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Spectral triples for noncommutative solenoids and
a Wiener’s lemma

Carla Farsi, Therese Landry, Nadia S. Larsen, and Judith Packer

Abstract. In this paper, we construct odd finitely summable spectral triples based on length func-
tions of bounded doubling on noncommutative solenoids. Our spectral triples induce a Leibniz
Lip-norm on the state spaces of the noncommutative solenoids, giving them the structure of Leib-
niz quantum compact metric spaces. By applying methods of R. Floricel and A. Ghorbanpour, we
also show that our odd spectral triples on noncommutative solenoids can be considered as inductive
limits of spectral triples on rotation algebras. In the final section, we prove a noncommutative ver-
sion of Wiener’s lemma and show that our odd spectral triples can be defined to have an associated
smooth dense subalgebra which is stable under the holomorphic functional calculus, thus answering
a question of B. Long and W. Wu. The construction of the smooth subalgebra also extends to the
case of nilpotent discrete groups.

1. Introduction

Our aim in this paper is to build and study noncommutative manifold structures (specifi-
cally spectral triples and their associated metric structures) on noncommutative solenoid
C �-algebras, as well as to analyze some of their associated smooth subalgebras. Our meth-
ods also apply to commutative solenoids as well, even though we will not emphasize the
commutative case here.

In the 1980s, A. Connes initiated a program to adapt classical tools from topology and
Riemannian geometry to the operator algebraic setting. For example, Connes showed in
[10, 11] that the geodesic distance dg on a closed spin Riemannian manifold M can be
recovered from the C �-algebra C.M/, the Hilbert space H of L2-spinor fields, and the
Dirac operator D, via, 8x; y 2M ,

dg.x; y/ D sup
®ˇ̌
f .x/ � f .y/

ˇ̌
W f 2 C.M/;

ŒD; f �
B.H/

6 1
¯
: (1.1)

These ideas were generalized to the context of noncommutative C �-algebras, which
Connes formalized in the definition of a spectral triple. A spectral triple, in its most
basic form, is given by a unital C �-algebra A represented on a Hilbert space H , and a
Dirac operator D behaving well with respect to taking the commutators with a dense �-
subalgebra of A. With this structure, one can define a metric similar to equation (1.1)
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using the state space �.A/ of A rather than only the pure states that metrizes the weak�-
topology under appropriate circumstances. In this paper, all spectral triples will be odd,
that is, ungraded.

M. Rieffel considered, more generally and in absence of a spectral triple, similar metric
structures on unital C �-algebras (and, in particular, on their state spaces) associated to
seminorms; the resulting spaces were named compact quantum metric spaces; see [33].
Latrémolière (see e.g. [20]) considered a special case of Rieffel’s spaces, and switched
terminology to quantum compact metric spaces, terminology which we will follow in this
paper. Rieffel also became interested in the problem of constructing spectral triples on
reduced group C �-algebras and twisted reduced group C �-algebras associated to discrete
groups by using the left regular representation together with a Dirac operator constructed
from a proper length function, following pioneering work by Connes [10]. The class of
groups where this approach could be used to derive not only spectral triples, but also
examples of compact quantum metric spaces, was extended to include finitely generated
nilpotent groups with a length function of bounded doubling; see [8, 35].

In three recent papers [25–27], Long and Wu followed up on the work of Christ and
Rieffel, by constructing odd spectral triples for twisted group C �-algebras C �.�; �/, in
which � is not necessarily finitely generated, but it is endowed with a length function
satisfying either the � -twisted rapid decay or the bounded � -dilation properties. (In this
paper, we will call this latter condition bounded t-dilation). However, the question of
whether or not one could construct length functions satisfying the desired conditions on
discrete nilpotent groups that were not finitely generated remained an open one, even for
the case of discrete abelian groups.

As far as this paper is concerned, the prime examples of twisted abelian group C �-
algebras in which the underlying abelian groups are not finitely generated are the so-called
noncommutative solenoids. Noncommutative solenoids were introduced and studied by
Latrémolière and Packer in [22–24]; they can be realized as the twisted group C �-algebras
C �.ZŒ 1

p
� � ZŒ 1

p
�; �/ for a certain multiplier � (a multiplier is a 2-cocycle with values

in T ). Here, as throughout the rest of the paper, p is a fixed prime number.
Latrémolière and Packer showed that these C �-algebras have the structure of Leibniz

quantum compact metric spaces, and are the limit in the direct sense and in the sense of
the Gromov–Hausdorff propinquity of noncommutative rotation algebras. However, the
question of constructing spectral triples on them was not considered in their papers.

Since Floricel and Ghorbanpour in [14] discuss the construction of inductive limits
of odd spectral triples for unital C �-algebras, it thus became a natural question to ask
whether spectral triples as constructed by Connes [10] and Rieffel [35] (as well as by
Long and Wu [25–27]) could be combined with the methods of Floricel and Ghorbanpour
[14] to endow noncommutative solenoids with spectral triple structures (of inductive limit
type). This is one of the main motivating questions that brought us to write this paper.

For the sake of completeness, we also note that Aiello, Guido, and Isola in [3] con-
structed semifinite spectral triples on periodic (but not general) rational noncommutative
solenoids. Moreover, via Gabor analysis methods, Austad and Luef construct spectral
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triples on noncommutative solenoids in [6]. However, neither of these approaches are
entirely satisfactory for our purposes. The work in [3] gives semifinite and not finite spec-
tral triples, and it does not apply when looking at aperiodic noncommutative solenoids,
while the work of Austad and Luef does not provide specific examples of weights that sat-
isfy their needed conditions to obtain any specific spectral triple on the noncommutative
solenoid.

Therefore, in this paper one of our main aims is to combine the methods of Christ
and Rieffel [8] and then Long and Wu [25–27] to construct a length function on ZŒ 1

p
� �

ZŒ 1
p
� with the bounded doubling property or bounded t-dilation property. This allows us

to construct the desired finitely summable spectral triples for arbitrary noncommutative
solenoids. Our spectral triples define a quantum compact metric space structure on non-
commutative solenoids as well. The spectral triples we construct are also inductive limits
of spectral triples on rotation algebras in the sense of Floricel and Ghorbanpour [14].

In a more general setting, we also establish that for any countable discrete nilpotent
(hence abelian, so that our results can be applied to ZŒ1

p
��ZŒ1

p
�) group�, the �-subalgebra

H
1;1
L .�; �/ is stable under the holomorphic functional calculus in `1.�; �/, and that

this latter �-algebra is stable under the holomorphic functional calculus in C �.�; �/. We
do this by adapting the work of Jolissaint in [18] together with the work of Austad [5]
involving the noncommutative Wiener lemma of Gröchenig and Leinert [15]. In doing so,
we thus generalize some results of Chatterji (see the appendix of [30]), which requires
� -twisted rapid decay. This will show that when � is countable, discrete, and nilpotent,
H
1;1
L .�; �/ is stable under the holomorphic functional calculus in C �.�; �/. This also

answers a question of Long and Wu from [27] in the solenoid case.
It remains to be seen whether the spectral triples presented here are limits of spectral

triples on noncommutative rotation algebras in the sense of Latrémolière [19, 21].
The structure of our paper is as follows. In Section 2, we review some preliminaries

by giving the required definitions. In Section 3, we construct the desired length function
on

� D Z

�
1

p

�
� Z

�
1

p

�
and show that the Dirac operator arising from this length function gives rise to a spectral
triple on the noncommutative solenoid. We also show that we can use the structure of
a noncommutative solenoid as an inductive limit of noncommutative rotation algebras
to view our spectral triple as one coming from an inductive system of spectral triples
on noncommutative rotation algebras as defined by Floricel and Ghorbanpour [14]. In
Section 4, for any countable discrete nilpotent group � and multiplier � , we show that the
dense �-subalgebra H 1;1

L .�; �/ is stable in `1.�; �/ under the holomorphic functional
calculus, and that in turn `1.�; �/ is stable under the holomorphic functional calculus in
C �.�; �/ (noncommutative Wiener lemma). In the case where the length function has
bounded t-dilation for some t > 1, it is possible to use H 1;1

L .�; �/ as the dense smooth
subalgebra associated to our spectral triples, thus answering the question of Long and Wu
posed in [27] in the solenoid case.
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At a late stage in the preparation of this manuscript, the authors became aware of
a paper by Antonini, Guido, Isola, and Rubin [4], in which they reconstructed the odd
spectral triples of Long and Wu [27] for twisted group C �-algebras, as well as an even
version of them. We cite this paper for completeness.

2. Preliminaries

We start by reviewing the definition of spectral triples.

Definition 2.1 (Connes [10, 11]). A spectral triple .A; H; D/ consists of a unital C �-
algebra A, a unital faithful representation � of A on a Hilbert space H , and a self-adjoint
operator

D W dom.D/ � H ! H

such that

(ST1) the operatorD has compact resolventR�.D/D .D��IdH /�1, �2C n sp.D/,

(ST2) there exists a dense �-subalgebra A of A such that for every a 2 A the com-
mutator �

D;�.a/
�
WD D�.a/ � �.a/D

is densely defined and extends to a bounded operator on H . The subalgebra A

is sometimes referred to as a smooth subalgebra of A with respect to D.

The operator D is called a (generalized) Dirac operator.

Spectral triples generalize differential structure, as seen from the pioneering example
of Connes of a spectral triple associated to a spin manifold (in this case the spectral triple
operator is the Dirac operator) [10]. The dense set in A described in condition (ST2) is
therefore analogous to the dense set of C1 functions in the continuous functions C.M/

in the manifold case. The compact resolvent condition ensures that the eigenvalues of D
exhibit properties that allow for the extraction of geometric information like measure and
dimension from spectral data.

The following is another example due to Connes that is a special case of his result for
more general group C �-algebras. It was adapted to twisted group C �-algebras for Zd by
Rieffel.

Example 2.2 ([10, 35]). To define a spectral triple for the group C �-algebra C �.Zd /, let
k � k be any norm on Rd restricted to Zd . Let � be the regular representation of C �.Zd /
on `2.Zd /. Define the linear operator Dk�k on `2.Zd / by

Dk�kf .v/ D kvk � f .v/; v 2 Zd :

The results of [35, Theorem 0.1] show that .C �.Zd /;`2.Zd /;Dk�k/ is a spectral triple with
smooth subalgebra CC .Zd / WDCZd . This example extends to twisted group C �-algebras
C �.Zd ; �/ as well.
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2.1. Inductive limit spectral triples

Christensen and Ivan built spectral triples forAF -algebras [9], as did Connes in the partic-
ular case of the commutative C �-algebra of all continuous functions on a Cantor set [11].
Though slightly different, both constructions of spectral triples haveC�-algebrasA, Hilbert
spaces H , and Dirac operators D, which for some directed set .J;6/ can each, respec-
tively, be written as inductive limits of C �-algebras lim

�!j2J
Aj , Hilbert spaces lim

�!j2J
Hj ,

and self-adjoint operators lim
�!j2J

Dj . Furthermore, ¹.Aj ;Hj ;Dj /ºj2J is a family of spec-
tral triples for which maps can be defined making this collection into an inductive system
with inductive limit .A;H;D/. Floricel and Ghorbanpour formalized a framework which
includes these inductive systems of spectral triples, as we will review below.

The spectral triples for solenoids that we will construct in this paper will also be of this
inductive limit kind. In the definition below, we slightly modify the definition of Floricel
and Ghorbanpour to allow choices of different smooth subalgebras.

Definition 2.3 (Floricel–Ghorbanpour [14]). A morphism between two spectral triples
.A1; H1; D1/ and .A2; H2; D2/ with respective smooth subalgebras A1 and A2 is a pair
.�; I / consisting of a unital �-homomorphism � WA1!A2 and a bounded linear operator
I W H1 ! H2 satisfying the following conditions:

(1) �.A1/ � A2, where A1 and A2 are as in (ST2),

(2) I�1.a/ D �2.�.a//I , for every a 2 A1,

(3) I.dom.D1// � dom.D2/ and ID1 D D2I .

A morphism .�; I / is said to be isometric if � is injective and I is an isometry.

Definition 2.4 (Floricel–Ghorbanpour [14]). Let .J;6/ be a directed index set and let
¹.Aj ; Hj ; Dj /ºj2J be a family of spectral triples, with respective smooth subalgebras
¹Aj ºj2J . Suppose that for every j; k 2 J , j 6 k, an isometric morphism .�j;k ; Ij;k/ from
.Aj ;Hj ;Dj / to .Ak ;Hk ;Dk/ is given such that �k;l�j;k D �j;l and Ik;lIj;k D Ij;l for all
j; k; l 2 J , j 6 k 6 l . The resulting system ¹.Aj ;Hj ;Dj /; .�j;k ; Ij;k/ºJ , with respective
smooth subalgebras ¹Aj ºj2J , is called an inductive system of spectral triples.

Definition 2.5 (Floricel–Ghorbanpour [14]). Let ¹.Aj ;Hj ;Dj/; .�j;k ; Ij;k/ºJ be an induc-
tive system of spectral triples, with respective smooth subalgebras ¹Aj ºj2J , with

A D lim
�!
j2J

Aj ; H D lim
�!
j2J

Hj ;

and inductive limit isometric operators

Ij W Hj ! H;

and the �-monomorphisms �j W Aj ! A. Let

� D lim
�!
j2J

�j
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be the inductive limit of the family of representations ¹�j ºj2J associated with the family
of spectral triples ¹.Aj ;Hj ;Dj /ºj2J . Let

A D lim
�!
j2J

Aj ;

where the latter inductive limit above is taken in the sense of algebra, without completion.
For every � 2

S
j2J Ij .dom.Dj // of the form � D Ij �j , �j 2 dom.Dj /, define

D� D IjDj �j :

Then .A;H;D/ is called the inductive realization of the inductive system ¹.Aj ;Hj ;Dj /;
.�j;k ; Ij;k/ºJ . It has corresponding subalgebra A, which is norm dense in A. In [14], it is
noted that the operator D is densely defined, symmetric, and essentially self-adjoint.

Not every inductive realization of spectral triples gives rise to a spectral triple, because
it is necessary that the candidate for the Dirac operator D satisfies condition (ST1) for
spectral triples, and that the candidate A for the smooth subalgebra of inductive limit
algebra satisfies condition (ST2) for spectral triples. However, in two theorems, Floricel
and Ghorbanpour give necessary and sufficient conditions for an inductive realization of
spectral triples to give rise to a spectral triple, as follows.

Theorem 2.6 ([14, Theorem 3.1]). Let ¹.Aj ; Hj ; Dj /; .�j;k ; Ij;k/ºJ be an inductive sys-
tem of spectral triples, with respective smooth subalgebras ¹Aj ºj2J , and with inductive
realization .A;H;D/ and corresponding norm-dense subalgebra A as in Definition 2.5.
The following conditions are equivalent:

(i) D has compact resolvent;

(ii) the sequence ¹IjR�.Dj /I �j ºj2N converges uniformly to R�.D/
for every � 2 CnR;

(iii) the sequence ¹IjR�.Dj /I �j ºj2N converges uniformly to R�.D/
for some � 2 CnR;

(iv) the sequence ¹Ijf .Dj /I �j ºj2N converges uniformly to f .D/
for every continuous function f on R vanishing at infinity.

Notice in Theorem 2.6 that if the Dirac operators ¹Dj ºj2N are diagonalizable, a nec-
essary condition for any one of the equivalent conditions of this theorem to be satisfied is
that for any r > 0, the closed disk around 0 of radius r in the complex plane should only
contain finitely many eigenvalues of the ¹Dj º, where the eigenvalues are counted with
multiplicity, or else it will be impossible for D to have compact resolvent. Here is the
second main theorem and its fundamental corollary of Floricel and Ghorbanpour, which
guarantees that condition (ST2) is satisfied.

Theorem 2.7. Let ¹.Aj ;Hj ;Dj /; .�j;k ; Ij;k/ºJ be an inductive system of spectral triples,
with respective smooth subalgebras ¹Aj ºj2J , and let A D limj!1Aj be the algebraic
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inductive limit and D the corresponding candidate for Dirac operator given in Defini-
tion 2.5. Then the operator ŒD;�.�j .a//� is bounded if and only if the family of operators
¹ŒDk ; �k.�j;k.a//�ºk>j is uniformly bounded.

2.2. Noncommutative solenoids as twisted group C �-algebras and inductive limits

Throughout this paper, all discrete groups we consider will be countable. We have men-
tioned earlier that group C �-algebras of countable discrete groups equipped with length
functions have been studied as noncommutative spaces by Christ, Rieffel, and Connes
[8, 10, 32]. Connes used certain length functions on finitely generated groups to define
metrics on the state space of the group C �-algebras. Building on the work of Connes,
Rieffel investigated when this same construction yields a metric that agrees with the
weak�-topology of the state space. Rieffel also investigated this construction for twisted
group C �-algebras. In order to continue these studies, we first review the construction
of twisted group C �-algebras, and then concentrate on the specific examples given by
noncommutative solenoids.

Let � be any multiplier of the countable discrete group � , i.e., a 2-cocycle on � taking
values in T . For any f1; f2 2 `1.�/, the twisted convolution �� is given by

f1 �� f2 W  2 � 7!
X
12�

f1.1/f2
�
.1/

�1
�
�
�
1; .1/

�1
�
;

and the adjoint operation by

f �1 W  2 � 7! f1.�1/ �.; �1/:

Definition 2.8. Given a discrete group � and a multiplier � on � , we define the left-�
regular representation �� of the group algebra `1.�; �/ on `2.�/ by, for all f 2 `1.�; �/,
g 2 `2.�/, 1;  2 � ,�

�� .f /.g/
�
./ D

X
12�

�.1; 
�1
1 /f .1/g.

�1
1 /:

By restricting �� to the delta functions ¹ı W  2 �º, we obtain the left-� regular rep-
resentation for the group � . The C �-completion of `1.�; �/ in the norm given by the
representation �� is called the reduced twisted group C �-algebra associated to � and
denoted by C �r .�; �/. The full twisted group algebra associated to � is defined to be
the C �-enveloping algebra of the Banach algebra `1.�; �/ given the standard `1-norm,
and is denoted by C �.�; �/. It follows from the definition that C �.�; �/ is the uni-
versal C �-algebra generated by all projective representations of � with multiplier � ,
that is, by all families of unitaries .W /2� such that for any 1; 2 2 � , W1W2 D
�.1; 2/W12 . In the general case, C �r .�; �/ is a quotient of C �.�; �/, but if � is
amenable, we have C �.�; �/ Š C �r .�; �/ [38]. When � D 1 (untwisted case), C �.�/ WD
C �.�; 1/ and C �r .�/ WD C

�
r .�; 1/. We will also denote by

CC .�; �/

the (dense) �-subalgebra of `1.�; �/ of complex-valued functions of finite support on � .
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We will now describe some examples of multipliers we will use throughout the paper.
First, fix an arbitrary prime p, let ZŒ 1

p
� denote the subgroup of rational numbers of the

form ZŒ 1
p
� D ¹ a

pk
2 Q W a 2 Z; k 2 Nº (endowed with the discrete topology).

Example 2.9. As examples of multipliers, we have:

(1) Fix � 2 Œ0; 1�, and define �� on Z2 by

�� W Z
2
� Z2 3

��
z1
z2

�
;

�
y1
y2

��
7! exp

�
�i�.z1y2 � z2y1/

�
:

(2) Let, for p a fixed prime,

�p WD
®
� D .�n/ 2 …

1
nD0Œ0; 1/n W 8n 2 N; p�n D �n�1 mod Z

¯
:

Fix � 2 �p , and define a multiplier �� on � D ZŒ 1
p
� � ZŒ 1

p
� by

�� W

�
Z

�
1

p

�
�Z

�
1

p

��2
3

��
q1

pk1
;
q2

pk2

�
;

�
q3

pk3
;
q4

pk4

��
7! exp.2�i�k1Ck4q1q4/:

We recall the following; the second definition is adapted from [23, Definition 3.1].

Definition 2.10. For � 2 Œ0; 1�, define C �.Z2; �� / to be the noncommutative two-torus of
angle � ; this C �-algebra is also called the rotation algebra A� . That is, C �.Z2; �� / Š A�
is the universal C �-algebra generated by unitaries U� and V� such that

U�V� D e
2�i�V�U� : (2.1)

For � 2 �p , the twisted group C �-algebra C �.�; �� / is called the noncommutative � -
solenoid and is denoted by A�

�
.

We now recall from [23, Theorem 3.6] how noncommutative solenoids can be viewed
as inductive limits of noncommutative rotation algebras.

Theorem 2.11 ([23]). Let p 2 N be prime, and fix � 2 �p . For all n 2 N, let 'n be the
unique �-morphism from A�2n into A�2nC2 extending

'n

8<:U�2n 7! U
p

�2nC2
;

V�2n 7! V
p

�2nC2
:

Then the inductive limit C �-algebra obtained from the above embeddings,

lim
�!
n2N

A�2n W A�0
'0
�! A�2

'1
�! A�4

'2
�! � � �A�2n

'n
�! A�2nC2 � � � ;

is �-isomorphic to A�
�

(of Definition 2.10).
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We briefly give the outline of the proof of Theorem 2.11. By the natural embeddings
of subgroups 1

pn
Z � 1

pn
Z into � D ZŒ 1

p
� � ZŒ 1

p
�, the noncommutative solenoid

A�
� D C

�.�; �� /

can be viewed as an inductive limit of the C �-algebras ¹C �. 1
pn

Z � 1
pn

Z; .�� /n/ºn2N ,
where here by .�� /n, we mean the restriction of the multiplier �� from � to its subgroup
1
pn

Z � 1
pn

Z for a fixed n 2 N. Then it is not hard to see that for every n 2 N, we have

C �
�
1

pn
Z �

1

pn
Z; .�� /n

�
Š A�2n Š C

�.Z2; ��2n/;

because both of these C �-algebras have two generating unitaries satisfying the fundamen-
tal commutation relation given in equation (2.1). With these identifications, it easily fol-
lows that A�

�
satisfies the universal properties that make it �-isomorphic to lim

�!n2N
A�2n .

We will make these identifications frequently in upcoming sections.
In [3], noncommutative solenoids of periodic type, such as the following example,

were given the structure of noncommutative manifolds by Aiello, Guido, and Isola. This
was done by constructing a semifinite spectral triple on them.

Example 2.12 (Aiello–Guido–Isola: NC solenoid, periodic rational case). Let p D 2.
Consider � D .�n/ 2 �2 given by

� D

�
2

3
;
1

3
;
2

3
; : : :

�
:

By Theorem 2.11, A�
�

is the inductive limit of the single rotation algebra A 2
3
.

In [23, Theorem 2.9], it is shown that, for �2�p , A�
�

is simple if and only if, given any
distinct j; k 2 N, we have �j ¤ �k . In particular, the construction given by Aiello, Guido,
and Isola in [3] cannot be applied to simple noncommutative solenoids like the one below.

Example 2.13. Let a and q be relatively prime integers and p a prime. Consider

�0 D a=q; �1 D a=.pq/; �2 D a=.p
2q/; : : : ; �2n D a=.p

2nq/; : : : :

The resulting noncommutative solenoid A�
�

is �-isomorphic to the inductive limit of non-
isomorphic rotation algebras corresponding to rational rotations.

In Section 3, we will define spectral triples on all noncommutative solenoids.

3. Spectral triples for noncommutative solenoids, and their quantum
compact metric space structure

We now come to one of the main results of the paper: the construction of spectral triples
on noncommutative solenoids. (As a particular case, these results also hold for commuta-
tive solenoids.) Their associated metric structures in turn will give a new way of viewing
noncommutative solenoids as quantum compact metric spaces.
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3.1. Length functions on ZŒ 1
p
� � ZŒ 1

p
� with bounded doubling

In this section, we define a length function on ZŒ 1
p
� and ZŒ 1

p
� � ZŒ 1

p
�. This will be used

later in our construction of spectral triples on noncommutative solenoids.
We recall for the reader’s convenience the definition of length function on a general

discrete group.

Definition 3.1 (Connes [10], Christ–Rieffel [8], Long–Wu [27]). A length function on a
discrete group � is a function L W � ! Œ0;1/ such that

(1) L./ D 0 if and only if  D e, where e is the identity of � ,

(2) L./ D L.�1/ for all  2 � ,

(3) L.12/ 6 L.1/C L.2/ for all 1; 2 2 � .

Given a pair consisting of a discrete group � and a length function L on it, Connes and
Rieffel associate to .�;L/ a “Dirac operator” by defining DL W CC .�/! CC .�/ given
by, for all f 2 CC .�/;  2 � ,

DL.f /./ D L./f ./:

As mentioned in the introduction, for many examples of .�;L/ (mostly with finitely gen-
erated �), given a multiplier � on � , and corresponding left-� regular representation ��
of C �.�; �/ on `2.�/, .C �.�; �/; `2.�/;DL/ has been shown to be a spectral triple with
smooth subalgebra CC .�; �/.

Definition 3.2. A length function L on a countable discrete group � (as in Definition 3.1)
is, in addition, said to have the properties

(1) it is proper if BL.R/ WD ¹ 2 � W L./ 6 Rº is a finite subset of � for each
0 6 R <1;

(2) it has (or is of) bounded doubling if L is proper and there exists a constantCL <1

such that jBL.2R/j 6 CLjBL.R/j for each R, 1 6 R <1.

We introduce for future reference the concept of bounded t-dilation for length func-
tions on discrete groups, first introduced by Long and Wu [27].

Definition 3.3 (cf. [27, Definition 5.1]). Let L be a length function on the discrete group�.
Then � is said to have the property of bounded t-dilation with respect to L for a fixed t> 1
if L is proper and there existsKL <1 such that jBL.tR/j 6KLjBL.R/j for eachR > 1.

A simple argument shows that � has the property of bounded t-dilation with respect
to L for some t > 1 if and only if L has bounded doubling.

Suppose that L is a length function on a discrete group � . Let DL denote the (usually
unbounded) operator on `2.�/ of pointwise multiplication by L, � a multiplier on � , and
the left-� regular representation of `1.�; �/ on `2.�/. In [25, Proposition 3.3], Long and
Wu show that, given any  2 � ,�DL; �� .ı /

�
B.`2.�//

D L./:
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In particular, when f 2 CC .�; �/, ŒDL; �� .f /� extends to a bounded operator on `2.�/;
we note for later the following key inequality:�DL; �� .f /

� 6
X
2�

L./
ˇ̌
f ./

ˇ̌
; f 2 CC .�; �/: (3.1)

As CC .�; �/ is a dense subalgebra of C �.�; �/, any proper length function in this
setting can be used to build a candidate Dirac operator for a spectral triple for C �.�; �/
that satisfies conditions (ST1) and (ST2), but to guarantee that this spectral triple is finitely
summable, one needs further conditions on L. In this section, we will define length func-
tions that exhibit the additional specifications allowing the related Dirac operators to give
finitely summable spectral triples, as well as satisfy the conditions of Definition 2.1, and
thus construct Dirac operators that also equip noncommutative solenoids with a quantum
compact metric space structure.

To obtain a length function on ZŒ 1
p
� that will produce the Dirac operator with the

desired properties, we will begin by recalling the embeddingƒ W ZŒ 1
p
�! R�Qp (where

Qp are the p-adic rationals) as a lattice. Also recall that the topology on Qp is induced by
the p-adic norm on Q defined by, if we denote the gcd by .�; �/,

krkp D

´
p�n if r¤0 and rD apn

b
; a; n2Z; b2Zn¹0º; .a; p/D.b; p/D.a; b/D1;

0 if r D 0:

In particular, Qp can be viewed as the completion of Q for the p-adic metric, which
is the metric induced by this norm. Since addition and multiplication are uniformly con-
tinuous for this metric, Qp can also be given the structure of a field. For further details on
p-adic arithmetic and analysis, see the book by Robert [36]. Thus ZŒ 1

p
�, being a subset

of Q, embeds naturally into R and also into the p-adic field Qp . To avoid confusion, we
let � W ZŒ 1

p
�! Qp denote the embedding of ZŒ 1

p
� into Qp , and if r 2 ZŒ 1

p
� � R, we view

it as being an element of R. We then define ƒ W ZŒ 1
p
�! R �Qp by

ƒ.r/ D
�
r;��.r/

�
2 R �Qp; r 2 Z

�
1

p

�
:

Following a suggestion of Kaminker and Spielberg, Latrémolière and Packer showed in
[24] that ƒ embeds ZŒ 1

p
� as a lattice in R �Qp with, in fact, the Pontryagin dual

1
Z

�
1

p

�
D �p

as its quotient. We note thatƒ was used to construct different classes of finitely generated
projective modules for the C �-algebras A�

�
in [24]. In [12], Enstad used the embedding

ƒ to give a new example of a non-trivial bundle motivating a Balian–Low theorem in a
novel context. In [28], Lu used ƒ and some of its generalizations to obtain some new
sufficient conditions for two noncommutative solenoids to be strongly Morita equivalent
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to one another. This gives yet another example where the diagonal embedding of ZŒ 1
p
� as

a lattice in R �Qp is the source of novel tools.
As a means of obtaining a proper length function on ZŒ 1

p
� � ZŒ 1

p
� that is of bounded

doubling, we will first consider an initial length function defined on the abelian group
ZŒ 1

p
�.

Lemma 3.4. Fix a prime p. Consider the function Lp W ZŒ
1
p
�! Œ0;1/ given by

Lp.r/ D jr j C krkp:

Then Lp is a length function on ZŒ 1
p
� that is both proper and unbounded.

Proof. The basic requirements for a length function on a group will first be checked.
Suppose that r; r 0 2 ZŒ 1

p
�. Since 0 6 jr j 6 Lp.r/, Lp.r/ D 0 if and only if jr j D 0. As

j � j is a norm on ZŒ 1
p
�, Lp vanishes only on the identity of ZŒ 1

p
�. It is easily seen that

Lp.r/ D Lp.�r/; 8r 2 ZŒ 1
p
�. Moreover,

Lp.r C r
0/ D jr C r 0j C kr C r 0kp 6 jr j C jr 0j C krkp C kr 0kp D Lp.r/C Lp.r

0/;

thereby completing the verification.
To show that Lp is also proper, fix a choice ofR>0. We will demonstrate thatBLp .R/

is a finite set by making some very crude estimates on jBLp .p
d /j, where d is the least

nonnegative integer such that R < pd . To do so we will first prove that, for all integers
d > 1: ²

m

pd�1
W m 2 Z; �p2.d�1/ 6 m 6 p2.d�1/

³
� BLp .p

d / �

²
m

pd�1
W m 2 Z; �p2d 6 m 6 p2d

³
; (3.2)

which via a counting argument readily implies that

2p2.d�1/ C 1 6
ˇ̌
BLp .p

d /
ˇ̌

6 2p2d C 1: (3.3)

To prove equation (3.2), let x D m

p2.d�1/
, with jmj 6 p2.d�1/. Then

Lp

�
m

pd�1

�
6 pd�1 C pd�1 D 2pd�1 6 pd ;

which shows the set inclusion on the left-hand side.
To show the set inclusion on the right-hand side, we will actually use complements

and show that if x 2 ZŒ 1
p
� is not in ¹ m

pd�1
W m 2 Z; �p2d 6 m 6 p2d º, then it is not in

BLp .p
d /.

Fix any x 62 ¹ m

pd�1
Wm2Z; �p2d 6m6p2d º. We first assume that we have xD m

pd�1

with jmj > p2d and gcd.m; p/ D 1. In this case, we have

Lp

�
m

pd�1

�
D
jmj

pd�1
C pd�1 >

p2d

pd�1
C pd�1 >

p2d

pd
D pd :
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For the other case, suppose that x D m
pj

with gcd.m; p/ D 1 and j > d , then

Lp

�
m

pj

�
> pj > pd ;

so that x 62 BLp .p
d /. This completes the proof of equation (3.2).

Now notice that, if d is the least nonnegative integer such that R < pd ,

BLp .R/ � BLp .p
d /:

An application of equation (3.3) ends the proof that Lp is a proper length function on
ZŒ 1

p
�.

Finally, because Lp.r/ > jr j,8r 2ZŒ 1
p
�, and the absolute value function is unbounded

on ZŒ 1
p
�, we see that Lp is unbounded.

Remark 3.5. When a length function L on a discrete group is also of bounded doubling,
Christ and Rieffel showed that DL induces a quantum compact metric space structure on
the group C �-algebra [8]. These results were extended by Long and Wu to the setting of
group C �-algebras twisted by a 2-cocycle [27]. Furthermore, Christ and Rieffel demon-
strated that such length functions also exhibit a property called polynomial growth [8].
Connes proved that for a finitely generated discrete group � with length function L, if
there exists a positive constant s such that .IdC ŒDL�

2/
�s
2 is a trace-class operator, then

L will have polynomial growth in which case DL is also the Dirac operator for a spectral
triple. Under these hypotheses, the associated spectral triple is said to be finitely summable.
Conversely, if � is a finitely generated discrete group with length function L such that L
has polynomial growth, then Connes proved that the associated spectral triple is finitely
summable [10]. In our case, the groups we consider are not finitely generated. However, as
a consequence of the following lemma, our Dirac operators arise from length functions on
ZŒ 1

p
��ZŒ 1

p
� that can also be shown to be of bounded doubling, and therefore by [8, Propo-

sition 1.2], the length functions that we construct will have polynomial growth. Moreover,
we will show in Theorem 3.9 that bounded doubling of the length function, even in the
non-finitely generated case, implies that the associated spectral triple is finitely summable.

Lemma 3.6. For a fixed prime p, ZŒ 1
p
� has the property of bounded p-dilation with

respect to Lp . In particular, Lp is of bounded doubling with CLp D 4p
8.

Proof. As a consequence of the proof of Lemma 3.4, particularly equation (3.3), we haveˇ̌
BLp .p

dC1/
ˇ̌

6
ˇ̌
BLp .p

dC1/
ˇ̌
C
ˇ̌
BLp .p

d /
ˇ̌

6 .2p2.dC1/ C 1/C .2p2d C 1/

< 2p2.dC1/ C 2p2d C 2p4 D p4.2p2.d�1//C p2.2p2.d�1//C 2p4

< 2p4.2p2.d�1/ C 1/ 6 2p4
�ˇ̌
BLp .p

d /
ˇ̌�
: (3.4)
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When d is zero, note that Lp.0/ D 1 implies that jBLp .1/j > 1, which yieldsˇ̌
BLp .p/

ˇ̌
6 2p2 C 1 < 2p4 6 2p4

ˇ̌
BLp .1/

ˇ̌
:

In particular, given R > 1, there exists d 2 N such that pd 6 R < pdC1, and so

BLp .p
d / � BLp .R/ � BLp .pR/ � BLp .p

dC2/;

which yields, together with equation (3.4),ˇ̌
BLp .pR/

ˇ̌
6
ˇ̌
BLp .p

dC2/
ˇ̌

6 4p8
ˇ̌
BLp .p

d /
ˇ̌

6 4p8
ˇ̌
BLp .R/

ˇ̌
: (3.5)

Since the same reasoning holds for each R > 1, ZŒ 1
p
� has the property of bounded p-

dilation with respect to Lp . The conclusion that Lp is also of bounded doubling follows
by our remark made after Definition 3.3.

Latrémolière and Packer used the map ƒ to build an embedding of ZŒ 1
p
� � ZŒ 1

p
� as

a lattice in ŒR � Qp� � ŒR � Qp� [24]. As a consequence, Lp can be used to build a
length function on ZŒ 1

p
��ZŒ 1

p
� that is of bounded doubling. More generally, the following

proposition holds.

Proposition 3.7. Let �1 and �2 be countable discrete groups and � D �1 � �2. Given
proper length functions L.i/ on �i for i D ¹1; 2º, define L† W � ! Œ0;1/ by, for all
x1 2 �1, x2 2 �2,

L†
�
.x1; x2/

�
WD L.1/.x1/C L.2/.x2/: (3.6)

Then L† is a proper length function on � . If L.i/ has the bounded doubling property
with CL.i/ for i 2 ¹1; 2º, then L† is of bounded doubling with CL† D C

4, where C D
max¹CL.1/ ; CL.2/º.

Proof. A length function on a Cartesian product of two groups can be built from a sum of
length functions on each group. Since length functions take only non-negative values, L†

vanishes if and only if L.1/ and L.2/ both vanish. Because L.1/ and L.2/ each evaluate
to zero only on e�1 and e�2 , respectively, L† likewise takes null values only on e� . Next
suppose that .x1; x2/; .x01; x

0
2/ 2 � . The remaining length function properties of L.1/ and

L.2/ imply that

L†
�
.x1; x2/

�1
�
D L†

�
.x�11 ; x�12 /

�
D L.1/.x�11 /C L.2/.x�12 /

D L.1/.x1/C L.2/.x2/ D L†
�
.x1; x2/

�
;

as well as

L†
�
.x1; x2/ .x

0
1; x
0
2/
�
D L†

�
.x1 x

0
1; x2 x

0
2/
�
D L.1/.x1 x

0
1/C L.2/.x2 x

0
2/

6 L.1/.x1/C L.1/.x01/C L.2/.x2/C L.2/.x02/

D L†
�
.x1; x2/

�
C L†

�
.x01; x

0
2/
�
:

Thus L† is also a length function on � .
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Fix a 0 < R <1. If L†..x1; x2// 6 R, then this same upper bound holds both for
L.1/.x1/ and for L.2/.x2/. For each i 2 ¹1; 2º, define BL.i/.R/ and BL†.R/ as in part
(1) of Definition 3.2. Since L.1/ and L.2/ are also each proper length functions, BL.1/.R/

and BL.2/.R/ are finite sets, as is BL†.R/ � BL.1/.R/ � BL.2/.R/. Because the same
reasoning holds for each R <1, L† is a proper length function on � . Next, assume that
Li satisfies the bounded doubling property with constants CLi for i 2 ¹1; 2º, and choose
an R > 1. Repeated application of the bounded doubling condition yieldsˇ̌

BL.1/.2R/
ˇ̌
�
ˇ̌
BL.2/.2R/

ˇ̌
6 C 4

ˇ̌
BL.1/.R=2/

ˇ̌
�
ˇ̌
BL.2/.R=2/

ˇ̌
:

Note that BL†.2R/ � BL.1/.2R/�BL.2/.2R/ and BL.1/.R=2/�BL.2/.R=2/ � BL†.R/,
hence jBL†.2R/j is bounded above byC 4jBL†.R/j. As the choice ofR> 1was arbitrary,
L† is of bounded doubling with CL† D C

4.

Corollary 3.8. Fix a prime p, and let L†p W ZŒ
1
p
� � ZŒ 1

p
�! Œ0;1/ be given by

L†p .1; 2/ WD Lp.1/C Lp.2/:

Then L†p is a length function on ZŒ 1
p
� � ZŒ 1

p
� that is of bounded doubling with CL†p

D

.4p8/4.

3.2. Spectral triples on noncommutative solenoids from length functions with
bounded doubling

Throughout this section, fix a prime p and let � D ZŒ 1
p
� � ZŒ 1

p
�. Denote `2.�/ by H .

To build our Dirac operators, we recall from Definition 2.10 that the noncommutative
solenoid A�

�
is defined to be the twisted groupC �-algebraC�.�;��/. Moreover,C�.�;��/

has a faithful representation as bounded operators on the Hilbert space H via the left-�
regular representation ��� . Let Dp be the unbounded operator DL†p

defined on a dense
subspace of H . Since L†p is proper, Dp can also be shown to satisfy conditions (ST1)
and (ST2) of Definition 2.1 for a Dirac operator. Moreover, we will show that the spectral
triple coming from Dp is finitely summable. That is, we have the following theorem.

Theorem 3.9. Fix a prime p. Let � D ZŒ 1
p
� � ZŒ 1

p
� and let H D `2.�/. For every � 2

�p , .A�
�
; H;Dp/ with representation �� is a spectral triple for the noncommutative

solenoid A�
�

with associated smooth subalgebra CC .�; �� /. Furthermore, this spectral
triple is finitely summable.

Proof. The following is a slight modification of the proof of Long and Wu’s Proposi-
tion 3.3 in [27].

For every  2 � , ı is an eigenvector of Dp with eigenvalue L†p ./. Hence each such
ı is also an eigenvector of .Dp � i t IdH /�1, t 2R n ¹0º, with eigenvalue .L†p ./� i t/

�1.
To show that .Dp � i t IdH /�1 is compact for a fixed t 2 R n ¹0º, choose a " > 0. Then
there existsR > 0 such that for z 2R, z > R implies that jz � i t j�1 < ". Given such anR,
define BL†p

.R/ as in part (1) of Definition 3.2. Since L†p is proper, BL†p
.R/ is a finite set.
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Let ¹j º16j6m be an enumeration of the elements in this set. For each 1 6 j 6 m, let Pj
signify the orthogonal projection taking H onto the one-dimensional subspace spanned
by ıj . Then .Dp � i t IdH /�1 �†mjD1

�
L†p .j / � i t

��1
Pj


B.H/

D sup
®ˇ̌

L†p ./ � i t
ˇ̌�1
W  … BL†p

.R/
¯
< ":

As the choice of " was arbitrary, .Dp � i t IdH /�1 can be approximated in norm by finite
rank operators. Hence Dp satisfies condition (ST1). Since L†p is an unbounded, proper
length function as a consequence of Lemma 3.4 and Proposition 3.7, the associated Dirac
operator Dp and subalgebra CC .�; �� / also satisfy condition (ST2), by [27, Proposi-
tion 3.3].

We finally prove that the spectral triple .A�
�
; H;Dp/ is finitely summable; i.e., we

prove that there exists s > 0 such that for all t > s, .IdH C ŒDp�
2/
�t
2 is a trace class

operator. For this, we use the bounded doubling condition proved for Dp in Corollary 3.8.
Recall that there exists a constant CL†p

> 1 such that for every R > 1, jBL†p
.2R/j 6

CL†p
jBL†p

.R/j. Taking R D 1, by induction, we obtain for every n 2 N thatˇ̌
BL†p

.2n/
ˇ̌

6 CL†p

ˇ̌
BL†p

.2n�1/
ˇ̌

and
ˇ̌
BL†p

.2n/
ˇ̌

6 .CL†p
/n
ˇ̌
BL†p

.1/
ˇ̌
:

Fix t > 0. The eigenfunctions for .IdH C ŒDp�
2/
�t
2 are exactly the delta functions ¹ı W

 2 �º with corresponding eigenvalues equal to ¹ 1

.1C.L†p .//2/t=2
W  2 �º. Let ı0 be a

fixed eigenfunction for Dp . To obtain an upper bound on the modulus of the eigenvalue
corresponding to ı0 , we need to determine where 0 sits in the partition

� D BL†p
.1/ t

1G
nD1

�
BL†p

.2n/nBL†p
.2n�1/

�
:

To check that .IdH C ŒDp�
2/
�t
2 is trace class, we just need to check that the sum of mod-

uli of the eigenvalues of this operator, counted with multiplicity, converge. We note that
within the ball BL†p

.1/, .IdH C ŒDp�
2/
�t
2 has jBL†p

.1/j eigenfunctions having eigenval-
ues with modulus less than or equal to 1

.1C.0/2/t=2
D 1. Then for n > 1, each annulus

ŒBL†p
.2n/nBL†p

.2n�1/� has cardinality less than or equal to

CL†p

ˇ̌
BL†p

.2n�1/
ˇ̌
�
ˇ̌
BL†p

.2n�1/
ˇ̌

6 .CL†p
� 1/.CL†p

/n�1
ˇ̌
BL†p

.1/
ˇ̌
:

For each eigenfunction ı0 corresponding to 0 lying in this nth annulus, the correspond-
ing eigenvalues have modulus less than . 1

.1C22.n�1//
/t=2. These estimates show that the

trace of .IdH C ŒDp�
2/
�t
2 is bounded from above byˇ̌

BL†p
.1/
ˇ̌
� 1C

1X
nD1

.CL†p
� 1/.CL†p

/n�1
ˇ̌
BL†p

.1/
ˇ̌
�

1

.1C 22.n�1//t=2

6 max
®
1; .CL†p

� 1/
¯
�
ˇ̌
BL†p

.1/
ˇ̌
�

"
1C

1X
nD1

.CL†p
/n�1

.1C 22.n�1//t=2

#
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6 max
®
1; .CL†p

� 1/
¯
�
ˇ̌
BL†p

.1/
ˇ̌
�

"
1C

1X
nD1

.CL†p
/n�1

.2t /n�1

#

D max
®
1; .CL†p

� 1/
¯
�
ˇ̌
BL†p

.1/
ˇ̌
�

"
1C

1X
nD1

�CL†p

2t

�n�1#
;

and this last series converges as long as 2t>CL†p
; that is, it converges for all t >log2.CL†p

/.

Therefore, the spectral triple .A�
�
;H;Dp/ is finitely summable.

3.3. Noncommutative solenoids as quantum compact metric spaces

In the context of spectral triples and other more general settings, Rieffel developed a the-
ory (later expanded by Latrémolière) that can be termed noncommutative metric geometry;
see Rieffel [33, 34]. The basis for this perspective is built on a noncommutative analogue
of a compact metric space. We review some of this work below. Whereas Rieffel gave the
definition below for a seminorm defined on an order-unit space taking finite values, Latré-
molière restricted to the unital C �-algebra setting, where the seminorm in question takes
on finite values on a dense subalgebra of a unital C �-algebra. Because of the extra prop-
erties required, he decided to switch the order of “compact” and “quantum”. We will give
below an adaptation of the slightly more specialized definition given by Latrémolière;
see [20]. We refer to [20, Remark 2.7] for a precise comparison of Rieffel and Latré-
molière’s definitions.

Definition 3.10. A quantum compact metric space .A; L/ is an ordered pair, where A is
a unital C �-algebra and L is a seminorm defined on a dense �-subalgebra dom.L/ of the
self-adjoint elements sa.A/ such that

(1) ¹a 2 sa.A/ W L.a/ D 0º D R1A,

(2) the Monge–Kantorovich metric mkL, defined on the state space �.A/ of A by
setting for all '; 2 �.A/,

mkL.';  / D sup
®ˇ̌
'.a/ �  .a/

ˇ̌
W a 2 dom.L/; L.a/ 6 1

¯
;

metrizes the weak� topology restricted to the state space �.A/ of A.

Moreover, seminorms L on A that satisfy conditions (1) and (2) are called Lip-norms.

Example 3.11 (Rieffel [34]). Let .X; d/ be a compact metric space. Set Ld equal to the
Lipschitz seminorm on C.X/ associated to d ; that is, for every f in C.X/,

Ld .f / D sup

´ˇ̌
f .x/ � f .y/

ˇ̌
d.x; y/

W x; y 2 X; x ¤ y

µ
:

Then .C.X/; Ld / is a quantum compact metric space. It is well known that the metric d
can be recovered from the restriction of mkLd to the pure states.
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Remark 3.12. In [31, Proposition 1.3], it is shown that for a unital C �-algebra A with a
trace � , a Lipschitz seminorm L (that is, a seminorm that has null-space which is exactly
the scalar multiples of the identity) for A will be a Lip-norm on A if and only if ¹a 2
dom.L/ W L.a/ 6 1; �.a/ D 0º is totally bounded for the topology induced by k � kA on
dom.L/.

There is an additional property that can be assigned to Lipschitz seminorms, which is
the Leibniz property: a Lipschitz seminorm L on A is said to satisfy the Leibniz property
if, for all a; b 2 dom.L/,

L.ab/ 6 kakA � L.b/C kbkA � L.a/:

In his studies and generalizations of compact quantum metric spaces, Latrémolière in
[20] introduces an additional Leibniz condition for Lip-norms of Jordan–Lie type; that is,
for all a; b 2 dom.L/,

ab C ba

2
;
ab � ba

2i
2 dom.L/;

and L satisfies the Leibniz inequality of Jordan–Lie type:

max
²
L

�
ab C ba

2

�
; L

�
ab � ba

2i

�³
6 L.a/ kbkA C kakAL.b/:

Therefore, we make the following definition.

Definition 3.13 ([20, Definition 2.19], [22, Definition 1.4]). LetA be a unital C �-algebra,
and let L be a Lip-norm on a dense subspace dom.L/ of A. We say that the ordered pair
.A;L/ is a Leibniz quantum compact metric space if in addition to conditions (1) and (2)
of Definition 3.10, the following conditions are satisfied:

(3) the seminorm L satisfies the Leibniz inequality of Jordan–Lie type;

(4) the seminorm L is lower semicontinuous with respect to the norm k � kA topology
restricted to dom.A/.

In [20, Proposition 2.17], Latrémolière proves that if .A; L/ is a quantum compact
metric space in the sense of Definition 3.10, with L satisfying the Leibniz property,
then .A; L/ will satisfy the Leibniz inequality of Jordan–Lie type. By Long and Wu’s
Proposition 6.3 in [27], it is the case that the Lip-norms we discuss coming from length
functions will satisfy the Leibniz property, and therefore they satisfy the Leibniz inequal-
ity of Jordan–Lie type. We will use this fact in proving Theorem 3.14.

Noncommutative metric geometry allows the theory of metric geometry to be applied
to noncommutative C �-algebras via their state spaces. As with classical compact met-
ric spaces, the set of quantum compact metric spaces can be equipped with a metric. In
analogy with its classical counterpart, Latrémolière’s Gromov–Hausdorff propinquity on
Leibniz quantum compact metric spaces, which builds on the earlier work of Rieffel, has
many of the same properties as in the compact metric space setting [20].
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Inductive limit C �-algebras admit natural candidates for quantum metric approxima-
tions. Aguilar and Latrémolière have identified some conditions under which inductive
limit convergence can also be described by metric convergence [1,2], and Landry, Lapidus,
and Latrémolière in [19] studied metric approximation of spectral triples on fractals of
Sierpinski gasket type. Latrémolière and Packer also considered the question of metric
convergence in the setting of noncommutative solenoids [22]. When a compact group acts
ergodically on a unital C �-algebra, any length function on the group induces a quan-
tum compact metric space structure on the C �-algebra [33]. Working in the more gen-
eral context of inductive limits of C �-algebras on which projective limits of compact
metrizable groups act ergodically, Latrémolière and Packer showed that noncommutative
solenoids are limits, for the Gromov–Hausdorff propinquity, of rotation algebras. Their
result relied on the definition of certain length functions to construct Lip-norms on an
inductive sequence of rotation algebras and their inductive limit. These particular Lip-
norms did not come from Dirac operators, as in the earlier work of Connes [10]. Since
we want to study noncommutative solenoids as both quantum compact metric spaces as
well as noncommutative Riemannian manifolds, we now describe how our results of Sec-
tions 3.1 and 3.2 give noncommutative solenoids the structure of quantum compact metric
spaces.

In [10], Connes studied spectral triples on reduced groupC �-algebras with Dirac oper-
ators built in the same way as Dp from length functions on discrete groups. Given a unital
faithful representation � W A! B.H/, let LD be the seminorm on the associated smooth
subalgebra A given by

LD.a/ D
�D;�.a/�

B.H/
: (3.7)

As in the unital commutative case, Connes showed that a seminorm defined as in equation
(3.7) from such a Dirac operator gives rise to a metric on the state space of the reduced
group C �-algebra [8, 10]. This metric is precisely the Monge–Kantorovich metric given
in part (2) of Definition 3.10. WhenD is the Dirac operator constructed by Connes from a
proper length function L on a discrete group � , Christ and Rieffel showed that mkLD also
metrizes the weak�-topology on �.C �r .�// if L is in addition assumed to be of bounded
doubling. In a more general setting, Rieffel, as well as Ozawa in collaboration with Rieffel,
identified alternate characterizations of Lip-norms [31, 33]. In [27], Long and Wu used
one of these equivalent sets of conditions to extend Christ and Rieffel’s work to discrete
groups equipped with a 2-cocycle. Since noncommutative solenoids are defined to be
twisted discrete group C �-algebras, our Dirac operators can also be shown to give rise to
Leibniz Lip-norms on noncommutative solenoids.

Theorem 3.14. Fix a prime p. For every � 2 �p , let .A�
�
; H;Dp/ be the spectral triple

from Theorem 3.9. Then .A�
�
; LDp

/ is a Leibniz quantum compact metric space in the
sense of Definition 3.13.

Proof. Because of Corollary 3.8, the conclusion follows immediately from [27, Proposi-
tions 6.4 and 6.9], which use the property of bounded doubling for the length function
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to derive that the seminorm LDp
has the Leibniz property and is lower semicontinuous,

respectively.

Remark 3.15. Once again we note the fact that, equipped with the weak�-topology, the
state space of a unital C �-algebra is compact and second countable, so that any two met-
rics which induce this same topology on the compact space must be uniformly equivalent.
The Leibniz Lip-norm on the state space of the noncommutative solenoid obtained by
Latrémolière and Packer in [22] induces the weak�-topology, as does the Leibniz Lip-
norm induced by the seminorm coming from the spectral triple, by virtue of the bounded
doubling condition being satisfied by the length function L†p . Therefore, the metrics on
the state space given by these two seminorms must be uniformly equivalent.

3.4. Restriction of spectral triples to noncommutative tori

Recall from Theorem 2.11 that noncommutative solenoids can be identified with inductive
limits of rotation algebras. We will next build spectral triples for rotation algebras via suit-
ably defined restrictions of the spectral triples on noncommutative solenoids constructed
in Theorem 3.9. For each n 2 N, denote the subgroup 1

pn
Z � 1

pn
Z of ZŒ 1

p
� � ZŒ 1

p
� D �

by �n. Recall from Section 2 that for each prime p, the group � can be realized as an
inductive limit of the groups ¹�nºn2N , where the group monomorphisms ˛n W �n! �nC1
are given by inclusion maps. We will show that the length function on �n that is the
restriction of that given for � is still of bounded doubling.

Lemma 3.16. For fixed prime p and n 2N, let Lp;n denote the restriction of Lp to 1
pn

Z.
Then 1

pn
Z has the property of bounded p-dilation with respect to Lp;n. In particular, Lp;n

is of bounded doubling with CLp;n D 4p
8.

Proof. In order to qualify as a length function on 1
pn

Z, Lp;n must be well defined on
the identity of the group, the inverses of its elements, and the closure of those elements
under the group operation. Since 1

pn
Z 6 ZŒ 1

p
�, Lp restricts to a length function in this

setting. Define BLp;n.R/ as in part (1) of Definition 3.2. Since BLp;n.R/ � BLp .R/ for
each 0 < R <1, Lp;n is also a proper length function on 1

pn
Z.

The argument that Lp;n has the property of bounded p-dilation follows the same strat-
egy as in Lemma 3.6. Fix R > 1. Choose d 2 N so that equation (3.5) holds for balls
defined with Lp;n. Consider first the case when 1 6 d 6 n. Since BLp;n.pR/� BLp .pR/,
the inequalities described in equation (3.5) can be applied to obtain the desired bounded
doubling constant if BLp .R/ can be shown to be a subset of BLp;n.R/. Note that every
nonzero element in BLp .R/ can be written as a

pk
, where a is an integer coprime with p

and k 2N. Since Lp.
a

pk
/ > pk , a

pk
2BLp .R/ implies that k < d . Because d 6 n, Lp.

a

pk
/

coincides with Lp;n.
a

pk
/. As a result,ˇ̌

BLp;n.pR/
ˇ̌

6
ˇ̌
BLp .pR/

ˇ̌
6 4p8

ˇ̌
BLp .R/

ˇ̌
6 4p8

ˇ̌
BLp;n.R/

ˇ̌
:

For the case when d > n, note that a 2 Z and jaj > pdCn implies that

Lp;n
� a
pn

�
>
ˇ̌̌ a
pn

ˇ̌̌
> pd :
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Moreover, a 2 Z and jaj 6 pdCn�1, as well as n < d , gives

Lp;n

�
a

pn

�
D

ˇ̌̌̌
a

pn

ˇ̌̌̌
C

 apn

p

6 pd�1 C pn 6 2pd�1 6 pd :

Therefore, ²
a

pn
W a 2 Z; �pdCn�1 6 a 6 pdCn�1

³
� BLp;n.p

d / �

²
a

pn
W a 2 Z; �pdCn 6 a 6 pdCn

³
;

which yields, in analogy with equation (3.3),

2pdCn�1 C 1 6
ˇ̌
BLp;n.p

d /
ˇ̌

6 2pdCn C 1;

Consequently, an argument similar to that given in Lemma 3.6 yieldsˇ̌
BLp;n.p

dC1/
ˇ̌
< 2p4

�ˇ̌
BLp;n.p

d /
ˇ̌�
:

In particular, we see that the inequalities described in equation (3.5) still hold with Lp
replaced by Lp;n. Since the same reasoning holds for each R > 1, 1

pn
Z has the property

of bounded p-dilation with respect to Lp;n. As in the setting of ZŒ 1
p
�, the conclusion

that Lp is also of bounded doubling when restricted to 1
pn

Z follows from the fact that
jBLp;n.2R/j 6 jBLp;n.pR/j for R > 1.

Proposition 3.7, together with Lemma 3.16, now yields the following corollary.

Corollary 3.17. Fix a prime p and n 2 N. Let L†p;n W �n D
1
pn

Z � 1
pn

Z! Œ0;1/ be
given by

L†p;n.1; 2/ D Lp;n.1/C Lp;n.2/:

The function L†p;n is a proper length function on �n that is of bounded doubling with
CL†p;n

D .4p8/4.

The proof of Corollary 3.17 can also be adapted to a more general setting.

Corollary 3.18. Let �1 and �2 each be countable discrete groups and � D �1 � �2.
Define L† as in equation (3.6). For each i 2 ¹1; 2º, suppose that Gi is a subgroup of �i .
Denote the restriction of L.i/ toGi by L.i/Gi . If each L.i/Gi has the bounded doubling property
with C

L.i/Gi
, then the restriction of L† to G1 � G2 is of bounded doubling with constant

given by Œmax¹C
L.1/G1

; C
L.2/G2
º�4.

As a consequence of Corollary3.17, our Dirac operators for noncommutative solenoids
can be used to define Dirac operators for rotation algebras. Given C �.ZŒ 1

p
� � ZŒ 1

p
�; �� /,

recall from Section 2.2 that .�� /n is the restriction of the multiplier �� to the subgroup
�n D

1
pn

Z � 1
pn

Z. For the representation of C �.�n; .�� /n/ as bounded operators on the
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Hilbert space Hn WD `2.�n/, set �.�� /n equal to the left .�� /n-regular representation of
C �.�n; .�� /n/ on Hn. For every n 2 N, there exists a �-isomorphism �n which takes
C �.Z2; ��2n/ to C �.�n; .�� /n/. Then ��2n W C

�.Z2; ��2n/! B.Hn/ defined by

��2n D �.�� /n ı �n

gives a representation of C �.Z2; ��2n/ that is unital and faithful. Also using �n to denote
the abstract isomorphism between the groups Z2 and �n, we let Dp;n be the operator
DL†p;nı�n

. We note that for every n 2N, the length function L†p;n ı �n on Z2 is of bounded
doubling, since L†p;n is of bounded doubling on �n by Corollary 3.17. Since unbounded
length functions on groups that are of bounded doubling are also proper, the same kinds
of arguments as used in the proof of Theorem 3.9 can be applied to demonstrate thatDp;n
is a Dirac operator.

Proposition 3.19. Fix a prime p and n 2N. For every � 2�p and n 2N, .C �.Z2; ��2n/;
`2.�n/; Dp;n/ with representation ��2n is a spectral triple for the noncommutative torus
C �.Z2; ��2n/, with associated smooth subalgebra CC .Z2; ��2n/.

We next consider the topology induced by mkLDp;n on �.C �.Z2; ��2n//, where LDp;n
is the seminorm on CC .Z2; ��2n/ induced by the Dirac operator Dp;n. When equipped
with the weak�-topology, the state space of a unital C �-algebra is compact and second
countable. The same argument given in the proof of Theorem 3.14 and Corollary 3.17
will still hold here, and the discussion of Remark 3.15 applies to show that length func-
tions on Z2 that are of bounded doubling will give rise to uniformly equivalent metrics
on �.C �.Z2; ��2n//, since they both determine the same compact weak-� topology on
�.C �.Z2; ��2n//. Therefore, we obtain the following proposition.

Proposition 3.20. Fix a prime p and n 2 N. For every � 2 �p , .C �.Z2; ��2n/; LDp;n/ is
a Leibniz quantum compact metric space.

3.5. Spectral triples on noncommutative solenoids produced as limits of spectral
triples on noncommutative tori

We now use the set-up of the previous section to build a countable inductive system of
spectral triples for rotation algebras, in the sense of Floricel and Ghorbanpour (see Def-
inition 2.4), which will satisfy the hypotheses of Theorems 2.6 and 2.7. Fix a prime p.
Given � 2 �p , recall the construction of ¹C �.Z2; ��2n/ºn2N , where the multiplier �� on
ZŒ 1

p
� � ZŒ 1

p
� is chosen to construct the noncommutative solenoid A�

�
.

Again, throughout this subsection, denote ZŒ 1
p
� � ZŒ 1

p
� by � . For each n 2 N, denote

the subgroup 1
pn

Z� 1
pn

Z of � by �n. Since �n embeds into �nC1 via inclusion maps and
.�� /n is the restriction of �� from � to �n, there exist, for every j; k 2 N, j 6 k, unital
�-monomorphisms

ǰ;k W C
�
�
�j ; .�� /j

�
! C �

�
�k ; .�� /k

�
:

Let �j;k W C �.Z2; ��2j /! C �.Z2; ��2k / be the map given by the �-monomorphism

�j;k D �
�1
k ı ǰ;k ı �j
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and let
Ij;k W Hj ! Hk

be the isometry given by the inclusion map, where, as in previous sections, �j is the �-iso-
morphism betweenC �.Z2;��2j/ andC �.�j ; .��/j/, and we use the notation Hj D`2.�j/,
j 2 N. Since CC .Z2; �2j / is equal to ��1j .CC .�j ; .�� /j // and ǰ;k.CC .�j ; .�� /j // �

CC .�k ; .�� /k/,
�j;k

�
CC .Z

2; ��2j /
�
� CC .Z

2; ��2k /:

Moreover, for every f 2 C �.Z2; ��2j /,

Ij;k ı ��2j .f / D ��2k .�j;k.f // ı Ij;k :

By definition, L†p;n agrees with L†p restricted to �n for each n 2 N, so that our choice of
Ij;k yields Ij;k.dom.DL†p;j

// � dom.DL†
p;k
/. In particular,

Ij;kDp;j D Dp;kIj;k :

Note that by construction, �k;l�j;k D �j;l and Ik;lIj;k D Ij;l for all j; k; l 2N; j 6 k 6 l .
Therefore, ®�

C �.Z2; ��2j /;Hj
�
; .�j;k ; Ij;k/ j̄2N

with associated smooth subalgebras
®
CC .Z

2; ��2j / j̄2N

is a countable inductive system of spectral triples (see Definitions 2.3, 2.4, and 2.5).
We now are in a position to deduce that the spectral triples for noncommutative sole-

noids constructed in Theorem 3.9 can each be obtained as the inductive realization of a
countable inductive system of finite-dimensional spectral triples. For the inductive system
of Hilbert spaces, take ¹.Hj D `2.�j /; Ij;k/ºj2N . Then

`2.�/ D lim
�!
j2J

Hj :

By the way that the morphisms �j;k are defined, the inductive limit of the inductive system
of C �-algebras ®�

C �.Z2; ��2j /; �j;k
�
j̄2N

is �-isomorphic to that of ¹.C �.�j ; .�� /j /; ǰ;k/ºj2N . The inductive limit of the second
inductive system is C �.�;�� /DA�

�
, with associated smooth subalgebra CC .�;�� /. Con-

sequently,
lim
�!
j2N

C �.Z2; ��2j /

is also �-isomorphic to A�
�

with associated smooth subalgebra CC .�; �� /. We denote this
�-isomorphism by

� W lim
�!
j2N

C �.Z2; ��2j /! A�
� :
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We calculate that at the level of representations on lim
�!j2N

C �.Z2; ��2j /,

�� D ��� ı � D lim
�!
j2J

���2j
ı �j D lim

�!
j2J

��2j :

Thus we obtain a representation of

lim
�!
j2N

C �.Z2; ��2j / Š A�
�

that is an inductive limit of the family of representations ¹��2j ºj2N associated with the
family of spectral triples ¹.C �.Z2; ��2j /; Hj ; Dp;j /ºj2N . By its very definition, the �-
isomorphism � W lim

�!j2N
C �.Z2; ��2j /! A�

�
intertwines the C �-algebra representation

pairs .lim
�!j2N

C �.Z2; ��2j /; �� / and .C �.�; �� /; ��� /. For each fixed j 2 N, set Ij W
Hj ! H D `2.�/ equal to

lim
�!
k2J

Ij;k

and �j W C �.Z2; ��2j /! A�
�

equal to

lim
�!
k2J

ǰ;k ı �j :

The combination of these choices yields �� as the unique representation of

lim
�!
j2N

C �.Z2; ��2j /

on `2.�/ such that for every f 2 C �.Z2; �2j /,

��
�
�j .f /

�
ı Ij D Ij ı ��2j .f /:

To see that
Dp D lim

�!
j2J

Dp;j ;

observe that Dp agrees with Dp;j on `2.�j /. Hence .A�
�
; `2.�/;Dp/ is the inductive

realization of our inductive system of spectral triples for rotation algebras.
Since noncommutative solenoids are inductive limit C �-algebras, our spectral triples

for noncommutative solenoids can be viewed as “inductive limit spectral triples” on induc-
tive limit C �-algebras. Because all of the test cases examined by Floricel and Ghorban-
pour involve countable inductive systems of finite-dimensional spectral triples whose
inductive realizations are spectral triples for AF -algebras, our spectral triples supply
important new examples where Floricel and Ghorbanpour’s results can be applied. In
particular, our spectral triples for noncommutative solenoids, when viewed as inductive
realizations of countable inductive systems of spectral triples for rotation algebras, satisfy
the requirements for spectral triple structure given in [14, Theorems 3.1 and 3.2], as we
show in the following theorem.
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Theorem 3.21. Fix a prime p. Let � DZŒ 1
p
��ZŒ 1

p
� and for each n 2N, set �nD 1

pn
Z�

1
pn

Z. For every � 2 �p , the triple .A�
�
; `2.�/;Dp/ with associated smooth subalgebra

CC .�; �� / can be written as the inductive realization of®�
C �.Z2; ��2j /; `

2.�j /;Dp;j
�
; .�j;k ; Ij;k/ j̄2N

;

with smooth subalgebras
®
CC .Z

2; ��2j / j̄2N
:

Furthermore, the above inductive system of spectral triples satisfies the hypotheses of
Floricel and Ghorbanpour’s theorems (Theorems 2.6 and 2.7), so that the inductive real-
ization .A�

�
; `2.�/;Dp/ of the inductive system is itself a spectral triple, with associated

smooth subalgebra CC .�; �� /.

Proof. To show that Dp , as the inductive limit of the family of operators ¹Dp;j ºj2N ,
has compact resolvent, fix t 2 R n ¹0º. By [14, Theorem 3.1], it suffices to show that
the sequence of operators ¹Ij .Dp;j � i t/�1I �j ºj2N converges in norm to .Dp � i t/

�1.
Choose a " > 0. Then there exists R > 0 such that for z 2 R, z > R implies that
jz � i t j�1 < ". Given such an R, define BL†p

.R/ as in part (1) of Definition 3.2, where we
recall that L†p was defined in Corollary 3.17. As in the proof of Theorem 3.9, the fact that
L†p is proper implies that BL†p

.R/ is a finite set. Let ¹kº16k6m be an enumeration of the
elements in this set. For each 16 k 6m, find nk 2N and ak 2Z such that k D

ak
pnk

with
gcd.ak ; p/ D 1. Set N D max¹n1; : : : ; nmº and define BL†p

.R/ to be the ball of radius R
in the length metric in � as in part (1) of Definition 3.2. Note that

BL†p
.R/ � �N :

For each 1 6 k 6 m, now let Pk denote the orthogonal projection taking `2.�N / onto
the one-dimensional subspace spanned by ık . Then INPkI �N describes the orthogonal
projection taking `2.�/ onto the one-dimensional subspace spanned by ık viewed as
an element of `2.�/. Since each ık is an eigenvector of .Dp � i t/

�1 with eigenvalue
.L†p .k/ � i t/

�1, j > N implies, by the triangle inequality, that.Dp � i t/
�1
� Ij .Dp;j � i t/

�1I �j


B.`2.�//

6
.Dp � i t/

�1
� IN

� X
k2BL†p

.R/

�
L†p .k/ � i t

��1
Pk

�
I �N


B.`2.�//

C

IN� X
k2BL†p

.R/

�
L†p .k/ � i t

��1
Pk

�
I �N � Ij .Dp;j � i t/

�1I �j


B.`2.�//

D

.Dp � i t/
�1
�

X
k2BL†p

.R/

�
L†p .k/ � i t

��1
INPkI

�
N


B.`2.�//

C

Ij�IN;j� X
k2BL†p

.R/

�
L†p .k/ � i t

��1
Pk

�
I �N;j � .Dp;j � i t/

�1
�
I �j


B.`2.�//
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D

.Dp � i t/
�1
�

X
k2BL†p

.R/

�
L†p .k/ � i t

��1
INPkI

�
N


B.`2.�//

C

 X
k2BL†p

.R/

�
L†p .k/ � i t

��1
IN;jPkI

�
N;j � .Dp;j � i t/

�1


B.`2.�//

D sup
®ˇ̌

L†p ./ � i t
ˇ̌�1
W  … BL†p

.R/
¯
C sup

®ˇ̌
L†p ./ � i t

ˇ̌�1
W  … BL†p

.R/
¯

< 2";

where the bound on the second term of the last equality holds because each ık is also
an eigenvector of Dp;j with eigenvalue .L†p ./ � i t/

�1 if j > N . As the choice of "
was arbitrary, the sequence ¹Ij .Dp;j � i t/�1I �j ºj2N converges uniformly to .Dp � i t/

�1.
Hence the inductive realization of ¹.C �.Z2; ��2j /; `

2.�j /;Dp;j /; .�j;k ; Ij;k/ºj2N satisfies
condition (ST1) in Definition 2.1 for a Dirac operator.

To see that Dp , as the inductive limit of the family of operators ¹Dp;j ºj2N , satis-
fies the remaining denseness condition given in (ST2) of Definition 2.1, fix J 2 N and a
choice of g 2 CC .Z2; �2J /. By Theorem 2.7, it suffices to show that the family of com-
mutators ¹ŒDp;k ; ��2k .�J;k.g//�ºk>J is uniformly bounded. The key norm inequality for
commutators in equation (3.1) shows that, for all g 2 CC .Z2; �2J /,�Dp;k ; ��2k ��J;k.g/��B.Hk/

D
�Dp;k ; ���2k ı �k��J;k.g/��kB.Hk/

6
X
2�k

L†p;k./
ˇ̌
�k
�
�J;k.g/

�
./
ˇ̌
:

Since L†
p;k

agrees with L†p;J on �J � �k for each k > J , and since both agree with the
restriction of L†p to the respective subgroups, we obtain�Dp;k ; ��2k ��J;k.g/��B.Hk/

6
X
2�

L†p ./
ˇ̌
�J .g/./

ˇ̌
; 8k > J

which, in combination with the observation that g 2 CC .Z2; �2J / implies that

�J .g/ 2 CC
�
�J ; .�� /J

�
� CC .�; �� /;

proves the desired uniform boundedness condition.

Remark 3.22. If we had tried to take inductive limits of Dirac operators arising from the
standard length function on Z2 and �j D 1

pj
Z2 as described in Example 2.2, we would

not have obtained this result, because some of the standard lengths of non-zero elements
in �j go to 0 as j ! C1. This would have caused major problems if we tried to verify
condition (ST1). Fortunately, our adjusted lengths on �j are bounded from below by 1 on
non-zero elements.
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4. A dense subalgebra of twisted Abelian group C �-algebras with
spectral invariance

We will now examine dense subdomains associated to our spectral triples which arise
from our Dirac operators in greater detail. Notable properties to be discussed include
identification, for fixed prime p and � 2 �p , of a dense �-subalgebra of A�

�
having the

property of spectral invariance in the sense of Schweitzer [37], on which LDp
is finite.

For similar �-subalgebras in the � -twisted rapid decay case, see Chatterji’s appendix to
[30], and see also [13] for some related results. The existence of such a �-subalgebra was
conjectured in a question posed by Long and Wu at the conclusion of [27]. The existence
of this additional condition onLDp

was also described as “useful” by Christ and Rieffel in
the discussion after [8, Proposition 1.6]. To obtain such results, our efforts will rely heavily
on methods from both noncommutative geometry and noncommutative harmonic analysis.

Our length function on the discrete abelian group � D ZŒ 1
p
� � ZŒ 1

p
� will be used to

define a Fréchet �-algebra that is a dense �-subalgebra having the property of spectral
invariance in the twisted group C �-algebra C �.�; �� /. Indeed, some of our results will
apply to twisted group C �-algebras associated to arbitrary countable discrete nilpotent
groups. As discussed by Christ and Rieffel in [8], subalgebras equipped with these prop-
erties also capture the K-theory of the C �-algebra. With this aim in mind, we recall the
following definition.

Definition 4.1 (Cf. [18, Definition 2.1]). Let � be a countable discrete group and � a
multiplier on � . Given a length function L on � , set H 1;1

L .�; �/ equal to the space of
complex-valued functions f on � such that for each s > 0, the function f .1CL/s belongs
to `1.�; �/. For f 2 H 1;1

L .�; �/ and s > 0, define the norm

k � k1;s;L W H
1;1
L .�; �/! Œ0;1/

by
kf k1;s;L D

X
2�

ˇ̌
f ./

ˇ̌�
1C L./

�s
:

Remark 4.2. Notice that if we set, for fixed q 2 N and for � 2 `1.�; �/,

�q;� .�/ D sup
N2N

®
N q

.1 � �N /�`1.�;�/¯;
then the same proof as in [18, Lemma 2.2] shows that � 2 H 1;1

L .�; �/ if and only if
�q;� .�/ <1, 8q 2 N.

Remark 4.3. Our definition is a modification of that given in [18], which is specified for
discrete group C �-algebras rather than twisted discrete group C �-algebras. Although the
multiplier � does not play a role in the definition of the norm k � k1;s;L, each such norm
for s > 0 will be shown in the proof of Proposition 4.7 to exhibit submultiplicativity with
respect to the convolution product twisted by � .
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Remark 4.4. A Fréchet algebra which arises from a twisted group C �-algebra and whose
topology can be induced by a collection of seminorms which are each submultiplicative
with respect to the twisted convolution product will be called a twisted Fréchet algebra.
The collection of seminorms used in our definition of H 1;1

L .�; �/ happens to also be a
collection of norms.

We will demonstrate that H 1;1
L .�; �/ � C �.�; �/ is stable under the holomorphic

functional calculus (see Theorem 4.12). We first introduce the notion of a spectral invariant
subalgebra, as introduced by Schweitzer in [37].

Definition 4.5 ([37]). Let A be a unital �-subalgebra of a unital Banach algebra B . We
say that A is a spectral invariant (SI) �-subalgebra of B if the invertible elements of A are
precisely those elements in A that are invertible in B . Note that A is SI in B if and only if
for every a 2 A, the spectrum of a in A is the same as the spectrum of a in B .

Remark 4.6. As a consequence of Schweitzer’s work [37, Lemma 1.2], a unital Fréchet
�-subalgebra A of a unital C �-algebra B is SI if and only if it is stable under the holomor-
phic functional calculus, that is, if a function f is holomorphic in a neighborhood of the
spectrum of a 2 A, the element f .a/ of B lies in A. This is important particularly when
consideringK-theoretic invariants of B , because under these hypotheses, theK-theory of
A will be the same as the K-theory of B .

Working in the more general setting of countable nilpotent groups, we will first apply
ideas developed by Jolissaint in [18], as well as techniques used by Ji in [17], to show
that H 1;1

L .�; �/ is a twisted Fréchet �-subalgebra that is dense and spectral invariant in
`1.�; �/. To deduce that `1.�; �/ is SI in C �.�; �/, we will rely on results obtained by
Austad in [5] building on the work of Gröchenig and Leinert in [15], Ludwig in [29], and
Hulanicki in [16]. We will then be able to equip our spectral triples for noncommutative
solenoids with H 1;1

L†p
.�; �� /,

� D Z

�
1

p

�
� Z

�
1

p

�
;

as a choice of dense smooth subalgebra (see Corollary 4.14).

4.1. Spectral invariance of dense twisted Fréchet �-subalgebras of `1.�; � /

For twisted group C �-algebras, the multiplier plays a role in adjoint and convolution prod-
uct computations. Since multipliers on groups take complex values of unit modulus, the
twisted Fréchet �-subalgebra H 1;1

L .�; �/ � `1.�; �/ can be shown to exhibit additional
structure with respect to these operations. For generalities on Fréchet algebras in our con-
text, see e.g. [17].

Proposition 4.7. Let � be a countable discrete group and � a multiplier on � . Suppose
that L is a length function on � . ThenH 1;1

L .�;�/ is a (twisted) �-subalgebra of `1.�;�/.
Furthermore,H 1;1

L .�; �/ is also a twisted Fréchet �-algebra with respect to the topology
defined by the increasing sequence of norms ¹k � k1;s;Lºs>0.
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Proof. To show that H 1;1
L .�; �/ is invariant under the �-operation in `1.�; �/, suppose

that f is in H 1;1
L .�; �/. Then

kf �k1;s;L D
X
2�

ˇ̌
f .�1/�.; �1/

ˇ̌�
1C L./

�s
D

X
2�

ˇ̌
f ./

ˇ̌�
1C L./

�s
D kf k1;s;L:

Since the choice of f was arbitrary, H 1;1
L .�; �/ � `1.�; �/ is a �-subalgebra.

To determine bounds on the behavior of H 1;1
L .�; �/ under the � -twisted convolution

product in `1.�; �/, a bound on the length function will first be obtained. For every ; � 2
� , the fact that L is a length function on � yields, by taking  D ���1 ,

1C L./ 6 1C L.�/C L.��1/

6 1C L.�/C L.��1/C L.�/L.��1/

D
�
1C L.�/

��
1C L.��1/

�
: (4.1)

Thus, for every f; f 0 2 H 1;1
L .�; �/, we have by equation (4.1).f �� f 0/1;s;L DX
2�

ˇ̌
.f �� f

0/./
ˇ̌�
1C L./

�s
6
X
2�

X
�2�

ˇ̌
f .�/f 0.��1/�.�; ��1/

ˇ̌�
1C L./

�s
6
X
2�

X
�2�

ˇ̌
f .�/f 0.��1/

ˇ̌�
1C L.�/

�s�
1C L.��1/

�s
D

X
�2�

ˇ̌
f .�/

ˇ̌�
1C L.�/

�sX
2�

ˇ̌
f 0.��1/

ˇ̌�
1C L.��1/

�s
D kf k1;s;Lkf

0
k1;s;L <1:

Thus, for each s > 0, k � k1;s;L has been shown to be submultiplicative with respect to the
twisted convolution product. Hence H 1;1

L .�; �/ is also a twisted Fréchet �-subalgebra of
`1.�; �/.

Because CC .�; �/ � H
1;1
L .�/, H 1;1

L .�/ is dense in `1.�; �/. We now begin to lay
the groundwork towards extending a result of Jolissaint in [18] to these twisted Fréchet
�-subalgebras.

Proposition 4.8. Let � be a countable discrete group and � a multiplier on � . Suppose
that L is a length function on � . Then the twisted Fréchet �-subalgebra H 1;1

L .�; �/ is SI
and dense in `1.�; �/.

Proof. In this proof, we follow the proof of Jolissaint’s Proposition 2.3 [18]. To check
Definition 4.5, we first consider the case in which H 1;1

L .�; �/ 3 h D .1 � f /, with
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kf k`1.�;�/ <
1
2

. Hence h is first of all invertible in `1.�;�/, with inverse h�1D
P1
nD0 f

n,
where exponentiation signifies repeated application of the twisted convolution product.
We will show below that h�1 2 H 1;1

L .�; �/, as needed for spectral invariance. Hence
our goal is to obtain a bound on �q;� .

P1
nD1 f

n/, which will imply that
P1
nD0 f

n 2

H
1;1
L .�; �/; see Remark 4.2.

Given N 2 N, define BL.N / as in part (1) of Definition 3.2. Let �N denote the char-
acteristic function supported on BL.N /. Fix q 2 N. (Note that we changed Jolissaint’s
notation from �N to �N for the characteristic function ofBL.N /.) Now fixN 2N; N > 1.
For N 3 n 6

p
N , we have

.1��N /f
n
D .1 � �N /

��
.1 � �p

N
/f
�
�� f

n�1
�

C .1 � �N /
�
.�p

N
f / ��

�
.1 � �p

N
/f
�
�� f

n�2
�
C � � �

C .1 � �N /
�
.�p

N
f /k ��

�
.1 � �p

N
/f
�
�� f

n�k�1
�
C � � �

C .1��N /
�
.�p

N
f /n�1 ��

�
.1��p

N
/f
��
C.1��N /.�pNf /

n: (4.2)

This equality can be confirmed using the associative structure ofH 1;1
L .�; �/ in combina-

tion with a telescoping/cancellation argument involving the expansion of f n.
Now note that the last term is zero because .1 � �N / is supported outside the ball

of radius N . Consequently, we only have the first n terms left. Using these n terms, the
triangle inequality, and the submultiplicativity of the norm, we obtain, for n > 1,.1 � �N /f n`1.�;�/ 6

n�.1 � �p
N
/f
�
`1.�;�/

:

We also remark that if kf k WD kf k`1.�;�/ < 1=2, then, for P 2 N,

1X
nDP

kf kn < kf kP
1

1 � 1=2
D 2kf kP <

2kf k

2P�1
D
4kf k

2P
: (4.3)

Therefore, equations (4.2)–(4.3) imply that, if we denote by “Œ
p
N�” the “greatest integer

less than or equal to
p
N ”,.1 � �N / 1X
nD1

f n

`1.�;�/

6
Œ
p
N�X

nD1

.1 � �N /f n`1.�;�/ C 1X
nDŒ
p
N�C1

.1 � �N /f n`1.�;�/
6
Œ
p
N�X

nD1

n
�.1 � �p

N
/f
�
`1.�;�/

C

1X
nDŒ
p
N�C1

kf kn

6 Œ
p
N�2

.1 � �p
N
/f

`1.�;�/

C
4kf k

2Œ
p
N�C1

6 Œ
p
N�2

.1 � �p
N
/f

`1.�;�/

C
4kf k

2
p
N
: (4.4)
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So equation (4.4) becomes.1 � �N / 1X
nD1

f n

`1.�;�/

6 Œ
p
N�2

.1 � �p
N
/f

`1.�;�/

C
4kf k`1.�;�/

2
p
N

:

Then, multiplying both sides of the above inequality by Œ
p
N�2q , for q 2 N, we obtain

Œ
p
N�2q

.1 � �N / 1X
nD1

f n

`1.�;�/

6 Œ
p
N�2qC2

.1 � �p
N
/f
C ŒpN�2q 4kf k`1.�;�/

2
p
N

6 Œ
p
N�2qC2

.1 � �
Œ
p
N�
/f

`1.�;�/

CN q 4kf k

2
p
N
:

Now recall that f 2 H 1;1
L .�; �/ implies that �2qC2;� .f / is finite, and that, 8N 2 N,

Œ
p
N�2qC2

.1 � �
Œ
p
N�
/f

`1.�;�/

6 �2qC2;� .f / <1:

Also limN!1
N q

2
p
N
D 0, so that the set of nonnegative numbers ¹N q 4kf k

2
p
N
º1ND1 is bounded

above. Thus

�q

 
1X
nD1

f n

!
<1; 8q 2 N;

so that
P1
nD1 f

n is an element of H 1;1
L .�; �/. Therefore,

P1
nD0 f

n D 1C
P1
nD1 f

n is
an element of H 1;1

L .�; �/ as well. Hence h D .1 � f / is invertible in H 1;1
L .�; �/ when

k1 � hk`1.�;�/ <
1
2

.
We now consider the case of arbitraryh2H1;1

L .�;�/, where h is invertible in the larger
Banach �-algebra `1.�; �/, but a priori it is unknown whether or not h�1 2 H 1;1

L .�; �/.
Recall that 1`1.�;�/ D 1H1;1

L .�;�/
D 1 � ı0� , and 1

H
1;1
L .�;�/

D h �� h
�1. SinceH 1;1

L .�;�/

is dense in `1.�; �/, an adaptation of arguments used by Ji in the proof of [17, Theo-
rem 1.2] yields that if we take h0 2 H 1;1

L .�; �/ such that kh�1 � h0k`1.�;�/ <
1

2�khk`1.�;�/
,

then 1 � .h �� h0/`1.�;�/ D .h �� h�1/ � .h �� h0/`1.�;�/
6 khk`1.h�� / � kh

�1
� h0k`1.�;�/

<
1

2
:

We now note that .h �� h0/ and 1 � .h �� h0/ are both elements of H 1;1
L .�; �/. By

our proof given above, .h �� h0/ is invertible in H 1;1
L .�; �/, with .h �� h0/�1 being

an element of H 1;1
L .�; �/. Because H 1;1

L .�; �/ is an associative algebra, the element
h�1 D h0 �� .h �� h

0/�1 is an element of H 1;1
L .�; �/, as well as being an element of

`1.�; �/.
It follows that, if h 2 H 1;1

L .�; �/ is invertible in `1.�; �/, then it is also invertible in
H
1;1
L .�; �/. Therefore, H 1;1

L .�; �/ is a subalgebra that is SI in `1.�; �/.
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4.2. A noncommutative Wiener lemma for twisted discrete nilpotent group
C �-algebras

Because of the equivalence between spectral invariance and being closed under the holo-
morphic functional calculus for unital subalgebras of twisted convolution algebras, a state-
ment about the spectral invariance of `1.�; �/ � C �.�; �/ can be viewed as a noncom-
mutative Wiener lemma. Many such results [5, 15, 29] rely on showing that the spectrum
of positive elements in the unital subalgebra is positive. We will demonstrate that `1.�; �/
belongs to a class of algebras which exhibit this property.

Definition 4.9 (E.g. Ludwig [29]). A Banach �-algebra A is called symmetric if for all
a 2 A, specA.a

�a/ � Œ0;1/.

As noted by Gröchenig and Leinert in their work on noncommutative Wiener lemmas
[15], locally compact nilpotent groups have symmetric L1–algebras. They also cite and
build upon the following result due to Ludwig.

Theorem 4.10 ([15, 29]). If G is a locally compact nilpotent group, then L1.G/ is sym-
metric. Consequently, specL1.G/.f / D specB.L2.G//.�.f // for f D f � 2 L1.G/, and �
the regular representation of L1.G/ as bounded operators on L2.G/.

Our twisted discrete group C �-algebras are in fact quotients of nilpotent group C �-
algebras, as follows. Let � be a countable discrete nilpotent group and � a multiplier on
� . Set H� D � � T . Equip H� with multiplication by defining

.; z/ �� .
0; z0/ D

�
 C  0; zz0 �.;  0/

�
:

Given the product topology, H� becomes a locally compact second countable group.
Moreover, H� is nilpotent. For non-trivial � and abelian groups �; H� is also in fact
a two-step nilpotent group. The Haar measure dm on H� can be described explicitly byZ

H�

F.; z/ dm D
X
2�

Z
T
F.; z/ dz:

As in the more specific setting of � D Zd � Zd considered by Gröchenig and Leinert in
[15], we define convolution �� of integrable functions on H� with respect to this measure.
We also follow their terminology in describing H� as a Heisenberg-type group. These
groups are also called Mackey groups in [5], where they use the notation �� for them. By
constructing a unitary group representation of H� on `2.�/, it is not hard to see that the
twisted group C �-algebra C �.�; �/ is a quotient of the group C �-algebra C �.H� /. Note
that nilpotent groups are amenable, so that the reduced and full group C �-algebras of H�

are the same. In [5], Austad extended Gröchenig and Leinert’s arguments to identify con-
ditions for spectral invariance in the more general context of twisted locally compact group
C �-algebras. In both [5,15], a condition on the spectrum of self-adjoint elements inL1.G/
for G locally compact with polynomial growth, first obtained by Hulanicki in [16] and
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generalized by Barnes in [7] (see [16, the theorem on p. 137] and [7, Theorem 4]), played
an important role in obtaining these results. We will now apply Austad’s result, together
with Ludwig’s theorem, to deduce that there is a noncommutative Wiener lemma for
twisted discrete nilpotent group C �-algebras.

Lemma 4.11 (Cf. [5, Theorem 3.1]). Let � be a countable discrete nilpotent group and
� a multiplier on � . Restrict the left-� regular representation �� W C �.�; �/! B.`2.�//

to `1.�; �/ and let �� also denote this restriction. If f 2 `1.�; �/, then

spec`1.�;�/.f / D specB.`2.�//
�
�� .f /

�
: (4.5)

In particular, f is invertible in the Banach �-algebra `1.�; �/ if and only if �� .f / is
invertible in B.`2.�//.

Proof. Second countable locally compact nilpotent groups are also amenable locally com-
pact groups. For a twisted group algebra arising as a quotient of a nilpotent (thus amenable)
locally compact group and admitting a faithful �-representation, Austad’s proof of [5, The-
orem 3.1 (i)] gives that the maximal C �-norm is the unique C �-norm. In fact, this unique
C �-norm in the case of `1.�; �/ is completely determined by using k � kB.L2.H� ;m// and
decomposing the left regular representation of C �.H� / (see [5, Lemmas 3.4 and 3.5]).
Since H� is nilpotent, Ludwig’s theorem (Theorem 4.10) implies that L1.H� ; m/ is also
symmetric. This shows that the hypotheses of [5, Theorem 3.1] are satisfied, and that
[5, Theorem 3.1 (ii)] gives equation (4.5).

The noncommutative Wiener lemma above allows us to equip a twisted discrete nilpo-
tent group C �-algebra with a smooth �-subalgebra that is spectral invariant, so has the
same K-theory as the original C �-algebra. We have thus achieved the promised general-
ization of Jolissaint’s proposition [18] to twisted discrete nilpotent group C �-algebras.

Theorem 4.12 (Cf. [18, Proposition 2.3]). Let � be a countable discrete nilpotent group
and � a multiplier on � . Suppose that L is a length function on � . Then the twisted
Fréchet �-subalgebra H 1;1

L .�; �/ is dense and has the property of spectral invariance in
C �.�; �/. Therefore, H 1;1

L .�; �/ is stable in C �.�; �/ under the holomorphic functional
calculus.

Proof. Proposition 4.8 and Lemma 4.11 together give that f is invertible in H 1;1
L .�; �/

if and only if �� .f / is invertible in B.`2.�//. Hence H 1;1
L .�; �/ has the property of

spectral invariance in C �.�; �/; i.e., f is invertible in H 1;1
L .�; �/ if and only if f is

invertible in C �.�; �/. Since H 1;1
L .�; �/ contains CC .�; �/, it follows that H 1;1

L .�; �/

is dense in C �.�; �/. By Proposition 4.7, H 1;1
L .�; �/ is a twisted Fréchet �-subalgebra

of C �.�; �/ (see Remark 4.4). Consequently, by Remark 4.6, H 1;1
L .�; �/ is stable in

C �.�; �/ under the holomorphic functional calculus.

Remark 4.13. In contrast to our spectral triple constructions for noncommutative sole-
noids, where we needed additional properties on the length functions to ensure that we had
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Leibniz quantum compact metric spaces, our dense smooth subalgebras do not require the
length function to have bounded doubling to obtain spectral invariance for H 1;1

L .�; �/ in
C �.�; �/. However, our results do rely on the requirement that the group � be countable,
discrete, and nilpotent.

We now use the above results to modify our spectral triples for noncommutative sole-
noids by choosing the dense smooth subalgebras we just constructed. Fix a prime p and a
choice of � 2�p . Let � D ZŒ 1

p
� � ZŒ 1

p
�. In Section 3, we showed that .A�

�
; `2.�/;Dp/

with representation ��� is a spectral triple for the noncommutative solenoid A�
�

. Recall
that for every  2 � ,

LDp
.ı / D

�Dp; ��� .ı /
�

B.`2.�//
D L†p ./:

Thus for every f 2 H 1;1

L†p
.�; �/,

LDp
.f / D

�Dp; ��� .f /
�

B.`2.�//

D

hDp;
X
2�

f ./ ��� .ı /
i

B.`2.�//

D

X
2�

f ./
�
Dp; ��� .ı /

�
B.`2.�//

6
X
2�

ˇ̌
f ./

ˇ̌�Dp; ��� .ı /
�

B.`2.�//

D

X
2�

ˇ̌
f ./

ˇ̌
L†p ./

6
X
2�

ˇ̌
f ./

ˇ̌�
1C L†p ./

�
D kf k1;1;L†p <1:

Induction can then be used to verify that for k 2 N, �Dp;
�
Dp; : : : ;

�
Dp; ��� .f /

�
; : : :

��„ ƒ‚ …
k


B.`2.�//

6 kf k1;k;L†p <1:

Taking the point of view that the iterated commutants above can be seen as a noncom-
mutative form of higher-order differentiation, the above calculations validate our choice
of H 1;1

L†p
.�; �/ as a smooth subalgebra in C �.�; �/. With the selection of H 1;1

L†p
.�; �/ as

dense smooth subalgebra, our spectral triples for noncommutative solenoids can support
further study of these inductive limit C �-algebras as noncommutative manifolds. We now
are able to adjust the results of Theorem 3.9 using a dense subalgebra that has the property
of spectral invariance.

Corollary 4.14. Fix a prime p. Let � DZŒ 1
p
��ZŒ 1

p
�. For every � 2�p , .A�

�
; `2.�/;Dp/

with representation ��� is a spectral triple for the noncommutative solenoid

C �.�; �� / D A�
� ;
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with associated smooth subalgebra H 1;1

L†p
.�; �� /. Furthermore, the twisted Fréchet �-

subalgebra H 1;1

L†p
.�; �� / is a proper dense subalgebra of C �.�; �� / D A�

�
that is stable

under the holomorphic functional calculus.

Proof. Theorem 4.12 gives thatH 1;1

L†p
.�; �� / is a dense twisted Fréchet �-subalgebra that

is stable in C �.�; �� / under the holomorphic functional calculus. Since�
Dp; ��� .f /

�
2 B

�
`2.�/

�
for every f 2 H 1;1

L†p
.�; �� /;

H
1;1

L†p
.�; �� / is also a proper dense subalgebra of C �.�; �� / D A�

�
.

We also revisit and enhance the countable inductive system of finite-dimensional spec-
tral triples considered in Theorem 3.21. For each j 2 N, .C �.Z2; ��2j /; `

2.�j /;Dp;j / is
a spectral triple for the twisted discrete abelian group C �-algebra C �.Z2; ��2j / coming
from the length function L†p;j . Theorem 4.12 gives that

H
1;1

L†p;j

�
�j ; .�� /j

�
is a proper dense twisted Fréchet �-subalgebra that is stable in C �.�j ; .�� /j / under the
holomorphic functional calculus. Recall that the representation ��j is defined using a �-
isomorphism �j which takes C �.Z2; ��2j / to C �.�j ; .�� /j /. Our inductive system of
C �-algebras ®�

C �
�
�j ; .�� /j

�
; ǰ;k

�
j̄2N

therefore supports the inductive system of twisted Fréchet �-algebras®�
H
1;1

L†p;j

�
�j ; .�� /j

�
; ǰ;k

�
j̄2N

:

Furthermore, each H 1;1

L†p;j
.�j ; .�� /j / is �-isomorphic to a proper dense subalgebra of the

corresponding C �-algebra in our inductive system of rotation algebras®�
C �.Z2; ��2j /; �j;k

�
j̄2N

:

In particular, each ��1j .H
1;1

L†p;j
.�j ; .�� /j // can be explicitly identified with the twisted

Fréchet �-algebra
H
1;1

L†p;j ı�j
.Z2; ��2j /;

and thus is stable under the holomorphic functional calculus in C �.Z2; ��2j /. Hence our
inductive system of twisted Fréchet �-algebras encodes the respective K-theories of our
inductive system of rotation algebras. ThusH 1;1

L†p
.�; �� / can be expressed as the inductive

limit of our inductive system of twisted Fréchet �-algebras®
H
1;1

L†p;j ı�j
.Z2; ��2j / j̄2N

:

Since noncommutative solenoids can be identified with inductive limits of rotation alge-
bras, we hope that equipping our inductive system of spectral triples for rotation algebras
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with the corresponding inductive system of twisted Fréchet �-algebras as the underlying
smooth subalgebras in the limiting case will enrich the development, study, and under-
standing of the noncommutative geometry of noncommutative solenoids.
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