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Acylindrical hyperbolicity of Artin groups associated
with graphs that are not cones

Motoko Kato and Shin-ichi Oguni

Abstract. Charney and Morris-Wright showed acylindrical hyperbolicity of Artin groups of infi-
nite type associated with graphs that are not joins, by studying clique-cube complexes and the
actions on them. In this paper, by developing their study and formulating some additional discus-
sion, we demonstrate that acylindrical hyperbolicity holds for more general Artin groups. Indeed,
we are able to treat Artin groups of infinite type associated with graphs that are not cones.

1. Introduction

Artin groups, also called Artin—Tits groups, have been widely studied since their intro-
duction by Tits [30]. In particular, Artin groups are important examples in geometric
group theory. For various nonpositively curved or negatively curved properties on dis-
crete groups, Artin groups are interesting targets. In this paper, we consider acylindrical
hyperbolicity of Artin groups.

Let I" be a finite simple graph with the vertex set IV =V/(I") and the edge set E = E(I").
Each edge e has two end vertices, which we denote by s, and #,. We suppose that any
edge e is labeled by an integer w(e) > 2. The Artin group Ar associated with T is defined
by the following presentation:

Ar = (V(T) | SeteSele -+ = teSeleSe -+~ forall e € E(I)). (1.1)
~——— ———
length 1 (e) length 1(e)

Free abelian groups, free groups, and braid groups are typical examples of Artin groups.
Adding the relation v? = 1 for all v € V(I") to (1.1) produces the associated Coxeter
group Wr. In terms of the properties of Wr, we can define several important classes of
Artin groups. The Artin group Ar is said to be of finite type if Wr is finite. Otherwise, it is
said to be of infinite type. The Artin group Ar is said to be irreducible if Wr is irreducible,
that is, the defining graph I" cannot be decomposed as a join of two subgraphs such that all
edges between them are labeled by 2. It is well known that an infinite Coxeter group Wr
is irreducible if and only if Wt cannot be directly decomposed into two nontrivial sub-
groups [24,28]. However, it is unclear whether Ar is irreducible if and only if Ar cannot

Mathematics Subject Classification 2020: 20F65 (primary); 20F36, 20F67 (secondary).
Keywords: Artin group, acylindrical hyperbolicity, WPD contracting element, CAT(0) cube complex.


https://creativecommons.org/licenses/by/4.0/

M. Kato and S. Oguni 1292

be directly decomposed into two nontrivial subgroups. In general, Coxeter groups are well
understood, but many basic questions for Artin groups remain open (refer to [10, 16]).

We consider nonpositively curved or negatively curved properties on Artin groups.
The following is one of the most important open problems [10, Problem 4].

Problem 1.1. Which Artin groups are CAT(0) groups, that is, groups acting geometrically
on CAT(0) spaces?

Here, CAT(0) spaces are geodesic spaces in which every geodesic triangle is not fatter
than the comparison triangle in the Euclidean plane (see [5] for the precise definition).
A group action is said to be geometric if the action is proper, cocompact, and isometric.
In recent studies on geometric group theory, various properties besides the CAT(0) prop-
erty have been actively investigated, such as systolic property and the Helly property (see,
for example, [19,20]).

In this paper, we consider the following problem [17, Conjecture B].

Problem 1.2. Are irreducible Artin groups of infinite type acylindrically hyperbolic?

The definition of acylindrical hyperbolicity is given in Section 2. There are many appli-
cations of acylindrical hyperbolicity (see, for example, [13,25], and [26]).

Remark 1.3. (1) Reducible Artin groups can be directly decomposed into two infinite
subgroups. However, acylindrical hyperbolic groups cannot be directly decomposed into
two infinite subgroups [25, Corollary 7.3]. Hence, such Artin groups are not acylindrically
hyperbolic.

(2) Irreducible Artin groups of finite type have infinite cyclic centers [6, 14]. Because
acylindrical hyperbolic groups do not permit infinite centers [25, Corollary 7.3], such
Artin groups are not acylindrically hyperbolic. We remark that the central quotients for
irreducible Artin groups of finite type are acylindrically hyperbolic (see [2,3, 18] for braid
groups, and [8] for the general case).

Many affirmative partial answers for Problem 1.2 are known. Indeed, the following
irreducible Artin groups of infinite type are known to be acylindrically hyperbolic:
* right-angled Artin groups [9,22];

* two-dimensional Artin groups such that the associated Coxeter groups are hyper-
bolic [23];

*  Artin groups of XXL-type [17];

* Artin groups of type FC such that the defining graphs have diameter greater than
two [12];

* Artin groups that are known to be CAT(0) groups according to the result of Brady and
McCammond [4] (see also [21]);

* Euclidean Artin groups [7].
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Actually, except for Euclidean Artin groups, all of these Artin groups are regarded as
special cases of the following irreducible Artin groups of infinite type, which are known
to be acylindrically hyperbolic:

* Artin groups associated with graphs that are not joins [11];

* two-dimensional Artin groups, that is, Artin groups such that every triangle with three
vertices v1, U, U3 of the defining graphs satisfies (see [32])

1 1
oy T ey T ey S

Charney and Morris-Wright [11] showed acylindrical hyperbolicity of Artin groups of
infinite type associated with graphs that are not joins, by studying clique-cube complexes,
which are CAT(0) cube complexes, and the isometric actions on them. In fact, they con-
structed a WPD (weak properly discontinuous) contracting element of such an Artin group
with respect to the isometric action on the clique-cube complex. In this paper, we general-
ize this result by developing their study and formulating some additional discussion. Our
main theorem can be stated as follows.

Theorem 1.4. Let At be an Artin group associated with I", where T has at least three
vertices. Suppose that T is not a cone. Then, the following are equivalent:

(1) Ar is irreducible, that is, I' cannot be decomposed as a join of two subgraphs
such that all edges between them are labeled by 2;

(2) Ar has a WPD contracting element with respect to the isometric action on the
clique-cube complex;

(3) Ar is acylindrically hyperbolic;

(4) Ar is directly indecomposable, that is, it cannot be decomposed as a direct prod-
uct of two nontrivial subgroups.

Remark 1.5. When an Artin group Ar is irreducible and the defining graph T" is not
a cone, the center Z(Ar) is known to be trivial. This fact is shown in [11]. We present an
alternative proof based on Theorem 1.4 (see Remark 6.6).

From Theorem 1.4, we find that many irreducible Artin groups of infinite type are
acylindrically hyperbolic, e.g., the Artin groups associated with the defining graphs in
Figure 1.

The remainder of this paper is organized as follows. Section 2 contains some prelimi-
naries regarding acylindrically hyperbolic groups, WPD contracting elements, and CAT(0)
cube complexes. Section 3 presents preliminaries on defining graphs of Artin groups and
joins of graphs. In Section 4, we treat clique-cube complexes and the actions on them
by Artin groups following [11]. In Section 5, we study the local geometry of clique-cube
complexes. Section 6 gives a proof of Theorem 1.4. Our main task is to construct a candi-
date WPD contracting element and show that it really is a WPD contracting element.
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Figure 1. Defining graphs I' of new examples Ar.

2. Acylindrical hyperbolicity, weak properly discontinuous
contracting elements, and CAT(0) cube complexes

In this section, we collect some definitions and properties related to acylindrical hyper-
bolicity, WPD contracting elements, and CAT(0) cube complexes that will be used later
in the paper. See [15] and the references therein for details.

First, we recall the definition of acylindrical hyperbolicity (see [25]).

Definition 2.1. A group G is acylindrically hyperbolic if it admits an isometric action on
a hyperbolic space Y that is non-elementary (i.e., with an infinite limit set) and acylin-
drical (i.e., for every D > 0, there exist some R, N > 0 such that, for all y;,y, € Y,

dy(y1.y2) = Rimplies #{g € G | dy (y1.£(y1)).dy (y2.8(y2)) = D} = N).
Next, we recall the definition of a WPD contracting element.

Definition 2.2. Let a group G act isometrically on a metric space X. For y € G, we say
that

* yis WPDIf, forevery D > 0 and x € X, there exists some M > 1 such that

#g € G | dx(x,g(x),dx (Y™ (x), gy™ (x)) < D} < oc;

* vy is contracting if y is loxodromic, that is, there exists xo € X such that Z — X,
n — y"(xo) is a quasi-isometry onto the image yZxo := {y"(xo) | n € Z}, and yZx,
is contracting, that is, there exists B > 0 such that the diameter of the nearest-point
projection of any ball that is disjoint from yZ xq onto yZxg is bounded by B.

The following is a consequence of [1].
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Theorem 2.3. Let a group G act isometrically on a geodesic metric space X. Suppose
that G is not virtually cyclic. If there exists a WPD contracting element y € G, then G is
acylindrically hyperbolic.

CAT(0) cube complexes are considered as generalized trees in higher dimensions. The
following is a precise definition (see [5, p. 111]).

Definition 2.4. A cube complexisa C W complex constructed by gluing together cubes of
arbitrary (finite) dimension by isometries along their faces. Furthermore, the cube complex
is nonpositively curved if the link of any of its vertices is a simplicial flag complex (i.e.,
n + 1 vertices span an n-simplex if and only if they are pairwise adjacent), and CAT(0) if
it is nonpositively curved and simply connected.

Definition 2.5. Let X be a CAT(0) cube complex. We define an equivalence relation for
the edges of X as the transitive closure of the relation identifying two parallel edges of
a square. For an equivalence class, a hyperplane is defined as the union of the midcubes
transverse to the edges belonging to the equivalence class. Then, for any edge belonging
to the equivalence class, the hyperplane is said to be dual to the edge.

For a hyperplane J, we denote the union of the cubes intersecting J by N(J), that
is, the smallest subcomplex of X containing J. We denote the union of the cubes not
intersecting J by X \\J, that is, the largest subcomplex of X not intersecting J .

See [29] for the following.

Theorem 2.6. Let X be a CAT(0) cube complex and J be a hyperplane. Then, X \\J has
exactly two connected components.

The two connected components of X \\J are often denoted by J ¥ and J~.
For convenience, we prepare the following for the proof of Theorem 1.4.

Definition 2.7. Let X be a CAT(0) cube complex. For two vertices x and x’ in X, we call
a sequence of hyperplanes Py, ..., Py asequence of separating hyperplanes from x to x’
if the sequence satisfies

- + + + 4o
xebPr, PI2P2-2Py 2Py3x

for some connected components Pl.+ of X\\P; foralli € {1,...,M}.
For two hyperplanes J and J' in X, we call a sequence of hyperplanes Py, ..., Py

a sequence of separating hyperplanes from J to J' if the sequence satisfies

+ + + + + +
JT2PT 2P 22 Py 2P, 2J

for some connected components J T of X\\J, J'* of X\\J’, and Pi+ of X'\\ P; for all
ie{l,....M}.

Remark 2.8. When Py, ..., Py is a sequence of separating hyperplanes from J to J',
for two vertices x € J~ U N(J) and x’ € J'T U N(J'), Py, ..., Py is a sequence of
separating hyperplanes from x to x’.
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The following is a part of [15, Theorem 3.3] and is used in the proof of Theorem 1.4.

Theorem 2.9. Let a group G act isometrically on a CAT(0) cube complex X. Then,
y € G is a WPD contracting element if there exist two hyperplanes J and J’ satisfying
the following:
(1) J and J' are strongly separated, that is, no hyperplane can intersect both J
and J';
(i) y skewers J and J', that is, we have connected components J* of X \\J
and J'* of X\\J' such that y"(J*) € J'* € J* for somen € N;
(iii) stab(J) N stab(J) is finite, where stab(J) = {g € G | g(J) = J } and stab(J') =
{geGlgJ) =T

3. Defining graphs of Artin groups and joins

3.1. Defining graphs of Artin groups

We now present a precise description of the defining graph of an Artin group and introduce
some related graphs.

Let V be a finite set. Denote the diagonal set by diag(V x V) := {(v,w) € V x V|
v = w}. We consider the involution on the off-diagonal set

'V xV\diag(VxV)s (v,w)— (w,v) € VxV\diag(V xV).

Any e € V x V \ diag(V x V) is often presented as (Se, Z¢). Then, forany e € V x V' \
diag(V x V'), we have s,(.) = . and #,(¢) = s.. We take a symmetric map

LV xV\diag(V x V) — Zs, U{oo}.

Here, ‘symmetric’ means that /i o 1 = [ is satisfied. Set E,, := ji~'(m) for any m €
Z>» U {oo}. Then, we have

VxV\diagVxV)y= || En.

meZx=,U{oo}

We now have a finite simple labeled graph ' with the vertex set V(I') = V, the edge
set E(I') = | |,,ez.» Em- and the labeling j1 := [i|g(r). The Artin group Ar associated
with T is then defined by presentation (1.1), and T is called the defining graph of Ar.

For convenience, we define two other finite simple graphs I'¢ and I'? as follows. The
graph I'¢ is the finite simple graph with the vertex set V(I'“) = V' and the edge set
E('¢) = Ey. This is the so-called complement graph of T'. The graph I'? is the finite
simple graph with the vertex set V(I'*) = V and the edge set E(I') = |_|,,ez_,utc0} Em-
See Figures 1 and 2.
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FC

Figure 2. The graphs I'* and I'¢ with respect to I in Figure 1.

Remark 3.1. In research related to Coxeter groups and some traditional treatments of
Artin groups, I'? is used with the label [i|g ). We mainly use I' in accordance with
many recent studies on Artin groups. We only use I'? as an aid in this paper.

3.2. Joins

Definition 3.2. Let A # @ be an index set. The join x4ep 'y of simple graphs 'y, @ € A,
is defined as a simple graph with the vertex set

V(*aeaTa) = | | V(Ta)

aeA

and the edge set

E(tqenla) == | | EC)U || {(aivp) | va € V(Ta).vp € V(Tp)}.
aeA a,BeEAN a#B

A simple graph I' is said to be decomposable (as a join) if there exist an index set A
with #A > 2 and subgraphs I'y, @ € A, of I" such that I" = *4ep I'y. This is called a join
decomposition of T into factors I'y, @ € A. The graph T is said to be indecomposable (as
a join) if it is not decomposable.

A simple decomposable graph I is called a cone if I" has a join decomposition into
a subgraph consisting of only one vertex vg and a subgraph I'’

= {1)0} * T,
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Remark 3.3. Any simple graph I' is indecomposable as a join if and only if its comple-
ment graph I"¢ is connected.

The following is a well-known fact. See Figures | and 2.

Lemma 3.4. Let I be a simple graph. Suppose that T is decomposable. Then, I has
a unique join decomposition into indecomposable factors

I'= KyeA Fa .
Proof. Consider the decomposition of I'¢ into connected components

re= | |@..
aEA

Set V := V((I'°)y) and define Iy, as the subgraph of I' spanned by V,,. Then, (I'y)¢ =
(I'°)y. Additionally, we have a join decomposition I' = *xyep [y. ]

Remark 3.5. Any decomposable graph is not a cone if and only if each of its indecom-
posable factors has at least two vertices.

4. Clique-cube complexes and actions on them

In this section, we consider clique-cube complexes and the actions on them following [11].
Let Ar be an Artin group associated with a defining graph I" as in Section 3.1. By the the-
orem of van der Lek (see [27,31]), for any subset U C V = V(I'), the subgroup of Ar
generated by U is itself an Artin group associated with the full subgraph of I spanned
by U. We denote this subgroup by Ay. When U is empty, we define Ag = {1}. We say
that U spans a clique in T if any two elements of U are joined by an edge in I'.

Definition 4.1 ([11, Definition 2.1]). Consider the set
Ar ={U C V | U spans acliquein I" or U = @}.

The clique-cube complex Cr is the cube complex whose vertices (i.e., 0-dimensional
cubes) are cosets gAy, g € Ar, U € Ar, where two vertices gAy and h Ay are joined
by an edge (i.e., a 1-dimensional cube) in Cr if and only if gAdy C hAy: and U and U’
differ by a single generator. Note that, in this case, we can always replace & by g, that
is, hAyr = gAy. More generally, two vertices gAy and gAy: with gAy C gAy: span
a#(U’ \ U)-dimensional cube [gAy, gAy-] in Cr.

The group Ar acts on the clique-cube complex Cr by left multiplication, & - gAy =
(hg)Ay. This action preserves the cubical structure and is isometric. The action is also
co-compact with a fundamental domain (Jyea[A4g, Au], where [Ag, Ay] is a #U-di-
mensional cube spanned by two vertices Ag and Ay in Cr. However, the action is not
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proper. In fact, the stabilizer of a vertex gAy is the conjugate subgroup gAy g~!, so all
vertices except translations of Ag have infinite stabilizers. We also note that Cr is not
a proper metric space because it contains infinite valence vertices. Additionally, Cr has
infinite diameter if and only if T itself is not a clique.

Remark 4.2 ([11, Section 2]). Each edge in Cr can be labeled with a generator in V. For
example, the edge between gAy and gAy () is labeled by v. Any two parallel edges in
a cube have the same label, so we can also label the hyperplane dual to such an edge by v
and say that such a hyperplane is of v-type. Every hyperplane of v-type is the translation
of a hyperplane dual to the edge between Ag and Ag,). If a hyperplane of v-type crosses
another hyperplane of v’-type, then (v, v") € E(T"). In particular, two different hyperplanes
of the same type do not cross each other.

Theorem 4.3 ([11, Theorem 2.2]). The clique-cube complex Cr is CAT(0) for any
graph T

Lemma 4.4 ([11, Lemma 2.3]). In the clique-cube complex Cr, the link of the vertex Ag
is isomorphic to the flag simplicial complex whose 1-skeleton is T'.

Lemma 4.5 ([11, Lemma 2.4]). If the clique-cube complex Cr is reducible, that is, de-
composable as a product of two subcomplexes, then I is decomposable (as a join). In par-
ticular, if T is indecomposable, then Cr is irreducible.

More strongly, we can show the following. This proposition is not directly used in the
proof of Theorem 1.4, but is of independent interest.

Proposition 4.6. The following are equivalent:
(1) Cr is reducible.

(2) Ar is reducible, that is, T'' is connected. In other words, T’ can be decomposed as
a join of two subgraphs such that all edges between them are labeled by 2.

(3) In addition to (2), Cr is a direct product of Cr+ and Cr» when T is decomposed
as a join of two subgraphs T and T such that all edges between them are labeled
by 2.

Proof. (3) = (1) is obvious. We show that (1) = (2) = (3).

We first consider (1) = (2). Suppose that Cr is reducible. First, we show that I" can
be decomposed as a join of two subgraphs. We fix two subcomplexes C’ and C” of Cr
satisfying Cr = C’ x C”. Then, for any vertex v = (v/,v”) of Cr = C’ x C”, Lk¢pv
is the join of Lkc/v" and Lkc»v”. Let Ty, '), and I} be 1-skeletons of Lkcv, Lkc/v’,
and Lkc»v"”, respectively. Then, T, is the join of I';, and T';/. In particular, I'4, is the join
of I'; and Iy . We set

I":=Ty, and T":=Tj.

Because I' is isomorphic to I'y, by Lemma 4.4, I" can be regarded as the join of I'" and T'”.
Thus far, the argument is based on the proof of Lemma 4.4 in [11].
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Ag Agsy sAg

Figure 3. A 3-line full subgraph of FA{S 0

Next, we show that all edges between I and I'” are labeled by 2. Assume that we
have s € V(I'') and ¢t € V(I'”) such that e = (s, ¢) is an edge of " with label m > 2. Let
us consider three squares [Ag, A 1], [SAg, Ags,iy], and [tAg, Ags s3] around Ay 1. Then,
we have a 3-line subgraph of I'q ,, corresponding to these three squares (see Figure 3).
The 3-line subgraph is a full subgraph of 'y ,, because it follows from Lemma 5.1
(see the next section) that there is no square in Cr containing both edges [A(s,s}, t Afsy]
and [Ayss), SAgy). Because Cr is C' x C” and edges [Ag, A¢sy] and [Ag, Agy] of Cr
correspond to edges of C’ x {Ag} and {Ag} x C”, respectively, edges [Ay, Ags,r3] and
[A¢s). Ags,r3] of Cr must correspond to edges of C’ x {A gy} and {Ag} x C”, respectively.
Thus, the two middle vertices of the 3-line full subgraph of 'y, ,, = I' o X ry y belong
to FA{M) and F,X(s,t)’ respectively. This contradicts the fact that any 3-line full subgraph of
a join of two graphs is contained in either of the join factors.

We now show that (2) = (3). Suppose that I" is decomposed as a join of two sub-
graphs T and T'” such that all edges between them are labeled by 2. Then, we have
a bijection

Ar X Arr — Ar, (T/, T”) —T uT”. “.1)

In addition, because Ar is a direct product of subgroups Arv and Ar~, we have a group
isomorphism
A[‘/ X Arw d Ar', (g/,g”) = g/g”. (4.2)

Clearly, (4.1) and (4.2) imply a bijection from vertices of Crv x Cr» to vertices of Cr
$% CR x C2 — C2. (¢'Arr.g"Ar) > g'g" ATt
This can be extended to the cubical isomorphism
¢: Cr x Crv — Cr

such that ¢([g' A7+, g'Av’] x [¢§" Arr, " Aur)) = [g'¢" Arrurr, &'8" Auruur] for any
(T',T"y € Ar x Arrand (g, g") € Arr x Ap». [
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Lemma 4.7 ([11, Lemma 3.2]). Suppose that T is not a cone. Then, the action of Ar
on Cr is minimal. That is, for any point x € Cr, we have Hull(Arx) = Cr (the convex
hull of the orbit of x is all of Cr).

Proposition 4.8. Suppose that T is not a cone. Then, a finite normal subgroup of Ar is
trivial. In particular, a finite center of Ar is trivial. Also, if Ar is isomorphic to a direct
product A1 X Ay and A is finite, then Ay is trivial.

Proof. Let N be a finite normal subgroup of Ar. Set
Fix(N) :={x € Cr | nx = x foranyn € N}.

Because N is finite and Cr is a complete CAT(0) space, we have Fix(N) # 0. Take
any x € Fix(N). Then, Arx C Fix(N). Indeed, the normality of N implies that, for any
g € Ar and n € N, there exists n’ € N such that ng = gn’. Therefore, we have ngx =
gn’x = gx. Because Cr is CAT(0), Fix(N) is convex. Hence, we have Hull(Arx) C
Fix(N). By Lemma 4.7, we have Hull(Arx) = Cr. Hence, Fix(N) = Cr. In particular,
Ag € Fix(N). In general, Ay is not fixed by any nontrivial element of Ar. Hence, N must
be trivial. ]

5. Lemmas on local geometry of clique-cube complexes

In this section, we state two lemmas related to the local geometry of clique-cube com-
plexes. The first one is used in the proof of Proposition 4.6. The second is used in the
proof of Theorem 1.4.

Recall that the dihedral group for any r € N is defined as

(s.t|s>2=1,t>=1,st---s =ts---t (lengthr)) if r is odd,
I(r) ==

(s.t|s>=1,t>=1,st---t =ts---s (lengthr)) ifriseven.

It is well known that #1,(r) = 2r.
Let Ar be an Artin group associated with a defining graph I' as in Section 3.1.

Lemma 5.1. Let e = (s,t) be an edge of I with label m greater than 2. Then, there exists
no square in Cr containing both edges [As 1y, t Agsy] and [Ags 1y, SAgpy), that is, there exist
no p,q € 7 such that ts? = st? in Ar.

See Figure 3.

Proof. Assume that we have a square in Cr containing both edges [A¢s ), tAsy] and
[Ags,3. SAgy]. Then, the square has four vertices Ays sy, Ay, SAyy, and 157 Ag = 519 Ag,
where p, g are some integers. Then, we have p = ¢. Indeed, if we consider the projec-
tion Ags;y — Agsy = Z defined by s +— s and ¢ — s, then ¢ts? = st in Ay, implies
s1tP = s1%4 in Ay, and thus p = g. Hence, we have ts? = st? in Ay, 1. By the natural
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projection Ays sy = Wisry, tsP = st? in Ay ) implies ts = st in W, 5 if p is odd and
t = s in Wi, 4y if p is even. Both cases contradict the fact that s # st and s # ¢ in Wi )
in the case where m > 2. ]

Lemma 5.2. Let e = (s,t) be an edge of I with label m greater than 2. Let T be an
alternating word

T .=

; of length m if mis odd,
S “ee S
of lengthm + 1  ifm is even.

Let U € Ar with s,t € U. Then, there exists no square in Cr containing both edges
[Au, Au\isy] and [Ay, TAy\(), that is, there exists no g € Ay\(sy such that gAy\gy =
TAy\()- Additionally, there exists no square in Cr containing both edges [Ay, Ay\iy)
and [Auy, TAy\(sy), that is, there exists no g € Ay such that gAy\(sy = TAy\(s)-

See Figure 4.
tAu\1y TAy\(s,1)
AU\{sy | L TAy\(s)
Ay :
Ay \{s,} Av\iy

Figure 4. Squares around Ay .

Proof. We prove this lemma by induction on k = #U.
(1) The base case where k = 2. In this case, U = {s, ¢}. It is sufficient to show that for
any p € Z,
tpAU\{,} =+ ‘L’AU\{,} and SPAU\{S} #* ‘L’AU\{S}.
(1-1) Suppose that m is odd. Note that ¢ = st ---s is equal to an alternating word
ts---t of length m in

Ay = (s, t | st---s =ts---t (lengthm)) = Ay C Ar.

We assume that there exists p € Z such that t” Ay\(y = tAy\{y- Then, 1777 € Ay\y).
In contrast, we clearly have that 1 =7t € A 1y. Because U \ {t} = {s}, there exists ¢ € Z
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such that 759 = t in A s. Then, we have p + g = m. Indeed, if we consider the pro-
jection Ays sy — Ags) = Z defined by s > s and f > s, then P57 = 7 in Ay, sy implies
sPT4 = ™ in Ay, and thus p + ¢ = m. Hence, we have (7s™ P = gt ---5s =51
in A{S’,}.

(1-1-1) We treat the case where p is odd. By the natural projection A s — Wi,
tPs™™P =ts.--t in Agsyy and tPs™7P =t in Wi,y imply £ = t5---t in Wi, 0. Thus,
we have 1 = 5---t in Wj,,;. This means that we have a projection I>((m — 1)/2) —
Wis, iy = I2(m) defined by s — s and ¢ +— . Thus, we have m — 1 = #1,((m — 1)/2) >
#1,(m) = 2m. This contradicts m > 2.

(1-1-2) We treat the case where p is even. In this case, t#s™ 7 = st---5 in Ay
and tPs™" P = s in Wi,y imply s = st -5 in Wy, 1. Thus, we have 1 = s---¢ in Wi, 4y.
This means that we have a projection I>((m — 1)/2) — Wi, sy = I>(m) defined by s = s
and ¢ > ¢. Thus, we have m — 1 = #I,((m — 1)/2) > #I,(m) = 2m. This contradicts
m > 2.

By (1-1-1) and (1-1-2), for any p € Z, we have t” Ay\(y # TAy\{). By the same
argument, for any p € Z, we have s? Ay\(sy # TAy\(s})-

(1-2) Suppose that m is even. Note that alternating words sz -- -z and s - - - s of length m
are equal in

Agspy = (s, ¢ | st---t =ts---s (lengthm)) = Ay C Ar.

We assume that there exists p € Z such that ¢ Ay\yy = TAy\)- Then, from the same
argument as in (1-1), there exists ¢ € Z such that t#s? = 7 in Ay . Thus, we have
p +¢q = m + 1.Indeed, if we consider the projection Ay s} — A5y = Z defined by s > s
and 7 > s, then 1757 = 7 in Ay, implies s?T9 = ¢! in Ay, and thus p + g =m + 1.
Hence, we have 175" T177 = gt ... in Ay y. This implies t7s™ ™7 = st ---1 in Ay .
Thus, we have tPs™™?7 = st -+t = ts---5in A py.

(1-2-1) We treat the case where p is odd. By the natural projection A sy — Wi,
tPs™M™P =ts---5in Aggyy and tPs™P = tsin Wi, ;) imply ts = ts---5 in Wi 4y. Thus,
1 and an alternating word s - - - ¢ of length m — 2 are equal in W ;. This means that we
have a projection I>((m — 2)/2) — Wi,y = I>(m) defined by s — s and ¢ — ¢. Thus,
we have m — 2 = #1,((m — 2)/2) > #I,(m) = 2m. This contradicts m > 2.

(1-2-2) We treat the case where p is even. In this case, ts"™? = st ---t in A,y and
tPs™™P = 1in Wiy, implies 1 = st ---¢ in Wi, ;. This means that we have a projection
I>(m/2) = Wi = I>(m) defined by s — s and ¢ — ¢. Thus, we have m = #1,(m/2) >
#1,(m) = 2m. This contradicts m > 2.

By (1-2-1) and (1-2-2), for any p € Z, we have t” Ay\yy # tAy\{)- By the same
argument, for any p € Z, we have s? Ay\(sy # TAy\(s})-

(2) Suppose that k > 2 and the statement is true fork — 1. Let U = {uy,...,ugx_»,5,t},
where #U = k. Assume that there exists g € Ay\(s) such that gAy\;y = TAy\g. Then,
we have a square [gAy\(s,0), Au] in Cr. Its vertices are Ay, TAy\y}, §AU\{s,s}> and
Ay\sy- Because Cr is CAT(0), this square spans a cube together with other two squares
[Au\{u,,s3» Aul and [TAy\qu, 13, Au]. See Figure 5.



M. Kato and S. Oguni 1304

8AU\(s.1} gAu\@y = TAu\ 8AU\(s,1} gAv\uy = TAu\y
t }
g € Au\is) Ay Au\(sy Ay
s A
Aoy
A QU NS N
TAU\{u, 1} up" g1AUNuy 1y = TAU\(uy 1)
Au\fuy,s) Au\fuy 81 € AU\(uy,s) Av\fur)

Figure 5. Three squares around Ay span a cube.

This cube contains another square [g1Ay\{u,,s,r}» AU\fu,}] as a face, where g; €
Av\iur,sy = AW\ )\{s)- Then, we have

S1IAW\ i\ = TAU D\

Because #(U \ {u1}) = k — 1, this contradicts the inductive assumption. |

6. Proof of Theorem 1.4

In this section, let Ar be an Artin group associated with a graph I" that has at least three
vertices, and suppose that I" is not a cone. We show our main theorem (Theorem 1.4), that
is, the following are equivalent:

(1) Ar isirreducible, thatis, I cannot be decomposed as a join of two subgraphs such
that all edges between them are labeled by 2;

(2) Ar has a WPD contracting element with respect to the isometric action on the
clique-cube complex;

(3) Ar is acylindrically hyperbolic;

(4) Ar isdirectly indecomposable, that is, it cannot be decomposed as a direct product
of two nontrivial subgroups.

6.1. Proof of (2) = (3), 3) = 4), (4) = (1) in Theorem 1.4

We show that (2) = (3), (3) = (4), (4) = (1) in Theorem 1.4.

First, (2) = (3) follows from Theorem 2.3.

Next, we show (3) = (4). Let Ar be acylindrically hyperbolic. If Ar is isomorphic to
a direct product Ay x A,, then either A; or A is finite by acylindrical hyperbolicity [25,
Corollary 7.3]. Proposition 4.8 implies that the finite one is trivial. Hence, Ar is directly
indecomposable.

Finally, (4) = (1) is clear.
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6.2. Proof of (1) = (2) in Theorem 1.4

In this subsection, we give a proof of (1) = (2) in Theorem 1.4. Suppose that Ar is
irreducible. We will construct an element y € Ar and show that y is a WPD contracting
element with respect to the action on the clique-cube complex. When I' is indecompos-
able, that is, not a join, a WPD contracting element is already given in [11, Remark 4.5].
Hence, it is sufficient to treat the case where I" is decomposable. From now on, we suppose
that I" is decomposable.

We consider a unique join decomposition I' = *; <; <, I'; into indecomposable factors
(see Lemma 3.4). We set V; = V(I';) and E; = E(I';) foreachi € {1,...,k}. Then, for
every i € {l,...,k}, the complement graph (I';)¢ of I'; is connected, and the complement
graph I'“ of T is the disjoint union of connected components I'® = | |, _; ., (I';)°.

We define Q(I") as a finite simple graph with
» the vertex set V(Q(I')) = {Vi}1<i<k, and
« theedgeset E(Q(I') ={(Vi,V;),(V;, Vi) | 1 <i < j <k,(I; % T;)" is connected}.
Note that (T;)" is connected because (T;)€ is connected, V((T;)°) = V((I)) = Vi,
and E((T;)¢) C E((T;)"). Note that the following are equivalent for different i, j €
{I,...,k}:

e (I; = Tj)" is connected;
» there exists an edge with label greater than 2 between a vertex of ['; and a vertex

of Fj .

We confirm our setting:

(1) T is decomposable, i.e., ['° is not connected, that is, k > 2;

(2) T is not a cone, i.e., every connected component of I'® has at least two vertices,

that is, #['; > 2 forany i € {1,...,k};

(3) Ar is irreducible, i.e., I'! is connected, that is, Q(T") is connected.

We take a spanning tree 7 of Q(I"). We regard T as a rooted tree with the root V7.
By trading indices of V5, ..., Vi if necessary, we suppose that i < j only if V; is not
farther than V; from V; in T. For each i, j with i < j and (V;, V;) € E(T), take an
edge ¢; j € E(T') with label m; ; = (e, ;) greater than 2 with s; ; := s, ; € V(I';) and
ti,j =1e; € V(I';),and sete;; :=t(e; ;). Forany i, j € {1,...,k} with (V;,V;) € E(T),
let 7; ; be an alternating word

Tij = SijlijcSig
of length m; ; if m; ; is odd, and let 7; ; be an alternating word
Tij = SijlijcSij

of length m; ; + 1if m; ; is even.
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Lemma 6.1. Thereexistne N, foreachi€{l,...,k}, aclosed path (v; 1,...,Vin,Vint1)
with vi1 = Vip+1 on (Iv)¢ passing through every vertex at least once, and for any
i,j S {1, . ,k} with (Vl, VJ) S E(T), l(l,]) € {1, e ,I’l} such that (vi,l(i,j)a vj,l(i,j)) =
(si,j.ti,j) (= eij) and 1(j, 1) = 1(, J).

Proof. For any i € {1,...,k}, we consider the minimum length n; of closed paths on
(T;)¢ passing through every vertex at least once. Set n = [ [, ;< ni. Then, for any i €
{1, ..., k}, by concatenating n/n; copies of a closed path of l_en_gth n; on (T';)¢ passing
through every vertex at least once, we have a closed path (vl’.,l, cees vl’.’n, v;’nﬂ) with
vlf,l = vlf’n 41 on (I';)€ passing through every vertex at least n/n; times (in particular, at
least once).

We set (V1,1,-.., Vin, Ving1) i= (v’l,l, e v’l’n, v’l’nﬂ). For any j € {2,...,k},
we define (v,1, ..., V), Vjnt1) inductively as follows. Take j € {2,...,k}. Assume that
(Vi 15+ -5 Vi, Vipt1)isdefined fori € {1,...,j — 1} with (V;,V;) € E(T). Then, we set
[(i, j) as the minimum / such that v; ; = s; ;. By a cyclic permutation of v},l, e v},n,
wehave v 1,...,V;, suchthatv; ;i jy =1t ;. By setting v; , 41 := vj,1, we have (v; 1,. ..,
Vjn,Vjnt+1). Forany i, j with 1 <i < j <k and (V;, V) € E(T), we set [(j,i) :=

1. j). n

Wetaken € N, (vi1,.... Vi, Vipnt1) foreachi € {1,...,k},and [(i, j) € {1,...,n}
foranyi, j € {1,...,k} with (V;,V;) € E(T) asin Lemma 6.1. For 1 <[ < n, set

Al =V Vg

Forany i, j € {1,...,k} with (V;,V;) € E(T), we define A;(i, j) as A;(i, j) := A; if
I #1(i, j). In addition, we define A;(; (i, j) as

A1, ) J) 2= Ti V116G, ) V2,06, ) Vi1,1G,/) Vit 1,1, )
VLG, ) Vi LIG.)) T VkLG, )

ifi <j,and Aj; ;)@ j) = Ai,i(J, 1) if i > j, where we note that [(j,7) = I(7, j).
Moreover, we define y (i, j) as

v(.j) =M, A2, ) Al ))
= Az A )—1A16.0) G A H+1 - An

Then, we have y(j,i) = y(i, j).
Take a closed path

Viyso o Vi Vip) (6.1)

with i; = i,4+1 = 1 on the spanning tree T of Q(I") passing through every vertex at least
once. We define y as

Y =y, i2)y (2, i3) - y(r, iry1). (6.2)
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We set

y(0) =1, y(1) := A1(i1,12), y(2) := A1(i1,i2)A2(i1,02), ..., y(n) = y(i1,12),

andfora € {2,...,r}and/ € {1,...,n}, we set

y((a—Dn+1):=y(i1.i2) - y(a-1,1a) A1 (a, la+1) - A1 (as ia+1))-

In particular, we have y(rn) = y.
We confirm the following for convenience:
(1) k is the number of indecomposable factors of a unique join decomposition of T;
(2) n is the common length of the closed paths on (I';)€ foralli € {1,...,k} taken in
Lemma 6.1;
(3) r is the length of the closed path (6.1) on T taken above.
For1 <[ <n, set
Uy :={v11.v20,..., 01}
Then, U; spans a clique in T, that is, U; € Ar. Hence, we have a k-dimensional cube
[Ag, Ay,] in Cr. The hyperplanes dual to edges of [Ag, Ay, ] are of v; ;-type, i €{1,... ,k}.
We denote such hyperplanes by H; ;,i € {1,...,k}.
Lemma 6.2. Fori € {1,...,k},l e€{l,...,n},anda €{1,...,r}, we have the following:
(1) Hiy N H;j41 =0, where we set H; 11 1= H; 1;
(2) HiyNAH;y = 9;
) HilGigiar) N Mgsiarn) Uas la+1) Hillig igs) = 95
4) [Ag, Ay, N [Ap, Avu,, ] = {Ap}, where we set Uy 41 := Uy;
() [Ap. Ayl N Ai[Ag, Ayl = {Ay,);
(6) [A@’AUl(ia,ia+1)] n Al(imia-%—l)(ia’ia"‘l)[A@’AUl(ia,ia+1)] = {AUl(ia,ia+1)}'

Proof. (1) H;; and H,; ;4 are of v; ;-type and v; j41-type, respectively. Note that v; ; #
v;,1+1 implies H;; # H; ;1. Because (v;;,vii41) ¢ E(I'), we have {v; 1, v 141} € Ar,
and thus H;; N H; ;41 = 0.

(2) Because [Ay)\(v; ;3 Au,] C N(Hi1), we have [A; Ayp(w, 3 A1 Au] € AiN(H; ).
Note that A; Ay, = Ay, and A1 Ayj\(v; ;3 = V1.1 - Vig Aup\fv, 3 NOow, assume that H; ; N
ArH;; # 9. Because H;; and A;H;; are of v; j-type, we see that H;; = A; H;; (see
Remark 4.2). Then, we have

A Aupy MiAu) = v vinAup g,y Au ]l © N(H; ).

Hence, we obtain AUz\{vi,z} =V Ui,lAUz\{vi,z}- This means that v; ; € AUI\{Ui,I}' How-
ever, from [31], {v; ;} N (U; \ {v;;}) = @ implies that A,y N Ay, )y = Ao = {1}. This
contradicts v; ; # 1in Ar.
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(3) When i # ig4,ig+1, by the same argument as in (2), we see that

Hi G iarn) N Migiasn) Gas la+1) Hi 1G4 i040) = 9.

Now, assume thati = iz ori = iz4+1 and

Hi1Ggigr1) N Mgsiar) Uas la+1) HilGig ig41) 7 9-

Note that Al(ia,iaﬂ)(iav ia+1)AUl(ia,ia+1) = AUl(ia,iaH) and

Al(iasia+l)(la’ la+1)AUl(ia,ia+1)\{vi,l(ia,ia+1)} = TiasiaJrlAUl(ia,iaJrl)\{vi,l(ia,ia+1)}'

Because Hi 1(i,iq11) a4 Ai(ig,iq 1) HilGia,iayr) 31€ OF Vi l(ig,iqr1)-type, we see that

HilGgsiar1) = MGasiar) Hiigg g, )
Then, we have
[Al(iasia+l)AUl(ia,ia+1)\{Ui,l(ia,ia_H)}’ Al(ia,ia+1)AUl(ia,iaH)]
= [Tia,iaﬂAUl(ia,ia+1)\{vi,1(ia,ia+1)}’ AUl(ia,ia+1)] C N(Hi1(gi011)-

Hence, we have

Tigiat1 AUl(ig,ia+1)\{vi,l(ia,ia+1)} = AUl(ia gD MVilGaigp )}

This contradicts Lemma 5.2.
Parts (4), (5), and (6) follow from (1), (2), and (3), respectively. [

The following is a key lemma.

Lemma 6.3. Fora € {l1,...,r}, we have

Hi, 1Gasias) N MGasiarn) Garla+1) Higoy 1Ga iy = 9-

Proof. Let us note that the hyperplane H;, 1, ., ) 18 of Vi, 1(i,,i.41)-typPe, and the hyper-
plane A’l(iasiaJrl)(ia ) ia+1)Hia+lsl(ia,ia+l) is of Vigi1,lGiasiar1) " tYPE- Note that Vig,l(iasia+1) #
Viat1dGasiarr) IPLES Hig 1Gigiar) 7 Masiarr) Uas la+1) Hig 1 16 iasr)- Additionally,
Al(igiarn) (as ia+l)AUl(ia,ia+1) = AUl(ia,ia+1)’
Al(iaaia+l)(ia’ ia+1)AUl(ia,ia+|)\{via+],l(ia,ia+1)} = tl(iasia+1)AUl(ig,ia+])\{via_H,l(ia,ia+1)}'
Consider
[AUI(ia,i,H_l)\{Uia,l(ia,ia+1)}’ AUl(ia,ia+1)] C N(Hiy 1(Gg,iar1)

and

[Tigsias1 (as la+1)AUl(ia,ia+1)\{Uia+1 AGarigeD))? AUl(ia,ia+1)]

- Al(ia,ia-%—l)(ia’ ia+1)N(Hia+1sl(iayia+1))'



Acylindrical hyperbolicity of Artin groups associated with graphs that are not cones 1309
Now, assume that

Hiaal(ia’iaJrl) N Al(ia,l}zﬂ)(ia’ ia+1)Hia+1’l(ia:ia+l) # 0.

Because

AUI(ia,ia+1) € N(Hiasl(ia’ia+l)) n Al(ia7ia+l)(ia7 ia+1)N(Hia+1sl(ia’ia+1))’
the two edges
[AUl(ia,ia+1)\{via,l(ig,ia+])}’ AUl(ia,ia+1)]
and
[Tia,ia+1 (ia, ia+1)AU/(ia,ia+1)\{vfa+1,l(iasia+1)}’ AUl(iayiaJrl)]
must span a square. This contradicts Lemma 5.2. ]

Noting Lemma 6.2, for any i € {1, ..., k}, we define a sequence of hyperplanes
cooudicn o Jin oo Jiaems Jizets
a sequence of k-dimensional cubes
oo K1, Ko, Ky oo o Kopny Kopnt1s o e - s

and a sequence of vertices of Cr

cees W1, Wo, W1, ..., W2rn, W2rn+1, - - -

as follows. First, fora € {1,...,r}and [ € {1,...,n}, we define

Jinp(@-vn+n-1:=y((@a—n+1—-1)H;,,
Ji2(a-vn+n = y((a —Dn + ) Hi .

Ko(@a-vn+n—1 := y((a — Dn +1 — 1)[Ag, Ay,].
Ka(@—1yn+1) = y((@a — Dn + 1)[Ag, Ay,].

Wa(@-n+i)—1 = y((@a —n +1 - 1) Ay,
Wa(@-n+l) = y((@—Dn +1)Ag,

where we note that both J; >((—1)n+1)—1 and J; 2(@a—1)n+1) are of the same v; ;-type.
Second, for any b € {1,...,2rn} and ¢ € Z, we set

Ji,2rnc+b = Vch,ba Kornetn = VCKb’ Warpnc+b = Vcwb-

Then, we have

Kornets = [Warnetb—1> Warne+b)]-
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Additionally, we have the two connected components J;~, 2rnetb and J rnetb such that

+
Cr \\Ji,2rnc+b = J 2rnc+b Jz ,2rnc+b’
Warne+b—1 € Ji,2rnc+b’ Warpc+b € Ji,2rnc+b‘

Then, Lemma 6.2 implies that, for any i € {1,...,k},

—,Cl—Ji g'] +J, & 'gJZrn+Ji72rn+1§ ’
+ b + + +
J DJtO—»Dl—‘], 2 J12rn+‘]z2rn+12""

Note that
- _ — +
Jio Fwo=Ag € Ji;, Jiarn @ W2rn = YAg ¢ J; 2rn+1

Let £ be a path from wy = Ag to wyr, = YAy that diagonally penetrates each of the
cubes Ky, ..., Kyrp, in order. Then, the set of all hyperplanes intersecting the path £ is
{Jiatieq1,. k¥, def1,....2rn}- Hence, we have the following.

Lemma 6.4. The set {J; q}ic(1,... k},de{l,...2rn} IS the set of all hyperplanes separating
wo = Ag and Wy, = yAg.

We now state the final lemma required for the proof of Theorem 1.4, where we recall
Definition 2.7 and Remark 2.8.

Lemma 6.5. (1) Foranyi € {l,...,k}, the sequence of hyperplanes
Jl',l» ey Ji,2rn

is a sequence of separating hyperplanes from J; o to Ji2rn41, where J; o and
Ji2rnt1 are of v; ,-type and v; 1 -type, respectively (in particular, from wo = Ag
to Warn = YAp).

(2) The sequence of hyperplanes

Ji],lv Ji1,27 e Ji1,21(i1,i2)—19
Jiy 21i1,i2)» Jiz,21G1,i2)+15 - -+ Jin,2m5

Jiy2n+1: Jiz 24 1) - - Jig 2(n+1(ini3)) 1+

Jip 2(r=2n+1Gr—1,ir)> Ji 2(r=2)n+1Gr—1,i ) 415 - - 5 Jip 26 =1)n>
Jir 2=vn+1> Jiy 2(=Dnt1) - - - Jip 2(r=Dn+1Grsir41))— 15

Jip 120 =0n+1Gr i) Jir1,20=Dn+1Grsip 1))+ 10 - - - Jip1.,2rm

is a sequence of separating hyperplanes from Ji o to J12rn+1, where J1 o and
J1,2rn+1 are of 1 p-type and v1 1-type, respectively (in particular, from wo = Ag
t0 Wary = YAg). (See Figure 6.)

Moreover, the sequence contains a hyperplane of v;-type for any i € {1,...,k}
and v; € V(I7y).
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Jiy 2104, ;2) 1 ‘]lz 20(i1 i)

i1,2

BT

wy wzl(zl Ji2)—1 12 2n—1 12 2n

Figure 6. Part of a sequence of hyperplanes for the case where I' = 'y % ['5. Here wg = y(0)Ag =
Ag, w1 = y(0) Ay, = Ay, (= y(DAy)), Wa,i)—2 = YU, i2) — DAg, wog, in—1 =
y(l(llvlz) - I)AUl(il,iz) (: 7/(1(11’ iz))AU](il’lé))» Wwap = ]/(I’l)Ag

Proof. (1) The assertion is clear from parts (1) and (2) of Lemma 6.2.

(2) Parts (1), (2), and (3) of Lemma 6.2 and Lemma 6.3 imply that the sequence
specified in the assertion is a sequence of separating hyperplanes from J;, o to J;, ., 2rn+1-
Note that iy = 1 and i,+; = 1 by definition.

We show that the sequence contains a hyperplane of v;-type for any i € {1,...,k} and
v; € V(I';). Recall that (V;,, ..., V;,, Vi) (6.1)is a closed path on the tree 7. Thus ifan
edge (V;,V;) € E(T) is contalned in the closed path, then so is the inverse edge (V;, V;).
In addition, because 7 is a spanning tree of Q(I") and the closed path (V;,, ..., V.. Vi,,,)
passes through every vertex at least once, any i € {1,...,k}, V; is contained in the closed
path as a vertex. Additionally, recall that T has the root V; and that i < j only if V; is not
farther than V; from V3 in T'.

Now, take any i € {1,..., k}. We consider the two cases of i = 1 andi # 1.

First, suppose that i = 1. Note that iy = 1 and set j = i,. Takea € {1,2,...,r} such
that a # 1, i, = 1, and i,—; = j. Then, the sequence in the assertion contains the two
subsequences

Jil,lw Jil,Za D) Ji1,21(i1,i2)—17

which are of vy,1-type, vy, 1-type, ..., v1,(1,;)-type, and

Ji2(@=2)n+1Ga-1,i2) Jia 2(@Dn+Ga-1,i) 15 - - -5 Jig,2a= 1)
which are of vy ;¢;,1)-type, V1,1, 1)+1-type, ..., V1,-type. Note that [(j, 1) = I(1, j) by
Lemma 6.1. Take any vertex v; € V(I'1). Then, there exists some / € {1,...,n} such that

vy, = v1 by Lemma 6.1. Hence, the sequence in the assertion contains a hyperplane of
v1-type.

Next, suppose that i # 1. Take the smallest a € {1, ..., r} such that i; = i. Because
iy =1andi # 1, wehavea # 1. We set j = i,—1. Then, we have a’ € {1,...,r} such
thata <d’,iy = i,and ip+1 = j. The sequence contains the two subsequences

Jig 2(@=2n+1la-1,i0)) > Jia 2((@=2)n+1Gam1,i))+15 - - -+ Jig,2(a—1)n>
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which are of v; j(;.i)-type, vi i(j,i)+1-type, ..., Vin-type, and
Jiy 2@ —1n+1 Jiy 2(@=10n+1)s -« s Jig 2(@=1)n+1Ggrigr 1) —1+
which are of v; 1-type, v; 1-type, ..., Vi (;,i)-type. Note that
1G,1) =1G.))
by Lemma 6.1. Take any vertex v; € V(I';). Then, there exists some [ € {1,...,n} such
that v; ; = v; by Lemma 6.1. Hence, the sequence in the assertion contains a hyperplane
of v;-type. ]

We can now complete the proof of Theorem 1.4.

Proof of (1) = (2) in Theorem 1.4. We show (1) = (2) in Theorem 1.4. Consider y € Ar
defined by (6.2) and hyperplanes

J:=J1o and J :=Jiormn+1s

which are of vy ,-type and vy, ;-type, respectively. We will confirm conditions (i), (ii),
and (iii) in Theorem 2.9.
(1) y skewers (J, J’). Indeed, it is clear that

JTo2 NI 2y DI 22T,

(ii) We show that J and J' are strongly separated. Take any hyperplane H with J N
H # (. When H is of v;-type for some i and v; € V(I';), take a hyperplane H' of v;-type
separating Ag and yAg such that J N H' = @ by part (2) of Lemma 6.5. Then, H N H' =@
by Remark 4.2. Because

JCH ™ HT>J, JNH#@ and HNH =0,

we have J'N H = @.

(iii) We show Stab(J) N Stab(J’) = {1}. Note that for any i € {1,...,k} and any
v; € V(I';), we have at least one sequence of separating hyperplanes Py, ..., P;,, from
Ag to yAg such that P| is of v;-type and Py, is of v; ,-type. For example, we can take
such a sequence by considering a subsequence of the sequence in part (2) of Lemma 6.5.
Foranyi € {1,...,k} and any v; € V(I;), we can take a longest sequence of separating
hyperplanes Py, ..., Py from Ay to yAg such that P is of v;-type and Py is of vy ,-type,
where

Ap € Py, P2 P 22 Py 2 Py 3yAg

=

by taking decompositions by appropriate connected components

Cr\\P1 = Pf UPY, ..., Cr\\Pu = Py U P
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Note that

Py, ..., Py € {Jja}jequ,. . k). de{l,...2rn}
by Lemma 6.4. By noting Py € {J1 4}aep1
i =1, wehave Py 2 J'T.

Now assume that Stab(J) N Stab(J") # {1}. Take g € Stab(J) N Stab(J') with g # 1.
Note that g~! € Stab(J) N Stab(J’). Then, we have a hyperplane H of v;-type for some
i €{l,...,k}and some v; € V(I;), separating Ag and gAg. We take a longest sequence
of separating hyperplanes Py, ..., Py from Ag to yAg such that P; is of v;-type and Pps
is of v ,-type. Then, we have

2rn)y and part (1) of Lemma 6.5 for the case

.....

gvAg, g_lyA@ € PI[,;

by Plf; 2 J'*. We take a connected component H~ of Cr\\ H such that Ay € H ™. Then,
the other connected component H ™ satisfies gAg € H ™. Because H N J # @, we have
H N J' = @ by (ii). Thus, H cannot separate yAg and gyAg. Hence, we have either

(a) Ag,yAg,gyAg € H™ and gAg € HT or

(b) Ag € H™ and gAg, YAy, gyAg € HT.

Assume that case (a) occurs. Then, H does not separate Ag and YAy and thus H ¢
{Jidatdeq1,.. 2rny by Lemma 6.4. Hence, H and P, are different hyperplanes of the same
v;-type, and thus they cannot intersect by Remark 4.2. Then, we have either H~ 2 Pl‘|r
or H* 2 P;". However, H* 2 P;" cannot occur because yAg ¢ Ht and y4y € P/
Therefore,

H™ 2P

=

Then, we have

gApe HY, H 2 PF 2 Pr 2.2 P} DPl>gydy.

—1 F*
Then, Q1 = H, Q> = P1,..., Om+1 = Py is a sequence of separating hyperplanes
from gAgp to gyAg such that Q; is of v;-type and Qpr+1 is of vy ,-type. Thus, g7 101,
g '0,,....2 7 Op1 is a sequence of separating hyperplanes from Ag to yAg such that

2710y is of v;-type and g7 Qpr41 is of vy ,-type, which contradicts the fact that the
sequence Py, ..., Py is longest.

Next, assume that case (b) occurs. Then, H does not separate gAg and gyAg, that is,
g ' H does not separate Ag and yAy and thus g™ H ¢ {J; 4}aeq1,....2rny by Lemma 6.4.
Hence, g~! H and P; are different hyperplanes of the same v;-type, and thus they cannot
intersect by Remark 4.2. Then, we have either g7 ! H+ 2 P1+ org 'H™ 2 Pl+ . However,
g 'H™ 2 P1+ cannot occur because yAg ¢ g~ ' H ™ and yAg € P1+. Therefore,

g—1H+ 9_ P1+'
Then, we have

g ' 4ge gt H™, g '"HT 2 PF 2 P 22 P 2 PY5g yAp
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Then, Q1 = H, Q> = gP1, ..., Opm+1 = gPu is a sequence of separating hyperplanes
from Ag to yAg such that Q; is of v;-type and Qpr41 is of vy ,-type, which contradicts
the fact that the sequence Py, ..., Py is longest.

We now see that Stab(J) N Stab(J') = {1}.

This completes the proof of Theorem 1.4. |

Remark 6.6. In [11, Theorem 3.3], it is shown that Ap is centerless under the setting
in Theorem 1.4 with (1). This claim can be proved based on Theorem 1.4. Indeed, Theo-
rem 1.4 (1) = (2) implies that A is acylindrically hyperbolic. Therefore, the center of Ap
is finite by acylindrical hyperbolicity [25, Corollary 7.3]. Proposition 4.8 then implies that
the center is trivial. Hence, Ar is centerless.
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