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Local "-conjecture and p-adic differential equations

Tetsuya Ishida and Kentaro Nakamura

Abstract. Laurent Berger attached a p-adic differential equation Nrig.M/ with a Frobenius struc-
ture to an arbitrary de Rham .'; �/-module M over a Robba ring. In this article, we compare the
local epsilon conjecture for the cyclotomic deformation of M with that of Nrig.M/. We first define
an isomorphism between the fundamental lines of their cyclotomic deformations using the second
author’s results on the big exponential map. As a main result of the article, we show that this iso-
morphism enables us to reduce the local epsilon conjecture for the cyclotomic deformation of M to
that of Nrig.M/. The result can be regarded as a refined interpolation formula of the big exponential
map.

1. Introduction and notations

In [18], Kato formulated a conjecture called the generalized Iwasawa main conjecture,
which is a vast generalization of the Iwasawa main conjecture and Bloch–Kato conjec-
ture. It claims the existence of so-called zeta isomorphisms for any family of p-adic Galois
representations of Gal.xQ=Q/, interpolating the zeta elements of geometric p-adic Galois
representations. Note that a similar conjecture was formulated by Fontaine and Perrin-
Riou in [13]. Since the zeta elements are conjectural bases in (the determinants of) the
Galois cohomologies and closely related to the L-functions, it is natural to regard the zeta
isomorphisms as algebraic counterparts of the L-functions. In [14, 17], Kato’s local and
global "-conjectures are formulated as algebraic analogue of the functional equations of
L-functions; the local "-conjecture claims the existence of the local "-isomorphisms, the
algebraic analogue of local "-factors for families of p-adic representations of Gal.xQl=Ql /,
and the global "-conjecture states that the zeta isomorphisms satisfies the functional equa-
tions whose local factors are the local "-isomorphisms.

The local "-conjecture for l ¤ p is proved [16, 31]. But for the case l D p, which
we treat in this paper, the existence of the local "-isomorphisms are proved for limited
families and the conjecture is still open. In particular, by generalizing the conjecture for
.'; �/-modules over relative Robba rings, the second author proves the existence of "-
isomorphisms for trianguline representations. The conjecture has turned out to be closely
related to the Coleman isomorphisms [17, 30], the Perrin-Riou maps [3, 23], and also the
p-adic local Langlands correspondence [15, 26].
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Our main theorem compares the local "-isomorphisms of the following different ob-
jects. Let M be an arbitrary de Rham .'; �/-module over the Robba ring. The first object
is the cyclotomic deformation of M . The second one is the cyclotomic deformation of
Nrig.M/, where Nrig.M/ is the p-adic differential equation attached to M by Laurent
Berger. We remark that the existences of their local "-isomorphisms are still conjectural.
The main theorem claims that the difference of their local "-isomorphisms is written as
the generalized Perrin-Riou map defined by the second author in [24].

To make the statement of the main theorem more precise, we recall .'; �/-modules
over Robba rings and the local "-conjecture for them.

A .';�/-moduleM is a module equipped with a suitable endomorphism ' WM !M

and a continuous group action of � D Gal.Qp.�p1/=Qp/, where �p1 is the group of p-
power roots of unity in xQp . There are several specific rings over which .';�/-modules are
useful to study p-adic representations. An important case is the Robba rings RL with their
coefficients in local fields L; by results of Fontaine [12], Cherbonnier and Colmez [8] and
Kedlaya [19], the category of p-adic representations over L can be embedded fully and
faithfully into the one of .'; �/-modules over RL. A lot of important notions of p-adic
Hodge theory can be generalized to .'; �/-modules over RL, such as the functors Dcris

and DdR [4], or Bloch–Kato’s exponential maps [5, 24]. Another important feature is that,
when a .';�/-moduleM is de Rham, Berger attached toM a p-adic differential equation
Nrig.M/with Frobenius structure; as its application, one can prove the p-adic monodromy
theorem for p-adic representations by reducing it to that for p-adic differential equations,
or Colmez–Fontaine’s theorem [4, 6].

In [25], the second author formulated the local "-conjecture for .'; �/-modules over
relative Robba rings, generalizing the Kato’s conjecture for p-adic representations. We
recall only the conjecture for the cyclotomic deformations of de Rham .'; �/-modules,
since it is the case we treat in this paper. Let L be a finite extension of Qp , and M be
a .'; �/-module over the Robba ring RL with coefficients in L. Then, one can attach
to M a (graded) invertible module �L.M/ over L and �Iw

L .M/ over RCL .�/ for any
.'; �/-module M over RL, where RCL .�/ D �.W ;OW / is the ring of global sections of
the Berthelot generic fiber W D Spf.OLJ�Kan/ associated to the Iwasawa algebra OLJ�K.
When M is de Rham, the second author constructed a canonical trivialization isomor-
phism

"dR
L .M/ W L

�
�! �L.M/:

Its definition involves a lot of notions of p-adic Hodge theory, such as the theory of local
constants ("-constants and L-constants), Bloch–Kato’s exponential and dual exponential
maps, Hodge–Tate weights. Then the local "-conjecture in this situation claims that, there
exists a unique isomorphism

"Iw
L .M/ W RCL .�/

�
�! �Iw

L .M/

interpolating "dR
L .M.ı// for any de Rham character ı W � ! L�, i.e. any character of the

form ı D �k Qı for k 2 Z and a finite character Qı, where � is the cyclotomic character. More
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precisely, "Iw
L .M/ is required to make the following diagram

�Iw
L .M/ f̋ı L

evı // �L
�
M.ı/

�
RCL .�/ f̋ı L can

//

"Iw
L .M/˝id

OO

L

"dR
L .M.ı//

OO

commute for any de Rham character ı of � , where fı W RCL .�/ ! L is a continuous
homomorphism of L-algebras given by Œg� 7! ı.g/�1 and evı is a canonical isomorphism
induced by the specialization at fı . In the original article of Kato [17], he predicts the
conjectural base "Iw

OL
.T / of an invertible OLJ�K-module �Iw

OL
.T / similarly defined for

any OL-representation T of Gal.xQp=Qp/. In [25, Conjecture 3.8 (v)], the second author
predicts the equality

"Iw
OL
.T /˝OLJ�K idRCL .�/

D "Iw
L

�
D�rig

�
T Œ1=p�

��
;

that is, the right hand side has an integral structure in the étale case.
The following is the main theorem of this paper, which can be regarded as an extension

of the studies in [24, 25]. It roughly states that, for a general de Rham .'; �/-module M
over RL and the p-adic differential equation Nrig.M/ attached to M , the differences of
"L.M.ı// and "L.Nrig.M/.ı// for the de Rham characters ı of � are interpolated by the
generalized Perrin-Riou map in [24].

Theorem. There exists an RCL .�/-linear isomorphism

Exp.M/ W �Iw
L

�
Nrig.M/

� �
�! �Iw

L .M/

whose specialization at any de Rham character ı of � makes the following diagram

1L
"dR
L .Nrig.M/.ı//

xx

"dR
L .M.ı//

$$

�L
�
Nrig.M/.ı/

�
Exp.M/ı

// �L
�
M.ı/

�
commute, where the isomorphism Exp.M/ı is defined by the following commutative dia-
gram

�L
�
Nrig.M/.ı/

� Exp.M/ı // �L
�
M.ı/

�
�Iw
L

�
Nrig.M/

�
f̋ı L

evı

OO

Exp.M/˝id
// �Iw
L .M/ f̋ı L:

evı

OO

In particular, if "Iw
L .Nrig.M// exists, then "Iw

L .M/ also exists and is written as

"Iw
L .M/ D Exp.M/ ı "Iw

L

�
Nrig.M/

�
:
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We remark that our theorem can be regarded as a refined interpolation formula of
the big exponential map for the Bloch–Kato’s morphisms. The isomorphism Exp.M/ is
obtained by the generalized Perrin-Riou’s big exponential map

ExpM;h W H
1
 

�
Nrig.M/

�
! H1 .M/

defined in [24, Definition 3.7] for de Rham .'; �/-modules M , in conjunction with [24,
Theorem 3.14] on the determinant of ExpM;h, which we called the ı.M/ theorem because
it is a generalization of Perrin-Riou’s famous conjecture ı.V / for crystalline representa-
tions V . The big exponential maps are first introduced by Perrin-Riou [27] for crystalline
representations and used essentially in her study of p-adic L-functions, and then gener-
alized to de Rham representations [9] and to de Rham .'; �/-modules [24]. Their key
feature is that they interpolate the Bloch–Kato’s exponentials

exp
M.�k Qı/

W DdR
�
M.�k Qı/

�
=Fil0DdR

�
M.�k Qı/

�
! H1';

�
M.�k Qı/

�
and it’s dual, i.e. the dual exponentials exp�

M.�k Qı/�
for suitable k 2 Z (see, for example,

[24, Theorem 3.10]). Our theorem can be seen as a refinement of such interpolation formu-
lae. First, our big exponential map Exp.M/ satisfies an interpolation formula interpolates
for arbitrary twits ı D �k Qı, i.e. for all(!) k 2 Z. Second, the map Exp.M/ interpolates not
only the maps expM.ı/ and exp�

M.ı/�
but also another exponential map

expf;M.ı/ W Dcris
�
M.ı/

�
! H1';

�
M.ı/

�
defined in [7] for Galois representations and [25, Section 2] for .'; �/-modules, which is
closely related with the exceptional zeros for p-adic L-functions.

We also remark a relation of our theorem to the local "-conjecture itself. The local
"-conjecture for the cyclotomic deformation of a general de Rham .'; �/-module is not
proved yet, and only the following special cases are proved.

• The case of rank 1 Galois representations (i.e. rank 1 étale .'; �/-modules) is proved
by Kato in [17] (proofs taking account of signs is given in [14] briefly and in [30] in
detail).

• The case of crystalline representations is proved by Benois and Berger in [3] (the
cyclotomic deformations of crystalline representations), which is generalized by Loef-
fler, Venjakob, and Zerbes in [23] (the abelian twists of crystalline representations),
and by Bellovin and Venjakob in [1] (the crystalline families).

• The case of trianguline .'; �/-modules over relative Robba rings, including the crys-
talline families and also the rigid analytic families of representations attached to eigen-
varieties, is proved by the second author in [25].

• The case of rank 2 Galois representations is proved by the second author in [26] in
almost all cases and completed by Rodrigues Jacinto [15], by showing its close relation
to the p-adic local Langlands conjecture for GL2.Qp/.
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By the last assertion of the theorem, we can reduce the local "-conjecture for the cyclo-
tomic deformation of arbitrary de Rham .';�/-moduleM to that of Nrig.M/. This reduc-
tion seems a useful approach, since Nrig.M/ is relatively simple (all of its Hodge–Tate
weights are zero) and also has an additional structure of a p-adic differential equation
with a Frobenius structure so that we can use the theory of p-adic differential equations.
We also note that such a reduction is implicitly used to prove the trianguline case, and our
theorem is stated as a conjecture [25, Remark 4.15]; see also Remark 4.2.2.

The structure of the paper is as follows. In Section 2, we recall definitions about .';�/-
modules over the Robba ring and prove a key theorem (Theorem 2.2.5) on a relation
of Bloch–Kato’s morphisms and some differential operators induced by the �-action. In
Section 3, we recall (a special case of) the local "-conjecture for .'; �/-modules studied
in [25], and construct our big exponential map Exp.M/ W �Iw

L .Nrig.M//
�
�! �Iw

L .M/ for
a de Rham .'; �/-module M ; it is induced by the multiplication of some differential
operators, and the construction depends heavily on [24], in particular on theorem ı.D/. In
Section 4, we state our main theorem and prove it, by introducing a notion which we call
genericity, deducing the proof of the general case to the generic case by using the explicit
construction of the "Iw-isomorphisms for .'; �/-modules of rank 1 in [25], and proving
the generic case by applying the key theorem.

Notation. Let p be a prime number. We fix the algebraic closure xQp of the p-adic number
field Qp . Let L be a finite extension of Qp . Let �p1 be the group of p-power roots of
unity in xQp . We fix primitive pn-th roots of unity �pn 2 �p1 such that �p

pnC1
D �pn for

any n 2 Z�1. We set � D Gal.Qp.�p1/=Qp/. The cyclotomic character on � is denoted
by � W �

�
�! Z�p , which is characterized by  0.�/ D ��.

0/ for all � 2 �p1 and  0 2 � .
Let � � � be the torsion subgroup of � and put p� D 1

j�j

P
�2� � 2 QŒ��. We fix a

topological generator  of the torsion free subgroup �free of � . For a ring R, the objects of
the category of graded invertible R-modules are written as the pairs .L; r/ of an invertible
R-module L and a continuous function r W Spec.R/! Z, and the product � is defined
by .L1; r1/� .L2; r2/ WD .L1 ˝R L2; r1 C r2/. We put 1R WD .R; 0/.

2. Review of the theory of .'; �/-modules over the Robba ring

In this section, we first recall the definition of .'; �/-modules over the Robba ring, their
cohomologies, and some notions of p-adic Hodge theory following [6,20]. Then, we study
several kinds of morphisms defined by differential operators induced by the �-action.
Theorem 2.2.5 is the key result, which describes a relation between such morphisms and
Bloch–Kato’s exponentials defined for .'; �/-modules over Robba rings in [24].

2.1. .'; �/-modules over Robba rings

For each integer n 2 Z�1, put

R
.n/
L D

°X
i2Z

aiT
i
W ai 2 L;

X
i2Z

aiT
i is convergent on j�pn � 1j � jT j < 1

±
;
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which is naturally an L-Banach algebra. We put RL D [n�1R
.n/
L . We equip it with the

locally convex inductive limit topology and we call it the Robba ring over L. We also
define a subring RCL of RL by

RCL D
°X
i�0

aiT
i
W ai 2 L;

X
i�0

aiT
i is convergent on 0 � jT j < 1

±
:

Put t D log.1C T / 2 RCL . There are an operator ' W RL ! RL and a group action � �
RL ! RL of � on RL, both of which are continuous and linear over L satisfying

'.T / D .1C T /p � 1;  0.T / D .1C T /�.
0/
� 1

for any  0 2 � . The tuple ..1C T /i /iD0;:::;p�1 is a basis of RL over '.RL/, and we can
define a left inverse  W RL ! RL of ' by

 

 
p�1X
iD0

'.fi /.1C T /
i

!
D f0

for fi 2 RL. The map  turns out to be continuous and commutes with � .
For each n 2 Z�1, setLn DQp.�pn/˝Qp L. Then one has a continuous �-equivariant

homomorphism
�n W R

.n/
L ! LnJtK

of L-algebras defined in [6, Section I.2] such that

�n.T / D �pn exp
�
t

pn

�
� 1;

which satisfies the following commutative diagram

R
.n/
L

�n //

'

��

LnJtK

incl

��

R
.nC1/
L �nC1

// LnC1JtK:

Definition 2.1.1. A .';�/-module over RL is a free RL-moduleM of finite rank equipped
with a semilinear endomorphism ' WM !M over RL satisfying '�M DM and a con-
tinuous �-action commuting to '.

The following lemma is [6, Theorem 1.3.3].

Lemma 2.1.2. Let M be a .'; �/-module over RL. Then, there exists an integer n � 1
such that there exists a unique �-stable R

.m/
L -submoduleM .m/ �M for eachm� n such

that for anym� nwe have R
.mC1/
L ˝

R
.m/
L ;'

M .m/ DM .mC1/ and RL˝R
.m/
L

M .m/ DM .

The smallest integer n satisfying the property in Lemma 2.1.2 is denoted as n.M/.
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For a .';�/-moduleM over RL, one can define -operator onM by .'.x/˝ f /D
x ˝  .f / for x 2 M and f 2 RL, which turns out to be well-defined, continuous and
L-linear.

For each n � n.M/, define

DCdif;n.M/ DM .n/
˝
�n;R

.n/
L

LnJtK:

We put �n WM .n/ ! DCdif;n.M/ W x 7! x ˝ 1 and

cann W DCdif;n.M/! DCdif;nC1.M/ W f .t/˝ x 7! f .t/ � �nC1
�
'.x/

�
for f .t/ 2 LnJtK and x 2M .n/. We set

Ddif;n.M/ D DCdif;n.M/Œ1=t �; D.C/dif .M/ D lim
�!
n

D.C/dif;n.M/;

where the injective limit is taken over .cann/n�n.M/. On these modules, we can define
�-actions induced by the diagonal action on M .n/ and LnJtK.

We next introduce briefly notions for .'; �/-modules related to p-adic Hodge theory.
We recall that, as in Notation, � is the torsion subgroup of � and  is a fixed topological
generator of the torsion free subgroup �free of � . Let R be a topological ring, X a topo-
logical module over R. If X is equipped with a continuous R-linear �-action, we denote
its �0-fixed part by X�0 for any subgroup �0 of � . We define a complex of R-modules

C � .X/ WD
�
X�

�1
��! X�

�
concentrated in degree Œ0; 1�. If X is furthermore equipped with a continuous R-linear
action of ' or  commuting with the �-action, then we put, again as a complex of R-
modules,

C ��; .X/ WD
�
X�

.�1;��1/
�������! X� ˚X�

.��1/˚.1�/
���������! X�

�
concentrated in degree Œ0; 2� for � D '; , and

C � .X/ WD
�
X�

 �1
���! X�

�
concentrated in degree Œ1; 2�. For each complex C �

�
.X/ above, its i -th cohomology group

is denoted as Hi
�

. For a .';�/-moduleM over RL of rank r , we use the following special
notations

Dcris.M/ WD H0
�
MŒ1=t�

�
DMŒ1=t�� ; DdR.M/ WD H0

�
Ddif.M/

�
D Ddif.M/� :

These spaces are of dimension � r over L, and we say M is crystalline (resp. de Rham)
if dimL.Dcris.M// D r (resp. dimL.DdR.M// D r). For i 2 Z, we also define DidR.M/ D

DdR.M/\ t iDCdif.M/ and t .M/ D DdR.M/=D0dR.M/. When M is de Rham, then we say
that h 2 Z is a Hodge–Tate weight of M if D�hdR .M/=D�hC1dR .M/ ¤ 0, and refer to its
dimension as the multiplicity of h. We put hM as the sum of the Hodge–Tate weights of
M with multiplicity.
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2.2. Morphisms induced by differential operators

Let W (resp. W1) be the Berthelot generic fiber of the formal scheme Spf.OLJ�K/ (resp.
Spf.OLJ�freeK/) associated to the Iwasawa algebra OLJ�K (resp. OLJ�freeK). The ring of its
global sections are denoted by RCL .�/ D �.W ;O/ (resp. RCL .�free/ D �.W1;O/). They
are equipped with a natural topological L-algebra structure. We remark that there is a nat-
ural isomorphism RCL .�/

�
�!RCL .�free/˝L LŒ��, and an isomorphism RCL .�free/

�
�!RCL

which sends Œ� � 1 to T (recall that  2 �free is a fixed topological generator). Let
D.�; L/ be the distribution algebra of � with values in L, i.e. the convolution algebra
of the continuous L-linear duals of the topological L-vector space LA.�; L/ of locally
analytic functions on � with values in L. Then, it is known that the L-algebra map
LŒ��! D.�; L/ sending Œ0� (0 2 �) to the Dirac measure ı0 at 0 uniquely extends
to a topological L-algebra isomorphism RCL .�/

�
�! D.�; L/. One has a canonical inclu-

sion Lie.�/L ! D.�;L/. Explicitly, the sub L-vector space Lie.�/L is generated by the
derivation �

LA.�;L/ 3 f .0/ 7! lim
0!e�

f .0/ � f .e�/

�.0/ � 1
2 L

�
2 D.�;L/:

We remark that, by the isomorphism RCL .�/
�
�! D.�;L/, this element corresponds to the

element

r0 WD lim
0!e�

Œ0� � 1

�.0/ � 1
D

log
�
Œ 0�

�
log

�
�. 0/

� 2 RCL .�/;

where  0 2 � is any non-torsion element (see, e.g. [28] for more details) and whose action
on .'; �/-modules is crucial in the article.

In this subsection, we consider several morphisms induced by an element � of RCL .�/,
and then prove a theorem about relationships between such morphisms and Bloch–Kato’s
morphisms. We will apply the theorem to the case � D r0 � i for i 2 Z later to prove our
main theorem.

We recall natural RCL .�/-actions on several objects related to a .'; �/-module M
over RL. We can equipM .n/,M .n/Œ1=t � with natural RCL .�/-actions for each n� n.M/,
which extend to M and MŒ1=t�. Also, for each n � n.M/, we can equip DCdif;n.M/ with
a natural RCL .�/-action. In fact, for any n � 1 and a finitely generated LnJtK-module X
with a semilinear and continuous �-action with respect to the canonical Frechét topology,
we can equip X with a natural RCL .�/-action as follows. Since one has X D lim

 �n
X=tnX

with the quotient X=tnX is a finite dimensional L-vector space with L-linear continuous
�-action, it suffices to define a natural RCL .�/-action on arbitrary finite dimensional L-
vector space M with an L-linear continuous �-action. First, it is easy to see that �-action
on M naturally extends to a continuous OLJ�K-action. Since M is finite dimensional L-
vector space, the action of OLJ�KŒ1=p�-factors through a quotient R0 of OLJ�KŒ1=p� of
finite length. Since the maximal ideals of OLJ�KŒ1=p� bijectively correspond to closed
maximal ideals of RCL .�/, R0 is also a quotient of RCL .�/, i.e. the natural quotient map
OLJ�KŒ1=p�! R0 factors through the inclusion OLJ�KŒ1=p� ,! RCL .�/.
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From now until the end of this section, we consider the following situation. LetM;M 0

be .';�/-modules over RL such thatMŒ1=t�DM 0Œ1=t �. Note that, in particular, we have
Ddif;m.M/DDdif;m.M

0/, DdR.M/DDdR.M
0/ and Dcris.M/DDcris.M

0/. Let �2RCL .�/

be any element. We assume that, there exists some n � max ¹n.M/; n.M 0/ º such that we
have

�
�
DCdif;m.M/

�
� DCdif;m.M

0/

in Ddif;m.M/ D Ddif;m.M
0/ for all m � n.

Proposition 2.2.1. For any m � n, we have �.M .m// � .M 0/.m/. In particular, we have
�.M/ �M 0.

Proof. By [6, Section II.1], the submodule .M 0/.m/ � .M 0/.m/Œ1=t �DM .m/Œ1=t � can be
written as

.M 0/.m/ D
®
x 2 t�hM .m/

W �m0.x/ 2 DCdif;m0.M
0/ for all m0 � m

¯
;

where h 2 Z>0 is a sufficient large integer. Since M .m/ is an RCL .�/-module and �m
commutes with RCL .�/-action for any m � n.M/, one has

�m0.�x/ D ��m0.x/ 2 DCdif;m0.M
0/

for each x 2 M .m/ and m0 = m by our assumption �.DCdif;m.M// � DCdif;m.M
0/ for all

m � n, which shows that �x 2 .M 0/.m/.

The following corollary is fundamental.

Corollary 2.2.2. Multiplying by � induces morphisms of complexes

C �'; .M/! C �'; .M
0/; C � ; .M/! C � ; .M

0/

of L-vector spaces,
C � .M/! C � .M

0/

of RCL .�/-modules, and

C �
�
D.C/dif;m.M/

�
! C �

�
D.C/dif;m.M

0/
�

of LmJtK-modules for each m � n.

Proof. Since the operators ',  are continuous so that they commute with the RCL .�/-
action, Proposition 2.2.1 gives our assertion.

By abuse of notation, we use the same expression � � for the morphisms defined in
Proposition 2.2.1, the ones in Corollary 2.2.2, and the induced ones between their coho-
mologies, which will cause no confusion. We remark that the action�� on Hi.Ddif.M//D

Hi .Ddif.M
0//, DdR.M/ D DdR.M

0/ and Dcris.M/ D Dcris.M
0/ is just the multiplication

by �.1/ 2 L. Here, for any � 2 RCL .�/, we denote by �.1/ 2 L the image of � by the
augmentation map f1 W R

C

L .�/! L W Œ 0� 7! 1 ( 0 2 �).
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Recall the following morphisms defined in [24]:

can W H1'; .M/! H1
�
Ddif.M/

�
W Œx; y� 7!

�
�n.x/

�
;

gM W DdR.M/ D H0
�
Ddif.M/

�
! H1

�
Ddif.M/

�
W ˛ 7!

�
log�./˛

�
:

Since they commute with RCL .�/-action, we immediately obtain the following lemma.

Lemma 2.2.3. The action �� induces the following commutative diagrams:

H1'; .M/
�� //

can
��

H1'; .M
0/

can
��

H1
�
Ddif.M/

�
��.1/

// H1
�
Ddif.M

0/
�
;

DdR.M/
��.1/

//

gM

��

DdR.M
0/

gM 0

��

H1
�
Ddif.M/

�
��.1/

// H1
�
Ddif.M

0/
�
:

We next introduce a morphism of L-vector spaces

expM W t .M/! H1'; .M/

called the Bloch–Kato’s exponential map, and ifM is de Rham, then we have another one

exp�M� W H
1
'; .M/! D0dR.M/

called the Bloch–Kato’s dual exponential map that is the Tate dual of expM� . They are
characterized by the following explicit formulae.

Theorem 2.2.4. Let M be a .'; �/-module over RL.

(1) For x 2 DdR.M/, there exists n � n.M/ and Qx 2 M .n/Œ1=t �� such that for any
m � n we have

�m. Qx/ � x 2 DCdif;m.M/:

Using such an element Qx, we can calculate the value expM .x/ as

expM .x/ D
�
. � 1/ Qx; .' � 1/ Qx

�
:

(2) We assume that M is de Rham. Then gM is an isomorphism and exp�M� is char-
acterized by the following commutative diagram

DdR.M/
gM //

OO

exp�
M�

H1
�
Ddif.M/

�
OO

can

H1'; .M/
D

// H1'; .M/:

Proof. See [24, Sections 2.3 and 2.4] or [25, Section 2B] for the definition of expM ,
exp�M� and the proofs of the above formulae.
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To state a relation between �� and Bloch–Kato’s morphisms, we need some prepara-
tion.

For any 0 2 �free n ¹1º, we set

! WD
1

log
�
�.0/

� dŒ0�
Œ0�

2 �
1;an
RCL .�/=L

WD �.W ; �1W=L/:

This is independent of the choice of 0 since one has

1

log
�
�.a0 /

� dŒ0�a
Œ0�a

D
1

alog
�
�.0/

�adŒ0�
Œ0�

D
1

log
�
�.0/

� dŒ0�
Œ0�

for any non zero a2Zp . Because one has dŒ0�Dd.Œ0��1/ and Œ0��1 is a parameter of

RCL .�free/
�
�! RCL

if 0 is a topological generator, one has

�
1;an
RCL .�/=L

D RCL .�/! D LŒ��˝L RCL .�free/!;

which is a free RCL .�/-module of rank one. For each � 2RCL .�/, we define d�
!
2RCL .�/

by d� D d�
!
� !. Explicitly, if  2 �free is the fixed topological generator and � is of the

form � D y ˝ f .Œ� � 1/ with y 2 LŒ�� and f .T / 2 RCL , then one has

d�

!
D log

�
�./

�
y ˝

df

dT

�
Œ� � 1

�
:

In the following theorem, we shall compare the Bloch–Kato’s morphisms of M and
M 0 using �. It is the key theorem to prove our main theorem.

Theorem 2.2.5. Let M;M 0 be .'; �/-modules over RL such that MŒ1=t� DM 0Œ1=t �.

(1) The diagram

DdR.M/
��.1/

//

expM
��

DdR.M
0/

expM 0

��

H1'; .M/
��

// H1'; .M
0/

commutes.

(2) Assume that M or M 0 is (thus both are) de Rham. Then the diagram

DdR.M/
��.1/

//
OO

exp�
M�

DdR.M
0/

OO

exp�
M 0�

H1'; .M/
��

// H1'; .M
0/;

commutes.
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(3) Assume further that �.1/ D 0. Then the diagram

DdR.M/
� d�! .1/ //

OO

exp�
M�

DdR.M
0/

expM 0

��

H1'; .M/
��

// H1'; .M
0/

commutes.

Proof. First we prove (1). Let ˛ be an element of DdR.M/. By Theorem 2.2.4 (1), there
exist an integer n � max¹n.M/; n.M 0/º and an element x 2M .n/Œ1=t �� such that

�m.x/ � ˛ 2 DCdif;m.M/

for any m � n. Then one has

expM .˛/ D
�
. � 1/x; .' � 1/x

�
2 H1'; .M/:

Thus, its image under the map �� W H1'; .M/! H1'; .M
0/ is equal to�

�
�
. � 1/x

�
; �
�
.' � 1/x

��
D
�
. � 1/.�x/; .' � 1/.�x/

�
2 H1'; .M

0/:

This is nothing but expM 0.�˛/ because �x 2M 0.n/Œ1=t �� satisfies

�m.�x/ � �.˛/ D �.�m.x/ � ˛/ 2 DCdif;m.M
0/:

for any m � n by Proposition 2.2.1.
(2) follows immediately by Theorem 2.2.4 (2) and Lemma 2.2.3.
We shall prove (3). Assume that M and M 0 are de Rham and �.1/ D 0. We remark

that the latter implies that one can write

�p� D . � 1/�0

for some �0 2RCL .�free/ and p� WD 1
j�j

P
�2�Œ�� 2 LŒ��. Let Œx; y� 2 H1'; .M/ and put

˛ D exp�M� .Œx; y�/ 2 D0dR.M/. By replacing n by a larger n0 if necessary, we may assume
that x 2 .M .n//�. Take m � n arbitrary. By Theorem 2.2.4 (2), one has�

�m.x/
�
D
�

log�./˛
�
2 H1

�
DCdif;m.M/

�
;

and hence one obtains

�m.x/ � log�./˛ 2 . � 1/DCdif;m.M/�:

Applying �p�=. � 1/ D �0 2 RCL .�free/ on the both sides gives

�m

�
�p�

 � 1
.x/

�
� log

�
�./

� �p�
 � 1

˛ 2 �p�
�
DCdif;m.M/�

�
� DCdif;m.M

0/�:
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Since one has

log
�
�./

� �p�
 � 1

˛ D log
�
�./

� �p�
 � 1

.1/˛ D
d�

!
.1/˛;

we obtain

�m

�
�p�

 � 1
.x/

�
�
d�

!
.1/˛ 2 DCdif;m.M

0/�:

Since �p�
�1

.x/ 2 .M .n//� � .M .n/Œ1=t �/� D .M 0.n/Œ1=t �/� and we have takenm� n
arbitrary, the explicit formula for expD0 gives that

expM 0
�
d�

!
.1/˛

�
D

�
. � 1/

�p�

 � 1
.x/; .' � 1/

�p�

 � 1
.x/

�
D

�
�x;

�p�

 � 1
.' � 1/.x/

�
D

�
�x;

�p�

 � 1
. � 1/.y/

�
D �Œx; y�;

which proves (3).

3. Big exponential maps in the local "-conjecture for .'; �/-modules

In this section, we first recall briefly the definition of the de Rham "-isomorphisms for
.'; �/-modules, and state the local "-conjecture for the cyclotomic deformation. Then,
we define the big exponential maps and study their several properties.

3.1. de Rham "-isomorphisms for .'; �/-modules

We recall de Rham "-isomorphisms over Robba rings following [25].
First, for each local field L=Qp and each .'; �/-module M over RL, we define a

graded line �L.M/ over L called the fundamental line attached to M as follows.
By [22], the complex C �'; .M/ is a perfect complex of L-vector spaces, and we put

�L;1.M/ D DetL
�
C �'; .M/

�
;

which is a graded line over L. Here, DetL is the determinant functor over L defined by
Knudsen–Mumford [21]. We define another graded L-vector space �L;2.M/ as follows.
By the classification of rank 1 .'; �/-modules over RL [10, Proposition 3.1], there exists
a unique continuous homomorphism

ıdetRL
.M/ W Qp� ! L�

such that there exists an isomorphism

detRL
.M/ Š RL.ıdetRL

.M//;
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and we define

LL.M/D
®
x2detRL

.M/ j '.x/D ıdetRL
.M/.p/x; .x/D ıdetRL

.M/

�
�. 0/

�
x . 02�/

¯
;

which turns out to be an L-vector space of dimension 1. We then define a graded line
over L

�L;2.M/ D
�
LL.M/; rM

�
;

where we put rM D rankRL
.M/. Finally, we define a graded line �L.M/ over L called

its fundamental line by

�L.M/ D �L;1.M/��L;2.M/:

We also define the fundamental line �Iw
L .M/ for the cyclotomic deformation of a

general .'; �/-module M over RL. By [20, Theorem 4.4.1], the complex C � .M/ is a
perfect complex over RCL .�/, thus we may define

�Iw
L;1.M/ WD DetRCL .�/

�
C � .M/

�
:

We also define
�Iw
L;2.M/ WD �L;2.M/˝L RCL .�/;

and define the fundamental line for the cyclotomic deformation

�Iw
L .M/ WD �Iw

L;1.M/��Iw
L;2.M/:

Recall that for any continuous character ı W � ! L�, we can consider a .'; �/-module
M.ı/ DMeı with a formal element eı on which we have

'.xeı/ D '.x/eı ;  0.xeı/ D ı.
0/ 0.x/eı

for any x 2M and  0 2 � . In particular, we put M � D HomRL
.M;RL/.�/.

As studied in [25, Section 4A], one has canonical isomorphisms

evı;j W �Iw
L;j .M/ f̋ı L

�
�! �L;j

�
M.ı/

�
;

canı;j W �Iw
L;j .M/˝gı RCL .�/

�
�! �Iw

L;j

�
M.ı/

�
for j D 1; 2;;, where fı WRCL .�/! L (resp. gı WRCL .�/!RCL .�/) is the continuous
homomorphism of L-algebra extending  0 7! ı�1. 0/ (resp.  0 7! ı�1. 0/ 0).

The local "-conjecture concerns canonical bases of the fundamental lines for de Rham
.'; �/-modules, which we recall briefly as follows: see [25, Section 3C] for the precise
definition. LetM be a de Rham .';�/-module over RL. Define 1L WD .L; 0/ as the trivial
line. We define the following two isomorphisms

�dR.M/ W 1L
�
�! �L;1.M/� DetL

�
DdR.M/

�
;

fM W �L;2.M/
�
�! DetL

�
DdR.M/

�
:
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To define the isomorphism �dR.M/, we first recall that there exists an exact sequence
of L-vector spaces

C �.M/ W 0! H0'; .M/! Dcris.M/
x 7!..1�'/x; Nx/
����������! Dcris.M/˚ t .M/

expf;M ˚ expM
���������! H1'; .M/f ! 0

called the Bloch–Kato’s fundamental sequence for M . Here, the first map is a canonical
inclusion, expf;M W Dcris.M/! H1'; .M/ is another exponential map, and

H1'; .M/f WD Im
�

expf;M ˚ expM W Dcris.M/˚ t .M/! H1'; .M/
�
I

see [25, Section 2B] for details. Taking the dual and using Tate duality and the de Rham
duality for C �.M �/, we obtain

zC �.M �/ W 0! H1'; .M/=f ! Dcris.M
�/_˚D0dR.M/! Dcris.M

�/_! H2'; .M/! 0:

We define the canonical isomorphism �dR.M/ as the inverse of the isomorphism

�dR.M/ W �L;1.M/� DetL
�
DdR.M/

�
.]/
�! DetL

�
C �.M/

��1 � DetL
�
zC �.M �/

� .[/
�! 1L � 1L

can
��! 1L;

where the isomorphism .]/ is defined by cancelation X � X�1
�
�! 1L W a ˝ f 7! f .a/

for graded invertible modules X D Dcris.M/;Dcris.M
�/_, and the one .[/ is by the iso-

morphisms
DetL

�
C �.M/

�
! 1L; DetL

�
zC �.M �/

�
! 1L

corresponding to the zero morphisms

C �.M/! Œ� � � ! 0! � � � �; zC �.M �/! Œ� � � ! 0! � � � �

under the determinant functor respectively.
Next we define the isomorphism fM . Since M is de Rham, we have Ddif.M/ D

DdR.M/˝L L1..t// where L1..t// D [n�1Ln..t//. By [25, Lemma 3.4], a map

LL.M/! Ddif;n
�
detRL

.M/
�
W x 7!

1

"L
�
W.M/

� 1

thM
x

for sufficient large n induces an isomorphism fM W �L;2.M/
�
�! DetL.DdR.M//. Here,

the constant "L.W.M// 2L1 is defined by using the Weil–Deligne representationW.M/

attached toM and the fixed basis .�pn/n 2Zp.1/, via the theory of "-constants of Deligne–
Langlands [11], and Fontaine–Perrin-Riou [13].

Using �dR.M/ and fM , we define

"dR
L .M/ D .id� f �1M / ı

�
�.M/�dR.M/

�
W 1L

�
�! �L.M/
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and call it the de Rham "-isomorphism for M . Here, the �-constant �.M/ for M is
defined by �.M/ D

Q
1�i�r �

�.hi /
�1, where for k 2 Z we put

��.k/ D

´
.k � 1/Š .k � 1/

.�1/k

.�k/Š
.k � 0/:

Now we can state the local "-conjecture for cyclotomic deformation for .'; �/-modules.

Conjecture 3.1.1. For each finite extension L=Qp and each de Rham .'; �/-module M
over RL, there exists an isomorphism

"Iw
L .M/ W 1RCL .�/

�
�! �Iw

L .M/

satisfying the following commutative diagram

�Iw
L .M/ f̋ı L

evı // �L.M
�
ı/
�

1RCL .�/
f̋ı L can

//

"Iw
L .M/˝id

OO

1L:

"dR
L .M.ı//

OO

for arbitrary de Rham characters ı W � ! L�.

Since the set of all the de Rham characters is Zariski dense in the weight space W , the
isomorphism "Iw

L .M/ is uniquely determined (if it exists).

3.2. Big exponential maps

Throughout this section, let L be a finite extension of Qp , M a de Rham .'; �/-modules
of rank r over RL, and N D Nrig.M/ its associated p-adic differential equation define
by Berger in [6]. Note that N is characterized as the .'; �/-module in MŒ1=t� satisfying
NŒ1=t� DMŒ1=t� and

DCdif;n.N / D LnJtK˝L DdR.M/

for a sufficient large n.
In this subsection, we construct the big exponential map of M

Exp.M/ W �Iw
L .N /

�
�! �Iw

L .M/;

and prove its properties. Its construction involves the theory of big exponential map, espe-
cially the ı.D/-theorem studied in [24], which generalizes the original ı.V /-conjecture
in [27].

First, we shall construct

Exp1 W �
Iw
L;1.N /

�
�! �Iw

L;1.M/

as follows.
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We have a decomposition RCL .�/ D ˚�RCL .�/e� , where � runs over the charac-
ters on � and e� is the idempotent in LŒ�� corresponding to �. Because RCL .�/e� is
a domain (in fact, it is non-canonically isomorphic to RCL ), we define Ptors D˚�.Pe�/tors

for an RCL .�/-module P , where each module .Pe�/tors is the torsion sub-RCL .�/e�-
module of Pe� . By [20, Proposition 4.3.6], all the complexes H1 .M/torsŒ0�, H1 .M/Œ0�

and H2 .M/Œ0� over RCL .�/ are perfect, thus we have canonical isomorphisms

DetRCL .�/
�
C � .M/

�
Š DetRCL .�/

�
H1 .M/Œ0�

��1 � DetRCL .�/
�
H2 .M/Œ0�

�
Š DetRCL .�/

�
H1 .M/freeŒ0�

��1 � DetRCL .�/
�
H1 .M/torsŒ0�

��1 � DetRCL .�/
�
H2 .M/Œ0�

�
;

where we set H1 .M/free D H1 .M/=H1 .M/tors. Extending the coefficients to the total
fraction ring Q.RCL .�// of RCL .�/, we have

DetRCL .�/
�
C � .M/

�
˝RCL .�/

Q
�
RCL .�/

�
Š DetQ.RCL .�//

�
H1 .M/free ˝Q

�
RCL .�/

�
Œ0�
��1
� .1Q.RCL .�///

�1 � 1Q.RCL .�//

D

� r̂ �
H1 .M/free ˝RCL .�/

Q
�
RCL .�/

���1
;�r

�
:

We can calculate the image of DetRCL .�/.C
�
 .M// under the last isomorphism using

the characteristic ideals defined in [24], which we recall in the following. The ring RCL .�/

can be written as
RCL .�/ Š lim

 �
RCL;n.�/;

where RCL;n.�/ D OLJ�KŒmn=p�^Œ1=p� with m the Jacobson radical of OLJ�K. It turns
out that RCL;n.�/e� is a PID for each �. ForPDH1 .M/tors;H2 .M/, by [20, Lemma 4.3.4]
we know thatP˝RCL .�/

RCL;n.�/e� is a finitely generated torsion module over RCL;n.�/e� ,
and we define charRCL;n.�/

.P ˝RCL .�/
RCL;n.�// as the principal ideal of RCL;n.�/ whose

�-component is charRCL;n.�/e�
.P ˝RCL .�/

RCL;n.�/e�/. We then define the characteristic
ideal of P by

charRCL .�/
.P / WD lim

 �
n

charRCL;n.�/

�
P ˝RCL .�/

RCL;n.�/
�
� RCL .�/:

Note that the equality charRCL .�/
.P / D DetRCL .�/.P /

�1 holds under the identification

DetRCL .�/.P /
�1
� DetRCL .�/.P /

�1
˝RCL .�/

Q
�
RCL .�/

�
D DetQ.RCL .�//.0/

�1
D
�
Q
�
RCL .�/

�
; 0
�
:

In fact, P is coadmissible by [20, Lemma 4.3.4] and thus P Š lim
 �n

.P ˝RCL .�/
RCL;n.�//

by the theory of coadmissible modules [29, Corollary 3.3]. Since the determinant functor
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commutes with base change, it suffices therefore to show the equality after base change to
RCL .�/! RCL;n.�/ holds for each n, which is straightforward. Therefore, under the last
isomorphism

DetRCL .�/
�
C � .M/

�
˝RCL .�/

Q
�
RCL .�/

�
�
�!

� r̂ �
H1 .M/free ˝RCL .�/

Q
�
RCL .�/

���1
;�r

�
:

in the previous paragraph, the image of DetRCL .�/.C
�
 .M// is calculated as

r̂

H1 .M/�1free � charRCL .�/

�
H1 .M/tors

�
� charRCL .�/

�
H2 .M/

��1
:

On the other hand, let h>0 be a sufficient large integer satisfying D�hdR .M/DDdR.M/.
We put

r0 WD
log  0

log�. 0/
D �

1

log�. 0/

X
1�n

.1 �  0/n

n
2 RCL .�/

andri WD r0 � i for each i 2 Z, where  0 2 � � ¹1º is close enough to 1 (it is independent
of the choice of  0.) Then by [24, Lemma 3.6] we have 

h�1Y
iD0

ri

!�
DCdif;m.N /

�
� DCdif;m.M/

for any m � n.M/, and we define a morphism Exp.h/.M/ W H1 .N /! H1 .M/ as the
induced one by Corollary 2.2.2;

Exp.h/.M/ WD �

h�1Y
iD0

ri W H1 .N /! H1 .M/:

It induces a map Exp.h/.M/ W H1 .N /free ! H1 .M/free, which turns out to be injective
by [24, Lemma 3.13]. Since ri 2 RCL .�/ is a non-zero-divisor for any integer i , we can
define a modified map

Exp.M/ W ^rH1 .N /free ˝RCL .�/
Q
�
RCL .�/

�
! ^

rH1 .M/free ˝RCL .�/
Q
�
RCL .�/

�
by

Exp.M/ D

r̂

Exp.h/.M/˝
1Qr

iD1

Qh�hi�1
jiD1

rhiCji

� idQ.RCL .�//;

where h1; : : : ; hr are the Hodge–Tate weights of M with multiplicity. Note that the right
hand side doesn’t depend on h, which justifies our notation Exp.M/.

To define Exp1.M/, the main part of Exp.M/, the following theorem is essential. It is
nothing but theorem ı.D/ in the context of the local "-conjecture.
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Theorem 3.2.1. Exp.M/ is an isomorphism ofQ.RCL.�//-modules. Moreover, by restric-
tion, it induces an isomorphism of RCL .�/-modules

r̂

H1 .N /free ˝ charRCL .�/

�
H1 .N /tors

��1
� charRCL .�/

�
H2 .N /

�
!

r̂

H1 .M/free ˝ charRCL .�/

�
H1 .M/tors

��1
� charRCL .�/

�
H2 .M/

�
:

Proof. Since Exp.M/ is a multiplication of a product of r˙i 2 Q.R
C

L .�// with i 2 Z, it
is an isomorphism as Q.RCL .�//-modules.

For the latter assertion, we first remark that in ^rH1 .M/free ˝RCL .�/
Q.RCL .�// we

have

Exp.M/

� r̂

H1 .N /free

�
D Exp.h/.M/

� r̂

H1 .N /free

�
˝

� rY
iD1

h�hi�1Y
jiD1

rhiCji

��1
D detRCL .�/

�
Exp.h/.M/

�
�

r̂

H1 .M/free ˝

� rY
iD1

h�hi�1Y
jiD1

rhiCji

��1
;

where detRCL .�/.Exp.h/.M//�RCL .�/ is the determinant ideal of Exp.h/.M/. Therefore,
the claim is equivalent to the equality� rY

iD1

h�hi�1Y
jiD1

rhiCji

��1
detRCL .�/

�
Exp.h/.M/

�
� charRCL .�/

�
H1 .N /tors

��1
� charRCL .�/

�
H1 .M/tors

�
D charRCL .�/

�
H2 .M/

�
� charRCL .�/

�
H2 .N /

��1
of fractional ideals inQ.RCL.�//, which is proved as the theorem ı.D/ [24, Theorem 3.14].

Definition 3.2.2. We define an isomorphism

Exp1.M/ W �Iw
L;1.N /

�
�! �Iw

L;1.M/

as the isomorphism corresponding to the one appearing in Theorem 3.2.1 under the covari-
ant endofunctorX 7!X�1 of the category of the graded invertible modules defined in [21].

Second, we shall define

Exp2.M/ W �Iw
L;2.N /

�
�! �Iw

L;2.M/:

Lemma 3.2.3. Under the canonical identification of detRL
.M/Œ1=t � and detRL

.N /Œ1=t �,
we have

detRL
.N / D Nrig

�
detRL

.M/
�
D t�hM detRL

.M/:
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Proof. The first equality follows from detL.DdR.M//DDdR.detRL
.M//. The second one

follows from the fact that for a general 1-dimensional .'; �/-module M corresponding a
continuous character ı, we have Nrig.M/ D t�hMM . This shows the second equality.

Lemma 3.2.3 justifies the following definition.

Definition 3.2.4. We define the isomorphism

Exp2.M/ W �Iw
L;2.N /

�
�! �Iw

L;2.M/

as the scalar extension of the isomorphism

L2.N /
�
�! L2.M/ W x 7! .�t /hM x:

We define the big exponential map of M as follows.

Definition 3.2.5. We define the isomorphism

Exp.M/ W �Iw
L .N /

�
�! �Iw

L .M/

as the product Exp.M/ WD Exp1.M/ � Exp2.M/ and call it the big exponential map
of M .

We also define relative big exponential maps, which are useful to prove our main
theorem.

Definition 3.2.6. Let M 0 be another .'; �/-module such that MŒ1=t� D M 0Œ1=t �. We
define the isomorphism

Expj .M;M
0/ W �Iw

L;j .M/
�
�! �Iw

L;j .M
0/

as the composition Expj .M
0/ ı Expj .M/�1 for each j D 1; 2;;.

We note that the definition of Expj .M;M
0/ is justified by the equality Nrig.M/ D

Nrig.M
0/.

The following proposition is used when we reduce the proof of our main theorem to
the generic case.

Proposition 3.2.7. Let C � W 0!M1!M2!M3! 0 be an exact sequence of de Rham
.'; �/-modules, and Nrig.C

�/ W 0! N1 ! N2 ! N3 ! 0 the exact one corresponding
C � via the functor Nrig. Then we have

�Iw
L;j .M1/��Iw

L;j .M3/ //

Expj .M1/�Expj .M3/

��

�Iw
L;j .M2/

Expj .M2/

��

�Iw
L;j .N1/��

Iw
L;j .N3/

// �Iw
L;j .N2/;

for j D 1; 2; ;, where the horizontal isomorphisms are induced by C � and Nrig.C
�/

respectively.
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Proof. The Hodge–Tate weights of M2 is the same as the union of the ones of M1 and
M3 with multiplicity, and thus we have hM2 D hM1 C hM3 . This gives the commutativity
for each j D 1; 2 by the definition of Expj and so for j D ;.

Big exponential maps are compatible with twists by characters on � as follows.

Lemma 3.2.8. Let ı W � ! L� be a de Rham character. Then the diagram

�Iw
L;j .M/˝gı RCL .�/

canı;j
//

Expj .M;M
0/˝id

��

�Iw
L;j

�
M.ı/

�
Expj .M.ı/;M

0.ı//

��

�Iw
L;j .M

0/˝gı RCL .�/ canı;j
// �Iw
L;j

�
M 0.ı/

�
;

commutes for j D 1; 2;;.

Proof. The case j D 2 can be checked easily by definition.
We shall show the case j D 1. Let hı be the Hodge–Tate weight of RL.ı/. Then, we

can write ıD �hı Qı, where Qı W �!L� is a finite character on � . Recall that the expression
r0 D log 0= log�. 0/ holds for any  0 2 � � ¹1º close enough to 1. Thus, taking  0 such
that Qı. 0/ D 1, for any i 2 Z we have

gı.ri / D gı

�
log  0

log�. 0/
� i

�
D

log ı�1. 0/ 0

log�. 0/
� i D

�
log  0

log�. 0/
� hı

�
� i D riChı ;

which gives our assertion, because the vertical arrows for j D 1 are induced by the mul-
tiplications of products of r˙i for some i 2 Z by definition.

4. Interpolation formula of Exp.M/ for local "-isomorphisms

In this section, we first state the main result and its corollary. Its proof will be divided
into the next three subsections. We use an explicit construction of "Iw

L -isomorphisms for
.'; �/-modules of rank 1, which is one of the main results in [25].

4.1. Statement of main result

Let L be a finite extension of Qp , M a de Rham .'; �/-module over RL, and N D
Nrig.M/ the p-adic differential equation corresponding to M . For any character ı W � !
L�, we define an isomorphism Expj .M/ı W �L;j .N.ı//

�
�! �L;j .M.ı// as the one char-

acterized by the commutative diagram

�L;j
�
N.ı/

� Expj .M/ı
// �L;j

�
M.ı/

�
�Iw
L;j .N / f̋ı L

evı

OO

Expj .M/˝id
// �Iw
L;j .M/ f̋ı L

evı

OO

for each j D 1; 2;;.
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The following is the main theorem of this paper.

Theorem 4.1.1. For any de Rham character ı W � ! L�, the diagram

1L
"dR
L .N.ı//

zz

"dR
L .M.ı//

$$

�L
�
N.ı/

�
Exp.M/ı

// �L
�
M.ı/

�
commutes.

Since de Rham "-isomorphisms are compatible with base change, a similar statement
for any de Rham character ı W � ! xQ�p is deduced from the above case by enlarging L if
necessary.

Remark 4.1.2. The dual exponential map

exp�N� W H
1
'; .N /! DdR.N /;

which "dR
L .N / consists mainly of, can be treated in a different way. Let q D p if p is odd

and q D 4 if p D 2. By Theorem 2.2.4, the composition of exp�N� and the map

prQp ;N W H
1
 .N /! H1 ; .N / W x 7!

��
log�./

q
x; 0

��
can be written as q�1 times the composition

TQp W H
1
 .N / D .N

.n// D1
�n
�! DCdif.N / D LnJtK˝L DdR.N /

tD0
��! DdR.N /:

We remark that the above maps prQp ;N and TQp are used to express the interpolation
formulae in [24].

Remark 4.1.3. Since "dR-isomorphisms consist particularly of Bloch–Kato’s exponential
maps and dual exponential maps, Theorem 4.1.1 can be regarded as a generalized inter-
polation formula of big exponential maps in the context of the local "-conjecture; our
theorem treats general de Rham .'; �/-modules and covers all of the twists by de Rham
characters on � , that is, �k Qı for any k 2 Z and any finite character Qı.

We remark that our theorem can be regarded as a refined interpolation formula, be-
cause "dR-isomorphisms consist also of another exponential map

expf;M W Dcris.M/! H1'; .M/;

which is important to study the exceptional zeros of p-adic L-functions (see [2, Proposi-
tion 2.2.4] for example).

The following corollary is an important consequence.
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Corollary 4.1.4. The existence of "Iw
L .M/ is equivalent to that of "Iw

L .N / forNDNrig.M/.
More precisely, if one of them exists, then the other one also exists and we have the fol-
lowing commutative diagram:

1RCL .�/

"Iw
L .N/

zz

"Iw
L .M/

$$

�Iw
L .N / Exp.M/

// �Iw
L .M/:

Proof. If "Iw
L .N / (resp. "Iw

L .M/) exists, then we define "Iw
L .M/ (resp. "Iw

L .N /) by

"Iw
L .M/ WD Exp.M/ ı "Iw

L .N /
�
resp. "Iw

L .N / WD Exp.M/�1 ı "Iw
L .M/

�
:

Since the isomorphism "Iw
L .N / (resp. "Iw

L .M/) satisfies the commutative diagram in Con-
jecture 3.1.1 for arbitrary de Rham character ı by assumption, the isomorphism "Iw

L .M/

(resp. "Iw
L .N /) also satisfies the commutative diagram for arbitrary de Rham ı (in Conjec-

ture) by Theorem 4.1.1, which shows that "Iw
L .M/ (resp. "Iw

L .N /) satisfies the conjecture.

By this corollary, the conjecture for all the de Rham .'; �/-modules is reduced to that
for de Rham .';�/-modules with a structure of p-adic differential equation (equivalently,
de Rham .'; �/-modules with all Hodge–Tate weights 0). This equivalence was in fact
effectively used in the second author’s proof of the conjecture for rank 1 case [25, Propo-
sitions 4.11 and 4.16] (see also Remark 4.2.2.)

Remark 4.1.5. When M is a crystalline .'; �/-module of rank r , we can construct
"Iw
L .M/ by Corollary 4.1.4 since we have the following concrete construction of (a scalar

extension of) "Iw
L .N / by using the relation of N and Dcris.M/. We recall an isomorphism

RL.�/
�
�! .RL/

 D0
W � 7! �.1C T /�1;

and, for any .'; �/-module D, another one

D D1
˝RCL .�/

RL.�/
�
�! D D0

induced by the map 1 � ' W D D1 ! D D0 [20, Proposition 4.3.8]. Using these, we
obtain the following isomorphism

F W RL.�/˝L Dcris.N / Š R
 D0
L ˝L Dcris.N / Š

�
RL ˝L Dcris.N /

� D0
Š N D0

Š N D1
˝RCL .�/

RL.�/:

Note that the third isomorphism comes from the equalityN DRL˝L Dcris.M/DRL˝L

Dcris.N /, which follows from the fact that the .'; �/-module RL ˝L Dcris.M/ �MŒ1=t�

satisfies

DCdif;n.M/

�
RL ˝L Dcris.M/

�
D Ln.M/JtK˝L Dcris.M/ D Ln.M/JtK˝L DdR.M/:
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Since we have H2 .N /˝RCL .�/
RL.�/ D 0 because H2 .N / is finite over L,

LL.N / D LL

�
RL ˝L Dcris.N /

�
D
�
detL

�
Dcris.N /

�
; r
�

by the definition of LL.N /, and RL.�/ is flat over RCL .�/ [19, Proposition 3.4.1], F
gives an isomorphism

1RL.�/

�
�! �Iw

L .N /˝RCL .�/
RL.�/;

which turns out to be equal to "Iw
L .N /˝RCL .�/

RL.�/ by comparing with the construction
of "Iw-isomorphisms in [25]. In fact, one can construct "Iw

L .N / itself by decomposing
N via a triangulation with respect to eigenvectors of Dcris.N / into unramified .'; �/-
modules of rank 1 and using the construction [25, Definition 4.1] of the local epsilon
isomorphisms of their cyclotomic deformations, and can show that the above construction
gives "Iw

L .N /˝RCL .�/
RL.�/ (and also descends to "Iw

L .N /).

Before proving the main theorem, we shall state an equivalent relative version of
Theorem 4.1.1. As before, let L be a finite extension of Qp and M , M 0 de Rham .'; �/-
modules over RL with MŒ1=t� D M 0Œ1=t �. For any character ı W � ! L�, we denote
Expj .M;M

0/ı as the isomorphism characterized by the commutative diagram

�L;j
�
M.ı/

� Expj .M;M
0/ı

// �L;j
�
M 0.ı/

�
�Iw
L;j .M/ f̋ı L

evı

OO

Expj .M;M
0/˝id
// �Iw
L;j .M

0/ f̋ı L

evı

OO

for each j D 1; 2;;.

Theorem 4.1.6. For any de Rham character ı W � ! L�, the diagram

1L
"dR
L .M.ı//

zz

"dR
L .M

0.ı//

$$

�L
�
M.ı/

�
Exp.M;M 0/ı

// �L
�
M 0.ı/

�
commutes.

We shall prove Theorem 4.1.1 in the rest of the paper as follows. In the Section 4.2,
we prove Theorem 4.1.1 for .';�/-modules of rank 1 by using the explicit construction of
"Iw
L -isomorphisms for .'; �/-modules of rank 1 in [25]. In the Section 4.3, we introduce

a special class of .'; �/-modules called generic, and reduce the proof of 4.1.1 for general
.'; �/-modules to that for generic ones using the result for rank 1 case. In the final Sec-
tion 4.4, we complete the proof of Theorem 4.1.1 by proving Theorem 4.1.6 for generic
.'; �/-modules by using the key result Theorem 2.2.5.
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4.2. Proof for rank one case

We prove Theorem 4.1.1 whenM is of rank 1. We use the explicit construction of "Iw
L .M/

obtained in [25].

Theorem 4.2.1. When M is of rank 1, the diagram of Theorem 4.1.1 commutes.

Proof. By [25, Theorem 3.11], the isomorphisms "Iw
L .M/ and "Iw

L .N / exist. Moreover,
since we have N D t�hMM , it suffices to show that the diagram

1RCL .�/

"Iw
L .M/

zz

"Iw
L .tM/

$$

�Iw
L .M/

Exp.M;tM/

// �Iw
L .tM/

commutes.
Since the objects in the diagram are free, we shall show that the diagram commutes

after base change to the inclusion RCL .�/ ,! RL.�/. By the explicit construction in [25,
Section 4A], for a general .'; �/-module M of rank 1, the isomorphism

"Iw
L .M/˝RCL .�/

idRL.�/ W 1RL.�/

�
�! �Iw

L .M/˝RCL .�/
RL.�/

is obtained by the isomorphisms

�1 D 1 � ' W �
Iw
L;1.M/˝RCL .�/

RL.�/
�
�!

�
.RLeıM /

 D0; 1
��1

;

�2 W RL.�/˝L LeıM
�
�! .RLeıM /

 D0
I�˝ eıM 7! �

�
.1CX/�1eıM

�
;

where we put ıM W Qp�! L� as the character corresponding toM . Since Exp1.M; tM/

is induced by multiplying rhM , and we can calculate

rhM

�
�
�
.1CX/�1eıM

��
D �

��
r0

�
.1CX/�1eıM

��
� hM .1CX/

�1eıM
�

D �
�
� t .1CX/�1eıM C .1CX/

�1.hM eıM / � hM .1CX/
�1eıM

�
D ��

�
.1CX/�1teıM

�
;

our assertion follows from the equality Exp2.M; tM/.eıM / D �teıM .

Remark 4.2.2. Theorem 4.2.1 shows that our main theorem exactly generalizes the [25,
Proposition 4.13], which is proved in a different way and used in the proof of the local
"-conjecture for .'; �/-modules of rank 1.

4.3. Reduction to generic case

In this subsection, we define genericity of a .'; �/-module and reduce the proof of our
main theorem for the general case to that for the generic case.
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Definition 4.3.1. A .'; �/-module M over RL is generic if for any continuous character
ı W � ! xQ�p we have Dcris.M.ı// D 0 and Dcris.M.ı/

�/ D 0:

For general .'; �/-modulesM;M 0 withMŒ1=t�DM 0Œ1=t �,M is generic if and only
if M 0 is generic by definition of Dcris. In particular, if a generic .'; �/-module M is de
Rham, then the attached p-adic differential equation N D Nrig.M/ is also generic.

Lemma 4.3.2. Let M be a generic .'; �/-module over RL. Then we have H2 .M/ D

H2 .M
�/ D 0.

Proof. We shall show H2 .M/ D 0. For any continuous character ı W � ! xQ�p , we have

H0';
�
M.ı/�

�
�
�
M.ı/�

��
� Dcris

�
M.ı/�

�
D 0;

thus the Tate duality gives H2'; .M.ı// D 0. For any maximal ideal m � RCL .�/, we
obtain

H2 .M/=mH2 .M/ D H2 .M/˝RCL .�/

�
RCL .�/=m

�
ŠM�=. � 1;m/ Š H2';

�
M.ı�1m /

�
D 0

by taking the corresponding character ım W �! xQ�p . Since H2 .M/ is finitely generated as
a module over RCL .�/ (and even over L [20, Proposition 3.3.2]) and so is the localization
H2 .M/m over RCL .�/m, Nakayama’s lemma gives H2 .M/m D 0. Since m is arbitrary,
we obtain our assertion.

The cohomologies of a .'; �/-module whose second  -cohomology and that of its
dual vanish are quite simple.

Lemma 4.3.3. LetM be a .';�/-module over RL of rank r such that H2 .M/DH2 .M
�/

D 0. Then one has Hi'; .M/ D 0 for i D 0; 2, and dimL.H1'; .M// D r . The first  -
cohomology H1 .M/ is free of rank r over RCL .�/ and for any continuous character ı W
� ! L�, one has a canonical isomorphism H1 .M/ f̋ı L Š H1'; .M.ı//.

Proof. For example, see [20, Section 5].

We reduce the proof of our main theorem to the generic case via the next proposition.

Proposition 4.3.4. Assume that Theorem 4.1.1 holds for any L and for all of the de Rham
generic .'; �/-modules over RL. Then, Theorem 4.1.1 holds unconditionally.

Proof. Let M be a de Rham .'; �/-module over RL of rank r . We prove Theorem 4.1.1
for M and N D Nrig.M/ by induction on r .

The base case r D 1 has been proved as Theorem 4.2.1.
Suppose that r � 2. We assume that Theorem 4.1.1 holds for all the de Rham .'; �/-

modules over RL of rank 5 r � 1. IfM is not generic, we have Dcris.M.ı//¤ 0 for some
character ı W � ! xQ�p . Extending L if necessary, we may assume that ı.�/ � L� and that
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there is a nonzero '-eigenvector x˝ eı 2 Dcris.M.ı//D .M.ı/Œ1=t �/
� with x 2MŒ1=t�.

Then, the submodule RLŒ1=t �x � MŒ1=t� is stable under .'; �/-actions. Since RL is
a Bézout domain, it turns out that its saturation M 0 WD RLŒ1=t �x \M ¨ M.ı/ and the
quotient M.ı/=M 0 are .'; �/-modules. Therefore, by considering an exact sequence

0!M 0.ı�1/!M !
�
M.ı/=M 0

�
.ı�1/! 0

of de Rham .'; �/-modules, Lemma 3.2.7 gives our assertion.

4.4. Proof for generic case

In this subsection, we shall show Theorem 4.1.6 for de Rham generic .'; �/-modules.
This gives Theorem 4.1.6 in full generality in conjunction with Proposition 4.3.4.

In the following, let M , M 0 be de Rham generic .'; �/-modules of rank r over RL

satisfyingMŒ1=t�DM 0Œ1=t �. For a technical reason, we introduce another .';�/-module
MC. Let h1 � � � � � hr be the Hodge–Tate weights of M . Let ˛1; : : : ; ˛r 2 DdR.M/ be
a basis; taking along the filtration of DdR.M/, we may assume that thi˛i 2 DCdif.M/ for
each i , and that .thi˛i /1�i�r is a basis of DCdif.M/. Then [6, Theorem II.1.2] gives that
there exists a unique .'; �/-module MC �M such that

DCdif;n.M/
.MC/ D Ln.M/JtK � th1C1˛1 ˚

� M
2�i�r

Ln.M/JtK � thi˛i
�
:

It is clear that MC is also de Rham and generic.
Note that, since the big exponential maps are transitive by definition, thNrig.M/ �

M;M 0 for a sufficient large h 2 Z>0, and thN is obtained by the above procedure repeat-
edly starting fromM , it suffices to prove the caseM 0 DMC. Moreover, by Lemma 3.2.8,
we may assume that ı D 1.

In summary, it is sufficient to prove that the diagram

1L
"dR
L .M/

ww

"dR
L .M

C/

''

�L.M/
Exp.M;MC/1

// �L.M
C/:

commutes.

Lemma 4.4.1. The diagram

DetL
�
DdR.M/

� �.�1/
//

OO

fM

DetL
�
DdR.M

C/
�

OO

fMC

�L;2.M/
Exp2.M;M

C/1

// �L;2.M
C/;

commutes.
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Proof. This follows from the direct calculation

fMC
�

Exp2.M;M
C/1.x/

�
D fMC.�tx/ D �

1

".MC/

1

thMC
˝ 'n.tx/

D �
1

".MC/

t

thMC
˝ 'n.x/ D �

1

".MC/

1

thM
˝ 'n.x/

D �fM .x/;

where x 2 LL.M/ is any element and n � max
®
n.M/; n.MC/

¯
. We note that the last

equality follows from the fact that for two de Rham .';�/-modulesD;D0 withDŒ1=t�D
D0Œ1=t �, the corresponding filtered .';N;Gal.xQp=Qp//-modules are the same, so are the
attached "-constants.

Thus, our claim is deduced from the following lemma.

Lemma 4.4.2. The diagram

1L
�.M/�.M/

uu

�.MC/�.MC/

))

�L;1.M/� DetL
�
DdR.M/

�
�Exp1.M;M

C/1˝Lid
// �L;1.M

C/� DetL
�
DdR.M

C/
�

commutes.

Proof. We first give explicit descriptions of the isomorphisms appearing in the diagram.
Let D be a general de Rham generic .'; �/-module. By Lemma 4.3.3, we have canoni-
cal quasi-isomorphisms C � .D/ Š H1 .D/Œ�1� and C �'; .D/ Š H1'; .D/Œ�1�. Thus, the
isomorphism

Exp1.M;M
C/1 W �L;1.M/

�
�! �L;1.M

C/

is induced by the isomorphism

DetL
�
H1'; .M/

� �
�! DetL

�
H1'; .M

C/
�
W x1 ^ � � � ^ xr 7! rh1.x1 ^ � � � ^ xr /:

Next we consider �.D/. By the assumption of genericity, we have Hi'; .D/ D 0 for
i D 0; 2 and Dcris.D/ D 0 again by Lemma 4.3.3. Thus, the fundamental line for D is
a complex

C �.D/ W 0! t .D/3
expD
���! H1'; .D/f;4 ! 0;

and by taking dual as complex and then using Tate duality and the de Rham duality for
the complex C �.D�/, we obtain another complex

zC �.D�/ W 0! H1'; .D/=f;�4
� exp�

D�

�����! D0dR.D/�3 ! 0;

where the index appearing at each space expresses its degree in the complexes. Using the
above forms of C �.D/ and zC �.D�/, we obtain the following explicit expression of �.D/
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by definition; if we put d0.D/D dimL.D0dR.D//, then for any basis .ˇi /1�i�r of DdR.D/

such that ˇr�d0.D/C1; : : : ; ˇr span D0dR.D/, �.D/
�1 is characterized by the correspon-

dence�
expD.ˇ1/^ � � � ^ expD.ˇr�d0.D//^ ˇ

�D
r�d0.D/C1

^ � � � ^ ˇ�Dr 7! 1
�
˝ .ˇ1 ^ � � � ^ ˇr /

7! .�1/d0.D/;

where ˇ�Di are any lifts of ˇi with respect to exp�D� .
Using the above descriptions, we can state the asserted commutativity in a more con-

crete form. We define the element X of .DetL.H1'; .D.M////�1 � DetL.DdR.M// as�
expM .˛r / ^ � � � ^ expM .˛d0.M/C1/ ^ ˛

�M
1 ^ � � � ^ ˛

�M
d0.M/

7! 1
�

˝
�
˛r ^ � � � ^ ˛d0.M/C1 ^ ˛1 ^ � � � ^ ˛d0.M/

�
:

In the following, we write E instead of the isomorphism Exp1.M;M
C/1 ˝L id for sim-

plicity of notation. Then, since X is a basis by the definition of .˛i /1�i�r , our claim
reduces to show the commutativity at X , that is, the equality

�.MC/�1�.MC/�1
�
� E.X/

�
D �.M/�1�.M/�1.X/;

or, furthermore, by the description of �.D/ for D DM , the equality

��.MC/�1�.MC/�1
�
E.X/

�
D .�1/d0.M/�.M/�1:

By our construction of MC, we have rh1.D
C
dif;m.M// � DCdif;m.M

C/ for all m �
n.M/. Therefore, we can verify the above equality essentially by Theorem 2.2.5 as fol-
lows.

For the case h1 < 0, Theorem 2.2.5 (i) gives that rh1.˛
�M
1 / D �h1˛

�MC

1 , so one
obtains

E.X/D .�h1/
�1
�

expMC.˛r /^ � � � ^ expMC.˛d0.M/C1/^ ˛
�MC

1 ^ � � � ^ ˛
�MC

d0.M/
7! 1

�
˝
�
˛r ^ � � � ^ ˛d0.M/C1 ^ ˛1 ^ � � � ^ ˛d0.M/

�
:

Since we have D0dR.M
C/D D0dR.M/, by the description of �.D/ forD DMC we obtain

�.MC/�1
�
E.X/

�
D .�1/d0.M

C/.�h1/
�1
D .�1/d0.M/C1h�11 :

Thus, the desired equality is rewritten as

h�11 �.M
C/�1 D �.M/�1;

which holds by the relation ��.k C 1/ D k � ��.k/ for any nonzero k 2 Z.
The case h1>0 follows similarly to the previous case h1<0 by using Theorem 2.2.5 (ii)

instead of Theorem 2.2.5 (i).
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For the last case h1 D 0, canceling �.M/ D �.MC/ from the equality our assertion
becomes the following one:

��.MC/�1
�
E.X/

�
D .�1/d0.M/:

Theorem 2.2.5 (iii) gives that r0.˛
�M
1 / D expMC.˛1/, thus we obtain

E.X/D
�
expMC.˛r /^ � � � ^ expMC.˛d0.M/C1/^expMC.˛1/^˛

�MC

2 ^ � � � ^˛
�MC

d0.M/
7!1

�
˝
�
˛r ^ � � � ^ ˛d0.M/C1 ^ ˛1 ^ � � � ^ ˛d0.M/

�
:

In this case, the elements ˛2; : : : ; ˛d0.M/ span D0dR.M
C/, therefore we can use again the

previous explicit description of �.D/ for D DMC and obtain

�.MC/�1
�
E.X/

�
D .�1/d0.M

C/
D .�1/d0.M/�1;

which completes all the cases and finishes the proof.
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