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On a Degenerating Limit Theorem of
DeMarco—Faber
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Yisuke OKUYAMA

Abstract

One of our aims is to complement the proof of DeMarco—Faber’s degenerating limit theo-
rem for the family of the unique maximal entropy measures parametrized by a punctured
open disk associated to a meromorphic family of rational functions on the complex projec-
tive line, degenerating at the puncture. This complementation is done by our main result,
which rectifies a key computation in their argument. We also establish and use a direct
and explicit translation from degenerating complex dynamics into quantized Berkovich
dynamics, instead of using DeMarco—Faber’s more conceptual transfer principle between
those dynamics.
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§1. Introduction

Let K be an algebraically closed field that is complete with respect to a non-trivial
and non-archimedean absolute value. The action of a rational function h € K(z)
on P! = P(K) extends continuously to that on the Berkovich projective line
P! = P!(K), which is a compact augmentation of P!. If in addition degh > 0,
then this extended action of h on P! is surjective, open, and fiber-discrete and
preserves the type (among I, II, III, and IV) of each point in P!, and the local
degree function deg h of h on P! also extends upper semicontinuously to P! so
that for every open subset V in P! and every component U of h=1(V), V 3 &'

Ysen-1(snnu degs h = deg(h: U = V).
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The pushforward operator h,: C°(P!) — C°(P1) is defined so that for every
¥ € CO°PY), (hut))(-) = Yscp-1(,)(degs h)¥(S) on P'. The pullback operator
h* from the space M(P') of all Radon measures on P! to itself is defined by the
transpose of h,, so that for every v € M(P!),

(1.1) h*y:/P1< 3 (degs,h)égl)y(S) on P,

S'eh—1(8)

where for each point S € P!, §s is the Dirac measure at S on P!; in particular,
(h*6s)(PY) = deg h.

§1.1. Factorization on P! and quantization

We follow the presentation in [5, §4.2]. For each finite subset I' consisting of type
IT points (e.g., a semistable vertex set) in P!, the family

S(T') := {either a component of P' \ I or a singleton {S} for some S € '} C P!

is a partition of P'; the measurable factor space P1/S(I') = S(T') equipped with
the o-algebra 2°5(I) is regarded as the measurable space (Pt 25 (F)), also regarding
25(I) as a o-subalgebra in the Borel o-algebra on P!.
Let M(T) be the set of all complex measures w on P*/S(T"). The measurable
factor map
mr = mp1p: P1 — P'/S(D)

induces the pullback operator (nr)* from the space of measurable functions on
P1/S(T) to that of measurable functions on P! and, in turn, the transpose (pro-
jection operator) (7r).: M(P!) — M(T) of (7r)* (by restricting each element of
M(PY) to 250), so in particular that for every v € M(P1),

(1.2) ((mr)«v)({U}) =v(U) for any U € S(T).

Set M*(P!) := {w € M(P'):w >0 and w(P!) =1} and M*(T) = {w € M(T) :
w > 0 and w(P'/S(T)) = 1}, so that (7r).(M*(P!)) ¢ M1(T). Also set

MY = {we MY T) : w({S}) = 0 for every S € T'}.

For any finite subsets I" and IV, I' C I", both consisting of type II points, the
measurable factor map

mrp: PL/S(T) — PL/S(T)

induces the pullback operator (7p/ r)* from the space of measurable functions on
P1/S(T) to that of measurable functions on P!/S(I") (so that f: = (mp)* (7 1)*)



ON A DEGENERATING LIMIT THEOREM OF DEMARCO—FABER 73

and, in turn, the transpose (or projection operator) (7 r).: M(I') — M(T") of
(mr/ r)*, so in particular that for every w € M(I"),

(1.3) ((mrr)ew)({U}) =w({V € S@7): V C U}) for any U € S(I),

and that (WF’,F)*(WF’)* = (7‘({*)*. Then (ﬂ'plyp)*(Ml(F/)T) C Ml(F)T

Let us denote by Sg the Gauss (or canonical) point in P!, which is a type
II point (see Section 2.1). For a rational function h € K(2) on P! of degree > 0,
noting that h(Sg) is also a type II point and setting

e ={Sq} and T} :={Sq, h(Sa)},

the quantized pullback operator hf,: M(I'y,) — M(I'g) is induced from the pull-
back operator h* in (1.1); for every w € M(I'y), the measure hfw € M(T'¢) in
particular satisfies

(hew)({U}) = /P g, MUV for any U € S(T),

where the quantized local degree my (k) of h with respect to each pair (U, V) €
S(Tg) x S(Ty) is induced from the local degree function deg h on P! so that,
fixing any S’ € V,

my.p(h) = {<h*58'><U> if UeS(Ta)\ {{Sa}} and V€ S(Tn) \ {{h(Sc)}}
7 (h*ds)({Sc}) U ={{Sc}}

(the remaining case that U € S(T'¢) \ {{S¢}} and V = {{h(S¢)}} is more subtle)
and that for every V- € S(I'n), X pes(rg) mv,u(h) = deg h. In particular,

(htw)(S(Tg)) = (degh) -w(S(T'y)) for every w € M ('), and
((degh)~the) (M (Tn)') € M (Tg)'

(see Section 2.5 for more details, including the precise definitions of my, y(h) and
hZ).

§1.2. The f-balanced measures on P! and the maximal-ramification
locus of f in P!

From now on, let f € K(z) be a rational function on P! of deg f =: d > 1.
The equilibrium (or canonical) measure v¢ of f on P! is the weak limit
(1.4) vy = lim (fdﬁ in M(P!) for any S € P*\ E(f)

n—oo n
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(see [10] for the details), and is the unique v € M'(P!) not only having the f-
balanced property
f*v=(degf)-v on P!

but also satisfying the vanishing condition v(E(f)) = 0. Here, the (classical) excep-
tional set E(f) = {a € P! : # U enuqoy f (@) < +oo} of f is the union of all
(superattracting) cycles of f in P! totally invariant under f (so is at most count-
able).

The ramification locus R(f) = {S € P! : degg f > 1} of f contains the
(classical) critical set Crit(f) :== {c € P! : f'(c) = 0} of f, and the maximal-
ramification locus

Ruax(f) = {S € P : degs(f) = d}(C R(f))

of f contains E(f) (C Crit(f)); since Rmax(f) is connected (Faber [7, Thm. 8.2]),
for every ¢ € Rpax(f) NP, Ruax(f) near ¢ contains a closed interval [c, S] (see
Section 2.1) in P! for some S € P!\ {c}.

Definition 1.1 (Tame maximal-ramification). For each ¢ € Ry (f) NP, we say

f is tamely maximally ramified near ¢ if Ryax(f) near ¢ is a closed interval [c, S]
in P! for some S € P\ {c}.

Fact 1.2 (Consequence of Faber [7, Cor. 6.6]). The function f is tamely maxi-
mally ramified at every ¢ € Ruyax(f) NP if the residue characteristic of K is
either = 0 or > d(=deg f) (e.g., when K =L as in Section 1.4 below).

We note that when char K = 0,
(1.5) E(f)={acP':f%(a)={a}} and #E(f) < #Rumax(f)NP") < 2.

The Berkovich Julia set J(f) := suppvy of f isin P!\ E(f) (by (1.4)); both
J(f) and E(f) are f-completely invariant. Any v € M'(P!) (only) having the
above f-balanced property on P! is written as

Zaeg 6‘1
#E

on P!

v=v(J(f)) v+ Z v(€)-
agcglge({))f:f

(by (1.4) and the countability of E(f)). For every n € N, we also have vy = vy
in M'(P) (so J(f") = J(f)) and E(f") = E(f).
Recall that for any S € H! := P\ P!,
(1.6) F7HS) # {8} & v ({8}) < 1 & supp(vy) # {S}
e vi{Sh =0e v ({f(S)}H =0
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(see e.g., [2, Cor. 10.33]), so in particular, f~(S) # {S} if and only if f~"(S) #
{8} for every n € N. For every v € M'(P!) having the f-balanced property on P?
and every finite subset I" in P! consisting of type II points, we have

(1.7) ((mp)«)(ST)\ F) =0 for some countable subset F' in S(I")
(by (1.4)) and
(1.8) (mr)ev € MYD)T if in addition f~1(S) # {S} for every S €T.

§1.3. Main result: The projections of the f-balanced measures
on P! to P1/S(Tg)

Recall that d := deg f > 1 and that I'¢ := {S¢}, and for each n € N, set
Ly =T ={Sc, ["(Sc)}-
Let us say w € M'(T'y) has the quantized f-balanced property if
(1.9) féw=d-(mr, rg)sw in M'(Tg).
Set Ay ¢ M'(T'g) (resp. A} C MY(Tg)") as

(1.10) Ay (resp. A})
= {w € MY(I'¢) : for (any) n > 1, there is w, € MY(T,,) (resp. w, € M*(T,))
such that w, (S(T'y) \ F') =0 for some countable subset F' in S(I',,) and

that " ((f")a)"wn = @ = (71,16 )swn in M'(Ta) };

for a subtlety on the first vanishing assumption on each w,,, see Remark 5.3.

Our principal result is the following computations of Ay and AJ} when
char K = 0, which in particular rectifies [5, Thm. 4.10, Cor. 4.13]; the assumption
on the period of each a € E(f) is for simplicity, and f? always satisfies this con-
dition, and the tame maximal-ramification condition for f near a in the case (ii)
to obtain (1.11) below always holds when K = L as in Section 1.4.

Theorem A. Let K be an algebraically closed field of characteristic 0 that is
complete with respect to a non-trivial and non-archimedean absolute value, let f €
K(2) be a rational function on P! of degree d > 1, and suppose that f~(Sg) #
{8c} and that f(a) = a (or equivalently f='(a) = {a}) for any a € E(f). Then
one and only one of the following cases (i) and (ii) occurs:

(i) Ap = A} = {(mrg)wvs )
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(i) there is a (unique) a € E(f) such that lim, o f"(S¢) = a and that f"(Sq)
is in the interval (Sg,a] in Pt for n > 1, and then degn (s, (f) = d for

n>1, and {(WFG)*Vf} - {(WFG)*(SC“ (WFG)*Vf} - AJ}
In the case (ii), if in addition f is tamely mazimally ramified near a, then

(1.11) w({Us}) = svs(Uy) for every v € (TSGP_12\
Ay ={w e M'(T'¢) : satisfying w({{Sc}) = &', and {Sca},

w({UE}) = (suf(UE) +(1-9)-¢
for some s € [0,1] and some s’ € [O,min{syf(UE), (1-s)(1- Vf(US?;))}] },
which in particular yields
Al = {s- (mrg)avy + (1= 8) - (7r)eda s s € [0, 1]},
and moreover, the three statements

o degin(s,)(f) =d (i.e., f*(Sc) € Rmax(f)) for any n € NU {0},
o vi(Us;z) =0, and
o Ap=Al
are equivalent.
In the proof of Theorem A, we will also point out that for some f (indeed

f(z) =22 +t712 € (OD)[t1])[2] (C L[2]) and its iterations), we have the proper
inclusion A} C Ay

§1.4. Application: The degenerating weak limit for the maximal

entropy measures on P!(C)

We call an element f € (O(D)[t~1])(2) of degree say d € NU {0} a meromorphic
family of rational functions on P*(C) (of degree d and parametrized by

D={teC:|t| <1}

if for every t € D* = D \ {0}, the specialization f; of f at ¢ is a rational function
on P*(C) of degree d. Let us denote by L the (algebraically closed and complete)
valued field of formal Puiseux series/C around t = 0,! i.e., the completion of the

field C((t)) of Puiseux series/C around ¢ = 0 valuated by their vanishing orders at
t = 0. Noting that O(D)[t7!] is a subring of the field C((¢)) of Laurent series/C

1The terminology “formal Puiseux series” might be informal. The field L is known as the
Levi-Civita field.
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around ¢t = 0, we also regard f as an element of L(z). If in addition d > 1, then
for every t € D*, there is the equilibrium (or canonical, and indeed the unique
maximal entropy) measure s, of f; on P!(C) (see Fact 3.2). As already seen in
Section 1.2, there is also the equilibrium (or canonical) measure vy of the f € L(z)
of degree d > 1 on PL(L).

If in addition v¢({Sg}) = 0 or equivalently f~!(Sg) # {S¢} in P(L) (men-
tioned in (1.6); see also another equivalent condition (2.2) below), then recalling
that I'c :== {Sg} as in Section 1.1 and noting that

S(Te) \ {{Sc}} = Tso (P (L)) = P (ke) = P'(C),

where ki, (= C as fields) is the residue field of I and where the bijection between
the tangent (or directions) space Ts. (P'(LL)) of P}(L) at S and P!(kL) is given
by Sca < @ for each a € P(L) (see Section 2.2 for the reduction a € P*(ky) of
a), the projection (mr.).vy € MY (Tg)t of vy € Mi(PL(L)) is also regarded as a
purely atomic probability measure on P1(C) (by (1.8)).

Using Theorem A and by some new arguments relating the absolute value
on L, which is an extension of the trivial (so non-archimedean) absolute value on
C = ky, with the (archimedean and non-trivial) Euclidean absolute value on C, we
complement the proof of the following degenerating limit theorem of DeMarco—
Faber.

Theorem B ([5, Thm. B]). For every meromorphic family

fe(OM)E(2) (€ L(2)
of rational functions on P1(C) of degree > 1, if f~1(Sg) # {Sg} in P(L), then

(1.12) tlin(l) iy, = (Trg)«v  weakly on PY(C).
—

We dispense with the intermediate “target bimeromorphically modified sur-
face dynamics” part in the (conceptual) “transfer principle” from degenerating
complex dynamics to quantized Berkovich dynamics in [5, Proof of Theorem B],
and give and use a more direct and explicit translation from degenerating complex
dynamics into quantized Berkovich dynamics (see Definition 4.3 and Proposition
4.4). We hope our argument could also be helpful for a further investigation of
degenerating complex dynamics (see, e.g., [9, 6]).

Organization of the paper

In Sections 2 and 3, we recall some notions and facts from non-archimedean dynam-
ics on P! and also recall some details on DeMarco-Faber’s degenerating balanced
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property for degenerating weak limit points of the maximal entropy measures on
P1(C), respectively. Section 4 is one of the main parts in this paper, as mentioned
in the above paragraph. Theorem A is shown in Section 5, and our proof of Theo-
rem B is given in Section 6. In Section 7, a specific example, which motivated our
computation of Ay (and A}) in Theorem A, is discussed. In Section 8, we further
develop our direct translation from degenerating complex dynamics into quantized
Berkovich dynamics, for completeness.

§2. Background from Berkovich dynamics

Let K be an algebraically closed field that is complete with respect to a non-trivial
and non-archimedean absolute value | - |.

§2.1. Berkovich projective line

We call B(a,r) = {z € K : |z —a|] < r} for some a € K and some r € R>g a
K-closed disk; for any K-closed disks B, B’, if BN B’ # (), then either B C B’ or
B D B’. The Berkovich projective line P! = P}(K) over K is a compact, uniquely
arcwise connected, locally arcwise connected, and Hausdorff topological space; as
sets,

P! =P'UH! = P' UH{; UH{; UHfy  (the disjoint unions),
P' =P (K) = KU{cc} = {{a} = B(a,0) :a € K} U{{o0}},
Hi = {B(a,r) :a € K,r € |K*|}, and
Hip = {B(a,7):a € K,r € Ryg \ |K*|}.

More precisely, each element of P! is regarded as either the cofinal equivalence
class of a decreasing (i.e., non-increasing and nesting) sequence of K-closed disks
or oo € P'. The inclusion relation C among K-closed disks canonically extends
to an ordering < on P!, so that oo is the maximum element in (P!, <), and the
diameter function diam|.| for K-closed disks also extends upper semicontinuously
to P, so that diam|.|(c0) = +o0. For 81,8, € P!, if §; < Sy, then we set [S1,S,] =
[S2,81] = {S € P! : 8 <=8 <8y}, and in general there is the minimum element
S in{SeP:8 <Sand S; < S} and we set

[51,82} = [82,81] = [81,8/] U [81782};

we also set (S1,8a] = [S1,S2] \ {S1}. Those (closed) intervals [S,8’] in P! equip
P! with a (profinite) tree structure in the sense of Jonsson [12, §2].
For every S € P!, the tangent (or direction) space TsP! of P! at S is

TsPl = {17 — 8 : the germ of a non-empty left-half-open interval (S,S’]};
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then #TsP! = 1 if and only if & € P* UHL,, #TsP! = 2 if and only if S € H}y;,
and TsP! = Pl(k) if and only if S € H{; (see (2.1) and Facts 2.3, 2.6 below).
Identifying each @ € TsP! with

Us=Usy={S € P\ {S}:8§ = v} c2”,
the collection (Us,5)sep1 seTsp? is a quasi open basis of the (Gel’fand, weak, point-

wise, or observer) topology on P!(, and both P! and H{; are dense in P1), and for
every S € Hl;, we identify TsP* with S({S}) \ {{S}} by the canonical bijection

TsP' 37« Uz € S{SH \ {{S}}.

The Gauss (or canonical) point Sg € Hi; is represented by (the constant
sequence of) the K-closed unit disk, that is, the ring Ox = B(0,1) of K-integers;
the unique maximal ideal in O is Mg = {z € K : |z| < 1}, and

k= kK = OK/MK

is the residue field of K, which is still algebraically closed under the standing
assumption on K. The residue characteristic of K is char k.

The reduction @ € P!(k) of a point a € P!(K) is defined by the point a1 /ay €
P! (k), where a1,a9 € K are chosen so that a = a;/ag (regarding 1/0 = oo € P*)
and that max{|ag|,|a1|} = 1 (so o0 = 0 € P}(k) = k U {oo}). There is also a
canonical bijection

(2.1) Ts,P' 2 Sga +» a € P (k).

For more details on (dynamics on) P1, see e.g., the books [2, 3] and the survey
article [12].

§2.2. Dynamics on P! and their reductions

For every h € K(z), writing

P(Z) degh degh
h(z) = , P(z)= a;z’ € K[z], and Q(z)= bzt € Klz],
BI=gay PE= 2 e <KL (=3 bt € KL
i=
this h is regarded as the point [bg : -+ : begh : G0 &+ : Gdeghn] € PAEMTL(K),
Then, choosing P, @) so that
max{|b0|, ooy |bdegnl; laol, - - -, ‘adegh|} =1,
we obtain the point h = [by : -+ : b/de\g/h L@y et Gdegh) € PAABMTL(E): this

point h € P2(deg)+1 (k) is formally written as

h = H;¢;,
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where we set P(¢) = Y0%%" @;¢7 € k[¢], Q(2) = Yy%" bi¢t € K[C),

degh
H; (X0, X1) = GCD(X5*"Q(X1/X0), X" P(X1/X0)) € | kX0, X1]e \ {0},

PQ/H(1,0)
QQ/H;(1.0)

(Hj, is unique up to multiplication in £*). The rational function ¢; € k(¢) on
P1(k) is called the reduction of h, the degree of which equals degh — deg H;j.

and  ¢;(C) == k(¢)

Notation 2.1. When deg H; > 0, we denote by [H; = 0] the effective divisor on
P! (k) defined by the zeros of Hj, on P*(k) taking into account their multiplicities,
so that deg[H; = 0] = deg H;. When deg H;, = 0, we set [H; = 0] := 0 on P*(k)
by convention.

The action on P! of h € K(z) extends continuously to that on P!, and if in
addition deg h > 0, then this extended action is surjective, open, and fiber-discrete,
and preserves P!, Hl;, Hi;;, and Hl,, as already mentioned in Section 1. Then

(2.2) hi(Se)={Sc} & h=¢; < degH; =0.

Fact 2.2 (Rivera-Letelier [15]; see also [2, Cor. 9.27]). We have deg(¢;) > 0 if
and only if h(Sg) = S¢. Moreover,

(2.3) ¢; = % for some z € P! = Sgh(Sq) = Scz.

Fact 2.3. The group PGL(2, K) of Mobius transformations on P! acts transitively
on Hi;, and PGL(2, Of) is the stabilizer subgroup of S in PGL(2, K).

From now on, suppose that degh > 0.

§2.3. The tangent maps and the directional/surplus local degrees of
rational functions

For the details on this and the next subsections, see Rivera-Letelier [16, 15]; see
also Jonsson [12, §4.5] for an algebraic treatment.

For every S € P!, the tangent map h, = (hy)s: TsP! — Th(S)Pl of h at S'is
defined so that for every v = SS e TsP!, if 8’ is close enough to S, then h maps
the interval [S,S’] onto the interval [h(S), h(S’)] homeomorphically, and

hy (0) = h(S)h(S').

Moreover, for every S € H{; and every ¢ € TsP!, there is the directional local
degree mz(h) € N (indeed € {1,...,degg(h)}) of h on Uy such that choosing any
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A, B € PGL(2, K) satisfying B~1(S) = A(h(S)) = S (so deg(Aoho B) > 0 by
Fact 2.2) and writing (B™1).(?) = Sgz and A, (h.(7)) = Sgw by some z,w € P!,
we have

(2.4) ¢ iorop(?) =w and
(2.5) mi(h) = deg: (¢ ;5555)-

For every S € P!\ H}; and every @ € TsP?, we set mz(h) = degg(h).

Fact 2.4 (Decomposition of the local degree [16, Prop. 3.5]). For every & € P!,
also using the notation in the above paragraph if S € H}y, we have

(26) (19 degs(h)= Y mglh)(=deg(6 ) if S € HE)
TETsP :h. (¥)=w

for any W € Th(S)Pl;
in particular, h,: TsP* — T,(s)P" is surjective.

Fact 2.5 (Non-archimedean argument principle [15, Lem. 2.1]). For every S € P!
and every ¥ € TsP!, there is the surplus local degree sz(h) € {0,1,...,degg(h)}
of h on Uy such that for every 8’ € P\ {h(S)},

’mg(h) + Sg(h) if Uh*(g) > S/,

sz(h) otherwise;

(2.7) (h"0s)(Ug) = {

moreover, h(Uy) is either P! or Uh. (%), the latter of which is the case if and only
if s3(h) = 0. For every S € P!, s5(h) > 0 for at most finitely many @ € TsP!, and
then

(2.8) > sg(h) = degh — degg(h)
veTsP?!
since fixing any &’ € P!\ {h(S)}, we have
degh = (h*ds/)(P") = (h*ds/)(P" \ {S})
= > ma(h)+ Y sy(h) =degg(h)+ > sy(h).

TETsP  h. (7)=8S' TETsP? FETsP!

Fact 2.6. In the case that h € PGL(2, K), the tangent map h.: TsP' — Th(S)Pl
is bijective, and for every S € P! and every @ € TsP!, h(U;) = Uh. (#)-



82 Y. OKUYAMA

Fact 2.7 (Faber [7, Lem. 3.17]). For every S € Hi; and every ¢ € TsP!, choosing
any such A, B € PGL(2, K) that B~1(S) = A(h(S)) = Sg and any such z € P!
that (B~1).(?) = Sgz (as in the paragraph before Fact 2.4), we have

(2.9) s5(h) = orde—z [HA/J;,'JB = O] if deg H = >0,
=0 otherwise.

§2.4. The hyperbolic metric p on H! and the piecewise affine action of
h on (H', p)

The hyperbolic metric p on H!, which is defined so that

diam|.| 52

0(S1,82) = log( ) if §; X 8,

diam|.| 81

would be used at some part in the proof of Theorem A. The topology on (H%, p)
is finer than the relative topology on H! from P?!.

Fact 2.8 ([16, Prop. 3.5]). For every S € P! and every 7@ = SS' € TsPl, if S is
close enough to S, then for every §” € (S,8],

(2.10) p(h(8"), 1(S")) = mz(h) - p(8", S"),
which still holds for 8" € [S,8'] if S € H.

§2.5. Quantized local degrees and quantized pullbacks

Let us precisely define the quantized local degree my 7(h), mentioned in Section
1.1, in terms of the (directional/surplus) local degrees of h, and then also (re)define
the quantized pullback operator hf,: M(T'y,) - M(I'g). Recall

I'c:={S¢} and T} :={Sc,h(Sc)} inHj.

Definition 2.9 (Quantized local degree). For every Uz € S(T'¢)\{{Sc}}=Ts.P*
and every V € S(I';,), set

mg(h) + sz(h) if V C Uy, (@),
sz(h) ifvn Uh*(g) =0,
— (h*6s)(Us) forany 8’ € Vif V € ST\ {{A(Sa)}},

my,ug (h) =
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and for every V € S(I'y), set

iy sy (h) = 4 2c8se (M) TV ={h(Se)},
V{Sc} 0 if Ve ST\ {{h(Sc)}},

o (h*6s)({Sc}) for any 8" € V.

Fact 2.10. The fundamental equality

(2.11) Z my,uy(h) =degh for any V € S(I';)
UeS(Ta)

holds; indeed, for every V' € S(T's) \ {{(Sg)}}, there is a unique @ € Tj(s,)P*
satisfying V' C Ug, and then

Z my,u(h) = Z mg(h) + Z sg(h) +0
ves(la) TET s, P th. (T)=1 TETs, P

6T degs, (h) + (degh — degg,, (h)) = degh,

and similarly,

Z minse)yo(h) = Z sg(h) + degs,. (h)

Ues(Te) TETs, P!

o (degh — degg,, (h)) 4 degs, (h) = degh.

The quantized pushforward operator h¢ . from the space of measurable func-
tions on P1/S(T'¢) to that of measurable functions on P!/S(T;) is defined so that
for every measurable function ¢ on P1/S(I'¢), the measurable function hg .t on
P1/S(T'},) satisfies

(ha«)(V Z my,u(h)yp(U) for any V € S(I'y) or equivalently
UeS(Th)
(mr,,) (hg ) = Z my,u(h) - ((mrg)"¥)|[U  oneach V e S(T'y),
UeS(le)

so, in particular,

(212)  (mr,)*(heat) = D (W6.)(Us) - ((mrg)"¥)|Us  on PT\ {h(Se)}.

VETs P!

The quantized pullback operator hf,: M(T'y,) — M (L) is the transpose of this
quantized pushforward operator hg . so, in particular, for every w € M(T'},), the
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measure hiw € M(T'q) satisfies
(haw)({U}) = (Lquy, hgw) = (ha«(Lquy), w)

:/Pl/s(m( 2, mvw(h 1{U}(W))w(v)

wesS(Tg)

(2.13) = / my.u(h)w(V) forany U € S(Tq).
P1/S(Tn)

§3. Degenerating balanced property for degenerating weak limit
points of the maximal entropy measures on P!(C)

We follow the presentation in [5, §2.1-§2.4].

Fixing 7 € (0,1) (e.g., r = e~1) once and for all, the field C((t)) of Laurent
series around ¢t = 0 over C is equipped with the non-trivial and non-archimedean
absolute value

(3.1) ||, = pmin{n€Z: an70}

for 2(t) = >, cpant™ € C((t)) (under the convention that minf) = +oo and
r+°° = 0), which extends the trivial absolute value on C to C((t)).

An algebraic closure C((t)) of C((¢)) is the field of Puiseux series around ¢t = 0
over C, |- |, extends to C((t)) as an absolute value, and the completion L of C((t))

is the field of formal Puiseux series around ¢ = 0 over C and is still algebraically
closed. We note that O(D)[t~1] C C((¢)),

CcoD)c OC((t)) = {Z apt” € C((t)) :a, =01ifn < O} = C[[t]],

neL
Moy =1t Oc(y;
kL = kc(4)) = C (as fields), and
5o PH(L) = P! (k) = P'(C) (the bijection is the canonical one in (2.1)).
Notation 3.1. Let M(P!(C)) be the space of all complex Radon measures on
P!(C) = C U {oo}. The pullback of each u € M(P!(C)) under a rational function
R € C(z) on P(C) of degree > 0 is R*p := fpl(c) 2 wer—1(») (degy, R)dw)p(2) on
P1(C), where for each z € P!(C), §, is the Dirac measure at z on P1(C); if R is
constant, then R*u := 0 by convention. Also set

MY(PY(C)) ={p € M(P'(C)): p>0and u(P'(C)) =1} a
MYPYC))T :={u € M*(P*(C)) : p is purely atomlc}.
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Fact 3.2 (Maximal entropy measure on P!}(C) [4, 14, 11]). For a rational func-
tion R € C(z) on P}(C) of degree > 1, the equilibrium (or canonical, and indeed the
unique maximal entropy) measure pg of R on P!(C) is the unique p € M*(P(C))
satisfying R*u = (deg R)u on P1(C) and u(E(R)) = 0, where E(R) = {a € P}(C):
#Unen B "(a) < +oo}. Then, for every n € N, ppn = pp on P'(C) and
E(R™) = E(R). The measure up is PGL(2, C)-equivariant in that for every Mobius
transformation M € PGL(2,C) on PY(C), ppropors—1 = Mg on PH(C).

When R € C[z] or equivalently R(co) = oo € E(R), pg is supported by
O(KR), where the filled-in Julia set Kg == {z € C : limsup,,_, ., |R"(z)| < o0}
of R is a compact subset in C.

Let h € (O(D)[t~1])(2) (C L(z)) be a meromorphic family of rational functions
on P'(C), and let us regard h = H; ¢; € P28 +1(ky ) as a point in P2(dee M +1(C),
¢;, as a rational function on P1(C) of degree deg h—deg Hj, and the effective divisor
[H; = 0] on P*(kL) as that on P!(C) and in turn also as the Radon measure
> .epi (o (ord:[Hj, = 0])d. on P(C), under kg, = C as fields. Then

(3.2) }gr(l) hi = ¢5 locally uniformly on P'(C) \ (supp[Hj = 0]).

Definition 3.3. For every p € M!(P!(C)), the (possibly degenerating) pullback
h*p € M(PY(C)) of p under h is defined by

(3.3) B = (65)" 1+ [y = 0] on PA(C),
still satisfying (h*u)(P'(C)) = degh.

Recall Fact 2.2. The following target rescaling theorem is a special case of [13,
Lem. 3.7] (see also [5, Lem. 2.1]).

Theorem 3.4. For every meromorphic family f € (O(D)[t1])(z) (C L(2)) of
rational functions on P1(C) of degree > 1, there is a meromorphic family A €
(O(D)[t71)(2) of Mébius transformations on PY(C) such that (Ao f)(Sg) = Sg in
PY(L). Such a family A is unique up to a postcomposition to A of any meromorphic
family B € (O(D)[t~Y))(2) of Mébius transformations on P*(C) satisfying B =
¢z € PGL(2,C).

Also recall (2.2). The degenerating f-balanced property of the pair pu =
(no,pr) (the former half in (3.4)) is a consequence of (3.2) and the complex
argument principle. The proof of the purely atomicness of p (the latter half in
(3.4)) is more involved.



86 Y. OKUYAMA

Theorem 3.5 (Consequence of [5, Thms. 2.4 and A]). Let
f € (OM)[t)(2) (€ L(2))

be a meromorphic family of rational functions on P1(C) of degree d > 1 satisfying
71(Sc) # {Sg} in PL(L), let A € (O(D)[t71])(2) be a meromorphic family of
Mébius transformations on P1(C) such that (Ao f)(Sg) = Sg, and let

L o 1/mpl
HC = jli{gouf‘j7 HE _jliFgo(Atj)*Mftj eM (HD ((C))

be weak limit points on P1(C) ast — 0 of the families (piy,)ren+ and ((Ar)spif, )ten
of the unique mazimal entropy measures iy, and (Ay)wpiy, = Fasof,oa;t OT P(C)
of fi and of Ay o f, 0 A7, respectively, for some sequence (t = t;) in D* tending
to 0 as j — oo. Then

(34) (Ao f)'up=d-pc onPY(C) and = (uc,pr) € (M (PH(C))H2

8§4. A direct translation

Pick a meromorphic family f € (O(D)[t~1])(z) (C L(z)) of rational functions on
P1(C) of degree d > 1, and suppose that f~1(Sg) # {Sg} in P}(L). Choose a
meromorphic family A € (O(D)[t71])(z) of Mébius transformations on P!(C) such
that (Ao f)(S¢) = S (by Theorem 3.4). Also recall

I'g={Sc} and TI';:={Sq, f(Sc)} inH}(L).
From Fact 2.2 and (2.2), the following five statements

L =T¢, [f(Sc)=3Sq, deg(¢f) >0, and moreover,
A(Sg) = SG and
A=¢; € PGL(2,k.) = PGL(2,C) (under k;, = C as fields, here and below)

are equivalent. Alternatively, when I'¢; # Iy, there are h4,a4 € P'(C) such that

(4.1) supp[H; = 0] = {ha} inP'(C), ¢;=aa onPC),
and moreover ¢z =hy on PY(C) (by (3.2) and Fact 2.2).

We note that

TR

Ty(se)PH(L) TssP'(L) = P'(k.) =P(C),

) (2.1)

[

(A=

also recalling Fact 2.6.
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Lemma 4.1. When 'y # ', we have

(4.2) (A™1).(ScA(Se)) = f(Se)Sa-

Proof. If (A71),(¥) = f(Sg)Sc (= A71(Sc)Sg) for some (indeed unique) 7 €
TsP'(L), then we have Sg € Ua-1y, (5, which yields A(Sg) € A(Ua-1y,(5)) =
UA*(A—I)*(,D‘) = Ug (using Fact 26), and in turn ¥ = SGA(S(;)

O

Lemma 4.2. When 'y # I, for any &,5 € P! (k) = P1(C) (and any represen-
tatives x,y € P(IL) of &, 9, respectively), we have

03 Sar = Saf(Sq) in Ts,PY(L) & F=hy in P (k) =P} (C),
| (A).(Sen) = F(Sa)Se in Trsa)PHL) © j=aa in P(k)=P(C).

Proof. The former assertion is by ¢ = ha on P}(C) (in (4.1)) and (2.3). On the
other hand, by (4.2), we have

(A™)u(8ey) = F(8c)Sc & Say (= A(f(86)Sa)) = SaA(Sa),
so the latter assertion holds by ¢ ; = a4 on P!(C) (in (4.1)) and (2.3). O

Definition 4.3 (Admissibility of ; and construction of the measure w,,). For ev-
ery u = (uc, pr) € (M (P(C)))? satisfying the following admissibility
44 {A*NE:MC on Pl(C) when FfZFG (<:> A:¢A<:>A(Sg):5'@),

po({hat) +pe({aa}) =1 when Iy # g

(for A), there is a unique probability measure
w, € MYTy) (and indeed w, € M (T )V if u € (M (P*(C))")?)

on P1/S(T'y) = S(I'y) such that, writing uc = ve + o (vesp. pgp = vg + Ug)
in M(P') where vc (resp. vg) has no atoms on P1(C) and ¢ = pc — vo (resp.
Vg = ug — vg) is purely atomic, when I'y =T,

wu({{Sc}}) = ve(P'(C)) (= vc(P'(C))) and
wu({U(A—l)*(@)}) = ue({g}) for every g € P'(kr) = P'(C)

((4.4)&(:)(2,4) w”({U@}) =uc({y}) forevery ye ]P)l(k:]L) — Pl((C))
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and, when I'y # I'¢(, noting also Lemma 4.2),

wn({{86}}) = ve(BH(0)),
W({Uszz)) = ne({&)) for every & € PC)\ {4},
45)  wal{{f(Sa)}) = ve(PL(C)),
(
(

&

wu({Ug a1y, @apy ) = ne({}) for every j € P1(C) \ {aa}, and
wellUssss3 N Ussayse ) = po{ha}) + pe({aa}) — 1 ((424) 0).

For every u = (uc, ug) € (M*(P(C)))? satisfying the admissibility (4.4) (for
A), we note that

w,(ST¢)\F)=0 for some countable subset F'in S(I'f),
and also have
(4.6) wy € MYT§)" = (71, 16 )wwy € MY (Tg)!
= pe = (mr,rg)wwn in MHEYC)T = M (Te)!
identifying M*(T'¢)" with M*(P!(C))" under the bijection
S(Pe) \ {Sa} = Ts,P' (L) = P! (k) = P'(C).

The following direct translation from degenerating complex dynamics into
quantized Berkovich dynamics is based on the above explicit definition of w, and
bypasses a correspondence between semistable models of P!(L) and semistable
vertex sets in P(IL) from rigid analytic geometry (see, e.g., [1]), which is used in
[5]. See Section 8 for a complement of this proposition.

Proposition 4.4 (Direct translation, cf. [5, Prop. 5.1(1)]). For every ordered pair
= (pc,pur) € (M (PY(C)))? satisfying the admissibility (4.4) (for A), we have
(4.7) (Ao f)y'up=d-pc in M(P(C))

= fowu=d-(Tr;rs)swy  in M(Lg).

Proof. Pick an ordered pair u = (uc, pr) € (M (P(C)))? satisfying the admissi-
bility (4.4) (for A), and write o = vo + Ve, pg = vg + Vg as in Definition 4.3.

(a-1). When I'y # I'g, for every & € P}(C) = P! (kL) = Ts,PY (L) = S(T'g) \
{8c} (and every representative x € P1(IL) of ), recalling Definitions 2.9 and 4.3,
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we compute both
(Fewn) ({Uszz))
©19) /Pl/s(r,f) My (FeuV)
= sgoz(f) 1+mgz(f) - wa({VeSTy): V CUs 553)})
= sgz(f) +mzz(f)x

1—w,({Us € S(Ty) : @ € (Tys0) P (L)) \ {£+(Saz)}} U{{F(Sa)}})
= 1—wﬂ({U(A,1)*(@) : y€PY(L) satisfying g € P* (k) \ {aa}})
—wu({{f(Sc)}})

X .,
= pp({aa}) if fu(Ser) = f(Sc)Sa
wu({Uf*(Q)}) = Wu({U(Afl)*(SZé)})
for any such y € P}(L) that f. (S_G:E) = (A’l)*(‘gy’) otherwise
5 S5+ msz(f) - pp({7}) for any such y € P*(L)

—

that (Ao f).(Sez) = Say (& f(Saz) = (A1).(Say))
= ordg[Hs; = 0] + (degz(d57)) - no({d7(2)})

(2.9),(2.5)
&(2.4)
- Ao f)* P
o (@D un)a)
and

((mryra)swn) {Uszz})

(1%3) w#({v S S(Ff) VC U@})

1—w,({Us € S(Ty) : 7 € (Ts,P (L)) \ {Sez}} U {{Sc}})
=1 pc(PHC)\ {ha}) = pc({ha}) if Saz = Scf(Sa),

wu({Uz5z}) otherwise

= pc({T}).

(4.3)

—

Hence, if (Ao f)*ur = d - pc on PY(C), then for the x, we have the equality
(few){Usgz}) = (d- (o, re)swn) (Usgz})-
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(a-2). Moreover, we also compute both

(P (Seth) m [ sy (FalV) = dess, (7) - (LS 1)
3 JP1/s(ry)

= deg(¢5:7) - ve(PH(C)) = (Ao f)"ue)(P(C) \ F1)
and

((rryre)eon) ({Sc ) = wn({iSal}) = ve(PY(C)) = uc(P'(C) \ Fa),

where Fi, Fy are any sufﬁ(nently large countable subsets in P*(C).

Hence, if (Ao f)*ug = d- pc on PH(C), then we also have (fiw,)({{Sc}}) =
(d- (mr; re)«wu)({{Sc}}). Now the proof is complete in this case.

(b-1). When I'y = I'g, for every z € P}(C) = P! (k) 2 Ts P (L) = S(Te) \
{8¢}, similarly to (a-1), we compute both

(S {Uszz)
o, M V) = ) ) -V, 5 )

= s552(f) + mgzz(f) - ne({y})
for any such y € P!(L) that f, (S_Gac’) = (Afl)*(S_Gy’)
_ ords[H; = 0] + (deg; (657 - 1p({6555(3)))

(2.9),(2.5), Aof
&(2.4)
- (Ao f)* 7
=, (AoD) ue)({#)
and

((mryre)ewn){Uszz}) = wul{Ussz}) = ne({7}).

Hence, if (ﬁ)*uE = d-pc on PY(C), then we have the equality (fgwu)({U@t})
= (d- (mr;,re)«wu) {Usgz })-

(b-2). Similarly to (a-2), we also compute both
(e (Seth) my [ mgsor(Pwn(V) = degs, (1) wu({{Sah)
P1/S(Ta)

deg(¢:7) - ve(P(C)) = (Ao f)"up)(P(C) \ F1)

(1.3)

(2.6)
and

((rryre)eon) {{Sc})) = wul{iSel}) = vo(P H(C)) = uc(P(C) \ F),

where Fy, F, are any sufficiently large countable subsets in P!(C).
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P

Hence, if (Ao f)*ug = d- pc on P(C), then we also have (fiw,)({{Sc}}) =
(d-(mr; re)«wu)({{Sc}}). Now the proof is also complete in this case. O

The following complements Theorem 3.5.

Proposition 4.5. If pc = lim; o0 py, , pp = im0 (A, )«piy, . are weak limit
points on P1(C) as t — 0 of (uft)tg;*, ((Ap)sper,)ten~, respec;fz'vely, for some
sequence (t=t;) in D* tending to 0 as j — oo, then == (uc, up) € (M (PH(C))T)?
also satisfies the admissibility (4.4) (for A).

Proof. When I'y = I' or equivalently A=¢ i, by the uniform convergence (3.2)
and supp[H ; = 0] = (), we have A,pic = pp on PY(C), that is, the admissibility
A* g = pe on PY(C) in this case holds.

When I'y # I'g, for 0 < € < 1, by the outer regularity of ug, there is a
continuous test function 1 on P!(C) such that 1 > 0 on P!(C), that ¢) = 1 on
an open neighborhood of a4, and that pp({aa}) +£/2 > [5 () Yue- Then, for
any continuous test function n on P*(C) supported by P!(C)\ {h4} and satisfying
0 <n<1onP(C), we have

pelaad) o> [ w(y)n) = [ oy,
P1(C) P1(C)

2 / (w o Atj) : Uﬂftj fOI'j > 1.
supp n

Then, by the uniform convergence (3.2) and the first item in (4.1), we even have

[LE({CLA}) +e > fsuppr]l . nﬂftj - f]P’l(C) n,uftj for .7 > ]-a so that /LE({aA}) +
€ > f]P‘l((C) nue making 7 — oco. Hence, by the inner regularity of pc, we have

pp({aa}) +2¢ > po(P(C)\ {ha}), and in turn ps({aa}) > po®(C)\ {ha}),
that is, the admissibility uc({ha}) + pr({aa}) > (uc(P(C)) =) 1 in this case
also holds. [

§5. Proof of Theorem A

Let K be an algebraically closed field that is complete with respect to a non-trivial
and non-archimedean absolute value | - |, and let f € K(z) be a rational function
on P! of deg f =: d > 1. Recall that

I ={Sg} and T, =T ={Sq, " (S¢)} in Hi
for each n € N, and the definitions of Ay, A} in Section 1.3.

Lemma 5.1 (Cf. [5, Lem. 4.4]). For every v € MY (P'), if v has the f-balanced
property f*v = d-v on P! and satisfies v({f(Sc)}) = 0, then for every n € N,
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(7r, )«v € MY(T,,) has the quantized f™-balanced property (see (1.9)), and if in
addition f~1(Sg) # {Sa}, then (nry).v € A}.

Proof. Under the assumption on v, for every U € S(T'¢) \ {{S¢}}, we compute
(fe((mr)){UY) = ((mr,)" (foliwy),v)
i o, G0N = (53O0 = ()
= ((mr) vy, d-v) = d- ((7rs)-v){U})
= d- ((7r,.re)«((mr,)wv)) {U}),

so that also recalling (1.7), (nr, )«v € M*(T'y) has the quantized f-balanced prop-
erty (1.9). On the other hand, for any n € N, we have (f™)*v =d" - v on P!, and
in turn
0=d"""(degs, f) v({f(Se)}) =d" ™" (f'V)({Sc})
= (") W) ({Se}) = degs, (") - V(LI (Se)D) > v (Se)}) (2 0),

so v({f™"(S¢)}) = 0. Hence the former assertion holds, and so does the latter by

(1.6), (1.7), (1.8)(, and (7rg )« = (70, g )« (7T, ))- O
Proof of Theorem A. Suppose that f~1(Sg) # {Sg}, which is equivalent to
(5.1) vi{f(Sa)}) = vi{Sa}) = (g )«vp)({{Sc}}) =0

(by (1.6)). Then, by Lemma 5.1, we have (mr,).vf € A}. Suppose also that
char K = 0 (so #E(f) < 2) and, in turn, that for any a € E(f), f(a) = a or
equivalently f~!(a) = {a}. Then, for every a € E(f), by Lemma 5.1, we also
have (mpg)«0a € A}. Moreover, for every a € E(f), every n € N, and every
7 € (Ts,PY) \ {Sga}, by Facts 2.5 and 2.4, we have

(5.2) Sg(fn) =0 (<:> fn(Ug) = U(fn)*{)') and

(5.3) (f")(0) # ["(Sa)a,

and for every a € E(f) and every n € N, we also have

(5.4) sga(f") =d" —degs, (f") (also using (2.8)) and
(5.5) (f")*(@) = ["(Sg)a (also using Fact 2.4).

(a). Let us see the former half in Theorem A. If, for any ¢’ € Tss,P?, we have

(5.6) lim sup so(f")

n—oo dn

> Vf(U{;) (: ((WFG)*Vf)({Uﬁ}))a
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then for every w € Ay and n > 1, fixing w,, € M*(T',) such that w, (S(T,)\F) =0
for some countable subset F' in S(I',,) and that d="(f™)&wn = w (= (71,1 ) «Wn)
in M1(T'¢), also recalling Definition 2.9, for every ¥ € Ts P!, we have

o (UMEed{US) s
w({Us}) = lim sup S22C0 = timsup (222 - w0, (PL/S(T)))
= timsup " > () (Us)),

which with (5.1) and (1.7) yields w = (mpg)«vf in M (I'g). Hence we have
Ay = AJJQ = {(nrg)+Vs}, i.e., the case (i) in Theorem A holds, under this “surplus
equidistribution” assumption (5.6) (see [5, p.27]).

(b.1). Alternatively, suppose that there is @ € Ts,P! not satisfying (5.6).
Then, fixing any S € P1\ E(f) (C P\ (E(f) U{f"(Sc) : n € N})), we have

ny*§ Uﬁ
) < iy (U7 D
< limsup ma (/") +limsupM < lim sup (f ) +v(Uyg),
(2.7) n—oo dn n—00 dn n~>oo

the first inequality in which is by the inner regularity of vy and (1.4)(, and
the equality holds if S € P!\ J(f)). Hence 0 < limsup,,_, . (mz(f")/d") =
[1=o(mpsy. ) (f)/d), so that mgn), @) (f) =d (> 1) for n > 1, and in turn, also
recalling (2. 6) (and the maximal-ramification locus Rpnax(f) of f in Section 1.2),
that

(5.7) degsn(s,)(f) =d, ie., f"(Sc) € Rmax(f), forn>1;

then f"t1(Sg) # f*(Sg) for n > 1 under the assumption that f~!(Sg) # {Sq}-

Also recall that Ry (f) of f is connected in PL. Hence, for n >> 1, we have
fﬁl([fn(SG% fnJrl(SG)D = [fnil(SG% fn(SG)} c Rmax(f)a and then f restricts to
a homeomorphism from [f"~1(Sg), f*(Sg)] onto [f*(Sa), f*T1(Sg)] and, recalling
(2.6), we also have S = mgmrs_3(f) = degs(f) =d (> 1) on [f*7H(Sg), f*(Sa)]-
Then, for any m > n 3 1, p(f™(Sg), f™1(Sa)) = d™ " - p(f*(Se), /" (Sa))
by (2.10). Consequently, also by the upper semicontinuity of deg (f) on P!, there
is a € P! such that

{f"(a) :n e NU{0}} € (P' NRumax(f)) N () {F"(Sc) :n = N},

which with #(P! N Ryax(f)) < 2 (mentioned in (1.5)) still implies

a € E(f).
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Under the assumption that f(a) = a (or equivalently f~1(a) = {a} so f'(a) = 0),
we conclude that lim,, o, f"(Sg) = a (and Sg € P!\ J(f)) and, moreover, that
f™(Se) € (Sg,a] for n > 1, using [8, Thm. F] and (2.10) (see [5, p.25]) (or now
assuming that f is tamely maximally ramified near this a € E(f) C Ruyax(f) NP,
for simplicity).

Remark 5.2. Conversely, if there is such an a € E(f) that lim,_,~ f"(Sg) = a
and that f"(Sg) € (Sg,a] for n > 1, then (5.7) is the case (since there is S €
(a,S¢] so close to a that (a,S] C Ryax(f)), and (5.7) together with (5.2) and (5.4)
implies that the inequality (5.6) for this a does not hold for some @ € T, P!.

(b.2). Once such an a € E(f) is at our disposal, noting that f~1(a) = {a},
that lim, o0 f™(Sq) = a, and that f*(Sg) € (Sg,a] for n > 1, we have

(5.8) T Upser) = Upisgy forn>1

(also by Fact 2.5 applied to f™(Sg)a € Tfn(s,)P') and have not only

(5.9) V(U

mg)ZI forn>1

but also S¢ € P\ J(f) (also since a € P\ J(f) and f(J(f)) = J(f)). Hence fixing
such ng > 1 that degg_ (f™)/d" is constant for n > ng (by (5.7)) and fixing any
S € P\ E(f), for every n > ng, we also have

o < de8se (") ( _ 4" —sga ()
dan (5.4) dn
(f")"ds : (f")*ds
= 1-— Us—)=1-1 Ue—) =
(5.5)&(2.7) dn (Usgz) lffolip an (Usga) )
when n>>1
5.10 = 1— U—):
(5.10) (1)& v Usza)s
SceP\J(f)

in particular, vy (Ugzz) < 1, and in turn (7rg)«vy # (7rg)«0a-
Now the case (ii) in Theorem A holds under this “surplus inequidistribution”

assumption, and the proof of the former half in Theorem A is complete.

Remark 5.3. In [5, §4.6], the condition J(f) C P!\ (Us;z U {Sc}) was assumed
with loss of some generality; under this condition, the vanishing assumption on
each w, in the definition (1.10) of Ay does not matter (and did not appear in
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[5, §4.6]). By (5.10) (and deg (f) € {1,...,d}), the statement v;(Ug;z) = 0 (=
J(f) C P\ (Ussz U{Sc})) is equivalent to

(5.7 degsn(sy)(f) =d for any n € NU {0},
and is indeed not always the case (as seen in Section 7 below).

(c.1). Let us show the latter half, i.e., the equality (1.11), in Theorem A. For
n > 1, by (5.9), (5.2), the f"-balanced property of vy on P!, and Fact 2.5, for
every 7 € (Ts,P!) \ {Sga}, we have the equivalence
(5.11) vi(Us) >0 & (f")(0) = ["(Se)Se = ["(Us) =Upzoyss
(one of) which is the case for at least one ¥ € (Ts.P!)\ {%} since v¢(Uggz) < 1.

Hence, for n > 1, using the f"-balanced property of v¢ on P! again, for every
7€ (Ts,P') \ {Sca} satisfying v¢(Uz) > 0, we have

(5.12)
UMy 1 nyx ;
0o = T W = g [ (e W)
o mg(f") +sa(f) o ome(f")
(5.11)&(2.7) dr v Upisgyss) (5.2)&(5.9) d®

(and mgn),5(f) = d). On the other hand, for n > 1, by (5.3), (5.5), (5.11), and
Fact 2.4, we have

(5.13) {(f™).(D) : T € (TsgPY) \ {Sqa} satisfying v¢(Uy) = 0}
= (Tyn(se)P)\ {"(Sc)a, " (Sc)Sc }-

Now we assume that f is tamely maximally ramified near this a € E(f) C R(f)N
P!. Then there is S € (Sg,a] \ {a} such that Ryax(f) N Usz = (S, a), and in turn
for every &’ € (S,a]\ {a} and every @ = S'S" e (Ts/ P\ {S_’a’, ES:}, diminishing
[S",8"] if necessary, we have my(f) = mgrgi(f) < degg(f) < d by (2.10) and
(2.6). Hence, by (5.13), for n > 1, since lim,_,~ ["(S¢) = a and f"(S¢g) € (Sa, a],
for every @ € (Ts,P) \ {%} satisfying v¢(Uy) = 0, we have

(5.14) mgny. @ (f) <d -1

(c.2). Pick w € Ay and, for n > 1, fix w, € M (T,) satisfying w,(S(Ty) \
F') = 0 for some countable subset F'in S(I',,) and d™"(f")&wn = w = (71, 1 )+Wn
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in MY(T'g). Then, by the latter equality w = (7, rg)«wn, w also satisfies
w(S(Tg) \ F) =0 for some countable subset F' in S(I'g).

Let us compute w({U}) for each U € S(I'g). For n > 1, using the equality
d="(f")&wn = w (and recalling Definition 2.9), we have both

my(f")

(5.2)&?(2.13) dm

(5.15) w({Us}) w,({V € S(Thn): V CUyny.)})
for any 7 € (Ts,P') \ {Sqa}

and

310wl GN) g, Tt R

Sca
Then, for n > 1, by (5.15), (5.11), and (5.12), we have w,({V € S(T,,) : V C
Upgaige) = w{Us})/ve(Us) for every v € (Ts, PYH \ {Sga} satisfying
v§(Uz) > 0. Hence there exists a constant s,, € [0,1] such that for n > 1,
(5.17) wn({V S S(Fn) :V C Um}) = Sw
and that for every 7 € (Ts,P1) \ {@} satisfying v (Uy) > 0,

(5.18) w({Ug}) = Swl/f(Ug).

Moreover, for every ¥ € (Ts,Pt) \ {@} satisfying v (Uy) = 0, we have

mg(f™) T . ()
0<w({Us}) (5§15) O 1= I I — g (5?4) 0 asn — oo,
. s

so we still have
(5.19) w({Us}) = 0= sy (Uy).
Now, for n > 1, we also have
w({Uszz}) = 1 —w({Us € S(Te) : 7 € (Ts,P)\ {Saa}} U {{Sc}})

(= sy (P \ Uss) — w({{Se}))

(5.18),(5.19),
&(1.7)

(5.20) = (s (Usga) + (1 = 50)) —w({{Sc}}).
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(c.3). Let us also see the desired estimate on w({{S¢}}). For n > 1, recalling
1™(Sq) € (Sg,a], we compute

0 < wn({Uprsaiss N Usail)
(=wn({vesr )VcUW&SJ)
— wn({Us € S(T) : 7 € (Ts,PY) \ {Sca}} U {{Sc}})
T ((swrf(Uszz) + (1 = s0)) —w({{Sc}}) — 1))

(5.21) = swf(Usgs) —w({{Sa}}),

which yields the upper bound w({{Sc}}) < swvf(Ug;;). Moreover, for n > 1, by
(5.13), (1.7), (5.15), and (5.19), we have

(5:22)  wa({Us € S(Tn) 1 @ € (Tpn(50)P) \ {f"(Sc)a, f"(Sc)Sa}}) =0
and using the equality (71, r)«wn, = w in M (Ig) (and (1.3)), we also have

(5.23) wn({V eS{T,):VcC U@}) =w({Uszz})
(swrf(Usggz) + (1 = su)) — w({{Sc}}).

(530)

Then, for n > 1, we compute

0< w”({Uf”(Sc)a})
=wa({V e STV CUss}) —wn({Uprsgyss N Usaat)
—wn({Ug : @ € (Tpn(s6)P) \{F"(Sa)a, f*(Sa)Sat}) —wn({{f™(Sa)}})
— (-sy)- w({{Sc}})

(5.23),(5.21), W,
(5.22),&(5.16) i Sa )

which yields the other upper bound w({{Sg}}) < (1 — su,)(1 — v;(Ug5z))- Hence
Ay is contained in the right-hand side in (1.11).

(c.4). Conversely, pick w in the right-hand side in (1.11), so that for some
€ [0,1] and some s" € [0, min{sv;(Ug_z), (1 — s)(1 — vy (Ugzz))}], we have

w({Us}) = svs(Ug) for every @ € (Ts.P") \ {Saa},
w{{8c}}) =5, and
w({Usga}) = (svp(Usgz) + (1 —s)) — 5"
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For n > 1, recalling that lim,, . f™(S¢) = a, that f*(Sg) € (Sg, a], and that
vi(Uszz) < 1, there is w, € M'(T,) such that
/

wa({{Se})) =+
(UMD = 1= =

Sga

(U {sufwa) for every 7 € (Ts,P") \ {Saa},
Wn, Tf) =
0 for every ¥ € (Tpn(so)PH) \ {f"(Sa)a, f"(Sa)Sa},
Wn({UsGa NUrsas. (sG)sG}) =svf(Ugzz) —5' (> 0), and
S/

(= 0)

wa({Upragiat) =1-s - T—v;(Us=)

(indeed, wy, > 0 and w,(P'/S(T,)) = 1 — s+ svp(Pt\ {Sc}) =t 1) and that
5.1

wp(S(Ty) \ F) = 0 for some countable subset F' in S(I',,) (by (1.7)). Then, for

n > 1, we have (nr,, rg)swn = w in M (I'g) (also by (1.3)). Moreover, for n > 1,

recalling Definition 2.9,

(I) for every ¥ € (Ts,P')\ {S‘EE} satisfying v, (Uy) > 0, we have

gy my(f") - wa({VESTn) : V C Upiisisz})
(d (f )Gwn)({Uﬁ}) (2-81&?):7(5.)2)7 dn
5.11

_ N L
(5.12)&(1.7) vi(Us) - svp(P2\ {Sc})

= swp(Us) = w({Us)),

(IT) for every ¥ € (Ts.P!)\ {%} satisfying v¢(Uy) = 0,
ms(f") - wn ({Uis. 0 })
(2. 13)&(0 2) dn
= 0=svp(Us) = w({Us}),

(5.13)

(@ (f")gwn) ({Us})

(ITI) and we have
degs, (/") - wn({{/"(Sc)}})

(2. 13) dn

= (1= v(Uszz)) - wn({{(Se)}})
= ¢ =w{{Sc}}),

(@ "(f")gwn)({{Sct})
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and then

(@ (f")ewn){Uszzt) = 1= (@7 (f")gwn) (S(Te) \ {Usz3})
=1-w(S[Te) \{Uszs}) = w{Uszzh)-

Hence, for n > 1, we also have d~"(f")sw, = w in M'(I'¢), and the right-hand
side in (1.11) is contained in Ay.

(d). Once the equality (1.11) is at our disposal, the final assertion in case (ii)
in Theorem A (under the assumption that f is tamely maximally ramified near a)
is clear, also recalling Remark 5.3. Now the proof of Theorem A is complete. [

§6. Proof of Theorem B

‘We use the notation in Sections 3 and 4. Let

f € (0D)[tTD(2)(C L(2))

be a meromorphic family of rational functions on P*(C) of degree d > 1, and
suppose that f~1(Sg) # {Sg} in P*(L). Then f~"(Sg) # {Sg} for every n € N
(see Section 1.2). Recall that char . = char kj, = char C = 0 and that the absolute
value | - | on L is (the extension of) (3.1), fixing r € (0, 1) once and for all. Since
vez = vy on PYIL), ppyz = py, on PYC) for every t € D*, E(f?) = E(f), and
#E(f) < 2, replacing f with f? if necessary, we can assume that f(a) = a or
equivalently f~!(a) = {a} for any a € E(f) with no loss of generality.
Recall that

g ={Sc} and T, =T ={Sq, f"(Sc)} inHj(L)
for every n € N, and that M'(I'g)" is identified with M'(P*(C))" under the
bijection S(I'g) \ {S¢} = Ts.PH(L) = P! (kL) = P!(C). For every n € N, pick a
meromorphic family
Ay € (OD)[E])(2)
of Mébius transformations on P!(C) such that (4, o f*)(Sg) = Sg in PY(L) (by

the existence part of Theorem 3.4).
Let

po = N pip,,
be any weak limit point of (uy,)tep+ on P*(C) as ¢ — 0, where the sequence (Z;)

in D* tends to 0 as j — oo. Then, taking a subsequence of (¢;) if necessary, for
any n € N, there also exists the weak limit

pig = lim ((Ap)i,)aptg, o P(C),

J—0o0
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For every n € N, by Theorem 3.5 and Proposition 4.5, the ordered pair
1™ = (no, uig)) € (M (BH(©))1)?

not only has the degenerating f™-balanced property (the former half in (3.4)) but
also satisfies the admissibility (4.4) (for A, ), and in turn also by Proposition 4.4,
we have

wo = (71, 1 )sWum € Al;
this measure wy is indeed independent of n € N, and is identified with pg under
the identification of M (I'¢)" with M (P'(C))" (by (4.6)).
Hence, in the case (i) in Theorem A, we have the desired po (= wo) = (7rg )« Vs
in MY (T'g)" = MY (P}(C))".

(a). Suppose now that the case (ii) in Theorem A occurs. Then there is a =
a(t) € E(f)(c PY(L)) such that lim,_,~ f"(Sg) = a and that f*(Sg) € (Sg,a
for n > 1, and then deg s,y (f) = d for n > 1; since vg» = vy on PL(L) for every
n €N, pus,yn = pg, on P1(C) for every t € D* and every n € N, and E(f") = E(f)
for every n € N, replacing f with f¢ for some ¢ > 1 if necessary, we also assume
that for every n € N, f™(Sg) € (Sg,a] (so T'y, # T'c), degpn (s, (f) = d, and both
(5.8) and (5.10) hold, with no loss of generality.

(b). Set
. i . ifa € O,
Bi(z) = ﬁ ifael\OL, € PGL(2,0L),
z if a =00 € PH(L) (= LU {c})

so that By (a) = oo and that B1(Sg) = S¢ (or equivalently B, = ¢5, € PGL(2, kL)
= PGL(2,C), and then By ! = $-= = ¢= € PGL(2, k1) = PGL(2,C)), and set
fB, =BiofoB 'ellz.
(c.1). Write fp, (2) = 30_o¢;(t)2) € L[z] (so cq € L\ {0}) and set

dg = max{j €{0,1,....d} : |¢j|r = ie{gllax 0o |c,|r}

Then, noting that fg, (Sg) € (Sg, 0], we have |cq, |- > 1, and fp,(S¢) is repre-
sented by (the constant sequence of) the L-closed disk B(0, |cq4,]r). Setting

By (z) = cgolz € L[z] nPGL(2,L),
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so that (B2 o f5,)(Sa) = Sa, we have 6, (() = X242 () - ¢,
(61) dO - deg(¢320f31) (2:6) degSG (BQ o fBl)

= degf(sc)(Bz oBy) - deggl—l(sc)(f) -degs,, (Bfl) = degs, (f) (> 0),

and (H 57 (G, C1) = ¢§7% so in particular)
(62) Ordczoo [HB;EI = O} =d—dy=d— degSG (f)

(c.2). For each j € {0,...,d}, set

C; =C,(t) = % ocgd(’ €L, sothat Cyq, =1 and that |C}|, < 1if j < do,

0

and also set
fram ()= (Bro fo o B ) = (wh ¥ C?) eLld]
je{ovlv'“vd}\{d()}
Then, using Fact 2.6 and (2.4) (for By, B, € PGL(2,1L)), we have
(6.3)  fB.3(Ussz)
(= (Bzo )BT Ussz) = (Bro f,) Ugrrig )

(BzofBliSG):SG (B2 OfBl)( fB1(Sa)oo ) BQ(fBl( fB1(SG)°0))

(5.8) a:pplied BQ(Ufél(Sc)oo) - U((BQOfél)(Sc))OO)
ton=1
C PYL).

Claim 1. Fither dy = d or there is j > dgy such that |C}|, > 1.

Proof. Otherwise, dy < d and |C}|, < 1 for every j € {0,...,d} \ {do}. Then,

since |cd |l = |ca, |2 > 1, we have H (CO,Q) d=do¢do (and qﬁg\; =00 €
251

P! (k)), so that ord¢—oo[H

= ()] = d dp. In particular, we must have
fByBy

$5o00(fBaBy) = OrdC:oo[Hf/B:‘B/l =0=d—dy>0

(by Fact 2.7), so fp,5, (Us;sz) = P'(L) (by Fact 2.5). This contradicts (6.3). [
(c.8). Since this a € E(f) is a fixed point in P*(L) of f € (O(D)[t7!])(2), this

a = a(t) is indeed in P!(K) over a finite algebraic field extension K of the quotient
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field of the domain O(D)[t], that is, for 0 < sp < 1, by the substitution/change
of indeterminants ¢t = s™ for some m € N, we have
a=a(s™) € PH(O(Dy,)[s™']) (€ PH(L)),

where D, == {s € C : |s| < so} (cf. [5, Proof of Corollary 5.3]). Then, decreasing
0 < sp < 1 if necessary, we have not only ¢;(s™),C;(s™) € O(Ds,)[s™!] C L
for every j € {0,1,...,d} but also (Bi)sm,(Ba2)sm € PGL(2,0(Dsg,)[s}]) (C
PGL(2,L) and indeed (By)sm € PGL(2,0L)), and still (By)sm (Sg) = S in P!(L)
or equivalently (B1)sm = ¢ z~— (= ¢z = Bvl) in PGL(2,C) = PGL(2, k).

(By)sm
Let us, for notational simplicity, denote by

A=Ay = (A € (OD)E])(=)

the meromorphic family A; (A,, for n = 1) of Mébius transformations on P!(C),
and also by

2
p=py) € MNC)' and  po=p® = (uo, up) € (M'(P(C)))

the probability measure ug) and the ordered pair u(!), respectively. Set

D =D, = (ByoBy)gno(Awm) " € PGL(2,0(Ds,)[s']) (C PGL(2,L)),

so that D = ¢5 in PGL(2,C) = PGL(2,kL) (by the uniqueness part in The-
orem 3.4) since ((Bz o Bi)gm o fom)(Sg) = (B2 o fB,)sm ((B1)sm(Sg)) = (B2 o
fB)sm(Sa) = Sa = (Ao f)sm(Sa).

Claim 2. supp((¢p)-pr) C P'(C)\ {oo}.

Proof. Recall that |- |, and |-| are the absolute values on L and on C, respectively.
For every s € D} and every z € C, we compute

jE{O,l,...,d}\{do}

Let us see that for £>> 1, if 0 < |s| < s, then

1+ Z Cj(s™)zi 4o

je{ovlv'“vd}\{dl)}

(>0);

[N

inf
|z|=¢

>

for, in the latter case in Claim 1, we set
dy = max{j e{do+1,....d}: |Cj], = mzlijx|Cj|r (> 1)},
J>do

so that (dy > do, that) limsup, ,q|Cq, (s™)] € (0,400] (since |Cq,(s™)|, =
|Ca, |7* > 1), and that for every j > do, C;j(s™)/Cq, (s™) € O(Ds, ), which vanishes
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at s =0 if j > dy (since |C;(s™)/Cq, (s™)|r = |C;|7*/|Cq, |7 is < 1if j > dp, and
is < 1if j > dy). Then, for £>> 1 (so that the second and third inequalities below
hold), if 0 < |s| < s (so that the first and fourth ones below hold), then

ZC’ Jdo

j<do

<§ Z (04 1)e7=%  (by |Cj(s™)], = |Cjm™ < 1if j < dy)

j<do

<dp (noting that the sum above is over j < dg)

< (min{l,Q_l ~lirsnj(l)1p |Cd1(5m)|}>
1)) <1) =3

(e T 088
<|Ca, (s™)] - (fdl -2 ’cdl ™) ‘J " Z‘Cdl s™) ‘] d0>_2>

dy>j5>dg
dy>j5>do
E Cj(s™)zi—do 3

2
j>do

on {z € C: |z| = £}, which yields the desired inequality in this case. Similarly, in
the former case (dp = d) in Claim 1, for £ >> 1 (so that the final inequality below
holds), if 0 < |s| < s (so that the second inequality below holds), then

DGl < S e (MR < Y 0+ 1) <

j<do j<do j<do

N |

on {z € C: |z| = ¢}, which still yields the desired inequality in this case.

Hence, since dy > 1 (in (6.1)) and |cg, (s™)|r = |eq, |7 > 1, fixing €y > 1,
if 0 < |s| < sg, then (fp,)sm({z € C : |z] = |cay(s™)|lo}) C {z € C: |2| >
|cay (s™)| %0t 1l /2) © {2 € C : |z > 2|eqy(s™)|lo}, which with the maximum
modulus principle for holomorphic functions applied to 1/((fs,)sm(1/w)) near
w =0 € C in turn yields

(fB1)sm ({7 € C 12| > [eqy(s™)lo}) C {2z € C: 2] > 2|cqy(s™)|lo },

so that supp(((B)sm)«(pf.m)) (= supp(pi(ss,).m)) C {2z € C 1 |z] <eay(s™)|lo}
(see Fact 3.2). Hence, for 0 < |s| < sg, recalling that (Bz)sm(2) = (cq,(s™)) 12,
we have

supp((Ds)« (Asm ) «fif.m ) (= supp(((Bz o Bl)sm)*//&fsm)> c{zeC:|z| <t}
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Recall that pug = limjﬁoo(Atj)*,uftj weakly on P!(C), and pick a sequence (s;) in
D* so that t; = s7* for every j € N. Then lim; o Ds; = ¢ (= 5) uniformly on
P(C) (by (3.2)). Now the above inclusion for s = s;, j > 1, completes the proof
of Claim 2, by making j — oo. O

(d). Recalling that wo (= (70, rg)«wy) € AJ} (C Ay), there are s € [0,1] and
s" € [0, min{svf(Uzzz), (1 — s)(1 — v (Uz5z))}] such that

wo({Us}) = svy(Uy) for every @ € (Ts,P) \ {Scal},

wo({{S¢}}) =+, and

wo({Usze}) = (svy(Usgg) + (1 =) — &',
using the computation (1.11) of Ay under the standing assumption that the case
(ii) in Theorem A occurs and by char ki, = 0. Since wy € A}, we first have s’ = 0.

Recalling the identification wy = po in M*(I'g)t = MY(P(C))" and the

degenerating f-balanced property (the former half in (3.4)) of p = (uo, pr), we
compute

(svr(Usgz) + (1 = 5)) = " = wo({Usgz}) = mo({a})

(A5 hyrue Gy 1 (65s) hs + [Zonf 0))({a})

and, moreover, recalling that D= b5, B = b5, € PGL(2,C), that a = By *(c0),
that (Bz o fp,)(0c0) = oo, and that deg(¢ —— ) = do > 0 (in (6.1)) and using

Claim 2, we compute

((¢57) ne)({a}) = ((¢(D,103;El/ofoBfl))*ME)({OO})
= (@575, )" (@p)spp)({o0})
= (dego (@557, ) - (@) «np) ({o0}) =0,

and on the other hand, we compute

Baofp, )

(2:4) SSG_OO’(fBl) :)

= dieo|H .~ =0] = d—d = d- Uzs—).
(2.9) ord¢—oc Bsofp, ] (6.2) 8sa (/) (5.10) vs(Usqa)
forn=1

OrdC:&[H;Q,j = 0] ((;9) 555a(f) (;7) S(Bl)*(@)(fBl)

Hence we also have s" = (1 — s)(1 —v;(Ug;z))-

Consequently, we have not only s" = 0 but also s = 1 since v;(Ug;z) < 1
(which is a consequence of (5.10)) in the case (ii) in Theorem A. Then we still
have the desired o = wp = (71 ).y in MY(PH(C))T = MY(Te)T (also by (1.2)).
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Now the proof of Theorem B is complete. O

Remark 6.1. The arguments in steps (c.1), (c.2), and (c.3) in the proof of Theo-
rem B relate the non-archimedean absolute value |- |, on L, which is an extension
of the trivial absolute value on C = kg, with the Euclidean absolute value | - | on
C and complement [5, Proof of Theorem B]. The final assertion in [5, Cor. 5.3],
which [5, Proof of Theorem B] is based on, was shown in [5] under the condition
(5.7") (see also Remark 5.3).

§7. Examples
Pick a meromorphic family
f(z) =22 +t712 € (OD)[t™])[] (C L[e])

of quadratic polynomials on P*(C). Then f~!(co0) = {0} = E(f), and the case (ii)
(for @ = 00) in Theorem A occurs (indeed, (Sg,a] > f™*(Sg) = Sp(o,jt-2n1],) —
as n — oo since Sg is represented by (the constant sequence of) the L-closed disk
O = B(0,1), £(0) = 0, [f(Dl = [ty (> 1), [f¢ )y = [t2], > [t} and
|f(2)] = |2|? on L\ B(0,[t~1],); see (3.1) for the absolute value |- |, on L). Since
f'(z) =2z +t! € L[z], the point —t~* +1 € Uszzz ML is a (classical) repelling
fixed point of f (indeed f(—t~'+1) = —t"'+1and |f/(—t 1 +1)|, = [t71], > 1),
which is in J(f) = supp vy, so we in particular have vy(Ugz5z) > 0. Hence (5.7")
in Remark 5.3 is not the case for this f.

§8. A complement of Proposition 4.4

Let us continue to use the notation in Sections 3 and 4. Let

f € (0M)[t)(2) (€ L(2))

be a meromorphic family of rational functions on P!(C) of degree d > 1, and
suppose that f~1(Sg) # {S¢} in PY(L). Recall that I'¢ = {Sg} and T',, ==
o= {Sq, f"(Sc)} in Hi(L) for every n € N and that M!(I'g)' is identified
with M (P*(C))" under the bijection S(I'¢)\{Sg} = Ts, P (L) = P (kL) = P}(C).

For every n € N, pick a meromorphic family A,, € (O(D)[t71])(z) of M&bius
transformations on P!(C) such that (A, o f*)(Sg) = Sg in P1(L) (by Theorem
3.4), and set

A=A

We note that for any p = (uc, pe) € (M*(P(C))")? satisfying the admissibility
(4.4) (for this A), we still have w, € M*(T's)" (and w,(S(Ty) \ F) = 0 for some
countable subset F' in S(I'y)).
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Conversely, for every w € MY(I';) satisfying w(S(I'y) \ F) = 0 for some
countable subset F' in S(I'y), there is a unique ordered pair

Mo = (Mw,Can,E) € (M1<P1<(C))T)

such that when I'y =T (& A= b1,

P = (MY(Te)h)?

{%,C = (r,,re)xw € MM (L)t = M'(PY(C))T,
Mo, E = A*(ﬂ'r‘f?r‘c)*w = A*/J/W,C S Ml(FG>T = Ml(IPl((C))T

and that when I'; # ', noting that {f(Sg)} € T'y C H{; (L),
{uw,c({f}) = ((mr;.re)«w) {UsszH) for every & € P! (k1) = P*(C),
po,e({7}) = ((er,{f(sc)})*W)({U(A—l)*(@)}) for every j € P!'(ky) = P*(C).

Then this ordered pair p1, = (tw,c, tw, &) satisfies the admissibility (4.4) (for A)
(by Lemma 4.2 when I'y # I';), and in turn we have both

(8.1) wpy =w in MYT)T and  p,, = p in (M'(PH(C)))?,

that is, the map (M (P}(C))")? > u — w, € MY (I'y)T is bijective.
We conclude with the following complement of Proposition 4.4.

Proposition 8.1 (Cf. [5, Prop. 5.1 and Thm. 5.2]). There is the bijection
{(MCaME) € (Ml(IP’l((C))T)2 : satisfying the admissibility (4.4) (for A) and
the degenerating f-balanced property (m)*uE =d-uc in M(Pl)} Su
—w, € {we MY y)" : satisfying w(S(Ts) \ F) =0 for some countable subset ¥
in S(Ty) and fEw =d- (71, rg)ww in M(Dg)},

the inverse of which is given by the map w — p,. This bijection induces the
bijection

AE) > Hec — (ﬂ-F"’FG)*(w(MCaMgl))) S Aj%
where

A:g = {,uc e MY(PY(C)T : for (any) n > 1, there is u(;) e MY (PH(C))T
such that (A;;/f”)*ug) =d- ,uc}.

Proof. The former assertion follows from (8.1) and the computations in (a-1) and
(b-1) in the proof of Proposition 4.4. Then the latter assertion holds also by (4.6).
O
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