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On stability and regularity for subdiffusion equations
involving delays

Dinh-Ke Tran and Thi-Thoa Lam

Abstract. We study a class of nonlocal evolution equations involving time-varying delays which is
employed to depict subdiffusion processes. The global solvability, stability and regularity are shown
by using the resolvent theory, nonlocal Halanay inequality, fixed point argument and embeddings of
fractional Sobolev spaces. Our result is applied to the nonlocal Fokker–Planck model with nonlinear
force fields.

1. Introduction

Let � � Rd .d � 2/ be a bounded domain with a smooth boundary, and let 
 and h be
positive numbers. Consider the following equation:

@t;kuC .��/

u D G.u; u�/; t > 0; (1.1)

where the unknown u D u.t; x/, t � �h; x 2 �, obeys the initial condition

u.t; x/ D '.t; x/; t 2 Œ�h; 0�; x 2 �; (1.2)

and the Dirichlet boundary condition

u.t; x/ D 0; t � �h; x 2 @�: (1.3)

In (1.1), the notation @t;k denotes the nonlocal derivative in time of Caputo type with
respect to the kernel k 2 L1loc.R

C/; i.e.,

@t;ku.t; x/ D
@

@t

Z t

0

k.t � �/Œu.�; x/ � u.0; x/�d�:

In addition, u�.t/ D u.t � �.t// with � 2 C.RC/ such that �h � t � �.t/ < t , and G is
a given function. In order to deal with (1.1), we use the following standing hypothesis.

(PC) The kernel function k 2 L1loc.R
C/ is nonnegative and nonincreasing, and there

exists a function l 2 L1loc.R
C/ such that k ? l.t/ WD

R t
0
k.t � �/l.�/d� D 1 for

t 2 .0;1/.
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Let g˛.t/ D t˛�1=�.˛/, ˛ 2 .0; 1/; t > 0. Then, (1.1) in the well-known case k.t/ D
g1�˛.t/ becomes a fractional/slow diffusion equation. For the case k.t/ D

R 1
0
g˛.t/d˛,

we have (1.1) as an ultraslow diffusion model. Typical cases of the kernel k obeying
(PC) were discussed in an extensive study, in which we refer to [10, 12, 13, 15, 19, 21,
22, 27, 29, 30] for significant results in qualitative theory, e.g., the solvability, regularity,
and behavior of solutions. In general, (1.1) with k satisfying (PC) has been employed to
describe processes in materials with memory. It is worth noting that the nonlocal derivative
@t;k was mentioned in [1, 16, 20] as general fractional derivative, where the fundamental
calculus, comparison principle, and the associated diffusion equation were studied.

As a matter of fact, various processes in chemistry, biology, and engineering are sub-
ject to inheritance, which appears in modeling as delayed terms. It should be noted that the
presence of time delays affects remarkably the performance and stability of systems. From
the mathematical point of view, the stability and regularity analysis for models subject to
time delays is much more complicated. The first attempt was given in [6] to analyze the
stability of solutions to (1.1) in the case G takes values in L2.�/; meanwhile, no attempt
has been made to address the regularity of solutions, up to our investigation. Our aim in
this work is to deal with the question of stability and regularity of solutions to (1.1) in
the case G admits weak values, i.e., G.u; u�/ belongs to a Hilbert scale H� with negative
order (see the next section for the definition). This allows us to consider various cases
of nonlinearity, where G may contain polynomial/gradient terms. It should be mentioned
that, this situation was studied for non-delayed model in [3]; however, the analyzing rou-
tine in the aforesaid work cannot apply to the delayed case. In addition, the stability result
in this note extends nontrivially the one established in [6]. Indeed, the setting in [6] does
not allow G to contain polynomial/gradient terms, the important cases in applications.
Moreover, the stability statement in [6] does not provide any decay rates, which becomes
an issue to address in this work.

The rest of our work is as follows. In the next section, we recall some notions and
facts related to Hilbert scales and fractional Sobolev spaces, as well as some estimates for
the resolvent families in Hilbert scales. Section 3 is devoted to showing the existence and
stability results. In Section 4, we prove the Hölder continuity of solution to (1.1)–(1.3).
In the last section, the obtained results are demonstrated for a nonlocal Fokker–Planck
equation involving nonlinear force fields.

2. Preliminaries
In this section, we recall some notions and facts on functional spaces, the nonlocal Halanay
inequality and the resolvent families, which are the ingredients for our analysis.

2.1. Hilbert scales and fractional Sobolev spaces

Let ¹enº be the orthonormal basis of L2.�/ consisting of eigenfunctions of the operator
�� with homogeneous Dirichlet boundary condition, i.e.,

��en D �nen in �; en D 0 on @�;
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where we can assume that ¹�nº is nondecreasing with �1>0. One can define the fractional
Laplace operator .��/
 , 
 � 0 as follows:

D..��/
 / D

²
v 2 L2.�/ W

1X
nD1

�2
n v
2
n <1

³
;

.��/
v D

1X
nD1

�
n.v; en/en for v 2 D..��/
 /:

Here, the notation .�; �/ denotes the inner product in L2.�/.
For ˇ � 0, let Hˇ D D..��/

ˇ
2 /; i.e.,

Hˇ
D

²
v 2 L2.�/ W

1X
nD1

�ˇn .v; en/
2 <1

³
:

Then, Hˇ is a Hilbert space with the inner product

.u; v/Hˇ D

1X
nD1

�ˇn .u; en/.v; en/

and the norm given by

kvk2
Hˇ D

1X
nD1

�ˇn .v; en/
2:

Obviously, H0 D L2.�/ and Hˇ1 ,! Hˇ2 if ˇ1 � ˇ2 � 0.
In addition, the embedding Hˇ � L2.�/ is compact and the dual space of Hˇ can be

identified with the space

H�ˇ D

²
� D

1X
nD1

�nen W

1X
nD1

��ˇn �2n <1

³
;

endowed with norm

k�k2
H�ˇ
WD

1X
nD1

��ˇn �2n:

The space H�ˇ is monotonically increasing in ˇ because the embedding H�ˇ2 ,! H�ˇ1

holds for ˇ1 � ˇ2 � 0. The Hilbert space Hˇ ; ˇ 2 R, is said to be a scaling of L2.�/.
For r > 0 and p 2 Œ1;C1/, denote by W r;p.�/ the fractional Sobolev space (see,

e.g., [4, 5]). Let H r .�/ D W r;2.�/. Then, we have the embeddings between Sobolev
spaces, Hilbert scales, and Lebesgue spaces as follows.

Lemma 2.1 ([3]). The following statements hold.

(a) Lp.�/ ,! H r .�/ ,! Hr if ¹�d
2
< r � 0; p � 2d

d�2r
º.

(b) Hr ,! H r .�/ ,! C 0;�.� [ @�/ if ¹r > d
2
; � D r � d

2
º.

(c) Hr ,! H r .�/ ,! Lp.�/ if°
r D

d

2
; 1 � p <1

±
or

°
0 � r <

d

2
; 1 � p �

2d

d � 2r

±
:
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2.2. The auxiliary equations

Consider the following scalar integral equations:

s.t/C �.l ? s/.t/ D 1; t � 0; (2.1)

r.t/C �.l ? r/.t/ D l.t/; t > 0: (2.2)

The existence and uniqueness of s and r were analyzed in [25]. Recall that the function
l is called a completely positive kernel iff s.�/ and r.�/ take nonnegative values for every
� > 0. The complete positivity of l is equivalent to that (see [2]), there exist ˛ � 0 and
k 2 L1loc.R

C/ nonnegative and nonincreasing which satisfy ˛l C l ? k D 1. Particularly,
the hypothesis (PC) ensures that l is completely positive.

Denote by s.�; �/ and r.�; �/ the solutions of (2.1) and (2.2), respectively. As men-
tioned in [30], the functions s.�; �/ and r.�; �/ take nonnegative values even in the case
� � 0. We collect some additional properties of these functions.

Proposition 2.2 ([12, 30]). Let the hypothesis (PC) hold. Then, for every � > 0, s.�; �/,
r.�; �/ 2 L1loc.R

C/. In addition, we have the following.

(1) The function s.�; �/ is nonnegative and nonincreasing. Moreover,

s.t; �/

�
1C �

Z t

0

l.�/d�

�
� 1 8 t � 0I (2.3)

hence, if l 62 L1.RC/, then limt!1 s.t; �/ D 0 for every � > 0.

(2) The function r.�; �/ is nonnegative, and one has

s.t; �/ D 1 � �

Z t

0

r.�; �/d� D k ? r.�; �/.t/; t � 0; (2.4)

so
R t
0
r.�; �/d� � ��1 8 t > 0. If l 62 L1.RC/, thenZ 1

0

r.�; �/d� D ��1

for every � > 0.

(3) Let v.t/ D s.t; �/v0 C .r.�; �/ ? g/.t/; here, g 2 L1loc.R
C/. Then, v solves the

problem
d

dt
Œk ? .v � v0/�.t/C �v.t/ D g.t/; v.0/ D v0:

We now recall a Halanay-type inequality established recently in [11].

Proposition 2.3 ([11]). Assume that, for a given ƒ > 0, there exists a constant C �
k

such
that

lim sup
t!C1

s.t � �.t/; �/

s.t; �/
� C

�

k

for any � 2 Œ0;ƒ�.
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Let y be a nonnegative continuous function on Œ0;C1/ such that

y.t/ � s.t; a/y.0/C

Z t

0

r.t � �; a/b.�/y.� � �.�//d�; t > 0;

y.�/ D '.�/; � � 0;

where a > 0, b and ' are bounded functions. Then, for all numbers � such that

0 < � < a � C
�

k
lim sup
t!1

b.t/;

there exists a positive constant C.�/ independent of ' such that

y.t/ � C.�/s.t; �/ sup
��0

j'.�/j 8 t � 0:

Using the last result, we prove the following version of nonlocal Halanay inequality
for our stability analysis.

Lemma 2.4. Let �; ˛, and ˇ be positive numbers such that

� > ˛ C ˇC
�

k
:

Assume that v is a nonnegative continuous function on Œ0;C1/ satisfying

v.t/ � s.t; �/v.0/C

Z t

0

r.t � �; �/Œ˛v.�/C ˇv.� � �.�//�d�; t > 0;

v.�/ D '.�/; � � 0: (2.5)

Then, for each number � such that

0 < � < � � ˛ � ˇC
�

k
;

there exists a constant C.�/ > 0 such that

v.t/ � C.�/s.t; �/ sup
��0

j'.�/j 8 t � 0: (2.6)

Proof. Denote by w.t/ the right-hand side of (2.5) for t > 0 and w.�/ D '.�/ for � 2
Œ�h; 0�. Then, v.t/ � w.t/ for all t � �h. In addition, by Proposition 2.2 (3), w.�/ is the
solution of the equation

d

dt
Œk ? .w � v.0//�C �w.t/ D ˛v.t/C ˇv.t � �.t//; t > 0:

It follows that

d

dt
Œk ? .w � v.0//�C .� � ˛/w.t/ D ˛.v.t/ � w.t//C ˇv.t � �.t//; t > 0:
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Now, using Proposition 2.2 (3) again, we obtain

w.t/ D s.t; � � ˛/v.0/C

Z t

0

r.t � �; � � ˛/Œ˛.v.�/ � w.�//C ˇv.� � �.�//�d�

� s.t; � � ˛/v.0/C ˇ

Z t

0

r.t � �; � � ˛/v.� � �.�//d�;

thanks to the positivity of r.�; �� ˛/ and the fact that v.�/ � w.�/ for � � 0. This implies

v.t/ � w.t/ � s.t; � � a/v0 C ˇ

Z t

0

r.t � �; � � a/v.� � �.�//d�;

and then, (2.6) follows thanks to Proposition 2.3. The proof is complete.

2.3. Resolvent operators

We now define the following families of operators:

S.t/ D

1X
nD1

s.t; �
n/h�; enien; t � 0; (2.7)

R.t/ D

1X
nD1

r.t; �
n/h�; enien; t > 0: (2.8)

Here, we use the notation h�; �i for both the inner product in L2.�/ and the dual pair
h�; �iH�ˇ ;Hˇ for some ˇ > 0, if no confusion arises.

We show some basic properties of these operators in the following lemma.

Lemma 2.5 ([3]). Let ¹S.t/ºt�0 and ¹R.t/ºt>0 be the families of linear operators defined
by (2.7) and (2.8), respectively. Then, the following statements hold.

(i) For v 2 H� then, we have

kS.t/vkH� � s.t; �


1/kvkH� : (2.9)

(ii) For g 2 C.Œ0; T �IH�/ then, we have R ? g 2 C.Œ0; T �IH� /; here, � D � �


.�C 1/ and � 2 .0; 1/. In addition, we have

kR ? g.t/kH� �

�Z t

0

l.t � �/

.1 ? l/�.t � �/
kg.�/k2H�d�

� 1
2

: (2.10)

(iii) For g 2 C.Œ0; T �IH��
 / then R ? g 2 C.Œ0; T �IH� /. Moreover, one has

kR ? g.t/kH� �

�Z t

0

r.t � �; �


1/kg.�/k

2
H��
d�

� 1
2

:

In what follows, we use the notation u.t/ for u.t; �/ and consider u as a function
defined on Œ0; T �, taking values in the space Hˇ for some ˇ 2 R.



On stability and regularity for subdiffusion equations involving delays 7

3. Solvability and stability results

In order to deal with the problem (1.1)–(1.3), we make the following assumption on the
nonlinearity.

Assumption (G). Suppose that the nonlinearity function G induces the mapping G W
H� �H� ! H� with � � 0; � D � � 
.1C ��/ � 0, �� 2 .0; 1/, such that G.0; 0/ D 0
and

kG.u1; v1/ �G.u2; v2/kH� � L.r/.ku1 � u2kH� C kv1 � v2kH� / (3.1)

for each r > 0 and for all ui ; vi 2H� such that kuikH� � r; kvikH� � r , i 2 ¹1I 2º; here,
L.�/ is a nonnegative function.

As stated in [12], we have the following definition.

Definition 3.1. A function u 2 C.Œ�h;T �IH� /, � � 0, is said to be a mild solution to the
problem (1.1)–(1.3) on Œ�h; T � if and only if

u.s/ D '.s/ for s 2 Œ�h; 0�

and

u.t/ D S.t/'.0/C

Z t

0

R.t � �/G.u.�/; u�.�//d� for t 2 Œ0; T �:

If T can be arbitrary large, then the solution is said to be a global solution.

In what follows, we use k � k�;1 to denote the supremum norm of a continuous func-
tion defined on a compact interval taking values in H� .

Theorem 3.1. Let ' 2 C.Œ�h; 0�IH� / and the assumption (G) hold. Suppose that

lim sup
r!0

L.r/ D L�

with
16L2�.1 � ��/

�1.1 ? l/1���.T / < 1: (3.2)

Then, there exists r� > 0 such that if

k'k�;1 �
1

2
r�;

the problem (1.1)–(1.3) has a unique mild solution on Œ0; T � satisfying

ku.t/kH� � r�:

Proof. For u 2 C.Œ0; T �IH� / and ' 2 C.Œ�h; 0�IH� /, denote by uŒ'� the function given
by

uŒ'�.t/ D

´
u.t/ if t > 0;

'.t/ if � h � t � 0:
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Let
C' D

®
u 2 C.Œ0; T �IH� / W u.0/ D '.0/

¯
and

u�Œ'�.�/ D uŒ'�.� � �.�//; � � 0:

We make use of the Banach contraction principle for the mapping defined as follows:

M W C' ! C' ;

MŒu�.t/ D S.t/'.0/C

Z t

0

R.t � �/G.u.�/; u�Œ'�.�//d� for t 2 Œ0; T �:

Due to condition (3.2), we can choose a number " > 0 such that

16.L2� C "/.1 � ��/
�1.1 ? l/1���.T / � 1: (3.3)

By the formulation of L�, there exists a number r� > 0 such that

L.r/2 � L2� C " 8 r 2 .0; r��:

Let xBr� be the closed ball centered at the origin with radius r� in C' . We will derive some
estimates for MŒu� with u 2 xBr� and

k'k�;1 �
1

2
r�:

Firstly, in the light of Lemma 2.5 (ii) with g.t/ D G.u.t/; u�Œ'�.t//, we have

kR ? G.u; u�Œ'�/.t/k
2
H�

�

Z t

0

l.t � �/

.1 ? l/��.t � �/
kG.u.�/; u�Œ'�.�//k

2
H�d�

� 2

Z t

0

l.t � �/

.1 ? l/��.t � �/
.L2� C "/.ku.�/k

2
H� C ku�Œ'�.�/k

2
H� /d�

� 4.L2� C "/r
2
�

Z t

0

l.�/

.1 ? l/��.�/
d�

� 4.L2� C "/.1 � ��/
�1.1 ? l/1���.T /r2� �

r2�
4
:

Here, we used (3.1) and (3.3). Using the formulation of M, we see that

kMŒu�.t/k2H� � 2kS.t/'.0/k
2
H� C 2kR ? G.u; u�Œ'�/.t/k

2
H�

� 2k'k2�;1 C
r2�
2
� r2� 8 t 2 Œ0; T �:

That means
MŒ xBr� � �

xBr� :
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It remains to show that the mapping M is a contraction map on xBr� . Indeed, let u;v 2 xBr� .
Then, employing Lemma 2.5 (ii) and (3.1), we get

kMŒu�.t/ �MŒv�.t/k2H�

�

Z t

0

l.t � �/

.1 ? l/��.t � �/
kG.u.�/; u�Œ'�.�// �G.v.�/; v�Œ'�.�//k

2
H�d�

� 2

Z t

0

l.t � �/

.1 ? l/��.t � �/
.L2� C "/.ku.�/ � v.�/k

2
H� C ku�Œ'�.�/ � v�Œ'�.�/k

2
H� /d�

� 2.L2� C "/.ku � vk
2
�;1 C ku�Œ'� � v�Œ'�k

2
�;1/

Z t

0

l.�/

.1 ? l/��.�/
d�

D 4.L2� C "/
.1 ? l/1���.T /

1 � ��
ku � vk2�;1

�
1

4
ku � vk2�;1 8 t 2 Œ0; T �;

thanks to (3.3), which implies the contraction of M on xBr� . The proof is complete.

In the caseG.u;u�/ takes values in H��
 instead of H��
.1C��/, we are able to prove
that the solution of (1.1)–(1.3) exists globally and is asymptotically stable.

Theorem 3.2. Assume that G W H� �H� ! H��
 obeys the conditions

G.0; 0/ D 0; kG.u1; v1/ �G.u2; v2/kH��
 � L.r/.ku1 � u2kH� C kv1 � v2kH� /

for all ui ; vi 2 H� satisfying kuikH� � r; kvikH� � r , i 2 ¹1I 2º, where L.�/ is a non-
negative function such that

L� D lim sup
r!0

L.r/ <
��
1
8

� 1
2
: (3.4)

Then, there exists ı > 0 such that for any initial datum ' with k'k�;1 � ı, the problem
(1.1)–(1.3) has a unique global solution. Furthermore, if l … L1.RC/ and

L� <
1

2

� �


1

1C C
�

k

� 1
2
; (3.5)

then the obtained solution is asymptotically stable.

Proof. We first look for ı > 0 and r� > 0 such that

MŒ xBr� � �
xBr� for k'k�;1 � ı:

In view of assumption (3.4), one can take " > 0 and r� > 0 such that

L.r/ � L� C " �
��
1
8

� 1
2
8 r 2 .0; r��: (3.6)
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Then, for u 2 xBr� and k'k�;1 � r�, we get

kMŒu�.t/k2H�

� 2kS.t/'.0/k2H� C 2kR ? G.u; u�Œ'�/.t/k
2
H�

� 2s.t; �


1/
2
k'.0/k2H� C 2

Z t

0

r.t � �; �


1/kG.u.�/; u�Œ'�.�//k

2
H��
d�

� 2s.t; �


1/
2
k'.0/k2H� C 4.L� C "/

2

Z t

0

r.t � �; �


1/.ku.�/k

2
H� C ku�Œ'�.�/k

2
H� /d�

� 2s.t; �


1/
2
k'k2�;1 C 8.L� C "/

2r2�

Z t

0

r.t � �; �


1/d�:

Now, using the properties of the relaxation functions stated in Proposition 2.2, we have

kMŒu�.t/k2H� � 2s.t; �


1/k'k

2
�;1 C 8.L� C "/

2r2��
�

1 .1 � s.t; �



1/

D 2s.t; �


1/Œk'k

2
�;1 � 4.L� C "/

2r2��
�

1 �C 8.L� C "/

2r2��
�

1

� 8.L� C "/
2r2��

�

1 ;

provided that
k'k�;1 � 2.L� C "/r��

�
=2
1 :

Taking (3.6) into account, we obtain

kMŒu�.t/k2H� � r
2
� for t � 0 and k'k�;1 � ı

for
ı D min

®
r�I 2.L� C "/r��

�
=2
1

¯
:

This implies MŒ xBr� � �
xBr� . In the next step, we show that M is a contraction mapping

on xBr� . For u; v 2 xBr� , one gets

kMŒu�.t/ �MŒv�.t/k2H�

�

Z t

0

r.t � �; �


1/kG.u.�/; u�Œ'�.�// �G.v.�/; v�Œ'�.�//k

2
H��
d�

� 2

Z t

0

r.t � �; �


1/.L� C "/

2.ku.�/ � v.�/k2H� C ku�Œ'�.�/ � v�Œ'�.�/k
2
H� /d�

� 4.L� C "/
2
ku � vk21

Z t

0

r.t � �; �


1/d� � 4.L� C "/

2�
�

1 ku � vk

2
�;1

�
1

2
ku � vk2�;1 8 t � 0;

which implies the contraction of M. We conclude that the problem admits a mild solution
on Œ0; T �. Since the assumption of the theorem does not depend on T > 0, the obtained
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solution is global. We now testify the uniqueness. Let u; v be solutions of (1.1)–(1.3).
Then, there exists R > 0 such that ku.t/kH� ; kv.t/kH� � R for t � 0. Hence,

ku.t/ � v.t/k2H�

�

Z t

0

r.t � �; �


1/kG.u.�/; u�Œ'�.�// �G.v.�/; v�Œ'�.�//k

2
H��
d�

� 2

Z t

0

r.t � �; �


1/L.R/

2.ku.�/ � v.�/k2H� C ku�Œ'�.�/ � v�Œ'�.�/k
2
H� /d�

for all t � 0. Noting that

u�Œ'�.�/ � v�Œ'�.�/ D 0; for � � �.�/ � 0;

we have

ku.t/ � v.t/k2H�

� 2

Z t

0

r.t � �; �


1/L.R/

2.ku.�/ � v.�/k2H� C sup
s2Œ0;��

ku.s/ � v.s/k2H� /d�

� 4L.R/2
Z t

0

r.t � �; �


1/ sup
s2Œ0;��

ku.s/ � v.s/k2H�d�:

Observing that the last integral is nondecreasing in t , we get

sup
s2Œ0;t�

ku.s/ � v.s/k2H� � 4L.R/
2

Z t

0

r.t � �; �


1/ sup
s2Œ0;��

ku.s/ � v.s/k2H�d�:

It follows that sups2Œ0;t� ku.s/ � v.s/kH� D 0 for all t � 0, thanks to the Gronwall-type
inequality established in [12]. This ensures the uniqueness.

In the final step, we prove that the obtained solution is asymptotically stable, pro-
vided (3.5). assumption (3.5) enables us to take " > 0 such that

4.L� C "/
2.1C C

�

k
/ < �



1 : (3.7)

Let Qu be the solution of (1.1) with respect to the initial datum Q' such that k Q'kH� � ı.
Then, Qu 2 xBr� . Moreover, for t � 0, we have

k QuŒ Q'�.t/ � uŒ'�.t/k2H� � 2s
2.t; �



1/k Q'.0/ � '.0/k

2
H�

C 2

Z t

0

r.t � �; �


1/kG. QuŒ Q'�.�/; Qu�Œ Q'�.�// �G.uŒ'�.�/; u�Œ'�.�//k

2
H��
d�

� 2s.t; �


1/k Q'.0/ � '.0/k

2
H�

C 4.L�C"/
2

Z t

0

r.t��; �


1/.k QuŒ Q'�.�/�uŒ'�.�/k

2
H�Ck Qu�Œ Q'�.�/�u�Œ'�.�/k

2
H� /d�:

Denote
v.t/ D k QuŒ Q'�.t/ � uŒ'�.t/k2H� ; t � �h:
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Then, the last estimate reads

v.t/ � 2s.t; �


1/v.0/C 4.L� C "/

2

Z t

0

r.t � �; �


1/Œv.�/C v.� � �.�//�d�; t � 0:

Due to (3.7), one can apply Lemma 2.4 to get

v.t/ � C.�/s.t; �/ sup
�2Œ�h;0�

v.�/; t > 0

for 0 < � < �
1 � 4.L� C "/
2.1C C

�

k
/; here, C.�/ is a positive constant.

Since l … L1.RC/, we get s.t; �/! 0 as t !1, which completes the proof.

4. Hölder regularity result

We first recall some notions related to the regularity of the resolvent families. For l 2
L1loc.R

C/, we denote by Ol the Laplace transform of l .

Definition 4.1 ([28]). Let l 2 L1loc.R
C/ be a function of subexponential growth, i.e.,Z 1

0

jl.t/je�"tdt <1

for every " > 0.

• Suppose that Ol.�/ ¤ 0 for all Re.�/ > 0. For � > 0, l is said to be � -sectorial if
jarg Ol.�/j � � for all Re.�/ > 0.

• For given m 2 N, l is called m-regular if there exists a constant c > 0 such that

j�n Ol .n/.�/j � cj Ol.�/j for all Re.�/ > 0; 0 � n � m:

In this section, we replace (PC) with a stronger one to get the differentiability of the
resolvent family.

(K) The assumption (PC) is satisfied with l being 2-regular and � -sectorial for some
� < � .

Lemma 4.1 ([12]). Let .K/ hold. Then, the resolvent family S.�/ is differentiable on .0;1/
and the estimate

kS 0.t/k �
M

t
; t 2 .0;1/; (4.1)

hold for some M � 1.

For given positive numbers �; r�; r , and � 2 .0; 1
2
/, denote

B�;�r�;r WD

²
u 2 C' W kuk�;1 � r�I sup

0<t<Qt�T

t�ku.Qt / � u.t/kH�

.Qt � t /�
� r

³
:
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Denote a ^ b D min.aI b/. Let

`�.t; Qt / D
jQt � �.Qt /j� ^ jt � �.t/j�

jQt � t C �.t/ � �.Qt /j�
;

`.t; Qt / D
t�

.Qt � t /�
;

‰.t; Qt / D
1

`.t; Qt /2
C

1

`�.t; Qt /2
; 0 < t < Qt :

Theorem 4.2. Let the hypothesis of Theorem 3.1 and (K) hold. Then, the obtained solution
to the problem (1.1)–(1.3) is Hölder continuous on .0; T �, provided that

�1 WD 6L
2
� sup
0<t<Qt�T

`.t; Qt /2
Z t

0

l.�/‰.t � �; Qt � �/

.1 ? l/��.�/
d� < 1;

�2 WD sup
0<t<Qt�T

`.t; Qt /2
Z Qt
t

l.�/

.1 ? l/��.�/
d� <1;

k'. Q�/ � '.�/kH� � L' j Q� � � j
�
8 Q�; � 2 Œ�h; 0�;

where � 2 .0; 1
2
/ and L' is a positive constant.

Proof. We will show that the solution map M is a contraction on B�;�r�;r for a suitable r > 0
and r� taken from Theorem 3.1. It suffices to show that MŒB�;�r�;r � � B�;�r�;r . Let

dG.u/.t; Qt / D kG.u.Qt /; u�Œ'�.Qt // �G.u.t/; u�Œ'�.t//k
2
H�

for u 2 C' , � D � � 
.1C ��/, and 0 < t < Qt � T .
Assume that u 2 B�;�r�;r ; then, we have

dG.u/.t; Qt / � 2.L� C "/
2
�
ku.Qt / � u.t/k2H� C ku�Œ'�.Qt / � u�Œ'�.t/k

2
H�

�
; (4.2)

where " > 0 is adjusted such that

�1."/ WD 6.L� C "/
2 sup
0<t<Qt�T

`.t; Qt /2
Z t

0

l.�/‰.t � �; Qt � �/

.1 ? l/��.�/
d� < 1:

Case 1. Qt � �.Qt / > 0 and t � �.t/ > 0. We see that

`�.t; Qt /
2
ku�Œ'�.Qt / � u�Œ'�.t/k

2
H� D `�.t; Qt /

2
ku.Qt � �.Qt // � u.t � �.t//k2H� � r

2;

thanks to the formulation of B�;�r�;r and `�.

Case 2. Qt � �.Qt / > 0 and t � �.t/ � 0. One observes that

`�.t; Qt / �
jQt � �.Qt /j� ^ jt � �.t/j�

jQt � �.Qt /j�
� 1:
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So, we have

`�.t; Qt /
2
ku�Œ'�.Qt / � u�Œ'�.t/k

2
H� � ku.Qt � �.Qt // � '.t � �.t//k

2
H�

� 2ku.Qt � �.Qt //k2H� C 2k'.t � �.t//k
2
H� � 4r

2
� :

It is obvious that the same estimate follows in the case Qt � �.Qt / � 0 and t � �.t/ > 0.

Case 3. Qt � �.Qt / � 0 and t � �.t/ � 0. Clearly,

`�.t; Qt /
2
ku�Œ'�.Qt / � u�Œ'�.t/k

2
H� D `�.t; Qt /

2
k'.Qt � �.Qt // � '.t � �.t//k2H�

� L' jQt � �.Qt /j
�
^ jt � �.t/j� � L'h:

Summing up, we get

`�.t; Qt /
2
ku�Œ'�.Qt / � u�Œ'�.t/k

2
H� � max¹r2I 4r2� IL'hº: (4.3)

Combining (4.2)–(4.3) yields

dG.u/.t; Qt / � 2.L� C "/
2
�
ku.Qt / � u.t/k2H� C ku�Œ'�.Qt / � u�Œ'�.t/k

2
H�

�
� 2.L� C "/

2

�
ku.Qt / � u.t/k2H� C

max¹r2I 4r2� IL'hº
`�.t; Qt /2

�
� 2.L� C "/

2

�
r2

`.t; Qt /2
C

max¹r2I 4r2� IL'hº
`�.t; Qt /2

�
: (4.4)

We now testify MŒu� 2 B�;�r�;r by showing that

`.t; Qt /kMŒu�.Qt / �MŒu�.t/kH� � r 8 0 < t < Qt � T:

Indeed, it follows from the formulation of M that

MŒu�.Qt / �MŒu�.t/

D ŒS.Qt / � S.t/�u

C

Z t

0

R.�/ŒG.u.Qt � �/; u�Œ'�.Qt � �// �G.u.t � �/; u�Œ'�.t � �//�d�

C

Z Qt
t

R.�/G.u.Qt � �/; u�Œ'�.Qt � �//d�:

Employing Lemma 2.5 (ii), we have

kMŒu�.Qt / �MŒu�.t/k2H� � 3kŒS.Qt / � S.t/�'.0/k
2
H�

C 3

Z t

0

l.�/

.1 ? l/��.�/
dG.u/.Qt � �; t � �/d�

C 3

Z Qt
t

l.�/

.1 ? l/��.�/
kG.u.Qt � �/; u�Œ'�.Qt � �//k

2
H�d�

D 3.I1 C I2 C I3/:
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For I1, we see that

I1 �

�Z Qt
t

kS 0.�/'.0/kH�d�

�2
�M 2

k'.0/k2H�

�Z Qt
t

d�

�
/2

�M 2
k'.0/k2H�

�
ln
�
1C
Qt � t

t

��2
�M 2

k'.0/k2H� t
�2�.Qt � t /2�; (4.5)

where Lemma 4.1 and the inequality ln.1 C a/ � a�

�
for a > 0; � 2 .0; 1/ have been

utilized.
Regarding I2, we employ (4.4) to get

I2 � 2.L� C "/
2r2

Z t

0

l.�/d�

.1 ? l/��.�/`.t � �; Qt � �/2

C 2.L� C "/
2 max¹r2I 4r2� IL'hº

Z t

0

l.�/d�

.1 ? l/��.�/`�.t � �; Qt � �/2
:

Choosing r � max¹2r�;
p
L'hº, we have

I2 � 2.L� C "/
2r2

Z t

0

l.�/

.1 ? l/��.�/
Œ

1

`.t � �; Qt � �/2
C

1

`�.t � �; Qt � �/2
�d�: (4.6)

Concerning I3, one has

I3 � 2.L� C "/
2

Z Qt
t

l.�/

.1 ? l/��.�/
.ku.Qt � �/k2H� C ku�Œ'�.Qt � �/k

2
H� /d�

� 4.L� C "/
2r2�

Z Qt
t

l.�/

.1 ? l/��.�/
d�: (4.7)

It follows from (4.5)–(4.7) that

`.t; Qt /2kMŒu�.Qt / �MŒu�.t/k2H� � 3M
2
k'.0/k2H� C �1."/r

2
C 12.L� C "/

2�2r
2
� :

Since �1."/ < 1, one can take r > 0 large enough such that

`.t; Qt /2kMŒu�.Qt / �MŒu�.t/k2H� � r
2
8 0 < t < Qt � T;

which ensures that MŒu� 2 B�;�r�;r . The proof is complete.

5. Application to nonlocal Fokker–Planck equations with nonlinear
force fields

This section is devoted to a demonstration of the obtained results in a model of nonlocal
Fokker–Planck equations.

Consider the problem (1.1)–(1.3) with

G.u; u�/ D EF .u�/ � ru; (5.1)
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where EF D .f1; : : : ; fd / is a vector field depending on the history state u�. Moreover, let

k.t/ D g1�˛.t/C �g1�ˇ .t/; 0 < ˛ < ˇ < 1; � > 0;

�.t/ D qt C h; q 2 .0; 1/; h > 0:

In this case, equation (1.1) is a multi-term fractional diffusion model with the delayed
term being of pantograph type.

Equation (1.1) withG given by (5.1) becomes a nonlocal Fokker–Planck model, where
EF is the force field subject to a feedback control. In this circumstance, the controller

requires an interval of delayed time to sense information. The constitution of fractional
Fokker–Planck equations can be found in [23,24] as a useful approach for the description
of transport dynamics in complex systems which are governed by anomalous diffusion
and non-exponential relaxation patterns. For recent achievements in qualitative study and
numerical analysis for nonlocal Fokker–Planck equations, we refer to [9, 14, 17, 18, 26].

5.1. Hölder regularity

Assume that fi W R! R; 1 � i � d; obeys fi .0/ D 0 and there exists LF > 0 such that

jfi . Qz/ � fi .z/j � LF j Qz � zj 8 z; Qz 2 R:

Let 1� � < d
2
; �� 2 .0; 1/, and � D � � 
.1C ��/ 2 .�d2 ; 0/. Then, for vj ; Qvj 2H� ; 1�

j � 2 and q� D 2d
d�2�

, we have

kG.v2; Qv2/ �G.v1; Qv1/kLq�

�

dX
kD1

k.fk. Qv2/ � fk. Qv1//@xkv1kLq� C

dX
kD1

kfk. Qv2/@xk .v2 � v1/kLq�

� LF

dX
kD1

k. Qv2 � Qv1/@xkv1kLq� C LF

dX
kD1

k Qv2@xk .v2 � v1/kLq� : (5.2)

Let p D�d
�
D

d

.1C��/��

. Since 1
q�
D

1
2
C

1
p

, applying the generalized Hölder inequality
for (5.2) gives

kG.v2; Qv2/ �G.v1; Qv1/kLq� � LF

dX
kD1

k Qv2 � Qv1kLpk@xkv1kL2

C LF

dX
kD1

k Qv2kLpk@xk .v2 � v1/kL2

� LF .k Qv2 � Qv1kLpkv1kH1 C kQv2kLpkv2 � v1kH1/:

Let p � p� WD 2d
d�2�

. Then,

H�
� Lp

�

.�/ � Lp.�/:
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This implies

kG.v2; Qv2/ �G.v1; Qv1/kLq� � C.k Qv2 � Qv1kH� kv1kH1 C kQv2kH� kv2 � v1kH1/;

whereC >0 is a generic constant depending onLF and constants in Sobolev embeddings.
Therefore,

kG.v2; Qv2/ �G.v1; Qv1/kH� � C.k Qv2 � Qv1kH� kv1kH� C kQv2kH� kv2 � v1kH� /;

thanks to the fact that H� � Lq� and H� � H1. This allows us to state that assumption
(G) is fulfilled with L.r/ D Cr and

L� D lim sup
r!0

L.r/ D 0:

We are now in a position to verify the technical conditions imposed in Theorem 4.2.
Since k is completely monotonic, (PC) is satisfied due to [8, Theorem 5.4, p. 159] (see

also [25]). In addition, the associated kernel l is nonincreasing (see [2]) and admits the
Laplace transform as

Ol.�/ D
1

�˛ C ��ˇ
8Re� > 0:

Hence,
b1 ? l.�/ D 1

�˛C1 C ��ˇC1
�

1

��ˇC1
as �!C1:

Using the Karamata–Feller Tauberian theorem in [7, Theorem 3, p. 445] with the inter-
change between 0 and1, we get

1 ? l.t/ �
tˇ

��.ˇ C 1/
; l.t/ �

tˇ�1

��.ˇ/
as t ! 0: (5.3)

It was testified in [12] that the kernel l is 2-regular and �
2

-sectorial. So, the assumption
(K) takes place.

For given delayed function � and � 2 .0; 1
2
/, we have

`�.t; Qt / D
j.1 � q/Qt � hj� ^ j.1 � q/t � hj�

.1 � q/�jQt � t j�
D
jQt � Qhj� ^ jt � Qhj�

jQt � t j�
; with Qh D

h

1 � q
:

(5.4)
Denote

ƒ.t; Qt / D `.t; Qt /2
Z t

0

l.�/‰.t � �; Qt � �/

.1 ? l/��.�/
d�

D `.t; Qt /2
Z t

0

l.�/

.1 ? l/��.�/

�
1

`.t � �; Qt � �/2
C

1

`�.t � �; Qt � �/2

�
d�:
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Then, our aim is to demonstrate that sup0<t<Qt�T ƒ.t; Qt / <1. One has

ƒ.t; Qt / D
t2�

jQt � t j2�

Z t

0

l.�/jQt � t j2�

.1 ? l/��.�/.t � �/2�
d�

C
t2�

jQt � t j2�

Z t

0

l.�/jQt � t j2�

.1 ? l/��.�/.jQt � � � Qhj� ^ jt � � � Qhj�/2
d�

D t2�
Z t

0

l.�/

.1 ? l/��.�/.t � �/2�
d�

C t2�
Z t

0

l.�/

.1 ? l/��.�/.jQt � � � Qhj� ^ jt � � � Qhj�/2
d�

D ƒ1.t; Qt /Cƒ2.t; Qt /;

thanks to (5.4). According to (5.3), we get

ƒ1.t; Qt / D t
2�

Z t

0

l.�/

.1 ? l/��.�/.t � �/2�
d� . t2�

Z t

0

� .1���/ˇ�1.t � �/�2�d�

. t2�g.1���/ˇ ? g1�2�.t/ D t
2�g.1���/ˇC1�2�.t/;

where the property g�1 ? g�2 D g�1C�2 was employed and the notation A . B means
A � mB for some m > 0. So,

ƒ1.t; Qt / . t .1���/ˇ � T .1���/ˇ 8 0 < t < Qt � T:

Estimating ƒ2.t; Qt /, we assume that T < Qh. Then,

jQt � � � Qhj� ^ jt � � � Qhj� D .� C Qh � Qt /�:

It follows that

ƒ2.t; Qt / D t
2�

Z t

0

l.�/d�

.1 ? l/��.�/.� C Qh � Qt /2�

�
T 2�

. Qh � T /2�

Z t

0

l.�/d�

.1 ? l/��.�/
�
T 2�.1 ? l/1���.T /

.1 � ��/. Qh � T /2�
8 0 < t < Qt � T:

We have shown that sup0<t<Qt�T ƒ.t; Qt / is finite. It remains to test the finiteness of

‚.t; Qt / WD `.t; Qt /2
Z Qt
t

l.�/

.1 ? l/��.�/
d�; 0 < t < Qt � T:

Using the mean value theorem, we get

‚.t; Qt / WD `.t; Qt /2.Qt � t /
l.t C �.Qt � t //

.1 ? l/��.t C �.Qt � t //
for some � 2 Œ0; 1�:
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Since the function t 7! l.t/
.1?l/�� .t/

; t > 0; is nonincreasing, we have

‚.t; Qt / � `.t; Qt /2.Qt � t /
l.t/

.1 ? l/��.t/
D t2�.Qt � t /1�2�

l.t/

.1 ? l/��.t/
:

In view of (5.3), one has

t2�l.t/

.1 ? l/��.t/
�

ˇ��

Œ��.ˇ/�1���
t2�C.1���/ˇ�1 as t ! 0:

Thus, ‚.t; Qt / is finite if 2�C .1 � ��/ˇ � 1 � 0. In this case, we obtain the Hölder regu-
larity of solution to (1.1)–(1.3).

5.2. Asymptotic stability

We consider a special case of the nonlinearity as follows:

G.u; u�/ D EF
�.ku�kLp / � ru;

where EF � D .f �1 ; : : : ; f
�
d
/, f �i ; 1 � i � d; are smooth functions and 1 < p � 2d

d�2
.

Obviously, G.u; u�/ belongs to L2.�/ as long as u 2 H1. In this case, the force field EF �

is of nonlocal type.
Then, for vj ; Qvj 2 H1 such that kvj kH1 � r; k Qvj kH1 � r , j D 1; 2, we observe that

k Qvj kLp.�/ � Cpk Qvj kH1 for Cp > 0;

kG.v2; Qv2/ �G.v1; Qv1/kL2 �

dX
kD1

ˇ̌
f �k .k Qv2kLp / � f

�
k .k Qv1kLp /

ˇ̌
k@xkv1kL2

C

dX
kD1

ˇ̌
f �k .k Qv2kLp /

ˇ̌
k@xk .v2 � v1/kL2

�

dX
kD1

Ck.r/
ˇ̌
k Qv2kLp � kQv1kLp

ˇ̌
k@xkv1kL2

C

dX
kD1

Dk.r/k@xk .v2 � v1/kL2 ;

where
Ck.r/ D sup

0�z�Cpr

jf �k
0
.z/j; Dk.r/ D sup

0�z�Cpr

jf �k .z/j:

Then,

kG.v2; Qv2/ �G.v1; Qv1/kL2 � C.r/k Qv2 � Qv1kLpkv1kH1 CD.r/kv2 � v1kH1

� C.r/rk Qv2 � Qv1kH1 CD.r/kv2 � v1kH1 ;
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thanks to the embedding H1 � Lp.�/, where

C.r/ D max
1�k�d

¹Ck.r/º; D.r/ D max
1�k�d

¹Dk.r/º:

Therefore, the hypotheses of Theorem 3.2 hold with


 D 1; � D 1; L.r/ D max¹C.r/r ID.r/º; L� D D.0/ D max
1�k�d

¹jf �k .0/jº;

which ensure the asymptotic stability of solution to (1.1)–(1.3) in this setting.

Remark 5.1. (i) It should be noted that our approach is able to work with various cases of
kernel function satisfying (PC). The case k.t/ D g1�˛.t/, ˛ 2 .0; 1/, is well known. We
have demonstrated, in the last section, our results in the case k.t/D g1�˛.t/C�g1�ˇ .t/,
0<˛ <ˇ <1;�>0, corresponding to the multi-term fractional diffusion equation. Recall
that, the assumption (K) is imposed to ensure the differentiability of S.t/ for t > 0. This
assumption is fulfilled in the important case, namely, the tempered fractional diffusion:

k.t/ D g1�˛.t/e
�
t ; ˛ 2 .0; 1/; 
 > 0:

In this case, we get Ol.�/ D ��1.�C 
/1�˛ and it was shown in [3] that l is �
2

-sectorial
and 2-regular.

(ii) We now mention another case of kernel function:

k.t/ D gˇ .t/E˛;ˇ .�!t
˛/; 0 < ˛ < ˇ < 1; ! > 0;

where E˛;ˇ .�/ is the standard Mittag–Leffler function. This case is referred to as the
weighted fractional diffusion [22]. In this case, one has Ol.�/ D �˛C!

�1C˛�ˇ
(see, e.g., [27]).

Let Re� > 0. Then,

jarg.�˛ C !/j < jarg.�˛/j D ˛jarg.�/j <
�

2
;

thanks to the fact that ! > 0. In addition,ˇ̌̌
arg
� 1

�1C˛�ˇ

�ˇ̌̌
D jarg.�1C˛�ˇ /j D .1C ˛ � ˇ/jarg.�/j <

�

2
:

The last estimates imply that jarg. Ol.�//j < �
2

, which guarantees that l is �
2

-sectorial. We
are in a position to check that l is 2-regular. By direct computations, we have

� Ol 0.�/ D
�
ˇ � 1 �

˛!

�˛ C !

�
Ol.�/;

�2 Ol 00.�/ D .�2 Ol 0/0.�/ � 2� Ol 0.�/

D

�
ˇ � 1 �

˛!

�˛ C !

�2
Ol.�/ � 2

�
ˇ � 1 �

˛!

�˛ C !

�
Ol.�/

C

�
ˇ � 1 � ˛!

.1 � ˛/�˛ C !

.�˛ C !/2

�
Ol.�/:
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Since Re� > 0, one gets

j�˛ C !j > !; j.1 � ˛/�˛ C !j < j�˛ C !j:

Thus,

j� Ol 0.�/j � .1 � ˇ C ˛/j Ol.�/j;

j�2 Ol 00.�/j � Œ.1 � ˇ C ˛/2 C 3.1 � ˇ C ˛/�j Ol.�/j;

which implies that l is 2-regular.
(iii) Finally, let us consider the case

k.t/ D

Z 1

0

g˛.t/d˛; t > 0;

which is referred to as the ultra-slow diffusion. In this case, we get the explicit formula
for l as follows:

l.t/ D

Z 1
0

e�stds

1C s
; t > 0;

and Ol.�/ D ln�
��1

. It was shown in [28, Theorem 2.1, Example 2.2] that the resolvent S.t/
admits an analytic extension on the sector †.0; �/ D ¹� 2 C W jarg.�/j < �º for some
� < � . In particular, we obtain the differentiability of S.t/ for t > 0, regardless of testing
the assumption (K).
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