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Improved estimates for the sharp interface limit
of the stochastic Cahn—Hilliard equation
with space-time white noise

L ubomir Banas and Jean Daniel Mukam

Abstract. We study the sharp interface limit of the stochastic Cahn—Hilliard equation with cubic
double-well potential and additive space-time white noise W, where & > 0 is an interfacial width
parameter. We prove that, for a sufficiently large scaling constant o > 0, the stochastic Cahn—Hilliard
equation converges to the deterministic Mullins—Sekerka/Hele-Shaw problem for ¢ — 0. The con-
vergence is shown in suitable fractional Sobolev norms as well as in the L?-norm for p € (2, 4]
in spatial dimension d = 2, 3. This generalizes the existing result for the space-time white noise
to dimension d = 3 and improves the existing results for smooth noise, which were so far limited
to p € (2, 25:28
tic problem with space-time white noise, we identify minimal regularity requirements on the noise
which allow convergence to the sharp interface limit in the H!-norm and also provide improved
convergence estimates for the sharp interface limit of the deterministic problem.

] in spatial dimension d = 2, 3. As a byproduct of the analysis of the stochas-

1. Introduction

We consider the stochastic Cahn—Hilliard equation with additive space-time white noise

1
du® = A(—SAM*’ + -f(u8))dt +7dW() in Dr = (0,T) x D,
&

d:u® = 3:Au® =0 on (0,7) x 9D, )
u®(0) =ug indD,

where 0 > 0, T > 0 are fixed constants and ¢ > 0 is a (small) interfacial width parameter.
For simplicity we take O = (0, 1)¢ to be the unit cube in R?, d = 2, 3, with 7i the outer
unit normal to 9 and W the space-time white noise. The nonlinearity f in (1) ensures
that asymptotically the solutions {#®}.~¢ of (1) remain within the physically meaningful
range —1 < u® < 1. One of the most widely used choices is f(u) = F'(u) = u> — u,

where F(u) = %(u2 — 1)? is a double-well potential with minima at +1.
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Formally, equation (1) can be equivalently written in the mixed form

du® = Aw®dt +&°dW() in Dr,

1 . 2
w® = —sAubdt + - f(u®) in Dr,
3

where w? is the so-called chemical potential. For sufficiently smooth noise and data the
chemical potential w® has sufficient regularity so that the formulation in (2) can be made
rigorous (cf. [2]).

The Cahn—Hilliard equation is a prototype model for mass-conservative phase separ-
ation and coarsening phenomena in binary alloys [7, 8]. The solution u® of (1) is an order
parameter which approaches %1 in the regions occupied by the pure phases. The pure
phases are separated by a thin layer where |u®| < 1, the so-called diffuse interface, with
thickness proportional to the (small) interfacial width parameter €. It has been observed
in [12] that the simulation results obtained with the stochastic Cahn—Hilliard equation
with the space-time white noise are in better agreement with physical experiments than
those obtained by deterministic simulations.

In the deterministic setting (i.e., when W = 0 in (1)) the Cahn-Hilliard equation
reads as

duyy = Awy,  in Dr,
. 1 _ 3)
wp = —eAup + ;f(”f)) in Dr.
The sharp interface limit of the deterministic Cahn—Hilliard equation has been analyzed
in [1], where it was shown that, for ¢ — 0, the function wf, tends to a function v, which
together with the free boundary I'; := limg—.o I'; (where I'; := {x € D : uf(t,x) =0},
t € (0, T)) satisfies the Mullins—Sekerka/Hele-Shaw problem

Av=0 inD\TIy,
dzv=0 onddD,

v=AH onTYy, @)

1
V=—(d v+—8ﬁrv_) on Iy,

P
Iy = T'o0.

where H is the mean curvature of I';, 'V is the normal velocity of the interface, it is the
unit normal vector to Iy, and v, v~ are respectively the restriction of v on @,‘" , D; (the
exterior and interior of I'; in D).

In the stochastic setting with trace class noise, it is shown in [4] that, for suitable scal-
ing of the noise, the sharp interface limit of the Cahn—Hilliard equation is the deterministic
Hele-Shaw model given by (4) (cf. [3] for the case of multiplicative noise). The work [2]
studies convergence of the numerical approximation of the stochastic Cahn—Hilliard equa-
tion with smooth noise to the sharp interface limit and also obtains the first result on
uniform pointwise convergence to the deterministic Hele-Shaw problem in (4). The sharp
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interface limit in (4) of the Cahn-Hilliard equation with singular space-time white noise
has been studied in [6]. We note that all aforementioned results (also including the present
work) rely on the spectral estimate for the deterministic problem (cf. [1]), the use of which
requires appropriate scaling of the noise with respect to the interfacial width parameter ¢.
We also mention the recent work [5], which employs a (discrete) stochastic counterpart
of the principal eigenvalue problem to derive a posteriori error estimates for the numer-
ical approximation of the stochastic Cahn—Hilliard equation and [13], where a stochastic
Hele-Shaw problem is obtained as the sharp interface limit of the stochastic Cahn—Hilliard
equation with (unscaled) smooth-in-time noise.

Throughout this paper we assume that for a given smooth closed hypersurface
I'gp C D, the Hele-Shaw problem in (4) admits a smooth solution (v, {I't };¢[o,77)- Under
this assumption, it is possible to construct an approximation (u5, wy) of (3) that satisfies

drus = Aw;  in Dr,

1 )
wy = —eAuj + gf(u,ﬁ) +ry in Dr,

with the same boundary conditions as in (1) (cf. [1, (4.30)]). Furthermore, for any K > 0

and
d? 4+ 6d + 10

4d +16
the following estimates hold (cf. [1, Theorems 2.1 and 4.12] and [1, (4.30)]):

k> (d+2)

IrEllccor < CeX72, wE —vllcwoy) < Ce, (6a)
2d + 8
lup — ui“LP(O,T;Lp) < Ce*  for pE (2, 7 _:_2 ] (6b)

where the constant C > 0 is independent of ¢.

For d = 2, the best possible space in (6b) is L3(0, T;1L3) and for d = 3, the best
space in (6b) is L% 0, T; ]LL54). This convergence result is suboptimal in the case of the
double-well potential where u®, ué € L*(0, T; L*).

In the stochastic setting with trace-class noise one has the following error estimates
(cf. [4, Theorem 3.10]):

P({lu® —ufllrore < Ce’}) = 1-Cié, (7
P({lu® — w5l oo r:m1) < CEEOV}) 2 1= G, ®)
P({”us - ”f\”]zﬂ(o,T;Hl) = CSh(O’Y)}) >1- Clsl, )

for suitable y > 0, [ > 0, where uj, is the (deterministic) solution of (5) and p is as in (6b).

Hence, as in the deterministic setting, the best spaces in which the convergence for the

stochastic Cahn—Hilliard equation takes place ind = 2 and d = 3 are L3(0, T;L3) and
14 1 .

L5(0,T;1L5), respectively.
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The sharp interface limit of the two-dimensional stochastic Cahn—Hilliard equation
driven by singular space-time white noise was recently analyzed in [6] where error estim-
ates (7) (with p = 3) and (8) were obtained. Due to regularity restrictions, an analogue of
error estimate (9) is not available in the case of space-time white noise.

In the previous works on the sharp interface limits of the deterministic and the stochas-
tic Cahn-Hilliard equation [1, 4], the following inequality (see [I1, Lemma 2.2]) was
employed to estimate the nonlinearity:

—/ 8_1N(ui,v)v < C8_1||v||]€,,, p € (2,3], (10)
D

where N (u,v) := f(u + v) — f(u) — f'(u)v. The above estimate is combined with
dimension-dependent interpolation inequalities which yield suboptimal dimension-depen-
dent estimates for the double-well nonlinearity. In the stochastic case with the space-
time white noise, an analogous approach restricts the analysis to spatial dimension d = 2
(cf. [6]).

The (probabilistically) strong variational solution of the stochastic Cahn-Hilliard
equation enjoys the following regularity:

(i) wue L*Q:C([0,T],.L*) N L*(Q; L?(0, T; H'))
for sufficiently regular trace class noise (see [9, Proposition 2.2]) and
(i) ue LY C(0.7).L4) N LA(Q: L0, T: H2~57%))

for arbitrary ¥ > O for space-time white noise (see Theorem 3.1 below). In the present

work, instead of employing general formula (10), we estimate the double-well nonlinearity

by an explicit calculation and use a new interpolation inequality (Lemma 4.5 below). This

approach yields error estimates which are optimal with respect to the aforementioned

regularity of the solution of the (stochastic) Cahn—Hilliard equation and also allows us to

generalize the analysis to the case of the space-time white noise in dimension d = 3.
The main contributions of the present paper are the following:

(i)  We prove (6) for p € (2, 4] for any d = 2, 3; see Theorem 6.1. This improves
[1, Theorem 2.1] for the double-well potential.

(ii)) We prove (7) and (8) for stochastic Cahn—Hilliard equation driven by space-
time white noise in dimension d = 2,3 with p € (2, 4]; see Theorem 4.1.

(i) We derive an analogue of error estimate (9) (see Theorem 4.1) in fractional
Sobolev spaces
Y
P({||u® — ut|? <Ce3™)) > 1—Cs 68" — Cy 6?T¥,
(e =2, eges S CET) 21 Gy .

for any 9,8 > 0 and «, n > 0. We observe that for d = 2, this leads to an error

. . . . 1
estimate almost in H! and for d = 3, this leads to an error almost in H2. Note
that it is not clear whether an error estimate in L2(0, T; Hl) is achievable in the
low regularity setting of space-time white noise.
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(iv)  We identify minimal regularity properties of the noise required for the H'! con-
vergence given in (9) to hold; see Section 5. The condition is weaker than the
one required in [4, Assumption 3.1].

We adopt the approach of [6, 9], which is based on introducing the stochastic convo-
lution in (14) and studying the translated solution Y? := u® — uf — Z°. We derive an a
priori estimate for the translated solution Y® in Lemma 4.1. In order to obtain estimates
that are robust with respect to the interfacial width parameter ¢ (i.e., to avoid the use of
Gronwall’s lemma), we employ the lower bound of the principal eigenvalue of the linear-
ized (deterministic) Cahn—Hilliard equation (cf. [1, Theorem 3.1]). In order to overcome
the barrier p < 2;;“28 we make use of a new interpolation inequality (see Lemma 4.5). To
deal with the low regularity of the space-time white noise, we benefit from the smoothing
properties of the semigroup generated by the bi-Laplacian A2. Consequently, we obtain
an estimate for convolution (14) in fractional Sobolev spaces in Lemma 3.2, which allows
us to derive error estimate (40) below.

The paper is organized as follows: we introduce the notation and preliminary results in

Section 2. Some useful regularity properties of the variational solution of (1) are presented
in Section 3. The sharp interface limit of the stochastic Cahn—Hilliard equation is analyzed
in Section 4. The corresponding results for more regular noise are summarized in Section 5
and the deterministic problem is analyzed in Section 6.

2. Notations and preliminaries

By L? := L? (D) we denote the standard Lebesgue space of p-th order integrable func-
tions on 9. The IL? inner product is denoted by (-, -) and the associated norm by || - ||. For
g € L2, we denote by m(g) the average of g, given by m(g) := ﬁ fi) g(x)dx. We also
write L2 := {g € L?: m(g) = 0}. For s € R, we denote the standard Sobolev space on D
by H® := H*(D).

The Neumann Laplace operator —A with domain D(—A) = {u € H?: g—; =0ondD}
is self-adjoint and positive and has compact resolvent. We consider an orthonormal basis
of L2 consisting of eigenvectors {e; } jena Of the Neumann Laplacian, with corresponding
eigenvalues (A;) such that 0 = 19 <Ay <Ay <.--<A; <--- = +o00. Note that for
k=(ky, -+ ,kg) € N4, \x satisfies Ay ~ |k|?, where |k|? = /\% + -4 )té and it holds
that

DAY < too iff oe<—%. (11)
jeNd

For s € R and u € IL2, we define the fractional Laplacian (—A)* as

(=A)Su = Z Ajuje; foru = Z uje;, (12)

jeNd jeNd
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where the domain of (—A)? is given by
D((=A)?2) := {u = Z uje; - Z Ajujz < oo}.
jeNd jeNd
We introduce the seminorm and semiscalar product
vl = [(=2)30v]l and  (u,v)s = (—2)%u. (=8)3v), u,v € D((=D)?)
as well as the norm
lolls = (vl +m*@)2, v e D(=A)?).

For s € [0, 2], the norm || - ||5 is equivalent to the usual norm on H* and D((—A)?) is a
closed subspace of H* (see, e.g., [9, Section 2.1]).
The term W in (1) is the space-time white noise, which is formally represented as

W)=Y Bit)e(x), (13)
jeNd

where the 8; are independent and identically distributed standard Brownian motions on a
filtered probability space (2, F, {F;};, P) (cf. [9]). Note that the space-time white noise
enjoys the zero-mean property, that is, it holds that m(W) = 0.

We make use of the following spectral estimate of the deterministic problem (cf. [1,
Proposition 3.1]):

Proposition 2.1. Let u§ be the approximation in (5). Then, for all w € H' with |, o wdx
= 0, the following holds:

1
[ (e1vul + < radu?) = ~Colwl-.
D

where Cy > 0 is a constant independent of w and ¢.

3. Existence and regularity of the solution

In this section we summarize existence and regularity properties of the solution of the
stochastic Cahn—Hilliard equation in (1) with space-time white noise.
We introduce the stochastic convolution

t t
ZE(t) 1= &° / e g W(s) = e Y / e HEe0 qBi(s), t€[0,T]. (14)
0 0

ieNd

The following two lemmas will be useful in the rest of this paper:
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Lemma 3.1. For any p € [1, 00), there exists a constant C = C(p) > 0 such that

_1
E[ sup | Z°()|E,] < C(p)e—2)P.

t€l0,T]
Proof. Taking the expectation of both sides of (14) yields
! p
E[ sup [Z°()If,] = &7 / E[ sup [ > / M ap; (s)ei ()] Jax
t€l0,T] D t€[0,T] ieNd 0

Using the Burkholder-Davis—Gundy (BDG) inequality [10, Theorem 4.36] and the uni-
form boundedness of (e;);en, We obtain

D
2

T
E[ sup I Z°@)If,] = C(p)e” [{O (Z /0 (e M T=9%)ds ) *dx

t€l0,T]
<ce [ (3 [ evraoat

ieNd
= C(P)S(o_%)p/ (Z 2) dx < C(p)e@2)?,
DN A
ieNd !
where in the last step we used the fact that ZieNd Ai_z <oo,sinced =2,3;see(11). m

Lemma 3.2. Forany 9 > 0, p > 2, there is a constant C > 0 such that

E[ sup [I(-A)'"%75Z°(1)||?] < Ce@ P,
t€[0,T]

Proof. From (14) and (12), it follows that

ayttzem =0 3 / AR a6, e a5)

ieNd

Taking the L2-norm in (15), raising to power p, using the embedding L? < L2
(p = 2), taking the supremum and the expectation, and using the BDG inequality [10, Pro-
position 4.36], it follows that

_d_1v _d_1v
E[ sup [[(=A)'"472Z°(0)|”]< CE[ sup [[(—A)'"372Z°0)|If,]
te[0,T] t€l0,T]

_d_2
=ceor [ B[ sup / AR A (s)ei ()| ax
D

tefo, T]

p
2

SCs‘”’/ Zf AZ_“ﬂ 2HT- S>8ds) dx
< Cs“’—%”’/ (X4 ”)7dx < Ce@ P,

ieNd

_d_yp
where in the last step we used the fact that ) ;e A; > < 005 see (11). [
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Theorem 3.1. Let u§, € H™'. Then, there exists a unique strong variational solution u®
of (1) such that

ut e L2(Q;C([0, T]; H™Y) N L2(2: L2(0, T: H2~272)) 0 L4(Q: L4(0, T L4)),

Furthermore, for any p > 2, it holds that

P _d_» 1 2
R [ R e e L
€
< C(e_% + o—3p + 8(20—%)17), (16)
where ¥ > 0 is any arbitrary small number.

Proof. The proof of the existence and the uniqueness, as well as the proof of the fact
that u® belongs to L2(2; C([0, T]; H™!)), can be found in [9, Theorem 2.1]. To prove
that 4 belongs to L*(Q2; L*(0, T;L#)) and to L2(2; L2(0,T’; H2-5-Y), we set #1° (1) :=
u®(t) — Z*(t). Then, u®(¢) satisfies the following random PDE:

%Ae(f) = —eAPR°(1) + éAf (@°(0) + Z°(1), 1€ (0.7,
u?(0) = ug.

Testing the above equation with (—A)~1#%(¢) yields

SN O + VA O + (@O + Z°0).2() =0,

Using the fact that (f(v),v) > Z|v|{s — C, v € L4, it follows that

1d . ~ .
S a* @O + el Vas @) + 2.0 + AIGIA

c 1
< — + (@@ + Z°0). Z20)l. {17

Noting that | f(x)| < 2|x|> + C, using Holder’s and Young’s inequalities and the embed-
ding L* < L!, we deduce that

|(f@° (1) + Z5(1)). Z°(1))|
< ~E 3 3 ) &
_2/i)|u O+ Z25))°|1Z (t)|dx+C1/$|Z (t)|dx

= 2([@ [t () + Zs(t)l“dx)?‘(/@ IZs(t)|4dx)% +Cy /@ |1 Z(1)|dx

IA

l ot £ 4 & 4 3
4/i)|u (1) + Z5(t)| dx+C/i)|Z (0)|*dx + C, /@lZ (1)|dx

IA

LA
O + 25Ol + CIZ*OlLs + C. (18)
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Substituting (18) into (17) and absorbing %Hﬁs ®H+Z ‘s(t)||]i4 into the left-hand side
yields

1d . N L. c ¢C
EEIIM'S(I)H%IA + el Vat(o)|* + Lo+ Zo0)ga < - 7T zIIZS(I)II?‘LA» (19)
Integrating (19) over [0, ¢] and taking the supremum over [0, T'] yields

T T
N . 1 N
sup 25| + € /0 IVas(s)[2ds + - /0 12°s) + Z5(s) |2 odis

t€[0,T] 4e
. c c [T
<18 O3+ + T [ 1250l s @0)
0
Taking the expectation on both sides of (20) and using Lemma 3.1 yields
T 1 T
B swp (@ 013] e [ EIVAOIds + - [ Bl + 250l lds
1€[0,T] 0 de Jo

crt ¢ (T
<l + -+ © [ ENZ' O sCas e v e e
0

The proof of the fact that u® € L*(Q2; L*(0, T;IL#)) then follows from (21) by using the
triangle inequality and Lemma 3.1.

Using the fact that (—A) ™ is bounded in IL2 for o > 0, the equivalence of norms || - |
and the usual norm of H* for s > 0 (see Section 2), and Poincaré’s inequality, it follows
that

d_?v 1_d_9

_ AN s anl_d_® 1
[ =572 0) [ < [(=A)2 7472 | g (—A)2 ()|
< Cl(=A) @) < C|[Vas)l, (22)
where we used that % — % — % < 0(sinced = 2,3 and ¢ > 0).

The proof of the fact that u® € L?(Q; L?(0, T Hz_%_’?)) follows from (21) and (22)
by using the triangle inequality and Lemma 3.2.

To prove (16), we start from (20). Omitting the terms involving the norms ||V - ||
and || - ||+ on the left-hand side, raising the resulting inequality to power £, taking the
expectation on both sides, and using Holder’s inequality, the embedding L.” < L5, s <r,
and Lemma 3.1 yields

p
2

SIS}

~ _» C T
B8 o ] = W6l + Ce8 o+ SE( [ 1Z°0Eads)
& 0

_r c (T
< g +Cs 8+ & / EN1Z8(s) |2 ds
£2 0

_r c (T
< bl +Ce5 4 S / E||Z(5)|2%, ds
£2 0

= ”uf)”]Iz.ﬂ—l + Cé‘_g —+ Cg(za_%)P_
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Repeating the argument above (i.e., dropping appropriate terms on the left-hand side
, and using Holder’s inequality, (22),

in (20), raising the resulting inequality to power
and Lemma 3.1), we arrive at
| 2 N
e—glE[llus + Z°I S oy T e2(—n)! 0072 0.7.02))
< ||u0||%1,1 +Ce 7 4 Ce@Dp,
.1 and 3.2 completes the proof
|

Summing the two preceding estimates, using Lemmas 3

of (16).
4. Sharp interface limit of the stochastic problem

Recall that the solution uj of (5) is constructed in [1]. We set R® := u® — uj. From (1)
and (5), it follows that R satisfies the stochastic PDE (SPDE)
1
dR® = —eA*Redt + ~A(f(ul + R®) — f(ul))dt — Arfdt +°dW in Dr,
&
85R8 = aﬁARS =0 ondDd
R°(0)=0 indD.

in i)T,

Z?. Note that (14) implies that d Z® = —eA%2Z® + £°d W . Hence, we
(23)

deduce that Y ? satisfies P-almost surely the following random PDE
— fwp) — Arg

Weset Y ¢ := R?
d € € 1 & € &
EY =—eAY + -A(f(uy, +Y* + Z°)
0;Y® =0;AY* =0 ondD
Y¥(0)=0 in®D.
In the next lemma we derive an estimate for the solution of RPDE (23)

Lemma 4.1. The following estimate holds P-almost surely for the solution of (23)
t t
YO+t [ 19 ds + g [ I tads
C ! & 3 C ! 2
< —f 1Y) 3 ds + —/ 1Z5 @)1 ds + —/ 1Z%(s)%ds
€ Jo L3 & Jo

0
t 8 C
¢ / 1ZE)1 yds + / 125(s) |14 ods
L3 £ 0

t 3
+ Ce? / Irs ()| Zpyds  fort €[0.7]
0
Proof. We fix @ € Q and consider Y¢ = Y?#(w). Testing (23) with (—A)~'Y? yields
— Y el + el VY@ + - (f(MA +Y 4+ Z%) = fup).Y*) = (rz. Y*) = 0. (24)

1d
2dt
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Recall that f(s) = s3 — s. A straightforward computation yields
f@) — f(b) =(a—b)f'(a) + (a—b)>-3(a—b)a, a.beR. (25)
Using (25), we obtain
(flug+ Y+ Z°) = flug + Z°).Y°)
=—(flupg+ Z°) = flug + Y° + Z°).Y")
= (f'ui + Z)YEYE) + 1Y *liga +3((Y ) ug + Z°)
= (fTRYEY®) + ((f (i + Z°) = f/(up) Y5, YF)
F Y lgs + 3% ug + Z°).
Using the preceding identity, we rewrite
(fug+ Y+ Z°) — fup). Y°)
=(fup+ Y+ Z°%) = flug + Z°).Y°) + (f(up + Z°) — f(up). Y°)
= (f')Y e Y) + ((f (g + Z°) = fup)Y . YE) + VeI
+3((Y) ug + Z°) + (flug + Z°) = f(up), Y°).

Substituting the identity above into (24) leads to

1d 1
3SR Ol + VYOI + (@Y Yo + Y

A

< I+ 20 = FEEYE Y+ §|(<Y8>3, s+ 2|
I+ 29— @), YO+ 15, 7)
= I+10+0+1V. (26)

Noting f’(a) — f'(b) = 3(a — b)(a + b), using the uniform boundedness of u§ (cf. (6))
and Holder’s and Young’s inequalities yields

1 C
F= LI+ 29 = vyl = © [ 1zelreds
D
+ ¢ / (Z5)2(Y*)?dx

C
||Y6||L4IIZ"3||+ IIY IE41Z°lEs < —— T6e IIY Igs + —IIZ"’"||2+;||ZSII?L4.

Using the uniform boundedness of u{, inequalities (6), and Holder’s and Young’s inequal-
ities leads to
3 C 3
11 = 2|+ Z9)] = —1V¥[12 + ZH(r)*. 29)

Covis  3ioes Coows 1 s Coo
L R D T P R b o R D P Pl

A
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Using (25), (6), and Holder’s and Young’s inequalities yields
1
HT = Z|(fGup + Z°) = f (). YO
1 1 3
=< [izensrapnr ;[ zepver s 2 [ zepuive
& Jo ¢ Jo € Jo
C 1 3 C 5
= —IYP Rl Z0M g+ S IY el 200 + IV P llee 120
1 C 4 C 8 C
<_Ys4 Z1ZE|3 — 1 ZE|3 _Zs4_
< T IV IEe+ 20250, + 21200 + <120 I
Using the embedding .3 < L! and Young’s inequality, it follows that
1V = (2. YO = Irdllec 1Y Ol = Clirglle@ 1Y (@)l
1 3 C
=Ce2 il o) + ;”Ys(t)”is-
Substituting the above estimates of 1, 11, IIl, and IV into (26) leads to

1d 1 13
SV By + eI VY @2 + (@Y. Y + VI

2dt
C C 4 C Cc 8 C
< —IYolgs + —1Z°01 % s + —NIZ°012 + = 12800 5 + —I1Z°)IIs
e € L3 ¢ € L3 &
1 3
+ Ce?2 ”r/f”é(g)y (27
Using Proposition 2.1, we deduce from (27) that
1d 13 C 4 8
__Y82_ _Y84 < = Y63 ALK ZEZ VALK ZE4
e L R L R (b R P RS A R A PR PATE
l ;
+Ce2 118l py + CollY g1 (28)

By noting that f”(x) = 3x2 — 1, it follows from (27) that

1d 13
_ YE 2_ VYé‘t 2 - Y8 4
SV E e + I VYOI + Yl

3

1 C C 4 C C 8

< —IYeIP 4+ =IYelEs + = 1Z°0° s + = 12802 + =1 Z°) 0

& & & L3 & & L
C 1 3

+ 1200 + Ce2 Il oy (29)

Multiplying (29) by &3 and (28) by 1 — &3, summing up the resulting inequalities yields
1

d 13
_ YS 2_ 4 VYst 2 - YS 4
SV E B + VY O + T 1Y

3

C C 4 C C ]
<NV + =Y olgs + —1Z802, + — 128032 + —I1Z°)°
& & L3 & & L

C 1 3
+ —1Z0ILs + Ce2lrilié ) + Coll Y ¥l (30)
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Using the interpolation inequality ||v]|? < ||v|g-1]|Vv]|, v € H! and Young’s inequality,
we estimate

4
&
E1Y°)? < 1Yo lm VYl < S 1Y llF + ?||VYS||2. (3D

5
2
Substituting (31) into (30) yields
1d gt 13
__Y627 _vyat 2 _Y84
S IV e I + SIVY O + 1Yl

C C 4 C C 8 C
<_Ys3 +_z€3 _|__Z€2 +_z€3 +_ZE4
L A A e P e Pl KN PAT

1 3
+ Ce2 ||rA8||é(i)) + C”Ys”]lz.]l—l-

Integrating the preceding inequality on [0, ¢] and noting that Y ¢(0) = 0 leads to
t 13 t
YR+t [ 19+ g [ v itds
C ! £ 3 ' 3 % ! 3 2 ! & %
< ([ e ads+ [ 1251} ydst [ 125 Bads+ [ 1261} yds)
€ Mo 0 L3 0 0 L3

+< NZE ) ads + G / NYE ) IGads + Cet / N1 s
The result follows after an application of Gronwall’s lemma. ]
We introduce the space Q25 5, . C €2 such that
Qipe = {0 €Q |1 Z°]ceop) = Cre” P72, (32)

witho™* ;=0 — i. We also introduce the space 5219,,(,6 C 2 such that

Qﬁ,x,g = {a) eQ : sup ||(—A)1_%_%Zs(t)||2 < C182y—19—/<—1}.
t€[0,T]
Lemma 4.2. For any C1,8 > 0, n > 0, there exists a constant Cs ,, = C(0,1,Cy) > 0
such that P[Qs o] > 1 — Cs b+

Proof. The proof is given in [6, Lemma 4.6] for d = 2 but a close inspection reveals that
it is also valid for d = 3. (]

Lemma 4.3. For any C1,V > 0, k > 0, there exists a constant Cy, = C(P,k,Cy) > 0
such that P[Qp o] > 1 — Cg,,ceﬁ+".

Proof. Using Markov’s inequality and Lemma 3.2, it holds that

_d_»
- E[sup,cpo,ry [(=A)' 572 Z5(1)|1?]

~ ¥+
P[QC ] = Clgzo_ﬂ_K_l = Cﬂ,xg “.

Yk,

The statement follows after noting that P° [S~219,K,8] =1- ]P’[Qf,,lc’s]. |
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We introduce the following stopping time:
t

T,=T /\inf{l >0 f 1Y2(s)|2 ,ds > sy}, (33)
0

for some y > 0, which will be specified later.
In the next lemma we derive an estimate of ¥'® up to the stopping time 7 on Qs ;.

Lemma 4.4. The following estimate holds for the solution of (23) for w € Q5
andt < Tg:

t ]3 t
sup [1Y5(s) s + &* /0 IVY©Ids + o /0 1Y) ds

s€l0,¢]
< C(Sy—l + 8%(0*—28—27;)—1 + 82(0*—28—211)—1 + 8%(0*—28—277)—1)

where C is a positive constant independent of ¢ and T,.

Proof. From Lemma 4.1, using (6) and the embedding C(D) — L9, g > 1, as well as
recalling the definitions of T¢ (see (33)) and 25 , . (see (32)), yields forany t < T

t 13 t
sup V4200 + & /0 IVYe@)IPds + o /O 1Y) ods

s€[0,¢]

A

C ! Cc ! 4 Cc [t
<< [ 1Y) 2ads + < / 1ZEI ds + / 1Z25(5)|2.ds
& Jo & Jo L3 & Jo
C ! 8 C [t
+—/ ||Z€(s)||3§ds+—f 1Z5(5) |2 udis
£ 0 L3 & 0

! 3
+Cs2/0 72 (I &y s

C(Sy—l +8§(o*—28—2n)—1 +82(o*—25—2n)—1 +8§(o*—28—2n)—1)

IA

3K-5

+C(84(g*—28—2n)—1+8 5 ) -

In order to show that T = T on Q5 , ., we make use of the following interpolation
inequality:

Lemmad4.5. Forall2<r <3andC >0, there exists a positive constant C g, independent
of &, such that for every v € H' N }Lg and o € R, it holds that

i3 a4 C"7 aGryy . -
Clvllis = &¥lvlifa +C:Dm€ ol vl -

Proof. We recall Young’s inequality to be

-1 bi
4 afIqu+—, a,b>0, gqg>1.
q q

ab <
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For 2 < r < 3, applying the preceding estimate with ¢ = 4 — r leads to

_ o a _ B 64—r
CloP = Ceo= (o] e i o] #7 < e fol* 4 el
—r

Integrating the above estimate over O leads to

~4—r

—— Gy, (34)
-

3 4
Cllvlgs < &*llvllgs + .

Let us recall the following interpolation inequality (see [11, Proposition 6.10]):

A= P”_q

r’ ’ / ’
uel”, p<q <r, p .
qgr'—p

el < iyl

]Lr/ ’

Using the preceding interpolation inequality with p’ = 2, ¢’ = r, and r’ = 4 yields
lvlig, < vl  IvlIFe™ < Collvlf2 Ivlig 35)

where in the last step we used the embedding H! < IL#. Using the interpolation inequality

1
vl < vl g1 ||Vv||%,it follows from (35) that
. 4r 3r—4
vl < Collvllg vllg

Substituting the preceding inequality into (34) completes the proof of the lemma. |

Below, we let r in Lemma 4.5 be such that2 < r < %. Then, it holds that % < 3’4_4 <1.

Theorem 4.1. Let uf be the solution of (5) with large enough K and let u® be the solution
of (1) with initial value u§(0) = u®(0) = u§ € H™'. For sufficiently small ¢ > 0, § > 0,
a>0,n>0andany2 <r < %, o,y > 0 that satisfy

(7 —2a)r + 6a —8
r—2

3 1
, 0>-y+-—+25+2n,

>
Y FRARE

there exist positive constants C and Cs ,, independent of € such that the following hold.:

P ({{luf = uf)1? oo rip1-1) < C&7'}) = 1= Cs %77, (36)
P({lw® = wilF o2y < Ce5™1Y) = 1= Cs e, (37)
P({llu® — ufllLacoy) < Ce3}) = 1= Cs e, (38)

P({llu® — ufllLscoy) < Ce¥}) = 1= Cs et . (39)

Moreover, for any 9 € (0,2 — %] and k > 0, there exists a constant Cy , > 0 independent
of € such that

P ({llu® —ugl?

gy S Ce5™)) > 1 = Cs,,"1 — Cy e, (40)
L2(0,T;H )
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Remark 4.1. Since o can be arbitrarily small, the smallest possible value for y in space
dimension d = 2,3 is y > 16. Since § and 7 can be arbitrarily small, the smallest choice

for the noise scaling parameter is o > 4749.

Remark 4.2. Theorem 4.1 remains true in the case of trace class noise. It improves [4,
Theorem 3.10] in the case f(u) = u® —u and d = 3, since the obtained error estimates are
in L (D7), p € (2,4], that is, with p exceeding the barrier p < 2dd++28 prescribed in [4].
Note that, for sufficiently regular trace class noise, it is possible to derive an analogue
of (40) in the H'-norm (cf. [4]). So far an analogous estimate for the stochastic Cahn—
Hilliard equation with the space-time white noise was missing (cf. [6] for the case d = 2).
Estimate (40) depends on the spatial dimension: for d = 2, it holds up to H!-norm, while
for d = 3, it holds up to H? (excluding the respective borderline cases). This underlines
the low regularity of the space-time white noise. Assuming slightly better regularity of
the noise (which is still lower than in [4, Assumption 3.1]), we achieve an estimate in H!
even in dimension d = 3; see Section 5 below.

Proof. Fora,b € R,leta A b := min{a, b}. We set
4 * * 8 *
yii= @ —1)A (5(0 —25—27))—1)/\(2(0 25 —2p) — 1) A (5(0 —25)—1)
A" =28 —2n) —1)

=@(—-DA (g(a* —28—2n) — 1).

Recall that 6* = 0 — %. Since § and 7 can be arbitrarily small, 0* > 2§ + 2.

We aim to show that Ty(w) = T for w € Qs .. We proceed by contradiction and
assume that Ty < T on s, .. We consider K large enough so that y; < # Using
Lemma 4.5 with o > 0, Holder’s inequality and Lemma 4.4 yields for all t < T

t t t 4—r 3r—4
/ 174()[2ads < & / 1Y4(s) 4 ods + Cera / eI Y @) T ds
0 0 0

4—r [1 3r—4

< CeM T L Ce 7 (sup [|YE(s)]|3) / 1Y ()i ds

s€[0,¢] 0

4 t 3r—4
< C8y1+l+ot + Cgra—Bag(T’)yl (/ ||Y8(S)||H2{1ds) 4

0

< C8y1+l+a + CEra—Bag(‘ﬂ%’)yl r94—_’;r8(3’4_4)y1
= Cgntlite o Ceanit@=3)r+4-30 1)

The right-hand side of the above inequality is bounded by &” for sufficiently small ¢ if
yi+1+a>yand Sy + (@ —3)r +4—3a > y.
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For —(a — 26 —21n) > y (.e., for sufﬁc1ently large o > 4)/ + 7 T+ 28 + 27), we
have y; = y — 1 and the requirement 5y, + (¢ — 3)r + 4 — 3a > y is equivalent to
y > %. Consequently, f(; ||Y“’(s)||]i3ds <eg¥forallt < T, and w € Qs ,
which contradicts the definition of 7. Hence, it holds that T, = T on Qg5 p, ..

Recalling R® = Y® + Z*® and noting that T, = T on Q5 5 ., we deduce from Lem-

mas 4.2 and 4.4 by the embedding C(D) < H~! that on Qs , ¢, it holds that

sup [RE()IF1 <2 sup [Y*(OlF1 +2C sup | Z°(0)IZ o)
t€[0,T] t€[0,T] t€l0,T]

< Ce?' + Ce20 4041 < Cer=1 | Cg207 4641 < Cor 1
fory > (7_2‘xr)r+a_8 and o > 4)/ + 7 L4284 25 (recall 6* =0 — l) Hence, it follows
that Qs , C{w € Q: ||R6||Loo(0 rH-Y) S Ce?~1}. Consequently, Lemma 4.2 yields that

P({I R o gty < C6771)) = P(Rs,00) = 1 = CePH,

This proves (36), since R® = u® —u;.
Recalling that R® = Y* 4 Z?, it follows from (41) and Lemma 4.2 that on Q5 , . we
have
R lz3¢0,7513) =< Ces 4+ Ce® 2521 < Cg5 (42)

forany y > 3 ) ando > £ + 26 +2n + . This implies that for such o and y, we have
Qg5 € {a) e Q:||R? ||L3(0 T:13) < Css} Consequently, from Lemma 4.2, we deduce

P({IR®llL30.7:13) < CS%}) > P(Qspe) > 1 —Ce¥T,

which yields (38).
From Lemmas 4.4 and 4.2, we deduce for y >
+ 2n that on Q5 5 . it holds that

(7—20zr):—;—6a—8 and o > %)/ + % + 28
i+l
||R ||L4(OTIL4) < CS 3 +Cg° —28=2n < C€4 + Ce° *=28-2n < Cg%
This implies Qs 5. € {w € Q: [|R®|La0,7:L4) =< Ce%}. Hence, using Lemma 4.2 yields
P({|R®llLso.rnty < Ce¥)) = P(Rs,50) = 1 — CeSH,

This completes the proof of (39).
Using the embedding L' < H™2, (25), the uniform boundedness of u¢ (cf. (6)),
and (42), we obtain on 5 , . that

Ifup) — f@ro,rm—=2) < Cllf(up) — f@) 10,51
= C”R8”L3(O,T;]L3) + C”REH%,"’(O,T;]I_ﬁ) + ”REH;}(O,T;LB)
< Ce3. (43)
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Recalling that Y = R® — Z¢, and using the embeddings C(D) < L? and L3 — L2,
estimate (42) and Lemma 4.2 yield on Q5 ,, .
IAY?® + ZL1o,7:m-2) < CIY Nl w2y + 1 Z°%ccor
= ClIR o1 + 128l ceor)
= ClIR 3,13y + 128l cor)
< Ce5 4+ Cs7 7272 < Co5, (44)

Recalling that w® — wy = —eAu® —u3) + %(f(ue) — f(uz))and R® =u® —up, =Y*
+ Z? and using (44), (43), and the fact that 0 < ¢ < 1, it follows that on Q5 , . we have

lws = wllz1(0,7;m-2) < Ces 4+ Ces™! < Ce5—1.

Therefore, Q5.,,. € {w € Q : |lw; —w®||L10,7;H-2) < Ceg_l}. Using Lemma 4.2 then
yields

Y_
P({”wﬁ - w's”Ll(O,T;]HI*Z) <Ceg3 1}) = P(Qé,n,s) >1- Cﬁ,n88+n-

This completes the proof of (37).
Since for any 9 > 0, 1 — % — % < %, it follows from Lemmas 4.3 and 4.4 that
Re 2 < YE 2 4 ZE 2
| ”L2(0,T;H2‘%"’) =1 ”LZ(O,T;]HIZ_%_”) | ”LZ(O,T;HZ‘%—%

g2 g2
=< ”Y ||L2(0,T;]I-]I1) + ”Z ||L2(0 T'Hz_%_ﬁ)

_ 9 _ Y_ o _ Y_
SCEVI 4+C820+4 1§C83 4+C€2U+4 1§C83 4

on Qs peN §~219,K,8. This implies

O . €2 L4
Q50N Qe C {a) €eQ:|R ”LZ(O,T;]I-]IZ’%")) <Ces3 }
Using Lemmas 4.2 and 4.3 and the identity Q5 , o = (25,56 N 5219,,(,8) U (25,9, N .§~2f9 ce)
implies
g2 Y4 P~
P({”R ||L2(0,T;]HI27%”7) <Cegs3 }) > P(QS,H,S N QI?,K,S) 3
= P(Qﬁ,n,s) - P(QS,TI,S n Qg,lc,s)
= P(Q.q.0) — P(Q)
> 1— CS,?}88+" _ Cﬂ,KSﬁ—HC,
which yields (40). The proof of Theorem 4.1 is therefore complete. ]

The corollary below provides an estimate of the difference between the solutions of
the stochastic and the deterministic Cahn—Hilliard equation and implies convergence to
the solution of the deterministic problem fore — 0if§ + 7> land ¥ + « > 1.
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Corollary 4.1. Let the assumptions of Theorem 4.1 be fulfilled. Then, it holds that

1
£ £ 12 & e 14 49,,€ £ 12
E| I ~uh oy + I ~ublifaors + e I —upl?, oy ]

S+n—1 Dti—1

<Ce’ 1 4 Csne 2 +Cyye 2

Proof. From [1, Theorem 2.1] or [1, Theorem 4.1 and Remark 4.6], u§ € C2(Dr)N IL%
and

luf —up “12400(0,7’;11{—1) + V(i — ”5))”12(01;1112) < Ce*™. (45)
Testing (3) with (—A)_lu‘?D, along the same lines as in the proof of (16), yields
1 _
””ED”ioo(o,T;H—l) + g||”8D||]‘t4(0,T;L4) + 8||Vu8D||22(0’T;]L2) <Ce¢ L (46)

From [1, Theorem 2.3], we have [|[u{ — uf|c1(o,) < Ce. Using the triangle inequal-
ity, (46), and Theorem 6.1 below, it follows that

1 _
g(uf\) = ”ui”ioo(o,T;H—l) + E”uf\”}t“(O,T;]L“) + 84”Vui||22(0,T;]L2) f C&‘ 1~ (47)
Next, we consider the subspace Q, cQ given by
O . B £ 2 1 & e 4
Q4 :{a) €Q: fluf - “A”Loo(o,T;H—l) + g”” - uA||L4(07T;]L4)
_d_?Y —
+ 84||(_A)1 42 (us - ui)”iZ(o’T;LZ) = Ce” l}~
By Theorem 4.1, it holds P[Q¢] < Cs ,e8 " 4 Cg,.? 1. We set
. 3 g2 1 3 g4
Erry = [u® — MA”LOO(O,T;Hfl) + E”” - MA“L4(0,T;L4)
_d_3
+ 84”(_A)1 42 (u(9 - uf\)”iZ(O,T;]LZ)-

Using the Cauchy—Schwarz inequality, the triangle inequality, E4(u%) < C & (u%)? (by the
embedding H! — Hz_%_’y), (16) (with p = 4), and (47), it holds that

E[Erra] = / g ErrydP(w) —i—/ llﬁﬁ-ErrAdIP’(w)
Q Q
< Ce’ 1 + C(PISS]) 2 (Ea®) + EWE)P)?

8 P+r—1

y—1 +n—1
<Ce +Cspe 2 +Cype 2 . (48)

The statement of the theorem then follows from (48), (45), and Theorem 6.1 by the triangle
inequality. ]
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As a consequence of Theorem 4.1, we obtain P-almost surely convergence of the
solution u® of the stochastic Cahn—Hilliard equation to the solution of the deterministic
Hele-Shaw problem in (4) in the sense that {(z,x) € Or : t € (0, T), limg_o u®(z, x)
— £1} respectively converge to the exterior and interior of the interface {I';};¢(o,1). The
proof of the result follows along the lines of [6, Corollary 4.5].

Corollary 4.2. There exists a subsequence {& }xen such that

lim u®* =1—-2yp- in L?(0,T;L?) for p € (2,4],

k—o00

P-almost surely on €2, where D~ := {(t,x) € Dr; t € (0,T), x € D, } and D, is the
interior of I'; in D.

5. Limiting case with H' spatial regularity

In this section we consider the stochastic Cahn—Hilliard equation with a slightly more
regular noise

1 ~
du® = A(—sAua +- f(u8)>dt L e%dW () in Dr, (49)
£
with the noise of the form

W(.x)= ) qiei@)pi(t). xeD.1€0.T], (50)
ieNd

1

where {g; };cna are such that ¢; ~ A} and v € (0, 1] can be arbitrarily small. The
noise W is more regular than the space-time white noise W in (13); nevertheless, since

1— % —v > —%, the series given by (50) does not converge in L.

We define the operator Q : L2 — L2 as
Qu = Z qi(u,ei)e;, VuelL?
ieNd
Noting (12), we deduce that

ieNd ieNd ieNd

For d = 3, the above identity implies that Tr((—A)~' Q) = oo; see (11). Hence, the con-
dition given by [4, Assumption 3.1] is not satisfied for (50) in the case d = 3.
Similarly to Section 3, we introduce the stochastic convolution

t t
Z5(1) = 8"/ e~ G (5) = &° Z qz'/ e M dBi(s), 1 €[0,T).
0 0

ieNd
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Analogously to Lemmas 3.1 and 3.2, for 1 < p < oo, one can show the estimate

E[ sup |Z50)|7,]+E[ sup [VZ5(1)[?] < C(p)s@2. (51)
t€f0,T] tel0,T]

Owing to the better regularity properties of convolution (51), it is straightforward to
modify the proof of Theorem 3.1 to show that the solution of (49) has the following
regularity:

ut € L®(Q:C(0, T:H™ YY) N L*(Q: L*(0, T; H')) N L*(Q; L*(0, T; L%)).

Moreover, for any p > 2, the following estimate holds:

~ )4 1 2
Ep(u®) = E[Iu Woio a1y + 2 VU N ago iy + 7 10132 s
£2
< C(s~% 460 DP 4 (Co-Dpy,

The remaining results of Section 4 hold true with the fractional Sobolev norm replaced
by the H! norm. In particular, (40) improves to

Y_
P({”us - u/sx”iZ(o,T;Hl) <Cegs 4}) >1- CS,nE(H_n - CU,KE,‘U—HC,

for any v > 0. The above estimate generalizes [4, Theorem 3.10] in the case d = 3 to the
case of less regular noise.
Finally, we also obtain the following analogue of the estimate in Corollary 4.1:

1
2 4 4 2
E[lu® =1 oo rosiny + <10 =5 Eago.riwsy + 41 =1 o risan |

S+n—1 vte—1

1
<Ce" ' 4 Cspe 2 +Cyye 2

6. The deterministic problem

In this section we derive improved estimates for the sharp interface limit of the determin-
istic Cahn—Hilliard equation (see (3)).

Theorem 6.1. Let ¢ € (0, 1] be sufficiently small, 2 < r < %, and u$, be the solution to

the deterministic Cahn—Hilliard equation in (3). Then, for any a > 0 (arbitrarily small),
y > (7_2‘?’#, and K in (6) large enough so that %(K — 1) >y, there exists a constant

C = C(r) > 0 independent of & such that

3
sup ””ED([) - ui([)”]lz-ﬂ—l + 54”ueD - MXHZZ((),T;HI) + 8_ ||M8D - ui”L“(O,T;]L“)
t€[0,T] &

< Ce¥ 7L,



L. Barias and J. D. Mukam 584

Remark 6.1. Theorem 6.1 improves [1, Theorem 2.1] in the case f(u) = u> — u and
d = 3, in the sense that here we obtain error estimates in L?(0, T; IL?), p € (2, 4], that
is, with p exceeding the barrier p < 2‘;1_:-28 prescribed in [1]. Note that even for d = 2,
the error estimates in [1] are only in L3(0, T, ]L3), while we obtain an error estimates

in L*(0, T;L*).

Proof. The proof goes along the same lines as the one of Theorem 4.1, so we only sketch
some details. We set R}, := uf, — uj, with u%, being the solution to CHE (3). Then, R},
satisfies the following PDE:

d 1
—Rp = —eA’Rp + —A(f(Rp +1up) = f(up) + Arf, - Rp(0) = 0.
Testing the above equation with (—A)™! R%, leads to

1d 1
EE”RED”]]%]I—I +el VR |” + S S (R +up) = f(u). Rp) + (i, Rp) = 0.

As in the proof of Lemma 4.1, we obtain
2 s 2 13 4
1Ry s+ [ IVRE6)Pds + & [ IRE()Iuds
0 0

C ! e 1 ! e 2
< [ 1R Rads + b [ 1O oy (52)

We define ,
T, =T Ainf{t € [0,T] : / IRS (s)|13 2ds > &},
0

for some y > 0, which will be specified later.
From (52), using (6a) and noting the definition of T, it follows for all # < T that

t 13 t
sup R0+ [ IVRE0IPds + 52 [ 1RGOl ds

0<s<t
3K

<Ce’ 40’ < e, (53)

where we choose K large enough such that y — 1 < #
Next, we show that 7, = T for suitable y. We proceed by contradiction and assume
that 7, < T'. Then, for all # < T, using Lemma 4.5 with « > 0 and (53) yields

t t t 4-r 3r—4
[ IR () [3ads < ¢ / IR () [£4ds + Ceree [ IR () 1225 RS ()7 ds
0 0 0

ar 1 3r—a
< CET 4 Ce R s [RG()]T, / IRS () ds
s€[0,¢] 0

< Ce¥'te 4 Cgra—3a8(%)(y—l)84—3r8(3'4_4)(7—1)

Qa

— Cevte 4 Ceirt P Hada (54)
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The right-hand side of (54) is bounded above by &¥ for sufficiently small ¢, if we have

Ly + w + 4 —3a >y, thatis, if y > U_Mgr#. Hence, for such values of K

and y, we have fot | RS, (s)||i3ds < &%, which contradicts the definition of T,. Hence,
T, = T. It then follows from (53) that

2 4 r 2 13 r
sup IRy -1+ ¢ [ IVRG01Pdr + 5

— | IR, ()f+dt < Ce" ™,
0<t<T 8¢

which completes the proof. ]
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