L'-improving estimates hold:

m
(1.5) IAs Bl ey S [T 15122 @a)-
j=1
Moreover, for % < % = Z;';l plj < 2‘;}"‘, we have
m
(1.6) 1As@llr@ay S [ 15122 @ey-

J=1

Let 1 < p,p1,....,pm <ocowithl/p =1/py + -+ 1/ pm. Then, for fi,..., fm with
supp(fj) C A, :={&§ e R4 : 2%V < |&| <2% ) n; € Z, j = 1,....m, we have

m
(1.7 [As )l Lo way S 28l 1_[ I | L7 (ays
j=1

where § = 8(p,k,m,d) > 0and |n| = /37 n3.
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When p > 1, one can obtain different L?-improving estimates for A? under a specific
choice of {®;} and §. In this case, we do not need any curvature condition on § and only
the dimension of surfaces matters. Let $¥ be a k-dimensional C2 surface in R%. We
choose mutually linearly independent {®;}. Moreover, we assume that for any choice of
{j,-}le, with2 < { < k + 1 < m, the family {®;} satisfies

(1.8)  dim(span,; ({0, (y".0) € R? : )/ € R¥})) > min{k — 1 + £, d},

4
(1.9) dim(ﬂ{(')ji(y’,O) e R4 :y’e]Rk}) <k+1-¢.

i=1

k+1 of

The assumption (1.9) yields that the dimension of intersection of any subset {®;; }; T,

{©;}7L, is equal to zero. The following theorem is one of our main results.

Theorem 1.3. Let m > d > 2 and let S* be a k-dimensional C? surface in B4 0, 1).
Suppose that {®;} satisfies (1.8) and (1.9), and k is given so that

m—d+k d—k—1
>
m - d
m—1 - (d —k)k_
m = d
Then A?k is of strong-type (m, ..., m,d/(d —k)). That is, we have

(1.10) k,

(1.11)

m
1AS: B Lara—o@ay S [ [ 15 1omay-
j=1

In our proof of Theorem 1.3, we mainly use the nonlinear Brascamp-Lieb inequality
proved in [5]. We give details on the inequality and the proof of Theorem 1.3 in Section 3.

In Theorem 1.3, one can use m > d to check that (1.10) and (1.11) are equivalent when
d = 2k + 1. Precisely, (1.10) implies (1.11) when d > 2k 4 1, and (1.11) implies (1.10)
when d <2k + 1. Moreover, if we assume k = d — 1, then we only need (1.9) to guarantee
the following result.

Corollary 1.4. Letm > d > 2, let $2~ be a C? hypersurface, and let {©;} be mutually
linearly independent that satisfy (1.9). Then A?d_l is of strong-type (m, ..., m,d).

One can find similar results in Theorem 1.2 of [20], which yields restricted strong-
type (m,...,m,m) and (m %, ,m%, d + 1) estimates for A?d—l when §4-1
is a sphere. Note that in [20], the authors consider m < d cases with linearly indepen-
dent {®;}, so it cannot be directly compared to Corollary 1.4 in which m > d and (1.9)
are considered. When m = d, however, Corollary 1.4 with §¢~! = S~ 1gjves strong-type
(m,...,m,m) estimates.

To study further how Theorem 1.2 of [20] and Corollary 1.4 are related, we introduce
a quantity ® which is given, for each (p1,..., pm, p)-estimate, by

1 1 1
D(pis.-s Pmip) = (—+---+—)——-
P1 Pm p
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One can measure the extent of L?-improving by means of the difference ©. Then we have

—1 1 1 1
o0m.....mmy="=1 @(m&,‘,,,md;;dﬁ):d ,
m

d d d+1
where m < d. On the other hand, Corollary 1.4 yields
d—1
D(m,...,m;d) = — m>d.
Thus, Corollary 1.4 yields wider range of L?-improving than (m %, com %, d+1)-

estimate of Theorem 1.2 in [20] under a certain choice of {®;}. We also note that the
difference (d — 1)/(d + 1) is the best possible for linear spherical averages, since #Aga-1
satisfies L@+1/4(R4) — [4(R?) boundedness. Even for L1-improving estimates in
Proposition 1.1, we obtain D(py, ..., pm; 1) = (d — 1)/(d + 1). Hence, one can say
that the number (d — 1)/d only occurs for multilinear averaging operators with certain
transversality of {®;}. Moreover, we only assume that a surface § is of class C? without
any curvature condition, and it would be very interesting to study boundedness of maximal
operators associated with ‘A’s@k'

By making use of the quasi-Banach space estimates, Propositions 1.1 and 1.2 together
with Sobolev regularity estimates, we obtain multilinear estimates for the lacunary maxi-
mal operators M? and My.

Theorem 1.5. Let 1 < p? < oo and let Y ;- 1/p? = 1/p°, with p® > 1 for d > 2.
Suppose that A? satisfies the following Sobolev regularity estimates:

m
C) —¢|n| :
(112) | AL B)ll e gty S 27710 l—[1 175055 gy
i

where fi..... fim with supp(f;) CAy ={& eRI2VTI < g <2m Tl j=1,....m,
and ¢ = e(p,k,m,d) > 0. Then the lacunary maximal function M? maps LP'(R9) x
cox LPn(RY) — LP(RY) for (1/p1,...,1/pm) € conv(V2) U{(0,...,0)} and 1/p =
1/p1 + -+ + 1/ pm, where conv(V?) denotes an interior of the convex hull of conv(Vy)
and the origin. In particular, if one considers a lacunary maximal operator associated
with S, then the range of p becomes p > (d + 1)/(2d).

Observe that the multilinear averaging operator (1.1) is an analogous multilinear aver-
aging operator to the bilinear operator Bg considered by Greenleaf et al. [19]:

Bo(£.0)w) = [ =gl =0y)do(y)

where 6 denotes a counter-clockwise rotation. Therefore, Theorem 1.5 (when m = 2)
yields boundedness of the lacunary maximal function corresponding to the averaging oper-
ator By under the assumption on the Sobolev regularity estimates (1.12). Thus, one only
need to show (1.12), but it is not accomplished in this paper.

On the other hand, one can actually obtain Sobolev regularity estimates for Ay, as
in (1.7) of Proposition 1.2. Thus, another main result of this paper is the following lacunary
maximal estimates for Ay.
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Theorem 1.6. Let

1 2d
= — < K for1 < p;j <2andk > (m—1)d.
Dj 2d

Then the lacunary maximal operator Wy maps LP'(R9) x --- x LP»(R?) — LP(R?).

The (LP! x --- x LPm — [ P)-estimates of Theorem 1.6 are easily extended to 1 <
p; < oo via multilinear interpolation, since Iy, is bounded from L*> x --- x L* to L°.

Remark 1.7. What we will prove in Sections 4 and 5 is that multi-linear estimates of
lacunary maximal operators will be derived from L!-improving estimates and Sobolev
regularity estimates of corresponding averaging operators. Specifically, if one obtains
LPUx ... x LPn — L' estimates of averagmg operators with Z -1/ p] > 1, then one
also obtams LPT x ... x LPm — LP° estimates of the lacunary maximal operators for
P =11/ pj =1/p° together with certain polynomial growth, which is Lemma 4.2. The
polynomial growth of Lemma 4.2 will be handled by interpolation with an exponential
decay estimates of Lemma 4.3, which is originated by the Sobolev regularity estimates
of averaging operators. As a result, we obtain LP! x --- x LPm — [P estimates for
Yo 1/pj=1/p,with p,..., pm > land p > p°.
As a simple application of Remark 1.7, we obtain the following result.

Remark 1.8. Theorem 1.6 also yields the following boundedness of the bilinear lacunary
spherical maximal function Mgrs-1.Letd > 1,1 < py, pr <ocoand 1/p; +1/p2=1/p.
Then

(1.13) [Ms2a-1 (fr, L)L < L frllzes |l 2]l ez

Note that we make use of the L' x L1 — L1/2 estimates of Aézd—l given by [20] and the
machinery of Section 4 to obtain (1.13) for p > 1/2. This estimate is already given in [8]
and we give a different proof at the end of this paper.

Remark 1.9. Tt is known that My, satisfies (L2 x --- x L2 — L2/™)-estimates for cer-
tain k, see [17]. One can check that even for the worst indices, our Theorem 1.6 is better
than the (L2 x --- x L? — L2/™)-estimates in the sense that Theorem 1.6 holds for L?
spaces with lower indices, since 2/m >2/(m + 1) > 2d /(2d + k). Whenk < (m — 1)d,
we do not know anything yet.

Notations and definitions

« For a cube Q or a ball B in R?, we define CQ and CB whose sidelength and radius
are C times those of Q and B with the same centers, respectively. For a measurable
set E, we denote by meas(E) the measure of E.

¢ Choose a Schwartz class function ¢ such that supp(¢) C B(0,2) and ¢(§) =1 for

& € B(0, 1). Also consider 1//(5) ¢($) — ¢(2§‘) so that supp(l//) c{27l < gl <2}
By introducing the symbols (]5({ &) = ¢(2 tg) and wg &) = 1//(2 tg), we define the
frequency projection operators:

(1.14) Pogf(®) = F(E)de(6) and Puf(§) = f(§)Pe(®).
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2. Proofs of Propositions 1.1 and 1.2

2.1. Proof of Proposition 1.1

The proof of Proposition 1.1 follows from the following lemma and a standard technique
from [18,20].

Lemma 2.1. The operator A? is bounded from LP'(R9) x --- x LPm(R?) to L' (R?)
for (1/p1,..., 1/ pm) € conv(Vy). In particular, if k = d — 1, then one example of A?

is the spherical averaging operator Agd_l.

Let p = % and (1/py,...,1/pm) € conv(V,). We begin with

”CA?(F)Hzp(Rd) = ./]Rd ‘/:9 1_[ fj(x + @])’) do(J’) pdx.
j=1

Decompose R? into countable union of unit cubes Oy = n + [0, 1)¢, n € Z9. Using the
compactness of §, we have

ey SO = X [ | [ T] 56+ 00| ar
nezd On Sf=1

Now we apply Holder’s inequality to obtain

2.2) /Qn‘[gjﬁﬁ(x +®jy)d0(y)‘de

e (/Q/S ’jlf[lff(x + (”)J'Y)’dﬁ(y)dx)p.

Since x € Qy and y € supp(S), we have the following equality:
2.3) Jilx +0;y) = (filg)(x + 6;).

where Q denotes a cube whose sidelength is 3 times that of Q with the same center. With
the help of (2.3) and Lemma 2.1, we have

(2.4) (/Qn[g’jli[lfj(x—i—@jy)‘da(y)dx)l’

(/Qn /S ‘jﬁ(ffﬂén)(x + ®jy)( do(y) dx)p

m m
p
| | ~ ) _ | | 1 NP
5 ( ”(f}]lQn)”Lpl (Rd)> - L ”f}]lQn”LPj (Rd)
]=

j=1

whenever (1/p1,...,1/pm) is in conv(V).
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By (2.1), (2.2) and (2.4), we have

m
2.5) A7, ey < 2 [T 1516175 gay:

nezd j=1

We make use of Holder’s inequality on (2.5) to obtain

m _ p/pj
1AS B2, oy S TT(X 14516,170 @a)

Jj=1 nezd

Note that {Q~n tneza 1 a finitely overlapping cover of R? . Therefore, we have

1AS Bl Lp ey S H I £ill 27 ety
j=1

where

21 1 1
—:Z— and (Z’---,p—m>econv('v,c).

Thus, by showing Lemma 2.1, we complete the proof of Proposition 1.1.

Proof of Lemma 2.1. Let a be a symbol satisfying |a(§)| < (1 + [§[)™° for some p > 0.
Then, for m = 1, it is well known [29,37] that T (f) = (af) is bounded from L7 (R?)
to L (R¥) for1/p+1/p'=1,pel,2,and1/p—1/2 < 2( 7). Let § be a hyper-
surface with x nonvanishing principal curvatures. For the blhnear case m = 2, by change
of variables, we have

S0l = [ [ 150+ 01t + 0ap)ldor) ax

=/ |f(x)|/ g(x + (©2 — O do () dx < || Fllpliglp-
R4 S

where the last inequality follows from Holder’s inequality and 1/p = (k + 1)/(x + 2).
Thus, for the m-linear case, it follows that

ls@i = [ ] f[ £+ ©;9)|do(y) dx

< [, [+ ompesomlwmarx T 15l

3<j<m

<Al AL TT 1l

3<j<m

where 1/p = (k + 1)/(x + 2). Similarly, interchanging the role of the functions and
invoking multilinear interpolation we get the desired estimate. ]
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2.2. Proof of Proposition 1.2

2.2.1. L'-improving estimates (1.5). By translation x — x + y,,, we reduce the L!-
norm of Ay into L°°-norm of the following (m — 1)-linear operator:

m—1
(26) [ TT1 G+ =l dos o).
j=1

By using the Fourier transform, we rewrite (2.6) as

m—1
en [ ) s == ) [] 1166

j=1

where £ = (£1,...,Em_1) € RO"D4,

Since the hypersurface X has « nonvanishing principal curvatures, using the result of
Littman [28], we get |dG=(£)| < (1 + |&|)™/2 for £ € R™¢  This implies that the symbol
of (2.7) satisfies

B2 51— — &) S (L + €D

By applying Holder’s inequality to the expression (2.7), we deduce that it is bounded
above by

B m|_|1||]§|($j)|pld§’ l/p/x B (1 + [&')*P/> dg’ Up,
Rm—1d 1 Rm—1)d
]=

and the last term is finite if p > 2d(m — 1)/x. Thus, for 2d(m — 1)/k < p < 2, we have
m—1 m—1 N
[ TT 56+ 3m =2 d05)] = [T G r oy
j=1 j=1

Together with the L!-norm of f,,, for 2d(m — 1)/k < p < 2, we have

m—1

(2.8) [As Bl L1 gray £ 1_[ I FillLray X 1 fomll L1 (my-
j=1

The symmetry of estimates (2.8) and multilinear interpolation yield that

m
2.9) [As Bl 1 wray £ l—[ I fillLer ways
j=1
wheremTHEZ;”zlplj<2‘;%and1§pj <2.
2.2.2. Quasi-Banach space estimates (1.6). Since we obtain L!-improving estimates
for Ay, one can apply the argument of Section 2.1 to show that Ay, satisfies a Holder-type
multilinear estimates on L? (R%) for 1/p = Z;"zl 1/ p;, with p; in (2.9). That is, we have

m
IAsE)lLr@ay S [ 16112 @ay-
j=1
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where mTH < Z;n=1 pij < 2‘;}'“ and 1 < p; < 2. This proves the quasi-Banach space
estimates.

2.2.3. Smoothing estimates (1.7). For the Sobolev regularity estimates, note that Ay is
written in terms of Fourier multipliers:

As@®w) = [ i aon @) [ 56) 6.

j=1
Moreover, we consider fi,..., f;; whose Fourier transforms are supported in the sets
{£ e RE: 2771 < |g| < 2%}, with positive integers nj, j =1,...,m, respectively.
Since doy satisfies the following limited decay condition,
(2.10) |8°‘d8>;(§)| S (14 |§ )™%/2  for any multi-indices «,
we are going to make use of one of main results of [16] initial estimates.

Theorem 2.2 (Theorem 1.1 in [16]). Let m be a positive number such that m > 2 and
1 <gq <2m/(m —1). Set My to be a positive integer satisfying

m(m — 1)d
My>_———"— 2% .
2m —(m —1)q

Suppose that m € LI(R™4) N CMa(R™2Y with
0% || Loo(rmay < Do for | < My.

Then we have
m
1—-(m—1 2 -1 2
1Tl So)lameay S Do~ ™ | Za D8 ™ TT N £l 2oy
j=1

Note that Ty (f1, ..., fm) is a multilinear operator whose Fourier multiplier is nt.
Then, by putting (2.10) into Theorem 2.2, we have

m(E) =d6E) [[¥n, E). Do 1. [[w(E)l|pagmay S 27 "/22Mmimd/a,
j=1

Since ¢ € (1,2m/(m — 1)), for f1,..., fm, whose Fourier transforms are supported in
An, ={& e R4: 2071 < |&] <21}, we have

m
Q2.11) 1AS(F) | L2/mgay S 272D T £ 15 gy,
j=1

Note that, for 1 < p, p1,..., pm <ocowith1/p =1/py + --- + 1/ pm, we have trivial
estimates

m
(2.12) [As(B)llLrway < l_[ I /5 l7i (ray-
j=1
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By interpolating (2.11) and (2.12), for any 1 < p, p1,..., pm <ocowith 1/p = 1/p; +
<o+ + 1/pm, thereisad = §(p,k,m,d) > 0 such that

m
—s
[AsP)lLrwa) < 2 In H I fillL7r weys
j=1

when ﬁ is supported in A, for j = 1,...,m. This proves (1.7).

3. A nonlinear Brascamp-Lieb inequality approach to L”-improving
estimates for A

3.1. Nonlinear Brascamp-Lieb inequality

Let f; be nonnegative integrable functions, let L;: R4 — R% be linear surjections, and
letc; € [0,1] for j =1,...,m. We also identify a finite-dimensional Hilbert space H and
a Euclidean space R”, for instance, we let H = RY and H i = R4 . Then we can consider
the linear Brascamp-Lieb inequality

3.1) /ﬂ;d jl:[l(fj(ij))cj dx < BL(L,c)jI:[l([l;dj f,-(x,-)dxj) "

where L = (H,{H; }1<j<m.{L;}1<j<m), ¢ = (c1,...,cm), and BL(L, ¢) is the smallest
such constant. Here, we call (L, ¢) a Brascamp-Lieb datum, and BL(L, ¢) a Brascamp—
Lieb constant. There have been studies on nonlinear generalizations of the Brascamp—
Lieb inequality. Bennett, Carbery and Wright [7] showed that (3.1) holds for d; = d — 1
and ¢; = 1/(m — 1) when the L;’s are smooth submersions supported in a sufficiently
small neighborhood. They also proved that the L;’s could be C* mappings under certain
transversality conditions on the submersions. Later, Bennett and Bez [4] extended the
results of [7] to general d; and C LA mappings. Recently, Bennett, Bez, Buschenhenke,
Cowling, and Flock [5] proved the following nonlinear Brascamp-Lieb inequality.

Theorem 3.1 (Theorem 1.1 in [5]). Let (L, ¢) be a Brascamp—Lieb datum. Suppose that
B;: R4 — R% are C? submersions in a neighborhood of a point xo and dB;(xo) = Lj,
j =1,2,...,m. Then, for each ¢ > 0, there exists a neighborhood U of x such that

L1

Jj=1

(fj(Bj(x)))“ dx = (1 + &) BL(L, ¢) H(fRd. fi(x_i)dx_/)cj'
j=1 !

Although Theorem 3.1 is stated with C? submersions, the proof of [5] guarantees that
the theorem still holds if one takes C ¢ submersions for any 6 > 0. It is known [6] that
BL(L, ¢) is finite if and only if the following conditions hold:

m
(3.2) dim(V) < Z ¢; dim(L; V) for all subspaces V of R?,
j=1

m
(3.3) d =Y c;d;.
j=1
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These conditions are called the transversality condition and the scaling condition, respec-
tively. We also present necessary conditions for finiteness of BL(L, c):

(ker(Lj) ={0}. D ¢j=1.
j=1

J=1

But, it is not simple to check (3.2) for a given Brascamp-Lieb datum. The following
lemma may be useful in such verification. First, we say a proper subspace V, of R? is a
critical subspace if it satisfies

m
dim(Ve) = > ¢j dim(L; Vo).
j=1

For a given subspace V,, we split the Brascamp-Lieb datum into two parts, (Ly,, ¢) and
(LVCL, ¢), as follows:

Ly, = (Ve. {LjVehi<jzm. ALjv. }1<j<m)

Ly =(H/Ve. AH;/(LjV)hzjzm ALjH/v. b 1<j<m),
where H/V, = V- and

Liy. :Ve— LV,
Liayv. - H/Ve = H;/(LjVe).

In this paper, we choose H = R x R¥ and H; = R,

Lemma 3.2 (Lemma 4.6 in [0]). Let V, be a critical subspace. Then BL(L, ¢) is finite
if and only if (Ly,,c) and (Lyt,¢) satisfy (3.2) and (3.3) for any subspace V of V.
and VCL, respectively.

Now we will prove Theorem 1.3. We first decompose S¥ into a finite cover {S f} for
which # g« (F)(x) can be written as a finite summation of the following operators:

AL @@ = [ T] 50+ 0,07 0104y
j=1

where ®,: Rk — R4 is a C2-submersion and X< 18 a smooth cut-off function.

To simplify our proof, we consider a more general m-linear operator TKB . Suppose
Bj:Rd x R¥ — R4 are C2 submersions and L; =dB;(0,0), with j =1,...,m. Then
T2 (F) is given by

rf® w0 = [ ] /B Koy, yeRExer,
j=1

where K is a nonnegative bounded function supported in a ball B(0, ¢) C R¥. Note that
A?‘?(F) is an example of 72 for K = y; and Bj(x,y’) = x + 0;(y, ®:()")). Also, we

takec; =1/p;forj=1,....mandcpi1 =1/p’,withl/p=1/p1+---+1/pm—k/d.
Then we prove the following proposition.
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Proposition 3.3. Let py,..., pm € [1,00) satisfy Y 7_ 1/p;j > 1. Let 1/p = 37 1/ p;
—k/d,with1 < p <d/(d — k). Suppose (L, p) is a Brascamp—Lieb datum for

L = (R? x R¥ {ROY7H (L1740,
with L; =dB;(0,0), j =1,...,m, Lyyy1 = dnga, and

1 1 1
p frd (—, ceey —, —,)
P1 Pm P
Then we have
N m
1T ®)lloay S (1 + &) BLAL.p) [ [ 1127 @ay-
j=1

Proposition 3.3 states that the Brascamp-Lieb inequality implies an L?-improving
estimate.

Proof. Since p > 1, by making use of duality, we get

ITE®) gy = sup / T2 (F)(x) g (x) dx.
lgll,y <1 /R4

Now we choose g € L? (R9) such that lglls’ ®dy < 1. As in Section 2, we decom-
pose R into countable union of cubes Q,(¢), where Q(¢) is a cube centered at the origin
with side-length ¢, and Qn(¢) denotes en translation of Q (g) for n € Z¢. Then it follows
that

/R TE(F)()g(x) dv = EXZ;[“(S) /Rk<[[ﬁ(B,-(x,y)))g(x)K(y)dy dx
- Z [ / Hf,(B (x + en, J’)))g(x + en)K(y) dy dx
= Z / /2. 5/2)4/ Hfan[f] (Bj (x, y))) Ten[g] (X)) K(y) dy dx,

neZzd

[—e/2,e/2)4

where ton[ f](x) = f(x 4 en). Then we apply Theorem 3.1 to ten[ /7177, Ten [g]?’, together
with the additional mapping L,,+1 = dngae, which yields

64 [ TEOWem e

= (1 +#)BLA.p) Y ([T IeenlsilllLos o ) N7l ey

nezd j=1
whenever

dim(V) <

Z’": dim(d B, (0x,0,)(V)) N dim(dmga (V))

i pj p'
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for every subspace V of R? x R¥, together with
ko1 &1

Note that ¢ in (3.4) is uniform in n due to Bj(x 4+ en, y) = Bj(x, y) + en and also that 0
denotes a cube whose side-length is 3 times that of O with the same center.

We choose g so that || g||,» < 1, so we ignore ||g||Lp/(én), and that || Ten [ 7]l 2/ B =
I fill 2 (8a(ey)- Thus, by Holder’s inequality, we have

m m
2 [T Guey S TT N Mo Gucen
j=1

nezd j=1

i (z9)

for Z;-”zl l/rj = 1 with 1 <r; < oco. From Z;'n=1 l/pj > 1, one can choose r;’s such
that 1/r; < 1/p; foreach j = 1,...,m, then we use the £?/ — {"/ embedding to obtain

(3.5 /]Rd TI§(F)(x)g(x) dx < (1 +¢)BL(L, p) 1—[ ” Il.f7 ||ij(én(g)) 077 (z4)

j=1
m

< (1+¢)BL(L,p) 1_[ ” Il fi ||LPj(Qn(8)) Hzl’j (z4)"
ji=1

Since Oy (¢) are finitely overlapped, taking the supremum over ||g || p < 1in (3.5) gives

m
ITE ®)llo@ay S (1 + &) BLAL. ) [ [ 117 @ay
j=1

for the desired p, p1,..., Pm- |

Now we present the proof of Theorem 1.3.

3.2. Proof of Theorem 1.3

There is a C2 mapping ®: R¥ — R for d. = d — k such that $¥ is locally a graph
{(y', ®(y")) € R4}. Then, in Proposition 3.3, we let B, (x, y") = x + ©;(y’, ®(y")) for
®=(p'.....¢%), j =1,....m. Now, for j = m + 1, we let By, = mga, where
TTRd: R4 x R¥ — R is a projection onto x-variable in R?. For j = 1,...,m, we define
L; :=dBj(0,0), which is given by

- I ro1 0 0 77
1 1 0
Ia ©;Vly=o 1y;c, =11 o] ° 0 o :
' ¢ (y) ' qbyl1 (0) ¢y1,2(0) ¢y11,{(0)
L 4] i i v
i L%y (@) 70 ... 4,7(0) | |
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where /; denotes the d x d identity matrix. If there is no confusion, we simply write

sz[zd @j[dq’)"(o)ﬂ, 4P = (dg"..... dp).

Without loss of generality, we assume that d®(0) is a d. X k zero matrix. That is, for
j =1,...,m, we have
Li=[la ©j]. ©;=[6; 6]],

where ©} and ©7 are d x k and d x d,. matrices, respectively. Since O} has k linearly
independent columns, its rank is k. In the case of j = m + 1, we have

dn’Rd = [ld Zd] ,

where Z; means all d x d elements are zero. We show that L = (L1, ..., Ly, drge) and
p=(/m,...,1/m,k/d) are the Brascamp-Lieb data by making use of Lemma 3.2.

Let K, = ker(mga) = {(0,y") € R¢ x R¥ : y/ € R¥}, which is k-dimensional. Then
it is clear that K# = {(x,0) € R? x R¥ : x € R4}. For K,;, we have

" dim(L; K di K, "k
yo dimLiK)  dimrei Ke) _ §5 K g dim(K).
Pj P

j=1 j=1 Dj
Since dim(L; K) equals dim(K) for any subspace K of K, with j = 1,...,m, we also

have
m

5" dimiy;j K, dim(;]igd K) _ i InK) _ dim(K).
J

=1 j=1 Pi

Thus, K is a critical subspace and (Lg, , p) is a Brascamp-Lieb datum.
On the other hand, for KX = {(x,0) € R? x R¥: x € R?}, we consider (Lgt.p):

Lgi = (K, (RY/(L; Kn)}1<j<m+1, {Ljk:h=jzmt1):
1 1 1
p= (—9"'7—9_/).
D1 Pm P

Note that 74 g1 = 7Ra. Then we have

i dim(L j,,'<¢1<¢) N dim(nR,d K1) _ i d —'k N i,
=1 Pj p j=1 Pj p
dk
=d—k+7 =d = dim(K}).

It remains to verify (3.2) for any proper subspace of K JJT- In order to show this, we consider
a subspace K of K,J; whose dimension dg satisfies d > dg > k or k > dg > 1. Note that
it is important to check the dimension of L; K /L ; K, but it suffices to consider K instead
of L; K because every element of K is given by (x,0) € R4 x R¥ and Li(x,0) =x.
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3.2.1. The case d > dx > k. Let K be a dg-dimensional subspace of K,J; and observe
that
L,(0.y") =©,y" forall (0,y") € Ky.

Then we define K; := L; K, = {(®})’,0) e R? x R¥y" € R¥}, which is a k-dimensional
subspace of K5 L due to the full rank of @} It is possible that for some u = 1,...,m,
L,KNK, = K N K, is k-dimensional. Thus, in general, we have dim(L g1 K)
dim(K/KM) > dk — k. Note that our choice of {®;} satisfying (1.8) allows us to have

dim(span{K,,, Kj,,....K;,}) >k + €, ji # L.

That is, there are at most { = dx — k j’s such that K is a subspace of K. Therefore, we
have dim(K/Kj) > dg — k for £ + 1 = dg — k + 1 of the j’s. Otherwise, for the rest
m—{ —1 j’s,we have dim(K/K;) > dxg — k + 1. Hence, it follows that

i dim(Lj,KyJT—K) n dim(rrga K)

j=1 pj )4
dg — k)l + 1 dg —k +1 —0—1 k
L W =R+ | (dx—k+ D )k
m m d
| k —dg +k—1 k
G6) =xk—-K+ o S =dg—k+ KT L D
m d m d
Here we choose p; = m for all j = 1,...,m in order to minimize the loss, that is,

to maximize the lower bound of (3.6). Thus, we fix p as (1/p1,...,1/pm, 1/p)) =
(1/m,...,1/m,k/d). Note that the last expression of (3.6) is greater than or equal to dg
whenever
—d k—1 &k
3.7) il S R Sk L
m d

Since d > dg > k, it follows that the left-hand side of (3.7) is larger than

m—d+1+k-1 kik+1)

—k
+ m d

Thus, (3.7) holds whenever

m—d+k d—k-—1
>
m - d

k.

3.2.2. Thecasek > dg > 1.

The case dg = k.

Let K be not equal to any K; for j = 1,...,m so that dim(K N K;) < k — 1. Thus,
we have dim(L j g1 K) = dim(K/Kj;) > 1 for j = 1,...,m, so it follows that

idim(L j,KéK) dlm(anK) i 1 k2
= pj om
k2 d—k
=14+—=k+1———k.
g =T d
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The last expression is greater than or equal to dim(K) = k if

d—k

(3.8) 1>

On the other hand, let K = K, for some u = 1,...,m. By using (1.9), we have that
dim(K N K;) < k — 1 for j # . Thus, it follows that

idim(Lj,K#K) dlm(anK) Z +
Pj

j=1 Héu
_m—1 k? . m—1 d—k X
B d m d
The last expression is greater than or equal to dim(K) = k if
m—1 _d-—k
(3.9) — > —k.
m d

Note that (3.8) is implied by (3.9).

The case dg = k — 1.

For this case, we consider a subspace K which is not contained in K; for all j =
1,...,m. Then for some u € {1, ..., m} the worst case verifying (3.2) is that K N K, is
(k — 2)-dimensional, since dim(L ; g1 K) gets lower as dim(K N K,) gets larger. Thus,
we have dim(K/K,,) = 1, and this may happen forany j = 1, ..., m. It follows that

idim(L;K#K) d1m(anK) Z Lk (k_l)
J

j=1
d—k
=1+g(k—1)=(k—1)+1—7(k—1).

The last expression is greater than or equal to dim(K) = k — 1 if

(3.10) 1> d k

_1)

Now, let K be a (k — 1)-dimensional subspace of K, for some p € {1,...,m}. Then
the worst case is when K is given by the intersection of K, and K, for some v # p. Thus,
we have dim(K/K,,) = dim(K /K, ) = 0. However, if we choose any other j # i, v, then
we have dim(K/K;) > 1 because dim(K,, N K,, N K;) < k — 2 due to (1.9). Without loss
of generality, say © = 1 and v = 2, so that by (1.9) one can check

m .
dim(Lj g+ K d K -2
Z im(Lj gL ) 1m(7TR,1 ) Z (k = Lk (k _ 1
= Dj —
j=1 =
2 d-k
(k—1)+m———(k—1).
The last expression is greater than or equal to k — 1 whenever
-2 _d-k
3.11) A A S
m

Note that (3.11) implies (3.10).
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The case dg = k — n.

Similar to the k, (k — 1)-dimensional cases of K, for an arbitrary (k — n)-dimensional
subspace K, one can check that the worst case happens when K is contained in K, for
Jis++., jn. Thus, we have

m

5 dim(Lj,'K#K) . dim(n]igdl() . 1 +§(k_n)
j=1 Pi P JEET edn
_m-n-1 + g(k —n)
A S Ul ) B el R

d

Then the last line is greater than or equal to k — n whenever

(m—n—1)>d

—k
k—
m d (k=n),

which leadstom > d whenk =d —lork =n + 1.

Together with (3.7), one can conclude that BL(L, p) is finite for given data (L, p)
whenever im —n — 1)/m > dd;k (k —n) forall 0 < n < k — 1. Note that we can rewrite
the condition as

m—1_d—k d—k 1
(.12) Tsz_(T_n_)”’ 0<n<k—1.

Note that (3.12) is reduced to
>
m ~— d
forall 0 <n <k — 1 when m > d. Thus, (L, p) is a Brascamp-Lieb datum. Hence, by
Proposition 3.3, we end the proof of Theorem 1.3.

4. Proof of Theorem 1.5

Recall that the lacunary maximal function M? is defined by
m
M@ =sup| [ []16-27 0000,
teZ'JS j=1

where § has k-nonvanishing principal curvatures and ® = {®;} is a family of mutually
linearly independent rotation matrices.
Observe that for any fixed £ € Z, we can write the identity operator [ as follows:

o
@1 I =P+ Prn=Poy+ P

n=0
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Then we have

@2 []H=1]P<cfi + Pe<t)

j=1

- (ﬁp<(fj) + (ﬁpgf_ﬂ)
X;: |(m @) Z(Hpkfr(z))( ﬁ P<zfz(i)>,

i=a+1

where the second summation runs over the symmetric group S,, over {1,...,m}. For
n=(ni,...,n,m) € Ny’ = (N U{0})", we define

o

@y ATE = [ ([T Pt =2 0ciom)
('f[ Frn(x =27 0:y7)) do (7).
(4.4) AL (F)(x) = /(ﬁ[ Jey(x =27 ®r(l)y)>
( '—ﬁa Py fry(x =27 ®r(i)y)) do(y).
@5) MaF) = sup) f l_[Pe+n]fj(x—2 0, do(y)|
(4.6) Sa(F) —;Zj\ / Hmnjf](x—z ©;y)do ().

Note that M, (F) corresponds to & = 0 in (4.2). Thus, the lacunary maximal function M?
can be controlled by a constant multiple of

D0 sup(IATT@)] + [ASTE) + Y MalF).

a=lr€Smé€Z neNy'

By the similarity of #,""(F) and A " (F) together with the symmetry on 7 € S,,, instead
of the first summation it suffices to consider estimates for A7 (F), given by

A (F)(x) 1= /S (ﬁ Pofix—27'0,m)( 1 fi (e =271€;)) do ().
Jj=1

J=a+1

Then the proof will be completed by combination of the following lemmas and induction
on m-linearity.
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Lemma 4.1. Form = 2 and o = 1, we have

AL F)(x) < My (f1)(x) x M2 (f2)(x),

where F = (f1, f2) and
M (f)0) = sup| [ o~ 27" @2y) do )
tezZ'JS

:ZL‘E) /S (203 x =27y do ()]

Proof. Form = 2, we have
AL = | [ Pafitr =201 x folx =20 023 do ).

It suffices to show sup,cg [P<¢ f(x — 274y)| < My (f)(x), where My, denotes the
Hardy-Littlewood maximal function. Since ¢¢(x) = 2¢4¢(2¢x), we have

Py fx—2y) = / F(2) 24 4 — 270y — 2))dz
Rd
— [, S+ 290 -2
Rd

Since y is contained in a compact surface §, for any N > 0, we have

) ¢ Cn
| Py f(x —277y)] S/Rd|f(x+2 Z)|WdZ§MHL(f)(X)‘ L

Since My, M 59 2 are bounded on L7 for p € (1, 00], we need to handle the summation
of My over n € NJ*. Note that for o = 2, we have

A7 (F)(x) < MuL(f1)(x) X Mu(f2)(x).

Lemmad4.2. Letne N" andlet1/p =2(k + 1)/(k + 2). Then, for (1/p1,...,1/pm) €
conv(Vy,), we have

m
| Ma(F) Lo < C(1+ ™) [T I1f51lz2 -

j=1

In particular, we have 1/ p = 2d /(d + 1) when we consider averages over § = S¢~1,

Lemma 4.3. Letne€ N and 1 = Z;'n=1 1/r; for some ry, ..., 1y € (1,00). Then we
have

ISa@®lzr 27 T 102

j=1
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The proofs of Lemmas 4.2 and 4.3 will be given in Section 5, and note that Lemma 4.3
is an easy consequence of the assumption (1.12). Since My < §,, by definition, it follows
from interpolation between Lemmas 4.2 and 4.3 that

m
IMaB) o S 27 P [T N AN, 8 >0,
j=1

whenever 1/p < 2(k + 1)/(k +2) and (1/p1, ..., 1/ pw) is in the interior of the convex
hull of conv(V,) and (1/r1,...,1/ry). Since 279 is summable over n € N2, this
proves the theorem for m = 2 inside of the convex hull. Then, together with interpolation
with trivial L x --- x L>® — L estimates, we prove the theorem for m = 2.

For the induction, we assume that Theorem 1.5 holds for N -linear operators, where
N =2,...,m— 1. Note that we already showed that the case m = 2 holds. By the assump-
tion, we have the following lemma.

Lemma4.4. Fora = 1,...,m, we have
o m
A ®® 5 [ Malfo@ xsw [ | T] Al -2 0un|do0).
n=1 teZ IS *y—qt1

In addition, if we assume that Theorem 1.5 holds for N -linear operators, where N =
2,3,...,m — 1, then it follows that

m
sup [ T] A -2 0u)|do)
tez J$ v=a+1

satisfies the multilinear estimates of Theorem 1.5.

Proof. The first assertion of the lemma follows directly from the proof of Lemma 4.1. For
the second assertion, it is just an (m — o)-sublinear average, hence the conclusion follows
directly by the assumption. u

We assume that Theorem 1.5 is true for N-linear operators, with N =2,...,m — 1,
and prove the case N = 2. For general m, by Lemma 4.4, we have

A7) AL E ) Lr®a)

< i[lMHL(fu)(x) <sup [ 1v:1‘[+1fv(-—2—‘yv)

sup | | v=1f[+1fv<-—2—fyv)

LeZ

do(y)

LP(R9)

do(y)|

< H ﬁ MHL(fu)H
=1

X
Ll/ul (]Rd) Ll/az(Rd)

o m
< l_[ ||fu||LPu(Rd) X l_[ ||fv||va(Rd)»
n=1

v=a+1

whereory = 1/p1+ -+ 1/pganday = 1/pys1+ -+ 1/ pm.
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Since we have already proved Lemmas 4.2 and 4.3 for general m, together with (4.7)
we show that Theorem 1.5 holds for m-linear lacunary maximal averages under the assum-
ption that N cases hold for N = 2,...,m — 1. This closes the induction hence proves the
theorem.

5. Proofs of Lemmas 4.2 and 4.3

5.1. Proof of Lemma 4.2

For the L?-*°-estimate of Lemma 4.2, we assume that || f||; = 1 and we will show the
following inequality:

(5.1) meas({x: Mu(F)(x) > A}) < |n|" 172,

To obtain (5.1), we exploit the approach of Chirst and Zhou [12], which is based on the
multilinear Calderén—Zygmund decomposition. We now apply the Calderén—-Zygmund
decomposition at height CA?/Pi to each fi.j =1,...,m, for some C > 0 so that for
each j, we have f; = g; + b; such that

(5.2) Igjlloo < CAP/PS,
(5.3) bj = bjy. supp(bjy) C Qjy.
Y
(5.4) 1Bl < APmeas(Qsy). D meas(Qjy) <A77,
Y
(5.5 / bjy = 0.

Note that Q;, denotes a dyadic cube. Then we have

meas({x: Mn(F)(x) > 1}) < meas({x: Ma(g1, ..., gm)(x) > 27"1})
+ meas({x: My(g1, ..., 8m—1,bm)(x) >27"1})
+ .-+ meas({x: My(b1,...,bm)(x) > 27"A}).
For Cs = 5max(1,diam($)), we define & = (J7_, U, Cs Q},, so that meas(€) < A~7.

Note that Cs Q is a cube whose side-length is Cs times that of Q with the same center
as Q. Thus, we estimate each level set for x € R? \ &.

5.1.1. Estimates for Mn(b1,...,bm). Lethi =3 o, y) > ip,,» Where s(Q) denotes

the side-length of Q. Then |My(b1,...,by)|?P, with p = 2(K+1) , is bounded by
D0 D IARBY . b
i1y im€Z LEZ

where

Moo f)) = [ T] Pasefyte =270, 3)do )
j=1



C. Cho, J.B. Lee and K. Shuin 1822

To proceed further, we need two lemmas, whose proofs will be given in the last part
of this subsection.

Lemma 5.1. For (1/p1,...,1/pm) € conv(V) with 1/p = Z;"zl 1/pj, we have

m
. i+L—i;)(1+d/ D)) ~ij—L ij
min (1,200 D0+ /7)) 3l )]_[Ilb,-’||§,~
j=1

AR, ... bim)||P

R
Lrra\g) ~ ;M

Form =2 and p = 1/2, Lemma 5.1 is given in [12]. The proof for general m > 2 and
the case p = 26(;_51) is given in a similar manner.

Lemma 5.2. Under the same conditions of Lemma 5.1, we have

> min min(1, 207 HDARIZD 570 < n| - T min(1, 2yl Vim0l

L seeslm

teZ LJhi#ET
By using Lemmas 5.1 and 5.2, we have

IMaBre - b ] garey S Do D DO IATGT oo BT ave

i1€Z im€Z LeZ

m
. . y4 .
< Dol [ minq, 2 hyme TT 672

iensim ], 0 #T J=1

We apply Holder’s inequality to the last line and obtain

m
. T pj iipi p/pj
| Ma (b1 b 17, ganey S |n|H( > [ minqr, 2=l mem=n b7 ||p;) :
j=1 i1, iml#j
Observe that the summation over iy, ...,i;—1,j41,...,in yields
—1 ij \Dj
> b 12
i;€Z
This is because we have
R )
> min(1, 2=l 5 < ),
i
since o
2= gy > iy + [n),
min(1, 2=l =iy = 2, ij —n| <i; <i; +|n],

olni=ii+i gy < i —|n).

Therefore, || Mn(b1, ..., bm)|Lr@rd\g) is bounded by a constant multiple of

e i o \1/Dj -
(5.6) 2 TTCS 1 12) ™ = 2 T by,
j=1

Jj=1 i;eZ
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With help of (5.6), we finally estimate the level set of My (b1, ..., bn):

meas({x: Ma(br. ... o) (¥) > 27721) S AP [ Ma(br. ... bw)|12, g,

m
<277 T Ib;112.-
j=1

Since ||b;[|p; < 1, we obtain (5.1) for by, ..., by,.

5.1.2. Estimates for other terms. The cases My,(g1,...,8&m), Mn(g1,..., &m—-1.bm),

, Ma(b1, ..., bm—1, gm) follow from simplified arguments given in Section 5.1.1. We
ﬁrst consider all cases except My(g1, ..., gm). Thus, we define, for « + 8 = m and
l<o,B<m-1,

Ma(8%.bP) = Ma(g1.. ... 80, bat1s - bm).

Note that one can modify the proofs of Lemmas 5.1 and 5.2 to obtain b®-analogue. Let
0,...,0,1/rg41.....1/rm) € conv(V,) with 1/p = 31", ., 1/ry. Then the proof of
Lemma 5.1 yields that

5.7 1AFE D) Lr@are)
o m
1_[ ||gu||L°° B iln mmin(l,2(nv+€—lu)(1+d/rv)’21\1—6) 1_[ 152, -
w=t v=a+1

We have

(5.8) min_ min(1, 20 =) A+d/r) Hiv=t)

Ta+15eeeslm
LeZ T

< In| [T min(t2Plivlysen,

a+1<v,v/'<m,j#j’

With help of (5.7) and (5.8), we estimate || Mn(g®, bﬂ)||Lp(Rd\8) as follows:

o m
(5.9) [Ma(@ D)L oarey S M2 [T gl x [T vl
n=1 v=a+1

Since supp(by) C |, Qv,y and 3, meas(Qv,y) <A77, due to (5.3) and (5.4), the right-
hand side of (5.9) is bounded by a constant multiple of

(5.10) |n|ﬂ/PAZTL=1P/Pj « A—PV=ar1 1/rv=1/py) _ |n|ﬂ/1’.

Here the left-hand side of (5.10) is a consequence of Holder’s inequality on ||b,||Lrv .
Finally, by making use of (5.9) and (5.10), we have
A7P|n|?.

meas({x: Ma(g%, bP)(x) > 27"2}) <A77 | Ma(8® D], vy <
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For M, (g1, ..., gm), we simply choose C < 27! in (5.2) so that

m
|Ma(g1,-- - gm) < [ ] lgjllze < €A <2772
j=1

Thus, we have
meas({x: Mn(g1,...,gm)(x) >27"1}) = 0.

5.1.3. Proof of Lemma 5.1. For simplicity, letnj +{ =t and bif =bh= ZQ bg, where
O = Qj,, whose sidelength is 27*. Then, thanks to Proposition 1.1, it suffices for the first
and second term in the minimum to show that

| Peboll, < min(1, (2°s(Q)T4/7)|bg .

The first term, 1, is directly given by the fact that ||1;||; = 1 and Young’s inequality.
For the second term, we make use of the vanishing property of bp. Let cg be the
center of Q. Then

Pebo () = [ (=) = (s = coNbo () dy

1
=/ /(Vy(‘/’r)(x—cQ_f(y—CQ)),y—CQ)dbe(y)d%
R4 Jo

Since V¥ is of Schwartz class, it follows that

1
e [ = co — 10— o)y — co)ar
ly —col Jo

is bounded by a constant multiple of

2r(d+1)
(1+2%x —cog —t(y —co))V |
for any N > 0. Thus, we apply Minkowski’s integral inequality to obtain

7t(d+1)p 1/p
IPeballrn < ([, gy ) * [y = callbo()dy
< 27@HD 27 /P 5(0)5(0) P bg .
This establishes
1PbollLogay < 270420 5(0) 47 |Ibg .

Therefore, we have

1/p
1D Pbllsga = (2 IPboll})
o

’ 1/ /
S @SN (X bolg) = @SN bl
0

The first and the last equalities follow from the disjointness of Q’s. This gives a decay
estimate when nj + £ < i;.
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Lastly, we assume that £ > i;, so that for x € (CsQ)° and z € O, we have that
dist(x —27%y, z) > s(Q) uniformly in y € §, because we choose Cs = 5max(1,diam(s)).
Thus, it follows that

Puy eyl (x =270 @;y) = Puyyi b, (x =274 0;).
where the kernel of P, is given by

Ve () Liyjzs0) (V)
Therefore, with help of (5.11), we obtain

m
- ; . 5 ij
[ALBY - B r@ine) S min [ Porellp—p [T187 1,

L5y .

J=1

Observe that, for any N > 0,
”Pnj+li||p—>p = /Rd |1//nj+é—ij ()] Txjz1(x)dx < 2Ny +l=ip),

Thus, we have || P, 4¢llp—p < 274" regardless of n; > 0. This proves the lemma.

5.1.4. Proof of Lemma 5.2. It suffices to show that for any iy, i,

(5.12) Z min min(1, 2(nj+e_ij)(1+d/pj/'), Zif_e) < |n| min(1, 2|n|—|i1—i2\).
ez’
Note that
2ij_e, ij < E,
min(1, 207 HEDAAIPD ity < ij —n| <{<ij,

o(nl=ij+0+d/p)) o _ i; — n|.
When i; ~ i, the left-hand side of (5.12) is bounded by a constant multiple of |n|. Thus,
we consider the case of i, being greater than iy + |n|. Since i, > i1 + |n|, it follows that
fori; —|n| <€ <1y,

(5.13) minmin(1,20+EU+A/P)) ity < p(nl=iz+0(1+d/p))  H(nl=lii=i2)(1+d/p)),
11,12

Similarly, for i, — |n| < £ < i,, we have

(5.14) min min(1, 20 TENAFAIP) Hii=ty < pit=t < plni=lit—ia]

11,12

One can obtain the same bounds when i; > i, + |n| by changing roles of i, i3 in (5.13)
and (5.14). Therefore, we conclude that

Y minmin(1, 20 HDOEZD 257 < | min(1, 20,
i1,12

LeZ
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5.2. Proof of Lemma 4.3

By the assumption (1.12), for 1 <ry,...,r;, <ocowithl = Z;":l 1/rj, we have

m
1A (Pay fro s Payy Sl S 27 T 1 Pwy fillpri 8> 0.
j=1

We make use of the following scaling invariance of A?:

__~—ld ®
L‘(dx)_2 [As (Pny f1—e:- - > Pry fm~OllL1s

I/, [T Petn it~ 0100
j=1

where f; _¢(x) = f; (27¢x). Then it follows that

IS0t < Y27 NAS (Pay fi—ts - P fn—0) It

LeZ
m
—Ld ~—§
< Y 27 I TPy £t
LeZ Jj=1
m
—td A8 ed/r
ZZZ 2 lnll_[2 /rj||Pn,-+€fj”Lrj
LeZ Jj=1
m
-5
:22 ‘“‘H||Pn,-+6fj||L’.f-
LeZ Jj=1

We apply Holder’s inequality to the last line to obtain

_ n N\ 1/rj
1$a®) < 270 [T 0P se 17) -
j=1 (eZ
Note that (}_; |P; £IID)? < || flp for p > 2, which gives
m
ISa @)L S 27" T 1A -
j=1

This proves the lemma.

6. Proof of Theorem 1.6

Recall that for an (md — 1)-dimensional hypersurface ¥ in R”¢ with « non-vanishing
principal curvatures and k > (m — 1)d, we define Ax(F)(x) as follows:

LTT50=3)d050). 7 = Greeeeoom) € B,
j=1
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By making use of the dyadic decomposition of Section 4 satisfying (1.14), (4.1),
and (4.2), we define the following quantities, similar to (4.3)—(4.6):

6.1) AT E ) = [ (1:[1 Pet fe (e ~ 2y

x ( __ﬁl Jeiy(x = 2_lyr(i))) do(y).
6.2) AT F)(x) = /E (E[1 Fri @ =27 5e))

x( '_]m"[ﬂ Pt fei(x =2 ye)) do ().
6.3) Ma(E) = sup | /E 1f[ Pran, fi(x =270,
(64) 52(F)i= 3 n H Pron, /i =2y do(y)|

Therefore, the lacunary maximal operator iy is bounded by a constant multiple of

6.5) Z > sup(| 47 (B)| + |ATF)D + > Ma(F). No=NU/{0}.

a=11€eS)y, neNg

As in the previous section, instead of the first summation in (6.5), it suffices to consider
estimates for A7 (F), given by

AL (F)() = /E (TTP=eti—290)( TT fx—2") o
j=1

j=a+1

Then the proof will be completed by a combination of the following lemmas and an induc-
tion argument which is slightly different from the argument in Section 4.

Lemma 6.1. Let F = (f1, f2,1,...,1) and o = 1. Then we have

A7 (F)(x) = My (f1)(x) x Mz (f2)(x),

where

Ms()@) = sup| [ =27 do ().

The proof of Lemma 6.1 is the same as that of Lemma 4.1, so we omit it. Note that
My and My are bounded on L7 for p € (1, oo], hence we need the boundedness of the
second term in (6.5).
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Lemma 6.2. Letrn € N and (im +1)/2 < 1/p < (2d + «k)/(2d). For p; € [1,2], j =
1,...,m, with Z;‘n=1 1/p;j = 1/p, we have

m
IMa(F)l[zroe < CL+ ™) [T A7
j=1

The proof of Lemma 6.2 is similar to the proof of Lemma 4.2. The only difference
occurs in showing Lemma 5.1 in terms of A} which corresponds to 4y, since A} is an
average over X, which in turn is (md — 1)-dimensional and each f; depends on x — y;
not x — ©;y. This difference is harmless, however, because only the compactness of §
does matter in the proof of Lemma 5.1 and X is a compact hypersurface. On the other
hand, the range (m + 1)/2 < 1/p < (2d + «)/(2d) follows from Proposition 1.2.

Lemma 6.3. Lern € N" and 1 = Y7, 1/r;. Then

ISa@® e <27 [T Az

Jj=1

The proof of Lemma 6.3 is the same with that of Lemma 4.3 together with (1.7), so
we omit it.

Due to M,, < S,, by the definitions in (6.3) and (6.4), it follows from interpolation
between Lemmas 6.2 and 6.3 that

(6.6) IMa®) 1z < 27" [T S, 8 >0,
j=1

whenever 1/p; +---+ 1/pm = 1/p < (2d + «)/(2d). It should be noted that Lem-
mas 6.2 and 6.3 are still valid for F = (f1,..., fy,1,...,1) with m replaced by N and
taking L norms for 1’s. That is, for F = (f1,..., fn,1,..., 1), we have

N
11 1
IMa(F)|Loeo < CA+ ™) [T 1A 0L L i,
j=1 p P1 PN
~ N 1 1
-8
[SaP) 1 <2 lnll_[”fj”L’f’ 1:Z+W+E’

Jj=1

for some § > 0. Thus, instead of (6.6), we have, for F = (f1,..., fa,1,...,1),

5 N
IMa@®) e < 27 T 11fllps  for some 8’ > 0.

~

Jj=1

Since 279! is summable over n € N{*, this, together with Lemma 6.1, proves the theorem
for F = (f],fz, 1,..., 1)

For the induction, we assume that Theorem 1.6 holds for F = (f1,..., fn,1,...,1)
for N =2,...,m—1with1/p =1/p; +--- + 1/ pn. Note that we showed the case
N = 2. By the assumption, we have the following lemma.
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Lemma 64. Fora = 1,...,m, we have

A2 < [ M <sup| [ T] Al =27 dos).
u=1 lteZ'JX

v=a+1

Moreover, if we assume that Theorem 1.6 is true for F = (f1,..., fn,1,...,1) with
N=2,....m—1land1/p =1/p1 +---+ 1/ pn, then it follows that

sup‘/E lm_[ fu(x—zieyv)dﬁz()’)’

LeZ v=a+1
satisfies multilinear estimates of Theorem 1.6 for (m — a)-linear operators.

Proof. The first assertion of the lemma follows directly by the proof of Lemma 4.1. For
the second assertion, recall that |d6s(€)| < (1 + |€])™%/2 for (m — 1)d < k < md — 1.
Theorem 1.6 holds for (7 — «)-linear maximal averages when k > (m —a — 1)d, which is
already affirmative. Thus, the assertion holds from the assumption that Theorem 1.6 is true
for F=(f1.....fn,1,....,DwithN=2,....m—1land1/p=1/py+---+1/py. =

Since we have already proved Lemmas 4.2 and 4.3 for general m, Theorem 1.6 for
m-linear operators holds under the assumption that N = 2,...,m — 1 cases hold. This
closes the induction hence proves the theorem.

We end this section by suggesting the proof of Remark 1.8.

Proof of Remark 1.8. Note that, for dimension d = 1, the proof of this remark is already
given in [12]. Although the proof for the case d > 2 is given in [8], we present a different
proof by exploiting ideas of [12]. In fact, the proof follows from Theorem 1.6 with minor
modifications in Lemmas 6.2 and 6.3. Indeed, note that in [20] the authors proved the
L' x L' — L'/? estimate of the bilinear spherical average AL,, ,. Using this estimate in
Lemma 6.2, we get

2
IMu(F)llz12.00 < C(L+ ) [T 1L 20
j=1

SZd—l

Further, using the estimate in Lemma 6.3 with ¥ = , we get

m
ISa@) Iz S 27 [T 1 fllz2  for some § > 0.
ji=1

The rest of the proof follows by imitating the machinery of Theorem 1.6. ]
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