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Boundary states of the Robin magnetic Laplacian
Rayan Fahs, Loic Le Treust, Nicolas Raymond, and San Vii Ngoc

Abstract. This article tackles the spectral analysis of the Robin Laplacian on a smooth bounded
two-dimensional domain in the presence of a constant magnetic field. In the semiclassical limit, a
uniform description of the spectrum located between the Landau levels is obtained. The correspond-
ing eigenfunctions, called edge states, are exponentially localized near the boundary. By means of
a microlocal dimensional reduction, our unifying approach allows on the one hand to derive a very
precise Weyl law and a proof of quantum magnetic oscillations for excited states, and on the other
hand to refine simultaneously old results about the low-lying eigenvalues in the Robin case and
recent ones about edge states in the Dirichlet case.

1. Motivations and results

1.1. About the magnetic Robin Laplacian

We want to describe the spectrum of the semiclassical magnetic Laplacian
Ly = (=ihV —A)?

on a smooth, bounded, and simply connected open Euclidean domain Q C R?, with
boundary conditions of Robin type. The vector potential A : Q — R? is supposed to be
smooth and generating a constant magnetic field of intensity 1:

31A2 — 82141 =1.

The magnetic Robin boundary conditions are enforced by defining the operator £; =
Lp,4,y to be the selfadjoint operator associated with the quadratic form defined for all
Vv € HY(Q) by:

Qna(¥) =/Q}(—ihV—A)wzdx—}-yh%/m|1ﬁ|2ds, (1.1)

where y € RU {+o00}, and ds is the length measure of the boundary induced by the
Euclidean metric. By convention, y = +o00 corresponds to the Dirichlet boundary condi-
tion Y € HO1 (£2). In the whole paper, our estimates will be uniform when y € [—yg, +00]
for an arbitrary fixed y9 > 0. When y € R, the domain of £, is given by

Dom(Ly) = {¢ € HY(Q) : (—ihV — A)*y € L*(Q),
—ihn- (—ihV — A)y = yh3y on 99},
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where n is the outward pointing normal to the boundary. Note that a change of gauge can
be used to ensure that A - n = 0. In this case, the magnetic Robin condition becomes a
usual Robin condition:

—n-Vy = yh 2y (1.2)

We would like to establish accurate spectral asymptotics for £j in regimes where the
magnetic field plays a major role, competing with the Robin condition (this is the origin,
as we will see, of the factor h% in the Robin condition). Until now, very accurate results are
available only for the Neumann magnetic Laplacian (when y = 0). In this case, the lowest
eigenvalues have been analyzed in detail in [11] and uniform estimates have been recently
established in [3] where a purely magnetic tunnelling effect formula has been proved. Let
us also note that, in the special case of disks and annuli, the magnetic Laplacian with
Robin condition has been the objet of physics papers (see, for instance, [35, Figure 8]
where the real part of the eigenvalues appear as a function of B). They also consider the
case of a complex Robin parameter, which could motivate interesting extensions of the
present work to a non-selfadjoint setting.

When y ## 0, the only known semiclassical results go back to the works by Kachmar,
see [25], where only the smallest eigenvalue has been estimated. In all these situations
(except when y = 400, where the first eigenvalue is asymptotic to /& times the magnetic
intensity—here, 1), one can show that the first eigenvalue becomes smaller than / as soon
as & is small enough. This energy bound is usually associated with a localization behavior
near the boundary of the eigenfunctions, which can be quantified by semiclassical Agmon
estimates.

By a simple scaling, the semiclassical limit # — 0 translates into a quantum regime
where the intensity of the magnetic field tends to infinity. In the physics literature of thin
conductors or electron gases (approximated by 2D domains) subject to a strong external
magnetic field, it is well known that the presence of a boundary (or, more generally, of an
abruptly changing magnetic field along a curve) generates a current along the boundary
due to the presence of “bouncing modes” classically localized at a distance VE /B to the
boundary (E is the kinetic energy and B is the magnetic intensity: in this work B = 1),
see for instance [17]. These so-called “edge states” or “boundary states” exist as soon as
the Fermi level of the conductor lies strictly in between two consecutive Landau levels,
and produce ballistic dynamics along the boundary. If the boundary 9€2 is compact, this
dynamics is quantized and produces new discrete energy levels. These are precisely the
eigenvalues that we wish to describe in this work.

Heuristically, the localization near d<2 is often explained by the classical bouncing
modes alluded to above, but it is also easy to understand from a quantum perspective.
Indeed, if we forget the boundary condition, £j, acts as the magnetic Laplacian with con-
stant magnetic field, on the Euclidean plane, L;‘L,ZA. The spectrum of this so-called “bulk”
operator is well-known and made of the famous Landau levels {(2n — 1)k, n = 1}, which
are infinitely degenerate eigenvalues. This suggests that, if one considers potential eigen-
values of £, in a window of the form I, = [ha, hb] with2n — 1 <a < b < 2n + 1 for
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some integer n = 0 (for n = 0, we take a = —o0), they cannot correspond to any bulk
state, and hence the corresponding eigenfunctions should be localized near the boundary.
This phenomenon has interesting physical applications; a famous one is the quantum Hall
effect, when the domain is not simply connected, which expresses the collective effects
of several boundaries on the total net current. Another application is the confinement of
particles in small domains, or “quantum dots” (sometimes called “anti-dots” because one
takes B = 0 inside the domain, and B = 1 outside), see [31,37].

On the mathematics side, the existence of edge currents in a half-plane with Dirichlet
boundary condition was shown in [7]. In a compact setting, the eigenfunction localization
at the boundary has been observed (again in the Dirichlet case y = +00, which is usually
chosen in physics) in [16], which was one of our motivations for this work. The methods
of [16] lead to a description of the spectrum in a thin spectral window, see [16, Corol-
lary 2.7]. However the exponential decay away from the boundary was not established. In
fact, as we will see, this decay does not follow from the usual Agmon estimates, but from
a strategy a la Combes—Thomas (see the original article [5] or the review [24]). Such a
strategy has been used recently in the context of the Bochner—Schrédinger operator, see
[29, Section 3] and [30].

In this article we treat the general case y € R U {4-00}. This corresponds, physically,
to a domain €2 coated with a very thin layer of a different material (see for instance [2]).
Since €2 is bounded, the spectrum in 7}, is always discrete and a first rough estimate shows
that the number of eigenvalues lying in 7}, denoted by N (L, I1,), satisfies

N(Lp,In) < Ch™2, (1.3)

for some C > 0 and all 4 > 0 small enough (see Appendix A where we recall the ori-
gin of this estimate). Our goal is to obtain a very precise description, in the semiclassical
regime, of the spectral elements corresponding to the interval I, much more accurate
than (1.3). This includes the localization behavior near dS2 of the corresponding eigen-
functions. For instance, when y € R, a consequence of our main result Theorem 1.7 is
the appearance of a quite interesting phenomenon: for a given (low) energy, one can have
boundary quasimodes corresponding to classical currents flowing in opposite directions,
leading to magnetic oscillations of eigenvalues, see Theorem 1.12.

This work is also an opportunity to revisit the Neumann case analyzed in [11, 19] (see
also [3]) by establishing more uniform asymptotic expansions, with slightly more general
boundary conditions.

1.2. De Gennes operator with Robin condition

Our results will be expressed in terms of the eigenvalues of the de Gennes operator with
Robin boundary condition. This operator, which appears naturally in the study of boundary
induced magnetic effects [12,39], is a differential operator of order two depending on the
real parameters y and o and acting as

2

d
Hly.0) = ——5 + (t —0)*,
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on the domain

2

Dom(H[y,o]) = {u € BIR,): (— el

+ (- 0)2)u € L>(Ry), w'(0) =y u(O)},
where
B'Ry) ={ue H' Ry): [t —tu(r)] € L*(Ry)}.

It is well known that H[y, o] is a self-adjoint elliptic operator with compact resolvent.
Its spectrum can be written as a non-decreasing sequence of eigenvalues (i, (Y, 0))n=1
(which are all simple due to the Cauchy-Lipschitz theorem). We denote by uLy’O] the
normalized sequence of the corresponding eigenfunctions (with MLV’U] (0) > 0). We let

O () ;= inf pa(y,0).
oc€R

The index n — 1 is compatible with the notation used in the case of the de Gennes operator
(case when y = 0), see [12, Section 3.2]. The family (H [y, 0])(y,0)er2 is analytic of type
(B) (in the sense of Kato, see [27, Chapter VII, Section 4]), i.e., the form domain does not
depend on the parameters and the sesquilinear form is analytic as a function of y or 0. By
convention, we denote by H [+00, a] (i.e., we let y = +00) the corresponding operator
with Dirichlet boundary condition #(0) = 0.

The following proposition gathers the main properties of the functions ., (y, -) (which
are usually called dispersion curves) that will be used in this article. Most of them have
been established in [25] (see also [26], and [7] in the Dirichlet case).

Proposition 1.1. Let us fixn = 1. When y € R, the function i, (y,-) is analytic and
lim w,(y,0) = 400, lim w,(y,0) =2n—1. (1.4)
g—>—00 o—>+00

Moreover, py (y,-) has a unique minimum attained at 6 =&,_1(y), but not attained at infin-
ity. This minimum is non-degenerate. The function i, (y,-) is decreasing on (—o0, £,-1(y))
and increasing on (§,-1(y), +00). In addition, we have, for all n = 2,

2n—3 <0Gy <on—1. (1.5)

When y = +o0, that is when the Robin condition is replaced by the Dirichlet condition,
Un(+00, ) is still smooth, but now decreasing from 400 to 2n — 1.

The non-degeneracy of the minimum of u, (y,-) for y € R is obtained by adapting the
Dauge—Helffer formula, see [25] for the case n = 1, which gives:

02 n (¥, O io=tr 1 (r) = 2601 (1) |V O)]. (1.6)

The lower bound in (1.5) will be established in Appendix B. This proposition has the
following elementary but important consequences for our analysis, which are illustrated
in Figure 1.
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Eigenvalues of H[v, o] for Robin parameter v = —1

l‘-n(%a)
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ag
Figure 1. This figure shows the dispersion curves jx (y, ), for y = —1. We visualize the preimage

of a given interval [a,b] C (2n — 3,2n — 1) with n = 3. The curves are obtained by a standard finite
difference numerical scheme.

Corollary 1.2. Let y € R U {+o00} be fixed. Let © be the set of all critical values of the
functions p,: we have

0 = {0 y), n=1}.

Let A be the set of limit points of the functions |, at infinity:
A={2n—-1,n=1}.

Let [a, b] C R be an interval disjoint from A. Let eithern = 1 ifa < 1 orn = 2 be such
that [a,b] C 2n — 3,2n — 1). (In the case n = 1 we allow a = —o0.) It follows from (1.4)
that for any integer k = 1, pclzl ([a, b)) is compact.
Let p(k) be the number of connected components of M;l ([a, b]): we have
pk)y=1 ifl<k<n
p(n) =0 ify =+o0
p(n) =1 ify € Rand O ¢ [q, b]
p(n) =2 ify e Rand O < ¢4
p(n) =0 ify eRandb < Or-1
pk) =0 ifk >n.
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Therefore, when y € R,

_ n ifb = e=1l(y)
N(y.a.b) :=#{k = 1: u(y.) ™" ([a, b]) # 0} = , (1.7)
n—1 otherwise,
and if y = 400 (Dirichlet case) then (1 (400,-) does not take any value in (—oo, 1), and
N(y,a,b) =n—1.

From now on, we denote by N(y,a,b) = N this cardinal.

Assumption 1.3. In the following, a and b are allowed to depend on #, as soon as they
stay in an A-independent compact interval inside (2n — 3,2n — 1).

With this picture in mind, for each k > 1, we may construct a smooth function /ik’
bounded with all its derivatives, which coincide with p; in a neighborhood of p,;l ([a,b)).
Indeed, let E¢ : R — R be a smooth, bounded with all its derivatives, and increasing
function such that forall k € {1,..., N}, ur(y, Eo(0)) = i (y, o) in a neighborhood of
/1,;1 ([a,b]) and i o B takes its values in (—oo,a) U (b, +00) away from it. We consider

i = i (v, Eo(), (1.8)
where we omit the reference to the parameter y to lighten the notation. In the following,

we will more generally denote by (2 the function ¢ after Ey.

1.3. Results

Let us now describe the main results of our article, which will be expressed in terms of
pseudo-differential operators in one dimension.

1.3.1. A pseudo-differential framework. The bounded functions /oLk will be convenient
to state our main theorem, which involves A 2 -pseudo-differential operators with symbols
in the usual class Sg2(1) given by

Sg2(1) = {a € C°(R} ) : Yo € N>, 3C, > 0: |9%a| < Ca}.

As we said before, the eigenfunctions of £j will be localized near the boundary of €2,
which is a closed smooth curve with length 2 L. Our main result describes their distribution
with the help of an A 2 -pseudo-differential operator on the boundary (see for instance [13,
Section 4.1] where similar considerations have been done in the context of discontinuous
magnetic fields). Let us denote 7 = hz . We recall that the Weyl quantization of a symbol
p is given by the formula:

1 . +
Op Py () = 5o | M p(ZSZ )y ()dydn, vy € S®), (19)

and that this formula defines a bounded operator form L?(R) to L2(R) if p € Sg2(1), by
the Calderén—Vaillancourt theorem. To shorten the notation, we will sometimes write pw
instead of Op;lV p.
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Let Toz, = R/2LZ, and L?(T,1) be the subset of L2 (R) of 2L-periodic functions,
equipped with the usual L2 norm on [0,2L]. When p € St,, xr(1), i.e., p € Sg2(1) and is
2 L-periodic in its first variable s, then for any 6 € R, the operator given in (1.9) induces
a bounded operator from %" L2(T,7) to ' L?(T,;)—we denote by ¢??" the function

X > elfx

i1

Remark 1.4. The space ¢!? L2(T,;) only depends on the class of & modulo T itis
equal to the subspace of functions in LZ_(R) equipped with the Floquet boundary con-
dition ¥ (x + 2L) = e'2L94(x). The operator Op;:]p acting on e'%" L2(T,7) is unitarily
equivalent to Op}lvp(x, n + h0) acting on L?(T,y).

1.3.2. Main theorem. Since our main result describes the spectrum of £; “modulo
O (h?)”, we need to make this notion precise.

Definition 1.5. In this article, we will say that the spectra of two self-adjoint operators T}
and T, depending on & coincide in /; modulo O(h%), @ € R U {+00}, when there exists
C, ho > 0 such that, for all & € (0, hy),

» T; and T, have discrete spectrum in I + [-C h*, Ch%],
o forall interval J; C I, we can find an interval K} such that J, C Kp withdg (Ky,, Jp)
< Ch* and
rank 1, (T7) < rank 1k, (72), rank1y, (13) < rank 1g, (T7),

where dg denotes the Hausdorff distance:

dg(A,B) = sup max(d(a,B).d(b, A)).
(a,b)eAxB

This definition translates to discrete subsets of R as follows: for each discrete subset
S C R, we associate the sum of Dirac masses 8g := ZSG s 65, and consider the corre-
sponding self-adjoint operator whose spectral measure is 6. Then we say that two discrete
subsets A; and A, coincide modulo @ (h%) when the spectra of the corresponding oper-
ators coincide modulo @ (k%) in the above sense. In order to deal with multiplicities, we
will, by convention, associate with the disjoint union S U S’ the operator corresponding
to the spectral measure §s + §s-.

Remark 1.6. Let us make some comments about Definition 1.5.

» The relation “the spectra of 77 and 75 coincide in /5 modulo O(h%*)” is an equivalence
relation. It is obviously symmetric and reflexive (taking K; = Jj). The transitivity
follows from the triangle inequality for dp .

» If the spectra of 77 and T, coincide in I modulo O(h%), then, for all fh C Iy, the
spectra of 77 and T, coincide in I modulo O(h%).

» If the spectra of T} and T3 coincide in /;, modulo O(h%), we have

d (sp(T) N In.sp(T2) N 1) = O(h®).
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« If the endpoints of the interval I}, stay away from an 4#-neighborhood of the spectrum,
with 8 < «, then for & small enough 7} and T, have exactly the same number of
eigenvalues inside I}, counted with multiplicities.

* The notion described in Definition 1.5 already appears under various forms in the
literature (see, for instance, the view point in [22, Section 1] and [18, Section 4]).

We can now state our main result, where we use, among others, the eigenvalues
Uk (y, o) and eigenfunctions MLV’U] of the de Gennes operator (Section 1.2), the integer

N defined in (1.7), and the notation introduced in (1.8).

Theorem 1.7. Under Assumption 1.3, the spectrum of Ly, in [ha, hb] coincides with that
of KMy, modulo O(h?), where

my 0 0

M, = 0 m,
: 0
0 0 m}’\,“

is a bounded operator acting diagonally on ¢'9""L2(T,1 )N . Here

|€2]
0h) = ——,
) [02|A
and each mkw is an h%-pseudo-diﬁ‘erential operator with symbol in St,, xr(1). Let us
denote by (s, 0) the (canonical) variables in T, X R. Then we have:

* the principal symbol of mkW is p?k (0);
* its subprincipal symbol is —k(s)C (o) with
Cr(0) = (((v = 0)7% = 8; — 22(0 — 1)})ul " (2), u,[j"’](r))u(h), (1.10)

and k(s) is the curvature of the boundary at the point of curvilinear abscissa s.

Remark 1.8. One can check that, for all k = 1, Ci (§,—1 (y)) has the same sign as y([,k_l] —

y, see Proposition B.5 where the threshold y([,k_l] is discussed. Proposition B.5 also cor-
rects a mistake in [25, Lemma I1.3 and (2.24)], where it is stated that C; (§o(y)) is always

positive.

It is important to notice that Theorem 1.7 is actually a diagonalization result since it
reduces the spectral analysis of £y, to that of a family of pseudo-differential operators in
one dimension: the spectrum of I, is the superposition (counting multiplicities) of the
spectra of the mzv k =1,...,N. As it turns out, the spectrum of each of these pseudo-
differential operators can be completely described using (refinements of) old and new

o
results in the literature. Indeed, notice that the principal symbols px have a special feature:
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they depend only on the frequency variable o, and, as functions of o, they have at most a
unique critical point, which is a nondegenerate minimum (Proposition 1.1). Hence, from a
microlocal viewpoint, only two situations must be considered. Let E € [a, b], either E is a
regular value of [Lok (or pg (y,-), equivalently), and then the well-known Bohr-Sommerfeld
rules apply, or E is a critical value of /Lok, in which case the Hamiltonian (s, o) +— uok (0)
admits a transversally non-degenerate minimum on a circle, and the recent study [8] of
folded quantum action variables applies.

1.3.3. Eigenvalues in a regular spectral window. Our first application concerns the case
where the interval [a, b] consists of regular values of all p;. We will use the following
well-known spectral result, an extension to all orders of the Bohr—Sommerfeld rules (see,
for instance, [9,20,21,38]), which we prove in Section 5.2.1.

Proposition 1.9. Consider an h-pseudo-differential operator Py, eOpZ‘/ (Sr2(1)) with sym-
bol 2 L-periodic with respect to s and with principal symbol (s, 0) — u(o) and subprin-
cipal symbol (s,0) — —k(s)C(0). We consider its realization on eise(hz)Lz(TZL). Let E
be a regular value of y for which n~(E) is a finite set of points O‘lE, ey Gf.

Then, there exists ¢ > 0 such that [E — ¢, E + €] is a set of regular values of |,
and W Y([E — ¢, E + €]) is the disjoint union 1 U --- U X, where each £, C Riis a
compact interval containing Uf in its interior. Let ¢ > 0 be any value satisfying the above

conditions. Foreachq = 1,..., p, let iq be an open interval containing X, such that the
Xg’s are pairwise disjoint. Then the following holds.
For each q =1, ..., p, there exists a smooth map ¥4 3 0 — fs(0,h) € R with an

asymptotic expansion, in the smooth topology,

falouh) ~ f1.0(0) + b fg1(0) +h* f2(0) + -

depending only on the symbol of Py, in the cylinder T2y, x X4, such that the spectrum of
P inside [E — ¢, E + €] coincides, modulo O (h°°), with the disjoint union

)4
( | [ {fa0.1). o e n(FZ+0(*) N iq}) N[E —e E + ¢,
q=1

see Definition 1.5. Moreover, we have

Jao0(0) = p(o)z,, (1.11)
-C 2L
fyao) = %[o K(s)ds. (1.12)

Combining Proposition 1.9 and Theorem 1.7, we get the following result, where we
use the notation of Corollary 1.2 and Theorem 1.7.

Corollary 1.10 (Spectrum of £, at regular values). Let [a, b] be an interval disjoint from
©and A. Foreachk = 1,...,N, foreachq =1, ..., p(k), let ¢ , C R be an interval
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such that (v (y,-) is a diffeomorphism from Xy 4 to a neighborhood of [a, b, in such a

way that all X 4 are pairwise disjoint and Uf]’(:kl) Sk.q contains ju (v, )" ([a, b]). Then

there exists a smooth map X 4 3 0 = fi 4(0, ) € R with an asymptotic expansion (in
the smooth topology)

Srq @ 1) ~ fiq.0(0) + 1 fig1(0) + B frg2(0) + -
such that the spectrum of Ly, in [ha, hb] coincides, modulo O (h?), with the disjoint union

N p(k)

( || L (tfia(oh®). o € 3 (2Z + 6(h) N zk,q}) N [ha, hb).

k=1g=1
Moreover, we have,
when o € X 4,

Jr.q.0(0) = pr(y,0), (1.13)
Jkg,1(0) = —(K)Ci (0), (1.14)

where (k) is the average curvature:

1 2L
(k) = i/o k(s)ds = %

Since the leading terms (1.13) and (1.14) do not depend on g (apart from the domain of
definition T ,) we obtain that the spectrum of £, in [ha, hb] coincides, modulo O (h?),
with the disjoint union

N
|_| {h,uk(y, o) — h%(K)Ck(O'), o€ h%(%Z + 9(h))} N [ha, hb]. (1.15)
k=1

As a first application of this corollary, we obtain a very accurate formula for the number
of eigenvalues of Ly in [ha, hb], this number being much smaller than what the crude
estimate (1.3) says:

Theorem 1.11 (Precise Weyl formula). Let I, = [ha, hb] where [a, b] is an interval dis-
joint from ® and A. Then the number of eigenvalues of Ly, in Iy, is

L L{k)
N 1) = | s D8 + LTl 0wt |
k,q k.q

(k)
g=1"

m._ CeBrg)  Crlorg)
ka0 Brg) |l i (k)]

where we use the notation Y . , := Z,]jzl > and

0
SLL:=|akg'_ﬂkgL

with Qg 4 1= ,u,:i](a), Bk.g == M;:,;(b)-
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In this statement we have denoted jik 4 := Uk (¥, °)|z, - Notice that, since the remain-
der term O (h 1/ 2) tends to 0, we obtain that, when / is small enough, N(Ly, I1,) is equal to
the integer part of # D kg 8][311 + % D kg 8,[:’31, or this plus or minus 1. Note that the
one term asymptotics in Theorem 1.11 is already known when y = +o00 and that it can be
seen as a consequence of [6, Corollary 1.3]. It is also related to [15, Theorem 1.1] dealing
with positive variable magnetic fields and y = 0. When B is constant, Theorem 1.11 is
refinement of [15, Theorem 1.1] since it exhibits the second order term. The strategy of
our proof could also likely be used to recover [15, Theorem 1.2], see Section 1.3.4.

In a second application, we focus on the regular eigenvalues of £j below the first
Landau level, and investigate how the eigenvalues move when h varies (by the scaling
mentioned in the introduction, this corresponds to the variation of the quantum energies
when the external magnetic field is modified). This variation of eigenvalues is mainly due
to the strong flux term 6(h) = %, see (1.15). When y € R, the eigenvalues below the
first Landau level are described by only two intervals X ; and X », for which the sense of
variation of the approximate eigenvalues with respect to / are opposite. Hence, we obtain
a strongly oscillating behavior for these eigenvalues, which is a generalization to excited
states of the Little—Parks effect, see [14].

Theorem 1.12 (Magnetic quantum oscillations). Let y € R. Let I, = [ha, hb] with a >
O°%y) and b < 1. There exists hg > 0, C > 0 and M > 0 such that the following holds.
Let h < hg, and let j € N be such that the j-th eigenvalue A;(y, h) of Ly, belongs to Ip,.
Then there exists C; = C;(j, h), i =1,2,3, with0 < C; < C, < C3 < M such that, letting
h; := h + C;h?, we have

o Aj(ha) = Aj(h1) + Ch3/2,

o Aj(hy) = Aj(h3) + Ch¥/2,

Moreover, the gap between consecutive eigenvalues is—(roughly) periodically with period
O (h?)—smaller than O(h?), precisely: there exists h' such that |h — h'| = O(h?) and
(W) =Xj+1(h")=O(h?), and there exists h" such that |h—h"|= O (h?) and Aj+1(h") —
Aj (") = Ch3/2,

See also Figure 2. The proof of this theorem is given in Section 5.2.4. We believe
that this is the first mathematical treatment of quantum magnetic oscillations for excited
states in the first Landau band. In principle, similar oscillations for eigenvalues between
higher Landau levels could be obtained in the same vein. However, the growing number
of connected components X , involved would make the analysis (and statement) quite
complicated.

Remark 1.13. These applications illustrate the fact that Corollary 1.10 gives a very accu-
rate description of the spectrum of £, by providing us with explicit approximations of the
eigenvalues in [ha, hb] modulo O(h?). When y = +o0 (i.e., in the Dirichlet case), it also
improves the description given in [16, Corollary 2.7] concerned with a thin spectral win-
dow containing a regular value. Moreover, although our results are formulated in terms of
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approximation of the eigenvalues, the strategy, based on microlocal projections, leading to
Theorem 1.7 can also be used to describe the eigenspaces of £y, in terms of those of ty,.

1.3.4. Critical values. Our main theorem also applies to the case when the spectral win-
dow contains a critical value, i.e., an element of ®, see Corollary 1.2 (such a critical value
is the unique non-degenerate global minimum of a unique dispersion curve, see Propo-
sition 1.1). To illustrate this, let us focus on the low-lying eigenvalues. The following
corollary improves [25, Theorem L.5, ¢ = %] by establishing the spectral asymptotics of
the lowest eigenvalues and by exhibiting spectral gaps of order h# instead of i3 in the case
of regular values for each given dispersion curve. It also extends to any Robin parameter
the result obtained by Fournais and Helffer in [11] when y = 0.

Once Theorem 1.7 is applied and reduces the analysis to a single %-pseudo-differential
operator, this corollary becomes essentially an application of [8, Proposition 6.8], see
details in Section 5.2.2.

Corollary 1.14. Consider y #+ y(EO] with y(EO] defined in Remark 1.8, and let
e =sign(yg — ) = sign (C1(£0(»))).

Assume that ex admits a unique maximum at Syax, Which is non-degenerate. Then, for all
; ) 1
J = 1, uniformly when jh+ = o(1),

2 (r.h) = O ()b — i (smax) Ci (0 ()12

hi(2j —1) 7
+ L= Gl G (. 800) + o(h),
with ky = —k" (Smax), and where we recall that £ (y) is given in Proposition 1.1.

Remark 1.15. Let us end the description of our results with a few comments about con-
sequences and extensions following from our approach.

(i)  Corollary 1.14 describes the low-lying eigenvalues with some uniformity in j
(which was not the case in [11]), in an interval of the form (—oo, O (y)h +
C13/2]. On the other hand, Corollary 1.10 gives the spectrum in any interval
of the form [ha, hb] with a > ©°(y) and b < 1. Hence we have a spectral
interval between these two regimes which we do not describe here. But actually,
by using refined spectral results for 1D pseudo-differential operators, and in
particular the strategy of [8] in the case where k is a Morse function, it should
also be possible to close this gap. However, this would require an analysis of the
hyperbolic singularities arising from the minima of ex, where we expect both a
concentration of the eigenfunctions and a higher density of eigenvalues.

(i) When y > y(go]’ the proof of Corollary 1.14 shows that the eigenfunctions (as-
sociated with the low-lying eigenvalues) are concentrated near the points of
minimal curvature. This contrasts with the Neumann case when the points of
maximal curvature play the role of attractive wells. This phenomenon was not
observed before, see Remark 1.8.
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(iii) Thecasey = y(go] is critical since C;(§9(y)) = 0. However, our analysis can still
be used by computing additional subprincipal terms in our effective operator
method. A similar phenomenon has recently been observed in the study of the
magnetic Dirac operator [1, Section 8] and also in the analysis of the magnetic
Schrodinger operator with discontinuous magnetic fields [13]. In this case, we

have, forall j = 1,

A (v h) = O )k + 1?2 (Ay) + o(h?),

2 1
where A, = 22080 (p 4 g1y — h=3£0(y))2+Cyi%(s), for some Cy €R.
In this transition regime, the effective operator is not semiclassical.
(iv) When the curvature « is constant, in the case y € R, we are in a degenerate
situation rather similar to the case when y = y(go]. Concerning the operators m,‘:V
of Theorem 1.7, this case corresponds to [8, Proposition 6.4]. We can prove an

expansion in the form
2 (i) = OO )k — kcCy (Eo(y))h? + h2A; (An) + o(h?).

Here, the eigenvalues of Ay will generate magnetic oscillations, see [8, The-
orem 2.2; k = 0]. When y = 0 and j = 1, a similar estimate is described in
[11, Theorem 5.3.1].

1.4. Organization of the article

In Section 2, we prove that the eigenfunctions associated with eigenvalues of £y, in [ha, hb]
are exponentially localized near the boundary of €2, see Proposition 2.1. Note that the
strategy used to derive this localization deviates from the usual variational method (see,
for instance, [18] or [36, Proposition 4.7]), which fails since we want to consider eigenval-
ues between two consecutive Landau levels. To overcome this issue, our strategy, which
eventually generalizes the variational method, is based on establishing the bijectivity of the
magnetic Laplacian between exponentially weighted L? spaces. In Section 3, by means
of tubular coordinates (s, ) near the boundary and a rescaling ¢ = h%‘[, we introduce a
model operator N depending on the effective semiclassical parameter # = h 2 , acting on
2 L-periodic functions and involving a flux term fg, see (3.3) and (3.2). We also show that
the eigenfunctions of £ are roughly microlocalized in a compact set of the phase space
attached to the boundary, see Proposition 3.1. This allows to prove that the spectrum of
Ly, (between the Landau levels) is located near that of N3, see Proposition 3.2. However,
one will see that Proposition 3.2 is not directly useful to establish our main theorems. It is
rather a pretext to motivate the introduction of N3 and to describe the spectral estimates
required to prove that spectra coincide modulo O(%£°°). Actually, one will compare directly
the spectrum of £, to that of an effective operator on the boundary of €2. For that purpose,
in Section 4, we construct a Grushin problem in order to invert the pseudo-differential
operator 95 (which acts as N with fo replaced by 0). This method is inspired by the
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works of Martinez and Sj6strand, see, for instance, the presentation in [32,41]. It has been
adapted to magnetic operators by Keraval in [28] and it has recently shown its efficiency to
describe the low-lying eigenvalues of various magnetic operators (see, for instance, [3, 13]
and also [33] in a non-selfadjoint context). The novelty in the present paper is to use it
to tackle the description of larger eigenvalues for magnetic Schrodinger operators with
boundaries, when several dispersion curves are involved (see Figure 1), and not only the
first one as in [3] or [13]. In order to use this method, we write a semiclassical expansion
of N3, see Proposition 4.2. The principal operator symbol is the de Gennes operator (with
Robin condition), which can be inverted in the spectral window [a, b] up to considering an
augmented matrix involving the eigenfunctions of the de Gennes operator, see Lemma 4.3.
This allows to build an approximate inverse of an augmented version of 9t; denoted by
Op}?’ﬂ’h, see (4.3) (and the left and right quasi inverses (4.5) and (4.6)). Thanks to these
quasi inverses, the bijectivity of £ — z is reduced to that of a pseudo-differential oper-
ator on T,z whose matrix symbol is M3, modulo some remainders, see Proposition 4.4
where the eigenfunctions of £ are directly used as quasimodes for M,:V . In Section 5,
we perform the spectral analysis of M,:"' by using that the principal matrix symbol My is
diagonal with uniform gaps between the diagonal entries. We deduce Proposition 1.9 and
Corollary 1.14. In Appendix A, we recall the origin of the estimate (1.3). Appendix B is
devoted to the de Gennes operator with Robin conditions: a couple of known results are
recalled and useful new ones are established.

2. Exponential localization near the boundary and consequences

Let us consider a smooth function ®q : Q@ — R that coincides with dist(x, d€2) near €2,
and which vanishes only on d€2. Such a function can be constructed as follows. Let € > 0
be such that the e-neighborhood of d€2, which we call €1, admits a trivialization by the
geodesic exponential: in other words €21 >~ T X [—¢, €] with coordinates (s, ), and for any
x(s,t) € Q1, we have dist(x,dQ2) = |¢|,and ¢ > 0if x € Q. We denote by ¢ : 2; — R
the corresponding (smooth) map x +— ¢. Let Q¢ C Q2 be the complementary set of the
€/2-neighborhood of dQ. Thus, Q¢ U 2 is an open neighborhood of Q. Let (xo. x1), be
an associated partition of unity. The function ®¢ := yo + ¢} meets our requirements.

Next, we extend ®g to a smooth function on R? that also belongs to W2:°(R?).

The following proposition states that the eigenfunctions of £ associated with eigen-
values in I are localized near the boundary of 2. The estimates look like Agmon’s
estimates, but they are not obtained via variational means as it is the case in many mag-
netic settings. Here, they follow from resolvent estimates using the distance to the Landau
levels.

Proposition 2.1. There exist « > 0,C > 0, hg > 0 such that for all h € (0, hy) and all
eigenfunctions ¥ associated with an eigenvalue in Iy, we have

/Q PeP Wy (0 P < C | @.1)
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/ e/ M Cipy — Ayy|dx < Chly | 2.2)
Q

2.1. Preliminaries

In the following, ng denotes the operator (—i hV — A)? acting on the Hilbert space L>(R?).
By using the gauge invariance, we assume in the whole section that A = %(—xz, x1). Due
to our choice of eigenvalue A, we deduce that LEZ — A is bijective and that there exists
C > O such that, forall &z > 0,

(X -~ <ch

More precisely, we can take C = min(|2n — 3 —al, |2n — 1 — b|)~!. We let ® = a®,,
with & > 0 to be determined, and consider the conjugated operator

Lg’ = eq’/hl/zﬁgze*@”’m
= (—ihV — A + ih2 Vd)?
= X £ 2ih3V® - (—ihV — A) — h|VO|> —ih3 AD, (2.3)

The following lemma tells us that the invertibility is preserved for Lg’ — A if @ is small
enough.

Lemma 2.2. There exists C > 0 such that for all h > 0 and all o > 0,
h2 | Vo - (—ihV — A) (LK — 17| < Ca. (2.4)

In particular, Lg’ — A is bijective as soon as o < ag and ag is chosen small enough. With
such a choice of ay, there exists C > 0 such that, for all h > 0, and all @ < ay,

[eeg -1 < % 2.5)
Proof. Consider v € L?(R?) and letu = (ng —A)~1v. We have
(ng —ANu = v,
so that, by taking the scalar product with v and using that A < Ch,
| =ik — Ayu|)* < Chllu|? + o]l
Therefore, since V®y € L™, there is a new constant C’ > 0 such that
B2 Ve iV — Ay < C'ohlul + C'h2alul* |v]*.

Since ||u] = ||(LE2 — )| < Ch7 |||, we see that

h2 VD - (—ihV — A) (LK — 1) o] < Cal],

which gives (2.4).
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Let us now deal with the bijectivity. We have
L2—1=cF-1+B

with
1 3
B :=2ih2V® . (—ihV —A) — h|VDP|®> —ih2 AD.

Since V®q and AP are bounded, we deduce from (2.4) that
”B(Lg2 -7 < Ca+ Cra + h/?2Cy0? < Ca,
when « is small enough. On the other hand,
L2 -2 =(1d+ B — )Ll - 2);
F(g a small enough, we deduce that Id + B(l)g2 — A)~! is invertible, and thus so is
Ly —A |

In order to prove Proposition 2.1, we need to localize on an /'/2-neighborhood of 3£2.
For this purpose, we introduce two functions x5 € C3°(£2) and yj € €*°(£2) as follows.

_{sz—>[o,1], ind ~.{s‘z—>[o,1],
x > g(®o(x)/ h3) T s 1= g(@o(x)/2h3).

where g is a smooth non-decreasing function on R, valued in [0, 1], equal to 0 on (—o0, 1)
and to 1 on (2, +00). In particular,

supp(xn) N Q C {x € Q, W2 ®g(x) = 1}, (2.6)
and
supp(Vyn) N Q C {x €Q: h_%fbo(x) € [1,2]} C {x € Q:xp(x) = 1}. 2.7)

Note that the following properties hold:
e xn = 1 away from an h'/2-neighborhood of 9%,
Vyy is supported in an 4'/2-neighborhood of 9<2,

* ]lsuppVxh < ih,

e ¥n = 0 away from an /'/2-neighborhood of 3<2.

2.2. Proof of Proposition 2.1

Let us consider A € [ha, hb] N sp(Ly) and an associated eigenfunction ¢ € Dom(Lp).
We have
((=ihV —A)* =)y = 0.
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Letp = eq’/hl/zw. Using (2.3) in 2, the equation becomes
(L —A)p = 0. (2.8)
Then, we have

(LF =V (ne) = (L7 xnle
= e® "Ly, pale "
= e‘p/hl/z(— W2 Ayp —2ihVyp - (=ihV — A))e_cp/hl/z(p
= (= WAy —2ihV gy, - (—ihV — A + ih2 VD)) g. 2.9)

We have ||h2(Axn)¢|l < Ch||7rell. (Here and in the rest of the paper, C denotes a con-
stant that is independent on % but that can vary from line to line.) Let us explain how to
deal with the last term. We have

|V - (—ihV — A +ih2V®)g| < h|[Vyy - (—ihV — A)g| + Ch||Fnpl.
Let us temporarily admit that, for « small enough,
h|Vxn - (—ihV — A)g| < Chlnel. (2.10)
We then immediately deduce from (2.9) that
[} = Dne)| < ChllTael. (2.11)
Since ypo € Dom(ng) we obtain from (2.5) that

lxnell < Clixnell,

which implies that

).

showing that ¢ is localized near 2. More precisely, recalling that ¢ = e ¥, using
that ®g(x) = dist(x, dR2) near the boundary, and the fact that the supports of ¥ and
1 — yj, lie in neighborhood of the boundary of size h%, we deduce (2.1).

Let us now deal with (2.2). We have the Agmon identity

lell < C(IZnell + | (1 = xn)e

®/h?

Re (Lpyr, %77 yy = 0 a(e® " y) — e " Py Vo2,

which follows from (2.3) where we see that Re £L® = £, — 1|V ®|? and we notice that

h1/2

Re (Lhy, /M7 y) = (Re £2)e® M7y, /12 y),

Recall also that, when u € Dom(£y), then (Lpu, u) = Qp A(u), see (1.1).



R. Fahs, L. Le Treust, N. Raymond, and S. Vi Ngoc 1174
Then, by using that v is an eigenfunction, we get
/Q |(=ihV — A)(® " y)|Pdx + yh? /m e "y 2ds — h)le® "y Vo2
= Ae® My 2,
With (2.1), we find
/Q |(=ihV = A)e® ") dx + yh3 /m e®/" 1245 < Chly|?.

From a classical trace theorem (see for instance [10, Section 5.5]), there exists C > 0 such
that for all € > 0, we have

/m loPds < C(e gl + ¢ VIl ).

With the diamagnetic inequality (see for instance [12, Theorem 2.1.1]), we deduce that

h? /m lp|?ds < C(h*e M gl|> + e[| (—ihV — A)g ||2),

and then
h3 / lp2ds < C(h3 e @|® + eh™2 || (—ihV — A)g ).
Q2
1
Taking & = 2\hc [c implies that

/Q |(=ihV = A)(e® "y dx < Chlly |,

Computing a commutator gives (2.2).
It remains to explain why (2.10) holds. From (2.3) we can write

L2 =Ly +ih?L,, (2.12)
with

Ly = (—ihV —A)? — h|V|?,
L, =2V® - (—ihV —A) —ihAD.

From (2.12) and (2.8), we get
(L1 =2+ ih%Lz)gﬂ =0.
For j = 1,2, we have

Re (L1 — M), (3 xn)>¢) — h* Im (Log, (3; x1)°¢) = 0.
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Thanks to the classical localization formula (see, for instance, [36, Proposition 4.2]), we
have

Re ((L1 — Mg, (3 x1)2¢) = | (=ihV — A)[@; xn)e]||* — /Q IVO2|(0) xn)e | dx
— M19; xnell> = B2V, 1o
Moreover,

| Im (Lag. (8 x1)*¢)| = | Im((3; xn) L2¢. (3; xn)®)]
< [Im(L2(@ xn)e) 3; xn)e)| + [([L2, 3 xnle, B3 xn)¢)|
< Ch||@j x| + Cal (=ihV — A)@; xn)e | 18; xael
+ Ch|[ V@ 2o 18 xnell-

Due to the properties of yj,, we have
| Tm (L9, 3; xn)%¢)| < Cl7nell + Ch™ 2| (=ihV — A)@; x|
+ Ch™a| Taell? + Ch™2 || Zhpl.
Therefore,
| (=ihV = M@ xw)el|* < ClFnel + Cal| (~ihV — A)@; e |-
Taking o small enough, we get
| (=ihV = M)[@; xn)e]|” < CllTnell*.

Computing a commutator, we get (2.10).

3. An operator on a semi-cylinder

3.1. A model operator

The exponential localization near the boundary at a scale of order hz given by Propo-
sition 2.1 invites us to use the classical tubular coordinates (s, ¢) near the boundary. We
recall that these coordinates are defined thanks to the map

I':Tar x(0,20) 2 (s,2) = I'(s) —tn(s), Ty :=R/2LZ,

which is injective if ¢y is small enough. Its Jacobian is a(s,t) = 1 — tk(s), where « is the
curvature of the boundary at the point I"(s). Here T is a counterclockwise parametrization
by the curvilinear abscissa. Thus, I" induces a smooth diffeomorphism between Tz X
(0,20) and 4, := I'(T2L x (0, 10)).
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By using [12, Appendix F], we can check that the magnetic Laplacian acts locally near
the boundary in these coordinates as

~ 1? 1?
Ly = a(s,t)_l(— ihds —t + fo + K(S)E)a(s,t)_l(— ihdg —t 4+ fo + K(S)E)
—h%a(s,t) " 9a(s,1)d;,
in the ambient Hilbert space L?(adsdt). Here fo = % The boundary condition (1.2)
becomes

3,9 (5,0) = yh ™29 (s,0).

Of course the operator Zlh is only defined near + = 0. We would like to consider a global
operator. This can be done by inserting cutoff functions with respect to . We let { =
té‘(h_%”t) with n € (0, %) and ¢ a smooth cutoff function equal to 1 near 0.

Let us consider the differential operator acting as

_ ¥2 72
Lp=a(s, i)} ( —ihds —t + fo + K(S)%)a(s, N1 ( —ihds —t +fo + K(S)%)

—h%a(s, 1)~ 19,a(s,1)d;,
on the domain
Dom(Ly) = {u € L2(Top x Ry) : —3%u € L3(Tar x Ry),
(—ihds —t + fo)?u € L*(Taz x Ry), d:u(-,0) = yh~2u(-,0)}.

The ambient Hilbert space is L?(a(s, f)dsdt) = L?(dsdt), with 2L-periodic condition
with respect to s.

The exponential localization of the original eigenfunctions at the scale h? near the
boundary suggests to consider the partial rescaling

(s,t) = (s,h1),

where #=h2. We consider the new operator, acting in the ambient Hilbert space L?(a;dsdr)
= L?%(dsdr),

Ly = an(s. 1) Psalin(s. 1) o — dn(s. 1) 2din(s. 1)0e. 3.1
with
:L,\2
Pap = =ihds = + " Fo + hucls) -, (3.2)

and where dj (s, 7) = 1 — ATk with T = (A% 1)T.
The boundary condition becomes

I (5.0) = y¥(s.0).
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The domain is given by

Dom(Lp) = {u € L*(Tar x Ry) : —0%u € L3(Tag, x Ry),
(—ihds — v+ h ' Fo)*u € L3(Tor x Ry), d:u(-0) = yu(-,0)}.

In fact, it will even be more convenient to deal with the following operator
N —1 _Eoa —1 By A —1q A
Ny = ax(s, 1) ps’,‘;ah(s, 7) Ps,t(: —ay(s, t)” 0:ax(s, T)0x, (3.3)

where we recall that E( was defined in (1.8), and

~2
=) —_ _ T
poyi=Eo(+h )V —1 +hK(S)7,

5

Dom(N;) = {u € L*(To x Ry) : —9%2u € L*(Tor x Ry),
t?u € L*(Ta X Ry), 9:u(-,0) = yu(-,0)}.

3.2. Microlocalization of the eigenfunctions of £,

In fact, we can prove that the eigenfunctions of £, associated with eigenvalues in [ha, hb]
are roughly microlocalized with respect to o + A~ !y, the (shifted) dual variable of s. In
order to quantify this, we consider the compact set

K= U {0 eR:p;(0) € [a,b]} C [Omin, Omax] =: K. (3.4)

jz1

Note that K is indeed compact due to the properties of the p; (tending to +00 in —oo) and
to the choice of [a, ], which does not contain Landau levels (the limits of the y; in +00).

The following result establishes a rather rough microlocalization result (with respect
to o) for the eigenfunctions: it tells us that the eigenfunctions are microlocalized in the
compact set K. To quantify this, we consider a smooth function E with values in [0, 1]
such that & = 0 near K and 1 away from K.

Welet A = A~ 1A,

Proposition 3.1. Let us consider the eigenvalue equation Ly = Ay for A € [ha, hb].
Then,
Lnp = Ap + O™) |1y |. (3.5)

with @ = W, where y =y o T'(s,ht) and 75 (z) = x(h"7) for a smooth cutoff function
x equal to 0 away from T = (.
Moreover,

Opy (E(o +h ' fo))p = OH™®) |y (3.6)

Proof. The estimate (3.5) follows from the localization near the boundary (see Proposi-
tion 2.1).

Then, let us only prove that (3.6) holds when E is 0 near (=00, Omax + 5) and 1 on
(Omax + €, +00), the estimate following from similar arguments on (—00, Oy — €).
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In order to lighten the notation, we will use a slight abuse of notation by writing
gV :=0p) (E(0 + o). (3.7)

Then, we write
(Ln—MEYp = [Ln. EVp + 0G®) V|-

Thanks to the explicit expression (3.1), we get
|12, Mg < CHIEV ¢l + CHIEY d:0] + OB®) [y ] (3.8)
and we can write, by using the support of )((h_%“’t),
Zp=2Lo+Rp Lo=—9+ p2yo Psio=—ihds +h 21, (3.9)
where the remainder Ry can be written as
R =1 Ryp(s. D) pipo + 7' T Ry (5. D) psno + AP Ryz + hRp4dz, (3.10)

the Ry ; being smooth functions, uniformly bounded in #.
Then, we consider an increasing function o - E(0) € (0max + §.+00) that coincides
with Id on (Omax + 5. +00). We let

Z = opy(— 82+ (Bl + 470 — 1))

acting on L?(T,z, x R, ), where the superscript “cut” refers to the replacement of —i /9, +
h~ 1§, by EW (with the same abuse of notation as in (3.7)). We notice that 23‘“ — s
bijective (with an inverse uniformly bounded in ) due to the choice of Z and the definition
of Omax. Moreover, we have {E # 0} C {& = Id} so that, with (3.9),

(@5 =R+ 758V = [L4, V0 + 0.
which can be written as
(1d + REEG = D)L~ DHEYg = (L4 EVp + 0OB) [y .
By using (3.10) and applying the Calderén—Vaillancourt theorem, we get that
|Rs (L = D)7t = 0!~

Thus, the operator Id + fR%“t(Z)f)“‘ — i)_l is bijective as soon as # is small enough.
With (3.8), this provides us first with

18%¢)* < CAIEV | + CRIEV 00| + O™)|¥ 1%,
and then
1EY3:0)> + I1EV0|* < CH|EV¢|> + CAIEV 0. 0lI> + OB™) |y,

The estimate (3.6) follows by induction on the size of the support of E. ]
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3.3. First spectral estimates

The aim of the following proposition is to establish that the spectrum of £y, in [ is close
to that of ANy and thus that N} is a nice auxiliary operator to describe the spectrum of £y,.
In fact, we will see that this proposition is not necessary to prove our spectral estimates,
but its proof is instructive.

Proposition 3.2. There exists ho > 0 such that for all h € (0, hy) the following holds. Let
us consider an interval J, C Iy,. Then, there exists an interval Jy, such that J,, C Jy, C Iy,
with dy(Jy, Jp,) = O(h*°) and

rank 1y, (£p) < rank]lfh(hN;,). (3.1
Moreover, for all A € Iy N sp(Ly),
dist(A, hsp(Nz)) = O(h™). (3.12)

Proof. Let us start by proving (3.12). Let us consider an eigenvalue A € I of L. We
write the eigenvalue equation L,y = A
With Proposition 3.1, we can write (3.5). Then, with (3.6), we deduce that

hNpp = Ap + ORX) [y |-

Thus, (3.12) follows from the spectral theorem.
Let us now consider (3.11), which deals with multiplicities. Let us write

Sp(Lh) N Jh = {A']»--~7A'p}

(where the A; are distinct) and underline that these eigenvalues depend on 4 as well as p.
Consider the associated eigenspaces (E;)1<;<p and note that

p
dm@ E; = 0(h™?)
j=1
thanks to the Weyl estimate (1.3). With the same notation as above, we consider the spaces

of quasimodes (¥# E i)1<j<p. Thanks to Proposition 3.1 (and the rough Weyl estimate),
dim(y» E;) = dim Ej;, as soon as A is small enough. Moreover, we have

(- 2)o| < enlioll. en = 06
j=1

forall o = (¢1,...,¢p) € @p_l FnE; and where A = (A1,....A,).

We set Jy, = [ap, by] and Jh = [ah —&p, by + €. Ifrank]lj (hN3) <rank 1, (Lp),
then the projection IT : @ =1 XhE —ranl > 7, (hN3) could not be injective. Considering
anon-zero ¢ in its kernel, the spectral theorem would give || (@ LINE = Dol > enllell,
which is a contradiction when ¢ # 0. Therefore, (3.11) follows ]
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4. A Grushin problem

4.1. A pseudo-differential operator with operator-valued symbol

Recalling Remark 1.4, we notice that the operator Nj can be seen as a pseudo-differential
operator acting as

mh = &h(sa ‘E)_lg‘;‘l&h(s7 7:)_1.‘7;1 - &h(sa T)_la‘t&h(s5 ‘E)al’,
on functions of the form e?*f/# .2(T,; x Ry ) and where
LN
T = Egv—r+h§rz.

In fact, it will be convenient to see i as a pseudo-differential operator with operator-
valued symbol. At a formal level, the principal symbol of 9t is

no(s,0) = =07 4+ (Bo(0) — 1)
equipped with the domain
Dom(ng) = {¥ € BX(R+) : ¥/(0) = c¥(0)}.
The vector space B2(R.y) is equipped with the (s, )-independent norm
1V ey = 10717+ 1012 + ) 2w ]

With this convention, we may write that ng € S(R2, £(B%(R4), L2(R4))).
We say that ¥ € S(R?, £L(B%(R4), L?(R.))) when, for all o € N2, there exists Cy > 0
such that for all (s, o) € R?,

0¥ cB2®s).L2R 1) < Ca-
Such symbols might also depend on #; in this case, the constant Cy, is uniform in #.

Lemma 4.1. The operator Ny, can be written as the Weyl quantization of a symbol in
S(R?, L(B*(R4), L*(R4))).

Proof. We can write

the symbol (2 L-periodic with respect to s) belonging to the class
S(R?. L(B"(Ry). L*(Ry))) N S(R?, L(B*(R4). B'(Ry))).

The functions ay (s, ) and ay(s, T)~! are bounded uniformly with respect to % (and so
are all their derivatives). Then, the conclusion follows from the composition theorem for
pseudo-differential operators, see [28, Theorem 2.1.12]. [
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In the following, we let & = #%7 and ¢, (t) = ¢ (7). This is convenient when expand-
ing the operator in powers of # (u will be considered a parameter). This expansion
allows to describe rather accurately the symbol of 9t by expanding it in powers of . An
analogous description for a very similar operator can be found in great detail in [13, Sec-
tion 4.2].

Proposition 4.2. The operator Ny, can be written as follows:
Np, = o + huy + K2R + hwyd,, @.1)

where, for some N € N, C, hg > 0, we have, for all h € (0, hy),

() wy, is a smooth function supported in {(s,t) : C"Vh™2" < (t) < Ch™2"} and
such that wy, = O({(z)),

(ii) iRng) is a pseudo-differential operator whose symbol belongs to a bounded set in
the space of symbols S(R?, L(B%(Ry), L2(R4, (r)~Ndr))).

Moreover, the n; are given by n; = Opy'n; with
ng = —02 + (Eo(a) — t)z,
n =k ($)[(Bo(0) — 1) 7% + £ + 28,7(Eo(0) — 1)2].
In particular, we can write N, = Opzv(nh) with a symbol ny, satisfying
ny =no + hny + hzr,fz) + hwy 0,

where r,fz) belongs to the class of operator symbols S(R%, L(B?(R4), L>(R4, ()N dr)))
uniformly in h.

4.2. Dimensional reduction

The aim of this section is to analyse the spectrum of Nj. This can be done thanks to a
Grushin reduction. The principal symbol of 9t is the “de Gennes operator” with Robin
boundary conditions. Explicitly, we have

no(s,o) = —83 + (EO(U) — 1)2.

The increasing sequence of its (simple) eigenvalues is (ux (E(0)))x>1. We recall that the
functions py are described in Proposition 1.1.
Now, consider the window

[a,b] C 2n—3,2n—1).

For simplicity, let us denote

o olv.0]
Uk ‘= Uy y

see Section 1.2 and (1.8). Let N be defined as in (1.7).
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Lemma 4.3. Forall z € [a, b), let us consider the matrix operator
—z II*
Po(z) = (”O(S’l‘_’[) z 0 ) : B2Ry) x CY — L2(R,) x CV,

where T* (o) = Y17, ity and Ty = ((Y.17)) 1<k<n-
Then, Po(z) is bijective with inverse

Qo(z) = (?_(I) - _1;1‘/;0(0)) , qo= (I’lo(s,o') _Z)_I(H*H)J_’

where My (0) is the diagonal N x N matrix whose diagonal is (,&1 . ,;OLN).
Proof. Letg € L>(RT) and B € CV. Let us look for f € Dom(ng) and @ € CV such that
Po2)(f ) =g @B

In other words,
(no(s.0)—z)f + M*a =g, TIf =§.

Let E = span(&l,...,&N), and F = EL. We can write f = fr + fr where

N
fe =Y (fuju; =TS fr =TI,
j=1
‘We have
(I’lo(S,(T) - Z)fF = —(no(S,U) - Z)fE — T + g
N
= —(no(s,a) — Z) Zﬂ,ft, —M*a + g,
j=1
so that
N o o
(no(s.0) —z) fr ==Y Bi(t; — 2y — Mo + g. 4.2)
j=1

The space F is stable by ng(s,0) — z.
Moreover, thanks to the self-adjointness of ¢, the min-max principle and the fact that

min :Z*N-H > 2N + 1 > z, there exists ¢ > 0 such that, for all ¥ € Dom(ng) N F,
_ _ _ 2 (° _ 2o 2
((no — 2)u,u) = (nou,u) — zllull® = (uy 1y — 2)lull> = cllul®.

Thus, the operator (no — z)|F is injective with closed range and, by considering the
adjoint, we deduce that it is bijective. We also notice that

”("0 —Z)|_1r:l || < (POLN+1 —z) P <l
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Then (4.2) has a solution if and only if the right-hand-side belongs to F, that is

N

=D By~ ~Ma+g e F
j=1

which means that, forall k € {1,..., N},

—ﬁk(loik —z)—og + (g,zc;k) =0.

‘We deduce that
a=Tg+ (z— Mo(0))B.

This unique solution is given by
-1
fr = (T* M)t (no(s.0) —2) " g.

Therefore,
f = fe+ fr=TB+ [ (ne(s.0) —2) 'g. .

Let us now consider the full symbol

Pu(z) = (”hn_z r([))

which may be expanded in powers of % as
Pr(z) = Po(z) + 1P1(2) + R,

with

n@ = ("0 ) me=(y o) me= (7 o).

where ry = hzréz) + hiby,1 + hwy 20¢, see Proposition 4.2.

‘We notice that
PV — (m%— ‘ S% ) . p=1V. 4.3)

Since the principal symbol of 9’}?’ is bijective, it is natural to try to construct an approx-
imate inverse in the semiclassical limit. Let us look for an approximate inverse whose
symbol is in the form

Q1 = Qo(2) +7Q:1(2). (4.4)

As in [28], we are led to choose

qoniqo qoniIT*
=—-0¢P19¢ = — .
Ql 0-71%0 (Hn1q0 Hnll'[*)
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This choice is convenient since the composition theorem for pseudo-differential operators
(see [28]) implies that

1 W
QZ{I (T()(Z) + h?l)w =1Id+ h(l—{Qo, ?0} + QOTI + Qlfpo)

2
+ OLZ(TZLXRJr,(I)NdeI)XLZ(TZL)—)Lz(TzLXR+)XL2(T2L)(h )?

where the remainder is estimated thanks to the Calderén—Vaillancourt theorem (see [28,
Theorem 2.1.16]) and the resolvent estimate in Lemma B.6 (applied with an appropriate
o > 0). The A-term vanishes due the choice of Q; and that fact that the Poisson bracket is
actually O since the principal symbol does not depend on s. With this choice, the bottom
right coefficient, denoted by Qil , of the matrix Qy ; is

Q| =z — Mo(0) — hTIn, IT*,
This invites to consider the effective matrix pseudo-differential operator whose symbol is
My = My(o) + hMy(s,0),
with
M (s,0) = k(s)IIC(t, Eo(0)) 1%,
C(z,§) = (£ — DERT> + {ude + 28ut(E — 1)
Using again the composition theorem to deal with the remainder Rz, we get

Q;xlfp;lv =1Id + OLZ(TZL><R+,(r)Ndsdr)xLZ(TZL)—>L2(T2L><R+)><L2(T2L) (hz)

w
hAwzd; 0
w h0t
+Qh,1( 0 O) . 4.5)

Moreover, similar arguments show that QZVI is also an approximate right inverse of ?ZV in
the sense that

Py = 1d 4 Op2(r,, xRy, (0¥ dsdr)x L2 (Ta) > L2(Top xR )XL2(Tpp) (A7)

W
+(hwga’ 8) oy, (4.6)

Proposition 4.4. The spectrum of Ly, in [ha, hb] coincides (with multiplicity) with that of
hOp}’ My, modulo O(h?).

Proof. First, we consider ¥ an eigenfunction of £j associated with A € [ha, hb]. We
use (4.5) with z = h~1 A to get that

i (‘3) - (ﬁ) + 002 ol
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where ¢ denotes the function v after multiplication by a cutoff function in ¢ and rescaling
as in Proposition 3.1. Note that we used the exponential decay in t of our quasimode ¢
(which comes from that of 1) to control the remainder term in (4.5). We infer that

P = ¢ + OM)llel, (& —Opy Mp)Be = 01 |gll, 4.7

where we used that the principal symbol of the top right coefficient of Qj ; is IT*. Since
P8* is bounded uniformly in % (as the quantization of a bounded symbol), the first relation
implies that

lell < ClIBell-

Then, from the second relation and the spectral theorem, we deduce that
dist()Ak, sp(Op}’ My)) < Ch?.

This means that the spectrum of 2~! L, in the window [ha, hb] is at a distance of order
h? to the spectrum of the effective operator OphWM;,.

Let us now proceed as in the proof of Proposition 3.2 and keep the same notation. We
have

H(ém ~2)e| <enllell. en=00),
j=1

forallg = (p1,....9p) € D7, inE; and where A = (A, ...,Xp).
Similarly as (4.7), we have
lell < ClIBell. (4.8)

and

p
(€D ory My~ 3)pe = 0Bl
ji=1

where Bo = (Poi, ..., By,). Due to (4.8), the action of the map P is injective on
@JI-’ —1 Xn E ;. Therefore, as in the proof of Proposition 3.2, the spectral theorem provides
us with

rank 1, (£p) < rank 1, (hM;:V),

where J;, C I and K}, is an interval such that J, C K}, and dg(J;,, Ki) = O(h?).
Let us now prove the converse estimate. We use (4.6) with an eigenvalue z = A of M;:V
and for f a corresponding eigenfunction. We have

oy, (2) - (ﬁl) O 1. 49)

where the remainder term involving wj has been controlled by using the exponential decay
of the eigenfunctions of the de Gennes—Robin operator 7.
Then, the first line in (4.9) gives

N = ()Y f = 0@ f]. (4.10)
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whereas the second line gives

()" £ =0@DIfI.

which leads to W
171 < C@)" 71
With (4.10), we get

N =D (27,)" F = 00| ()" /]

Now, by using the exponential decay of (Q;lL 1)W f and the rough microlocalization of f
in the support of E¢ (since the principal symbol of the scalar pseudo-differential operator
My, is ng), we get the quasimode estimate

(Lh = Ny = 0(2) |y
with 998 (x) = y(¢t(x)/h'7)WPi o T~ (x) where
wasi(s, ) = ()" f(s.h7 ),

and y is a smooth cutoff function equal to 1 near O and 0 away from a neighborhood of
t =0and y € (0, 1) is chosen small enough so that

te(h 2ty = ¢

on the support of y(¢/%'~7). Note that W9 satisfies the Robin condition at ¢ = 0 since
Q;:l (as well as Qg, see (4.4)) takes values in a space of functions satisfying the Robin
condition. In particular, 194! belongs to the domain of Ly,.

The spectral theorem shows that A is close to the spectrum of £, at a distance or order
at most O(h?). The argument concerning the multiplicities can again be used (as above)
by exchanging the roles of Nz and M,fv . The conclusion follows. ]

Remark 4.5. In Proposition 3.2 we only proved one inclusion of spectra. In contrast,
Proposition 4.4 is stronger, since it provides an equality modulo @ (/?), in the sense of
Definition 1.5. Indeed, in the proof of Proposition 4.4, we only have to use quasimodes
for N3 and not necessarily the true eigenfunctions of N3 (whose existence in the spectral
window of interest is not obvious). Our presentation avoids the spectral analysis of N
(existence of the discrete spectrum, Agmon estimates, etc.) by comparing directly the
spectra of £, and of the effective operator.

5. Analysis of the effective operator

This section is devoted to the spectral study of M;:V in [a, b]. Let us diagonalize this
operator, up to a remainder of order O(%2). Note that, by using the exponential decay of
the eigenfunctions of 1, we may (and so do we) replace ¢, by 1.
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5.1. Asymptotic diagonalization and end of the proof of Theorem 1.7

The end of the proof follows from classical arguments (see, for instance, [23, Section 3.1]
where such arguments are used). We notice that the spectrum of

Ty = e)(p(szW)M,fv exp(—hAY)

is the same as the one of M;V , as soon as A belongs to S(1) and is 2L-periodic with
respect to s. In this case, we recall that AW is bounded from L?(T,z) to L?(R,z) (and
thus its exponential is well-defined as an element of £(L?(T,z)) thanks to the classical
power series). Let us explain how to choose A. By expanding the exponential, we have

Ty = (Id + hAV)M (1d — 1 AY) + O(h?),
and thus
Tn = M) + h[AY, M}Y] + O(h?),

so that
Th = MY +h(My + [A, Mo))" + O#?).

Therefore, A should be chosen so that M; — [My, A] is diagonal. The map Skew 5 (R) >
A+ [My, A] € Sym% (R) is well-defined and an isomorphism since M is diagonal with
distinct real entries, where Skewy (R) is the vector space of skew-symmetric matrices
and Sym?v (R) the space of symmetric matrices with null diagonal. It is actually easy to
compute its inverse. Consider M a symmetric matrix with null diagonal. We want to find
A € Skewy (R) such that [My, A] = M.Forall j € {l,..., N}, we have
(MO — /ij)Aej = Mej,
and then, forallk € {1,..., N},

(Ui — i) (Aej, ex) = (Mej, ex).
Thus, forall k # j,
(Aej.ex) = (g — 1))~ (Mej, er),
which determines a unique 4 € Skewy (R).

o
Since there is a uniform gap between the u; (with respect to o), we get the existence
of a skew-symmetric A4 in S(1) such that

M, — diag(My) +[A, My] = 0.
——
eSymON (R)
With this choice, we get

Ty = My + hdiag(M)") + O(h?).
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Note that, for all j € {1,..., N}, we have
(Myej.ej) = k(s)(C(r. Eo(o))u}EO(o)’y], uEEO(o)’y]).

By the spectral theorem, we deduce that the spectra of MY and My" + # diag(M") coin-
cide modulo O(#?). This procedure can be continued at any order.

5.2. Spectral consequences
The aim of this last section is to prove Proposition 1.9 and Corollary 1.14.

5.2.1. Proof of Proposition 1.9. We could not find this particular statement in the liter-
ature, because (a) we have to deal with non-connected level sets of the principal symbol,
and (b) we have Floquet periodic conditions, with %-dependent Floquet exponent. The
first issue is treated with usual microlocal arguments: each connected component carries
with itself a Bohr—Sommerfeld asymptotic series, as in [21], and the initial spectrum is
obtained, modulo @ (%#°°), by the superposition (with multiplicities) of all these series. The
second one is easily included in the general theory thanks to the “sheaf” approach of [42].
Indeed, near each point of the energy level curve o = const, the operator Py is microlocally
a usual A-pseudo-differential operator, and the quantum Darboux—Carathéodory normal
form holds. Therefore, the Bohr—Sommerfeld cocycle of [42, Proposition 5.6] holds; the
difference being that the condition for a global section should include the Floquet expo-
nent 0. This gives a Bohr—Sommerfeld rule for quantized energies E (for each connected
component) of the form

A(E) + hm(E)E + hK(E) + O(h*) = 2nh(t + £0), teZ, (5.1)

where A (FE) is the action integral (here A(E) = 2Lo when E = (o)), m(E) the Maslov
index (which vanishes here, because the curves o = const project diffeomorphically on the
s variable), and K (E) is the integral of the subprincipal form [42, Definition 3.2] along
the energy level set. In order to compute K, we notice that the Hamiltonian vector field of
u(o)is u' (0)% and hence the subprincipal form is #;)ds, where r is the subprincipal
symbol of Py (here r = —C (o)« (s)). Hence, for E = u(o), we have

B C(U) 2L
K(E) = M’(U)mq/(; Kk(s)ds.

Inverting the formal series (5.1), we get
E = p(0) - K(1(0)) F 1/ (@) + 00?). o = Zh(t + Lo)
which gives (1.11) and (1.12).

5.2.2. Proof of Corollary 1.14. Thanks to Proposition 4.4 and the considerations in Sec-
tion 5.1, we know that the spectrum of Ly, in [ha, hb] coincides with that of hM ,Y" modulo
O(h?). In the present section, since we are interested in the low-lying eigenvalues, we take
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a =—o0and b = O¢(y) + ¢ < 1 (for ¢ > 0 small enough). Therefore, we have N = 1
and the matrix symbol M} reduces to a scalar symbol:

Miy(s.0) = p1(y,0) + hr(s){€(z, Bo(0))uZo @ 4 [Fo7]),

We are interested in the spectrum of M,Y“ (when acting on eisto/ hLZ(TZL)). Hence,
Corollary 1.14 can be obtained by [8] (see in particular the Morse case, Section 6.3.1)
followed by a standard Birkhoff normal form (here, the Floquet exponent o/ / plays no
role because the analysis is local near a point in the boundary d€2). Here are the details.

Thanks to the Weyl asymptotic formula for pseudo-differential operators (see, for
instance, [43, Theorem 14.11]), the counting function N(M,Y, ©¢(y) + &) (giving the
number of eigenvalues less than ®¢(y) + &) satisfies

N(MY, Oo(y) +¢) dsdo + o(h™ 1)

il

2rch {(5,0):11(0)<Og (y)+&}
L

= —|{o: 11(0) < Oo(y) + £} |(1 + 0(1)).

Now, we take ¢ = A", for some given n > 0.

Due to the non-degeneracy of the minimum of o — 1 (y, E¢(0)), the eigenfunctions
associated with eigenvalues less than b are microlocalized in a neighborhood of &y(y) of
size #7/2 (and so are all the linear combinations of such eigenfunctions due to the Weyl
estimate). This invites us to expand the symbol near £y(y):

02 u(ys
M(o - 50()/))2 — hue(5)C1 (§0(y))

+0(lo — & ()| + hlo —E0(y)]). (5.2)

Therefore, My, is relative perturbation of the symbol of a classical electric Schrodinger
operator. The corresponding operator is

Oz (y.£0(»))
2

My (s.0) = ©o(y) +

My = Oo(y) + (hDs — £0())” — 1 (5)C1 (Eo(1)).

Let us only consider the case when y < y([)O] (i.e., € = 1). The assumption that « has a
unique maximum, which is non-degenerate, allows to use the harmonic approximation
near the maximum of « (and even a Birkhoff normal form, see, for instance, [36, Chap-
ter 5] or the original references [4,40]). The eigenvalues of M} satisfy

A (Mp) = Oo(y) — kmax C1 (Eo ()2

. ( . \/ k2Cy (so(y))f;’(y, £(2))

)hi + o(h?),

uniformly in j = 1 such thatjh% = o(1).
We recall that 7 = hz. We get Corollary 1.14 by noticing, thanks to a perturbation
analysis using (5.2), that the spectra of hM,:N and hAMj, below h(®g(y) + A") coincide

modulo o(h i ).
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5.2.3. Proof of Theorem 1.11. By Theorem 1.7, and Definition 1.5 we have, for € =
O(h),

N (A, [h(a + €), h(b —€)])
< N(Lp. [ha,hb]) < N (hMy, [h(a — €), h(b + €)]). (5.3)

From Corollary 1.10, for any interval [a’, b’ ] disjoint from ® and A, the number of eigen-
values of MMy, in [ha’, hb'] is bounded by C 2% 5175 for some constant C > 0. Applying this
with (a’, b’) equal, respectively, to the four intervals (a,a + €), (b — €, b), (a — €,a), and
(b, b + €), it follows from (5.3) that

N(Lp, [ha,hb)) = N (hWMy, [ha, kb)) + O(eh™/?)
= N (h9Mp, [ha, hb]) + O((R'/?).

Therefore, it is enough to estimate N (AN, [ha, hb]), for which we apply Corollary 1.10
(which is actually a description of the spectrum of ). This corollary says that the
number of eigenvalues of k1%, inside [ha, hb], including multiplicities, is given, mod-
ulo @ (h?), by the number of integers £ € Z such that

WA (20 +6(h) € £l a(la.b). (5.4)

for some admissible (k, q), where fi 4.1(0) := fi.q(0. hl/2)y.

To simplify notations, let us momentarily fix (k, ¢) and denote fj, := fr 4.n =: fo +
hY2 fi + O(h), where fy and f are defined in (1.13) and (1.14). By assumption, f; is
monotonous on X 4, let us assume that it is increasing; the decreasing case is obtained
by swapping (a, b). For h small enough, fj, is also increasing and hence fh_l([a, b)) =
[ fh_l(a), fh_1 (b)]. Therefore, the solutions to (5.4) are exactly the integers belonging to

the interval
L h 1/2

R ONA (b)]——e(h) (5.5

Leto = fh_1 (a); of course o depends on h, but since o € X 4, it is bounded and we have
o = fy ' (a) + O(h'/?). Therefore, fi(0) = fi(fy '(a)) + O(h'/?). According to the
statement of Theorem 1.11, we denote o := f; ! (a). Writing fo(0) = a — h'/2 fi(a) +
O (h) we get, by Taylor expansion,

(1) Cr ()
wy (@)

Using the analogous formula for fh_l(b), we may compute the difference fh_l(b) -
fh_l (a) and obtain the length of the interval (5.5):

Lh™1/2 _ _ L' L{x) (Ck(ﬂ) C (@)
b 1 _ —

which gives Theorem 1.11 by summing over admissible (k, g).

o =a—h"2(f @) file) + Oh) = a+ V222220 o,

) +0(h'?)



Boundary states of the Robin magnetic Laplacian 1191
5.2.4. Proof of Theorem 1.12. We use the notation of Theorem 1.7. By Proposition 1.9,
the self-adjoint operators m,ZV acting on ’®"" L2(T, ) satisfy the Gérding inequality:
ml =minp, —Oh'?) =0k —9m'?) > b Vk=2,...,N, Yh <hg

for ho small enough. Hence the spectrum of £j, in I coincides, modulo O (h?), with
the spectrum of hm}’V in that interval. In other words, for this choice of interval I}, the
disjoint unions of Corollary 1.10 reduce to a union of the two components (k = 1,¢ = 1)
and (k = 1,¢g = 2), and the spectrum in I}, coincides modulo @ (h?) with

|| {hfrq(0.h?). 0 € h3(ZZ + 6(h) N 14} N [ha. hb].

g=1,2

So eigenvalues A; in [} are associated with integers £ = {(h) € Z such that h%(%ﬁ +
O(h)) € X1,1 U X1 »; therefore there are constants ¢, 8, independent on /4, such that

oe(h) := h2 (20 + 6(h)) € [a, B].

Hence,
Fid o B
Recalling that (h) = % we get that, for 1 < hg := % £ must be negative. Thus,

for each fixed ¢, o¢(h) increases when & decreases to zero. In other words, because of the
non-zero flux term, the corresponding semiclassical eigenvalues /.f1 4 (0¢ (h), hz) “move
to the right” (in the sense of Figure 1) towards the Landau level py = 1.

Let us now describe the semiclassical branches, i.e., the curves

h> hfig(oeth).h?), q=12,LeZ_. (5.6)

We may assume that the intervals X , satisfy X 1 < X; . Recall from Proposition 1.1
(or Figure 1) that there exists ¢ > 0 such that y |y, =< —c while pt5 , = c. Hence, in
view of the semiclassical expansion of f 4, and up to reducing ¢, we get

fliis—c and fi,=c (5.7)

uniformly for & </h¢ small enough. Thus, for each fixed admissible £ €Z_, the branch (5.6)
generated by ;1 (i.e., corresponding to ¢ = 1) is an increasing curve, while the branch
corresponding to ¢ = 2 is decreasing. Moreover, the semiclassical branches generated by
¥ 1,1 and associated with different integers £; # {, will never cross as £ varies, and their
mutual vertical distance is bounded below as

¢

|hfrq (00, (h), h2) = hfi g (00, (h), h?)| = h%f. (5.8)

Hence, in view of (5.7), we see that the horizontal distance between these curves is @ (h2).
Of course, the same holds for the branches associated with 3; », which thus form a col-
lection of disjoint decreasing curves. Therefore, the superposition of all branches is a



R. Fahs, L. Le Treust, N. Raymond, and S. Vi Ngoc 1192

By o by

Figure 2. Illustration of the collection of semiclassical branches of eigenvalues. Here we plot the
graphs of f1,4(0¢(h), h) with respect to the variable # = Vh, for ¢ = 1 (blue curves) and ¢ = 2
(red curves). The continuous curve of A (h)/ h, for fixed j, where A; (h) is the exact eigenvalue of
Ly, lies within the greyed stair-case like curve (of vertical width O (h)).

deformed grid intersected with the window (0, i¢] x [ha, hb], see Figure 2. In particular,
there are many crossing points, and the horizontal distance between consecutive crossing
points along a fixed branch is @ (h?).

Consider now the exact eigenvalues A; € [ha, hb]. By Corollary 1.10, each A; must be
O (h?)-close to one of the semiclassical branches. For fixed £ € Z_, modifying the value
of & by an amount of order @ (h?) amounts to shifting the abscissa oy (/) by an amount
proportional to h? . Therefore, by suitably choosing C; and setting &1y := h + C1h? we
may assume that A; (/) corresponds to a unique increasing branch (parameterized by
¥1.1): when / varies in an interval of size ) (¢h?) around &, with & > 0 small enough,
there is a unique and fixed £; € Z such that

;) = hfi1 (o0, (), h2)| = Oh).

Next, we choose C, > C; so that with k5 := h + C5h?, o¢, (hy) is O (h3) close to the first
crossing on the right-hand side of oy, (41). The exponent 3 is not important, any exponent
N = 3 will work as well. We have

1
|Aj (h2) — hzfl,l(mzl(hz), h22)| = (9(/72)-
and since | f{ || = ¢, we obtain a constant C > 0 such that
Aj(ha) = Aj(hy) + Ch3/2,

On the right hand side of the crossing, the integer {1, and the increasing branch, do
not longer correspond to the eigenvalue A; (this branch will now correspond to A;41).
Instead, we have to select the branch parameterized by X », labeled by some £, € Z_;
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then, as before, with a suitable C3 > Cs, we have, with k3 := h + C3h?
A (h3) = ha fi 2 (00 ha). 1) | = OH2),
and hence, since the new branch is now decreasing,
Aj(h3) < Aj(hy) — Ch3/2.

Note that, in the above analysis, the constants C; depend on #, but in a uniform way:
they belong to a fixed compact interval contained in (0, +00). The above estimates are
then uniform for & < hy if h¢ is chosen small enough.

We now turn to the last statement of the theorem. We choose /5 as before, but with
more precision: we can always select the exact crossing point i’ between the semiclassical
branches, i.e.,

h,fl,l(ofl(h/Lh/%) = h/fl,z(azz(h/),h’%).
This gives
Aj(h) = A1 (') = O(h3).

Finally, for any value of % sufficiently far from the crossing, for instance 4" = hy or hs,
the vertical estimate (5.8) ensures that

X1 (") =4 (h") = Ch?2,

for some C > 0, which finishes the proof of the theorem.

A. A rough Weyl estimate

The aim of this section is recall why (1.3) holds. Thanks to the Young inequality, we have,
forall v € H(Q),

Qun®) > T IVYIE - 204 Ny P+ v 43 | s
When y = 0, we get that
Qna(y) = hz—ZIIVIﬂII2 2[4l v 1>
When y < 0, we use a classical trace theorem: there exists C > 0 such that, for all ¢ > 0,
[ was <l + o

vh

By choosing ¢ = — > 0, we deduce that

h2
Qna(¥) = TIIVWII2 =20 415 I¥ 11> = 4> Chlly 1.
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In both cases, there exists C > 0 such that, for all h € (0, 1) and all ¢ € H'(Q),

h? ~
Qnay) = TIIVWII2 ~Clly|*.

With the min-max principle, this shows that, for all A,

rA+C
N(Lh,/\)sN(—ANe“A + )

h2

The conclusion follows from the Weyl asymptotics for the Neumann Laplacian, which is
the same at the main order as in the Dirichlet case, see, for instance, [34, Introduction].

B. Spectral analysis of De Gennes operator

Lemma B.1. Foreachy € R, n = 2, we have

Un(y,0) >2n —3.

In particular, we have
elr=1y) > 2, — 3.

Proof. From the Sturm-Liouville theory, u Ly’a] admits n — 1 zeros on R;. We denote by

Zn,1(y, 0) its first zero. We consider the function
ol ) = ul N + za1 (7. 0)).
which satisfies the Dirichlet condition at 0 and
HP [0 — 2,1 (v, 0) o) = pa(y, )00,

where HP''[0] is the Dirichlet realization of —32 + (0 — 7)? on L?(R4). The function

vl°) has exactly n — 2 zeros on R... By the Sturm’s oscillation theorem, vy*%! is the

(n — 1)-th eigenfunction of HP"[o — z, 1 (y, o)]. Therefore we have
n(y.0) = ppy (0 = 2n1(7.0)).
Moreover, by monotonicity of the Dirichlet problem, for all o € R,
ubr (o) > 2n — 3. m
The following proposition is obtained by adapting the proof of [25, Theorem II.2].

Proposition B.2. Letn = 1. If o is a critical point of p,(y, -), we have

Nn(% 0) = 02 - yz'



Boundary states of the Robin magnetic Laplacian

Lemma B.3. When y € R, we have the following relations

+o0 )
/ ([ _ i"n—l()’)) ’uLVin—l(V)] (t)‘ dr =0,
0

+o0 1
/ (t = &1 () [ul 1 ) Par = 21+ 27801 ()]l 1 )0
0

Proof. We let
uLy] = uEl%‘Sn—l(V)].

Let us consider the differential operator:
2 -
L=—37 + (1 —&u1(»)” - 0" ().
Note that for any polynomial p, we have:
2 -
L = (p® = 4[(t = &1 (1) — O] p’ = 4(t = Eua (1) ),

and

/ e ul @) (Lv)(r)dt = / e LuP tyv(t)dt + (v (0) — yv(0))ul)(0),
0 0

forv = 2p[u£,ﬂ]’ — p'uLy]. Taking p = 1, we get

1195

(B.1)

(B.2)

(B.3)

(B.4)

+o00
—4 fo (t = Encr ) U () Pdr = 2(80m1 (v)? — ¥ — O () [l 0) .

Recalling Proposition B.2, the above formula proves (B.1). To prove (B.2), we take p =

(t — £,-1(y))?. Then, we have
v'(0) — yv(0) = =2(2yEn—1 () + 1)ul(0).

We get now from (B.3) and (B.4)
+o00
12 [ (=6 O o = 20r610) -+ 1) O

Lemma B.4. We have

+o0

WOy = [ =500 6 o) a

Ci(§-1(n)

(1 - y&10)) ()%,

W] = N ==

where C; is defined in (1.10).
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Proof. We write
(0 —0)t2+2t(c —t)> =(t —0)® —o%(t —0).
We take 0 = &;_1(y). The conclusion follows from Lemma B.3. |

Proposition B.5. Let us fix j=1. Wheny R, there exists y Y0, such that, C; (&1 ()
is positive if y < )/[J and negative if y > y[] 1,

Proof. We notice that, for y <0, we get C;(§j-1(y)) <O0.
Now, for y > 0. From Proposition B.2, we can rewrite C; (§;-1(y)) as

Ci(61()) = (1—y\/y T eu- 11(y>)(u_5”(0))2,

Since (u[y] (0))? > 0, then, to study the sign of C;(&;_1(y)) it is sufficient to study the
sign of the function f defined by f(y) = 1 —y+/y2 + ©U~1l(y). We have

ooy (0Ug)) + 2y

We can use [25, Section B] (which can be adapted to j = 1) to deduce that f'(y) < 0.
Therefore, f is increasing on [0, 4+o00].
Let us notice now that f(0) = 1 and limy 4 f(y) = —oo. This establishes the

existence of a unique zero of f(y), denoted by y[] U, |

Lemma B.6. Letr o € R and B € N. Consider the interval [a, b]. We consider 1Yy =
(2 ul[.y’o]))lgjg,,, where n is the number of dispersion curves [1; (y, 02 taking values in
[a, b] (see the discussion at the beginning of Section 3.2). We consider K a neighborhood
of K.

There exists Cy g > 0 such that for all z € [a,b] and all 0 € K, the following holds.
For all v € L?(Ry) such that (t)*v € L?>(Ry), we have

|6y~ 0B (H[y, 0] — z) " (I* )X ((1)*v) | < Capllv]l.

Proof. Let us only prove this estimate for 8 = 0. We consider z € [a, b]. Let us consider
v € 8(Ry4) and let u be the unique solution to the equation

(Hly.o] — z)u = (IT*I)* ((e1)¥) (B.5)

[y.o

that is orthogonal to (u ])ls j<n» with

O = (1+1202)2,

where yj is a smooth non-negative function equal to 0 on [0, 1] and to 1 on [2k, +00) and
such that |y | < k™. In particular, the weight is 1 near 0. Here € > 0 is a parameter to be
chosen small enough.
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We have seen in Lemma 2.2 that

(H[”’g] — 1'(1) ) . B2(R,) x C" — L2(Ry) x C"

is bijective. Thus, equation (B.5) is equivalent to

Hly,ol—z II*\ (u\ _ (H*H)J‘((et)zv)
(")) = (T )
Note that

(e)® O\ (Hly,ol—z T*\ [(et)g 0\ [(HIy.ol+ Rex—z (et)*II*
0 1 I 0 0o 1) I1( - (e1)%) 0 ’

where
1
B
2
1+ €212y

B (ezoz *x2)” n (g 3 1) eta (17xD)? )

Reje = —ae (1)

2 14 e2t2)(12€ 2 2 (1+ €2t2X12€)2
With
u = (et)gu,

we get

Y — H*H 1 o

Hpy.oe. k] (F) = (€% TID (fen)gv))

0 0

with

Hly,0l + Rex —z  (er)@TI*
ﬂf[y,a,e,k]z( ool Rew =2 tetle )

II( - (er)¥) 0

Thanks to the exponential decay of the u][.y’ol (which is uniform for o € K ), we notice that
H]|y. 0, €, k] is bijective as soon as € is small enough and k large enough. Moreover,

[Hly.o.e.k]7| < C.

This implies that
]| < C |[{et) e (MT*TN)* ((er)gv)

3

and then (by using again the exponential decay of the eigenfunctions)
|| (et);“u” < Clv].

Taking the limit k — + o0, the Fatou lemma gives
[{er)™*u| < C|vl|.

This provides us with the desired estimate since (e)(t)~! € [e, 1]. |
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