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On the convergence of critical points of the
Ambrosio-Tortorelli functional

Jean-Francois Babadjian, Vincent Millot, and Rémy Rodiac

Abstract. This work is devoted to studying the asymptotic behavior of critical points {(u¢, Ve)}e>0
of the Ambrosio—Tortorelli functional. Under a uniform energy bound assumption, the usual I'-
convergence theory ensures that (1, ve) converges in the L2-sense to some (u«, 1) as ¢ — 0, where
U« is a special function of bounded variation. Assuming further that the Ambrosio—Tortorelli energy
of (ug, vg) converges to the Mumford—Shah energy of us, the latter is shown to be a critical point
with respect to inner variations of the Mumford—Shah functional. As a by-product, the second inner
variation is also shown to pass to the limit. To establish these convergence results, interior (C°°)
regularity and boundary regularity for Dirichlet boundary conditions are first obtained for a fixed
parameter ¢ > 0. The asymptotic analysis is then performed by means of varifold theory in the spirit
of scalar phase transition problems.

1. Introduction

Let Q C RY be a bounded open set with Lipschitz boundary (N > 1)and g € H 2 (0€2) be
prescribed Dirichlet boundary data on 2. For infinitesimal parameters ¢ — 0 and n, — 0
with 0 < n, < ¢, we consider the Ambrosio—Tortorelli functional defined by

— 12
AT, (1, v) :=/(na+v2)|Vu|2dx+/(8|Vv|2+u) dx,
Q Q 4e

for all pairs (u,v) € H(Q) x [H' () N L>®(R)] satisfying (u,v) = (g, 1) on dK2. This
functional, originally introduced in [3], can be interpreted as a phase-field regularization
of the Mumford-Shah functional which sends (u, v) to

ueSBV?3(Q),

MSu):= [ [Vul? dx+H V"1 (1) +H V1 09 if
()i= [ |70l dr+30 1 ) 560 ”{”#g})‘{vznng, -

400 otherwise.

The Mumford—Shah functional is well known as a theoretical tool to approach image
segmentation [35,37,38]. It is also at the heart of the Francfort-Marigo model in fracture
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mechanics [15], and the numerical implementation of this model heavily relies on Ambro-
sio—Tortorelli-type functionals [8]. The use of such a phase-field approximation in numer-
ics is usually justified through I'-convergence theory. In terms of the functionals defined
above, it states that AT, I'-converges in the [L?(£2)]?>-topology as & — 0 towards the
Mumford—Shah functional (see e.g. the seminal paper [4]).

As a consequence, the fundamental theorem of I'-convergence ensures the conver-
gence of global minimizers (ug, vs) of AT, to (1, 1) as & — 0, where u € SBV?(Q) is a
global minimizer of MS. This result is of course of importance, but it is somehow not fully
satisfactory. Beyond the fact that the use of global minimizers in the models mentioned
above remains under debate, this convergence result does not really provide a rigorous
justification of the numerical simulations based on the Ambrosio—Tortorelli functional.
One particular feature of AT, is its lack of convexity due to the nonconvex coupling term
v2|Vu|? with respect to the pair (u, v). This is a high obstacle to reach global minimizers
through a numerical method. An idea employed in the context of image segmentation or
fracture mechanics consists in performing an alternate minimization algorithm; see [9].
Each iteration of the scheme is well posed since AT, is continuous, coercive, and sepa-
rately strictly convex. Letting the number of steps go to infinity, the sequence of iterates
turns out to converge to a critical point of the energy AT, (see [13] and also [8, Theorem
1]), but this critical point might fail to be a global minimizer. Consequently, the original
target of numerically approximating global minimizers of the Mumford—Shah functional
might be lost. These issues motivate the question of convergence as ¢ — 0 of critical
points of the Ambrosio—Tortorelli functional and it constitutes the main goal of this arti-
cle, continuing a task initiated in [14,24] in dimension N = 1. In higher dimensions, a
fundamental issue in such an analysis is the regularity of critical points of AT,. It is also
of importance for numerics as the efficiency of the numerical methods crucially rests on
it. Here we fully resolve this last question, showing smoothness of arbitrary critical points
according to the smoothness of 92 and the Dirichlet boundary data.

The reason why here we consider Dirichlet boundary conditions and not Neumann
ones (with a so-called fidelity term as in the standard Mumford—Shah functional [38]) is
that we have in mind possible applications to fracture mechanics. We nevertheless confess
that the results of the present paper do not directly apply to fracture since an irreversibility
constraint on the crack set (or on the phase field variable v at the regularized level), see
[9, 15], does not allow any competitors to be taken as we do. However, our results can be
seen as a first step in that direction.

A critical point (u, ve) of the Ambrosio—Tortorelli functional is a weak (distribu-
tional) solution of the nonlinear elliptic system

—div((ne + v?)Vus) =0 in Q,

CeAv + T L Vi =0 in, 12)
€

(ug,ve) = (g, 1) on 0L2.

To be more precise, critical points of AT, are defined as follows.
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Definition 1.1. Let  C RY be a bounded open set with Lipschitz boundary and g €
H? (0R2). A pair
(Ue, V) € Ag(Q) := {(u,v) € H(Q) x [H(Q) N L®(Q)] : (u,v) = (g,1) on 2}

is a critical point of the Ambrosio—Tortorelli functional if

dr )t=OAT8(u +tp,v+ty)=0 forall (¢,¥) € Hol(Q) X [HOI(Q) N L®(Q)],

that is,
[ (e +v2)Vu, -Vepdx =0 forall ¢ € Hy () (1.3)
Q
and
ve— 1 5
e | Voo Vydx + (—+us|wg| )1,/fdx=0 (1.4)
Q Q 4e

forall y € HJ(Q) N L>®(R). By density, test functions (¢, ) in (1.3)—(1.4) can equiva-
lently be chosen in [€2°(2)]?, and (1.2) holds in the sense of distributions in €.

One may expect that critical points of AT, with uniformly bounded energy converge
along some subsequence ¢ — 0 to a limit satisfying some first-order criticality conditions
for MS. Unfortunately, the theory of I"-convergence does not provide convergence of crit-
ical points towards critical points of the limiting functional. Even for local minimizers
such a result usually fails. We refer to [23, Remark 4.5] and [10, Example 3.5.1] for coun-
terexamples. However, it has been proved in some specific examples that critical points
do converge to critical points, possibly under the assumption of convergence of critical
values. This is the case for the Allen—Cahn (or Modica—Mortola) functional from phase
transitions approximating the (N — 1)-dimensional area functional [17,20,22,39,45,46],
the Ginzburg-Landau functional approximating the (N — 2)-dimensional area functional
[2,6,32,40,44], and the Dirichlet energy of manifold-valued stationary harmonic maps
[28-31, 33]. These functionals share many features with AT,, and we shall take advan-
tage of the existing theory to develop our asymptotic analysis of critical points of AT;. In
particular, we shall make essential use of both outer and inner variations of the energy, a
common approach in all these studies.

1.1. Outer and inner variations

Definition 1.1 is simply saying that the first outer variation of AT, vanishes at (1, v;) €
A (L2) in any direction (¢, ). In the case of a smooth functional like AT,, outer vari-
ations coincide with Gateaux differentials. For (u, v) € 44 (Q) and (¢, ¥) € H}(Q) x
[H{(2) N L>®(Q)] as before, we introduce the following notation for the first and second
outer variations of AT, (see Lemma A.1 for explicit formulas):

d
dATs(uv U)[¢, 1/’] =

= ‘tZOATg(u Tt 1Y), (1.5)
2
d?AT, (u, v)[p, V] = d—2 AT (u +td, v + ty). (1.6)
dr? lt=o0



J.-F. Babadjian, V. Millot, and R. Rodiac 1370

Concerning the Mumford—Shah functional, the notion of critical points requires some
definition and notation. Before doing so, let us first comment on the functional MS in (1.1)
we are considering. Contrary to AT, the admissible u’s for MS are not required to agree
with g on 92 in the sense of traces. In turn, the additional term #V=1(0Q N {u # g})
in the expression of MS(u) penalizes “boundary jumps” where the inner trace of u (still
denoted by u) differs from g. The expression u # g on d€2 is also intended in the sense
of traces. In the sequel, we shall often use the following compact notation:

MS(u) = / IVul?dx + #¥1(J,)., ueSBVX(Q),
Q

where J, = J, U (2 N {u # g}), so that
Ju = Jz with @i := ulg + Glgn\g € SBVZ(RY),

and G € H'(RY) is an arbitrary extension of g.

Unlike AT, the Mumford—Shah functional is not smooth, and outer variations must be
accordingly defined (see e.g. [1, Section 7.4]). Given u, ¢ € SBV?(2) such that f¢ C Ju,
the first and second outer variations of MS at u in the direction ¢ are respectively defined
and given by

aMS()[p] = &

M —2 [ vu-vgd
dt‘t=0 S(u + t¢) /Qu ¢ dx,

2

PMS()[g] =

= V|? dx.
dtz‘t=0MS(u+t¢) 2/Q| 62 dx

In this definition, the requirement f¢ C J, ensures the differentiability at ¢ = 0 of the
function t > MS(u + t¢), since HN~! (fu+,¢) remains constantly equal to JV ! (fu).
As a consequence, these differentials provide only information on the “regular part” of
the function u, and not on the jump set Ju. Note also that the second-order condition
d®MS(u)[¢] > 0 is obviously satisfied at any u, ¢ as above. On the other hand, the con-
dition f¢ C Jy also implies that the direction ¢ must agree with g on 32 N {u = g}, in
agreement with the notion of a Dirichlet boundary condition.

It is clear that outer variations are not sufficient to define the notion of a critical point
for MS since admissible perturbations leave the “singular part” ¢V _l(fu) unchanged.
The way to complement outer variations is to consider inner variations, i.e. variations
under domain deformations. In doing so (up to the boundary), we shall assume that 0€2 is
at least of class C2.

Given a vector field X € Gcl, (RN RV ) satisfying X - vg = 0 on Q2 (here vg denotes
the outward unit normal field on d€2), we consider its flow map ®: R x RY - RY je.
for every x € RY, t > ®(¢, x) is defined as the unique solution of the system of ODEs

do
7 (%) = X(®(t.x)), (1.7)

®(0,x) = x.
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According to standard Cauchy-Lipschitz theory, ® € C!(R x RY;R") is well defined,
and {®,};cg with ®, := ®(¢,-) is a one-parameter group of C!-diffeomorphisms of RV
into itself satisfying ®y = Id. Then the requirement X - vg = 0 on d2 implies that
®,(0Q) = I for every ¢ € R. Hence (the restriction of) ®, is a C!-diffeomorphism
of 3L into itself, and a C!-diffeomorphism of € into itself.

Definition 1.2. Letu € SBV?(Q), X € CL(RY;RY),and G € H'(RY) satisfy X - vg =0
and G = g on dQ2. Setting {®; };cr to be the integral flow of X and

Uy i=uo® ' —God; ! +G e SBVX(Q), (1.8)

the first and second inner variations of MS at u are defined by

2

SMS()[X, G| = 4

d
2 .—
|, MS@r). EMS)[X.G] =

— M .
dr2li=0 Stur)

It can be checked that, provided 9€2, g, and G are smooth enough, the above deriva-
tives exist and they can be explicitly computed (see Lemma A.4). Analogously, we define
inner variations of the Ambrosio—Tortorelli functional.

Definition 1.3. Let (u,v) € Ag(Q), X € CL(RY;RY),and G € H'(RV) satisfy X - vg =
0and G = g on 9€2. We set

U v) = Wod ' —God ' + Gvod; ) e Ag ().

We define the first and second inner variations of AT, at (u, v) by

d
SAT, (0, )[X, Gl = —| _ ATo(ur,vo),

dr lt=o0

2 (1.9)
§2ATs(u,v)[X, G| := o t=OAT3(u,, ;).

Once again, the limits in (1.9) exist whenever 9€2, g, and G are sufficiently smooth,
and one can compute them explicitly (see Lemmas A.2 and A.3).

Remark 1.1. In Definition 1.2, we could similarly consider a competitor of the form u; =
uo th_l instead of (1.8) since, in the case of the Mumford—Shah functional, the Dirichlet
boundary condition may fail to be satisfied at the expense of paying a boundary energy
penalization. If €2, g, and G are smooth enough, the expressions of the first variation §MS
and of the second variation §2MS obtained in Lemma A.4 remain unchanged. This is in
contrast with the inner variations of the Ambrosio—Tortorelli functional in Definition 1.3,
for which it is necessary for the competitors (u,, v;) to match the exact boundary condition

(g D).

We emphasize that in Definitions 1.2 and 1.3 we are considering deformations up to
the boundary. Compared to the usual deformations involving compactly supported per-
turbations in 2 of the original maps, it requires the additional test function G. This is
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of fundamental importance for the MS functional to recover information at the boundary,
since the Dirichlet boundary condition is implemented in the functional as a penalization.
Of course, the type of deformations we are using includes as a particular case the usual
ones defined only through a vector field X compactly supported in 2; see Remark A.1.

1.2. First-order criticality conditions for MS

In view of the discussion above, the nonsmooth character of MS forces the appropriate
notion of a critical point to involve both outer and inner variations. In other words, a
critical point of the Mumford—Shah functional is a critical point with respect to both outer
and inner variations, a property obviously satisfied by global (and even local) minimizers.

Definition 1.4. Let @ C R" be a bounded open set with boundary of class at least €2 and
g € C2(Q). A function u, € SBV?(Q) is a critical point of the Mumford—Shah functional
if
dMS(u.)[p] =0 forall ¢ € SBVZ(Q) with Jy C J, . (1.10)
and
SMS(u+)[X,G] =0 (1.11)

forall X € CL(RY;RV) and G € C2(RY) satisfying X - vg = 0 and G = g on Q.

From these criticality conditions, one can derive a set of Euler—Lagrange equations,
which can be written in a strong form if the smoothness of u, and J,,, allow it. First
specializing condition (1.10) to ¢ € C2°(£2) yields

div(Vuy) =0 in D'(Q). (1.12)

Then, if fu* is regular enough, one can choose test functions ¢ in (1.10) with a nontrivial
jump set but smooth up to fu* from both sides. It leads to the homogeneous Neumann
condition

iy =0 onJy,: (1.13)

see [1, formula (7.42)]. In other words, allowing test functions ¢ in (1.10) with f¢ - fu*
(and not only in ¢ € C2°(2)) provides the weak formulation of (1.13) which complements
(1.12).

Computing SMS(u)[X, G] (see formula (A.16)) and using equation (1.12), the sta-
tionarity condition (1.11) appears to be independent of the test function G and it reduces
to

/ (|Vus|?1d — 2V, ® Vuy) : DX dx + / div/ue X dgeN !
Q Ju*

= —2/ (Vi -v@)(X - Vog) d# N1 forall X € CL(RY;RY)
aQ

with X - vg = 0 on 092. (1.14)
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Here div/* X = tr((Id — v,, ® v, ) DX) is the tangential divergence of X on the count-
ably J¢N~lrectifiable set fu* with v,, the approximate unit normal to that set. The
boundary term on the right-hand side of (1.14) is interpreted in the sense of duality by
(1.12), and V. g denotes the tangential derivative of g. If J,,, and u, are regular enough,
then (1.14) provides the coupling equation

Hy,, +[|[Vus?IT =0 onJ,,,

where H,, denotes the scalar mean curvature of J,,, with respect to the normal v,,, and
[|Vux|?]* the (accordingly oriented) jump of |V |? across J,, (see [1, Chapter 7, Sec-
tion 7.4]).

Remark 1.2 (One-dimensional case). In the one-dimensional case N = 1,if Q = (0, L)
for some L > 0, we can see that if u € SBV?(0, L) satisfies conditions (1.12)—(1.13),
then u is either piecewise constant with a finite number of jumps or u is a globally affine
function (with no jump). Indeed, the very definition of SBV?(0, L) shows that u has a
finite number of jumps. Then condition (1.12) implies that u is affine in between two
consecutive jump points, and (1.13) implies that the slope of all affine functions must
be zero. However, condition (1.14) does not play any role because it only implies that
|u’| is constant in (0, L), where u’ is the approximate derivative of u. From this, we just
deduce that u is a piecewise affine function with equal slopes in absolute value, and it is
not sufficient by itself to prove that u is piecewise constant. It indicates that the use of
SBV?2-test functions in (1.10) cannot be relaxed to a class of smooth functions (in any
dimension).

1.3. Main results

As already mentioned, the main purpose of this article is to investigate the asymptotic
behavior of critical points of the Ambrosio—Tortorelli functional as ¢ — 0. In view of
the I'-convergence result, one may expect that critical points converge to critical points,
possibly under the assumption of convergence of energies. Without fully resolving this
question, our analysis provides the first answer in this direction in arbitrary dimensions
showing that a limit of critical points of AT, must at least be a critical point of MS with
respect to inner variations, i.e. a stationary point of MS. If a critical point (u,, ve) of AT,
is smooth enough, then it is easy to see that it is also stationary, i.e. §AT, (1, ve) = 0 (see
Lemma A.2). Hence, if regularity of critical points AT, holds, proving the convergence of
the first inner variations implies the announced stationarity of the limit. This is the path
we have followed, and the regularity issue is the object of our first main theorem.

Theorem 1.1. Let Q@ C RY be a bounded open set with Lipschitz boundary and g €
H%(E)Q). If (e, ve) € Ag () is a critical point of AT, then (ug, ve) € [ (2)]? and the
following regularity up to the boundary holds:

() Ifge H2(3Q) N L®ORQ), then up, € L (Q).
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(i) If 0Q is of class C*V%! and g € C**(0Q) with k > 1 and a € (0, 1), then
(e, ve) € CH(Q) x EFV2e(Q),

We emphasize that the regularity in Theorem 1.1 is nontrivial since the second equa-
tionin (1.2) is of the form Av = f with f € L! and standard linear elliptic theory does not
directly apply (see however Remark 3.1). Instead, we shall rely on arguments borrowed
from the regularity theory for harmonic maps into a manifold, or more generally for varia-
tional nonlinear elliptic systems; see e.g. [18]. The key issue is to prove Holder continuity
of ve, which we achieve by proving that it belongs to a suitable Morrey—Campanato space.
We treat interior regularity and boundary regularity in a similar way through a reflection
argument of independent interest originally devised in [42].

In our second main theorem, we show that, under the assumption of convergence of
energies, limits (up to a subsequence) of critical points of AT, are critical points of MS
for the inner variations.

Theorem 1.2. Assume that @ C R is a bounded open set of class C*' and g € C%*(d2)
for some a € (0, 1). Let {(ug, Ve)}e>0 C g (2) be a family of critical points of the
Ambrosio-Tortorelli functional. Then the following properties hold:
(i)  Ifthe energy bound
sup AT (ug, ve) < 00 (1.15)

e>0

is satisfied, up to a subsequence, Uy — uy strongly in L*(Q) as e — 0 for some
us € SBVZ(Q) N L®(RQ) satisfying Vu, - vg € L%(9RQ), and AMS(u)[¢p] = 0
forall ¢ € CX(2), i.e.

div(iVuy) =0 in D'(Q).
(i)  1If, further, the energy convergence
AT (ug, Vg) = MS(ux) (1.16)

is satisfied, then SMS(uy) = 0, ie.

/ (|Vu|?1d — 2Vu, ® Vuy) : DX dx + / divie X dgeN-1
Q Jus

= —2] (Vg -v)(X - Vog)dF N1 (1.17)
oQ

for all vector fields X € CLRN;RN) with X - vq = 0 on IQ.

Remark 1.3. At this stage, it is still open whether or not u, is a critical point of MS as
we do not know whether the outer variation dMS (1) also vanishes on arbitrary functions
¢ € SBV?(Q) satisfying f¢ C fu* (and not only on C2°(£2)). In other words, the weak
form of the homogeneous Neumann condition (1.13) on fu* remains to be established.
This is the only missing ingredient to obtain that u is a critical point of MS.
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An assumption of convergence of energies similar to (1.16) has been used in [25-27,
34] to prove that critical points of the Allen—Cahn functional (from phase transitions) con-
verge towards critical points of the perimeter functional, hence to minimal surfaces. The
analysis without this assumption was first carried out in [22], and it shows that critical
points converge (in the sense of inner variations) towards integer multiplicity stationary
varifolds, a measure-theoretic generalization of minimal surfaces allowing for multiplici-
ties. Interfaces with multiplicities do appear as limits of critical points of the Allen—Cahn
energy and cannot be excluded; see e.g. [22, Section 6.3]. In our context, a similar phe-
nomenon may appear, so that assumption (1.16) is probably necessary.

In [25-27], convergence of energies is also used to pass to the limit in the second inner
variation. Following the same path, (1.16) allows us to pass to the limit in the second inner
variation of AT,. It shows that the second inner variations of AT, do not converge to the
second inner variation of MS, but to the second inner variation plus a residual additional
term. As a by-product, it follows that limits of stable critical points of AT, satisfy an
“augmented” second-order minimality condition. Second-order minimality criteria for MS
have been addressed in [7, 11]. We also note that the convergence of the second inner
variation for the Allen—Cahn functional without the assumption of convergence of energies
has been studied in [16]; see also [21]. Convergence of second inner variations is our third
and last main result.

Theorem 1.3. Assume that Q@ C RY is a bounded open set of class > and g € C>*(9Q)
for some a € (0, 1). Let {(ug, Ve)}e>0 C g (2) be a family of critical points of the
Ambrosio—Tortorelli functional and u, € SBV?(Q2) N L®(Q) be as in Theorem 1.2, sat-
isfying the convergence of energy (1.16). Then the following properties hold:

() Forall X € C2(RY;RN) and all G € C3(RN) with X -vg =0and G = g on
0,

lim 82 AT, (ug, ve)[X. G] = 8°MS(u4)[X. G]
+/A |IDX : (vy, ® vy,)|?dH N
Juy

(1)  If (ug, ve) is a stable critical point of AT, i.e.

d®ATe (e, ve)[¢, Y] 2 0 forall (¢, ) € [ ()],

then u, satisfies the second-order inequality

§>MS(u4)[X, G] + / IDX : (v, @ vy,)|2dH N >0 (1.18)
Jus

forall X € C2(RV;RN) and all G € C3(RN) with X -vg = 0and G = g on
Q.

In the one-dimensional case, the asymptotic analysis as ¢ — 0 of critical points of the
Ambrosio—Tortorelli functional has already been carried out in [14, 24] for different sets
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of boundary conditions. In [14], a homogeneous Neumann boundary condition is assumed
for the phase field variable v. The authors proved that if {(u,, v¢) }¢>0 is a family of critical
points of the Ambrosio—Tortorelli functional satisfying (1.15), then, up to a subsequence,
(us,v5) = (u,1) in [L2(Q)]? with u € SBVZ(R) that is either globally affine or piecewise
constant with a finite number of jumps; see Remark 1.2. This result is extended in [24]
to the Ambrosio—Tortorelli functional with a fidelity term. Note that our present analysis
also applies in the presence of a fidelity term, but we do not consider this case here in
order not to add useless difficulties. In a short note [5], we have also carried out the one-
dimensional analysis in our setting, i.e. with the Dirichlet boundary condition on the v
variable. In this case, we have established a convergence result for critical points without
assuming the convergence of the energy (1.16), but proving (1.16) as a consequence of the
energy bound (1.15). It allows us to exhibit nonminimizing critical points of AT, satisfying
our energy convergence assumption (1.16) (see [5, Remark 1.2]).

1.4. Ideas of the convergence proof

The proof of Theorem 1.2 relies on the classical compactness argument and the lower
bound inequality for the Ambrosio—Tortorelli functional. Indeed, the energy bound for a
family {(ug, ve)}e=0 C g () of critical points for AT, implies the L?(£2)-convergence
(up to a subsequence) of u; to a limit u, € SBV?(R), together with a I'-liminf inequal-
ity MS(u4) < liminfy AT, (u,, ve). Our energy convergence assumption (1.16) leads to
the equipartition of phase field energy, as well as the convergence of the bulk energy.
Then, as in [22], we associate an (N — 1)-varifold V; to the phase field variable v, which
converges (again up to a subsequence) to a limiting varifold V. The energy convergence
(1.16) allows us to identify the mass of Vi, that is, ||[Vi|| = V1L fu*. Next we use
the equations satisfied by (u,, v¢) in their conservative form to pass to the limit, and find
an equation satisfied by u, and V. The idea is then to employ a blow-up argument sim-
ilar to [2] to identify (the first moment of) V., and show that it is the rectifiable varifold
associated to JAM* with multiplicity one.

To prove Theorem 1.3, we argue as in [25-27]. We observe that the convergence
Ve — Vi in the sense of varifolds and the identification of V, implies the convergence of
quadratic terms eVv, ® Vv, — %vu* ® vu*Jt’N_l L fu* in the sense of measures. This
information is precisely what is needed to pass to the limit in the second inner variation of
AT,, and we infer from a stability condition on (4., v¢) € #Ag(2) a stability condition on
the limit us € SBVZ(Q).

The paper is organized as follows. Section 2 collects notation that will be used through-
out the paper. In Section 3 we study the regularity theory for critical points of the Ambro-
sio—Tortorelli functional, proving first smoothness in the interior of the domain, and then
smoothness at the boundary. In Section 4 we prove compactness of a family {(u¢, v¢)}e=0
satisfying a uniform energy bound sup, AT¢ (1, v¢) < 0o. The regularity result allows one
to derive the conservative form of the equations satisfied by these critical points which
itself provides bounds on the normal traces of u, and v, on d€2. Then, in Section 5, we
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improve the previous results by assuming the energy convergence AT, (1, V) — MS(ux).
From this assumption we obtain equipartition of the phase field part of the energy. Then
we employ a reformulation in terms of varifolds to pass to the limit in the inner variational
equations satisfied by critical points of AT, to prove that the weak limit u, of u, is a sta-
tionary point of the Mumford—Shah energy. The asymptotic behavior of the second inner
variations is investigated in Section 6.

2. Notation and preliminaries

2.1. Measures

The Lebesgue measure in RY is denoted by £%, and the k-dimensional Hausdorff mea-
sure by #*. We shall sometime write wy for the £¥-measure of the k-dimensional unit
ball in R¥.

If X C R" is alocally compact set and Y a Euclidean space, we denote by M(X:Y)
the space of Y -valued bounded Radon measures in X endowed with the norm ||u| =
|| (X), where || is the variation of the measure . If Y = R, we simply write M(X)
instead of M (X ; R). By the Riesz representation theorem, M (X ; Y') can be identified with
the topological dual of Cy(X;Y), the space of continuous functions f: X — Y such that
{lf| = &} is compact for all ¢ > 0. The weak* topology of M (X;Y) is defined using this
duality.

2.2. Functional spaces

We use standard notation for Lebesgue, Sobolev, and Holder spaces. Given a bounded
open set Q@ C R, the space of functions of bounded variation is defined by

BV(Q) = {u € L'(Q) : Du e M(2;RY)}.

We shall also consider the subspace SBV(£2) of special functions of bounded variation
made of functions u € BV(2) whose distributional derivative can be decomposed as
Du = Vu®® + (ut —u")v, H#V 1L J,. In the previous expression, Vu is the Radon—
Nikodym derivative of Du with respect to £, and it is called the approximate gradient
of u. The Borel set J, is the (approximate) jump set of u. It is a countably HN~1-
rectifiable subset of €2 oriented by the (approximate) normal direction of jump v,,: J, —
SV=1 and u* are the one-sided approximate limits of u on J,, according to v,. Finally
we define

SBVZ(Q) = {u € SBV(Q) : Vu € L*(2;RY) and #V 7' (J,,) < 00}.
2.3. Varifolds

Let us recall several basic ingredients of the theory of varifolds (see [43] for a detailed
description). We denote by G —; the Grassmannian manifold of all (N — 1)-dimensional
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linear subspaces of RV . The set G y_ is as usual identified with the set of all orthogonal
projection matrices onto (N — 1)-dimensional linear subspaces of RY,i.e. N x N sym-
metric matrices A such that A2 = A4 and tr(4) = N — 1, in other words, matrices of the
form A = Id — e ® e for some e € SV 1.

An (N — 1)-varifold in X (a locally compact subset of R") is a bounded Radon
measure on X X Gy—_p. The class of (N — 1)-varifolds in X is denoted by Vy_1(X).
The mass of V € Vy_1(X) is simply the measure ||V | € M(X) defined by ||V |(B) =
V(B x Gy—1) for all Borel sets B C X. We define the first variation of an (N — 1)-varifold
in V in an open set U C RV by

8V (p) =/U . Dp(x): AdV(x,A) forallg € CL(U;RY).
XGN-1

We say that an (N — 1)-varifold is stationary in U if §V(¢) = 0 for all ¢ in C1(U;R").
We recall that such a varifold satisfies the monotonicity formula

IVII(Bo(x0)) _ IIVII(Br(x0))

oN-1 N1

/ [Pyi(x —xo)?
(Bo(xo)\ B, (xo))xGy—y  |X — Xo|VT!

dVi(x, A)

for all xo € U and 0 < r < ¢ with B,(x9) C U, where P4. is the orthogonal projection
onto the one-dimensional space A~ (see [43, paragraph 40]).

2.4. Tangential divergence

Let T be a countably J¢¥ ~!-rectifiable set and let T, " be its approximate tangent space
defined for #"V~1-a.e. x € T". We consider an orthonormal basis {z;(x), ..., Tx_1(x)} of
T, T and denote by v(x) a normal vector to 7, I". If £: RV — R¥ is a smooth vector field,
we denote by

N-1
divie= > 79, =(1d—v®v): D¢

i=1

the tangential divergence, and (9, Ot = (05, 8) - v)v = 0,¢ — Zj-vz_ll (tj - 0, 07

3. Regularity theory for critical points of the Ambrosio—Tortorelli
energy

In this section we investigate interior and boundary regularity properties of critical points
of the Ambrosio—Tortorelli functional AT, for a parameter ¢ > 0 which is kept fixed.
3.1. Interior regularity

We first establish interior regularity following ideas used by Riviere [41] to prove the
regularity of harmonic maps with values into a revolution torus.
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Theorem 3.1. Let @ C RY be a bounded open set. If (ug,ve) € H'(Q) x [H() N
L>®(RQ)] satisfies (1.3)=(1.4), then (ug, ve) € [CP(R)]%.

Proof. For simplicity, we drop the subscript ¢ in (u, v¢) and instead write (1, v). We also
assume N > 2 since, in the case N = 1, the regularity of (u, v) a solution of (1.3)—(1.4)
is elementary.

By (1.3), u weakly solves

—div((ns + v¥)Vu) =0 in Q. (3.1)

Setting M := ||v|| (), the matrix field (1, 4+ v*)Id has bounded measurable coefficients
and it satisfies n,Id < (7, + v?)Id < (5, + M?)Id a.e. in Q in the sense of quadratic
forms. It is therefore uniformly elliptic and the De Giorgi—Nash—Moser regularity theorem
applies to equation (3.1). It provides the existence of o € (0, 1) such that u € Gﬁf (),
together with the estimate

K(w) = sup |Vu|?dx < oo (3.2)

xocw, g>0 QN T2+ /Bg(xo)
By(x0)Cw

for every open subset w such that @ C Q2 (see e.g. [18, Theorem 8.13 and Eq. (8.18)]).

Now we claim that the function v belongs to Gﬁf (£2). Before proving this claim, we
complete the proof of the theorem. Assuming the claim to be true, we can use the Schauder
estimates (see e.g. [18, Theorem 5.19]) to derive from equation (3.1) that u € Gll.j:’ ().
On the other hand, by (1.4), v weakly solves

1—
eAv=— Y |[Vul?v in Q. (3.3)
4e

Since the right-hand-side of (3.3) belongs to (Cheed

oo (£2), it follows from standard Schauder

estimates that v € Gﬁ)’f‘ (£2). By a classical bootstrap, it now follows from equations (3.1)
and (3.3) that both u and v are of class C* in Q.

Hence, it only remains to show the claim v € Clo(f (£2). To this purpose, we fix an

arbitrary ball Bog(x¢) C ©, and we aim to prove that v € Cﬁf (BRr(xp)). Consider v; €

H'(B3r(xp)) to be the unique weak solution of

1—
—Avy = ——— in Bygr(xp),
1= s 2r(X0) 34)

V1 =V on aBzR(X()).

Since Avy € L*®(B2g(x¢)), the Calder6n—Zygmund estimates yield v; € W]f;p (B2r(x0))

for every p < oco. By Sobolev embedding, it follows that v, € Cll;ﬂ (B2r(x0)) for every
B € (0, 1). In particular, we have v; € L°°(Bgr(xp))-
Setvy, (= v—v; € HO1 (B2r(x0))- By (3.3) and (3.4), v, is a weak solution of

1
—Avy = ——|Vu|2v in Bag(xp). 3.5)
)
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To show that v, € @?O’g (BRr(x0)), the Morrey—Campanato theorem (see e.g. [18, Theorem

5.7]) ensures that it suffices to prove the following Morrey-type estimate:

sup |V, |2 dx < oo. (3.6)

yGBRUm)QN_2+m1]£dy)
0€(0,R)

Let y € Br(xo) and r € (0, R) be arbitrary. We denote by w € v, + Hg (B,(y)) the
harmonic extension of v; in the ball B,(y), i.e. the unique (weak) solution of

{_szo in B, (). 3.7

w = vy on dB,(y).

Since v = v —v; € L®(Br(x0)), we have |w| < ||vz]lLooBgr(xo)) O 9B, (y), and the
weak maximum principle implies w € L*°(B,(y)) with [|w|| LB, (v)) < V2L B x0))-
Moreover, |Vw|? being subharmonic in B, (y), we get that for every o < r,

N
/ |[Vw|?dx < (g) [ [Vw|? dx.
BQ()’) r B, (y)

Recalling that w also minimizes the Dirichlet integral among all functions agreeing with
v on dB,(y), we infer that

/ |Vv2|2dx§2/ |Vw|2dx+2/ |V(w — v,)]? dx
B, (») B,(y) By (y)

N
2(9) / |Vw|2dx+2/ IV (w — vp)|? dx
r B, (y) B, (»)

N
2(§) / |V, |? dx +2/ [V(w — v,)|? dx
r B (y) B, (y)

for every o < r. Since w — vy = 0 on dB,(y), (3.5) and (3.7) lead to

IA

IA

1

/ [V(w —vp)|?dx = —/ |Vu?v(w — vy) dx
B, (y) € B (y)

IA

2
=[[vllLoe @) llv2 | Lo (B (x0)) / |Vu|? dx.
€ B, (y

In view of (3.2), we have thus proved that for every y € Br(xp) and0 < o <r < R,

N
/ [V, |2 dx < 2(€) / Vv, |2 dx + CyrV =212
BQ(J’) r B, (y)

with 4
Cr = —llvlize@ llvalleeBr o) K(B2r(X0))-
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By using a classical iteration lemma (see e.g. [18, Lemma 5.13]), we infer that for every
y € Br(xg)and 0 < o0 < R,

1
[V, |2 dx < Cyuo™V 212 (—/ Vv, |2 dx + cl),
/;Q(Y) RN-2+2a Bsr(x0)

for a constant C, depending only on o and N. Hence v, satisfies the Morrey estimate
(3.6), and thus v; € CY%*(Bgr(xo)). In turn, v = vy + v, € C-%(Bg(xo)) and the proof of

loc loc
the claim is complete. ]

Remark 3.1. Note that, in dimension N = 2, an alternative and simpler proof can be
obtained using Meyers’s regularity result [36]. Indeed, the first equation of (1.2) for u, is
a standard elliptic equation in divergence form for u, with measurable coefficients. Thus
Meyers’s regularity result applies, and ensures the existence of p > 1 (possibly depending
on ¢) such that Vu, € lenlc] (£2). Inserting this information into the second equation of (1.2)
for v, and appealing to the Calderon—Zygmund estimates yields v, € ngc’p (£2). Then
the Sobolev embedding implies that Vv, is in L{ () for every 1 < ¢ < Np/(N — p).
One can check that when N = 2, if p > 1 we have automatically that 2p/(2 — p) > 2.
Hence, using Sobolev—Morrey embedding, we find that v, is actually Holder continuous.
A bootstrap argument based on the Schauder estimates yields the interior regularity result
stated in Theorem 3.1. Unfortunately, this argument fails in dimensions higher than 2 since
in this case it is not true that Np/(N — p) is strictly larger than N for p > 1. This is in

contrast with our alternative proof above which is independent of the dimension.

3.2. Maximum principle and boundary regularity

We first show a (standard) maximum principle which says that v, takes values between 0
and 1, and that u, is bounded whenever the boundary condition g is.

Lemma 3.1 (Maximum principle). Let Q@ C RY be a bounded open set with Lipschitz
boundary and (ug,vs) € HY(Q) x [H(Q) N L®(RQ)] satisfy (1.3)—(1.4). If vy = 1 on
0%, then 0 < v, <1 a.e. in Q. In addition, ifu, = g on 0X2 for a function g € H%(aQ) N
L>(0%2), then us € L*°(2) and |Juc||Lo(@) = 1gllLoo30)-

Proof. For a generic function f € L'(Q),weset ™ :=(f +|f|)/2and f~ = (| f| —
f)/2. For simplicity, we drop the subscript ¢ in (u,, v¢) and instead write (u, v).

Since v — 1 € Hj(2) N L®(Q), it follows that (v — 1)* € H} () N L>®(XQ) and
V(v — 1)t = Vuly,s1;. A classical argument using (v — 1) as a test function in (1.4)
leads to v < I a.e. in Q. Next, since v = 1 on 92, we have —v™ € H, () N L*°() and
the same argument with —v™ as a test function in (1.4) shows that —v = 0 a.e. in €2, that
is, v > 0 a.e. in Q.

Now we assume that u = g on 92 with g € H%(BQ) N L*°(02) and we set M :=
gl ). Since [g| < M on IQ, we have (u — M)* € H}(RQ) and V(u — M)T =
Vulgyspy. Using (u — M)T as a test function in (1.3) yields V(u — M)+ = O ae. in Q
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which implies that (u — M)* is constant. Since (u — M)+ € H}(Q), it follows that
(u—M)T =0ae.in Q, thatis, u < M a.e. in Q. The same argument applied to (1 +
M)~ € Hj () shows that u > —M a.e. in 2, and thus ||u||Le@) < M. L]

Next we study the boundary regularity of a critical point (u,, v.) of the Ambrosio—
Tortorelli energy. Our strategy is to use a global reflexion argument to extend (u,, v¢)
across the boundary. The extension will then satisfy a modified system of PDEs for which
we can apply an interior regularity result (similar to that of Theorem 3.1). The reflexion
argument originates in [42] and we follow the arguments in [12]. In contrast with the clas-
sical method consisting in locally flattening the boundary, this method has the advantage
of providing a global extension through the construction of a diffeomorphism mapping a
small internal neighborhood of 92 onto an external neighborhood of the boundary.

Theorem 3.2. Let Q@ C RY be a bounded open set whose boundary is of class C¥¥2' and
g € C5*(9Q) for some k > 1 and o € (0,1). If (ug, ve) € (g, 1) + H}(Q) x [H} ()N
L%°(Q)] satisfies (1.3)~(1.4), then (ug, vs) € CH(Q) x CKV22(Q).

Proof. We start by describing the reflexion method that we use to extend functions across
9. Since 9 is (at least) of class €2'!, we can find a small §y > 0 such that the nearest
point projection on 92, denoted by mq, is well defined and (at least) of class G in a
tubular neighborhood of size 28y of d€2. For § € (0, 28¢], we set

Us := {x € RV:dist(x, 0Q) < 5},
U(gin = QN Us,
Us* == Us \ Q.

The geodesic reflexion across 2 N Uy, is denoted by o o: Uss, — R and it is defined
by
oo(x) =2mq(x) —x forall x € Upg,.

The mapping o g is an involutive @'!-diffeomorphism (onto its image), which satisfies
ogq(x) = x for all x € Q2 N Uys,. Reducing the value of § if necessary, we have

0o(Us*) = U* and ao(U") = Us*  for § € (0,28).
Next we consider the bounded open set
Q=QUUs=QUU;. (3.8)
Differentiating the relation o g (0@ (x)) = x, for x € Us,, yields
Dog(x)Dog(oq(x)) =1d,

and thus
Dog(og(x)) = (Dag(x))™! forevery x € Us,. 3.9
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For x € 392 N €, one has (Doq(x))"v = 2py(v) — v for all v € RN, where p, is the
orthogonal projection from R¥ onto the tangent space Ty (0S2) to 92 at x, i.e. (Do q(x))"
is the reflexion matrix across the hyperplane 75 (9€2). In particular,

(Doa(x)" Dog(x) = (Doa(x)) (Dog(x))" =1d forevery x € 92 N Q. (3.10)

Now, for x € Q, we define

. 1 ifx € Q,
J(x) = _ ~
|det Dog(x)| ifxeQ\Q,

and
Id if x € Q,

A(x) = ~
{j(x)[DUQ(UQ(X))]TDUQ(UQ(X)) ifxeQ\Q.

In view of (3.10), j and A are Lipschitz continuous in Q and A4 is uniformly elliptic, i.e.
there exist two constants 0 < Aq < Agq such that

ralE)? < A(X)E-E < Ag|E* forevery (x,£) € Q xRV

With these geometrical preliminaries, we are now ready to provide the extension of
(ug, vg) to Q2. We define, for x € Q,

. {ug(x) ifx € Q,
He(x) == ~
ug(oq(x)) ifx e Q\Q,
(3.11)
N Ve (x) if x € Q,
Ug(x) := ~
{vg(ag(x)) ifx e Q\Q,
and
i {ug(x) if x € Q,
g(x) = ~
2g(ra(x)) —us(oq(x)) ifx e Q\Q,
(3.12)

Ve (x) if x € Q,

Ug(x) == { ) ~
2—ve(og(x)) ifxeQ\Q,

By the chain rule in Sobolev spaces and the fact that the traces of these functions coincide
on both sides of 2 N €2, each one of them belongs to H 1(Q). In addition, 9, and ¥, also
belong to L°°(L2) since v, € L°°(2). We finally set

gi=gomg € CM¥Q).

Now we show that these extensions satisfy suitable equations in the domain Q.



J.-F. Babadjian, V. Millot, and R. Rodiac 1384

Lemma 3.2. We have
—div((n + 92)AViig) = —2div(lg, g (ne + 07)AVE) in D'(Q) (3.13)
and
—ediv(AVD,) = (Igng — 152\5)(4%(1 —0g) — (AVii, - Viig)D,) inD'(Q2). (3.14)
Proof. ligain, for simplicity, we drop the subscript &. We fix an arbitrary test function
@ € D(R). Since equations (3.13) and (3.14) are clearly satisfied in €2, there is no loss

of generality in supposing that supp(¢) C Us,. We define for x € Us, the symmetric and
anti-symmetric parts of ¢,

P = 3600+ 900a(). ¢*(x) = 3 (6() — ¢ 0 Ta).

The functions ¢* and ¢ belong to €1 (Us,) and, by construction, ¢* o g = ¢* and

plooq =—¢“.

Step 1: Proof of (3.13). We start with the identity
L e+ )45 ot dx == [+ 634V 0 ) - V(o 00w d
o\Q o\Q
+ 2f~ (e + 0%)(AVE) - V* dx. (3.15)
o\Q
Using relation (3.9) and changing variables yields
[ e+ )4V 00) - Vig* o aa)dx
O\Q
- /~ (e + 5*)Vu(og) - Ve'(og)j dx
o\Q
=/ (s + 0*)(AVii) - Vo* dx. (3.16)
Qne
Therefore, combining (3.15) and (3.16) yields
/~(ns + %) (AVii) - Ve®dx =2 f (e + 9%)(AVE) - Vo' dx.
Q
In the same way, we have
[ e Vi Vet ar = [+ AV o 00) - Vgt 0 o) dx
NG \Q

12 / (e + 9°)(AVE) - Vo dx.,
aa
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Since p¢ = 0 on Q N 92, we have @* € H{} (). Hence, we can use the first equation in
(1.2) to infer that

[ (e + 0)(AV(w 0 0)) - V(g 0 ) d
Q\Q

- / (e + ) Vu(og) - Voo (og) dx
a\Q

= / (s + v*)Vu - Vo dx = 0.
QnQ

Consequently,

/~(ne +9%)(AVi) - Vo dx = 2/~ _(ne +9*)(AVE) - Vo dx,
Q \Q

and (3.13) follows.

Step 2: Proof of (3.14). We proceed as above, starting with

sﬁ (AVD)-Ve*dx = —8/~ (AV(voogq)) -V(p'oogq)dx
Q\Q Q\Q

= —s/: (AVD) - Vo' dx,
ane

which yields
£/~(AV17) -Vo®dx = 0. 3.17)
Q

On the other hand,

8/~ (AVD)-Ve®dx = 8/; (AV(voogq)) V(g9 oogq)dx
Q\Q Q\Q

28/; Vv - Ve®dx. (3.18)
ane

Since ¢¢ € H{ (S2), we can apply the second equation in (1.2) to deduce that

1
8/ Vv -Vetdx = —/ [Vu|>vp? dx + —f (1 —v)p*dx. (3.19)
Qne Qne 4e Jana

Summing (3.17), (3.18), and (3.19), and using that o g is an involution leads to
1
8/~(AV17)-Vgodx:—/~ |V12|213<pdx+—/~ (1-0)pdx
& gne de Jana

1
—|—/~ |V12|213<poogdx——/; (1—190)poogdx.
ane de Jana
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Changing variables in the two last integrals, we obtain
8/;(AV1~)) -Vodx = _/~(1§msz — lﬁ\ﬁ)((AVﬁ) - Vi)l dx
Q Q

1 A
+ P /52(1509 —1g.g)(1 —V)gj dx,
and (3.14) follows. [

We now provide a general regularity result generalizing the argument used in the proof
of the interior regularity.

Lemma 3.3. Let A: 2 — MY*N pe g Lipschitz field of symmetric N x N matrices which

sym
is uniformly elliptic (i.e. there exist 0 < A < A such that L|§|*> < A(x)€ - & < A|&|? for
all (x,£) € QxRY) and f € LY(Q) satisfy

1
sup N——/ | f]dx < oo, (3.20)
Boioycd @ 1 JBy(xo)

for somey € (0,2]. If z € Hl(ﬁ) N L°°(§) solves
—div(AVz) = f inD'(Q), (3.21)

then for every open set @ CC Q,

1 / 5
sup ———— [Vz|©dx < o0, (3.22)
voew OV B (x)
Bg(xo)CCQ

and z € C%% (@) for every o € (0,y/2).

Proof. Throughout the proof, we fix an exponent @ € (0, y/2) and we set 8 := y — 2« > 0.
We also denote by K an upper bound for ||z || L&) and by M an upper bound for (3.20).
Then C > 0 will stand for a constant (which may vary from line to line) depending only
on N,«a,y,A, A, K, M, and the Lipschitz constant of A.

Let w cC Q. Fix xo € @ and 0 > 0 such that B,(x¢) CC Q. Consider w € H'(By(x0))
the unique (weak) solution of

{—div(A(xO)Vw) =0 in By(xo). (323)

w=z on 0B,(xp).

Recalling that

/ A(x9)Vw - Vw dx
BQ(XO)

< / A(xg)Vw - Vwdx forevery w € w + HO1 (Bo(x0)),
BQ(XO)
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we have

A |Vw|2dx§/

A(xg)Vw - Vw dx < / A(x9)Vz-Vzdx
By (x0) B, (xo0)

B, (xo0)

< A/ |Vz|? dx. (3.24)
B, (xo0)

Moreover, according to the maximum principle, [|w||Lo(B,(xo)) < [IZ[lLo0(B,(x0)) = K-
First, we infer from the triangle inequality,

= )
—— AVz - Vzdx
((g/z)N—Hm By o)

2N—2+2a
(QN 242« /;?g(xo)

2N—2+2(x 2
+ (— / A(Vz —Vw) - (Vz —Vw) dx)
oN—2+2 By (x0)

2N—2+2a / 1
<\ == AVw - Vw dx)
(QN—2+20¢ B% (x0)
1 3
+C N—2+2a A(Vz —Vuw)-(Vz = Vw)dx | . (3.25)
e By(x0)

We start by estimating the first term in the right-hand side of (3.25) using (3.24), and the
fact that A is Lipschitz continuous and uniformly elliptic. It yields

/ AVw - Vwdx < (1 +CQ)[ A(x9)Vw - Vw dx
B%(xo) B (x0)

<1+ Co) A(x9)Vz-Vzdx
B, (xo)

<(1+Co) AVz . -Vzdx. (3.26)
B, (xo0)

To estimate the second term in the right-hand side of (3.25), we make use of equation
(3.21) to write

/ A(Vz —Vw) - (Vz —Vw)dx
BQ(XO)
=/ AVZ-V(z—w)dx—/ AVw -V(z —w)dx
By (x0) B, (xo)

:/ f(z—w)dx—[ AVw -V(z —w)dx.
BQ(XO)

BQ(XO)
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Using assumption (3.20) on f, we infer that
v [ S
—— z —w)dx
oN—2+2¢ By (o)

On the other hand, equation (3.23) satisfied by w implies that

<2KMgP. (3.27)

/ AVw -V(z —w)dx = f (A—A(x9))Vw - V(z —w) dx
B, (x0) B, (xo0)

< CQ/ [|Vw|2 + |VZ|2] dx
B, (xo)

< CQ/ |Vz|? dx
B, (xo0)

< CQ/ AVz-Vzdx, (3.28)
BQ(XO)

where we used (3.24) again, together with the ellipticity of A.
Gathering (3.25), (3.26), (3.27), and (3.28), we get

1 1/2
S AVz.Vz dx)
((@/ 2)N—2+2a /Bg(XO)

1
= +C\/Z))(QN_W/B

We now choose o = gx = 2~%+D for k € N large enough, and we obtain

1 1/2
—_— AVz-Vz dx)
(Q]1€v+12+2a /Bek+1(x0)
1

N—242«
O

1/2
AVz-Vz dx) CoP/?.

Q(XO)

1/2
<(1+cC 2“k+1)/2)( / AVz-Vz dx) + C27Ak+D/2,
ng(x())

Next we observe that if (O )ren, (0k)ken, and (¥x)xen are real sequences such that 6 €
(1,00), 0 == [Irzp bk < 00, 0 € (0,00), 0 := Y o, 0k < 00, and satisfying yx41 <
Ok vk + oy forall k € N, then yx < 6(yo + o). Applying this principle with

1 1/2
Yk = (_—/ AVz-Vz dx) ,
le{v 2+2a By, (x0)

O =1+ C 27 kD2
op = C2 B2,

yields

1

m/ AVZ-VzdxSCeC(/;AVz-Vzdx—i—l) forallk € N
Ok By, (x0) &
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(we have also used the elementary estimates § < e€ando < (). Since for all o > 0 small,

there exists a unique k € N such that gx4+; < 0 < o and é < ﬁ < i, we conclude
that

1

v/ AVZ-VdefCeC([ AVZ-Vde~|—1) for all p > 0 small.
—2+2a =

o B, (xo) Q

Finally, by ellipticity of A and the arbitrariness of x(, we conclude that (3.22) holds with

1 / 2 c
—_— [Vz|“dx < Ce (/ AVZ-Vde—i—l)
QN—2+20¢ By(x0) &

for all xo € @ and ¢ > 0 small with B,(xo) CC Q. By Morrey’s theorem (see e.g. [18,
Theorem 5.7]), it then follows that v € C%% (). |

We are now ready to prove the boundary regularity result in Theorem 3.2.

Proof of Theorem 3.2 completed. We consider (ug,ve) € H'(Q) x [H1 () N L>®(RQ)]
satisfying (1.3)—(1.4), and we consider the extensions i, 1., U, and U, to the domain Q
provided by (3.11)—(3.12) and (3.8). Again, for simplicity, we drop the subscript ¢.

We first improve the regularity of # which satisfies (3.13). We aim to apply the De
Giorgi—Nash—Moser theorem to infer that # is locally Holder continuous in € and that a
suitable Morrey estimate holds for Vii. Since equation (3.13) is linear with respect to i,
we first observe that

/~ f(x,Vi)dx < /~ f(x,Vw)dx forall w € H' () such that supp(w — i) C Q,
Q Q
with
1 ~
f(x,§&) = E(ns + ﬁf(x))A(x)E cE—h(x)-& forae x € Qandall ¢ € RV,
and
h=21g g0 + 9?)AVE € L®(Q;RY).

The function f is a Carathéodory function, and since A is uniformly elliptic and the
functions 0 and h are essentially bounded, we can find positive constants ¢y, ¢z, and c¢3
such that

c1lE)? —es < f(x,E) < co|Ef> +¢3 forae. x € Qandall € € RV,

Hence we can apply the De Giorgi—Nash—Moser theorem (see [19, Theorems 7.5 and 7.6])
to deduce the existence of some § € (0, 1) such that u € (oA (£2). From [19, Theorem 7.7]

loc
and [18, Lemma 5.13], we also obtain the Morrey estimate

sup [Vii|? dx < oo. (3.29)

1 /
~ o N—
B,(xo)c$ © 228 J g, (x0)
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Next we consider equation (3.14) satisfied by v restricted to Bs, /2 (x0), which we write
—div(AV?) = H in D'(Q),

with { )
—21x -1~ ML —5 — VD
H = ~(lgng 19\9)(48(1 %) — (AVi Vu)v).

Since 1t = 2g —ii and Vg, A, j, and v are essentially bounded, we infer from (3.29) that

sup |H|dx < oo.

v |
B,(x0)c& @ 2428 By (xo)

Applying Lemma 3.3, we deduce that v € G:)O’Cy () for every y € (0, 8). In particular,
we have v € % (Q) for every y € (0, B). Using equation (1.2) satisfied by u together
with the (up to the boundary) Schauder estimate (see [18, Theorem 5.21]), we obtain that
u € CLY(Q) for every y € (0, B). Then, in view of equation (1.2) satisfied by v, and owing
to classical elliptic regularity at the boundary, we obtain v € €7 () for every y € (0, B).
Going back to equation (1.2) satisfied by u, elliptic regularity at the boundary now tells
us that u € C1¥(Q) in the case g € C1¥(3Q), and in turn v € C>¥(Q) still by (1.2). If
g € C2%(3Q) then v € €% (Q) and, once again, elliptic boundary regularity implies that

u € C2%(Q).
If 9Q is of class C5 and g € C%%(dQ2) with k > 3, one can iterate the preceding
argument using elliptic boundary regularity to conclude that 1 and v belong to €5%(Q).
(]

A similar argument shows the validity of a localized version of Theorem 3.2.

Theorem 3.3. Let Q@ C RY be a bounded open set and (ug, ve) € H'(Q) x [H () N
L%° ()] satisfy (1.3)—(1.4). Assume that in some ball B4 (xo) with xo € 0K2, the boundary
portion 3Q N Bar(xo) is of class C¥V21 and (ug, v,) = (g.1) on Q2 N Bar(xo) for a
function g € CH%(Q N Bar(xo)) withk > 1 and o € (0, 1). Then (ug, v,) € CH2(Q N
Bor(x0)) x CKV22(Q N Byr(x0)) for some constant 6 € (0, 1).

4. Compactness results

We start by recalling a weak compactness result, in the spirit of the compactness argument
in the I'-convergence analysis, only under the assumption of a uniform energy bound
(1.15). The result is a direct application of the standard lower bound inequality considering
the extension of a pair (1, v) € A4 (2) to a larger bounded open set 2 D Q of the form
(u,v) = (g’,1)in Q" \ Q for some arbitrary extension g’ € H'(Q") N L®(Q’) of g.

Proposition 4.1 (Weak compactness). Let Q@ C RN be a bounded open set with Lipschitz
boundary, g € H%(E)Q) N L>®(0Q), and &, — 0" be an arbitrary sequence. Assume that
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(Un, V) == (Ug,, Vs,) € Ag(2) satisfies 0 < v, < 1a.e. inQ, |uyllLo@) < IgllLe00)
and the uniform energy bound sup,, AT,, (u,, v,) < oo. There exist a (not relabeled) sub-
sequence and us € SBV?(Q) N L>®(R) such that

(Un,vy) — (us, 1) strongly in [L*(R)]?,
v, Vi, = Vu, weakly in L2(2; RY).

Moreover,
|Vuy|? dx < liminf vfl|Vun|2dx
Q n—>o0 Q

< liminf / (e, + v2)|Vun|* dx 4.1)
n—>00 Q
and

FHNTV(T,, U QN {uys # g)) < liminf/ (1 —v,)|Vv,| dx
n—>00 Q

.. 2 (vn — 1)2
< liminf (8n|an| + —) dx. 4.2)
n—oo [o 4e,

The regularity of solutions established in Theorem 1.1 allows us to prove that criti-
cal points of the Ambrosio—Tortorelli functional satisfy a Noether-type conservation law,
which is the starting point of our asymptotic analysis.

Proposition 4.2. Let Q@ C RY be a bounded open set with boundary of class C*' and
g € C2%(9Q) for some a € (0,1). I (ug, ve) € Ag(RQ) is a critical point of ATy, then for
all X € CL(RN;RN),

/ (e + vH)[2Vue ® Vu, — |Vu|?Id] : DX dx
Q

(ve — 1)2

+ / [28Vv,9 ® Vv, — (8|VU5|2 +
Q 4¢e

)Id] . DX dx

- /a (7 + D@1te)® + e@yve)> — (e + 1)[VegPJ(X - vg) deN 1
Q

+ 20 + 1) / (Butte)(Xe - Vog) dJEN @3)
Q

where X, == X — (X - vQ)vq is the tangential part of X, and V. g is the tangential gra-
dient of g on 0S2.

Proof. Let us fix an arbitrary X € CL(RY;RY). By Theorem 1.1, (u, v¢) € [C2%(Q)]?
and (1.2) is satisfied in the classical sense. Multiplying the first equation of (1.2) by
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X - Vu, (which belongs to C!(2)) and by integration by parts, a standard computation
yields

1
0= / (ne + vsz)l:(Vug ® Vi) — §|Vu8|21d] . DX dx —/ Ve(X - V)| Vate|? dx
Q Q

1 1
_het / @ore)(X -vg) dgeN—1 4 T f IVegl?(X - vg) dgeN !
2 90 2 0
- (ne + 1) /(;Q(avus)(xr . Vrg) deN_l- (4.4)

Similarly, multiplying the second equation in (1.2) by X - Vv, (which belongs to €' (R))
and performing a similar integration by parts leads to

1 1
0= E/Q[WUE ® Ve) — §(|Vvs|2 e 1)2)1d] . DX dx
+ / ve(X - Vo) | Varg 2 dx — / (By0e)2(X -vg)dR N1 45)
Q 2 Jaq

since v, = 1 on d€2. Then the conclusion follows by summing (4.4) and (4.5). ]

Remark 4.1. The fact that critical points (u¢, v,) enjoy the higher regularity [C2%(2)]?
allows one to obtain a strong form of the conservative equations for (i, v¢). In particular,
some information on the boundary is recovered since the vector field X does not need
to be tangential on d2. This additional information will be instrumental in Section 5 to
characterize the boundary term occurring in the first inner variation of the Mumford—Shah
functional.

Owing to the previous results, we get the following property for the weak limit u, as
& — 0 of a converging sequence of critical points of the Ambrosio—Tortorelli functional.

Lemma 4.1. Ler @ C RN be a bounded open set with boundary of class > and g €
C2*(dQ2) for some a € (0,1). Along a sequence ¢ — 0%, let (ug, ve) € Ag(Q) be a
critical point of AT, satisfying the uniform energy bound (1.15) and the conclusion of
Proposition 4.1. If ux denotes the weak limit of ug as ¢ — 0, then Vu, € L*(Q;RY)
satisfies div(Vu,) = 0 in D' (), its normal trace Vus - vq belongs to L*(0K2), and
Optty — Vi, - vg weakly in L>(0Q) as ¢ — 0. Moreover, up to a subsequence, there
exists a nonnegative Radon measure A, € M (0Q) such that

[(Bvrie)? + e(Byve)2]HNTTLIQ 2 Ay weakly™ in M(IR).

Proof. We first claim that (1, + v2)Vu, — Vu, weakly in L2(Q; R"). Indeed, on the

one hand we have
\/ e + 02V,

<C.n.—0,

meVuellL2@rhy < Ve L2(Q:RY) —
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and on the other hand, for all ¢ € C2°(£2; RY ),

/;}vsVMs-wdx—/;zvaMa cpdx| < @l poo(@:rmy Ve Vel L2 @My lve — Ll 2()

— 0.

Using the previous two points and Proposition 4.1 leads to (1, + v2)Vu, — Vu, weakly*
in O'(22; RY). Since the sequence {(n; + v2)Vu,} is bounded in L2(2; RY), its weak
L?-convergence follows. We can thus pass to the limit in (1.3) in the sense of distributions
and conclude that div(Vu,) = 0 in D'(Q).

Since Vi, belongs to L2(2; RY), and div(Vu,) = 0, the normal trace Vu, - vg is
well defined as an element of H~2 (0€2). Recalling that v, = 1 on 02, we get

(e + Doyue = (ne + vsz)Vug -v — Vu, -vg weakly in H_%(BSZ).

We now improve this convergence into a weak convergence in L2(92). For that, let us
consider a test function X € €} (RY;R") such that X = v on 9% in relation (4.3). Using
that the left-hand side of (4.3) is clearly controlled by the Ambrosio—Tortorelli energy (see
(1.15)), we infer that

sup/ [(ne + 1) (@vus)? + (3, 5)?] dFN ! < .
e>0J0Q
On the one hand, we obtain that {3, }¢~ is bounded in L?(d2), hence d,us — Vu - vg

weakly in L2(8S2). On the other hand, there exists a nonnegative Radon measure 1, €
MF(0Q) such that [(d,u)% + £(d,v:)2]HNTLIQ 2 A, weakly* in M(3R2). |

Remark 4.2. Our choice of Dirichlet boundary conditions for both u and v in (1.2) allows
one to obtain an e-dependent boundary term which is nonnegative in the boundary integral
involving X - vg in (4.3). This sign information is essential to get a limit boundary term
which is a measure A, concentrated on d<2. If we had chosen a Neumann condition for
v and a Dirichlet condition for u as in [14], one would have obtained a more involved
boundary term which would lead to a first-order distribution on 92 in the ¢ — 0 limit.
It is not clear in this case how to perform the analysis in Section 5 (in particular Lemma
5.3).

5. Convergence of critical points

Our objective is to show that u, is a critical point of the Mumford—Shah functional.
We now improve the convergence results established in the previous section by addition-
ally assuming convergence of the energy (1.16), i.e. AT (ug, ve) — MS(u4). Under this
stronger assumption, we can improve the above-established convergences and in particular
obtain the equipartition of the phase-field energy.
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Proposition 5.1. Let @ C RN be a bounded open set with Lipschitz boundary and g €
H? (02) N L°(0R2). Let us consider a critical point (ug, ve) of the Ambrosio—Tortorelli
functional satisfying the energy convergence (1.16) and let u, € SBV*(Q) be given by
Proposition 4.1. Then, up to a further subsequence,

Ve + 02Vue — Vui, v:Vug — Vus strongly in L*>(2;RY). (5.1)
Moreover, setting ®(t) :=t —t2/2, and
we = D(ve), (5.2)
then .
VN LQ =0 weakly* in M(2;RY), (5.3)
|ng|§€Nl_S'2i\ HNLL J,,  weakly* in M(Q), .

where we recall that fu* = Ju, U (0Q N {ux # g}). Finally, there is equipartition of the
phase-field energy, i.e.

1
lim / ‘8|Vv8|2 - vg)z‘ dx = lim / 26| Vo2 = [Vawe| [ dx = 0. (5.4)
e—=0 Jo 4e e—>0 Jq

Proof. According to the convergence of energy assumption (1.16) and the lower semicon-
tinuity properties (4.1)—(4.2) established in Proposition 4.1 (which applies by Lemma 3.1),
we deduce that

/ |Vuy|?dx = lim/ v2|Vue|*dx = lim/(na+v§)|Vug|2dx (5.5)
Q =0 Jo e—>0 Jo

and

A —1)?
HNV(J,) = lim/(l — 0g)|Vug| dx = lim/ (8|VU5|2 + e )7
g—>0 Q e—>0 Q 48

)dv. (5.6)
Convergence (5.5) combined with the weak L2-convergence of v, Vi, to Vu, implies that
veVtg — Vu, strongly in L2(Q2; RY). Moreover, it follows from (5.5) that /MeVue — 0
strongly in L2(2; RY). Hence /5, + v2Vu, — Vu, strongly in L($; RY) as well.
Next, setting we = ®(ve), with ®(¢) = ¢t — ¢2/2, and using that v, — 1 strongly
in L2(Q) yields wg — 1/2 strongly in L!(€2). Furthermore, owing to the chain rule in
Sobolev spaces, we have Vw, = ®'(v,)Vv, = (1 — v,)Vv,. In view of (5.6), we deduce
that {Vwg } ¢~ is bounded in L' (Q:R"), hence Vw £ L Q = 0 weakly* in M (Q;RY).
Moreover, localizing the conclusion of Proposition 4.1, we get that for every open set
U c Q cRY, we have JfN_l(fu* NU) < liminf, [;; [Vwe| dx, and, using (5.6) it
shows that
/ [Vw,|dx — FN"(J,). (5.7)
Q

Thus [1, Proposition 1.80] implies that |[Vwg| 2N L Q2 gN-1 I_fu* weakly* in M(RQ).
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The equipartition of energy is obtained by observing that
AT (v = [ (0 + v§)|ws|2 ax + / V| dv
AT
and by using (1.16), (5.5), and (5.7). Indeed, we get

/\ﬂw— e

and then, by the Cauchy—Schwarz inequality,

1 1
/ ‘8|Vv€|2 ——(1- vg)z‘ dx < H\/§|Vv6| ———(1—v,
Q 4e

—( = Us)

f

(1 —vy) dx—>0,

2./e L2(Q)
1
\% —(1 -
x | vl vl + 5= Lo
1
< Vo.| — ——(1 —
< ¢Vl - —va o —0
Finally, using again that |Vw,| = (1 — v;)|Vv,|, we observe that
1— 2
[2elvve = 1vwjax = [ [eivo - S5
Q Q 4e
+(ﬁ|Vvs|— f(l—vg)) ‘dx
1 —
5]‘8|Vv8|2—ﬂ‘dx
+ [[[Vavul - st - s
— 0.
This implies (5.4). [ ]

The proof of Theorem 1.2 is based on (geometric) measure-theoretic arguments. Let
us define the (N — 1)-varifold V; € Vy_1(R) associated to the phase-field variable v, €
H'(Q) by

v v _
Ve, ) :=/ go(x,ld— Yo g Y1e )|Vw8|dx forall g € C(Q x Gy_1),
QN{Vw, 70} [Vwe| — [Vwg|

where w := ®(ve), and ®(t) =t —t?/2 for t € [0, 1]. By the coarea formula, this def-
inition is equivalent to the definition of a varifold associated to a function in [22]. By
standard compactness of bounded Radon measures, at the expense of extracting a fur-
ther subsequence, there exists a varifold Vi € VN_I(S_Z) such that V, = v, weakly* in
M(Q x Gy_1).
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Note that ||V, || = || Vi| weakly* in M (S2) by definition of the mass of a varifold and
thanks to the compactness of Gy_;. Recalling the definition of w, in (5.2), we observe
that [|[V,| = |Vwe| €V LQ = HN-11L fu* weakly* in M () according to (5.3), and it
follows that || V| = #N71L fu*. According to the disintegration theorem ([ 1, Theorem
2.28)), there exists a weak* J¢~ ~!-measurable mapping x € Qe V, € M(Gy—1) of
probability measures such that Vi = (#V =11 fu*) ® Vy,ie. forall g € C(Q x Gy_1),

ﬁ go(x,A)dV*(x,A):/A (/ <p(x,A)de(A))dJ€N_1(x). (5.8)
QxGy_1 ux GN-1

For J¢V 1 almost every x € J,,, we set
A(x) = / AdVy(A). (5.9)
Gn-—1

Owing to our various convergence results, we are now in a position to pass to the limit
in the inner variation equation (4.3). For now, the limit expression depends on the abstract
limit varifold Vi through its first moment A of Vy, and the abstract boundary measure A
introduced in Lemma 4.1.

Lemma 5.1. Let Q@ C RN be a bounded open set of class C*' and g € C>*(dQ) for
some o € (0, 1). Let uyx € SBVZ(Q) be a limit of critical points of the Ambrosio-Tortorelli
functional as in Proposition 5.1. For all X € G} (RN ;RY), we have

/(|Vu*|21d—2Vu*®Vu*):Dde+/ A: DX dHN !
Q

Jux

= —/ (X -vg)dAs +/ IV.g]2(X -vo)dH N1
R Q2
—2/ (Vity - vQ) (X - Veg) daeN 1, (5.10)
aQ

Proof. Using the strong convergence (5.1) established above, it is easy to pass to the limit
in the first integral and in the left-hand side of (4.3). We get, for all X € Gé (RN :RV ),

/9(2<,/17‘9 + vaua) ® (,/ns + USZVMS) — (e + v§)|Vus|2Id) : DX dx

— / 2V ® Vi, — |Vuy|?1d) : DX dx. (5.11)
Q

e—>0

According to Lemma 4.1 we can also pass to the limit in the boundary integrals in the
right-hand side of (4.3); we get

f [(ne + 1) (@yus)? + e(d,v6)%] X - vdHN !
1Q

(40 / X - v|VegP N 4 20 + 1) / (O1te)(Xe - Vo) dJN !
Q oQ
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-—»/ (X-vQ)d)L*—/ IV.g]?(X -vg)dH N1
191 Q2

e—>0

+ 2/ (Vuy -va)(Xy - Veg)dF N1, (5.12)
QR

It remains to pass to the limit in the second integral in the left-hand side of (4.3). Using
the chain rule, we have Vw, = ®'(v;) Vv,. The equipartition of energy (5.4) thus implies
that

—1)?
lim (28Vv8 ® Vv, — 8|VU8|21d — Mld) - DX dx
e—>0 Q 48
\Y \%
= lim 26| Vo P (oom ® o —1d) 1 DX dx
e=0 Jon{Vv.£0} [Vue| — [Vuel
\% \%
— lim |Vw€|( We o YW _ Id) . DX dx
e=0 Jon{Vw,£0} [Vwe| — [Vws]
= —/ A DX(x)dVi(x, A) = —/ A: DX dyN1. (5.13)
QxGy_1 Au*
Gathering (5.11), (5.12), and (5.13), we infer that (5.10) holds. ]

Let us now identify the first moment A of the measure V. We first establish some
algebraic properties of this matrix.

Lemma 5.2. For #N~1-almost every x € fu*, the matrix A(x) satisfies
A(x) >0, t(Ax)=N—1, p(Ax)) =1,
where p denotes the spectral radius.

Proof. To simplify notation, we set

Vw, Vw, )

A, = (Id —
¢ ( IVwe| ~ [Vw,|

The matrix A, is well defined on the set Q N {Vw, # 0}; it is a symmetric matrix cor-
responding to the orthogonal projection on {Vw, }=*. It satisfies A, > 0, tr(4,) = N — 1,
and p(A4;) = 1in Q N {Vw, # 0}. For all ¢ € C°(RQ), we have

/A tr(A)p dF N1 = ﬁ tr(A)p(x) dVi (x, A)
Ju* QxGN-1

= lim tr(A)e(x) dVe(x, A)

e—>0 QxGy_1

= lim tr(Ag)p|Vwe| dx
e=>0 Jon{Vw,50}

=(N-1) lim/g0|Vw£|dx=(N—1) pdH N1,
e—>0 Q ju*
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which shows that tr(/I) =(N—-1), HN-1ae. on fu*. If, further, ¢ > O0and z € RY then

/A (Az - 2)pdH N~ = ﬁ (Az - 2)p(x) dVi(x, A)
Jus QxGN-1

= lim (Az - 2)p(x) dVe(x, A)

e—>0 QxGpy_1

= lim (Agz - 2)p|Vwe|dx > 0.
20 Jon{Vw,#0}

As a consequence, for all z € RY, wehave Az -z >0, #¥¥'-ae. on fu*, from which we
deduce that A is a nonnegative matrix #~ ~!-a.e. on J,,.
Since, for all ¢ € C%(£2), we have

Vw, Vw, )

|Vwe|(1d — ® pdx — Ap(x) dVi(x, A)
/szn{Vwﬁéo} 8< [Vwe| — [Vwe| o) *

OxGy_;
:[ /fgo deN_l,
Jus
we deduce that
A Vg |2V LQ 2 AFN1L J,.  weakly* in M(Q; MV V), (5.14)

Using that the spectral radius p is a convex, continuous, and positively 1-homogeneous
function on the set of symmetric matrices, it follows from the Reshetnyak continuity the-
orem (see [1, Theorem 2.39]) that, for all ¢ € C%(RQ),

/ edH N1 = lim/ <p|Vw8|dx=1im/ (pp(As)|Vw£|dx=/ pp(A)dFN1,
ju* e—>0 Jo e—>0 Jqo j

hence p(4) = 1, #V~1-ae. on fu*. ]
We now focus on the interior structure of the varifold V.

Lemma 5.3. For #V"'-a.e. x in Jy, = Ju, N, we have A(x) =1d — vy, (x) ® vy, (x),
where vy, is the approximate normal to the countably #N~'-rectifiable set J,,.

Proof. Step 1: Let us show that for ¥N'-a.e. x in J,,, A(X) is a projection matrix onto
a (N — 1)-dimensional hyperplane. To this aim, we perform a blow-up argument on the
first variation equation (5.10). Let x¢ € Jy, be such that

(1) xo is a Lebesgue point of A with respect to #N 11 J,,.;
(2) Ju, admits an approximate tangent space at xo given by Tx, = {vy, (x0)}t;

IV (S 0 By(x0)) _

(3) lim o

0—0 WN-10

1
4) lim N—l/ [Vuy|?dx = 0.
=00 By (x0)

I;
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It turns out that # ' ~!-almost every point xo € J,,, satisfies these properties. Indeed,
(1) is a consequence of the Besicovitch differentiation theorem, (2) and (3) are conse-
quences of the rectifiability of J,,, (see [1, Theorems 2.63 and 2.83]), while condition (4)
is a consequence of (3) together with the fact that the measure |Vu.|>£" L is singular
with respect to N 1L J,,.

Let xo € Jy, be such a point and let o > 0 be such that B,(x¢) C Q. For ¢ €
CR (RN ;RY) with supp(¢p) C By, we set ¢y o(X) == qb(%) for x € R, 50 that ¢y, o €
(Cied (RY:R") and Supp(@xo,0) C Bo(x0). Taking ¢y, ., as a test vector field in (5.10) (note
that ¢, o = 0 in a neighborhood of d€2) yields

[ A: D¢y odH N1 = _/ (|Vux[21d — 2V, ® Vuy) : Doy o dx.
Jux mBQ(XO) BQ(XO)

Dividing this identity by o™V =2 yields

1 _ .
ﬁf A Dg(— ) ax
Q Jux N By (x0) o

_1 - — X
- ﬁ/ (IVito|21d — 2Vus ® Vi, qu( ") dx.
Q By, (x0) Q

We first show that the right-hand side of the previous equality tends to zero as o — O.
Indeed, thanks to our choice of xg, we have
1 —
‘W/ (Vs 21d — 2Vity ® Viry) - D¢(x xo)dx
Q By (x0) Q

D o0 . X
<C D91, N(l_gi’MN al / Vi dx — 0,
o Bg(xo)

for some constant C > 0. Concerning the left-hand side, using first that x, is a Lebesgue
point of A and then item (3), we get

1 - -

ﬁ[ (A — A(xo)) : D¢( x°)dJ€N—1
@ Jux mBg (xo0) o

D o0 - X - -
IDF ooy A— Axo)| d# N1 0,
N-1
o Ju*mBg(xO)

so that

1 _ .
im —— / A D¢<ﬁ) dJeN-1
e—0Q Jus NBy(x0) Q
_ 1 .
— A(x0): lim ﬁ/ D¢(—x°) dgeN-1,
e—>0 9 Jux NBo(x0) 0

Using next that J,,, admits an approximate tangent space that we denote by T, at xo, we
obtain

1 .
lim N—l/ Dp(==2) deN ! :/ DN,
=09 Jus NBy(x0) Q TxoNB1

Xy
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Hence,
/ A(xo) : DedH N1 =0 forall ¢ € C°(B;;RY). (5.15)
TxonBl
—-N
Lett € (0,1) besuchthatt < +/N  ; the measure v := w;,l JeN-1 L Tk, satisfies

tNl < v(B;) <v(By) < 1.

According to [2, Lemma 3.9] with 8 = s = N — 1, we get that the matrix A(x¢) has at most
N — 1 nonzero eigenvalues. Recalling that tr(4(xo)) = N — 1 and that all eigenvalues of
A(xo) belong to [0, 1], this implies that A(x) has exactly N — 1 eigenvalues which are
equal to 1, and one eigenvalue which is zero. Hence, there exists e € S¥~! such that
A=Id—e®e.

Step 2: Let us show that e = £v,,(x¢). Let us consider the varifold
V= JV Ty ® 8 () € M(B1 x Gy_1).

whose action is given by

/ QD(X,A)dI;(X,A) :/ (P(X,/I(X())) d%N_l(x)
BIXGN_I 1n xQ

for all ¢ € C%(B; x Gy—_1). Since A(xp) is a projection matrix onto the hyperplane e,

it follows that V € Vy_;(B;) is an (N — 1)-varifold in By with ||V = #N 1L Ty,.
Moreover, condition (5.15) shows that Visa stationary varifold; cf. Section 2.3. It follows
from the monotonicity formula (see e.g. [43, formula (40.3), p.236]) that, for all x €
Ty, N By and all ¢ > 0 such that B,(x) C By,

HN (T N Bo(x)) _ HNTV (T, N Br(x))
oN-1 - N1

2
e - — X
TeoNBo(\B,(x) |V — X

forall 0 < r < o. Since

HV Ty 0 Br(x)) _ HVNTH (T N Bp(x)) _
N-1 - oN-1 - ON-1

we deduce that

[ e 0=0F v g
%o NBo (X)\ B (x) |y_x|N+1

Choosing x = 0, o = 1, and letting 7 — 0%, we infer that y - e = 0 for #V1-ae. y €
Tx, N By, which implies that Ty, = el hence e = Fvy, (x0). ]

Next we focus on boundary points.
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Lemma 5.4. For #V 1-a.e x e fu* N9, we have A(x) =1d — vq (x) @ va(x), where
vq Is the outward unit normal to 0S2.

Proof. We perform again a blow-up argument, this time at boundary points. Let xo €
Ju, N 0K be such that
(1) xq is a Lebesgue point of A with respect to J/¥ 11 fu*;

2) ju* admits an approximate tangent space at xo which coincides with the (usual)
tangent space of d<2 at x¢ (this in particular implies that vy, (xo) = £vg(xo));

HV ! (Ju 0 Bo(x0)) _

3) lim 1;
3 Jim, oy 1oV
1

4) lim N—l/ |Vu,|?>dx = 0;

=00 By(x0)N<2

As(B 1

(5) lim % =0, lim N_Z/ |Viuy - v dFN 1 = 0.

e—>0 0 000 8RN B, (x0)

It turns out that # ' ~1 almost every point xg € fu* M d<2 satisfies these properties. Indeed,
(1) is a consequence of the Besicovitch differentiation theorem while (2) comes from the
rectifiability of ju* (see [1, Theorem 2.83]), together with the locality of approximate
tangent spaces (see [, Proposition 2.85]). Condition (3) is again a consequence of the
rectifiability of fu* and the Besicovitch—Marstrand—Mattila theorem (see [1, Proposition
2.63]). Condition (4) is a consequence of (3), together with the fact that the measure
|V 2N L is singular with respect to H#N 1L J,,. To justify (5) we define, for
x € 092,

b (Bo()

O(x) := limsup ~
0

0—0

According to [1, Theorem 2.56], we have t]fN_2({® >1}) <A({®>1t}) <ooforallt >

0.Hence #V~1({® >1t}) = 0forall t > 0. As a consequence, ¥V ~1({® > 0}) = 0. The

second property of (5) can be obtained similarly, by replacing A+ by |V, - v|H V1L 0Q.
We choose such a point xg € Q2 N ju* and we take o > 0.

Step 1: We first prove that v (xo) is an eigenvector of A(xo). Consider first a test vector
field ¢ of the form ¢(x) := go(x;x")%(x) for x € By(xg), where ¢ € C2°(B;) and T €
el (RY;RY) is such that 7 - v = 0 on Q. Plugging ¢ into (5.10) and using estimates

similar to the proof of Lemma 5.3, we obtain

/ A(x) : (T(x0) ® Vo) dH N1 =0 forall p € C(By). (5.16)
Txoﬂ 1

Note that to get (5.16), the boundary term is cancelled thanks to the second property of (5).
Let {71, ..., ty—1} be an orthonormal basis of Ty,, and v := vg(xo) be the outward unit
normal to €2 at xg (i.e., v is a normal vector to Tx,). We choose the vector field 7 in such a
way that 7 (x¢) = t;, and we decompose V¢ along the orthonormal basis {71, ...,Ty—1,V}
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of RV as Vg = Z_;V;f (0j9)T; + (0, ¢)v. Since fooﬂBl djpdH Nt =0forall1 <j <
N — 1, we infer from (5.16) that

((A(xo)z) - v) dvpdd" ! = 0.
TyyNB1

From the arbitrariness of ¢, it follows that (ff(xo)r,-) -v=~0foralll <i <N — 1. Since
A(xo) is symmetric, we deduce that A(xo)v € Tj(;, that is, A(x¢)v = cv for some ¢ €
[0, 1] (recall that all eigenvalues of A(xg) belong to [0, 1] by Lemma 5.2). Thus v is an
eigenvector of A(xg), and by the spectral theorem, we can also assume without loss of
generality that 71, ..., Ty—1 are also eigenvectors of ff(xo).

Step 2: We next show that A(xq) is the projection matrix onto the tangent space to 92
at xo. We now consider a test vector field ¢ of the form ¢(x) = f)(x)(p(%) for x €
B,(x0), where ¢ € C(B;) and 7 € CL(RY; RY) is such that 7(x) is a normal vector to
02 at x € 0% satisfying ¥(x¢) = vq(x¢). Using estimates in a similar way to the proof of
Lemma 5.3 (this time, the boundary term is cancelled thanks to the first property of (5)),
we obtain

/ A(x0) : (v ® Vo) dH N1 =0 forall p € C(By),
TxoﬂBl

and thus, by Step 1, ¢ /. TyyNB1 9,0 dFN—1 = 0. By the arbitrariness of ¢, this last equality
shows that ¢ = 0. As a consequence, there exist real numbers cy,...,cy—1 € [0, 1] (the
eigenvalues of A(xg) associated to the eigenvectors 7y, ..., Txy—;) such that A(xo) =
ZlN:_II ¢iT; ® 7;. According to Lemma 5.2, tr(A(xo)) = c¢; + -+ +cy—1 = N — 1, and
we deduce that ¢; = --- = cy_; = 1. Hence, A(xo) = ZlNz_ll ;1 =Id—v ®v as
announced. ]

We can now complete the proof of our second main theorem.

Proof of Theorem 1.2. (i) This point is a consequence of Lemma 4.1.

(i1) Using that v, = £vgq, JHNV-1ae indQ2 N fu*, and gathering Lemmas 5.3 and
54, yields A = 1d — vy, ® vy,, HN"1ae. in Ju,. Thus, according to (5.8) and
(5.9), we get

/A A:DXdHN ' = [ (1d— vy, ®vy,): DX dHN L
Ju* Ju*

Then Lemma 5.1 implies that

/ (IVus21d — 2V, ® Vi) : DX dx + | (Id— vy, ® vy,) : DX dH V!
Q Ju*

= —/ (X -vg)dAs +/ [V g|2(X -vg)dH N1
aQ IQ

- 2/ (Vuy -va)(Xy - Veg)dF N1
Q
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forall X € G} (R ;R¥). Specifying this identity to vector fields X € C 1 (RY;RY)
satisfying X - vg = 0 on 02 leads to

/ (|Vux]?Id — 2Vu, ® Vuy) : DX dx + / (Id — vy, ® vy,) : DX dFN !
Q

Uk

= —2/ (Vg -va)(X - Vog)d# N1,
Q2

and (1.17) follows from the definition of the tangential divergence of X on the
countably F ¥ ~1-rectifiable set J,,, . n

The results of this section also give the following convergences that will be used in
Section 6.

Corollary 5.1. Let (ug, ve) € Ag(R2), we given by (5.2), and uy € SBVZ(Q) N L™(Q)
be as in Theorem 1.2. Then
Vw, Vw,
[Vwe| [Vwe|

IVwe |2V L Q 2 vy, @ vy, KN J,,
weakly* in M(S2: MM*N), (5.17)
1 . _
eV, @ Vo, VN L Q A 7 Vs Quu, KNV Jy,  weakly* in M(;MV*N). (5.18)

Proof. The first point (5.17) follows from (5.14) together with Lemmas 5.3 and 5.4 by
observing that v,, = +vg, #V 1-ae. in 9Q N J,,. The second point (5.18) follows

from the first one, the equipartition of energy (5.4), and the fact that ;—Zil = \g_KI' ]

6. Passing to the limit in the second inner variation

The aim of this section is to complement Theorem 1.2, also proving the convergence of
the second inner variation of AT,. As a consequence, we shall deduce that if the limit u
comes from stable critical points of AT, then u, satisfies a certain stability condition for
MS. Our analysis and result parallel completely those in [25-27] for the Allen—Cahn-type
energies arising in phase transitions problems.

Proof of Theorem 1.3. Assume that 92 is of class @>! and g € C>%(3dQ2) for some « €
(0, 1). By Theorem 3.2, if (u,, v,) is a critical point of the Ambrosio—Tortorelli functional
then it belongs to [C>*(£2)]?. To prove the convergence of the second inner variation, we
use Lemma A.3 and formula (A.6). From Proposition 5.1, we know that

Me + v2Vug — Vu, strongly in L2(€2; RY),
1 A _

|V 2EN L Q X EJfN_ll_Ju* weakly* in M(S2),

(ve — 1)

2
1 . _
o LvLe X SHN T L, weakly® in M(Q).
&
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On the other hand, Corollary 5.1 ensures that
« 1 T , _
eV, @ Vo VL Q & 2 Vs Q@ vy, KNI J,,  weakly* in M(Q; MV *V),

Let X € C2(RY;RY) and G € C2(R") be such that X - vg = 0 and G = g on 3%, and
set Y := (DX)X. Observing that | DX Vv, |?> = (DX(DX)") : (Vve ® Vuv,), we can pass
to the limit in all the terms of §2AT, (ug, v¢)[X, G] in (A.6) to find that

lim 82 AT, (us, v6)[ X, G]
&—>
= / (|Vus|*1d — 2(Vu, ® Vuy)) : DY dx
Q
n / divie y dgeV -1
Fux
+ / |V *((div X)? — tr(DX)?) — 4((Vus ® Vuy) : DX)div X dx
Q
+ / [4(Visx ® Vuy) : (DX)? + 2| DX Vi, |?] dx
Q
+ 4/ [Vuy - V(X - VG)divX — (Vux ® V(X - VG)) : (DX + (DX)")] dx
Q
+2/ Vu*-V(X-V(X-G))dx+2/ V(X - VG)|?dx
Q Q

+ / [(div X)? — tr(DX)? — 2((vy, ® vu,) : DX)div X]dHN 1
Ju*

+ 2/A [V, ® Vi) 1 (DX)? + [ DX vy, [P]d N (6.1)

Jur
Using the geometric formulas stated in [25, proof of Theorem 1.1, pp. 1851-1852], we
infer that

(div X)? — tr[(DX)?] — 2((vy, ® vu,) : DX)div X + 2(vy, ® vy,) : (DX)?

+ |DX v, |?
N-1 N—-1
= (div/ X)2 4+ D [0 X) P = Y (1 05, X)(xj - 95, X)
i=1 i,j=1
+ (vu, ® vy,) : DX)2. (6.2)

According to the expression of the inner second variation of the Mumford—Shah energy
stated in Lemma A .4, (6.1), and (6.2), we infer that

lim 82 AT (ug, vo)[X, G] = §°MS(u4)[X, G] + / ((Vu, ® vu,) : DX)2dAeN L,
£—>

Ux

Now assume that (1, v¢) € #Ag(S2) is a stable critical point of AT, i.e.,

d® AT (e, ve)[¢, Y] 2 0 forall (. ¥) € Hy () x [Hy () NLO(R)].  (6.3)
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where d?AT, (ug, v,) is the second outer variation of AT, at (u,, v;) given by formu-
la (A.1).

Let us fix an arbitrary vector field X € C2(RY;R") and an arbitrary function G €
C3(RN) satisfying X - vg = 0 and G = g on dR2. According to Lemma A.2, we have

82 AT, (g, v6)[X, G] = d®AT,(us, v)[X - V(ug — G), X - Vvg]
+ dAT (e, ve)[X - V(X - V(ue — G)), X - V(X - V)]

Since (4, ve) = (g,1) and X - vg = 0 on 02, we have X - V(u, — G) = X - Vv, =0
on dK2. As a consequence, the functions X - V(u, — G) and X - Vv, belong to €2(R) and
also vanish on d€2. Therefore, X - V(X - V(u, — G)) = X - V(X - Vu,) = 0 on 9€2. Next,
(ug, vg) being a critical point of AT,, we have

dAT, (ug, ve)[X - V(X - V(ug — G)), X - V(X - Vv,)] = 0.
Back to (6.3), it follows that
82 AT, (ue, ve)[X, G] = d®AT,(ug, ve)[X - V(ue — G), X - Vg] > 0.

Now passing to the limit in the second inner variation yields (1.18), and the proof of
Theorem 1.3 is now complete. ]

Remark 6.1. In [7, 11], the authors explore second-order minimality conditions for the
Mumford—Shah functional in the case where the jump set is regular enough. Such condi-
tions could be derived in our context, taking care of the Dirichlet boundary data and thus
of the fact that the jump set can charge the boundary. We do not develop this point here
and refer to [11, Theorem 3.6], where the authors provide another expression for §2MS (u)
defined for smooth vector fields X compactly supported in 2 (see Remark A.1). But we
indicate that, as a consequence of Theorem 1.3, it can be seen that, if (1., v;) € Ag(2)
is a stable critical point of AT, such that, up to a subsequence, U, — Uy in LZ(Q) and
(1.16) hold, then u, satisfies the second-order minimality condition for the Mumford—
Shah functional derived in [7, 11], provided JAu* is sufficiently smooth. This follows by
choosing X € C(RY; R¥) of the form X = ¢v,, o IT in a neighborhood of ju* and
satisfying vy, - (DXv,,) = 0 on fu*, where IT denotes the nearest point projection onto
fu* and ¢ is an arbitrary smooth scalar function.

7. Conclusion

We have proved that critical points of the Ambrosio—Tortorelli functional converge to crit-
ical points of the Mumford—Shah functional if the convergence of energies AT, (u,, ve) —
MS (u4) holds true.

The same assumption has been used before in [25-27,34] to prove that critical points
of the Allen—Cahn energy converge to minimal surfaces. However, the results of these
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papers are different and more general. Indeed, in those references the authors prove
the following stronger result: if z, € H'(Q) is such that z, — z in L'(Q) with z €
BV(Q2;{1,—1}) and

(1-:z2)?

4
- )dx —~ P(2) = $IDz|(@).

I
AC = —|Vze|?
e(ze) /;2(2| ze|” +

then, provided the interface I' := 9{z = 1} N Q is such that T is of class €2,
SAC,(zo)[X] — 8P (2)[X],

§2AC,(z5)[X] — 82P(2)[X] + g[ IDX : (v Q@ v)|2dHN !
T

for all smooth vector fields X : Q — R¥ that are tangent on the boundary. In particular, this
result holds true even if z is not a critical point of the Allen—Cahn energy. The argument
rests on the observation that the first and second inner variations of AC, can be written
as functionals of the measure |1 — Z§|V28$N L which, thanks to the convergence of
energy assumption, converges in a strict sense to %vp% N=1|_T. The passage to the limit
in SAC,(z¢)[X] and §>AC,(z¢)[X] is then an immediate consequence of the Reshetnyak
continuity theorem (see [1, Theorem 2.39]).

In our case, if (ug, vg) € Ag(R2) and u4 € SBV?(Q) are such that AT, (ug, vs) —
MS (u4), the analogous object to consider is the measure (1 — v,) Vv, £V L Q, which only
converges weakly* in the sense of measures to 0, while its variation (1 — v,)|Vvg|€N L Q
converges to N-1] fu* (see Proposition 5.1). In particular, no similar strict convergence
result holds. This is related to a cancellation property: in the Allen—Cahn case, jumps cor-
respond to a single (positive or negative) transition of the phase field variable z, between
the wells —1 and 1, while in the Ambrosio—Tortorelli case, jumps are the result of a first
(negative) transition of the phase field variable v, from 1 to 0, and a second (positive) one
from O to 1. It turns out that both transitions cancel out due to the opposite signs. However,
taking the variation, the transitions sum in absolute values and the jump set appears as the
limit of the mass. It formally explains why our result is really about critical points, and
why we had to use additional ingredients based on PDE and varifold approaches.

A. First and second variations

In this appendix we give explicit expressions for outer and inner variations of the Ambro-
sio—Tortorelli and Mumford—Shah functionals. First, we recall the expression of the first
and second outer variations of AT, defined by (1.5) and (1.6).

Lemma A.l. Ler @ C RY be a bounded open set with Lipschitz boundary and g €
H%(BQ). For all (u,v) € Ag(Q) and all (¢, ) € H () x [Hy () N LX(Q)],
(v—Dy

dAT, (u, v)[¢, ¥] = 2/ [(na+ v H)Vu - Vo + eV - Vi + |VulPoy + By ]dx,
Q
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d2ATs(u, v)[p, ¥] = / [(ng + v2)|V¢|2 + 4dvyyVu - V¢ + 8|V1p|2 + |Vu|2w2
Q

2
L

48]dx. (A1)

The computations of inner variations rely on one-parameter groups of diffeomor-
phisms over £, or equivalently on their infinitesimal generators. More precisely, assuming
that 92 is of class €¥*! with k > 1, and given a vector field X € CX(RY;RY) satisfy-
ing X - vg = 0 on 92, we consider the integral flow {®;};cg of X defined through the
resolution of ODE (1.7) for every x € RY . Then ®, = Id and the flow rule asserts that
;5 = & 0 ;. Since X - vg = 0 on 92, {P;};er is a one-parameter group of ek.
diffeomorphisms from 2 into itself, and from d<2 into itself.

Given (sufficiently smooth) boundary data g, we consider an arbitrary (smooth) exten-
sion G of g to Q to define a one-parameter family of deformations {(u,v)}rer C g ()
satisfying (19, vo) = (u, v) for a given pair (u, v) € A¢(2) by setting u; :=u o &_; —
Go®_; + G and v; := v o _;. The first and second inner variations §AT, and §2AT,
of AT, at (u, v) are then defined by (1.9).

Remark A.l. We emphasize that SAT,(u, v)[X, G] and §?AT,(u, v)[X, G] depend on
both the vector field X and the extension G of the boundary data g, because the family of
deformations {(u,, v;)}scr depends on X and G. It allows one to perform inner variations
of the energy up to the boundary. This type of deformation includes the more usual vari-
ation {(u o ®_;,v 0 ®_;)},er With X compactly supported in 2. Indeed, in this case we
may choose an extension G supported in a small neighborhood of d<2 in such a way that
suppG Nsupp X = 0. Then G o _;, = G, and thus u; = u o d_;.

If the pair (u, v) and 92 are smooth enough, one can compute the first and second
inner variations of AT, at (u, v) using the Taylor expansion of (u,, v;) with respect to
the parameter ¢. One may for instance follow the general setting of [27, Lemma 2.2 and
Corollary 2.3].

Lemma A.2. Let Q C RY be a bounded open set with boundary of class C2, g € C2(dR2),
and (u,v) € Ag(2) N [C2(Q)]%
() Then for every vector field X € C! (RY;RY) and every extension G € C*(RN)
satisfying X -vg = 0and G = g on 022,
8AT (u,v)[X, G] = —dAT(u,v)[X - V(u — G), X - V).

(ii) Iffurther 02 is of class C3, g € C3(dR2), and (u,v) € g () N [C3(Q)]?, then for
every vector field X € C2 (RY;RY) and every extension G € C3(RN) satisfying
X -vg=0and G = g on 0%,

§2AT, (1, v)[X, G] = d*AT,(u,v)[X - V(u —G), X - V]
+ dAT,(u,v)[X - V(X - V(u — G)), X - V(X - Vv)].
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Proof. Define ii; := u o ®_; — G o ®_,. Since (u,v) and G belong to C2(Q), we can
differentiate (u;, v;) with respect to ¢ and use (1.7) with the flow rule &, = ®; o & to
find

.. d d _ B _
(e, V) = —(Ug,v1) = — (Ur4s,Ve+s) = (=X -V, —X - V) € [GI(Q)]Z-
dr ds Is=0
In particular, we have
(g, 09) = (=X -V(u - G),—X - Vv). (A.2)

If 9Q is of class 3, g € C3(R), and (u, v) € A4 () N [C3(R)]?, then we can differen-
tiate (2, U;) with respect to ¢ to obtain

d
iit = —L'tt = _X Vut == X V(X ‘Vl_{t),

dr
d
Uy 1= EU; =—-X-Viy=X- V(X . VU[).
Hence,
iip= X -V(X-V(u—G)) and io=X-V(X-Vv). (A3)

Next, elementary computations yield

d ..
EATE(utv vr) = dATg(u;, vs)[is, V]

and
2

d . .
37 AT, v0) = d? AT, (uy, v)[ity, 0] + dATe(uy, vo)[iir, U],

so that the conclusion follows from (A.2)—(A.3) evaluating those derivatives at = 0. m

In the case that the pair (1, v) only belongs to the energy space g(S2), we can
compute the first and second inner variations of AT, by making the change of variables
y = ®;(x) in the integrals defining AT, (u,, v;). Then one expands the result with respect
to ¢ using a Taylor expansion of ;. If X € G? (RV;RY), the second-order Taylor expan-
sion near ¢ = 0 of the flow map ®; induced by X is given by

t2
&, =1d+tX + 3)' + 0(t?), (A.4)

where ¥ € €} (RY; R") denotes the vector field Y := (DX)X, DX being the Jacobian
matrix of X (i.e. (DX);; = 9; X;, with i the row index and j the column index), and o(s)
denotes a quantity satisfying o(s)/s — 0 as s — 0 uniformly with respect to x € RV .

Lemma A.3. Let @ C RN be a bounded open set with boundary of class €2, g € C2(9R)
and (u,v) € Ag(Q2).
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(i) Then for every vector field X € CL(RN;RN) and every extension G € C*(RV)
satisfying X -vg = 0and G = g on 0%,

AT, (u,v)[X,G] = / (s + v®)[|Vu|?1d — 2Vu ® Vu] : DX dx
Q

2 (U — 1)2 _ .
—I—/Q[(8|Vv| - )Id 28VU®VU].Dde
+ 2[ (s + v®)Vu - V(X - VG) dx. (A.5)

Q

(i) If. further, 0 is of class C3, g € C3(0Q), then for every vector field X €
€2 (RY:RY) and every extension G € C3>(RN) satisfying X -vg =0and G = g
on 09,

82 AT, (u,v)[X, G]
= /Q(ng + v?)(|Vu|?1d — 2(Vu ® Vu)) : DY dx
+ /Q (e + v3){|Vul*((div X)* — w((DX)?))
—4((Vu ® Vu) : DX)divX + 4(Vu ® Vu) : (DX)?
+2|DX"Vu|*} dx
+ 4/9(:78 +v)[(Vu- V(X -VG))divX
-~ (Vu® V(X -VG)) : (DX + (DX)")]dx

+ 2/ (s + v*)Vu - V(X - V(X - VG)) dx
Q

+2/ (1 + V)| V(X - VG)P dx
Q

+ /Q[<8|Vv|2 4 U ;81)2>Id— 26Vv @ Vo) : DY d

—1)2
+ /Q (8|Vv|2+ © 481) )((divX)z—tr((DX)z)) dx
—4/ e((Vv ® Vv) : DX) div X dx
Q
+ 4/ e(Vv ® Vv) : (DX)?dx + 2] e|DX"Vvl|? dx, (A.6)
Q Q

with Y == (DX)X.

Remark A.2. From (A.5) we see that if (4, v) € #44(£2) is a critical point of AT, in
the sense that dAT.(u, v)[¢, ¥] = O for all admissible (¢, V), then §AT.(u, v)[X, G] is
independent of the extension G. Indeed, an integration by parts and the first equation in
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(1.2) show that, in this case,
/ (s + v*)Vu - V(X -VG)dx = (1, + 1)/ u(X - Veg)d#x N1,
Q Q

since X - vg = 0 on 92 (V. is the tangential gradient on d<2). For the second inner varia-
tion (A.6), even if (u,v) € A4 (Q) satisfies dAT,(u, v)[¢p, V] = O for (¢, V) € [CX(Q)]?,
the expression §2AT,(u, v)[X, G] does depend on the extension G, and not only on the
boundary data g, because of the terms

/ (s + vH)[(Vu - V(X - VG))Id —2Vu ® V(X - VG)] : DX dx
Q
+ / (e +v})|V(X - VG)| dx.
Q

If we take X € C2°(2; RY) and G € C2(RY) an extension of g such that supp G N
supp X = @, and if we assume (u, v) € #4(£2) to be a critical of AT,, then the expression
of the second inner variation (A.6) simplifies. Indeed, the terms that contain ¥ = (DX)X
disappear, since by regularity we have § AT, (u, v)[Y, G] = 0, and all terms containing G
disappear. In this case, we end up with

82 AT, (u, v)[X, G]

= / (e + v3){((div X)* — r((DX)?)) — 4((Vu ® Vu) : DX)divX
“ +4(Vu ® Vu) 1 (DX)? + 2| DX Vu[?} dx

— 12
+ /Q (e|W|2 + %)((div X)2 — tr((DX)?)) dx
—4[ e((Vv ® Vv) : DX)div X dx + 4/ (Vo ® Vv) : (DX)?dx
Q Q
+2/ e|DXVv|? dx.
Q

Proof of Lemma A.3. For simplicity, we assume that 32 is of class C3, g € @3(dR2), and
we observe that the computation of §AT, below only requires C? regularity. We fix X €
C2(RYN;RM)and G € @3(Q) satisfying X -v=0and G = g on Q. We set fi; ;== u o d_;
and G; := G o ®_;. Since u; = 1ty — (G; — G), we have

ATy (7. v0) = ATa(ily. vy) —2/9078 + ) Vi, - V(G, - G) dx
4 f (1 + V)|V(Gs — G)P dx
Q

=: A(t) + B(t) + €(1). (A7)

We aim to compute the first and second derivatives at t = 0 of 4, B, and €, starting
with .
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By the chain rule in Sobolev spaces, we have

Vii, = [DO_]"Vu(P—;) = [DD;(P—)] " Vu(P—y). (A.8)
On the other hand, in view of (A.4), we have
12
[D®,] ' =1 —-1DX — FY+ t*(DX)* + o(t?) (A.9)
and
P

det(D®;) = 1+ 1divX + —[divY + (div X)? —u((DX)®)] +o(t?).  (A.10)
Using the change of variables x = ®;(y), classical computations (see e.g. [27]) yield

A'(0) = /Q(T]g +v?)[|Vu|?1d — 2Vu ® Vu] : DX dx

—1)?
+ / [(8|VU|2 n u)Id —2%eVu ® VU] - DX dx (A1)
Q 4e
and

A"(0) = / (e + v){|Vu*(divY + (div X)? — u((DX)?))
“ — 4((Vu ® Vi) : DX)div X
—2(Vu ® Vu) : (DY —2(DX)?) 4 2|DX"Vul?} dx

2 (U - 1)2 . . 2 2
+ (£|Vv| + —)(dwY + (div X)* — tr((DX) ))
Q de
—4e((Vv ® Vv) : DX)div X dx
— 2[ e(Vv ® Vv) : (DY —2(DX)?)dx + 2/ g|DX"Vv|?dx. (A.12)
Q Q
Next we compute the derivatives of B. To this purpose, we observe that
Vilgys = [DOg(P_y)] Vil (P—s), VGiys = [DDs(P_y)] VG, (P_y),
and by (A.9),
[D®;] VG, — VG(®;) = V(G — G) —s(DX)'V(G; — G) —sV(X - VG) + o(s).
Using the change of variables x = ®(y) and (A.9)—(A.10) again, we obtain

/Q (e + V2, ) Vil 4s - V(Girps — G) d
- fg (1 + ) (DD Vi, - ((DD,] VG, — VG(®,)) det(D®,) dy
= / (e + v))Vil; - V(G — G) dx — s/ (e + v®)Vit; - V(X - VG) dx
Q Q

+ s/ (e + vA)[(Vit, - V(G, — G))div X
¢ — (Vii; ® V(Gy — G)) : (DX + (DX)")] dx + o(s).
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Consequently,
B'(t) = 2/ (e + vtz)Vﬁ, - V(X -VG)dx
Q

— 2/ (e + v)[(Vil, - V(G — G)) div X
¢ — (Vii, ® V(G; — G)) : (DX + (DX)T)] dx

and, in particular,
B'(0) = 2/ (e + v*)Vu - V(X - VG) dx. (A.13)
Q

To compute B”(0), we write B'(r) =: I(z) — I1(¢), and we set, for simplicity, H := X -
VG. Since
VH(®,) = VH + V(X - VH) — t(DX)'VH + o(t),

we can change variables y = ®;(x) and use (A.8)—(A.9)—(A.10) again to find
I(t) = 2/9(778 +v%)Vu - VH dx + 2t /Q(ne +v®)Vu-V(X -VH)dx
+ 2t fQ(TIs +v3)[(Vu-VH)divX — (Vu ® VH) : (DX 4+ (DX)")]dx + o(?).
Since G; — G = —tH + o(t), we easily infer that
II(¢) = —2¢ /Q(ng +v?)[(Vu-VH)divX — (Vu ® VH) : (DX 4+ (DX)")]dx + o(2),
and consequently,
B"(0) = 2[9(775 +v%)Vu - V(X - VH) dx

+ 4[ (ne + v3)[(Vu - VH) div X
Q
—(Vu® VH) : (DX + (DX)")] dx. (A.14)
Similarly,
€)= t2/ (e + v*)|VH|*dx + o(t?),
Q

so that
€'0)=0 and €"(0) = 2/ (e + v?)|VH|? dx. (A.15)
Q

In view of (A.7), gathering (A.11)—(A.13)—(A.15) or (A.12)—(A.14)—(A.15) leads to the
announced formula for §AT,(u, v)[X, G] and §2AT,(u, v)[X, G] respectively. (]

Similar computations, together with the well-known first and second inner variations
of a countably J¢~~!-rectifiable set (see e.g. [43, Chapter 2, Section 9]), lead to explicit
expressions for the first and second inner variations of the Mumford—Shah functional.
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Lemma A.4. Let Q@ C RY be a bounded open set of class C?, g € C2(3R2), and u €
SBV?(Q).

() Then for all vector fields X € G} (RN ;RY) and every extension G € C2(RN) with
X -vg =0and G = g on 0, we have

SMS(u)[X,G] = / (|Vu|?Id — 2Vu ® Vu) : DX dx
Q
+/A div/ x dgeN -1 +2/ Vu-V(X-VG)dx. (A.16)
u Q

(i) If. further, Q is of class C3 and g € C3(0Q), then for all vector fields X €
G?(RN; RY) and every extension G € 3 (RN) with X -vq = 0 and G = g on
092, we have

§>MS(u)[X, G]

= / (|Vu|?Ild —2Vu ® Vu) : DY dx + / div/ y dgeN—1
Q u
+ / [IVul*((div X)* — tr((DX)?)) — 4((Vu ® Vu) : DX)div X]dx
Q

+ / [4(Vu ® Vu) : (DX)? + 2|DX"Vu|?] dx
Q

N-1
3 (-0 X)( - ar,.X)} dgeN-1

i,j=1

. N-1
di JuX 2 an 12
+&hw P2 100"
+2/ Vu-V(X-V(X-G))dx—i—Z/ V(X -VG)|*dx
Q Q

4 [ [(Vu-V(X-VG))div
? _(Vu® V(X -VG)): (DX + (DX)")]dx,

where (11, ..., TN—1) is a basis of the tangent plane to ju at a given point x € ju

Proof. The second inner variation of the part fQ |Vu|? dx is computed exactly as in the
proof of Lemma A.3, recalling that the chain rule still holds for the approximate gra-
dient V(u o ®_;) = [D®_,]"Vu(®_,). For the singular part of the energy, we use that
J(’N_l(ju,) = HN1(J;,), where i, = 1l o ®_, and #I = ulg + G1gn\g- The second
variation of such a functional is computed with the area formula as in [43, Chapter 2],
together with the geometric formula

(div X)? —tr[(VX)?] = 2((vy ® vy) : DX)div X + 2(vy, ® 1) 1 (DX)? + | DX v, |?
N-1 N-1
= (@div* X)2+ Y [0 X)) = D (1 05 X) (5 - 95, X) + (0 ® i) : VX)?,

i=1 i,j=1

stated in [25, proof of Theorem 1.1, pp. 1851-1852]. ]
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Remark A.3. Asin Remark A.2, SMS(u)[X, G] is independent of the extension G when
u is a critical point for the outer variations of MS, while §2MS(u)[X, G| does depend on
the extension G in general. If u satisfies SMS(u)[X, G] = 0, then for all X € C(Q,RY)
with supp G N supp X = @, the formula of the second inner variation reduces to

§MS(u)[X,G] = / |Vu|?((div X)? — tr((DX)?)) — 4((Vu ® Vu) : DX)div X dx
Q

+ / 4Vu ® Vu : (DX)* + 2|DX"Vu|? dx
Q

N-1
+ f [(divfu X2+ )10, X))
Ju i=1
N-1
~ Y (2 X 'af,.X)} ageN-1.

i,j=1

Funding. Rémy Rodiac has been partially supported by the ANR project BLADE Jr.
ANR-18-CE40-0023.

References

[1] L. Ambrosio, N. Fusco, and D. Pallara, Functions of bounded variation and free discontinuity
problems. Oxford Math. Monogr., The Clarendon Press, Oxford University Press, New York,
2000 Zbl 0957.49001 MR 1857292

[2] L. Ambrosio and H. M. Soner, A measure-theoretic approach to higher codimension mean
curvature flows. Ann. Scuola Norm. Sup. Pisa CI. Sci. (4) 25, (1997), no. 1-2, 27-49
Zbl 1043.35136 MR 1655508

[3] L. Ambrosio and V. M. Tortorelli, Approximation of functionals depending on jumps by ellip-
tic functionals via I'-convergence. Comm. Pure Appl. Math. 43 (1990), no. 8, 999-1036
Zbl 0722.49020 MR 1075076

[4] L. Ambrosio and V. M. Tortorelli, On the approximation of free discontinuity problems. Boll.
Un. Mat. Ital. B (7) 6 (1992), no. 1, 105-123 Zbl 0776.49029 MR 1164940

[5] J.-F. Babadjian, V. Millot, and R. Rodiac, A note on the one-dimensional critical points of the
Ambrosio—Tortorelli functional. 2022, DOI 10.3233/asy-231857

[6] F. Bethuel, H. Brezis, and G. Orlandi, Asymptotics for the Ginzburg—Landau equation in arbi-
trary dimensions. J. Funct. Anal. 186 (2001), no. 2, 432-520 Zbl 1077.35047 MR 1864830

[7] M. Bonacini and M. Morini, Stable regular critical points of the Mumford—Shah functional are
local minimizers. Ann. Inst. H. Poincaré C Anal. Non Linéaire 32 (2015), no. 3, 533-570
Zbl 1316.49026 MR 3353700

[8] B. Bourdin, Numerical implementation of the variational formulation for quasi-static brittle
fracture. Interfaces Free Bound. 9 (2007), no. 3, 411-430 Zbl 1130.74040 MR 2341850

[9] B. Bourdin, G. A. Francfort, and J.-J. Marigo, The variational approach to fracture. Springer,
New York, 2008 Zbl 1425.74004 MR 2473620

[10] A. Braides, Local minimization, variational evolution and I"-convergence. Lect. Notes Math.
2094, Springer, Cham, 2014 Zbl 1316.49002 MR 3137417


https://zbmath.org/?q=an:0957.49001
https://mathscinet.ams.org/mathscinet-getitem?mr=1857292
https://zbmath.org/?q=an:1043.35136
https://mathscinet.ams.org/mathscinet-getitem?mr=1655508
https://doi.org/10.1002/cpa.3160430805
https://doi.org/10.1002/cpa.3160430805
https://zbmath.org/?q=an:0722.49020
https://mathscinet.ams.org/mathscinet-getitem?mr=1075076
https://zbmath.org/?q=an:0776.49029
https://mathscinet.ams.org/mathscinet-getitem?mr=1164940
https://doi.org/10.3233/asy-231857
https://doi.org/10.3233/asy-231857
https://doi.org/10.3233/asy-231857
https://doi.org/10.1006/jfan.2001.3791
https://doi.org/10.1006/jfan.2001.3791
https://zbmath.org/?q=an:1077.35047
https://mathscinet.ams.org/mathscinet-getitem?mr=1864830
https://doi.org/10.1016/j.anihpc.2014.01.006
https://doi.org/10.1016/j.anihpc.2014.01.006
https://zbmath.org/?q=an:1316.49026
https://mathscinet.ams.org/mathscinet-getitem?mr=3353700
https://doi.org/10.4171/IFB/171
https://doi.org/10.4171/IFB/171
https://zbmath.org/?q=an:1130.74040
https://mathscinet.ams.org/mathscinet-getitem?mr=2341850
https://doi.org/10.1007/978-1-4020-6395-4
https://zbmath.org/?q=an:1425.74004
https://mathscinet.ams.org/mathscinet-getitem?mr=2473620
https://doi.org/10.1007/978-3-319-01982-6
https://zbmath.org/?q=an:1316.49002
https://mathscinet.ams.org/mathscinet-getitem?mr=3137417

(11]

(12]

(13]
(14]

(15]
[16]

(17]

(18]

[19]

(20]

(21]

(22]

(23]

[24]

[25]

(26]

(27]

(28]

(29]

Critical of points of the Ambrosio—Tortorelli functional 1415

F. Cagnetti, M. G. Mora, and M. Morini, A second order minimality condition for the
Mumford-Shah functional. Calc. Var. Partial Differential Equations 33 (2008), no. 1, 37—
74 Zbl 1191.49018 MR 2413101

F. Dipasquale, V. Millot, and A. Pisante, Torus-like solutions for the Landau—de Gennes model.
Part I: The Lyuksyutov regime. Arch. Ration. Mech. Anal. 239 (2021), no. 2, 599-678

Zbl 1456.82909 MR 4201614

G. A. Francfort and A. Giacomini. Personal communication

G. A. Francfort, N. Q. Le, and S. Serfaty, Critical points of Ambrosio—Tortorelli converge to
critical points of Mumford—Shah in the one-dimensional Dirichlet case. ESAIM Control Optim.
Calc. Var. 15 (2009), no. 3, 576-598 Zbl 1168.49041 MR 2542574

G. A. Francfort and J.-J. Marigo, Revisiting brittle fracture as an energy minimization problem.
J. Mech. Phys. Solids 46 (1998), no. 8, 1319-1342 Zbl 0966.74060 MR 1633984

P. Gaspar, The second inner variation of energy and the Morse index of limit interfaces.
J. Geom. Anal. 30 (2020), no. 1, 69-85 Zbl 1443.53022 MR 4058505

P. Gaspar and M. A. M. Guaraco, The Allen—Cahn equation on closed manifolds. Calc. Var.
Fartial Differential Equations 57 (2018), no. 4, article no. 101 Zbl 1396.53064

MR 3814054

M. Giaquinta and L. Martinazzi, An introduction to the regularity theory for elliptic systems,
harmonic maps and minimal graphs. 2nd edn., Appunti, Sc. Norm. Super. Pisa (N.S.) 11,
Edizioni della Normale, Pisa, 2012 Zbl 1262.35001 MR 3099262

E. Giusti, Direct methods in the calculus of variations. World Scientific, River Edge, NJ, 2003
Zbl 1028.49001 MR 1962933

M. A. M. Guaraco, Min-max for phase transitions and the existence of embedded minimal
hypersurfaces. J. Differential Geom. 108 (2018), no. 1, 91-133 Zbl 1387.49060

MR 3743704

F. Hiesmayr, Spectrum and index of two-sided Allen—Cahn minimal hypersurfaces. Comm.
Partial Differential Equations 43 (2018), no. 11, 1541-1565 Zbl 1462.53057 MR 3924215
J. E. Hutchinson and Y. Tonegawa, Convergence of phase interfaces in the van der Waals—
Cahn-Hilliard theory. Calc. Var. Partial Differential Equations 10 (2000), no. 1, 49-84

Zbl 1070.49026 MR 1803974

R. L. Jerrard and P. Sternberg, Critical points via I'-convergence: General theory and applica-
tions. J. Eur. Math. Soc. (JEMS) 11 (2009), no. 4, 705-753 Zbl 1171.49011 MR 2538502
N. Q. Le, Convergence results for critical points of the one-dimensional Ambrosio—Tortorelli
functional with fidelity term. Adv. Differential Equations 15 (2010), no. 3-4, 255-282

Zbl 1190.49048 MR 2588770

N. Q. Le, On the second inner variation of the Allen—Cahn functional and its applications.
Indiana Univ. Math. J. 60 (2011), no. 6, 1843-1856 Zbl 1273.49017 MR 3008253

N. Q. Le, On the second inner variations of Allen—Cahn type energies and applications to local
minimizers. J. Math. Pures Appl. (9) 103 (2015), no. 6, 1317-1345 Zbl 1405.49008

MR 3343700

N. Q. Le and P. J. Sternberg, Asymptotic behavior of Allen—Cahn-type energies and Neumann
eigenvalues via inner variations. Ann. Mat. Pura Appl. (4) 198 (2019), no. 4, 1257-1293

Zbl 1420.49050 MR 3987215

F. Lin and C. Wang, Harmonic and quasi-harmonic spheres. Comm. Anal. Geom. T (1999),
no. 2, 397-429 7Zbl 0934.58018 MR 1685578

F. Lin and C. Wang, Harmonic and quasi-harmonic spheres. II. Comm. Anal. Geom. 10 (2002),
no. 2, 341-375 Zbl 1042.58005 MR 1900755


https://doi.org/10.1007/s00526-007-0152-3
https://doi.org/10.1007/s00526-007-0152-3
https://zbmath.org/?q=an:1191.49018
https://mathscinet.ams.org/mathscinet-getitem?mr=2413101
https://doi.org/10.1007/s00205-020-01582-8
https://doi.org/10.1007/s00205-020-01582-8
https://zbmath.org/?q=an:1456.82909
https://mathscinet.ams.org/mathscinet-getitem?mr=4201614
https://doi.org/10.1051/cocv:2008041
https://doi.org/10.1051/cocv:2008041
https://zbmath.org/?q=an:1168.49041
https://mathscinet.ams.org/mathscinet-getitem?mr=2542574
https://doi.org/10.1016/S0022-5096(98)00034-9
https://zbmath.org/?q=an:0966.74060
https://mathscinet.ams.org/mathscinet-getitem?mr=1633984
https://doi.org/10.1007/s12220-018-00134-7
https://zbmath.org/?q=an:1443.53022
https://mathscinet.ams.org/mathscinet-getitem?mr=4058505
https://doi.org/10.1007/s00526-018-1379-x
https://zbmath.org/?q=an:1396.53064
https://mathscinet.ams.org/mathscinet-getitem?mr=3814054
https://doi.org/10.1007/978-88-7642-443-4
https://doi.org/10.1007/978-88-7642-443-4
https://zbmath.org/?q=an:1262.35001
https://mathscinet.ams.org/mathscinet-getitem?mr=3099262
https://doi.org/10.1142/9789812795557
https://zbmath.org/?q=an:1028.49001
https://mathscinet.ams.org/mathscinet-getitem?mr=1962933
https://doi.org/10.4310/jdg/1513998031
https://doi.org/10.4310/jdg/1513998031
https://zbmath.org/?q=an:1387.49060
https://mathscinet.ams.org/mathscinet-getitem?mr=3743704
https://doi.org/10.1080/03605302.2018.1517790
https://zbmath.org/?q=an:1462.53057
https://mathscinet.ams.org/mathscinet-getitem?mr=3924215
https://doi.org/10.1007/PL00013453
https://doi.org/10.1007/PL00013453
https://zbmath.org/?q=an:1070.49026
https://mathscinet.ams.org/mathscinet-getitem?mr=1803974
https://doi.org/10.4171/JEMS/164
https://doi.org/10.4171/JEMS/164
https://zbmath.org/?q=an:1171.49011
https://mathscinet.ams.org/mathscinet-getitem?mr=2538502
https://doi.org/10.57262/ade/1355854750
https://doi.org/10.57262/ade/1355854750
https://zbmath.org/?q=an:1190.49048
https://mathscinet.ams.org/mathscinet-getitem?mr=2588770
https://doi.org/10.1512/iumj.2011.60.4505
https://zbmath.org/?q=an:1273.49017
https://mathscinet.ams.org/mathscinet-getitem?mr=3008253
https://doi.org/10.1016/j.matpur.2014.10.014
https://doi.org/10.1016/j.matpur.2014.10.014
https://zbmath.org/?q=an:1405.49008
https://mathscinet.ams.org/mathscinet-getitem?mr=3343700
https://doi.org/10.1007/s10231-018-0816-y
https://doi.org/10.1007/s10231-018-0816-y
https://zbmath.org/?q=an:1420.49050
https://mathscinet.ams.org/mathscinet-getitem?mr=3987215
https://doi.org/10.4310/CAG.1999.v7.n2.a9
https://zbmath.org/?q=an:0934.58018
https://mathscinet.ams.org/mathscinet-getitem?mr=1685578
https://doi.org/10.4310/CAG.2002.v10.n2.a5
https://zbmath.org/?q=an:1042.58005
https://mathscinet.ams.org/mathscinet-getitem?mr=1900755

(30]

(31]
(32]
(33]

(34]

(35]

(36]

(37]

(38]

(39]
[40]
[41]
[42]

[43]

[44]

[45]

[46]

J.-F. Babadjian, V. Millot, and R. Rodiac 1416

F. Lin and C. Wang, Harmonic and quasi-harmonic spheres. III. Rectifiability of the parabolic
defect measure and generalized varifold flows. Ann. Inst. H. Poincaré C Anal. Non Linéaire
19 (2002), no. 2, 209-259 Zbl 1042.58006 MR 1902744

F.-H. Lin, Gradient estimates and blow-up analysis for stationary harmonic maps. Ann. of
Math. (2) 149 (1999), no. 3, 785-829 Zbl 0949.58017 MR 1709303

F-H. Lin and T. Riviere, A quantization property for static Ginzburg—Landau vortices. Comm.
Pure Appl. Math. 54 (2001), no. 2, 206-228 Zbl 1033.58013 MR 1794353

F.-H. Lin and T. Riviére, Energy quantization for harmonic maps. Duke Math. J. 111 (2002),
no. 1, 177-193 Zbl 1014.58008 MR 1876445

S. Luckhaus and L. Modica, The Gibbs—Thompson relation within the gradient theory of phase
transitions. Arch. Rational Mech. Anal. 107 (1989), no. 1, 71-83 Zbl 0681.49012

MR 1000224

J. Marroquin, S. Mitter, and T. Poggio, Probabilistic solution of ill-posed problems in compu-
tational vision. J. Am. Stat. Assoc. 82 (1987), 76-89 Zbl 0641.65100

N. G. Meyers, An L?-estimate for the gradient of solutions of second order elliptic divergence
equations. Ann. Scuola Norm. Sup. Pisa CL. Sci. (3) 17 (1963), 189-206 Zbl 0127.31904
MR 159110

D. Mumford and J. Shah, Boundary detection by minimizing functionals. In IEEE Conference
on Computer Vision and Pattern Recognition, vol. 17, pp. 137-154, IEEE Computer Society
Press, San Francisco, 1985

D. Mumford and J. Shah, Optimal approximations by piecewise smooth functions and associ-
ated variational problems. Comm. Pure Appl. Math. 42 (1989), no. 5, 577-685

Zbl 0691.49036 MR 997568

P. Padilla and Y. Tonegawa, On the convergence of stable phase transitions. Comm. Pure Appl.
Math. 51 (1998), no. 6, 551-579 Zbl 0955.58011 MR 1611144

A. Pigati and D. Stern, Minimal submanifolds from the abelian Higgs model. Invent. Math.
223 (2021), no. 3, 1027-1095 Zbl 1467.53025 MR 4213771

T. Riviere, Harmonic maps with values into torii of revolution. Ph.D. thesis, I’Université Paris
6, 1993

C. Scheven, Partial regularity for stationary harmonic maps at a free boundary. Math. Z. 253
(2006), no. 1, 135-157 Zbl 1092.53050 MR 2206640

L. Simon, Lectures on geometric measure theory. Proc. Cent. Math. Anal. Aust. Natl. Univ. 3,
Australian National University, Centre for Mathematical Analysis, Canberra, 1983

Zbl 0546.49019 MR 756417

D. Stern, Existence and limiting behavior of min-max solutions of the Ginzburg—Landau equa-
tions on compact manifolds. J. Differential Geom. 118 (2021), no. 2, 335-371

Zbl 1472.35368 MR 4278697

Y. Tonegawa, Phase field model with a variable chemical potential. Proc. Roy. Soc. Edinburgh
Sect. A 132 (2002), no. 4, 993-1019 Zbl 1013.35070 MR 1926927

Y. Tonegawa, A diffused interface whose chemical potential lies in a Sobolev space. Ann. Sc.
Norm. Super. Pisa CI. Sci. (5) 4 (2005), no. 3, 487-510 Zbl 1170.35416 MR 2185866

Received 29 November 2022; revised 25 July 2023; accepted 3 August 2023.


https://doi.org/10.1016/S0294-1449(01)00090-7
https://doi.org/10.1016/S0294-1449(01)00090-7
https://zbmath.org/?q=an:1042.58006
https://mathscinet.ams.org/mathscinet-getitem?mr=1902744
https://doi.org/10.2307/121073
https://zbmath.org/?q=an:0949.58017
https://mathscinet.ams.org/mathscinet-getitem?mr=1709303
https://doi.org/10.1002/1097-0312(200102)54:2<206::AID-CPA3>3.0.CO;2-W
https://zbmath.org/?q=an:1033.58013
https://mathscinet.ams.org/mathscinet-getitem?mr=1794353
https://doi.org/10.1215/S0012-7094-02-11116-8
https://zbmath.org/?q=an:1014.58008
https://mathscinet.ams.org/mathscinet-getitem?mr=1876445
https://doi.org/10.1007/BF00251427
https://doi.org/10.1007/BF00251427
https://zbmath.org/?q=an:0681.49012
https://mathscinet.ams.org/mathscinet-getitem?mr=1000224
https://doi.org/10.1080/01621459.1987.10478393
https://doi.org/10.1080/01621459.1987.10478393
https://zbmath.org/?q=an:0641.65100
https://zbmath.org/?q=an:0127.31904
https://mathscinet.ams.org/mathscinet-getitem?mr=159110
https://doi.org/10.1002/cpa.3160420503
https://doi.org/10.1002/cpa.3160420503
https://zbmath.org/?q=an:0691.49036
https://mathscinet.ams.org/mathscinet-getitem?mr=997568
https://doi.org/10.1002/(SICI)1097-0312(199806)51:6<551::AID-CPA1>3.0.CO;2-6
https://zbmath.org/?q=an:0955.58011
https://mathscinet.ams.org/mathscinet-getitem?mr=1611144
https://doi.org/10.1007/s00222-020-01000-6
https://zbmath.org/?q=an:1467.53025
https://mathscinet.ams.org/mathscinet-getitem?mr=4213771
https://doi.org/10.1007/s00209-005-0891-9
https://zbmath.org/?q=an:1092.53050
https://mathscinet.ams.org/mathscinet-getitem?mr=2206640
https://zbmath.org/?q=an:0546.49019
https://mathscinet.ams.org/mathscinet-getitem?mr=756417
https://doi.org/10.4310/jdg/1622743143
https://doi.org/10.4310/jdg/1622743143
https://zbmath.org/?q=an:1472.35368
https://mathscinet.ams.org/mathscinet-getitem?mr=4278697
https://doi.org/10.1017/S0308210500001980
https://zbmath.org/?q=an:1013.35070
https://mathscinet.ams.org/mathscinet-getitem?mr=1926927
https://doi.org/10.2422/2036-2145.2005.3.05
https://zbmath.org/?q=an:1170.35416
https://mathscinet.ams.org/mathscinet-getitem?mr=2185866

Critical of points of the Ambrosio—Tortorelli functional 1417

Jean-Francois Babadjian
Laboratoire de mathématiques d’Orsay, Université Paris-Saclay, CNRS, 91405 Orsay, France;
jean-francois.babadjian @universite-paris-saclay.fr

Vincent Millot
LAMA, Université Paris Est Créteil, UPEM, Université Gustave Eiffel, CNRS, 94010 Créteil,
France; vincent.millot@u-pec.fr

Rémy Rodiac
Laboratoire de mathématiques d’Orsay, Université Paris-Saclay, CNRS, 91405 Orsay, France;
remy.rodiac @universite-paris-saclay.fr


mailto:jean-francois.babadjian@universite-paris-saclay.fr
mailto:vincent.millot@u-pec.fr
mailto:remy.rodiac@universite-paris-saclay.fr

	1. Introduction
	1.1. Outer and inner variations
	1.2. First-order criticality conditions for MS
	1.3. Main results
	1.4. Ideas of the convergence proof

	2. Notation and preliminaries
	2.1. Measures
	2.2. Functional spaces
	2.3. Varifolds
	2.4. Tangential divergence

	3. Regularity theory for critical points of the Ambrosio–Tortorelli energy
	3.1. Interior regularity
	3.2. Maximum principle and boundary regularity

	4. Compactness results
	5. Convergence of critical points
	6. Passing to the limit in the second inner variation
	7. Conclusion
	A. First and second variations
	References

