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An elementary proof of the inequality y < x*
for conditional free entropy

David Jekel and Jennifer Pi

Abstract. Through the study of large deviations theory for matrix Brownian motion, Biane, Capi-
taine, and Guionnet proved the inequality y(X) < x*(X) that relates two analogs of entropy in free
probability defined by Voiculescu. We give a new proof of y < x* that is elementary in the sense
that it does not rely on stochastic differential equations and large deviations theory. Moreover, we
generalize the result to conditional microstates and non-microstates free entropy.

1. Introduction

Voiculescu developed free probability as a non-commutative analog to classical probabil-
ity that deals with free products rather than tensor products, and subsequent connections
to operator algebras and random matrices have been numerous (see, e.g. [36, Chapters 4
and 6]). While pursuing the analogy between classical and free probability, Voiculescu
developed several candidates for the analog of (continuous) entropy for non-commutative
random variables X [46, 47, 49]. The first candidate is microstates free entropy, y(X),
which takes its inspiration from Boltzmann’s characterization of entropy via the counting
of microstates that may make up a single macrostate [50]. The second candidate, non-
microstates free entropy, x*(X), is developed in direct analog to the classical relationship
between entropy and Fisher information [49]. Microstates free entropy has spawned sev-
eral variants (such as the 1-bounded entropy of Jung [32] and Hayes [23]) which have had
numerous applications to von Neumann algebras, see e.g. [9, 14, 17-19,24,25,39,41,48].

A major open question in the study of free entropy is the unification problem: are the
microstates and non-microstates notions of entropy the same? The recently announced
resolution of the Connes embedding problem (see [20, 31]) implies that there are non-
commutative random variables X with y(X) = —oc and y*(X) > —o0, but the unification
problem is still largely open in the case of Connes-embeddable non-commutative random
variables (i.e. those that admit any matrix approximations). Biane—Capitaine—Guionnet
[4] proved in 2003 that the microstates free entropy is always bounded above by the non-
microstates free entropy as a consequence of their study of large-deviation principles for
matrix Brownian motion. In 2017, Dabrowski showed that y and y* agree for free Gibbs

Mathematics Subject Classification 2020: 46L54 (primary); 46L.53, 60B20, 94A17 (secondary).
Keywords: free entropy, conditional entropy, random matrix, free Fisher information, tracial von
Neumann algebra.


https://creativecommons.org/licenses/by/4.0/

D. Jekel and J. Pi 1086

laws with convex potentials that satisfy certain regularity and growth conditions [11].
Another proof of this result was given by the first author in [27], which was more ele-
mentary in the sense that it did not rely as much on stochastic differential equations and
ultraproducts.

In this paper, we will revisit the y < y* result of Biane, Capitaine, and Guionnet. Their
work showed a lot more than simply y < y*, since they produced a large deviation upper
bound for matrix Brownian motion in the large N limit. However, as the intuitive sketch
by Shlyakhtenko suggests [40, Section 4.6] and we will prove, the result y < y* does
not require this machinery. Rather, in the spirit of [27], we make the analogy between
Fisher information in classical entropy and free Fisher information in free entropy into
precise limiting results. A key observation from [42, Proposition B.7] connecting free and
classical entropy is that microstates free entropy y(X) can be realized as the supremum
of subsequential limits of normalized classical entropy £ (X)) of all random matrix
models X® for X satisfying certain conditions (this is also reminiscent of [5]). In this
paper, we will give a similar estimate relating free Fisher information and the large-n
limit of classical Fisher information, and with the combination of these tools we will
show y < x*.

Furthermore, we generalize this to the conditional setting, comparing Voiculescu’s
non-microstates entropy of X conditioned on a subalgebra 8 from [49] with Shlyakht-
enko’s free microstates entropy for X conditioned on B, called (X | B) [39]. Sim-
ilar to the non-conditional case, one key ingredient is that Shlyakhtenko’s conditional
microstates entropy can analogously be realized as the supremum of subsequential limits
of normalized conditional classical entropy 27 (X" | Y™) over certain random matrix
models (X, Y(")) for (X,Y), where Y is a tuple of generators for B (see Theorem 4.15).

Our main results are as follows. We phrase some of our results in terms of ultrafilter
versions of y in order to highlight the connection between entropy and embeddings into
ultraproducts (see Section 4) as well as to avoid having to pass to subsequences. For an
m-tuple X in a tracial von Neumann algebra and a subalgebra 8 generated by a tuple Y,
we show the following:

(1) The conditional microstates free entropy y % (X | B) is the supremum of the ultra-
limits of the normalized classical conditional entropy 2™ (X | Y™ over ran-
dom matrix models (X", Y®) of (X, Y) satisfying certain growth bounds (The-
orem 4.15).

(2) Shlyakhtenko’s conditional entropy ¥(X | B) is the supremum of y (X | B) over
choices of ultrafilter U (Lemma 4.9).

(3) Given a sequence of deterministic microstates for Y, the conditional free Fisher
information is bounded above by a limit of the classical Fisher information of
any sequence of microstates X for X satisfying some moment boundedness
conditions (Proposition 6.1).

(4) We prove that y(X | 8) < y*(X: 8), where y*(X : 8) is Voiculescu’s non-
microstates free entropy relative to B (Theorem 6.4).
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The paper is organized as follows:

Section 2 We review background on operator algebras, free probability, and ultraprod-
ucts.

Section 3 We explain classical entropy and Fisher information as background and
motivation.

Section 4 We describe several versions of conditional microstates entropy and estab-
lish their relationships with each other and with classical conditional entropy.

Section 5 We review Voiculescu’s conditional free Fisher information, and give a
characterization of it that does not explicitly reference the free score functions,
which will be used for the main proof.

Section 6 We prove the main theorem that for any tracial von Neumann algebra (M, 1),
any W*-subalgebra B, and any m-tuple of self-adjoint random variables X from
M, we have y(X | B) < y*(X: B).

2. Background on operator algebras and free probability

2.1. Tracial von Neumann algebras

We assume some familiarity with tracial von Neumann algebras; some standard references
for background on these objects are [2,33,37,44]. Concise introductions can be found in
[26] and [16, Section 2]. We record some basic definitions and notations in this section for
usage in this paper.
First, we recall the notion of C*-algebras.
(1) A (unital) x-algebra is an algebra A equipped with a conjugate linear involution *
such that (ab)* = b*a*.
(2) A unital C*-algebra is a x-algebra A equipped with a complete norm ||-|| such that
lab]l < llalllb]l and la*all = |la|* for a. b € A.

A collection of fundamental results in C*-algebra theory establishes that C*-algebras
can always be represented as algebras of operators on Hilbert spaces. If H is a Hilbert
space, the algebra of bounded operators B(H) is a C*-algebra. Conversely, every unital
C*-algebra can be embedded into B(H ) by some unital and isometric *x-homomorphism p.

A von Neumann algebra M is a unital C*-algebra represented on some B(H ) that is
also closed in the strong operator topology (equivalently in the weak operator topology)
coming from B(H). If M has a linear functional t : M — C which is:

(1) positive: T(X*X) > 0forall X € M;

(2) unital: (1) = 1;

(3) faithful: ©(X*X) = 0 if and only if X = 0;

(4) normal: t : M — C is continuous in the weak-* topology;
(5) tracial: t(XY) = t(YX) forall X,Y € M,
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then we call 7 a trace on M. We say that (M, 7) is a tracial von Neumann algebra. Also,
when the trace is implicit or clear, we often drop t from the notation and just refer to M
as a tracial von Neumann algebra. We write M, for the collection of self-adjoint elements
of M.

For an element X € M, we use the 2-norm from von Neumann algebras: || X |, =
T(X*X)'/2. Note in particular that for a matrix X € M, (C), this means

1/2
X _ X*X 1/2_ l “ X"2 /
1XN2 = (X X) 2 =~ 31X 7).

i,j=1
More generally, for p € [1, 00) the non-commutative p-norm is given by
1/
1X1lp, = =(1X17)""7,

where | X| = (X*X)'/? and | X|? is defined by continuous functional calculus. We write
[ X|loo = | X|lop for the operator norm of X € M C B(H). These non-commutative
p-norms satisfy an analog of Holder’s inequality; for proof, see [ 12, Theorem 6], [10, The-
orem 2.1.5].

Fact 2.1 (Non-commutative Holder’s inequality). Let M be a tracial von Neumann alge-
braandlet Xy,...,Xx € M. Let p, p1,...,px € [1,00] with1/p=1/p1 +---+ 1/ py.
Then

Xy Xellp < 1 Xullpy - 1 Xkl -

Given M a tracial von Neumann algebra, we can form a Hilbert space L2(.M) by
taking the completion of M with respect to the inner product {x, y); = t(x*y), which
gives rise to the norm ||-|| . Moreover, there is a *-homomorphism M — B(L?(M)) which
maps x to the operator of left multiplication by x. For further information on this space,
we refer the reader to [2, Section 2.6].

If M is a tracial von Neumann algebra and X = (X;);ey is a self-adjoint tuple in M,
we denote by W*(X) the smallest von Neumann subalgebra of M that contains X. This
is called the von Neumann subalgebra generated by X. It is easy to see that W*(X) is
the closure in the weak-operator topology of the x-algebra generated by X. In fact, every
element in W*(X) can be approximated by *-polynomials in X in a rather strong sense, a
fact we will need to use for Lemma 4.4.

Let C(x; : i € I) be the x-algebra of non-commutative polynomials in formal self-
adjoint variables x; for i in the index set /. Note that for every tracial von Neumann
algebra M and self-adjoint X = (X;);es in M, there is a unique *-homomorphism

Clxj:iel)—>M

given by x; — X;, which we call evaluation at X and denote p — p(X).

The following lemma is a combination of well-known results; for instance, the argu-
ments in [39, Theorem 2.15] and [23, Lemma A.8] rely on this result without explaining
it in detail. It is also a key part of the proof of [29, Theorem 3.30, Proposition 3.32].
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Lemma 2.2. Let M be a tracial von Neumann algebra, let R = (R;);c; € (0,00)!, and
let X = (Xj)ier a self-adjoint tuple with || X;|| < R;. Let Z € W*(X). Then for every
& > 0, there existsa p € C(x; : i € I) such that

|2 = p)], <&
and for all tracial von Neumann algebras N and all Y with ||Y;|| < R;, we have

[P, = 1Zp.

Proof. Let C*(X) € M be the C*-algebra generated by X, that is, the operator norm clo-
sure of the x-algebra generated by X. By the Kaplansky density theorem (see for instance
[33, Theorem 5.3.5] or [34]), the ball of radius || Z||op in C*(X) generated by X is dense
in the ball of radius || Z o, in W*(X) with respect to the strong operator topology. Since
approximation in the strong operator topology implies approximation in the 2-norm asso-
ciated to the trace, it follows that there exists Z’ € C*(X) such that || Z||o, < || Z]lop and
1Z =Yz <e/2.

Next, we want to approximate Z’ by p(X) for some non-commutative polynomial p,
but the challenge is to guarantee that || p(Y)|lop < || Z||op for Y in any tracial von Neumann
algebra M. To this end, we will complete the polynomial algebra to a certain “universal”
C*-algebra. For *-polynomials p in infinitely many variables (x;);ey, let

I 2l = sup{| p(Y) Hop : N tracial von Neumann algebra, Y € N1, ||¥; || < R; fori € I}.

This defines a C*-norm on C(x;,x/ : i € I'). Let A be the completion of C(x;,x; :i € I)
into a C*-algebra. If .V is a tracial von Neumann algebra and Y € N/, then || p(Y) llop <
|| 7l by definition, so there is a *-homomorphism 7 : A — C*(X) mapping x; € A to
X; € M for each i € I. The image of this homomorphism is dense, and therefore it is
surjective because the image of a C*-algebra under a x-homomorphism is closed [6, Sec-
tion I1.5.1.2]. Moreover, by [6, Section I1.5.1.5], there exists a € A such that w(a) = Z’
and [la]la = | Z|lop < || Z]lop- By definition of A, there exists p € C(x; : i € I) such that
lp —alla <e/2and [|plla = lpllu < llalla < [|Z]lop- It follows that
[pX) = Z'], < [P = Z'],, = |2 (p) - m(@)],, < /2.
Hence, || p(X) — Z||2 < ¢ and || pllu < [|Z]|op, as desired. |
One more fact needed later for Lemma 4.4 is the following.

Fact 2.3. Let p € C(x; :i € I), and let R € (0,00)!. Let ¢ > 0. Then there exists a
finite F C I and § > 0 such that for all tracial von Neumann algebras N and all X,
Y € M! with max(|| X; ||, |Y;|]) < R fori € I and | X; — Y;||» < 8 fori € F, we have
IpX) = p(V)2 <&

We leave the proof as an exercise. It suffices to check the claim for monomials, and
this can be done using the non-commutative Holder’s inequality and triangle inequality.
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2.2. Non-commutative laws, free independence, and random matrices

A non-commutative analog of the probability distribution of a random variable is the non-
commutative law described as follows.

Definition 2.4. Let C(x; : i € I) be the x-algebra of non-commutative polynomials in
formal self-adjoint variables x; for i in the index set / (usually, we take / tobe {1,...,n}
or N). For any positive numbers R = (R;);es, we define the space of non-commutative
laws in I variables bounded by R, denoted X g, as the space of tracial positive linear
functionals A : C(x; :i € I) — C such that for all £ € N and iy, ...,i; € I, we have
[ACx, - xi,)| < Ry -+ Ri,. We equip X7 g with the weak- topology, viewed as a subset
of the dual of the vector space C{x; : i € I). Let £; = | Jg X1 ,r and equip it also with
the weak-* topology.
For a self-adjoint /-tuple X from M, define the law of X as the map

ux :Clx;:iel)y—>C

given by
p(x) = 7(p(X)).

Definition 2.5. Given X = (X;);es a tuple of self-adjoint elements of (M, 7), we say that
a sequence of I -tuples X" converges to X in non-commutative law if Hxm — ux. Note
that the elements of the sequence X are from some tracial W*-algebras (M ™, 7,,), but
these may all be different from (M, 7).

We now describe an analog of independence in the non-commutative setting: free inde-
pendence, which is closely related to free products of von Neumann algebras. We present
some definitions and facts relevant to free independence; for further background, see for
instance [ 1, Section 5] and [36,51].

Definition 2.6. Let M be a tracial von Neumann algebra, and let (M;);c; be a family
of von Neumann subalgebras. We say that (M;);cs are freely independent if for every
i1,...,ig € I withi; # ij;1, whenever a; € M;;, then

t[(a1 — t(a1)) -+ (ag — t(ag))] = 0.

Moreover, if X; for i € [ are tuples (each with their own index set) from M, we say that X;
are freely independent if the von Neumann subalgebras W*(X;) are freely independent.

Given any (M;);ey, there exists a free product M = x;cyM;, that is, a tracial von
Neumann algebra M containing M;’s as subalgebras that are freely independent of each
other; see e.g. [, pp. 351-352]. Moreover, if X and Y are freely independent self-adjoint
tuples, then the non-commutative law of the joint tuple (X, Y) is uniquely determined by
those of X and Y; see e.g. [36, Section 1.12, Proposition 13].

The analog in free probability of a tuple of Gaussian random variables is a standard
free semicircular family. We say that S = (S1, ..., Sy) is a standard free semicircular
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Sfamily if Sy, ..., Sy, are freely independent from each other and each S; has the standard
Wigner semicircular distribution, i.e.,

2
t(p(S) = 1 / p(x)vV4—x2dx
2 -2
for every polynomial p.
Voiculescu’s asymptotic freeness theory shows how free independence arises in the
large-n limit from independence of certain random n x n matrices. Correspondingly, the
free semicircular family arises from certain Gaussian family of random matrices.

Notation 2.7. Here we use the following notation and terminology.

(1) Note that M, (C)” can be equipped with a real inner product
m
(X.Y)i, = Yt (X]'Y)).
—t

where tr,, is the normalized trace on M, (C).

(2) As M,(C)™ is a real inner product space of dimension mn?, there is a linear
isometry
M,(C)" — R™”.

The Lebesgue measure on M, (C)7 is the measure obtained by transferring the
Lebesgue measure on R" by such an isometry (this is independent of the choice
of isometry by invariance of Lebesgue measure). We denote the Lebesgue measure
by vy.

(3) A self-adjoint random matrix means a random variable on some probability space,
taking values in M, (C)g,.

(4) A GUE matrix is a random self-adjoint matrix whose probability density with
respect to Lebesgue measure is (I/Zn)e_”zn’c”%/z, where Z, is a normalizing
constant. The GUE matrix is self-adjoint, with diagonal entries real normal ran-
dom variables of mean zero and variance 1/n, and the off-diagonal entries have
real and imaginary parts that are normal random variables of mean zero and vari-
ance 1/2n. See also Section 3.3.

The main results that we will need about asymptotic freeness can be summarized as
follows.

Theorem 2.8. Let M be a tracial von Neumann algebra and Y a self-adjoint N-tuple
from M. Let S1,. .., Sy be a standard free semicircular family freely independent from Y.
Let Yl(n), Yz(n), ... be random self-adjoint matrices such that

(1) Almost surely lim supn_,oo”Yj(n) llop < o0.

(2) Almost surely Y® converges to 'Y in non-commutative law.
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Let Sl(n), e S,(,f) be independent n x n GUE matrices. Then

@ limyoo B[S 14 = 27.

(b) Almost surely (S, Y™) converges to (S,Y) in non-commutative law.

This theorem combines several known statements in random matrix theory. Theo-
rem 2.8 (b) is [45, Theorem 2.2].

For claim (a), since the behavior of the largest eigenvalue of a GUE matrix has been

studied in depth, there are several sources we could deduce this from. For instance, [I,
p. 24] shows the following: Let k(n) be an integer such that

k(n)*/n — 0 and k(n)/logn — co asn — oo,
where ¢y is a certain positive constant. Then we have for sufficiently large » that
P(Tra ((S®@)* ™) > (2 4 8)2®) < 204+,
Then by applying Holder’s inequality on the underlying probability space

E[IS1,] < B[S @ 1350

< E[Tr,, ((S(n))Zk(n))]j/Zk(n)
< (2n4k(n))j/2k(n) — (zn)j/Zk(n)zj'

Taking the limit as n — oo, we obtain Theorem 2.8 (a).

2.3. Ultrafilters, ultralimits, and ultraproducts

As mentioned in the introduction, we define conditional microstates free entropy using
ultrafilters to highlight the connection with embeddings into matrix ultraproducts. Here
we quickly review the notions of ultrafilters, ultralimits, and the tracial ultraproduct con-
struction for von Neumann algebras. For further reference, see [21], [7, Appendix A],
[16, Section 5.3], [26, Section 5.7].

A filter U on an index set [ is a collection of subsets of I such that

1) ogU, I elU,
(2) whenever A, B € U,then AN B € U,
(3) whenever A C Band A € U, then B € U;

(4) Ifin addition U is maximal, i.e. forany A C I, we have either A € Uor I \ A € U,
then we say U is an ultrafilter.

We say that U is principal if U = {A C I :i € A} for some i € I. Otherwise we say U
is non-principal.

Later on in some proofs, we will need the following easy consequence for ultrafilters
on N. This fact is well-known, but we provide a self-contained proof for the reader’s
convenience.
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Fact 2.9. Suppose {An}neN is a nested decreasing sequence of non-empty subsets of N
such that (e An = 0. Then there exists a non-principal ultrafilter U such that A, € U
forall n.

Proof. Consider ¥ = {Ay}neny U{B € N : B D A, for some n}. Then ¥ is a filter by
construction, so one can find an ultrafilter U extending ¥ by Zorn’s lemma. Note that the
ultrafilter U cannot be principal, because 4, € U foralln,but (),cy 4n =9 ¢ U. =

In this paper, all ultrafilters will be on N. Given a sequence (x,),eNn C R, we say that
X, converges to x along the ultrafilter U, denoted lim, _,q; x, = x, if for every ¢ > 0, we
have
{keN:|xk—x|<8}eU.

This generalizes the notions of the usual limit, lim sup, and lim inf.
Finally, we discuss the tracial ultraproduct construction. Given a sequence of tracial
von Neumann algebras (M, 7,), we consider the set

€((Madner) = {(n) € [T Mo suplla | < o)
N n

of uniformly bounded sequences. We then take the separation-completion of £>°((:My)neN)
with respect to the norm || x|, = 7(x*x)Y2, where 7((xp)nen) = limu—q 7n(x,). The
resulting object is denoted by ([ [q; Mn, 7) and is again a tracial von Neumann alge-
bra, whose elements we write as (x,)q for a representing sequence (x,),eN. For further
details on this construction, see [21, Section 14.4].

In this paper, we only focus on matrix ultraproducts My, := [[q, M, (C). Our moti-
vation for phrasing the main results in terms of ultraproducts stems from the fact that they
make approximate embeddings exact:

Fact 2.10 (See also [16, Lemma 5.10]). Fix a tracial von Neumann algebra (M, t) and a
non-principal ultrafilter U. Let X = (X1, X, . . .) be a tuple from Ms,. Let ([ oy M (C), tr)
be a matrix ultraproduct with trace tr = lim,, . tr,. If (X®™),en = (Xl(n), X2("), .. )neN
is a sequence of m-tuples of self-adjoint matrices in M,,(C)s, such that sup,, || X |lop < 00
for each j and X" converges in non-commutative law to X, then there is a unique trace-
preserving embedding

7 (W*X), 1) > (l_[Mn((C),tr)
U

which sends X to (X™)q,.

This is easy to check: indeed, since traces are normal linear functionals, it is enough to
consider monomials x;, - - - x;, . But then simply note that by convergence of joint moments
we have that

(X = Tim trg (X0 X) = 0 (4 X)) = (X))
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3. Background on classical entropy

3.1. Classical entropy and Fisher information

We briefly review only basic definitions of classical entropy and Fisher information. Many
of these facts are from [3,38,43], and an exposition of entropy suited to the random matrix
context is given in [36, Chapters 7 and 8].

Definition 3.1. Let i be a measure on R™ with absolutely continuous density p with
respect to Lebesgue measure, i.e. diu = p dx. The entropy of u is defined to be

h(p) == / —plogpdx,
Rm
whenever the integral is defined. If i does not have a density p, then we set h() := —oo.
If X is a random variable with distribution p, then we also write 4(X) in place of 2 (u).

We will need some facts about classical entropy in some of the proofs to follow. We
list these facts here for the readers convenience; they come from [42, Lemma B.5 (i), (ii)].

Fact 3.2 (Entropy controlled by partition). Let X be a random variable in R™ with law
W, and let (S; )}?‘;1 be a measurable partition of R™. Then

h(p) <y i(S)) logLeb(S;) — Y~ 11(S)) log u(S)),

J=0 j=0
where Leb denotes the Lebesgue measure.

Fact 3.3 (Entropy controlled by variance). If X is a random variable taking values in R™
with finite variance Var(X), then

h(X) < %log (2me Var(X)/d).

We recall the classical Fisher information of u, denoted I (w), which is defined below
as the derivative at time zero of a Brownian motion starting at .

Let y; be the multivariate Gaussian measure on R” with covariance matrix ¢/. Sup-
pose u is a measure with smooth density p > 0 on R™, and set ;; = u * y, with associated
density p;. We may compute via integration by parts that d;h(u;) = [V p:/pell* diss.
Evaluating this at + = 0, we obtain that

20 = [ 19/l du = E[I-Vp/plP]

Rewriting the integral above as the expected value on the right hand side helps with mov-
ing to the non-commutative case. Namely, E := —%(X) satisfies the relation

E[(E, f/X))en] =E[V- f(X)] forall f € CR®R™;C™), 3.1)
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see [30, Section 12] for details. This latter notion makes sense even when p does not have
a smooth density, and motivates the following definition.

Definition 3.4. Suppose X is an R"-valued random variable on the probability space
(2, P). If there is a random variable E € L?(R2, P) satisfying (3.1) and each 8; isin the
closure of { f(X) : f € C®(R™)} in L?(2, P), then we say E is the score function for X.

Definition 3.5. The Fisher information I (i) is defined as E[|E|?] if X ~ p and E is a
score function for X. If no score function for X exists, then we set I () := oo.

Note that the definition of Fisher information aligns with the integral [||Vp/p|* dp
if © has smooth density p, but the given definition is more general and will be directly
analogous to the free Fisher information given in Definition 5.7.

We remark that the integration-by-parts relation can be extended to more general func-
tions than C°. Specifically, if u has finite moments, then we can use test functions of
polynomial growth. This will become important later when we relate classical and free
Fisher information (see Corollary 5.5 and Proposition 6.1).

Lemma 3.6. Let X be an R™-valued random variable with finite moments and score
function B. Let f : R™ — C™ be a smooth function such that | f(x)| < A(1 + |x|*)¥
and |Df(x)|| < B(1 + |x|?)* for some A, B > 0 and k € N. Then E[(E, f(X))cn] =
E[V- fX)].

Proof. Let ¢ : R™ — [0, 1] be a C2° function such that ¢ (0) = 1, and for 7 € (0, 1], let
fi(x) = f(x)p(tx).

Note that | f; (x)| < A(1 + |x|?)* and lim, ¢ f;(x) = f(x). Also,

Dfi(x) = Df(x)$(1x) + 1f(x)(V$(x))",
where (V¢ (x))* is the row vector obtained by transposing ¢ (x), and hence

| DA < [DFE| + 1| F| IVl < (B + AlVlIL2) (1 + [xP).
and lim, .o Df;(x) = Df(x). Since f; € C®(R™;C™), we have
E[(&, /iX))cn] = E[V- /1 (X)].

Now we will take + — 0 and apply the dominated convergence theorem (on the underlying
probability space). Note that

(2, £i(X))en| = AIBI(1 + X2,

—~

and the function on the right is in L' because & and (1 + |X|?)F are in L?; indeed,
E(1 + |X?])** < 0o because we assumed X has finite moments. Hence, by the dominated
convergence theorem,

lim E[(8, /: X))cn] = E[(E, fX))cn]-
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Similarly,
V- £:X)| < m|DAEX)| < m(B + A|V|r)(1 + [X[?)",

and the latter has finite expectation because X has finite moments. Therefore, by domi-
nated convergence,

B[V £(X)] = I B[V /(X)) = Im B[[E. /i0)ca] = E[E. f00]c].

Finally, the classical entropy can be recovered from an appropriate integral of 7 (u;),
where (4, is the convolution of u with a Gaussian measure y; with covariance matrix ¢/ .
This formula motivated Voiculescu’s definition of y* (we give a conditional version of this
in Definition 5.10), and it will be important for the proof of the main result. The following
fact is standard and a proof can be found for instance in [30, Lemma 12.1.4].

Lemma 3.7. Let u be a probability measure on R™ with finite variance and density p,
and let y; be the centered Gaussian measure with covariance matrix t1. Then,

t

a0 —h(u) = 3 [0 T(u % yy)ds.

and

1 o0
h(p) = 5/0 (1i+t — I (p* yt)) dt + %log(Zne).

Fisher information has the following property with respect to sums of independent
random variables. This fact is standard and quick to prove (see e.g. [30, Lemma 12.1.3]).

Lemma 3.8. Let i and v be measures in R™. Then I (% v) < min(Z(n), I(v)).

Corollary 3.9. Let i be a probability measure on R™ and let y; be the standard Gaussian
measure with covariance matrix t1. Then t — I(u * y;) is decreasing.

This follows immediately from the previous lemma since if s < ¢, then
T(pxy) = I(u*ys * yis) = T(*ys).

3.2. Classical conditional entropy and Fisher information

Definition 3.10. Suppose that X = (X1,...,X;,) and Y = (Y1, Y>,...) are random vari-
ables on some probability space Q2. If the joint distribution of (X, Y) has a disintegration
as p(x | ¥)dxi ...dx,, du(y) for some measure ;o on RN, then we define the conditional
entropy

h(X|Y>=—/Q /Q p(x | ) logp(x | ) dxi - dxm dp(y).

If no such disintegration exists, we set #(X | Y) = —oo.
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Definition 3.11. If there is a random vector E € L2(2)™ satisfying the integration-by-
parts relation: for any n € N, any smooth compactly supported function

[ R™ xR" - R™,
and any indices iy, ..., i,
E(E, f(X.Yi,....Y;,)) = E[divy f(X.Yi,....Y5,)].

then E is unique in L?(£2)™ and is defined by evaluating —Vx log(px|y) on the random
variable (X, Y). In this case, we call E the score function for X given Y. We also define
the conditional Fisher information by

I(X | Y) =E|EP
whenever the above quantity exists, and oo otherwise.

When (X, Y) is a random variable in R” x R”, the conditional Fisher information
describes the rate of change of #(X + /28 | Y), where S is a Gaussian random variable
in R with covariance matrix [, independent from (X, Y). More concretely, one can
show that I(X + #'/2S | Y) is well-defined and finite for 7 > 0 and

d 1
X+ 28 1Y) = STX+ 128 |Y).

3.3. Normalization for random matrix theory

In random matrix theory, we consider probability measures on M, (C)Z, the space of m-
tuples of self-adjoint matrices. Per Notation 2.7, M, (C)Z is viewed as a real inner product
space of dimension mn? with the inner product (-, -),;,, . Thus, concepts such as Lebesgue
measure, gradient, divergence, entropy, and Fisher’s information are defined for random
matrices by coordinatizing M, (C)Z using an orthonormal basis with respect to (-, -)y, .
We remark that coordinatizing using (-, -}y, versus (-, -)y, yields different normalizations
for some of these quantities. Indeed, an orthonormal basis for M, (C)s, with respect to
(-, ), would be

€= {\/EEJ',]};[=1 U { % n/z(Ej,k + Ekaj)}15j<k§n U {i vin/2(Ejx — Ek,.i)}15j<k5n’

while an orthonormal basis with respect to (-, -)1;,, would remove the /n factors. Thus,
the convention using Tr,, is most convenient for entrywise computations in random matrix
theory, but we will follow the convention using tr,, because the normalized trace is what
relates to the free probabilistic limit as n — oo, and most of our computations are coordi-
nate-free, i.e. we work with inner products and linear transformations and do not need to
refer to the matrix entries.

In any case, a dimensional renormalization of the entropy, score function, and Fisher
information are needed in order to discuss the large-n limit. One can see this for instance
from computing the entropy of a GUE; see [42, Appendix B].
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Definition 3.12. Let (X, Y) be a random variable in M, (C)™ x M, (C)¥,, with density
ox,y. Then, define the normalized conditional entropy by

1
R (X 1Y) :== Sh(X|Y) +mlogn,
n

and the normalized conditional Fisher information as I (X | Y) := n~*I(X | Y), where
h and T are understood with respect to the inner product (-, -, coming from the normal-
ized trace.

Further detail about this normalization can be found in [30, Section 16] and [42,
Appendix B], which both take the classical quantities to be defined based on (-, )y, . If
the classical quantities are instead defined based on (-, -)1y, , the equations change slightly.
Denoting (for the moment) the two versions of classical entropy and Fisher information
by subscripts of tr, and Tr, respectively, we have

1 1 m
K = —hy, +mlogn = —hry, + - logn,
n n 2

I = 1, = o In,.
For the Tr, version, see for instance [28, Section 6.2]. An advantage of basing everything
on (-, -}y, as we do here is that n? = dimg M, (C),, appears in a natural way in the
formula.

Using the normalized versions, the relationship between entropy and Fisher informa-
tion can be stated as follows:

1 1
X118 | V) = I (X 41178 | V) = ST +1178 | V),
n

assuming X has finite variance and ¢ > 0. To prove this, we must relate the GUE tuple

S with the standard Gaussian vector in the inner product space M, (C)T: with (-, -)y,. A

standard Gaussian vector G can be constructed as
G=) ZgE.

where & is an orthonormal basis for M, (C)Z with (-, )y,, and Zg are independent stan-
dard normal random variables.' One thus has that the total variance

E||G|3 = dimg M, (C)% = mn®.
A GUE m-tuple is thus obtained as S = (1/n)G. Hence,

1 1
IR X 41128 | Y) = —0:h(X + (t/n*) 2G| Y) = 22 I(X+ (t/n*)' G | Y).
n n

Note that the definition of standard Gaussian vector depends on the choice of inner product. When
working with (-, ), rather than (-, -)1.,, the standard Gaussian vector G will have matrix entries with
variance n. That is, the standard Gaussian vector in M,, (C)s, with (-, -}, is 4/7 times the standard Gaussian
vector in M, (C)™ with (-, ), which would have entries of variance 1.
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As a consequence,
1 t
R(X + 1128 | Y) — k(X | Y) = 5/ IOX+u2S | Y)du, (3.2)
0

and we may also recover the conditional entropy from the conditional Fisher information
via the following integral formula, exactly as in Lemma 3.7:

1 [ m m
(X Y:—/ — —I™X+128|Y) ) dt + = log2re. 33
(I)20 T+ X+ |'Y) + 7 log2me (3.3)

4. Conditional microstates free entropy

4.1. Definition and properties
Conditional microstates entropy
X(X],...,Xn | Yl,...,Ym)

was first defined by Voiculescu [47]. Later Shlyakhtenko [39] gave a different defini-
tion using the supremum of measures of relative microstate spaces over the microstates
for Y, rather than the average as Voiculescu had done. We will define the conditional
entropy with respect to a fixed embedding into a matrix ultraproduct, and we will show
that taking the supremum over the embedding and the ultrafilter gives Shlyakhtenko’s
conditional microstates entropy (Lemma 4.9). Moreover, in Section 4.2 we will describe
the relationship between conditional microstates entropy and conditional classical entropy
analogously to the random matrix interpretation of microstates free entropy given in [42,
Proposition B.7].

Definition 4.1 (Conditional microstates free entropy via fixed relative microstates). Let
(M, 7) be a tracial von Neumann algebra, with B C M a separable von Neumann subalge-
bra. Let X = (X1,. .., X)) be an m-tuple of self-adjoint elements in (M, 7), and fix a tuple
of generators Y = (Y;),en for 8. Let u :=law(X,Y), and fix a sequence Y™ eM, (C)g
that converges in non-commutative law to Y with sup,, || Yj(") lop < oo for each j. Then for
any neighborhood O of p, and any tuple R = (R, Ra, ..., Ry) € (0,00)™", we define the
conditional microstate spaces:

Tr(O | Y s Y)
= {X® e M, ©2 | [X”],, = R forall 1 < j <m, and law (X®,Y®) € 0},

where v, denotes the Lebesgue measure on M, (C)Z given in Notation 2.7.
We define the conditional microstates free entropy of X given Y™ > Y, denoted
¥(X | Y® w Y) via:

1
XY™ v Y):= inf limsup |:— log vy, (Fl((")((9 | Y v Y)) + mlog n:|
Onbhdof 4 n—soo | N2
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Finally, define

X[ Y? > Y):i= sup  yr(X|Y® wY).

Re(0,00)™

Also, for any non-principal ultrafilter U of N, we define y%(X | Y ~> Y) to be the
same expression as above, with the lim sup,,_, ., replaced with lim,_,y.

We now show that the value of yr(X | Y™ ~> Y) does not depend on the parameter
Raslongas || Xj|op < R;.

Lemma 4.2. Set r; = || Xj|lop and v = (ry, ..., rm). Then if R, R’ € (0, 00)™ are such
thatr; < Rj < R}foreachj =1,...,m, then

ARX Y % Y) = yw(X | Y > Y).
Hence if R; > rj forall j, then
PRX|TY? v Y) = y(X | Y® » Y).

Proof. This is the conditional analogue to [47, Proposition 2.4]; since the approximating
sequence Y™ is fixed, the same argument showing inclusion of microstate spaces works:
one can define an appropriate piecewise linear function g such that for any n € N and
neighborhood @ of u, there is some n’ € N and another neighborhood O’ of u such that

G(TI(O | Y® » Y)) S TW(O | Y? » Y),

where G(X1, ..., Xn) = (g(X1), ..., g(X,)) is applied componentwise in the matrices.
This establishes that yg/(X | Y™ ~> Y) < yr(X | Y?® ~s Y). The opposite inequality
follows from the fact that R < R’ implies T{" (0 | Y® »> Y) € T 1(17)((9 | Y s Y) for
any fixed @ and n € N. |

In the rest of the paper, we write R > ||X]||op as shorthand for R; > || X ||op for all
j =1,...,m. We now show that the value of the conditional microstates free entropy
does not depend upon the choice of approximating microstates Y™, but rather only on
the choice of induced embedding.

Definition 4.3 (Induced embedding). Let My := [[q; M,(C) be a matrix ultraproduct
(as in Fact 2.10). Given Y a tuple of generators for a von Neumann subalgebra (8, 7) C
(M, ), and a sequence of approximating matrix tuples Y € M, (C)N converging to Y
in non-commutative law, we define the induced embedding tyw)...y as the unique trace-
preserving *-homomorphism $ — My such that ¥; — [Yj(")]cu, which is well defined
by Fact 2.10.

‘We want to show, similarly to [39, Theorem 2.15], that our conditional microstates free
entropy does not depend upon the choice of generators for the subalgebra 8. However, our
definition of conditional microstates free entropy works with fixed microstates Y for the
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generators Y, while the relative entropy in [39] takes a supremum over possible values of
Y™, Thus, we record that our conditional microstates free entropy y%(X | Y ~> Y)
depends only on the induced embedding rather than the specific choice of Y and Y.

Lemma 4.4 (Conditional microstates free entropy depends only on the subalgebra and the
embedding). Let Y and Z be countably infinite tuples of generators for the same subalge-
bra (B, 1) of (M, t). For any sequences of approximating microstates Y™ and 2V for
Y and Z respectively that give rise to the same induced embedding, i.e. | := ly@m) .y =
Lz w7, WE have

FUXY? v Y) = yUX | 27w Z).

In other words, the conditional microstates free entropy depends only on the subalgebra
B and the choice of embedding 1 : B — M.

Proof. Since the hypotheses on Y and Z are symmetric, it suffices to establish the inequal-
ity

KXY v Y) < yU(X |2 v Z).
From the definitions of these quantities, it is enough to show that for any neighborhood @
of law(X, Z), and any R > | X||, there is some neighborhood O of law(X, Y) satisfying

T™@ | Y® v Y) < T(O | 20 v 7). A.1)

Without loss of generality, we can take ( to be an element of the neighborhood basis
for the weak-* topology on the space of laws; in other words, assume there is some finite
collection of non-commutative x-polynomials {g; (X,y),. . .,qx (X,y)} and some tolerances
gj > 0 so that

(0 120 > 7) = (X € Mu(©)21 : |ty (9 (X®,27) = (g, (X. D)) | < ¢
forall 1 < j <k, and X oy < R},

Set & = minj<j<k &;.
By Fact 2.3, there exists some 6 > 0 and finite set F of indices such that for every
tracial von Neumann algebra N, forall X' € N, Z/ € NN, W’ € N1 satistying || X/|lop <

R and max(||Z; [lop. W llop) < |Zi ||op. Wwhenever || Z; — W} |, < § fori € F, then
€
lg: (X' Z') — q: X', W], < 3

By Lemma 2.2, for each i, there exists a polynomial p; such that || p; (Y) —Z;|2 < ¢
and such that for every tracial von Neumann algebra N and every Y’ with [|[Y/]lop <
[Yillop, we have || p;(Y))|lop < [|Zillop- Because the embeddings induced by Y™ and
7" are the same, we have that for U-many n, foralli € F,

|pi(Y) 2], <.
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This implies that for all X € M, (C)™ with |[X™|,, < R, we have || p; (Y®)]|op <
1 Z;|lop and hence
| try, (qi (X("), Z(”))) —tr, (CIi (X(”), i (Y(n))))|
€
< i (X, 2) = ; (X0, pi (v)) |, < 3.

Similarly,
€
|7(@: (X, 2) = 7@ (X, (V)| < 3.

In particular, this means that for all X® € M, (C)2 with h<& lop < R, we have

| e (q; (X, 2)) — 7(g; (X, 2))]
< [t(q; (X. p(V))) = (¢ (X. D))
[t gy (X, 20) —m (g(X®. p(¥ )|
+ [t ( (X, p(Y™))) = 7(q; (X, p(V)))]

2
= ?8 + |tr,, (qj (X("), p(Y(")))) _ T(qj (X, p(Y)))| 42)

Finally, to make this last term less than ¢/3, we choose 0O. Let q;(x,y) = q; (X, p(y)).
Then set O to be the neighborhood of law(X, Y) defined by approximating {q1, ..., gk}
up to tolerance ¢/3. Then by construction, the last term appearing on the left-hand side
of (4.2) is less than g/3.

Combining these estimates, we obtain that

| tra () X™. Z7)) — 1(q;(X.2))| < &
for U-many n whenever X" ¢ Fl({n) ((5 | Y v Y). Thus, the claimed set inclusion in 4.1
holds and we establish y (X | Y > Y) < y (X | Z) ~> Z) as desired. |
This lemma allows us to make the following definition.

Definition 4.5. We define the conditional microstates entropy of X = (X1, ..., Xn) €
(M, 1) given the embedding 1 : B — My to be

KX B = ) HX | Y v Y),

where Y is any set of generators of 8 and Y™ is any sequence of approximating microstates
such that iy ..y = L.

This definition still depends on the choice of embedding ¢. We remark that if 8 is not
strongly 1-bounded in the sense of Jung [32] and Hayes [23], then there are embeddings
of B into a matrix ultraproduct that are not equivalent by an automorphism of the matrix
ultraproduct [29, Theorem 1.1, Corollary 1.4]. However, if we are not concerned with the
particular embedding, we may also consider the supremum over all embeddings.
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Definition 4.6. We define the conditional microstates entropy of X = (X1, ..., Xm) €
(M, T)I given B, with respect to the ultrafilter U, as

MXB) = sup  HX|B.0.
B—->My
Shlyakhtenko [39] defined a version of conditional microstates entropy, which we will
denote by 7(X | Y), where the microstate Y is not fixed beforehand but rather chosen
to maximize the volume of the microstate sets I‘l({’) X |Y® v Y).

Definition 4.7 (Shlyakhtenko [39]). Let (M, 7) be a tracial von Neumann algebra and
X=(X1,...,Xm) and Y = (Y1, Y2, ...) be self-adjoint elements of M with operator
norm < R. For a neighborhood @ of law(X, Y), let 72 (0) be the set of laws A|c(y) where
A:C(x,y) = Cisalaw in O. Define

1
TRX|Y) = inf limsup — log ( sup Vn (Fl({")((D Y™ » Y)))
ONXN) n—oo 1 YO erl (:(0))

+ mlogn.

Let x(X | Y) be the supremum over R.

Remark 4.8. In fact, Shlyakhtenko considered only a finite tuple Y = (Y1,..., Y,) and
wrote the definition in terms of specific neighborhoods of matrices approximating (up to
some tolerance ¢ > 0) the moments of (X, Y) with order bounded by £ € N. For a finite
tuple Y, this definition agrees with what we wrote above; indeed, the quantity is monotone
under inclusions of neighborhoods O, so it suffices to consider a neighborhood basis for
the space of laws X, r at the point law(X, Y). In the case where Y is an infinite tuple,
a neighborhood basis could instead be given by neighborhoods that test the moments up
to a certain order in each finite subset of the variables.

Shlyakhtenko also showed that the entropy yr(X | Y) depends only on X and 8 =
W*(Y), provided that R > [|X[lop.” Therefore, one can define (X | 8) as the y(X | Y)
for a generating tuple Y of 5.

We will show that yg(X | Y) represents the supremum of the entropies y 4(X | 8, 1),
i.e. the supremum over embeddings ¢ : 8 — M, and over non-principal ultrafilters U.

Lemma 4.9. Let (M, t) be a tracial von Neumann algebra. Let X be an m-tuple and Y
an infinite tuple with || X|lop and ||[Y|lop < R. Let B = W*(Y). Then

Z(X|Y>=2R(X|Y)=s%px“<X|£>=sup sup %X | B.0),

B—->Myy

where supq, denotes the supremum over all non-principal ultrafilters on N.

2Technically, he proved this under the assumption that Y is a finite tuple, but this does not materially
affect the proof.
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Proof. (>) Fix U and t. Let © be a neighborhood of law(X, Y). Let Y* be a sequence
of microstates for Y as in Definition 4.5. Then

e (TE(O | Y™ v Y)) < sup v (T(O | Z™ s Y)).
zmery’ (m(0))

(In the case where the left-hand side is empty the inequality holds trivially.) Therefore,
1
lim [—2 log vy, (rl({l)(@ | Y® Y)) + mlog ni|
n—->U|n

1
< limsup — log [ sup Vn (Fl({")((9 | Z™ ~s Y)) + mlogn].
n—oo Mt Z0Wer (m2(0))

Taking the infimum over (@ and then the supremum over ¢ and U completes the argument.
(<) Let Ok be a nested decreasing sequence of neighborhoods of law(X,Y) in X, r
such that Oy = Xy g and [ ey Ok = {law(X,Y)}. Define A9 = N and for k > 1,

1 1
Akz{nzk:—zlog sup Vn(l"l({’)(@k |Z(”)WY))+mlogn>iR(X|Y)—E}.
" zmer (ra(04)

Observe that because O 11 © O, we have Ay € Ag. It is a consequence of the def-
inition of yr(X | Y) that Ay is nonempty. However, (|, on Ak = @. These properties
imply that there exists a non-principal ultrafilter U on N such that Ay € U for all k (see
Fact 2.9).

From the definition of Ay, for eachn € Ay \ Ag41, there exists Y Fl({‘)(nz (Or))
such that

1 1
— log v,,(Fl({")((Dk | Y®) s Y)) +mlogn > yr(X|Y)— —.
n k
Note that law(Y) converges to law(Y) as n — U because for n € Ay (which is a
neighborhood of U), we have law(Y™) € 7,(9); and Nken 72(0k) = {law(Y)}. Thus,
Y® induces an embedding ¢ : B — My;. Forn € Ag, wehave n € Ay \ Agr41 for some
k’ > k and hence
i10 v (F(")((9 | Y as Y)) + mlogn
n2 gVn\lR k g
1
> s log vy, (F]({’)(Ok/ | Y®) s Y)) + mlogn
_ | 1
>XR(X|Y)_PZXR(X|Y)_E-

It follows that for each k € N,

1 1
lim — logvy, (Flg")(Ok | YT s Y)) +mlogn > yr(X|Y)— —.
n—>U n? k
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Because X, g is compact, the O ’s must form a neighborhood basis for X, g atlaw(X,Y)
and hence

1
. (n) (n)

f — 1 T O|lYWY wY 1
@BI;S(X’Y) 3 log va(Tp (O | )) + mlogn

. . 1 (n) ( ) —
= klglgnli)n%ln—zlogvn(l“l{ (O | Y™ % Y)) +mlogn > xr(X|Y).
Therefore,

RX|Y) < (X | 8,0,

which completes the proof. ]

4.2. Conditional free entropy and conditional classical entropy

In this section, we relate conditional free entropy with classical entropy by an analogue
of [42, Proposition B.7], which expresses the free entropy as the supremum of limits of
classical entropy of certain random matrix models. The idea of free entropy as a large-n
limit of classical entropy goes back to the work of Voiculescu [47], and the idea to take the
supremum of classical entropies of certain measures was applied by Biane and Dabrowski
in their concavification of free entropy [5, Remark 4.5]. The point of [42, Proposition B.7]
and the results here is to give a description that does not explicitly reference the microstate
spaces, based on a diagonalization argument. We will first give a random matrix charac-
terization of y¥(X | B, () and then a random matrix characterization of y (X | B).

Theorem 4.10 (Random matrix characterization of y%(X | Y)). Let X be an m-tuple of
elements from (M, T)s,, and let Y be a self-adjoint tuple of generators for a *-subalgebra
B C M. Fix a sequence Y € M, (C)X such that sup, ||Yj(n) | < 0o and Y™ converges
in non-commutative law to Y.

Then y4(X | Y™ ~> Y) is the supremum of

1
li hx® 1 = lim A® (x® ,
Jim X"y +m ogn = lim 0: 449

over all sequences of random variables (X)), en with X™ e M, (C)2 satisfying:
(1) the law of (X, Y ™) converges to the law of (X,Y) in probability as n — U.
(2) For some R € (0,00)™, we have limn_,u||X(")||op < R in probability.

(3) There are some constants C > 0 and K > 0 such that for eachn € N,
P(IX®[, > C +8) < e X7 forall § > 0.

Remark 4.11. “Convergence in probability as n — U” is understood as follows. Let Z,
be a sequence of random variables indexed by n € N. Then lim, _,q; Z,, < ¢ in probability
means that for each ¢ > 0,

lim P(Z, >c+¢)=0.
n—-U
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Remark 4.12. The hypothesis (3) can be replaced by some weaker tail bounds if desired.
The motivation for the specific form of the tail bound used here is that it arises naturally
from concentration estimates for certain random matrix models (see e.g. [1, Sections 2.3
and 4.4]). For instance, it is easy to check that the Gaussian random matrices S j(") satisfy
such an estimate. This is how the theorem was used in [42, Appendix B]. However, for
the purposes of our main result in this paper, the specific form of tail bound is irrelevant
because we only need to apply the theorem to matrices X that are uniformly bounded
in operator norm, hence also uniformly bounded in ||-||2, which trivially satisfy (3); see
Remark 4.14 and proof of Theorem 6.4.

Proof of Theorem 4.10. Based on Lemma 4.4, we may assume without loss of generality
that ||Yj[lop = 1 and ||Yj(n)||0p = 1forall j € N. Suppose that (X™),cw is any sequence
satisfying the conditions (1)~(3). As the Y are fixed, the distribution of (X, Y*)
depends only on X" Then one can use the argument of [42, Proposition B.7] (replacing
the usual microstate spaces with the conditional microstate spaces and the limit with the
ultralimit), to show that lim,, _,q; 2 (X™) < y%(X | Y® ~> Y). We repeat the argument
here for the reader’s convenience.

First fix R" so that forall j = 1,...,m, R} > max(R;, 1). Let @ be a neighborhood
of law(X, Y) in ¥, p. For each n € N, we define the following partition of M, (C)7:

S =IO | Y™ v Y),
s .= Bo,Cc+1)\ 8",
S™ = B(0.C + j)\ BO.C +j—1) forallj >2,
where B(0, K) denotes the 2-norm ball of radius K centered at 0. To simplify notation, for

each n € N we write v, for the Lebesgue measure on M, (C)”. Then, applying Fact 3.2
to the density of (X, Y?), we have

oo
ha, cym (XM, Y™) < Z ne (S;”)) log vy, (Sj(")) —p® (S;")) log u™ (Sj(n)),
j=0

where we write £ to denote the probability measure associated to (X, Y™). (Note
that as Y is fixed, this depends only on X)), Subsequently,

(o)
h(")(X(n),Y(n)) < Z Hj(n)(@ | Y@ Y), 4.3)
j=0

where
H™(O | Y™ »Y)

1 1
= M(”)(;S‘;”))(n—2 log vy (S;")) + mlog n) - /L(")(Sj(")) 3 log M(”)(S;")).
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Note that this quantity depends on the neighborhood @ only for the indices j € {0, 1}.
We now bound each term of the sum in 4.3. When j = 0, we have

HM (O Y™ v Y)

1
= 1™ (T8O | Y® > ) (—2 log v, (T (O | Y w5 Y)) + m logn)
1
_ M(ﬂ)(ré@(@ | Y®) v Y))(n_2 log ;L(")(Fl({f)(@ | Y™ Y)))

Since (X, Y™) converges in non-commutative law to (X,Y) and — log? < e~! for
any ¢ > 0, we have that the second term goes to 0 when we take the ultralimit in n. For
the first term, note that by property (1),

lim u@(T%©O | Y® v Y)) = 1.
lim 4 (FR’(O | v Y))

Then, by the definition of y%(X | Y® ~> Y): for any & > 0 there is some neighborhood
O, such that

lim HM(O0: | Y™ v Y) < %X | Y? v Y) + 6. (4.4)
n—

m

For bounding the other terms, we first note that upon identifying M, (C)Z} with Cmn* and
applying Stirling’s formula, we have

1
el log v, (B(O, r)) = —mlogn + mlogr + O(m) forallr > 0. 4.5)

Then for the term with j = 1, note that Sl(”) C B(0,C + 1), so we have
HP(©O | Y? v Y)
< ,u,(")(Sl("))( —mlogn + mlog(C + 1) + O(m) + mlogn)
1 (
— 5 (${") log (51"

1
= W ($0) (m10g(C + 1) + Om)) = - (57) log o (51",

Again since —t logt < e~ ! fort > 0, the second term goes to zero in the ultralimit. Then
again by property (1), we have

u(”)(Sl(")) —0 asn— U,
so that

lim H™M(O | Y™ - Y) < lim u®(S™)(mlog(C + 1) + O(m)) = 0.
n—U n—->U
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Finally, for j > 2, we apply equation (4.5) along with the exponential tail bound in prop-
erty (3) and the fact that —¢ log ¢ is increasing for # < ™! to obtain

o
STHP© Y™ v Y)
j=2

I/\

1
u® S(n) )(mlog(C + j) + O(m)) + —/—e_llog(e_l)

I A

1
e K U=1% (1 1og(C + j) + O(m)) +to 3 > >0 asn—> U

Finally, combining these upper bounds and sending ¢ — 0 in equation (4.4), we obtain
that for any sequence (X(”)) neN satisfying the conditions (1)—(3),

o0
; ) x®) vy ~ 1; (n) (n) < LU n)
Jim A(X™, Y )_nli)n%l;)HJ O Y™ »wY) <y %X | Y? » Y).

For the other direction, we construct a sequence (X™),cn so that
FUX Y™ v Y) < lim R (XM,
n—
Without loss of generality, assume y%(X | Y ~> Y) > —o0. Fix R > | X[|co, and O
a neighborhood of law(X, Y). Let (Of)ren be a sequence of nested neighborhoods of
law(X,Y) in X, g, shrinking to law(X, Y) as k — oo.
Let Ag = N and for k > 1 let
1
Ay = {n >k n—zlogvn(Fl({')((Dk [ Y® s Y)) + mlogn > xg UX Y™ v Y)— —}
Note that Ay € U because
1
lim — log vy, (Fl({")((Dk | Y®) Y)) + mlogn > xg UX Y™ wY).
n—U n2
Moreover, since the Oy ’s are nested, we have Ag 1 C Ag; also, ﬂkeN A =@.Foreachk,
forn € Ay \ Axs1, let £ be the uniform measure on I‘I({”)((Dk | Y w5 Y), and let X
be a random matrix tuple in M, (C)Z; with distribution w™ . Thus, forn € Ay \ Ags1,
1
R (X™) = — log (T8 Ok | Y > Y)) 4+ mlogn.

Hence, using the definition and nestedness of the Ay ’s,

1
AW X®™) > yU(X | Y v Y) - o forne A
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Thus, as A € U, we have
1
lim 2™ XMy > ) ¥ X | Y™ v Y) - —.
n—>U k
Since k was arbitrary,
lim AW (X™) > y (X | YD v Y) = y 4 X | Y? v Y).
n—
It remains to check that X satisfies (1)~(3). Note that by construction || X lop <R
so that (2) and (3) hold. Furthermore, to show that law (X, Y() converges in probability

to law(X, Y), fix a neighborhood @ of law(X, Y). Since X g is compact, there exists k
such that O C O.For all n € Ay, we have law(X™, Y™) € 9, C 0. [

Remark 4.13. The same proof works to show the random matrix interpretation of y(X|Y)
holds with lim,_,q; replaced by subsequential limits. More explicitly, one can establish
that given fixed microstates Y® for Y, we have (X | Y ~ Y) is the supremum of

1
lim —h(X®, Y")) +mlogn, = lim h®(X©O, Yy,
L—>00 ny {—>00

over sequences 71y — 0o and random variables X® e M, ,(C)7 satisfying (1)—(3).

Remark 4.14. In the last theorem, note for each n we chose the matrix tuples X yni-
formly at random from

T Ok [ Y™ v Y) forn € A\ Aesr.

(Recall Ugen(Ak \ Ax+1) = Ao = N.) Thus, we may always choose the collection
{X},cn to be unitarily invariant in distribution and uniformly bounded in operator
norm.

Theorem 4.15. Let X be an m-tuple of elements from (M, T)s,, and let Y be a self-adjoint
tuple of generators for a x-subalgebra B € M. Then x4(X | B) is the supremum of

1
lim —h(X® | Y®) + mlogn = lim h™(X® | Y®),
n—>Un n—>U
over all sequences of random variables (X ,Y™), cn with X™ € M, (©)™ and Y™ e
M, (C)N satisfying:
(1) The law of (X", Y®™) converges to the law of (X, Y) in probability as n — U.

(2) For some R € (0,00)", we have limy -y | X\ ||y < R in probability.

(3) There are some constants C > 0 and K > 0 such that for each n € N and all
values of y,

P(IX® |, > C +8|Y™ =y) <e X foran s > 0.

(4) For each j, there is some R such that 1im,,_>cu||Yj(") lop < R
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Proof. First, we show that y%(X | B) is less than or equal to the supremum. Recall
1 U(X | B) was defined as the supremum of y¥(X | 8B, ) over all embeddings ¢. By the
previous proposition, after fixing microstates Y that induce the embedding ¢, this quan-
tity in turn is the supremum over matrix models X satisfying (1)~(3) of Theorem 4.10.
Note that if X and Y® satisfy (1)—(3) of the previous theorem, where Y™ is deter-
ministic, then (X, Y®) also satisfy (1)—(4) of this theorem. Moreover, when Y™ js
deterministic, we have 7 (X | Y®) = ) (X)) Thus, y%(X | B) is less than or
equal to the supremum asserted in this theorem.

For the reverse inequality, suppose (X, Y®) satisfy (1)~(4) of this theorem. By
standard facts about conditional distributions and Borel probability spaces (see e.g. [15,
Chapters V.9 and V.10] and [35, Section 8.3]), we may assume without loss of generality
that all the Y"’s are random variables on a fixed probability space (2, Py), and that X
is a random variable on M, (C)” x @ which can be sampled by first sampling w and then
sampling using the conditional distribution ,ugf ) of X® given Y (w). For each w, we
denote by X" (w) the random variable on M, (C) chosen according to this conditional
distribution. We use [Py for the probability measure on the space where Y is defined,
as above, and we write P for probability on the (implicit) larger probability space where
X and Y™ live.

Since K™ (X™ | Y?) = Jo ™ (X (w)) dPy(w), the idea of the argument is now
to apply Theorem 4.10 pointwise to each w. However, we must be careful because we
only assumed convergence in probability, and the limits are with respect to the ultrafilter
U. Thus, roughly speaking, we want to arrange that the hypotheses of Theorem 4.10 hold
uniformly for w in a set of large measure.

Note condition (3) implies an upper bound on the second moment E || X (w) | that
is uniform in w; specifically,

o0
E[XP@)]3 =Y XD @)|3 Licrjcpxm@iz<c+j+1vm @y
j=1

2
+ [ XP@)|3 - Lyxo @y <c+1v0 @)
o0
<DUCHj+ e K (€ + 1) = C < o,
j=1

and this upper bound C’ is independent of w. Hence, by Fact 3.3, there is an upper bound
M on the entropy 27 (X (w)) that is uniform in w.

Let (Ox) be a sequence of neighborhoods in X, g g’ shrinking to law(X, Y). For each
n and w, write

Tpi(@) = {X € My(C) : [ X[loo < R; + 1/k and law (X, Y (0)) € O }.
Let

Quip={0eQ: Y| <R;+1/kforj=1. k p&(Tur()>1-1/k}.
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Note that lim,_y Po($2, %) = 1; indeed,
Po(Q5 ) < Po([|Yj (@) |, > R + 1/k) + Po(ulP (Tux(@)) = 1/k)
= Po([|Yj @), > R +1/k) +k/gu£:’)(rn,k(w)6)d1%,
where we have used the union bound and Markov’s inequality. Now
Po([1Yj (@)oo > Rj + 1/k) — 0

as n — U by assumption (4). Meanwhile, by the definition of the conditional distribution,

| 1 (Tnstor) ay
=P({X € My(©)7 : |X[loo < R; + 1/k and law (X, Y™ (w)) € Ok }°).

which converges to zero as n — U by our assumptions (1) and (2). Let Q¢ = €2 and
Ao = N and for k > 1, let

A ={n =k :Po(Qui) = 1—1/k}.

Since Py(2,,x) — 1 asn — U, we have that Ax € U. Also the intersection of the Ag’s
is empty by construction. For each k € N, for each n € Ay \ Ag+1, fix some w, € Q,
such that

(X (w,)) > sup A (X (w)) —1/n.

a)GSZn’k

From the definition of Q,, , we see that for n € Ay \ Ax4+1, we have
Y (@n)|,, <R+ 1/kforj =1,....k, and pul(T,x(wn)) >1—1/k.

Since the Ag’s are nested, it follows that the same inequality holds for all n € Aj. There-
fore, by the definition of I', x, we get that X (w,) and Y (w,) satisfy the assumptions
of Theorem 4.10, and so

lim ™ (XM (w,)) < x4 (X | B).
n—
Now observe by the definition of conditional entropy, if n € Ay \ Ag+1, then

JD X | YO = / K™ (X () d Py ()
Q

= / R (XM (w)) d Py (w) + / R (XM (w)) d Py (w)
Qn,k Qf,,k

< Po (R se) (h™ (X () + 1/n) + Po(Q )M
< K™ (X" (w,)) + 1/n + M/ k.



D. Jekel and J. Pi 1112

Again, because the Ay ’s are nested, we get
RO X | YD) < h™ (X (w,)) + 1/n + M/ k
for alln € Ay, not only forn € Ay \ Ax+1. Hence,
lim A™(X® | Y?) < lim 2™ (X (w,)) + 1/k + M/ k
n—U n—>U
< %X | 8)+ 1/k + M/k.

Since k was arbitrary, we get lim,_q, 1 (X | Y?) < yU(X | B) as desired. |

5. Conditional non-microstates free entropy

In this section, we develop the notions of free score function and free Fisher information
in order to define a conditional non-microstates free entropy, in analogue with the classical
conditional entropy defined using Fisher information in Section 3.2. The following defini-
tions are from [49], but phrased in terms of formal polynomials rather than von Neumann
subalgebras with algebraically free generators.

Notation 5.1. Throughout this section, we fix X to denote the indeterminates x1, Xa, . ..,
Xm, and ¥ to denote the infinite tuple of indeterminates y1, ys, .. ..

Definition 5.2. Let 8B be a unital *-algebra, and let B(X) be the algebra of polynomials
in m non-commuting variables with coefficients from B. Fori = 1, ..., m, we define the
partial non-commutative derivatives 0; or free difference quotient as linear maps:

9; : B(X) > B(X) @ B(X)
by sending B to 0 and x; to §;;1 ® 1, and extending by the Leibniz rule
i (P1P2) = 3;(P1)- (1® P2) + (Py® 1) 8;(P2) (for Py, P, € B(X)).

We also extend the non-commutative derivatives d; for i = 1,...,m to the algebra of
polynomials in countably many non-commuting variables B (X, y).

As motivation for the free score function, we recall the following relationship between
the free difference quotient and differentiation of functions on the matrix algebra. In
Lemma 5.3, Lemma 5.4, and Corollary 5.5, the subalgebra B is absent. Instead, we use
an infinite collection of parameters Yj, Y5, ... which we will take to be matrix approx-
imations for generators of 8. (In spirit, we are replacing B(X) with C(X, Y1, Ya,...)
when Y1, Y5, ... are self-adjoint generators of 8 and the x;’s are formal variables; see
Remark 5.9). In the next two lemmas, we use the following notation: For an algebra A, let
#:(A® A) x A — A be the bilinear map (¢ ® b, ¢) — achb =: (a ® b)#c.
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Lemma 5.3. Let [ € C(%, ). Let f™ denote the function M, (C)N — M, (C) given
by evaluation of f. Let D; £ denote the Fréchet derivative of f™ as a function of X;
mapping My (C)s, — My(C) = M, (C)g, ®r C, that is, Dj f ™(X1,..., Xm, Y1, Y2,...)
is the linear transformation M, (C) — M, (C) such that for A € My, (C)g,,

D f™(X1,....Xm. Y1, Y2, .. )[A]
d
= E =0

Then we have

FOX0, X Xy F 1A X X, YL Y, ).

Dif™(Xy, ..., X, Y1, Y2, .. )[A] = 3, /)™ (X1, ..., X, Y1, Ya, .. J#A,

where (0; )™ is function M, ((C)Sl\aI — M, (C) ® M, (C) given by evaluation of both
tensorands of 0; f as polynomials on the input matrices X1, ..., Xp, Y1, Y2, ...

This lemma is proved for monomials by direct computation and then extended by
linearity. For details, see e.g. [30, Lemma 14.1.3]. Similar statements were shown earlier
in [8] and [13, Section 3].

Lemmas5.4. Let f € C(X,y). Then n%Vj f® =tr, ®1tr,, ((3; £)™), where V;- denotes

the divergence operator on f™ as a function of X 2

Proof. Recall that the divergence is the trace of the Fréchet derivative. Note that there is an
isomorphism ® from M, (C) ® M, (C)°P to the space of linear operators B(M,,(C)) given
by ®(4 ® B)[C] = (A ® B)#C. Because of the uniqueness of the trace on M,(C) ®
M, (C)°® = M,z (C), it follows that Trp, ) [P(T)] = Tr, @ Tr, (T) for T € M,(C) @
M, (C)°P. Therefore,

Vj . f(”) = TI‘B(Mn(C))(Djf(n)) =Tr, ® Tr, ((ij)(”)).
Dividing by n? proves the asserted formula. |

This yields the following integration-by-parts formula for random matrix models. This
is closely related to the Schwinger-Dyson equation for free Gibbs laws; see e.g. [22,
Section 4.3.20].

Corollary 5.5. Let X be an M, (C)Z:-valued random variable with finite moments, and

let E be a score function for X. Let Y1, Ya, ... be deterministic self-adjoint matrices. Let
fioooos fm €CX, YYand f = (f1...., fm). Then
1

E(&j. [ (X1, X Y1 Vo))

=Etr, ®tr, [0 /)™ (X1, ..., X, Y1, Yo, )]

n2

Proof. Because f ™ is a polynomial function, Lemma 3.6 shows that

]E(E,f(n)(le---7XmaY19Y27"'))trn :]EVX 'f(n)(le'--7vaY19Y27"')
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Note that Vy - £ the divergence with respect to X, can be expressed as P i=1Vj" f ),

Finally, we apply Lemma 5.4 to evaluate V; - fj("). n

Voiculescu’s free score function is defined to satisfy an analog of this formula on 8-
valued non-commutative polynomials.

Definition 5.6. Let B be a unital x-subalgebra of (M, 7), and X = (X1, ..., X;) an m-
tuple of self-adjoint elements in (M, 7). Let B(X) C M denote the subalgebra generated
by B and X. An element £ = (£1,...,&,) € L2(W*(B(X)))™ is the free score function
of X with respect to B (also called the conjugate variable of X with respect to B), if

t(&pX) =1 ®1(0; p(X)) forall p(x) € B(X)and 1 <i <m.

Such an element & will be denoted J(X : B).

Definition 5.7. Let 8 C (M, t) be a unital *-subalgebra and X = (X1, ..., X};) an m-
tuple of self-adjoint elements of M. We define the relative free Fisher information of X
with respect to 8 to be

o*(X:8) = [3(X: BX)|3= D [3(x;: BX)]s.

1<j<m

Otherwise, we define ®*(X : 8) = oo. We will also use the notation ®*(X : Y) when Y
is a self-adjoint tuple which generates 8.

Lemma 5.8. Let X = (X1, X2, ..., Xin) be a tuple from (M, t)g,. Then

CD*(X::B):sup{|t®r(8f(X))| D f(x) € B(X)

<1}

Proof. First, if both sides are infinite, then there is nothing to show; it suffices to consider
the cases where either ®*(X : 8) or the right-hand side above are finite.

If ®*(X : B) < o0, then by Definition 5.7, there is a conjugate variable £ := J(X :
B(X)) € L2(M)™ satisfying

(£, f(X), = T ® T(3f (X)) forall f(x) e B(¥)™.
The result then follows:
®* (X : B) = €13 = sup {|(&. X)), "+ [ F X, = 1}
= sup {[r @ t(3/(X)|: | /X, < 1}.

On the other hand, if the supremum in the right-hand side above is finite, then letting
C < oo be such that

sup {|z ® t(3/(X))|” 1 f(x) € BF)",

fX[, =1} =C <0,
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then we have for all polynomials f(x) € B(X)™,

[ ® (/)| = €[S,

Because non-commutative polynomials are dense in L2(M), there is a bounded linear
functional ¢ : L?(M) — C extending f(X) — 7 ® 7(df (X)), and by the Riesz represen-
tation theorem, there is a vector £ € L?(M) satisfying

(& (X)), = ¢(/(X)) = 1 ® t(3f (X)) forall f(x) € B(F)™.

Then £ is a conjugate variable for X and by definition ®*(X : B) < oo, so the equality
follows by the argument given above. ]

Remark 5.9. The supremum on the right-hand side of Lemma 5.8 can be rephrased in
terms of formal polynomials p(X, y) € C(X, ).

Indeed, since W*(Y) = B, given any f(X) € B(X)™, and any $B-valued coefficient ¢
of f, we can choose a sequence of polynomials pg(y) € C (¥)™ so that ||c— p&(Y)]2— 0.
Also by the Kaplansky density theorem (similar to Lemma 2.2) we can choose these to
be uniformly bounded in operator norm, in particular || p5 (Y)|lop < lIc|lop- By taking the
sum of polynomial approximations of the $B-valued coefficients of monomials in f(X),
we obtain polynomial approximations p,{ (X,Y) satisfying

| FX) = pf X.Y)||, — 0,

with || p,,f (X, Y)||op uniformly bounded.
Now write f(X) = lim, p,{ (X,Y), and note

2 . 2
sup {|r®r(8f(X))| } = sup {|r®r(3(hmp,{(X,Y)))| }
FeBE)™ FeBE)™ "
Ifl2=1 Ifl2=1
= sup {|r®7(lim 8p,{(X,Y))|2}
f@eB(E)m !
£ l2=<1

2
< sup {}t@t(@p(X, Y))’ },
p(3,Y)EC(X,5)"
lpll2=<1
where we can exchange the limit with the derivative in the second equality because for
each of the B-valued coefficients ¢ in the polynomial f, p¢(y) is uniformly bounded in
operator norm and converges in ||-||» to ¢. The other inequality is immediate as there is a
natural identification of {p(X,Y) : p(X,y) € C(X, ¥)} as elements of B(X) (by consider-
ing any Y-terms as coefficients). Thus, we have that

sup {|r®t(8f(X))|2} = sup {|t®t(8p(X,Y))}2}.
Sf(x)eB(X)™ p(x,y)eC(X,y)™
I fll2<1 pll2<1
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Definition 5.10. Let B8 C M be a unital x-subalgebra generated by the tuple of self-
adjoint elements Y, and let X an m-tuple of self-adjoint elements of M. We define the
relative non-microstates free entropy of X with respect to B as

(X B) = 1/00 o X 4128 B) ) di + 2 log2me
’ 2 Jo 141 ' 2 '

where S = (S1, ..., Sm) is an m-tuple of freely independent standard semicircular vari-

ables which are also free from B(X). We also write y*(X : Y) for this quantity.

6. Proof of the main result

The next step toward proving the main result in Theorem 6.4 is the following proposition
relating the free and the classical Fisher information. The intuition for this statement is
related to [40, Section 4.6].

Proposition 6.1. Let X = (X1,..., Xy) be an m-tuple of self-adjoint elements in (M, T),
and fix Y a tuple of generators for a von Neumann subalgebra 8 C M. Fix a sequence
Y™ e M, (C)XN of deterministic microstates for Y such that || Yj(") || is uniformly bounded
for each j. Suppose that X™ e M, (©)2 is a sequence of random matrix tuples with finite
moments such that the law of (X", Y™ converges in probability to the law of (X,Y)
and for each k, we have

. 2k . 2k
nll)n%lIEtrn ((X](")) ) <oo and nll)n%l tr, ((Y](")) ) < .
Then 1
O*(X:Y) < lim — I(X™) = lim 7™ (X®™), (6.1)
n—-Un n—U

Our first step toward proving this is to observe that
lim E[tr, (p(X™,Y™))] = 7(p(X,Y)).
Tim B[ try (p( )] =(p(X,Y))
Here we use the following standard fact from probability theory.

Lemma 6.2. Suppose Z, is a sequence of complex random variables and Z, converges
in probability to a constant c. If lim, sy || Z, |12 < 0o, then lim,_,q E[Z,] = c.

Proof. Note that Z,, — c is also bounded in L? and converges to zero in probability. Hence,
we can assume without loss of generality that ¢ = 0. Note that for 0 < § < ¢,

|IEZ,,| = IE§|Zn| = ]E(|Zn|1|Zn|<5) + E(|Zn|18§|2n\st) + IE:(|Zn|1|Zn|>t)

| Z,|?
<8+41tP(|Zs| =8) +E ALY

1Zal7-

<8+1P(|Zs] = 8) + ;
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Hence,
. I . 2
lim [EZ,| <8+ 0+ — lim || Z,];..
n—U t n—-U
Since § and ¢ were arbitrary, lim,_,q |[EZ,| = 0. [

Proof of Proposition 6.1. For readability, we write X = (x1,...,X;) and ¥y = (y1, y2,...).
We claim that for every p € C(X, y), we have

lim E[tr, (p(X™,Y™))] = t(p(X,Y)) (6.2)
and
lim E[ tr, ® try, (3, pX™,Y™))] =  ® (0x, (X, Y)). (6.3)

n—->U

By our assumptions, tr,, (p(X®, Y)) converges in probability to (p(X, Y)), and sim-
ilarly tr, ® tr, (dy, p(X®™ ' Y™)) converges in probability to T ® 7(dx, p(X,Y)). Hence,
by Lemma 6.2, it suffices to show that tr, (p(X™, Y™)) and tr, ® tr, (3, p(X™, Y™))
are bounded in L2 of the probability space as n — U. By linearity, it suffices to prove that
tr, (p(X®, Y™)) and tr,, (p(X®, Y?)) tr,, (¢(X™, Y®™)) are bounded in L2 for mono-
mials p and g. Consider a monomial A(ln) e A,(Cn) where each A; is either X i(_") or Yi(_n).
By the non-commutative Holder’s inequality (Fact 2.1), ’ ’

[t (A7 A7 = (e (AT )t (407
<ty (A1) ((4)) "
Then using the classical Holder’s inequality,
B[ty (47 4)[" < B[ty ((477)") " (7)) ]
k k k k
< (Ew (A7) N @ ((4)) "

By our assumption on the moments, the limit of this quantity as # — U is finite. Similarly,
if ¢ is a monomial Bf") e Bé") where each B](") is one of the X ™’s or Y g, then

E| tr, (Agn)"‘A;(cn))trn (B™ .”Bén))|2
< Bt ((49)) 75 an (A7) K1 (Bt (B))]
< (Etm (A™)) % . (Ew, ((AI(Cn))Zk)2)1/2k

x (B, ((B")*)") "2 (B (B)))
< (Etry (A™)*)) "/ - (E 1, (A7) )/
x (Etr, (BM™)*))' 2 (B, ((BM)*))"?

This establishes (6.2) and (6.3).
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The main inequality (6.1) that we want to prove is trivial in the case that

1
lim —I(X®) = oo,

so assume that the limit is finite. Then for U-many 7 there is a score function & for
X ™ as in Definition 3.4. Then by Corollary 5.5, we have

m
E(2™, p(X™, Y(")))trn =Y E[n? tr, ® try (0, pXP. YM))]. 6.4)
Jj=1
By Lemma 5.8 and Remark 5.9,
d*(X:Y)= sup {|r®r(8f(X))|2} = sup {|r®r(8p(X,Y))|2}.
fx)eB(X)™ p(x,y)eC(X, )"
I fl2=<1 lpX,YV)ll2=<1

Fix p € C(X,y) with || p(X,Y)]||2 < 1. Then

t®1(p(X.Y)) = lin‘b E[ tr, ® tr, (3p(X™, Y™))].
n—
For each n, by applying the integration by parts relation (6.4) and Cauchy—Schwarz in-

equality,

try

1
|E[ trn ® try (9x p(X™, YM))]| = n—ZIE(E(”), p(X™,Y™))
B[ p(x® . y®)|2 23] 2
n

1/2 I(x(n))l/l

1
= E[px®.y")[)

Thus, in the limit we obtain

[t @ (0p(X. )| = lim |E[ try @t (9p(X™, YP))]|

IA

. ant/2( 1 1/2
Tlim (E[pX™.¥")]3) (n—41 (X(")))

1 1/2
(17059 i, 105

1 1/2
< (lim —1(X™))
- (nl»n%l n4 ( )

By squaring this equation and taking the supremum over p with |p(X,Y)|2 < 1, we

obtain ®*(X : Y) < lim, .y H%I (X™) as desired. m

Since we must integrate the Fisher information to obtain the entropy, we will use the
following fact to exchange the ultralimit and integral (which is difficult to do in general).
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Lemma 6.3. Let f, : [0, T] — [0, 00] be a sequence of decreasing nonnegative functions
Sfor some fixed 0 < T < oo. Let U be a free ultrafilter on N. Then f = lim,_q f, is a
decreasing function (hence measurable) and fOT f <lim,_q fOT fn-

Proof. Let

2k ;
. AW
gk(t) =) min (f(zk),z )I[T(j—l)/zk,rj/zk)(t).

j=1
Then gx < gr4+1 < 25*! and limg_,o0 gx = f almost everywhere (spec1ﬁcally, at all
points of continuity of f, which is cocountable because f is monotone). Hence, fo f=

Supg fo gk-Fixk € N and ¢ > 0. Since f(¢t) = lim,_,q; f,(¢), there is a set A € U such

that T Ti
neA — fn(z—i)zmin(f(z—i)ﬂk)—e forj=1,...,2k.

Since f, is decreasing, fOT fn is bounded by below by any right-endpoint Riemann sum,
soforn € A,

T . Tj
/ faleyd = o an( £) =5 2 (min (5 50)-2) )
j=1
T
— [ swar-
0
. . . T T T
Since & and k were arbitrary, lim, .y [, fu = supy [y & = [, f- n

Theorem 6.4. Let X = (X1, ..., Xin) be an m-tuple of self-adjoint elements in (M, T),
let B be a separable von Neumann subalgebra, and fix a countable tuple of generators
Y for B. Fix a sequence Y™ € M, (C )g converging in non-commutative law to Y. Then
for any ultrafilter U on N:

yUX Y™ v Y) < p* (X2 B). (6.5)

Hence, by taking the supremum over all sequences Y™ ~> Y, and the supremum over
ultrafilters,
X B) = (X 8). TX|B) = (f(X: D). (6.6)

Proof. First, note that if y%(X | B) = —oo, there is nothing to prove. Otherwise, by
Theorem 4.10 and Remark 4.14, there is some R € (0, 00)” and a sequence X of random
variables in M, (C)Z such that:

(1) |X®]|,, < Rforall j and n,
(2) (X y®) converges to (X, Y) in non-commutative law, and
B3) XY™ > Y) = limyoy (Hh(X®) + mlogn) = lim,_y A (X™).
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Let S = (51,53, ...,Sn) be a tuple of freely independent semicircular random vari-
ables, also freely independent from X and Y, in some larger tracial von Neumann algebra
M containing M. Also, let S e M, (C)7 be a sequence of m-tuples of independent GUE
random matrices. We claim that for each u > 0, the random matrices X™ + u 1/2§() and
Y™ satisfy the hypotheses of Proposition 6.1. Indeed, using Theorem 2.8 (b), (8™, X™),
Y™) converges in non-commutative law almost surely to (S, X, Y). Since any poly-
nomial in (X 4+ u!/28,Y) is also a polynomial in (S, X, Y), this implies that (X +
ul/28™ 'y converges in non-commutative law almost surely to (X + u'/2S,Y). Fur-
thermore, using Theorem 2.8 (a) and the fact that || X llop < R, we have

. k
nli,rr‘zllE||X;n) + ul/zS;n) ||Op < oo foreachk.

This implies lim,, _,q; IE tr,, [(Xj(") + ul/sz(”))zk] < 00. Therefore, we can apply Proposi-
tion 6.1 to (X™ + u'/28™ ' Y™) to obtain

1
O*(X+u'/?$:Y) < lim — I(X® +u'/28™),
n—->Un

By Corollary 3.9, the function I (X®™ + 1u'/28®™) is decreasing in u. By restricting
to a bounded interval [0, 7], integrating over u in this interval, and applying Lemma 6.3,
we obtain

1 (! 1 [
-[ O*(X +u'/?S: Y)du < lim —/ T X® 417280y gy
2 Jo n—U 2n* 0

— lim i(h(n)(xm) 4 11/2800) _ 4 (X))

n—>U n* ’
where the last equality follows from (3.2). Rearranging this to isolate the term approxi-
mating y%(X | B), we write

FUX Y™ v Y) = lim AW (X™)
n—>U
1 t
< lim AW (X® 4 1/28M)) _ -[ O*(X +u'/?S : B) du.
n—U 2 Jo
We may bound the first term on the right-hand side by applying Fact 3.3 to X™ +
11728,
1
() x ™ 1/2g(m)y — () 1/2g(n)
A (XY 4 STy = n—zh(X” +t'/°8"™) + mlogn

m )2 2me

3(log (EIX™3 4+ m 1) + log s + 2logn
_ g ((E||x<">||§ +m- t)(2ne)(n2))

2

%log(C 1)+ %log@ne),

IA

mn?2

IA
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where C := % sup, E[|X™ |5 < oo. Therefore,

KX Y™ v Y)

IA

m m | 12
Elog(C +1)+ Elog(2ne)—§ *(X+u’"S:B)du
0

IA

%log(c +1)— %log(l)

1 ! m m
— — "X+ u'/?S: B) ) du + = log(2re).
+2/0 (1+u X+u’*S:8B) u+20g(ne)

Taking r — 0o, we obtain the desired inequality x4 (X | Y v Y) < y*(X : B) in (6.5).
Then (6.6) follows from Definition 4.5, Definition 4.6, and Lemma 4.9. [
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