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Abstract. Fundamental groups of fake projective planes fall into fifty distinct isomorphism classes,
one for each complex conjugate pair. We prove that this is not the case for their algebraic funda-
mental groups: there are only forty-six isomorphism classes. We show that there are four pairs of
complex conjugate pairs of fake projective planes that are Aut.C/-equivalent and hence have mutu-
ally isomorphic algebraic fundamental groups. All other pairs of algebraic fundamental groups are
shown to be distinct through explicit finite étale covers. As a by-product, this provides the first
examples of commensurable but nonisomorphic lattices in a rank one semisimple Lie group that
have isomorphic profinite completions.

Keywords: fake projective planes, algebraic fundamental groups, ball quotients, profinite
completions.

1. Introduction

IfX is a smooth complex projective surface, then �1.X/will denote its topological funda-
mental group and �alg

1 .X/ its algebraic fundamental group. Then �alg
1 .X/ is the profinite

completion of �1.X/. This paper classifies the isomorphism classes of algebraic funda-
mental groups of fake projective planes, proving that there are exactly forty-six classes.
It is known that there are fifty isomorphism classes of topological fundamental groups.
Indeed, Cartwright and Steger completed the classification of fake projective planes [14],
proving that there are one-hundred isomorphism classes that divide into fifty distinct com-
plex conjugate pairs. Each complex conjugate pair determines a lattice in the Lie group
PU.2; 1/, and Mostow rigidity implies that distinct complex conjugate pairs have noniso-
morphic fundamental groups. The main result of this paper is the following.

Theorem 1.1. There are exactly forty-six isomorphism classes of algebraic fundamental
groups of fake projective planes. Specifically, suppose that X and Y are fake projective
planes and that �1.X/ D �j ; �1.Y / D �k for j < k under the numbering given in the
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Appendix. Then �alg
1 .X/ is isomorphic to �alg

1 .Y / if and only if ¹j; kº is one of the pairs

¹34; 35º; ¹43; 44º; ¹47; 49º; ¹48; 50º:

To prove that certain fake projective planes have nonisomorphic algebraic fundamen-
tal groups, we exhibit explicit finite quotients of their topological fundamental groups that
preclude the existence of an isomorphism of algebraic fundamental groups. In terms of
étale covers, we produce explicit connected, étale, Galois covers that distinguish between
the two algebraic fundamental groups. This part of the proof is the content of Section 4.
In fact, the proof is effective. If two fake projective planes have nonisomorphic algebraic
fundamental groups, we show that this can be detected by an étale cover of degree at
most 248; see Corollary 4.13. See Remark 4.14 for an alternate argument found by a ref-
eree that, while ineffective and hence not sufficient to prove Corollary 4.13, cuts a much
faster path to reducing the proof of Theorem 1.1 to proving that the four given pairs have
isomorphic algebraic fundamental groups.

The more technical and difficult part of the paper, completed in Section 7, is proving
that the remaining pairs have isomorphic algebraic fundamental groups. This is done fol-
lowing Serre’s observation that Aut.C/-equivalent complex projective varieties have the
same algebraic fundamental group [31]. Here, we use conjugation of Shimura varieties
to prove that four pairs of fake projective planes are Aut.C/-equivalent. Specifically, we
use the close relationship between fake projective planes and Shimura varieties, which
have canonical models defined over a number field, to define the action of Aut.C/ on
fake projective planes and then apply work of Shih [32] on conjugation of Shimura vari-
eties; this approach has the added feature of working directly with connected components,
avoiding a minor but annoying technicality that would arise using the adelic definition.
This requires careful analysis of the arithmetic lattices associated with these fake projec-
tive planes. One case should also be covered by work of Borisov and Fatighenti [19] on
explicit equations for fake projective planes, but this would require verification that we
did not pursue (see Remark 7.8). The proof of Theorem 1.1 therefore allows us to give
the complete Aut.C/ classification of fake projective planes.

Corollary 1.2. There are exactly forty-six Aut.C/-equivalence classes of fake projective
planes.

Using Aut.C/ conjugation to find locally symmetric varieties with nonisomorphic
topological fundamental groups but isomorphic algebraic fundamental groups has some
history. Examples are found in Milne and Suh [25], Bauer, Catanese, and Grunewald [2],
and Rajan [29]. In the language of discrete subgroups of Lie groups, one constructs
nonisomorphic lattices in (possibly distinct) Lie groups with isomorphic profinite com-
pletions. See for example [1, 21] for more on higher-rank lattices with the same profinite
completion.

The rank one case has recently been of particular interest, especially in light of the
remarkable breakthrough by Bridson, McReynolds, Reid, and Spitler [4], who found
hyperbolic 3-manifold groups � that are profinitely rigid, i.e., if ƒ is any other finitely
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generated, residually finite group with profinite completion yƒ Š y� , then ƒ Š � . The
first examples of nonisomorphic real rank one lattices with isomorphic profinite com-
pletions were given in [34], where we proved using Aut.C/-conjugation that, for all
n � 2, there are torsion-free cocompact lattices in PU.n; 1/ that are not isomorphic but
have isomorphic profinite completions. A distinct feature of the examples in [34] is that
the lattices are not commensurable (the higher-rank lattices in [29] are commensurable,
but those in [25] are not). In this paper, we provide the first commensurable examples
in rank one, confirming in this case the suspicion in [25, Remark 2.7] echoed in [34,
Remark 2.3].

Corollary 1.3. There are commensurable lattices in PU.2; 1/ that are not isomorphic but
have isomorphic profinite completions.

We note, however, that it is still an open problem whether or not there are distinct
nonuniform lattices in PU.n; 1/ with isomorphic profinite completions. Some specific
examples where certain methods used in this paper could be of use are the following:

Question 1.4. Consider neat nonuniform lattices �1; �2 in PU.n; 1/ such that the asso-
ciated ball quotients admit biholomorphic smooth toroidal compactifications; see for
instance [15, 16, 18] and references therein for many .often commensurable/ examples.
Is it ever the case that the profinite completions y�1 and y�2 are isomorphic?

It is noted in the Appendix to [33] that for any example in [17] of a pair of lattices
with biholomorphic smooth toroidal compactifications, the lattices are distinguished from
one another by the number of subgroups of index 4. It follows that the associated lat-
tices in PU.2; 1/ have nonisomorphic profinite completions. Thus having biholomorphic
smooth toroidal compactifications does not necessarily imply isomorphism of profinite
completions.

Question 1.5. Suppose that �1; �2 < PU.n; 1/ are neat nonuniform lattices with isomor-
phic profinite completions. Are the smooth toroidal compactifications of the ball quotients
�j nBn biholomorphic? Do the compactifications have isomorphic algebraic fundamental
groups?

Remark 1.6. There are many smooth projective surfaces not birational to a fake pro-
jective plane with (topological, hence algebraic) fundamental group isomorphic to the
fundamental group of a fake projective plane. See [36, Section 1] for a discussion of some
known constructions and [36, Section 7] for one method of producing examples. On the
other hand, see [36, Section 6] for a proof that an aspherical smooth projective surface
with fundamental group isomorphic to the fundamental group of a smooth compact ball
quotient must in fact be biholomorphic to a ball quotient. In particular, an aspherical
smooth projective surface with the same fundamental group as a fake projective plane
must be a fake projective plane. It would be interesting to know if an aspherical smooth
projective surface with �alg

1 .V / isomorphic to the algebraic fundamental group of a fake
projective plane is necessarily a fake projective plane.
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Remark 1.7. A negative answer to [36, Question 3] would provide smooth projective
surfaces V with �1.V / not isomorphic to the fundamental group of a fake projective
plane but with �alg

1 .V / isomorphic to the algebraic fundamental group of a fake projective
plane. Our later work [35] answering the analogue of that question for arithmetic lattices
in PU.n; 1/ of “simple type” does not apply to the commensurability classes that contain
fake projective planes.

Remark 1.8 (Remark on use of the computer). This paper relies on computations con-
ducted in the computer algebra program Magma [3]. Code is available on the author’s
website [23]. The only functions used were those related to finite index subgroups
of finitely presented groups. However, the classification of fake projective planes by
Cartwright and Steger relies so heavily on computer calculation that, even if the relatively
simple (if prohibitively long) computations necessary to confirm the results of this paper
were done by hand, there is no reasonable sense in which this paper could be considered
completely independent of the use of computer algebra software.

A hierarchy for fake projective plane groups

We close the introduction by describing a hierarchy for classifying fake projective plane
groups by their finite quotients, suggested by Jakob Stix. See Figure 1, where �alg;solv

1

denotes the solvable algebraic fundamental group and �alg;nil
1 the nilpotent. The equal-

ity between fake projective planes up to �alg
1 versus �alg;solv

1 follows from the fact that
all groups used in Section 4 to differentiate between algebraic fundamental groups are
solvable. °

all fake P2s
±

100 classes

����
[22]

°
fake P2s up to complex conjugation

±
50 classes

D
Mostow rigidity

°
fake P2s up to isomorphism of �1

±
����
this paper

°
fake P2s up to Aut.C/

±
46 classes

D
this paper

°
fake P2s up to isomorphism of �alg

1

±
D
§4

°
fake P2s up to isomorphism of �alg, solv

1

±
����

further Magma

°
fake P2s up to isomorphism of �alg, nil

1

±
32 classes

����
Prop. 4.1

°
fake P2s up to isomorphism of H1

±
28 classes

Fig. 1. A hierarchy for identifying fake projective planes.

This is not discussed elsewhere, but one can also show using routine Magma calcu-
lations that there are 32 classes distinguished by their nilpotent quotients. Specifically,
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among groups �j with the same abelianization, �41 is distinguished from �4 and �5 by
nilpotent quotients, and similarly �17 is distinguished from �48 and �50, �13 is distin-
guished from �23, and �36 is distinguished from �37 and �45.

This paper is structured as follows. An Appendix at the end of the paper gives a
numbering system to the fifty fundamental groups of fake projective planes that is ref-
erenced throughout the paper. We begin in Section 2 with some basics on the action of
Aut.C/ on smooth projective varieties. In Section 3 we briefly present some facts about
profinite completions of discrete groups that are used in Section 4 to distinguish between
all nonisomorphic algebraic fundamental groups. Then Section 5 recaps conjugation of
Shimura varieties and Section 6 briefly presents some facts about certain groups over
nonarchimedean fields and their buildings. These sections are used in Section 7 to pro-
duce the nontrivial isomorphisms between algebraic fundamental groups that combine
with the results in Section 4 to prove Theorem 1.1.

2. The action of Aut.C/

This section follows [2, Section 4]. To start, an element � 2 Aut.C/ acts on an element
f .x/ D

P
˛Ix

I of the polynomial ring CŒx0; : : : ; xN � by

�.f /.x/ D
X

ID.i0;:::;iN /

�.˛I /x
I ;

where we use the usual multi-index notation for polynomials. Given a projective variety
X � PN cut out by homogeneous polynomials ¹f1.x/; : : : ; fr .x/º, the coordinate action
of � 2 Aut.C/ on Pn maps X to a new variety

X � D ¹x 2 PN W �.fj /.x/ D 0 for 1 � j � rº:

Indeed, fj .x/ D 0 if and only if �.fj /.�.x// D 0.
Applying the above to the graph of an element  2 Aut.X/, we obtain an element

 � 2 Aut.X � /. A G-marked variety is then a triple .X; G; �/, where X is a projective
variety and � WG!Aut.X/ is an injective homomorphism. For eachG-marking .X;G;�/
of X , we obtain the G-marking

.X;G; �/� D .X � ; G; � ı � ı ��1/ (1)

of X � . Set �� D � ı � ı ��1. We record some essential properties of the Aut.C/-action
on projective varieties.

Lemma 2.1. LetX�PN be a projective variety. For �2Aut.C/ and a marking .X;G;�/,
the following hold:

(1) If �.g/ has a fixed point for some g 2 G, then �� .g/ has a fixed point on X � .

(2) .X=�.G//� D X �=�� .G/.

(3) The variety X is smooth if and only if X � is smooth.
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Proof. The first property follows from the definition of �� and the fact that X ! X � is
a bijection on points. The second property is [2, Remark 4.4 (4)]. The third follows from
the fact that smoothness is defined by the rank of the Jacobian matrix for the system of
polynomials, which is invariant under the action of Aut.C/.

We will use the following corollary in Section 7.

Corollary 2.2. Let G be a finite group and .Y;G; �/ be a smooth projective surface such
that �.G/ has no fixed points .i.e., Y ! X is finite étale/ and X D Y=�.G/ is a fake
projective plane. Then X � is a fake projective plane.

Proof. Lemma 2.1 implies thatX � D Y �=�� .G/ is also a smooth projective surface. Betti
numbers are invariant under � by Serre’s GAGA principle, so X � also has the same com-
plex cohomology as P2. We must rule out the possibility that X � is isomorphic to P2.
Since X is a ball quotient, so is X � by a theorem of Kazhdan [20]. In particular, X � has
infinite fundamental group, and therefore it is a fake projective plane.

3. Profinite completions of discrete groups

Let X be a smooth complex projective variety. Throughout this paper, �1.X/ will denote
the topological fundamental group, considered as a finitely generated discrete group, and
�

alg
1 .X/ the algebraic fundamental group. Then �alg

1 .X/ is isomorphic to the profinite
completion of �1.X/. As explained in the introduction, there are now many known exam-
ples of pairs X; Y such that �1.X/ is not isomorphic to �1.Y / but �alg

1 .X/ Š �
alg
1 .Y /.

Here and throughout, the profinite completion of a group � is denoted y� .
This section is concerned with tools to prove that �alg

1 .X/ is not isomorphic to �alg
1 .Y /

through finite quotients of �1.X/ and �1.Y /. These tools come from the study of profinite
completions of arbitrary finitely generated discrete groups. See [30] for a thorough survey;
we will only need the following two fundamental facts found there:

Lemma 3.1 ([30, Proposition 3.2]). If � and � are discrete groups with y� Š y�, then �
and � have isomorphic abelianizations.

Theorem 3.2 ([30, Corollary 4.2]). If �; � are finitely generated groups with y� Š y�,
then one has equalities

jHom.�;Q/j D jHom.�;Q/j ;

jEpi.�;Q/j D jEpi.�;Q/j

for all finite groups Q, where Epi.ƒ;Q/ is the set of epimorphisms of a group ƒ onto Q.

In the language of smooth complex projective varieties, Lemma 3.1 says that if
�

alg
1 .X/Š �

alg
1 .Y /, thenH1.X;Z/ŠH1.Y;Z/. Theorem 3.2 says that if X and Y admit

a different number of isomorphism classes of connected étale coverings with Galois group
some fixed finite group Q, then they have nonisomorphic algebraic fundamental groups.
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Note that Theorem 3.2 is slightly stronger than the more elementary statement that if X
admits a connected étale cover with group Q and Y does not, then their algebraic fun-
damental groups are not isomorphic. (Here we call étale covers isomorphic if they are
associated with the same conjugacy class of subgroups of the fundamental group.)

4. Distinct isomorphism classes

In this section, we prove that the distinct algebraic fundamental groups of fake projective
planes are indeed distinct. Throughout this section, we use the numbering of fake projec-
tive plane fundamental groups given in the Appendix. Applying Lemma 3.1 after using
computer algebra software to compute abelianizations (see also [5]) immediately gives us
the following start to proceedings.

Proposition 4.1. If �j and �k are fake projective plane fundamental groups with
y�j Š y�k , then j and k appear in the same line of Table 1.

H1.�j ;Z/ j

.Z=2/ � .Z=26/ 4; 5; 41

Z=14 9; 11; 25; 32; 39

.Z=2/ � .Z=14/ 12; 20

.Z=2/2 � .Z=6/ 13; 23

Z=28 16; 47; 49

.Z=2/ � .Z=12/ 17; 48; 50

.Z=2/ � .Z=18/ 18; 26

H1.�j ;Z/ j

Z=18 19; 34; 35

Z=42 22; 30

Z=6 24; 43; 44

Z=21 27; 31

.Z=3/ � .Z=6/ 36; 37; 45

Z=7 38; 40

Tab. 1. Fake projective planes with isomorphic first homology over Z.

Note that Proposition 4.1 omits those 1 � j � 50 where �j is the unique fake pro-
jective plane fundamental group with abelianization isomorphic to �ab

j . Consequently, for
any j that does not appear in a line of Table 1, Lemma 3.1 immediately gives us that
y�j Š y�k implies k D j ; these y�j are therefore completely classified with regard to the
proof of Theorem 1.1.

We now focus on finite quotients that distinguish between various lines of Table 1.
The following sequence of facts is proved with computer algebra software by computing
the number of homomorphisms onto the appropriate finite group G. We use the following
notation for finite groups: Sn is the symmetric group on n letters,An the alternating group
on n letters, and Dn the dihedral group of order 2n. In what follows, two finite quotients
of a group are considered distinct if and only if they have distinct kernels.

Fact 4.2. If �j is a fake projective plane group admitting S3 as a quotient, then

j 2 ¹1; 2; 4; 5; 11; 12; 14; 16; 20; 21; 25; 26; 30;

32; 33; 34; 35; 36; 37; 42; 43; 44; 45; 47; 49º:

The S3 quotient is unique except in the following cases:
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ˆ̂<̂
ˆ̂̂̂̂:

j D 20 4 quotients
j D 21 2 quotients
j D 25 4 quotients
j D 26 2 quotients
j D 32 4 quotients:

Fact 4.3. If �j is a fake projective plane group admitting an A4 quotient, then

j 2 ¹22; 24; 27; 29; 45º

and each such �j admits exactly two distinct A4 quotients.

Fact 4.4. The only fake projective plane group with a GL2.F3/ quotient is �5, which
admits four such quotients.

Fact 4.5. If �j is a fake projective plane group with the affine linear group AGL1.F8/ in
one variable over F8 as a quotient, then

j 2 ¹9; 11; 12; 14; 16; 20; 22; 25; 27; 30; 31; 32; 38; 39; 40; 47; 49º:

There are twenty-seven AGL1.F8/ quotients for j 2 ¹20; 32; 38º and three otherwise.

Fact 4.6. If �j is a fake projective plane admittingD8 as a quotient, then j 2 ¹8; 48; 50º
and �j admits precisely four D8 quotients.

Fact 4.7. The only fake projective plane group admitting D9 as a quotient is �32, which
admits nine such quotients.

Fact 4.8. The only fake projective plane group admittingD13 as a quotient is �39, which
admits six such quotients.

Fact 4.9. If �j is a fake projective plane group with the quaternion group Q of order 8
as a quotient, then j 2 ¹3; 23; 28; 41º. For j D 3; 23, �j admits twelve Q quotients and
for j D 28; 41 there are only six.

Fact 4.10. If �j is a fake projective plane group having the unique nonabelian group G
of order 27 that is a semidirect product .Z=9/ Ì .Z=3/ as a quotient, then j 2 ¹37; 45º
and �j admits six such quotients.

Fact 4.11. If �j is a fake projective plane group with the unique semidirect product
.Z=13/ Ì .Z=4/ with faithful action of Z=4 as a quotient, then j 2 ¹1; 47; 49º and �j
admits three such quotients.

We now combine the above information to reduce the proof of Theorem 1.1 to con-
sidering four pairs.

Theorem 4.12. LetX and Y be fake projective planes with �1.X/D �j and �1.Y /D �k
for j < k. If the pair ¹j; kº is not among

¹34; 35º; ¹43; 44º; ¹47; 49º; ¹48; 50º;

then �alg
1 .X/ and �alg

1 .Y / are not isomorphic.
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Proof. We must prove y�j is not isomorphic to y�k with the exception of the four pairs
in the statement of the theorem. First, note that j and k must appear in the same line of
Table 1. We now apply Theorem 3.2 to the quotients given in Facts 4.2–4.11 to eliminate
the remaining pairs.

Case 1: ¹4; 5; 41º (Facts 4.2 and 4.4). The group �41 does not have S3 as a quotient, but
�4 and �5 do. Then �4 does not have GL2.F3/ as a quotient, but �5 does. Thus all three
have distinct profinite completions.

Case 2: ¹9; 11; 25; 32; 39º (Facts 4.2, 4.7, and 4.8). The groups �11 and �25 have an
S3 quotient, but �9, �32, and �39 do not. Moreover, �25 has four S3 quotients, while �11
only has one. Then �32 has aD9 quotient, unlike �9 and �25, and �25 has aD13 quotient,
unlike �9 or �32. Thus all five groups have distinct profinite completions.

Case 3: ¹12; 20º (Fact 4.2). The groups �12 and �20 both have S3 quotients, but �12 has
only one, whereas �20 has four. Therefore the groups have distinct profinite completions.

Case 4: ¹13; 23º (Fact 4.9). The group �23 has the quaternion group of order 8 as a
quotient, but �13 does not, hence the two have nonisomorphic profinite completions.

Case 5: ¹16; 47; 49º (Fact 4.11). The unique semidirect product .Z=13/ Ì .Z=4/ with
faithful Z=4-action is a quotient of �47 and �49, but not of �16. Therefore y�16 cannot be
isomorphic to y�j for j 2 ¹47; 49º.

Case 6: ¹17; 48; 50º (Fact 4.6). The groups �48 and �50 both admitD8 as a quotient, but
�17 does not. Therefore y�17 cannot be isomorphic to y�j for j 2 ¹48; 50º.

Case 7: ¹18; 26º (Fact 4.2). The group �18 does not admit S3 as a quotient, but �26 does.
Therefore the pair have distinct profinite completions.

Case 8: ¹19; 34; 35º (Fact 4.2). The groups �34 and �35 both have S3 as a quotient, but
�19 does not. Therefore y�19 cannot be isomorphic to y�j for j 2 ¹34; 35º.

Case 9: ¹22; 30º (Fact 4.2). The group �30 has an S3 quotient, unlike �22, so the pair
have nonisomorphic profinite completions.

Case 10: ¹24; 43; 44º (Fact 4.2). The groups �43 and �44 both admit S3 as a quotient,
but �24 does not. Therefore y�24 cannot be isomorphic to y�j for j 2 ¹43; 44º.

Case 11: ¹27; 31º (Fact 4.3). The group �27 has A4 as a quotient, unlike �31, so their
profinite completions are not isomorphic.

Case 12: ¹36; 37; 45º (Facts 4.3 and 4.10). The group �45 admits an A4 quotient, but
�36 and �37 do not. Also �37 has the nontrivial semidirect product .Z=9/ Ì .Z=3/ as a
quotient, but �36 does not. Therefore all three have distinct profinite completions.

Case 13: ¹38; 40º (Fact 4.5). Each group has AGL1.F8/ as a quotient, but �38 has
twenty-seven distinct AGL1.F8/ quotients, whereas �40 has only three. It follows that
their profinite completions are not isomorphic.
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We have ruled out all possible isomorphisms between algebraic fundamental groups
of fake projective planes except the four pairs in the statement of the theorem. Therefore
the proof of the theorem is complete.

Define two connected étale covers Z ! X between smooth projective varieties to be
isomorphic when the associated subgroups of �1.X/ are conjugate. In particular, under
this definition a fixed X can admit nonisomorphic covers by a fixed Z. In this language,
considering the orders of the finite groups in Facts 4.2–4.11 and possible orders of first
homology groups with Z coefficients, we obtain the following corollary to Theorem 4.12.

Corollary 4.13. Let X and Y be fake projective planes for which the number of isomor-
phism classes of étale covers with group G are exactly the same for all groups G with
jGj � 248. Then X and Y are either isomorphic, complex conjugate, or �1.X/ D �j
and �1.Y / D �k where .up to reordering/ the pair ¹j; kº is one of the four given in the
statement of Theorem 4.12.

In other words, away from the four pairs of fundamental groups we will soon show
have isomorphic profinite completions, one can effectively determine through étale covers
whether or not two fake projective planes are isomorphic up to complex conjugation.

Remark 4.14. A referee noticed the following shorter path to proving Theorem 4.12. Let
X ab be the universal étale abelian covering of the fake projective plane X . If �alg

1 .X/ is
isomorphic to �alg

1 .Y /, then also H1.X ab;Z/ Š H1.Y ab;Z/. A short computer program
combining this observation with Proposition 4.1 reduces one to studying the pairs

¹4; 5º; ¹34; 35º; ¹43; 44º; ¹47; 49º; ¹48; 50º:

One then rules out the pair ¹4; 5º using Fact 4.4. However, this argument does not imply
Corollary 4.13, and the small nonabelian étale covers produced in the current proof of
Theorem 4.12 may be of independent interest, so the longer proof was retained.

5. Conjugation of Shimura varieties

This section recaps work of Milne and Suh [25, Section 1] and earlier work of Miyake [26]
on conjugation of Shimura varieties and generally follows the notation from [25]. LetF be
a totally real number field andH an algebraic group over F . The restriction of scalarsH�
is the Q-algebraic group so that

H�.R/ D H.F ˝Q R/

for any Q-algebra R and
H�.R/ D

Y
�WF!R

H�.R/;

where H� is the real algebraic group defined by extension of scalars from �.F / to R.
Notice that H.F / is a subgroup of H�.R/, and we then define

H.F /C D H.F / \H�.R/
C;
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whereH�.R/C is the connected component ofH�.R/ containing the identity. We assume
that H is a simply connected semisimple F -algebraic group, which implies that H.R/ is
connected. If � is a nonarchimedean place of F with completion F� , thenHF� will denote
the group H.F�/ obtained by extension of scalars from F to F� .

Let A1F denote the finite adeles of F . A congruence subgroup ofH.F / is a subgroup
of the form

z� D H.F / \K

for an open compact subgroup K < H.A1F /, where H.F / is diagonally embedded in
H.A1F /. IfH ad.F /C is the adjoint group ofH.F /C, then a subgroup � < H ad.F /C is a
congruence subgroup if its preimage z� inH.F /with respect to the natural central isogeny
is a congruence subgroup. When we need to differentiate between different congruence
subgroups, we will use z�.K/ and �.K/ to emphasize the open compact subgroup.

Suppose that X is a bounded symmetric domain and Hol.X/C is the connected com-
ponent of the identity in the group of holomorphic automorphisms of X . The case of
interest to us is where there is a surjective homomorphism H.R/C ! Hol.X/C with
compact kernel. If � < H ad.F /C is a congruence subgroup and V D �nX the associated
algebraic variety, then we say that V has type .H;X/.

The following is Theorem 1.3 of [25] combined with the more refined version of the
theorem’s conclusion provided by [25, Remark 1.6].

Theorem 5.1. Suppose that H is a simply connected and semisimple F -algebraic group
and that V is a smooth algebraic variety over C of type .H;X/. For any � 2 Aut.C/, the
variety V � is of type .H 0; X 0/ for some semisimple F -algebraic group H 0 such that´

H 0� Š H�ı� for all real archimedean �

H 0F� Š HF� for all nonarchimedean �:

Moreover, suppose that V D z�.K/nX for K � H.A1F / with z�.K/ torsion-free.
The isomorphisms H 0F� Š HF� for all nonarchimedean � induce an isomorphism
H 0.A1F / Š H.A

1
F / so that

V � D z� 0.K 0/nX 0;

where K 0 is the image of K in H 0.A1F / under the isomorphism.

In fact, we will need even more concrete information about the induced isomorphism
H.A1F /! H 0.A1F /, so we sketch the ideas behind the proof of Theorem 5.1. We follow
Miyake [26, Section 5], which specifically considers the case of interest for us.

Let F be a totally real number field with ŒF W Q� D d , OF be the ring of integers of
F , and E=F be a totally imaginary quadratic extension. Fix a cubic division algebra D
with center E and involution of second kind, that is, an anti-involution � such that the
restriction of � to E is the nontrivial element of Gal.E=F /. A nonzero element h 2 D�

for which �.h/ D h defines a nondegenerate hermitian form on D by

h.x; y/ D �.x/hy:
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One then modifies h to obtain a symplectic form  on D (as an F -vector space) in a
standard way described in [24, Example 8.5].

Set nD 9d . ConsideringDRDD˝Q R as a complex vector space, the action ofD on
itself defines a representationˆ WD!Mn.C/ so thatˆ˚ x̂ is a rational representation,
where x̂ is the complex conjugate representation. Consider a Z-lattice M � D. Scaling
 by a rational number, which does not change its unitary group, we can assume that

trD=Q. .M;M// D Z:

We call � D .D;ˆ; � I ;M/ a PEL-type.
A PEL-structure .A;C ; �/ of type � consists of an abelian variety A with polariza-

tion C and � W D ! EndQ.A/ satisfying the following properties:

� There is a complex torus Cn=ƒ, an isomorphism � WDR! Cn, and a homomorphism
� W Cn!A such that � induces a biregular isomorphism from Cn=ƒ to A under which

�.ˆ.a/w/ D �.a/�.w/ for all a 2 D and w 2 Cn.

� For all a 2 D and x 2 DR, one has �.M/ D ƒ and �.ax/ D ‚.a/�.x/.

� The polarization C contains a divisor that determines a Riemann form E on Cn=ƒ

such that
E.�.x/; �.y// D trD=Q. .x; y// for all x; y 2 DR.

Any � 2 Aut.C/ acts on PEL-structures by

.A;C ; �/� D .A� ;C � ; � � /:

The PEL-type of .A;C ; �/� is then �� D .D� ; ˆ� ; � � I � ;M� /.
Now, suppose that � is the extension to Aut.C/ of an element of Aut.F / and that M

is in fact an order in D. We see that one can take h0 D �.h/. For any nonarchimedean
place � of F and O� the integers of F� ,

M� DM ˝OF O� (2)

is a lattice in D� , considered as an F�-vector space, and the elements P� of HF� sta-
bilizing M� define an open compact subgroup. Then, considering P� as a subgroup of
HF� � H.A

1
F /, its image in H 0.A1F / under the isomorphism from Theorem 5.1 must

stabilize the lattice
M�
�.�/ DM�

˝OF O�.�/; (3)

hence it maps to the corresponding open compact subgroup P�.�/ of H 0F�.�/ stabiliz-
ing M�

�.�/
. This proves the following.

Proposition 5.2. With the notation established in this section, suppose that � is the exten-
sion to Aut.C/ of an element in Aut.F /. Then, up to similarity, one can take h0 D �.h/.
Moreover, for any order M of D, the isomorphism H.A1F /! H 0.A1F / in Theorem 5.1
sends the open compact subgroup of HF� stabilizing the local lattice M� defined in (2)
to the open compact subgroup of H 0F�.�/ stabilizing the local lattice M�

�.�/
defined in (3).
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6. Buildings and their vertices

This section continues with the notation established in Section 5. Our proof that certain
fake projective plane groups have isomorphic profinite completions requires very specific
information about the maximal compact subgroups in the arithmetic definition of each
group. This section briefly introduces the building X� associated with the groups HF�
over the nonarchimedean completions F� of F and the open compact subgroups of HF�
stabilizing vertices of X� .

The algebraic groupsHF� we will need to understand are locally isomorphic to either
SL3.F�/ or the special unitary group SU.h; E�/ of a hermitian form h with respect to a
quadratic extension E�=F� . We handle each case individually.

6.1. The building for SL3.F�/

This case is quite classical, and we refer to either [37, Section 2.8] or [13, Section 2]
for details. The vertices of X� are homothety classes of lattices L � F 3� . We denote the
homothety class of L by ŒL�. Here, a lattice means an O�-submodule of rank 3, where O�
is the valuation ring of F� . Choosing a uniformizer � for O� , distinct vertices ŒL1� and
ŒL2� are adjacent if there are representatives L1 and L2 for the homothety classes such
that �L1 � L2 � L1. Chambers of X� consist of triples of mutually adjacent vertices.

Then PGL3.F�/ acts transitively on the vertices of X� . This implies that all vertices
are hyperspecial, and the stabilizer PL < SL3.F�/ of ŒL� is a maximal open compact
subgroup. We call PL a hyperspecial parahoric subgroup, and note that all maximal
parahoric subgroups are conjugate in GL3.F�/. For consistency with the unitary case,
we say that all vertices of the building are Type 1 vertices.

6.2. The building for SU.h;E�/

See [13, Section 2] for an excellent detailed construction of the building from our point
of view. In this case, the building X� is a tree. As with SL3.F�/, the vertices are related
to homothety classes of lattices. Given a lattice L, let L� denote its dual with respect to
the form h. It ends up that either ŒL��D ŒL� or the two homothety classes define adjacent
vertices in the building for SL3.E�/. The vertices of X� fall into two classes:

Type 1: Classes ŒL� for which ŒL� D ŒL��.
Type 2: Unordered pairs .ŒL�; ŒL��/ of neighbors in the building for SL3.E�/.

A Type 1 vertex ŒL0� is adjacent to a Type 2 vertex .ŒL�; ŒL��/ if and only if the
triple forms a chamber in the building for SL3.E�/. A vertex is never adjacent to another
of the same type. Type 1 vertices are hyperspecial and Type 2 vertices are special, but
not hyperspecial. The action of SU.h;E�/ preserves the type of a vertex, and the action is
transitive on vertices of a given type. The maximal open compact subgroups of SU.h;E�/
are vertex stabilizers, hence there are two conjugacy classes.
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7. Isomorphic algebraic fundamental groups

We now prove the isomorphisms between algebraic fundamental groups that, combined
with Theorem 4.12, complete the proof of Theorem 1.1. The general progression for each
pair ¹j; kº is:

(1) Describe the number field F and F -algebraic group H associated with the pair.

(2) Relate �j and �k to certain congruence subgroups of H.F /.

(3) Study the action of the extension to Aut.C/ of a generator � for Gal.F=Q/ on the
congruence quotients of the ball related to �j and �k using Theorem 5.1.

(4) When �j and �k do not themselves arise from congruence subgroups of H.F /, use
additional covering space arguments to study the action of � on the relevant fake
projective planes.

It follows in each case that y�j Š y�k , as desired. When Theorem 5.1 does not apply directly
to the lattices at hand we must use nearby auxiliary lattices, which introduces some tech-
nical annoyances. In an attempt to make each case relatively self-contained, there is some
near-verbatim repetition in the presentation of each case. However, each case also requires
at least one ingredient not seen in the other three.

7.1. The pair ¹34; 35º

We follow [27, Section 9.3]. See [6, 7] for a more concrete description of these groups as
matrix groups. This is the most complicated pair of the four, so a first-time reader may
want to read the later cases first.

7.1.1. The number fields and some prime ideals. Consider F D Q.˛/ with ˛2 D 5 and
E D F.ˇ/ with ˇ2 D �3. There is a unique prime ideal p2 of F dividing 2, and p2 splits
as a product of two primes q2C and q2� of E. All three primes have residue field F4.

7.1.2. The algebraic group and open compact subgroups. The simply connected F -alge-
braic group H is defined in [27, Section 9.1] using the unique cubic division algebra D
over E with nontrivial invariants at the two primes of E dividing 2 and a hermitian ele-
ment h 2 D. We refer to [27] for details of the construction, which will not concern us.
We now define open compact subgroups of HF� for each nonarchimedean place �.

If j�j denotes the residue characteristic of � and j�j � 3, we take P� to be a hyper-
special parahoric subgroup, that is, the stabilizer of a Type 1 vertex of X� . It remains to
define the subgroup P2 < HF2 , where F2 is the completion associated with p2. For each
prime q2˙ of E dividing p2, the completion D2˙ of D is a division algebra. The units
of norm 1 in D2˙ are isomorphic as abstract groups and are both isomorphic to HF2 .
Specifically,

HF2 Š ¹.x; y/ 2 D
1
2C �D

1
2� W �.x; y/.h; h/.x; y/ D .h; h/º;
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where � extends to the factor-swapping isomorphism, so � -hermitian elements ofD map
in diagonally. It follows that y D hxh�1 defines an isomorphism betweenHF2 andD1

2C.
Under the above isomorphism of HF2 with D1

2C, let O2C be the unique maximal order
of D2C. Then P2 Š O1

2C.

7.1.3. The arithmetic groups. LetK D
Q
P� <H.A1F /with P� defined in Section 7.1.2

and set � D H.F / \K. Let ƒ < SU.2; 1/ be the normalizer of � and x�; xƒ denote the
images of these groups in PU.2; 1/. The group �32 is the index 3 normal congruence sub-
group of x� described in [27, Remark 9.4]. In particular, �32 is the congruence subgroup
of H ad.F /C associated with the open compact subgroup

K 0 D P 02 �
Y
j�j�3

P� < H.A
1
F /; (4)

where P 02 is the kernel of the unique homomorphism from P2 to Z=3.
The groups �j for j D 32;34;35 then fit into the diagram of Figure 2. All neighboring

inclusions in the diagram are index 3. We now give a sequence of facts that combine
information from [27, Section 9.3], Cartwright and Steger’s presentation for xƒ [8], and
Magma to give a more detailed description of the groups in Figure 2.

xƒ

x�34 x� x�35

�34 �32 �35

�

Fig. 2. The diagram of fake projective plane groups for j D 32; 34; 35.

Fact 7.1. The group xƒ contains a unique subgroup of index 3 admitting a homomorphism
onto Z=21. This must be x� .

Fact 7.2. The group x� contains a unique normal subgroup of index 3. This must be �32.

Fact 7.3. The group � D �32 \ �34 equals �32 \ �35. Then � is a normal index 3
subgroup of both �34 and �35, but is not normal in �32. Among all conjugacy classes
of index 3 subgroups of �32, � is in the unique conjugacy class that admits four distinct
homomorphisms onto S3.

Fact 7.4. The lift of any element of x� to D� has reduced norm contained in .E�/3.

Fact 7.5. In terms of Cartwright and Steger’s generators AA, BB, ZZ for x� in [8], coset
representatives for � in �34 are given by .BB ZZ�1/˙2.
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Fact 7.6. In terms of Cartwright and Steger’s generators AA, BB, ZZ for x� in [8], coset
representatives for � in �35 are given by .BB ZZ/˙2.

Let � D 1
2
.�1C ˇ/ be a primitive 3rd root of unity and set

b D det.BB/ D
1 � ˛ˇ

4
:

By Fact 7.4, any lift toD� of an element of� has reduced norm contained in .E�/3. Then
det.Z/ D �2, and Facts 7.5–7.6 imply that �34 is distinguished from �35 by the property
that every preimage y
 of 
 2 �j in D� has reduced norm contained in the subgroup

Nj D hb
2mj �.E�/3i � E�

where m34 D 1 and m35 D 2. The identification of �j =� with Z=3 is given by the iso-
morphism Nj =.E

�/3 Š Z=3.

7.1.4. The isomorphism of profinite completions for j D 34; 35.

Proposition 7.7. Let X34; X35 be fake projective planes with fundamental groups
�34; �35 and choose a representative � 2 Aut.C/ for the generator of Gal.F=Q/. Then,
up to complex conjugation, X �34 is isomorphic to X35. Therefore y�34 Š y�35.

Proof. Choosing the appropriate complex structures, the diagram of subgroups in Fig-
ure 2 implies that we have the diagram of Z=3-étale coverings in Figure 3, where Y is
the ball quotient associated with �. Let pj W Y ! Xj be the covering and  j a generator
for its deck group. We will prove, as indicated in Figure 3, that Y � Š Y , which implies
that � acts on Aut.Y /. We then show that, up to the correct choice of generators for the
deck groups,  �34 D  35 in the sense of Section 2. This implies that p�34 D p35, hence
X �34 Š X35, which proves the proposition.

X34 X32 X35

Y

�

p34 p35Dp
�
34

�

p32

Fig. 3. The common Z=3 cover of X32, X34, and X35.

To prove that Y � Š Y , we first show that X �32 Š X32, which is a consequence of
Proposition 5.2. To see this, �32 is the group associated with the open compact subgroup
K 0 of H.A1F / defined in (4). For places � with j�j � 3, P� is the stabilizer of a Type 1
vertex of the building X� (i.e., P� is hyperspecial), hence the image of K under the self-
isomorphism of H.A1F / induced by � is hyperspecial at all such �. For p2, the image of
P2 is the unique maximal order of D2C Š D2�, so it is again P2 under the isomorphism
induced by � . Since P 02 is the kernel of the unique homomorphism from P2 to Z=3, the
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image of P 02 is also isomorphic to P 02. This implies that, up to conjugacy in H.A1F /, the
self-isomorphism takes K 0 to K 0. In other words, X �32 has fundamental group �32 and so
X �32 Š X32.

Then, applying Fact 7.3 to Y � , it is the unique connected étale cover of X �32 D X32
whose fundamental group admits four distinct homomorphisms onto S3. By Theorem 3.2
we see that, up to conjugacy in �32, �1.Y � / equals �1.Y /. Therefore, Y � Š Y , which
proves the first assertion.

We now study  �34 by lifting to a self-isometry of the universal cover. A choice of
lift of  34 is given by choosing a coset representative 
34 for x� , where the choice of
nontrivial coset representative is equivalent to a choice of generator for the deck group.
Following the notation in Section 7.1.3, we choose 
34 so that any lift of 
34 to D� has
determinant contained in b2�.E�/3.

As in [26, Section 5.2], we identify complex hyperbolic space B2 with the space
¹Qzºz2B2 of PEL-structures of type�, with� defined from the algebraD and hermitian
form h as in Section 5. The lattice M associated with the PEL-type � is stabilized by
� � D1. The lift of  �34 to the universal cover of X �34 is then given by

Q�
z 7! .� ı 
34 ı �

�1/Q�
z D 


�
34Q

�
z ;

where 
 �34 is in the sense of the Aut.C/-action as in (1), not the Gal.F=Q/-action on D.
By Corollary 2.2, 
 �34 is the lift to B2 of an element Aut.Y / of order 3 with no fixed

points and quotient a fake projective plane. We can then choose a lift y
34 of 
34 to D�,
and the action of 
 �34 on PEL-types takes �� D .D� ; ˆ� ; � � I � ;M� / to the equivalent
PEL-type

�0 D .D� ; ˆ� ; � � I � ; .My
34/
� /

(see [26, Section 5.4, Corollary]), where now we can consider .My
34/� as the � -conjugate
for the Galois action on M �D by identifyingDR with C9. Taking the determinant, this
implies that a lift y
 �34 of 
 �34 to D� has reduced norm contained in �.det.y
34//.E�/3 D
�.b2�/.E�/3.

Then �.b2/D b�2 and �.�/D �, so any representative for 
 �34 inD� has reduced norm
contained in b�.E�/3. This is a nontrivial coset representative for � in �35 by Fact 7.6,
hence (up to the correct choice of generator)  �34 D  35. This completes the second and
final step required to prove the proposition.

Remark 7.8. Proposition 7.7 should also follow from work of Borisov and Fatighenti.
See [19] and the auxiliary files referenced there. Their work gives equations for the rele-
vant pair of fake projective planes that are invariant under Gal.F=Q/. It seems difficult to
rigorously verify that the Gal.F=Q/-orbit of equations derived from [19] are indeed for
two distinct fake projective planes, so we give the above proof instead.

7.2. The pair ¹43; 44º

This case is arguably the easiest of the four. We follow [28, Section A.6]. See [9, 10] for
a more concrete description of these groups as matrix groups.
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7.2.1. The number fields and some prime ideals. Consider F D Q.˛/ with ˛2 D 6 and
E D F.ˇ/ with ˇ2 D �3. There is a unique prime ideal p2 of F dividing 2, and p2 is
divisible by a unique prime q2 of E. The residue fields are F2 and F4, respectively. There
is also a unique prime p3 of F dividing 3, which is ramified over Q with residue field F3.
Then p3 splits into two primes q3˙ of E, which also have residue field F3.

7.2.2. The algebraic group and open compact subgroups. The simply connected F -alge-
braic group H is defined in [27, Section 9.1] using the unique cubic division algebra D
over E with nontrivial invariants at the two primes of E dividing 3 and a hermitian ele-
ment h 2 D. We refer to [27] for details of the construction, which will not concern us.
We now define open compact subgroups of HF� for each nonarchimedean place �.

Let F2 be the completion of F associated with p2. Then HF2 is the special unitary
group of h with respect to the extension E2=F2, where E2 is the associated completion
of E. We take P2 to be the nonhyperspecial maximal parahoric subgroup stabilizing a
Type 2 vertex of the building X2 for HF2 . If j�j denotes the residue characteristic of �
and j�j � 5, we take P� to be a hyperspecial parahoric subgroup, that is, the stabilizer of
a Type 1 vertex of X� .

It remains to define the subgroup P3 < HF3 , where F3 is the completion associated
with p3. For each prime q3˙ of E dividing p3, the completion D3˙ of D is a division
algebra. The units of norm 1 in D3˙ are isomorphic as abstract groups and are mutually
isomorphic to HF3 . Then

HF3 Š ¹.x; y/ 2 D
1
3C �D

1
3� W �.x; y/.h; h/.x; y/ D .h; h/º;

where � extends to the factor-swapping isomorphism, so � -hermitian elements ofD map
in diagonally. It follows that y D hxh�1 defines an isomorphism betweenHF3 andD1

3C.
Under the above isomorphism of HF3 with D1

3C, let O3C be the unique maximal order
of D3C. Then P3 Š O1

3C.

7.2.3. The arithmetic groups. LetK D
Q
P� �H.A1F /with P� defined in Section 7.2.2

and set � D H.F / \ K. Let ƒ < SU.2; 1/ be the normalizer of � and x�; xƒ denote
the images of these groups in PU.2; 1/. The groups �j for j D 42; 43; 44 then fit into
the diagram of Figure 4, where all subgroups are normal. In fact, xƒ=�j and �j =x� are
isomorphic to Z=3 for all j .

xƒ

�43 �42 �44

x�

Fig. 4. The diagram of fake projective plane groups for j D 42; 43; 44.
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Let � D 1
2
.�1C ˇ/ be a primitive 3rd root of unity and define

a D .1C ˛ˇ/.1 � ˛ˇ/�1:

Then, as described in [28, Section A.6], �j is characterized by the property that every
preimage y
 of 
 2 �j in D� has reduced norm contained in the subgroup

Nj D ha
mj �.E�/3i � E�

for somemj 2 ¹0; 1; 2º. The identification of �j =x� with Z=3 is given by the isomorphism
Nj =.E

�/3 Š Z=3. The notation in [5] (see Table 9) means that m42 D 0, m43 D 1, and
m44 D 2.

7.2.4. The isomorphism of profinite completions for j D 43; 44.

Proposition 7.9. Let X43; X44 be fake projective planes with fundamental groups
�43; �44 and choose a representative � 2 Aut.C/ for the generator of Gal.F=Q/. Then,
up to complex conjugation, X �43 is isomorphic to X44. Therefore y�43 Š y�44.

Proof. Choosing the appropriate complex structures, the diagram of subgroups in Fig-
ure 4 implies that we have the diagram of Z=3-étale coverings in Figure 5, where Y is
the ball quotient associated with x� . Let pj W Y ! Xj be the covering and  j a generator
for its deck group. We will prove, as indicated in Figure 5, that Y � Š Y , which implies
that � acts on Aut.Y /. We then show that, up to the correct choice of generators for the
deck groups,  �43 D  44 in the sense of Section 2. This implies that p�43 D p44, hence
X �43 Š X44, which proves the proposition.

X43 X44

Y

p43 p44Dp
�
43

�

Fig. 5. The common Z=3 cover of X43 and X44.

The fact that Y � Š Y is a consequence of Proposition 5.2. To see this, note that
x� D �1.Y / is the group associated with the open compact subgroupK ofH.A1F / defined
in Section 7.2.3. For places � with j�j � 5, P� is the stabilizer of a Type 1 vertex of the
building X� (i.e., P� is hyperspecial), hence the image of K under the self-isomorphism
of H.A1F / induced by � is hyperspecial at every �. For p3, the image open compact sub-
group is defined by the unique maximal order of D3C Š D3�, so it is again P3 under the
isomorphism induced by � . Lastly, P2 is the stabilizer of a Type 2 vertex of the associ-
ated building, hence so is the image group. This implies that, up to conjugacy inH.A1F /,
the self-isomorphism takes K to K. In other words, Y � has fundamental group x� and so
Y � Š Y . This proves the first assertion.
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We now study  �43 by lifting to a self-isometry of the universal cover. A choice of lift
of  43 is given by choosing a coset representative 
43 for x� in �43, where the choice of
nontrivial coset representative is equivalent to a choice of generator for the Deck group.
Following the notation in Section 7.2.3, we choose 
43 so that any lift of 
43 to D� has
determinant contained in a�.E�/3.

As in [26, Section 5.2], we identify complex hyperbolic space B2 with the space
¹Qzºz2B2 of PEL-structures of type�, with� defined from the algebraD and hermitian
form h as in Section 5. The lattice M associated with the PEL-type � is stabilized by
� � D1. The lift of  �43 to the universal cover of Y �43 is then given by

Q�
z 7! .� ı 
43 ı �

�1/Q�
z D 


�
43Q

�
z ;

where 
 �43 is in the sense of the Aut.C/-action as in (1), not the Gal.F=Q/-action on D.
By Corollary 2.2, 
 �43 is the lift to B2 of an element Aut.Y / of order 3 with no fixed

points and quotient a fake projective plane. We can then choose a lift y
43 of 
43 to D�,
and the action of 
 �43 on PEL-types takes �� D .D� ; ˆ� ; � � I � ;M� / to the equivalent
PEL-type

�0 D .D� ; ˆ� ; � � I � ; .My
43/
� /

(see [26, Section 5.4, Corollary]), where now we can consider .My
43/� as the � -conjugate
for the Galois action on M �D by identifyingDR with C9. Taking the determinant, this
implies that a lift y
 �43 of 
 �43 to D� has reduced norm contained in �.det.y
43//.E�/3 D
�.a�/.E�/3.

Then �.a/D a�1 and �.�/D �, so any representative for 
 �43 inD� has reduced norm
contained in a2�.E�/3. This is a nontrivial coset representative for x� in �44, hence (up
to the correct choice of generator)  �43 D  44. This completes the second and final step
required to prove the proposition.

7.3. The pairs ¹47; 49º and ¹48; 50º

These pairs are commensurable and best handled together. The argument for these cases
benefits from slightly more refined information about the commensurability class than
was needed for previous cases. We follow [11], but change some notation.

7.3.1. The number fields. Let F DQ.˛/ with ˛2 D 7 and E D F.ˇ/ with ˇ2 D �1. If �
is a primitive 7th root of unity and L D E.�/, then L=E is a cubic Galois extension with
Galois group generated by the element � characterized by

�.�/ D �2:

The maximal totally real subfield of L is LC D F.!/, where

! D � C ��1;

which has minimal polynomial t3C t2 � 2t � 1. Then �.!/D !2 � 2 and the restriction
of � to LC generates the Galois group of LC=F .



Algebraic fundamental groups of fake projective planes 21

7.3.2. Some prime ideals. There is a unique prime ideal p2 of F dividing 2, and p2
splits as a product of two primes q2C and q2� of E. All three primes have residue field
F2, and all three ideals area principal; we can take �2 D 3 C ˛ as a generator for p2,
�2C D 1C

˛�ˇ
2

as a generator for q2C, and �2� D 1�
˛Cˇ
2

as a generator for q2�. Both
of q2˙ remain prime in L, hence �2˙ are generators of prime ideals of L with residue
field F8.

There are two primes p3˙ of F dividing 3, and each defines a unique prime ideal
q3˙ of E. The residue fields are F3 and F9, respectively. One can take �3˙ D 2 ˙ ˛

as a generator for either p3˙ or q3˙. This ordering is chosen so that ˛ reduces modulo
p3˙ to ˙1. The completion of F with respect to either place �3˙ associated with p3˙
is isomorphic to Q3 and the corresponding completion of E is isomorphic to the unique
unramified quadratic extension E3 of Q3. There are two primes of L dividing 3 with
residue field F729, and the completion of L with respect to either prime is the unique
unramified cubic extension L3 of E3.

There is a unique prime p7 of F dividing 7, which has generator �7 D ˛ and residue
field F7. Then �7 continues to generate the unique prime ideal q7 of E dividing p7,
which has residue field F49. The unique prime ideal yq7 of L dividing q7 has generator
y�7 D � � 1 and residue field F49 (i.e., the prime q7 is totally ramified in L).

7.3.3. The algebra. Consider the cubic division algebraD overE generated by L and an
element y subject to the relations

yxy�1 D �.x/ for all x 2 L;

y3 D
3C ˛ˇ

4
:

Set ı D y3. Then

�.x/ D

0@x 0 0

0 �.x/ 0

0 0 �2.x/

1A (5)

�.y/ D

0@0 1 0

0 0 1

ı 0 0

1A (6)

is an embedding ofD in M3.L/ such that the subgroupD1 of elements of reduced norm 1
consists precisely of the elements that map to SL3.L/. The assignments

�.˛/ D ˛ �.!/ D !

�.�/ D ��1 �.y/ D y�1

extend to an anti-involution of D that is the restriction of conjugate transposition on
M3.L/ with respect to Gal.L=LC/ under either embedding.
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Using the factorization
ı D .3˛ � 8/�22C�

�2
2� ; (7)

with 3˛ � 8 a unit of F , one checks thatD remains a division algebra over the localization
of E at each of q2˙ and that these are the unique places of E whereD remains a division
algebra; see [11]. Let F2 be the completion of F at the place associated with p2, and let
D2˙ be the completion of D with respect to the completion of E associated with q2˙.
Then D2� is the opposite algebra of D2C. For every other place � of E with completion
E�, D ˝E E� is isomorphic to M3.E�/.

Remark 7.10. If one wants y3 to be an algebraic integer, ı could be replaced with
.3˛ � 8/�22C�2� D �

3
2�ı.

7.3.4. The hermitian element and algebraic group. The element

h D
3 � ˛ � 3ˇ C ˛ˇ

2
C
3 � ˛ � 3ˇ C ˛ˇ

2
� C

�
1 �

˛ C ˇ

2

�
�2

D

�
2 �

4˛

7

�
C

�
1 �

3˛

7

�
! �

˛

7
!2

of LC � D maps to a hermitian element of M3.L/ with respect to the Galois involution
of L=LC. Let �j W F ! R denote the embedding generated by

�j .˛/ D .�1/
j
p
7

for j 2 ¹0; 1º. Then �j extends to a complex conjugate pair of embeddings of E into C.
Fix one such extension (e.g., �j .ˇ/D i ). Defining �j .!/D 2cos.2�=7/ further extends �j
to a complex embedding of L (the other extensions are obtained by precomposition
with �). Applying �j to matrices then gives us a pair of embeddings, still denoted by �j ,
ofD into M3.C/. One checks that �0.h/ is a hermitian form of signature .1; 2/ and �1.h/
has signature .3; 0/.

Our simply connected semisimple F -algebraic group H is then the special unitary
group of h. That is,

H.F / D ¹z 2 D1
W �.z/hz D hº

and H�.R/ Š SU.1; 2/ � SU.3/. We now define the open compact subgroups Kj of
H.A1F / for j 2 ¹47; 49º.

7.3.5. The open compact subgroup for p2. The units of norm 1 in D2˙ are isomorphic
as abstract groups and are both isomorphic to HF2 . Then

HF2 Š ¹.x; y/ 2 D
1
2C �D

1
2� W �.x; y/.h; h/.x; y/ D .h; h/º;

where � extends to the factor-swapping isomorphism, so � -hermitian elements ofD map
in diagonally. It follows that y D hxh�1 defines an isomorphism betweenHF2 andD1

2C.
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Under the above isomorphism of HF2 with D1
2C, let O2C be the unique maximal order

of D2C. Then P2 Š O1
2C.

7.3.6. The open compact subgroups for j�j � 5. Recall that j�j denotes the residue char-
acteristic of a place � of F , and assume j�j � 5. For every place � of E dividing � with
completion E�,D ˝E E� is isomorphic to M3.E�/. For all places � of F other than p2,
this implies

HF� Š

´
SU.h;E�/ � inert in E

SL3.F�/ � splits in E

where SU.h; E�/ denotes the special unitary group of h with respect to the quadratic
extension E�=F� . If j�j ¤ 7, take P� to be the open compact subgroup consisting of all
elements of HF� that are �-adically integral with respect to the above basis. Then P� is
hyperspecial for all such �.

Now, consider the unique place �7 dividing 7, which is associated with the prime p7
defined in Section 7.3.2. There is a unique place �7 of E dividing �7 and the associated
local field extension E7=F7 is an unramified quadratic extension. Note that the factor-
ization in (7) implies that ı is a unit of E7 (i.e., has valuation zero). Similarly, there is
a unique place y�7 of L dividing �7, and the completion L7 is a totally ramified cubic
extension of E7. Even more, we will need the unique prime y�7 of LC divisible by y�7
and the associated completion LC7 . The group P7 is the hyperspecial parahoric subgroup
stabilizing a certain Type 1 vertex of the building X7 described in detail in [12].

While we do not need such specific information, we briefly describe the lattice stabi-
lized by P7. One can find a unit � 2 L�7 such that NL7=E7.�/ D ı and N

L7=L
C

7

.�/ D 1.
The element

c� D

0@��.�/ 0 0

0 �.�/ 0

0 0 1

1A (8)

centralizes �.x/ for x 2 L with �.x/ as in (5) and conjugates �.y/ to0@ 0 � 0

0 0 �.�/

�2.�/ 0 0

1A
with �.y/ as in (6). Define

c D

0@ 1 1 1

� � 1 �.� � 1/ �2.� � 1/

˛�1.� � 1/2 ˛�1�.� � 1/2 ˛�1�2.� � 1/2

1A (9)

and the conjugate embedding

��.z/ D .cc�/�.z/.cc�/
�1
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of D into M3.L7/. The hermitian element hc for this conjugate embedding is

�.cc�/
�1h.cc�/

�1

D �.c/�1hc�1

D

0B@ 13 � 5˛ 13 � 5˛ C 5ˇ � 2˛ˇ �21C5˛ˇ
2

C 4˛ � 7ˇ

13 � 5˛ � 5ˇ C 2˛ˇ 16 � 6˛ �14C 11˛�5ˇ
2
C ˛ˇ

�21�5˛ˇ
2

C 4˛ C 7ˇ �14C 11˛C5ˇ
2
� ˛ˇ 14 � 5˛

1CA ; (10)

which we note is in fact a hermitian matrix in M3.E/. ThenP7 <HF7 is the open compact
subgroup of consisting of the g 2 HF7 such that .cc�/g.cc�/�1 is E7-adically integral.
In other words, if O7 is the ring of integral elements in E7, then

P7 Š GL3.O7/ \ .cc�/HF7.cc�/
�1:

It remains to define the open compact subgroups for the primes dividing 3.

7.3.7. The open compact subgroups for p3˙. The construction uses several of the ele-
ments used to define P7 in the previous subsection. We have F3˙ Š Q3 the completion
associated with p3˙ and extensions E3˙, L3˙ and LC3˙ all associated with the various
extensions of F . When we only care about a particular field up to isomorphism, we drop
the ˙ from the notation. We work in the product HF3C � HF3� and define maximal
compact subgroups of each factor simultaneously.

A similar argument to j�j D 7, now where all fields are unramified extensions, shows
that there exists an element � 2 L3 such that NL3=E3.�/ D ı and N

L3=L
C

3

.�/ D 1. From
this �, we define .c�; c�/ analogously to (8) and c exactly as in (9). We then define

cC D diag.1; 1; �3C/; c� D diag.�3�; 1; 1/;

and consider the two hermitian forms

h˙ D �.c˙cc�/
�1h.c˙cc�/

�1;

which, as with the form in (10), has matrix in M3.E/.
We first study hC. Let P 03 be the elements in HF3C whose conjugate by cCcc� pre-

serve the standardE3C lattice and P3 be the elements inHF3� whose conjugate by cCcc�
preserves the standard E3� lattice. Then �3ChC has integral matrix entries over E and
determinant 2˛ � 5 2 p3C, where �3C.2˛ � 5/ D 1 and �3�.2˛ � 5/ D 0. As described
in [12], this implies that the standard lattice in E3C is not self-dual for hC but its dual is
a neighbor in the Bruhat–Tits building for PGL3.E3/. However, 2˛ � 5 is a unit of F3�,
which implies that the standard lattice is self-dual. These two cases precisely describe the
two types of vertex in the Bruhat–Tits tree for SU.hC; E3/, where P 03 stabilizes a Type 2
vertex and P3 stabilizes a Type 1 vertex (see Section 6.2).

For h�, the roles are reversed. Indeed, it is now �3�h� that is integral over E, and it
has determinant 37� 14˛ 2 p3�, which has �3�.37� 14˛/D 1 and �3C.37� 14˛/D 0.
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All Type 1 (resp. Type 2) vertex stabilizers in SU.hC;E3C/Š SU.h�;E3�/ are conjugate,
hence isomorphic (see Section 6.2). In particular, we can identify the elements in HF3C
whose conjugate by c�cc� preserves the standard E3C lattice with P3 and P 03 with the
elements in HF3� whose conjugate by c�cc� preserves the standard E3� lattice.

7.3.8. The arithmetic lattices for j D 47; 49. We now define

Kj D

8̂̂̂<̂
ˆ̂:
P2 � P

0
3 � P3 �

Y
j�j�5

P� j D 47

P2 � P3 � P
0
3 �

Y
j�j�5

P� j D 49:

Here, the second factor of the product corresponds to the place of F associated with p3C
and the third factor corresponds to the place for p3�. Then the image �j of �.Kj / in
H ad.F /C is the fundamental group of the j th complex conjugate pair of fake projective
planes. The groups �.K47/ and �47 are the examples called ƒ0 and xƒ0 in [28, Sec-
tion A.9], and �.K49/; �49 are ƒ00; xƒ00 (this case was mistakenly omitted in [27], hence
is not found there).

7.3.9. The isomorphism of profinite completions for j D 47; 49.

Proposition 7.11. Let X47; X49 be fake projective planes with fundamental groups
�47; �49 and choose a representative � 2 Aut.C/ for the generator of Gal.F=Q/. Then,
up to complex conjugation, X �47 is isomorphic to X49. Therefore y�47 Š y�49.

Proof. By Proposition 5.2, the algebraic group associated withX �47 is the algebraic group
with hermitian form �.h/, which is againH . By Theorem 5.1, we must describe the open
compact subgroup at each localization under the isomorphism of algebraic groups over
the finite adeles of F . In particular, we must show that the self-isomorphism of H.A1F /
induced by � takes K47 to K49. By Proposition 5.2, we only need to understand the � -
conjugate of the local lattice used to defined each open compact subgroup P� of HF� .

For j�j ¤ 2; 3; 7, P� is defined to be the stabilizer in HF� of the standard E� lattice
for � dividing �. Since det.h/ is a unit of F , the standard lattice is self-dual for h, P�
is the stabilizer of a Type 1 vertex of the building for HF� . Then �.h/ also has determi-
nant a unit, so the stabilizer of the standard lattice is again P� . Thus, up to conjugacy in
HF�.�/ we send P� to P� Š P�.�/ under the isomorphism. For p7, the determinant of the
conjugate hc defined in (10) is again a unit of F , so the same argument implies that P7 is
mapped to a conjugate of P7. For p2, the open compact subgroup is defined by the unique
maximal order of D2C Š D2�, so it is again P2 under the isomorphism induced by � .

It remains to consider j�j D 3. Here, we have

�3˙.det.�.h/// D 1 � �3˙.det.h//:

This means that replacing hwith �.h/ swaps whether or not the standard lattice is self-dual
with respect to the conjugate form described in the definition of the open compact sub-
groups for each of the two 3-adic places in Section 7.3.7. It follows from Proposition 5.2



M. Stover 26

that P 03 �P3 is mapped to P3 �P 03 by swapping factors under the Galois action of � . This
combines with the assertions for the other P� to prove that the isomorphism of algebraic
groups over A1F takes K47 to K49, which completes the proof of the proposition.

7.3.10. The isomorphism of profinite completions for j D 48; 50.

Proposition 7.12. Let X48; X50 be fake projective planes with fundamental groups
�48; �50 and choose a representative � 2 Aut.C/ for the generator of Gal.F=Q/. Then,
up to complex conjugation, X �48 is isomorphic to X50. Therefore y�48 Š y�50.

Proof. For j D 47; 49, using computer algebra software, we see that there is a fake pro-
jective plane Xj with fundamental group �j such that there is a unique connected Galois
étale cover Yj ! Xj with group S3 so that Yj is also a Galois étale cover of XjC1 with
group Z=6. By Lemma 2.1, the map Y47 ! Y �47 induces X47 ! X �47. Proposition 7.11
implies that, up to replacing X49 with its complex conjugate, X �47 Š X49, so Y �47 Š Y49
by uniqueness of each Yj as a 6-fold Galois cover of Xj that also covers XjC1. We then
obtain the diagram of maps in Figure 6, where Corollary 2.2 implies the existence of the
dashed arrow. Therefore, up to the choice of complex structure on X50 determined by
the choice of complex structure on X49, this proves that X50 Š X �48, which proves the
proposition.

Y47 Y49

X47 X49

X48 X50

�

Z=6

S3

�

S3

�

Z=6

Fig. 6. The cover Yj for j D 47; 49.

Appendix: Fake projective plane groups

We label the fifty (topological) fundamental groups of fake projective planes following
notation used by Cartwright–Steger [14] and Prasad–Yeung [27,28]. First, fake projective
planes are grouped by the totally imaginary field used to define the relevant commensura-
bility classes of arithmetic lattices. Within each commensurability class, we number the
lattices based on their order of appearance in the register of presentations of fake projec-
tive plane groups given on Cartwright’s website [5]; this is the file that gives each fake
projective plane group the ‘identifier’ given below. Specifically, each table below consists
of a number j and the name from [5], meaning that throughout this paper, �j denotes the
fundamental group of the given complex conjugate pair of fake projective planes.
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j Identifier from [5]
1 p D 5;;;D3
2 p D 5; ¹2º;D3
3 p D 5; ¹2iº

Tab. 2. The cases a D 1 from [5]: Q.
p
�1/.

j Identifier from [5]
4 p D 3;;;D3
5 p D 3; ¹2º;D3
6 p D 3; ¹2iº

Tab. 3. The cases a D 2 from [5]: Q.
p
�2/.

j Identifier from [5] j Identifier from [5]
7 p D 2;;;D3 27 14 p D 2; ¹3º;D3
8 p D 2;;; 721 15 p D 2; ¹3º; 33
9 p D 2;;;D3X7 16 p D 2; ¹3; 7º;D3
10 p D 2; ¹7º;D3 27 17 p D 2; ¹3; 7º; 33
11 p D 2; ¹7º;D3 77 18 p D 2; ¹5º

12 p D 2; ¹7º;D37
0
7 19 p D 2; ¹5; 7º

13 p D 2; ¹7º; 721

Tab. 4. The cases a D 7 from [5]: Q.
p
�7/.

j Identifier from [5] j Identifier from [5]
20 p D 2;;;D3 25 p D 2; ¹5º;D3
21 p D 2;;; 33 26 p D 2; ¹5º; 33
22 p D 2; ¹3º;D3 27 p D 2; ¹3; 5º;D3
23 p D 2; ¹3º; 33 28 p D 2; ¹3; 5º; 33
24 p D 2; ¹3º; .D3/3 29 p D 2; ¹3; 5º; .D3/3

Tab. 5. The cases a D 15 from [5]: Q.
p
�15/.

j Identifier from [5]
30 p D 2;;

31 p D 2; ¹23º

Tab. 6. The cases a D 23 from [5]: Q.
p
�23/.

j Identifier from [5] j Identifier from [5]
32 p D 2;;; d3D3 36 p D 2;;; d3X

0
3

33 p D 2;;;D3X3 37 p D 2;;; X9
34 p D 2;;; .dD/3X3 38 p D 2; ¹3º; d3D3
35 p D 2;;; .d2D/3X3

Tab. 7. The cases C2 from [5]: Q.
p
5; e2�i=3/.
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j Identifier from [5]
39 p D 2;;;D3
40 p D 2; ¹17�º;D3

Tab. 8. The cases C10 from [5]: Q.
p
�7C 4

p
2/.

j Identifier from [5]
41 p D 3;;; d3D3
42 p D 3; ¹2º;D3
43 p D 3; ¹2º; .dD/3
44 p D 3; ¹2º; .d2D/3
45 p D 3; ¹2iº

Tab. 9. The cases C18 from [5]: Q.
p
6; e2�i=3/.

j Identifier from [5]
46 p D 2;;;D3 27
47 p D 2; ¹3Cº;D3
48 p D 2; ¹3Cº; .3C/3
49 p D 2; ¹3�º;D3
50 p D 2; ¹3�º; .3�/3

Tab. 10. The cases C20 from [5]: Q.
p
7; i/.
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