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Shifted Yangians and Polynomial R-Matrices

by
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Abstract

We study the category O" of representations over a shifted Yangian. This category has a
tensor product structure and contains distinguished modules, the positive prefundamen-
tal modules and the negative prefundamental modules. Motivated by the representation
theory of the Borel subalgebra of a quantum affine algebra and by the relevance of quan-
tum integrable systems in this context, we prove that tensor products of prefundamental
modules with irreducible modules are either cyclic or cocyclic. This implies the existence
and uniqueness of morphisms, the R-matrices, for such tensor products. We prove the
R-matrices are polynomial in the spectral parameter, and we establish functional rela-
tions for the R-matrices. As applications, we prove the Jordan—Holder property in the
category O°". We also obtain a proof, uniform for any finite type, that any irreducible
module factorizes through a truncated shifted Yangian.
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2 D. HERNANDEZ AND H. ZHANG

§1. Introduction

Shifted Yangians, and their truncations, appeared for type A in the context of the
representation theory of finite W-algebras in the work of Brundan—Kleshchev [9],
then in the study of quantized affine Grassmannian slices by Kamnitzer—Webster—
Weekes—Yacobi [50] for general types, and in the study of quantized Coulomb
branches of three-dimensional N = 4 SUSY quiver gauge theories by Braverman—
Finkelberg—Nakajima [7] for simply laced types and by Nakajima—Weekes [62] for
non-simply-laced types.

Fix a finite-dimensional complex simple Lie algebra g. The shifted Yangians
Y,,(g) can be seen as variations of the ordinary Yangian Y (g) in its Drinfeld pre-
sentation, but depending on a coweight u in the coweight lattice, denoted by PV,
of the underlying simple Lie algebra g. In the particular case u = 0, we recover
the Yangian Yy(g) = Y (g). The representations of Yangians, and their trigonomet-
ric analogs the quantum affine algebras U,(g), have been under intense study for
several decades. The truncated shifted Yangians, certain remarkable quotient of
shifted Yangians, depend on additional parameters, including a dominant coweight
A. These parameters A and p can be interpreted as parameters for generalized slices
of the affine Grassmannian W, (the usual slices when p is dominant). These vari-
eties are also Coulomb branches, symplectic dual to Nakajima quiver varieties, and
the truncated shifted Yangians can be seen as quantizations of these symplectic
varieties.

For simply laced types, representations of shifted Yangians and related Cou-
lomb branches have been intensively studied in this context; see [9, 48, 49] and
references therein. For non-simply-laced types, representations of quantizations
of Coulomb branches have been studied by Nakajima—Weekes [62] by using the
method originally developed in [61] for simply laced types (the reader may refer
to the discussion in [40, Introduction]).

One crucial property of shifted Yangians is the existence [20] of a family of
algebra homomorphisms indexed by a pair of coweights p and v,

Au,u: Yu+l/(g) — Yu(g) ®Y,(9)

This is analogous to the Drinfeld—Jimbo coproduct for ordinary Yangians. These
coproducts A, , induce a tensor product structure on a category

sh
" = B o
pnepv

which is a sum of categories O,, of representations over the shifted Yangians Y),(g)
for various coweights .



SHIFTED YANGIANS AND POLYNOMIAL R-MATRICES 3

By [9, 48, 49], an irreducible module in category O is determined by its
highest weight, which is a tuple of ratios of monic polynomials in u, one ratio for
each Dynkin node of g. There is a natural C-action on the shifted Yangians by
algebra automorphisms. Each module V' induces on the same underlying vector
space a family of module structures V(a), for a € C referred to as the spectral
parameter, such that V(0) = V. If V is irreducible, then V(a) remains irreducible
and its highest weight is obtained from that of V' by the substitution u +— u — a.

In a seemingly different direction, the category O of representations of the
Borel subalgebra U,(b) of a quantum affine algebra U,(§) was introduced and
studied by Jimbo and the first author in [41]. One crucial point for the approach
therein is an asymptotical procedure to construct certain remarkable simple rep-
resentations, the prefundamental representations, as limits of finite-dimensional
representations of U,(§). It was observed by the second author in [70] that the
category " for shifted Yangians provides a Yangian counterpart of the prefun-
damental representations and their asymptotical procedure. The prefundamental
representations play a similar role in category O as the fundamental represen-
tations do in the subcategory of finite-dimensional representations of the ordinary
Yangian [14], hence the terminology.

The trigonometric analogs of shifted Yangians, namely the shifted quantum
affine algebras, are other examples of shifted quantum groups. These algebras
U}'(g) were introduced by Finkelberg-Tsymbaliuk [21] as variations of the quan-
tum affine algebras U,(g), for a quantization parameter ¢ € C* which is not a root
of unity. The shifted quantum affine algebras also admit remarkable truncations
which are closely related to K-theoretical Coulomb branches. The approach to the
representation theory of U (g) developed by the first author in [40] is based on the
relations with representations in the category O of the Borel algebra U,(b) and on
associated quantum integrable systems. For instance, the study of R-matrices and
transfer matrices of U,(g) allows one to give a proof, uniform for any finite type,
that simple finite-dimensional representations of shifted quantum affine algebras
Ul (g) descend to a truncation.

In this spirit, it is natural to raise the question of the construction of R-
matrices for representations of shifted quantum groups. It is the problem we
address in this paper and from which we obtain several applications. The Drinfeld—
Jimbo coproduct is only conjecturally known for shifted quantum affine algebras,
that is why we work with shifted Yangians.

More precisely, we study morphisms in category O of the form

Ryw: VoW —WaeV

for a pair (V, W) of irreducible representations of shifted Yangians.
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To state our main results in a neat way, call an irreducible module positive
(respectively, negative) if its highest weight is a tuple of (respectively, inverses
of) monic polynomials. When the total degree of these polynomials is 1, these
are the prefundamental modules [70] mentioned above. Positive modules are one-
dimensional, while negative modules are infinite-dimensional except in the trivial
case.

Construction of R-matrices. Let P be a positive module and N be a negative
module. Let V be an arbitrary irreducible module in category O". As our first
main result, we prove the following cyclicity and cocyclicity properties (Theorem
4.8):

(i) The modules P® V and V ® N are generated by tensor products of highest
weight vectors. The modules V ® P and N ® V are cogenerated by tensor
products of highest weight vectors.

Here, a module is cogenerated by a vector if this vector is contained in all non-
zero submodules. As a consequence, we obtain unique module morphisms sending
a tensor product of highest weight vectors to the opposite tensor product,

Rpy(a): Pla) @V — V ® P(a)

and
Ryn(a): V(a)® N — N @ V(a).

Another consequence of the cyclicity property is that the R-matrices pr(a) and
Ry n(a), viewed as vector-valued functions of a, are polynomial.

Our cyclicity property differs from the case of finite-dimensional irreducible
representations of ordinary quantum affine algebras and Yangians where cyclicity
holds true for gemeric spectral parameters. Indeed, in the non-shifted case the
failure of cyclicity is controlled by the poles of normalized R-matrices viewed as
rational functions [1, 25, 51, 37, 38, 30] of the spectral parameter, which are rarely
polynomial.

Properties of R-matrices. The R-matrices being module morphisms, we are
able to compute them for positive modules, much in the spirit of Jimbo [44]. It
turns out that they are connected to the Gerasimov-Kharchev—Lebedev—Oblezin
truncation series [32], GKLO series for short, which are certain generating series
of the shifted Yangians appearing in the definition of truncated shifted Yangians
[9, 50, 7]. Note that in the trigonometric case, the truncation series defining trun-
cated shifted quantum affine algebras were related to limits of transfer matrices
associated to positive prefundamental representations (the Q-operators) in [40].
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Since a positive module P is one-dimensional, we view Rpy (a) as a linear
operator on V. We establish the following property in the “positive case”:

(ii) For P a positive prefundamental module, the vector-valued polynomial func-
tion a +— Rpy(a) from C to End(V) satisfies an additive difference equation
determined by the action of a GKLO series; see equation (5.6).

In the case of finite-dimensional representations of the ordinary Yangian, there
is a general construction of R-matrices by solving additive difference equations
[28, 29, 30]. Point (ii) can be seen as a reverse statement: first the R-matrices are
shown to exist, and then we find difference equations for them.

In the “negative case”, the following is the key technical result of this paper.

(iii) Let V be a fundamental module equipped with a weight basis, and view
Rv7 ~(a) as a matrix whose entries are vector-valued polynomial functions
from C to End(N). Then the diagonal entry associated to the lowest weight
basis vector of V' is the action of a GKLO series; Equation (8.1).

Here, a fundamental module [14] is a finite-dimensional irreducible module over the
ordinary Yangian whose associated Drinfeld polynomials are of total degree 1 (as
mentioned above, it should not be confused with a prefundamental representation).

Application I: Truncation of irreducible modules. We obtain a proof, uni-
form for any finite type, that any irreducible module in O%" factorizes through
a truncated shifted Yangian. For g of simply laced type, this can be derived
from [48, 49], and then extended to non-simply-laced types by [62, 61], where the
classification for non-simply-laced truncated shifted Yangians is reduced to the
known classification in simply laced types via geometric arguments. In the case of
shifted quantum affine algebras, the result was established for finite-dimensional
irreducible modules [40, Thm. 12.9] by a method involving transfer matrices of
quantum integrable systems.

We prove furthermore that if g is not of type FEg, then any highest /-weight
module in category O°" descends to a truncation, by realizing such a module as
a quotient of the tensor product of a positive module with a negative module
(Theorem 4.15).

Application II: Jordan—Hoélder property. As another application, we prove
that in category O the tensor product of two (and hence finitely many) irre-
ducible modules admits a finite Jordan—-Holder filtration. In other words, the full
subcategory of O consisting of modules with a finite Jordan-Holder filtration is
closed under tensor product. This seems surprising, at least to us, as the analogous
category O for the Borel subalgebra [41] does not satisfy this property.
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We expect the R-matrices introduced in this paper for shifted quantum groups
will be further studied in the future, keeping in mind their importance for ordi-
nary quantum groups. Also, an approach to R-matrices using algebraic versions of
Maulik—Okounkov stable maps for the category O of Borel subalgebras was pro-
posed in [39]. As this category O is closely related to the category O! for shifted
quantum affine algebras, we expect such algebraic stable maps also to exist for
shifted quantum groups. We also expect more applications of these R-matrices for
the representation theory of shifted quantum groups, in particular to get advances
on the conjecture in [40] which states a parameterization of irreducible represen-
tations of non-simply-laced truncated shifted quantum affine algebras in terms of
Langlands dual g-characters.

The paper is organized as follows.

In Section 2 we recall the basic properties of shifted Yangians and of the trun-
cated shifted Yangians. We also give a first estimation of the coproduct (Lemma
2.5).

In Section 3 we recall basic properties of representations of shifted Yangians,
including the existence of Verma modules, the parameterization of irreducible mod-
ules in category O, finite-dimensional irreducible modules, ¢-characters.

In Section 4 we prove cyclicity and cocyclicity properties for tensor products
of prefundamental representations in category O (Theorem 4.8), which moti-
vate our definitions of Weyl modules and standard modules (Definition 4.10). We
describe these modules when g is not of type Eg (Theorem 4.15).

In Section 5 we construct the R-matrices for suitable highest /-weight mod-
ules and establish their first properties in Theorem 5.2 and Propositions 5.3 and
5.7. We also get several results on the eigenvalues of certain of these R-matrices
(Proposition 5.8).

In Section 6 we focus on the case g = sls, for which we prove the existence and
uniqueness of factorization for all irreducible modules in category O" into tensor
products of prefundamental modules and Kirillov—Reshetikhin modules (Theorem
6.4).

In Section 7 we compute diagonal entries of certain remarkable R-matrices, by
relating them to one-dimensional R-matrices (Proposition 7.2 and Theorem 7.4).
The proof uses a refined estimation of the coproduct that we establish (Lemma
7.1).

In Section 8 we prove uniformly that any standard module (and so any irre-
ducible module) factorizes through a truncated shifted Yangian (Theorem 8.4).

In Section 9 we establish the Jordan-Holder property of the category Osh
(Theorem 9.5). We also get a uniform proof that a truncated shifted Yangian has
only a finite number of irreducible representations (Theorem 9.3).
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§2. Shifted Yangians

In this section we recall the basic properties of shifted Yangians from [7, 20, 52].
We review their definition, their standard gradings, and their triangular decom-
position. We recall the shift homomorphism and the coproduct for which we give
an estimation (Lemma 2.5). We also discuss the particular case of the ordinary
Yangian, as well as certain remarkable quotients, the truncated shifted Yangians.

§2.1. Definition and structure

Fix g to be a complex finite-dimensional simple Lie algebra. Set N := Z>q. Let §
be a Cartan subalgebra of g, and I := {1,2,...,r} be the set of Dynkin nodes.
The dual space h* admits a basis of simple roots (c;);e; and a non-degenerate
symmetric bilinear form (, ): h* x h* — C. For 4,5 € I set

2(0&1‘, Oéj)

=2 eZ, dyj=
T oy, o) i

Qg O
7( “2 J), d, = d“
We assume that the d; € Z~q are coprime. For ¢ € I, the fundamental weight
v
i

determined by the following equations for j € I:

w; € b*, the fundamental coweight w, € b, and the simple coroot o € b are

(@i, ) = didij, (@), 05) =045,  (a,5) = cij,

where (, ): h x h* — C denotes the evaluation map. We shall need the coweight
lattice, the root lattice, and some of their subsets defined as follows:

coweight lattice PV = @Zw;/ ch Qf:= @Naiv;
icl i€l

root lattice Q := @Zai ch*, Qi = GBNOQ7 Q. =-Q,.

iel icl

A coweight means an element of the coweight lattice PV. It is dominant (respec-
tively antidominant) if all the coefficients of @, belong to N (respectively —N).
On the other hand, a weight means an element of the dual space h*. The weight
lattice does not play any role in this paper. We let w denote fundamental weights,
and reserve w for highest ¢-weight vectors.

For a coweight 1 € PV, the shifted Yangian Y),(g) is the algebra with gener-
ators

at &, for (i,n,p) € [ x Nx1Z,

,n’
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called Drinfeld generators, subject to the following relations:

(2.1) [Eip &) =0, [0 25,] = 615 msn,

(22) [fi,p—&-la xjt,n] - [fi,pa xjt,n+1] = idij (gi,pxjin + xjtngi,p)
(23) [xzierl’ ‘xjin] - [xzi,mﬂ xji,n+1] :I:dl]( Lim j nt x]in 7,im)
(2.4) adl Cw( o) =0 ifi# 3,

(25) gz, (o) —1 = 1, gi,p =0 for p< _<Mzai> - L

Here, ad,(y) := 2y — yx. Define the generating series for i € I:

26)  ar)=YaEa T G = Y & e Vulg) ().

neN PEL
These are Laurent series in u~!, with leading terms z5ju~" and u{*ei).

Remark 2.1. Our generators :v+ Ti s (n+1) F("+1)

and Hi("H) in [7, 20]. The zero-shifted Yangian Yy(g) is the ordinary Yanglan [17]
with deformation parameter = 1, which will also be denoted by Y (g).

and &; , correspond to E;

The algebra Y, (g) is Q-graded, called weight grading, by declaring the weights
and &, to be a;, —a;, and 0. For § € Q, let Y,,(g)g
denote the subspace of elements of weight 8. Setting p = —(u, ;) — 1 in equation

JF —
of the generators x T s

i,m?

2.2) and noticing &; , = 1, one obtains the following Cartan relation:
P
(2.7) &~ () Tin) = E(ai, a)z7,.

So the weight grading is characterized alternatively: z € Y,,(g) is of weight 5 if
(was)> ) = (o, B)x for all i € 1.
As in the case of the ordinary Yangian (see for example [28, §2.8]), for a € C

and only if [§; _,

there is an algebra automorphism 7,: Y, (g) — Y, (g) defined by
(2.8) To: Yu(9) — Yu(g), x;t(u) — xji(u —a), &(u)—&(u—a).

Note that 7, o7, = 7444 for a,b € C and 19 = Id. Indeed, 7, can be obtained from
the evaluation at z = a of the following algebra homomorphism:

(2.9) 7.: Yu(g) — Yu(g) ®C[2], X, HZ( ) n® 2",
neN

where X € {z3,&} and p € Z. Tt is understood that 5% . = 0 for k < 0.
For {, n antidominant coweights, the following map extends uniquely to an
algebra morphism ¢, ¢ ,: Y. (g) — Yu+<+n(9)a called the shift homomorphism:

(2.10) T = (Coui)? n T ey S 7 Sip—(Cnian) -
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The shifted Yangian Y),(g) admits a triangular decomposition. Let us define
three subalgebras by generating subsets. The first Yu< (g) is generated by the T
the second Y, (g) is generated by the a:j)'n, and the third Y, (g) is generated by

the &; ,. These subalgebras inherit from Y),(g) the weight grading: the first two are
graded by Qs, and the third by {0}. Set

Y. (9) =Y, (9)Y, (g) and Y, (g) =Y, (a)Y, (0);

these are subalgebras. The following result is a consequence of the PBW basis
theorem [20, Cor. 3.15].

Theorem 2.2 ([20]). All shift homomorphisms are injective. The multiplication
map Y,=(g) ® Y, () ® Y, (9) = Yu(9) is an isomorphism of vector spaces, and
Yf(g) is the algebra generated by xlin and & p for (i,n,p) € I x N x Z subject
to equation (2.5), the first half of equation (2.1), and the £ part of equations
(2.2)~(2.4).

It follows that the assignments z(u) — z(u) and & (u) — u= ") (u)

extend uniquely to four algebra isomorphisms
(2.11)

The first two isomorphisms being independent of p, we omit p from Yu> (g) and
Y,~(g) when no confusion arises.

The next property of shifted Yangians is the coproduct of Drinfeld—Jimbo,
which plays a key role in our study of representations. We rephrase [20, Thms. 4.8,
4.12, Prop. 4.14]. While [20] considered simply laced types, the proofs apply in
general as commented in [20, Rem. 3.2].

Theorem 2.3 ([20]). There exists a unique family of algebra homomorphisms
Au,u5 Y/H-V(g) — Yu(g) ®Y,(g)

for all coweights 1, v such that Ao is the coproduct of the ordinary Yangian and
properties (1)—(ii) hold true.

(i) For p and v antidominant, i € I, n < —(pu, a;), and m < — (v, a;),

(212) All«al/(x;fn) = x:—n ® 17 AM»V('T;m) =1 ® me
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(ii) If ¢ and n are antidominant, then the following diagram commutes:

YAV
(2.13) Yipo(g) —————— Yau(9) ® Yo (g)
lhﬂrm(,n leC,O@LV’OW
A (=%
Yu+V+C+77 (9) e YlH-C (g) ® YV+U (g)

Furthermore, if v is antidominant, then the following diagram commutes:

Ay,
(2~14) Y/H-V—i-p(g) : . Y;H-V(g) 0 Yp(g)

lAu,Ver JALL,V(@IC{
Id®AL,,

Y, (9) ®Yoip(9) ——— Yu(9) @ Yi(g) ® Y, (g).

§2.2. The ordinary Yangian

The ordinary Yangian Y(g) endowed with the coproduct Agg = A is a Hopf
algebra, which contains the universal enveloping algebra U(g) as a Hopf subalgebra
by identifying the xfo with root vectors in the Lie algebra g associated to the roots
+a; so that af = d%fi,o € h. Let R denote the set of positive roots of g. One can
extend xfo = xi to root vectors xﬁf € g+~ for v € R suitably normalized with
respect to an invariant bilinear form of g. Then the coproduct is determined by
[17] (see [33, §4.2] for a proof):

(2.15) Alin) =&1@1410&1+8&i0®@&o— Y (ai,y)z; @z
YER

For (v,n) € R x N, the root vector x, € g— proportional to an iterated commu-
tator of the z; ;, we choose exactly one of the z;, in the commutator and replace
it with z; .. It depends on the choice of 7 and the position of z; , in the commuta-
tor. We fix such a choice for all (7,n) € R x N, and let x7,, denote the resulting
element in Y <(g), called a PBW variable as in [20, §3.12].

Remark 2.4. For y a coweight let us identify the subalgebra Y,<(g) with Y"<(g)
via (2.11) so that the PBW variables make sense for Y,=(g). By [20, §3.12], with
respect to a total order on the set of PBW variables which is in natural bijection
with R x N, the ordered monomials in the PBW variables form a basis of Y,~(g).

We shall need the current algebra gt]; the Lie algebra g ® C[t] with bracket

[t@t™ y@t"] = [z,y] @t™" for z,y € g and m,n € N.
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It is bigraded by N x Q: the weight grading comes from the adjoint action of
h C g C g[t]; the N-grading is defined by declaring x ® t™, for € g and m € N,
to be of degree m. Its universal enveloping algebra U(glt]) is bigraded by N x Q.

The algebra Y (g) is N-filtrated, by declaring Y (g)=", for n € N, to be the
linear subspace spanned by the monomials in the generators xfm, &;,m for which
the sum of the indexes m is at most n. The N-filtration on Y (g) is compatible with
the weight grading, so that the associated grading gryY (g) is an algebra bigraded
by N x Q. Here, by definition, Y (g)<~! = {0} and

gy (9) = P V()" /Y (9)=" "
neN

We have an isomorphism of (N, Q)-bigraded algebras
(2.16) Uglt]) — graY (9), o @™ = af,,

o
Here, szm denote the images of xii,m under the projection
Y(g)=™ — Y(9)="/Y (9)="7" C gryY (0)-
This isomorphism appeared in [54]. For a complete proof, see [22, Thm. B.2].
§2.3. First coproduct estimation

A compact formula for the coproduct of the Drinfeld generators is unknown beyond
sly in [20, §6.3]. Still, some partial information on the weight space projection of
the coproduct is sufficient.

Let us define the height function h: Q4 — N to be the additive function such
that h(a;) = 1 for i € I. In the following, when we write h(3) or speak of the
height of a weight £, it is understood that 5 € Q4.

We shall need the notion of the principal part. For V a vector space, let
V[u,u"1] denote the space of formal power series with coefficients in V, and
V[u~!] its subspace of power series in u~!. The principal part of a formal power
series f(u) in V[u,u"1], denoted by (f(u)), is a power series in V[u~'] defined

by
<pru”1> > fpurh

pEZ +  peN
This was denoted by f(u) in [48, Lem. 5.13]. As an example,

<&> = gla) for g(u) € Clu] and a € C.
u—al+ u-—a
As another example, the shift homomorphism of (2.10) acts on z:(u) as

i () = (Ot (), @y (u) = (a2 ()

K2 K2
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Multiplication endows V[u,u~!] with a module structure over the polynomial
algebra C[u]. It is compatible with taking the principal part:

(217)  (glhf)s)s = (ghf)s for g.h € Clu and f € Vu,u™"].
Lemma 2.5. For all coweights p and v, the coproduct A, , satisfies

Ao (w) = af (1) ® 1+ (&(w) ® 7 (u))4 mod. Z Y[ (@)-p @Y, ()40,

Aup(zy (w) = 1@ a7 (u) + (@7 (u) ® &(u))4 mod. Z o ® Y, (9)g,
h(8)>0

Apw(&i(u) = &(u) ® & (u) mod. Z Y, (8)-5 @Y, (a)s,

Au,u(&i,f<u+u,a1 ) gz, (pyos) ® 1+1® gz, (v,a;)

In the first three relations, the notation “mod.V” for V C Y, (g) ® Y, (g)
should be understood as “modulo V ((u=1))”.

Proof of Lemma 2.5. The case pn = v = 0 follows from [52, Lem. 1]; while the
statement of [52] is weaker, its proof works in our situation; see also [14, Prop. 2.8]
and [31, Prop. 2.9]. For arbitrary coweights we use the zigzag arguments as in the
proof of [20, Thm. 4.12]. We shall treat only the first assertion, as the other three
are parallel. Our goal is to prove the following relations, denoted by P(n, i, v), for
n € N

Ay,u(mtn) = x;,_n ®1+ Z Ein—1-m ® x:m mod. Z Y;; (g)*ﬁ ® Yu+(g)[3+m'
m>0 h(8)>0

For ¢, n antidominant coweights, applying ¢, ¢c0 ® ty0, to A, (z],), from the
commutative diagram (2.13) and injectivity of shift homomorphlsms we deduce

P(n,pu,v) <= P(n— ((, o), p+ v +mn).

Let us choose ¢ and 7 such that p + ¢ and v + n are antidominant.
If n > —(u, «;), then the above equivalence applied to (n + {(u, @;),0,0) and
the antidominant coweights p + (, v + n gives

P(n+<lu’7ai>7070) <:>P(n_ <Caai>7ﬂ+<ay+n)'

So P(n,u,v) < P(n+ (u,a;),0,0), and the latter is true by [52].
If n < —(u, a;), then n — ((, ;) < —{u+ ¢, ;) and by equation (2.12),

+ — ot
AM+<7V+17(”3i,n—<<,ai>) =Ty (¢ © 1
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py

i,m

In the commutative diagram (2.13) put z;" at the top-left corner. Then the ele-
ment at the bottom-right corner is xj'n_ o) © 1. From the injectivity of the
vertical maps we obtain that the element at the top-right corner is x;rn ®1, namely,

All«yl’('r:n) = xfn ® 1. For m > 0, we have & ,_,,—1 = 0 in Y, (g) because
n—m-—1<—(ua)—m-1<—(u,a;) — 1L

So the summation ) = in P(n,u,v) vanishes. This proves P(n,u,v), with the
second summation Y 5 being zero. O

The zigzag arguments will reappear in this paper at the level of representa-
tions.

§2.4. Truncated shifted Yangians

These are quotients of shifted Yangians appearing first in type A [9] as finite
W-algebras, in the dominant case [50] as quantizations of slices in affine Grass-
mannians, and in the most general case [7] as quantized Coulomb branches. Their
definition involves the notion of ¢-weight.

To motivate equation (2.18) below, let p be a coweight and V' be a Y, (g)-
module. Then the actions of the &;;, on V mutually commute. Suppose that 0 #
v € V is a common eigenvector with e; , being the eigenvalue of &; ,. We have

&(wv =ei(u)v, ei(u) = Zei,pu_p_l.

pEL

From equation (2.5) we see that e;(u) is a Laurent series in u~! whose leading
term is fixed to be u{**). So the coweight u can be recovered from the I-tuple

of Laurent series (e;(u))ies. The actions of the & _(, ,) on v are encoded in the

22123
weight B € h* defined below in the same way as equation (2.7):
1
§i,—(u,ayv = (ai, B)v where = Zez‘,—w,ai)gwi-
iel ¢

In notation of Section 3.1, the vector v is of ¢-weight (e;(u));cr and weight 3.

Consider the multiplicative group C((u=1))* of the field C((u~!)) of Laurent
series in u~!. The set of /-weights, denoted by L, is the subset of the I-fold product
group [[;c; C((u™"))* consisting of I-tuples of Laurent series in u~" whose leading
terms are of the form u* for k € 7Z; it is clearly a subgroup. For e € £ and i € I,
let e;(u) be the ith component of e, and let e; , € C, for p € Z, be the coefficient
of u=P~1 in e;(u). By definition there exists a unique k; € Z such that

ei(u) = Zei,pu_p_l with e;, =0 for p< —k; —1 and e; _j,—1 = 1.
PEZL
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Define the weight and the coweight of e by
(2.18) w(e) = ezd @ eh’, @(e)= kw) PV,
il il
This defines two morphisms of abelian groups w: £ — h* and w": L — PV.

Definition 2.6. A pair (u,r) of coweight p and ¢-weight r are truncatable if
(2.19) @’ (r) —pe QY.

In this situation, let m; € N, for ¢ € I, be the coefficient of ) in " (r) —p. We
have the Gerasimov—Kharchev—Lebedev—Oblezin (GKLO for short) series A;(u),
a Yu:(g)—valued Laurent series in u~! of leading term u™ for i € I, uniquely

determined by the following equations [32, Lem. 2.1 with ¢h = 1] (see also [50,
§4A] and [7, eq. (B.14))):

—cjs
600 = =gy 1T LAt dy—ta))
v jicii <0 t=1
r;(u)
= l— A, Aj( -1
]1__
(2.20) H A(u+ )A( 1)A~(uf§)
. A 5 )Ai 5)-
The second equation comes from the fact that c;; = —1 implies d;; = —%dj, while
¢ji < —1 implies d; = 1 and d;; = cﬂ

Lemma 2.7 ([32]). Let (1, ) be truncatable. In the shifted Yangian Y, (g) we have
Ai(u)x;nAi(u)_l =, +didi; Z x;n+ku_k_1.
E>0
Proof. Write A;(u) = 3 a;u~P~". The following relation is a consequence of
[32, egs. (2.12),(2.14)]; see [49, Def. 4.1] in simply laced types:
[@ip+15 25 ] = [Qip, T 1] = 0ijdi; @i p.

Since a; , = 0 for p < 0, the above relation can be rewritten as

@i p, ™ ]n] didi; E :xz ntkdi,p—k—1-
k>0

Multiplying the above equality by «~?~! and summing over p € Z, we get
Ai(wz;,, —x;,Ai(u) = didi; Z wi_’n_kku*k*lAi(u).
k>0

Right multiplying by A;(u)~! gives the desired identity from the lemma. O
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Definition 2.8 ([50, 7]). For (u,r) € PV x L a truncatable pair, the truncated
shifted Yangian Y} (g) is the algebra defined as the quotient of the shifted Yangian
Y,,(g) by the two-sided ideal generated by the coefficients of (A;(u))+ for i € I.

Remark 2.9. Assume each r;(u) is a monic polynomial of u. Our algebra Y, (9)
and series A;(u) correspond to )N/lf (r) and u™ A;(u) in [47, §3.4] with v = @ " (r).
The original truncated shifted Yangian, denoted by Y/ (r), is defined to be the im-
age of Y;(g) under the so-called GKLO representation by difference operators; see
[50, Thm. 4.5] and [7, Thm. B.15]. Conjecturally [50], the quotient map is an iso-
morphism, and a proof in type A is available in [46, Thm. 1.6] and [47, Thm. A.5].
The reason why we drop the polynomiality of r will be given in Section 8.

83. Representations of shifted Yangians

We recall basic properties of representations of shifted Yangians: Verma mod-
ules, classification of irreducible modules in category O, g-characters, finite-
dimensional irreducible modules, and prefundamental modules.

Most of the definitions and results in this section are well known, and were
also known for the representation theory of three classes of algebras: the ordinary
Yangian [17, 14, 52, 28]; the upper Borel subalgebra of the quantum affine algebra
U,(§) for ¢ € C* generic [41, 24, 39], which we refer to as a Borel algebra; the
shifted quantum affine algebras recently developed in [21, 40]. Their proofs work
for shifted Yangians as well, because the algebraic structures are common for these
quantum groups.

§3.1. Verma modules

We begin with some general remarks on the notions of weights and ¢-weights for
modules over shifted Yangians. Fix p a coweight. Let V' be a module over Y),(g).
For 8 € h* and f € L, define

Vg = {v eVIviel, & (ua)v = (ai,ﬂ)v},
Ve :={veV|V(ip) €I xZ, Im e Nsuch that (§, — f;,)"v=0}.

If Vi3 is non-zero, then it is called a weight space of weight 8, and a non-zero vector
v € Vg is called a weight vector of weight wt(v) := §. If V¢ is non-zero, then it is
an £-weight space of £-weight f, and similar conventions for ¢-weight vector and
wte(v). Let wt(V) C h* be the set of weights of V', and wty(V) C L the set of
¢-weights. By equations (2.5) and (2.7), for f € wt,(V), f € wt(V), and a € Q,
we have

p=w'(f), Yu(8)aVs C Vais.
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Remark 3.1. While the automorphism 7, from (2.8) preserves the weight grading
on Y, (g), this is not the case for modules. Define the weight i € h* associated to
w and, by abuse of language, the group automorphism 7,: £ — L by

- 1

i = §<u,ai>d—iwi, To(f) == (fi(u — a));er for £ € L.
For V a Y, (g)-module, the pullback module 7}V is denoted by V' (a), with a referred
to as the spectral parameter. We have

Vs =V(a)g—an for e wt(V), Vi =V(a)s ) for f e wt (V).

Call V a weight module if it is a direct sum of weight spaces. In such a module,
any f-weight space V¢ is contained in the weight space V). We shall say that V
is weight graded by a subset X C h* if V' is a weight module and wt(V) C X.

Call V top graded if there exists A € h* such that V is weight graded by
A+ Q_ and V) is one-dimensional. Clearly A is unique and V) equals an ¢-weight
space V, for a unique e € L. We refer to A, V), e, and V. as the top weight, top
weight space, top {-weight, and top f-weight space.

Let e € L be of coweight p. The Verma module M (e) is the Y,,(g)-module
defined by parabolic induction [48, §3.3]

M(e) = Y, (g) @y 1 ) C.

Here C = C1 is viewed as a Y, (g) by setting z;7 (u)1 = 0 and & (u)1 = e;(u)l.
The vector we == 1 ® 1 € M(e) is of weight w(e) and ¢-weight e. From the
triangular decomposition of Theorem 2.2 and the weight grading on Yﬂ< (g) we
obtain that M (e) is top graded with e being the top (-weight. Moreover, the
linear map Y= (g) — M (e) sending x € Y,~(g) to zwe is bijective.

By standard argument, the Verma module has a unique maximal submodule,
the quotient by which is irreducible and denoted by L(e). By abuse of language,
we still let we € L(e) denote the image of we € M (e) under the quotient.

Let V be a Y, (g)-module and let v be a non-zero vector of V. Call v a vector
of highest £-weight e if there exists a module morphism M (e) — V sending we to
v. Namely, & (u)v = e;(u)v and o] (u)v = 0 for i € I.

Definition 3.2. Call V' a module of highest ¢-weight e if there exists a non-zero
surjective module morphism M (e) — V.

Equivalently, V' is generated by a vector v of highest ¢-weight e. It follows
that V' is top graded with e being the top /-weight. In particular, v is unique up to
homothety, and there is a unique surjective module morphism V' — L(e) sending
v 10 we.
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Recall the coproduct for u, v coweights,
Apwt Y (@) — V(o) © Yo (0),

from Theorem 2.3. If W and V are modules over Y, (g) and Y, (g) respectively,
then their tensor product W ® V' is naturally a module over Y,,;,(g). Since the
coproduct respects the weight grading, we have

Woa®@Vg C(W®V)ayp fora,Bebh”.
So, a tensor product of weight modules is still weight graded.

Example 3.3. Let e,f € L. Consider the tensor product module M (e) ® M(f).
From the coproduct of &;(u) and z (u) in Lemma 2.5 we see that we ® ws is of
highest ¢-weight ef. This implies that L(ef) is a subquotient of L(e) ® L(f).

Lowest f-weight vectors/modules can be defined by replacing z; (u) with

Example 3.4. Let V be a Y, (g)-module containing a lowest ¢-weight vector v_
and let W be a Y, (g)-module containing a highest ¢-weight vector w. Then for
jel,veV,and w € W, we have the following relations in the module V @ W
based on the coproduct estimation of Lemma 2.5:

& (u)(v- @w) = &(uo- @& ww, a7 (u)(v- @w) =v- @z (Ww,

27 ()0 ®w) = v © 2] (ww + (@5 (W) © & (uww)s

In particular, if w is an ¢-weight vector, then so is v_ ® w.

§3.2. Finite-dimensional irreducible modules

In this subsection we recall the classification of finite-dimensional irreducible mod-
ules over shifted Yangians from [48, Thm. 3.5]. The result was proved in simply
laced types by reduction to sly and applying [9, §7.2], so it works in general types.
See [40, Thm. 6.4] for a similar classification for shifted quantum affine algebras.

Example 3.5 ([70, Rem. 24]). Let (i,a) € I x C. The positive prefundamental
+

i,a

module L7, is the one-dimensional Y v (g)-module of highest ¢-weight (our sign

convention is opposite to [70, eq. (10)] and agrees with [41, Def. 3.7])
(3.1) U, .=(1,....,1,u—a,1,...,1) prefundamental weight.
T —

Our terminology follows [24, Def. 3.4]. In the framework of representations of the
Borel algebra [41], the positive prefundamental module is an infinite-dimensional
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irreducible module whose ¢-weights are rather simple, and it has important appli-
cations in quantum integrable systems (construction of Baxter’s Q-operators [2]
as transfer matrices of this modules, polynomiality of Q-operators). In another
framework of representations of shifted quantum affine algebras, which is closer
to our situation, the positive prefundamental modules are one-dimensional [40,
Exa. 4.12].

For (i,a) € I x C define the fundamental {-weight by
v

1
i,a—5d;

7 e L.

(3.2) Yia =
i,a+%di

In the notation of [14, §2.13], L(Y; ) is the finite-dimensional irreducible module
over Y (g) with Drinfeld polynomials P;" (u) = u—a— 1d; and Pj+ (u) = 1for j #1i.
This justifies its name fundamental module.

Theorem 3.6 ([9, 48]). For e € L, the irreducible module L(e) is finite-dimen-
sional if and only if e is a monomial of the V; o and Y; o fori € I and a € C.
Furthermore, all finite-dimensional irreducible modules over shifted Yangians arise
in this way.

Example 3.7. Fix (i,a) € I x C. Let N;, be the irreducible module of highest
{-weight
Y;7a—%d,i H \Ilj,a_dij'
J:ci; <0
It is realized on the vector space C? with basis (e, e2) such that the only non-zero
actions of the generating series on the basis are

—a+d. Ca—d
u—atdi it ey >0, YTOT G gy s,
é'j(u)el =e1 u—a 5]‘(“)62 = ey u—a
U—(I—Fdij ifCij<O, u—a—dij ifcij<0,
1 d;
+ — i
x; (u)ey = e1, z; (u)eg = ——es.
7,()2 U—a 1 1()1 “—a 2

Over the Borel algebra there is an infinite-dimensional irreducible module of similar
highest (-weight [43, §6.1.3], denoted by N’ in [18, eq. (6.2)], which gives rise to
cluster mutations [42, 43] and three-term Baxter TQ relations for transfer matrices
[18, Prop. 6.8]. Over shifted quantum affine algebras, the irreducible module is
two-dimensional [40, Exa. 6.6].

The ratio of the {-weights of N; , is a generalized simple root:

U a
(3.3) Ajg =[] -24"% e .

jer \I/j7a+dij
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Notice that the A; , for (¢,a) € I x C generate a free abelian subgroup of £. Orig-
inally, generalized simple roots were defined in [26, egs. (3.11), (4.8)] as certain
evaluations of the universal R-matrix of U,(g), and they were linked to (-weights
therein. Similar formulas hold [40, §5.5, Thm. 6.1] for shifted quantum affine alge-
bras.

A finite-dimensional irreducible Y (g)-module is necessarily weight graded, as
an integrable g-module, and it is both of highest /-weight and of lowest ¢-weight.

Theorem 3.8 ([64, 63, 34]). Let U and V be finite-dimensional irreducible Y (g)-
modules generated by highest £-weight vectors wy and wso respectively. Let a,b € C.

(i) There exist a tensor product of fundamental modules T and an injective mor-
phism from V' to T whose image contains a tensor product of highest £-weight
vectors as well as a tensor product of lowest {-weight vectors.

(ii) There exists a finite subset X of C such that the module U(a) ® V() is
irreducible if a — b ¢ X.

(iil) The assignment wi Q@ wy — wo @ wy extends uniquely to a linear map
Ryyv(u): UV — VeoU e C(u)

such that the evaluation at w = a — b of the vector-valued rational function is
a module morphism from U(a) @ V(b) to V(b) @ U(a), if a — b is not a pole.

We refer to [34, Thm. 3.10] for a proof of the theorem and for a discussion
of relevant results for the quantum affine algebra. Part (i) is a weaker version of
the main results of [64, 63]: such a tensor product can be chosen to have a unique
irreducible submodule (of cohighest ¢-weight in the sense of Definition 4.4). The
vector-valued rational function Ry (u) in part (iii) is called a normalized R-
matriz. It is rarely polynomial, contrary to our R-matrices constructed later in
Section 5.

As in [31, §3.5], set s := 2 max(d;: i € I)h", where h" is the dual Coxeter
number of g. One has the involution ¢ — 7 of the set I of Dynkin nodes of g induced

by wo(a;) = —a;, where wyq is the longest element of the Weyl group of g. Define

(3.4) Vii=L(Y;14,_,) foriel

K2

Lemma 3.9 ([14, Prop. 3.2]). Fori € I, the lowest (-weight of V; is Yi_lld_.
v3d;

The ordinary Yangian Y (g) is a Hopf algebra with antipode S. For V" a Y (g)-
module, its Hopf dual is the Y (g)-module structure on the linear dual V* defined
by

(af)(v) = f(S(a)v) foraeY(g), feV andveV.
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By the coproduct estimation of Lemma 2.5, the dual L(Y;,)* of a fundamental
module L(Y; ,) is of lowest ¢-weight Yl_a1 The above lemma implies that L(Y; ,)*

is the fundamental module L(Y; o—); see [25, Cor. 6.10] for similar arguments.

§3.3. Category O and rationality

In this subsection we study a category of representations of shifted Yangians, which
appeared in [49, §5] in simply laced types.

For ;v a coweight, define O, to be the full subcategory of the category of
Y,.(g)-modules. An object of O, is a Y, (g)-module V such that

(O1) it is a direct sum of finite-dimensional weight spaces;
(02) there exist A1, Ag, ..., A\, € h* such that

wi(v) < oy + Qo).
j=1

Remark 3.10. Assume p is dominant. The quotient of Y, (g) by the ideal gen-
erated by the [z,y] for z,y € Y,(g) is isomorphic to the polynomial algebra in
finitely many variables &, for ¢ € I and —(p, ;) < p < 0. A finite-dimensional
module over the quotient algebra is in category O, if and only if it is semisimple. If
u # 0, then the quotient algebra, as a polynomial algebra in at least one variable,
admits finite-dimensional modules which are non-semisimple and therefore do not
belong to category O,,; see [9, §5.1] for similar arguments. If ;1 = 0, then a finite-
dimensional Y (g)-module is necessarily in category Oy viewed as an integrable
g-module.

The category O, is abelian. Let us describe its irreducible objects. The fol-
lowing rationality is well known for quantum affine algebras [36] and Yangians
[28].

Lemma 3.11. Let V be a Y, (g)-module which is a direct sum of finite-dimen-
sional weight spaces. The generating series aczi(u) and &(u) restricted to each
weight space of V' are rational in the sense that they are expansions at oo of
rational functions of u with values in finite-dimensional vector spaces.

Proof. The rationality of the Laurent series &;(u) and 23 (u) is proved in the same
way as [36, Prop. 3.8], [28, Prop. 3.6(i)]: first, one shows explicitly the rationality of
the 7 (u), which implies that of (£;(u)); then & (u) is (& (u))+ plus a polynomial
of w. O
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Define R to be the subgroup of £ generated by the ¥; ,. An element e € £
belongs to R if and only if all the components e;(u) are ratios of monic polynomials
of u. Let R, be the set of e € R of coweight p.

Theorem 3.12. For p1 a coweight, the L(e) for e € R, form the set of mutually
non-isomorphic irreducible modules in category O,,.

Proof. Standard arguments based on the triangular decomposition and rationality
of Lemma 3.11 show that any irreducible module in category O,, is of the form L(e)
for e € R,,. It suffices to prove that L(e) is in category O, for e € R,,. Repeatedly
using equation (2.3) as in [15, §5, Proof of (b)], we are reduced to showing that
for fixed ¢ € I the vectors z; ,we with n € N span a finite-dimensional subspace of
L(e). Write

P(u)
Q(u)
It suffices to prove the recurrence relation (Q(u)z; (u)we)+ = 0. Indeed,

IImz: (u) = Iz_ (U)IIm + 5ij Z gi,m—&-nuinil
n>0

&l 4 0i (i (w)) 4,

ei(u) =

with P(u) and Q(u) monic polynomials.

The power series (Q(u)z; (u)we)+ is annihilated by all the a:;rm If it is non-
zero, then by applying the triangular decomposition to its coefficients we obtain a
non-zero submodule of L(e) weight graded by w(e) — a; + Q_, contradicting the
irreducibility of L(e). O

We define the completed Grothendieck group Ko(O,) as in [43, §3.2]: its ele-
ments are formal sums ZeeR“ ne[L(e)] of the symbols [L(e)], for e € R, and
Ne € Z, such that the direct sum of Y}, (g)-modules Pecr, L(e)®Imel is in category
O,;; addition is the usual one of formal sums. Let V' be in category O,,. As in the
case of Kac-Moody algebras [45, §9.3], for e € R, the multiplicity mp,e),v € N of
the irreducible module L(e) in V makes sense, and we get a well-defined isomor-
phism class of V,

V1= > mpeviL(e)] € Ko(Oy).
ecR,
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The coproduct A, ,, of Theorem 2.3 induces a functor
0, x0, — Opyp, WV)=>WeV.

Define the direct sum of abelian categories and its Grothendieck group

0" = P 0, Ko(O"):= P Ko(0,).

pnepPv pnerpPv

Then the above functor extends to a tensor product functor
®: O x O — O,
The exactness of the tensor product induces a group homomorphism
Ko(O™) x Ko(O™) — Ko(O™), (W], [V]) = [W @ V].

Remark 3.13. Let O*! denote the direct sum of the categories O, for u anti-
dominant. Then the commutative diagram (2.14) implies that (O ®) is a
monoidal category with trivial associators. It is unclear to us whether category
(0", ®) is monoidal because the coproducts fail to be coassociative for general
coweights [20, Rem. 4.15].

If V is in category O, then each weight space V3 is a direct sum of /-weight
spaces and each ¢-weight belongs to R, by Lemma 3.11. Following Knight [52],
we define the g-character of V to be (we adopt the terminology of [26])

xq(V) = Z dim(Vg)f € &;.
fGth(V)

The target & is the set of formal sums ) ¢ nef of f € R with integer coefficients
ng subject to the following conditions [41, §3.4]:

(E1) for each B € b* the set {f € R | ng # 0, w(f) = B} is finite;
(E2) there exist A1, Aa,..., Ay, € b* such that

m

w(f) e [JON+Qo) ifng #0.
j=1
It is a ring: addition is the usual one of formal sums; multiplication is induced by
that of R. One views & as a completion of the group ring Z[R].
Since xq respects exact sequences, the assignment [V] — x(V) extends
uniquely to a group homomorphism

Xq: Ko(O*") — &
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called the g-character map. The next result is proved in the same way as [52,
Thm. 2] and [26, Prop. 1], based on the coproduct estimation of Lemma 2.5.

Theorem 3.14 ([52, 26]). The g-character map is an injective group homomor-
phism. Furthermore, for W and V in category O, we have

Xq(W V)= Xq(W)Xq(V)-

As an important consequence, the Grothendieck group Ko(O") endowed with
the multiplication is a commutative ring: the associativity follows from that of the
target ring &£, and so does the commutativity as in [41, Rem. 3.13]. In the case of
shifted quantum affine algebras, the ring structure of the Grothendieck group is
given by the fusion product of highest ¢-weight modules [40, Thm. 5.4].

For V a top-graded module in category O", we define its normalized g¢-
character by

Xa(V) = xq(V) x et € &,
where e is the top ¢-weight of V. In Example 3.7 we have Xq(Ni o) = 1+ A;;
A tensor product of top-graded modules is still top graded, and the normalized
g-characters are multiplicative with respect to tensor product as in Theorem 3.14.

We shall also need the notion of character, which is defined in a standard way.
Let £ denote the set of formal sums Zkeh* nxe® of the symbols e* with integer
coeflicients n) under the following condition: there exist Ay, Az, ..., Ay € b* such
that ny # 0 implies A € U;-nzl(>\j +Q-_). This is again a ring: addition is the usual
one of formal sums; multiplication is induced by ee# = eM* for A\, u € h*. In
particular, the weight map w: £ — h* induces a ring morphism

w: & — &, anf — anew(f).
fER feR
The character of a module V in category O" is defined as
X(V)=w(xq(V)) = Y dim(Vy)e* € €.
Aewt(V)
In Example 3.5, we have X(Lza) = e—ad; s by equation (2.18).
For (i,a,k) € I x Cx N, the Kirillov-Reshetikhin (KR for short) module W,Eli

is the finite-dimensional irreducible Y (g)-module of highest ¢-weight

Vi a—kd,
\I"L,a

= }/ti,afédiyé,afgdi e Y

ia—2k=1g,-

2
Following [24, Def. 3.4], define the negative prefundamental module L; , to be
L(\I/Z_;) in category O_yv for (i,a) € I x C. As in the case of the Borel algebra

[41], it can be realized as a limit of KR modules [70].
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Proposition 3.15 ([70]). Fiz (i,a) € IxC. As the integer k € N tends to infinity,
the normalized q-character of the KR module W,ilzl converges to the normalized g-
character of L; , as a power series in N[[Aj_;]]jej,be(c.

Proof. In [70, Prop. 23] we have constructed a module L in category O_, v with

g-character \I/w limg 00 Xq(W( )) In particular, ¥, , is a highest ¢- Welght of L

and L; , is an irreducible subquotlent of L. It suﬂices to show that ¥, ,xq(L) is
bounded above by xq(L;,), so that L; , = L. Since the former is the limit of
SCV(W,E ()1) we are led to prove that Xq(W( )) is bounded above by xq(L;,) for k €
N. This follows by viewing W ) as an 1rreduc1ble subquotient of Lz,a— kds ®Li7a and
taking normalized g- charaeters (Since Lj,'a_ kd, 1S one-dimensional, its normalized

g-character is 1.) O

The character of a negative prefundamental module has a fermionic form [41,
Thm. 6.4]. We shall need its product form, conjectured in [57] and partly proved
recently in [53]. While [53] is about KR-modules over U,(§), its main result holds
true in the Yangian case by the functor of [28] relating finite-dimensional modules
over Uy,(g) and Y (g). Recall that R is the set of positive roots of g. For v a positive
root and for i € I, by definition (w,’,~) is the coefficient of «; in 7.

Theorem 3.16 ([53]). Assume g is not of type Eg. For (i,a) € I x C we have

X(Lia) = etdi @i I1 ( 1 7 )(wivm.

1—e7
~YER

§3.4. Examples in the sl;-case

For the simple Lie algebra sly, we omit the Dynkin node 1 everywhere: x> = a:lin

and &, = &, as generators; N, = N1, and LE = Lfa as modules: ¥, = u —a
and A, = Z:Zﬂ as (-weights. We identify the coweight lattice with Z, so that 1 is
the fundamental coweight and 2 is the simple coroot. Similarly, the set of weights

is C, so that 1 is the fundamental weight and 2 the simple root.

Example 3.17 ([13, Prop. 2.6]). Let a,b € C. On the vector space with basis
(v;)ien there is a Y (slz)-module structure, denoted by £

1 _ _(b—a—id)(i+1)
s LS B L vy o

B (u—b—1)(u—a) '
S = i Db

ot (u)v; =

Vi+1,

Its normalized g-character is

Xa(L) =1+ Ay + ATATL + AT A A + -
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The vector vy generates an irreducible submodule, denoted by Li, of highest /-
weight =% We have £ = Ly if and only if b—a ¢ N. When b —a € N,

u—b"

Xa(L§) =1+ A+ ATAS, + AP A A+ AJTAY A

Let us define Af :={k e N |k <b—a}if b—a €N, and A} := N otherwise. Then
k € Ay if and only if A, ', is a factor of an f-weight in Yq(L§).

For a,b € C, the Y (sly)-module % can be obtained as the pullback by an
evaluation morphism Y (sly) — U(sly) of an slp-module M of cohighest weight
b — a; more precisely, M is the graded Hopf dual of the Verma module of lowest
weight a — b.

In the special case a = b — 1, comparing with Example 3.7 we get a module
isomorphism N, & Lg_l sending e; to vy and ey to vy.

We recall the following result of Tarasov [65, 66] on Y(slz)-modules with
detailed proof in [55, Prop. 3.6]. It was stated for the larger Yangian Y (gl,) which
contains Y'(slz) as a Hopf subalgebra. Irreducible highest ¢-weight modules over
Y (gl,) remain irreducible when restricted to Y'(sly).

Theorem 3.18 ([65, 66, 55]). The Y (slz)-module Ly' ® Ly> @ --- @ Ly is drre-
ducible if and only if b; —a; ¢ Ay' N AZ; forany1<14,5 <n.

The tensor product factorization in category Op of Y (sly)-modules is not
unique:
(u—9)(u—3)
u(u —2)

A similar example appeared for Uq(é\lg) in [57, Rem. 4.3]. The non-uniqueness issue

L8®L§%L( )%L%@Lg.

will be resolved in the larger category O"; see Theorem 6.4.

Example 3.19. [70, Prop. 23] In Example 3.17, fix b, divide the right-hand sides
of 7 (u)v; and £(u)v; by b— a, and take the limit as a goes to infinity. In this way,
we obtain the negative prefundamental module L,” over Y_;(slp):

1 1+ 1
+ .= — - .=
(u)v; P 11)1,1, x” (u)y;

§(u)v; =

———— 41
u—>b+1 N

u—>b—1
(u—b+i—1)(u—b+1)

V;.

8§4. Tensor products of prefundamental modules

In this section we study two distinguished families of irreducible modules in cate-
gory O the one-dimensional positive prefundamental modules, and the infinite-
dimensional negative prefundamental modules. We prove cyclicity and cocyclicity
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properties for tensor products of these modules (Theorem 4.8), which motivate
our definitions of Weyl modules and standard modules (Definition 4.10). In the
end we identify these two modules when g is not of type Eg (Theorem 4.15).

§4.1. One-dimensional modules

Let D be the submonoid of R generated by the ¥, , for (i,a) € I xC. This is indeed
the classifying set for one-dimensional modules in category O in the following
sense.

Lemma 4.1. Let e € L. Then dim L(e) = 1 if and only if e € D.

Proof. One-dimensional Y),(g)-modules are necessarily irreducible in category O,
and they factorize through the quotient of Y, (g) by the ideal generated by the
[z,y] for z,y € Y, (g). Since such an ideal contains §; ,, for (¢,n) € I x N, in the
quotient each &;(u) is a monic polynomial. O

The category O°" does not admit a non-trivial invertible object: if D and E
are modules such that D ® F = L(1), then both D and E are isomorphic to L(1).
In the case of the Borel algebra [41] or shifted quantum affine algebras [40], there
are infinitely many invertible objects, the one-dimensional weight modules.

By definition (compare with [24, Thm. 4.1])

Xq(s) =s forseD.

The generalized Baxter relations for representations of the Borel algebra [24,
Thm. 4.8] and its proof hold true in category O". Recall from Lemma 3.11 that
the g-character of a finite-dimensional module in category O! lies in Z[R], which
is the ring of Laurent polynomials in the ¥; ,.

Corollary 4.2. Let V be a finite-dimensional module in category O". Replace in
Xq(V) each variable ¥; , by [L;’:a] and xq(V') by [V]. Then multiplying by denom-
inators, we get a relation in the Grothendieck ring of O".

Let us apply the corollary to the module N; , of Example 3.7:

\I/i,afdi \Iji,a dl
Xa(Nija) = T %aa, + == ] %atas

\Iji’a j:cij<0 \Ili’a jici; <0
[L:a][N@a] = H [Lj:afdij] + H [Lj:a“rdi_j]'
j:ciﬁéO j:Cij;éO

For s € D of coweight p, let ps: Y,(g) — C denote the representation of the
one-dimensional module L(s). Let v be another coweight. Define the algebra mor-
phisms ¢§ and 5, both from Y}, 1, (g) to Y, (g), as follows (we omit the dependence
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of these morphisms on v which will always be clear from the context):
5= (0 © DDy 3= (18 ps)As

Then for V a Y, (g)-module, the tensor product modules L(s) ® V and V ® L(s)
are pullbacks of V' by (§ and ¢§ respectively. Based on Lemma 2.5 we have the
following precise formulas for the algebra morphisms:

gl (u) = (si(waf (W), 2y (u) = oy (), &iu) o si(w)€iu),

+

4.
-y i oaf (W) = el (u), 2y (W) = (si(way (W), &iw) = si(w)éi(u).

Remark 4.3. Let (v,r) € PY x £ be truncatable and let s € D be of coweight u.
Then a Y, (g)-module V factorizes through the truncated shifted Yangian Y} (g)
if and only if L(s) ® V' factorizes through Y;? (g). Indeed, the uniqueness of
factorization in equation (2.20) shows that ¢5(4;(u)) = A;(u) for i € I, where
the first GKLO series is taken in the shifted Yangian Y, ,(g) with respect to the

truncatable pair (v 4 p,rs) and the second in Y, (g) with respect to (v,r).
§4.2. Cyclicity and cocyclicity

The main result of this subsection is the cyclicity and cocyclicity properties of
tensor product modules. By cyclicity we mean the module is generated by a highest
£-weight vector. Let us explain cocyclicity.

Definition 4.4. Call a Y, (g)-module V' of cohighest {-weight if it is top graded
and its top weight space is contained in all non-zero submodules of V.

It follows that the submodule of V' generated by the top weight space is
isomorphic to L(e), where e € L is the top ¢-weight of V. We shall also say that
V' is cogenerated by a vector of highest /-weight e.

Remark 4.5. Suppose that V is a module of highest ¢-weight e and W of co-
highest ¢-weight e. Then there exists a non-zero module morphism V' — W which
factorizes through L(e). Such a map is unique up to homothety. It is surjective if
and only if W is irreducible, and injective if and only if V' is irreducible.

Lemma 4.6. LetV be a top-graded Y, (g)-module. Then'V is of cohighest {-weight
if and only if its top weight space equals the subspace of vectors in V' annihilated
by the x;rn for all (i,n) € I x N.

Proof. Let A\ € h* be the top weight of V. Let S C V be the subspace of vectors
annihilated by all the a:j'n Then V) C S because A + «; is not a weight of V' by
assumption and J?Z_nV)\ C Vata,- Moreover, S is weight graded.
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Assume V is of cohighest ¢-weight. Let 8 € A + Q_ be any weight of S. The
non-zero submodule S = Y),(g)S3 contains Vy. In particular, A € wt(S”). Applying
the triangular decomposition to Sg gives wt(S') C 4+ Q- and A € B+ Q_. So
B = A. This proves wt(S) = {A\} and S = Vj.

Assume S = V). Let T be a non-zero submodule of V. Since T is weight
graded by A+ Q_, there exists 8 € wt(T'), such that 5+ a; ¢ wt(T') for all i € I.
This implies 7, T = {0} for all (i,n) € I x N and therefore {0} # T C S = Vi.
Since V) is one-dimensional, V) =T C T O

Recall from (2.9) the algebra homomorphism for p a coweight,
Tyt Yu(g) — Yu(g) ® C[Z]

Let V be a Y, (g)-module and W be a Y),(g)-module. The vector space W@V ®C|z]
is a module over the tensor product algebra Y1, (g) ® C[z]: the tensor factor C|z]
acts by polynomial multiplication; the tensor factor Y, 4, (g) acts by

(1@ 7)Auy: Yitw(g) — Yu(g) ® Yo (g) — Yaule) @ Vi (9) ® C[2].
Similarly, the Y,,4+,(g) ® Clz]-module V ® C[z] ® W is defined using (7, ® 1)A, ,.

Remark 4.7. For z € Y,,;,(g) and w ® v € W ® V, the action of 2 on w ® v
in the Y,,;,(g)-module W ® V (a) is the evaluation at z = a of the vector-valued
polynomial z(w ® v) computed in the Y,,(g) ® C[z]-module W ® V @ C[z]. A
similar statement holds for the Y, 4, (g) ® Clz]-module V @ C[z] ® W.

Theorem 4.8. Lets € D be of coweight p and e € L be of coweight v.

(1) If V is a Y, (g)-module of cohighest {-weight, then so are the Y, 4, (g)-module
V @ L(s) and the Y, _,(g)-module L(s™ ') @ V.

(ii) The assignment ws ® we — wse extends uniquely to a module isomorphism
L(s) ® M(e) = M (se).
(iii) The Y,_,(g) ® C[z]-module M(e) ® C[z] ® L(s™') is generated by we ® wg-1.

Therefore, if a Y, (g)-module V is of highest {-weight, then so are the Y,,(g)-
module L(s) ® V and the Y, _,,(g)-module V @ L(s™1).

Proof. Assume (ii)—(iii). If V is of highest ¢-weight, then V is a quotient of a
Verma module M(e). So L(s) ® V is a quotient of L(s) ® M(e), which is another
Verma module M (se) by (ii). Therefore L(s) ® V' is of highest ¢-weight. Similarly,
by evaluating the Y,_,(g) ® C[z]-module M(e) ® C[z] ® L(s™*) at z = 0, which
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makes sense because of Remark 4.7, we obtain from (iii) that the Y, _,(g)-module
M (e) ® L(s™1) is of highest /-weight, so is its quotient V @ L(s™1).
We shall prove (i)—(iii) for L(s) and L(s™!) separately.

First half of part (i). Let A be the top weight of V. The tensor product V ®
L(s) is top graded with V) ® ws being the top weight space. From the formula
5(xf (u)) = xf (u) of equation (4.1) we get (v ® ws) = v @ ws for v € V and

(g) 2 Y, (g9). By Lemma 4.6, the module V is of cohighest

x €Y”(g) = YV>+#
¢-weight if and only if the module V' ® L(s) is of cohighest ¢-weight.

Part (ii). By Example 3.3, ws®we € L(s)® M (e) is a vector of highest {-weight se.
This induces a module morphism F: M (se) — L(s)® M (e) sending wse t0 ws @wWe.
From the formula ¢5(x; (u)) = x; (u) of equation (4.1) we get F(2wse) = ws @ Twe
for z € Y<(g) = Y,3,
modules with Y <(g), we see that F' is an isomorphism.

(g) = Y,~(g). Identifying the underlying space of Verma

From now on fix W = L(s™!) and w := we-1. For i € I setting P(u) = 1 and
Q(u) = s;(u) € Clu] in the proof of Theorem 3.12, we get

(4.2) (si(u)z; (W)w)y =0 foriel.

Applying xj'(u)zl_n = xl_nzj(u) + (u™&(u))+ to the highest ¢-weight vector w
gives

(4.3) (sz(u):ch(u)x;nw)Jr =0 for (i,n) € I x N.

Indeed, the term 2 2 (u) annihilates w and

i,mYe

(s(u) (" € ) ) 1 = (s (w)ss(w) ~'w) 4 = (") = 0.

Part (iii). The Verma module M (e) is N-graded M (e) = P, .y M (e), by declar-
ing M(e), to be the subspace spanned by the weight vectors z

i1,m1 Tigmy "
T o, We, Where (i, my) € I x N for 1 < k < n. Similarly, the N-grading on
the highest (-weight module W is defined. Let S be the Y,,_,,(g) ® C[z]-submodule

of M(e) ® C[z] ® W generated by we ® w. It suffices to show that M(e) @ W C S.

Step 1. Prove M(e), ® w C S by induction on n € N. The initial case n = 0
is trivial because M(e)y = Cwe and we ® w € S by definition. Let n > 0 and
v € M(e),. By linearity one may assume v = x; v’ for certain v’ € M(e),-1 and
(i,m) € I x N. By the induction hypothesis we have v' @ w € S.

In the module M (e) @ C[z] @ W we have by Example 3.4 and equations (2.8)—
(2.9,

;7 (W)W @w) =z (u—2)v @s;(u) tw+ v @ z; (u)w.
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Here one views x; (u — z) as the Laurent series >, Tz(xi_,k)u’kfl whose coeffi-
cients belong to Y, (g) ® C[z] and act as linear maps M(e) — M(e) @ C[z]. The
principal part at the right-hand side is unnecessary because s;(u) " 'z; (u — 2) is
a power series of u~!. Multiply the above equation by the polynomial s;(u) and
then take the principal part. We obtain from equation (4.2) that

(4.4) (si(w)z; (W) (v @w) =z; (u— 2" @w e S[u"'].

For p € N, let C, be the coefficient of u=?~! at the right-hand side. We have

P
Py - k
Cp= Z (k>xi,p_kv’ ®RzZERwES.
k=0

It follows from the Newton formula 7_,7, = Id that
VROW =T, ﬂ@w:i mn (—2)™*C), € S.
i,m k
k=0
Therefore M(e), @ w C S for alln € N and M(e) @w C S.

Step 2. Prove M(e) ® W,, C S by induction on n € N. The initial case n =0
follows from Step 1 because Wy = Cw. Let n > 0 and w € W,,. By linearity
assume w =z, w' for a certain weight vector w’ € W,,_1 and (i,m) € I x N. By
the induction hypothesis we have v ® w’ € S. In the module M(e) ® C[z] @ W,
take an arbitrary vector v € M(e) and apply z;,,, € Y= ,(g) to v ® w'. From the

coproduct formula A, (7 ) of Lemma 2.5 we get

Sox,,(v® w)=(r.® DA, () (v @ w)
=0 ®x;,,w mod. Z M(e) ®@ Clz] @ w".

w” €W wt(w”)—wt(w’)EQ 4
Since wt(w) = wt(w') — a3, any w” in the summation belongs to W,/ for a certain
0 < n’ < n. The induction hypothesis applied to w”, together with the fact that
S is stable by Clz], gives M(e) @ C[z] @ w” C S. Sov®@ w € S for all v € M (e)
and w € W,,. Therefore, M(e) ® W, C S for alln € Nand M(e) @ W C S.

Second half of part (i). As in the first half of part (i), it suffices to show that if
g € W®V is annihilated by the z; (u), then g € w® V). Assume 0 # g is a weight
vector of weight 8. Choose a weight basis By of V' and write g = ZUGBV Go @ V.
Then each g, € W is a weight vector and g, # 0 only if wt(g,) + wt(v) = 5.
Moreover, g, = 0 for all but finitely many v. Choose v € wt(V') such that

(A) there exists v; € By of weight v such that g,, # 0;
(B) if g, # 0 and wt(v) # v then wt(v) ¢ v+ Q_.
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Let i € I. By Lemma 2.5, ;" (u)(g, ® v) is 2] (u)g, ® v plus a linear combination

of vectors in W ® v’, where v/ € By satisfies wt(v') € wt(v) + o + Q4. We get
from assumption (B) that the component of Ws_ 44, ® V, in z} (u)g = 0 is

Z zf (u)g, ® v =0.

vEBy :wt(v)=y

Since the second tensor factors are linearly independent, for each v in the sum-
mation, we have m;r(u)gv = 0 for ¢ € I. Since W is cogenerated by the highest
{-weight vector w, there exists ¢, € C with g, = ¢,w. By assumption (A), ¢,, # 0
and so 8 — v = wt(gy, ) = wt(w).

Next we consider the component Wy () ® Vyqq, of in x; (u)g. This comes
from two parts by the coproduct estimation of Lemma 2.5 and assumption (B):

0= Z &(w)eyw @ o (u)v + Z (W) gy ® V.

vEBy wt(v)=" v EBywt(v')=~v+ay

In the first summation, & (u)w = s;(u)~*w. Multiply the above equality by s;(u)
and take the principal part. We obtain

O=wasf@ Y evt S (sl W) 0

vEBy wt(v)="~ v’ €By wt(v)=v+a;

For each v’ in the second summation, wt(g,) = 5 —v — a; = wt(w) — ;. So g, is
a linear combination of the x; , w for n € N and (si(u)z; (u)gu)+ = 0 by equation
(4.3). The vector ¢’ = 3" cp, .wi(w)=y ¥ € V5 is annihilated by all the z (u).
Since V is of cohighest ¢-weight and since ¢,, # 0, we obtain 0 # ¢’ € V) and so
~v = A. In particular, V is weight graded by v+ Q—. Assumption (B) forces g, = 0
ifwt(v) #v.Sog=w® g €w V). O

Part (i) of Theorem 4.8 was known for V' ® L where V is an irreducible
U,(§)-module in category O of [35, §4.3] and L is a tensor product of positive
prefundamental modules over the Borel algebra [18, Lem. 5.7]. Part (iii) can be
seen as an integral version of cyclicity results in the fusion constructions, over
the field C(z), of representations of current algebras [19, Prop. 1.1] and quantum
affinizations [36, Thm. 6.2]. In the non-shifted case, the field C(z) is necessary
because cyclicity holds true only for generic spectral parameters; see [1, 25, 67, 51,
10] for Uq(g) and [64, 63, 31] for Y (g).

Corollary 4.9. Let r,s € D. The assignment wy—1 ® Wg—1 — Wp-15-1 extends
uniquely to a module isomorphism

L HYeLis =L ts™h).
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Proof. Tt suffices to prove the irreducibility of the tensor product L(r~!)® L(s™1).
By Theorem 4.8, the tensor product is at the same time of highest ¢-weight and
of cohighest /-weight. So it must be irreducible. O

For the Borel algebra and shifted quantum affine algebras, a tensor product
of negative prefundamental modules is shown to be irreducible by realizing it as
a limit of an inductive system of irreducible tensor products of KR modules over
U,y(9); see [24, Thm. 4.11], [43, Thm. 7.6], and [40, Thm. 5.5]. A similar limit
procedure was carried out in [5] with KR-modules replaced by finite-dimensional
standard modules [58, §13.2], resulting in modules outside the category O for the
Borel algebra [41].

§4.3. Weyl modules and standard modules

We introduce two families of highest /-weight modules in category O based on the
properties of tensor product modules in the previous subsection. Their definitions
resemble those in the category of finite-dimensional modules over the quantum
affine algebra U,(g) [16, 58, 67].

Definition 4.10. For r,;s € D, define the standard module W(r,s) to be the
tensor product of irreducible modules L(r) @ L(s™!). Define the Weyl module
W (r,s) to be the quotient of the Verma module M (s~ 'r) by the relations

(si(uw)z; (u))jws—1, =0 foriel.

Forr =W oW, a0 Wipray and s = Wy 5 Wy - U, 5, we have the

following factorization of the standard module (one need not care about non-

associativity because each tensor product in the parentheses is irreducible)
W,s) =2 (LI, ®Lf @@L , Y®(L; , ®L, , @@L, , ).

i1,a1 i2,a2 M QM J1,b1 J2,b2 JN,bN

This resembles the case of finite-dimensional standard modules over U,(g) in [67,
Cor. 7.17] and [59, Cor. 6.13]. It implies the following equation in Ko(O"):

(4.5) [W(r,s) @ W(m,n)] = [W(rm,sn)] forr,s,m,n € D.

Our definition of a Weyl module is similar to the one in the categories of
finite-dimensional modules over U,(§) [16, §4] and over the quantum affine super-
algebra Uq(sAl(m,n)) [69, §4.1]. The difference from [16] is that apart from the
highest /-weight s~!r we have to introduce a new parameter s. This is because in
category O and the related category for the quantum affine superalgebra among
the highest /-weight modules of a fixed highest ¢-weight, there is no universal one.
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Remark 4.11. For dominantly shifted Yangians of type A, there is another def-
inition of a standard module in [9, eq. (7.1)] as an ordered tensor product of
irreducible modules. These modules are parameterized by their highest ¢-weight.
We do not know whether they are particular cases of our standard modules.

Proposition 4.12. Let m,r,s € D.

(i) There ezists a unique surjective module morphism W (r,s) — W(r,s) sending

We—1p 10 Wr Q@ Wg—1.

(ii) The map wm ® Wg—1p — We—1my extends uniquely to a module isomorphism
L(m)® W(r,s) — W(mr,s).

(iii) Weyl modules are in category O%*. A highest £-weight module in category O
is necessarily a quotient of a Weyl module.

Proof. Part (i). By Theorem 4.8, the module W(r,s) is of highest /-weight s~!r.
Combining equation (4.2) in L(s™!) with equation (4.1), we get for j € I,

(55 ()27 (1)) 1 (wr @ o) = wp @ {55(w)a (1)) 10per = 0.
All the defining relations of the Weyl module W (r,s) are realized in W(r, s).
Part (ii). Let p= 3", kjw; be the coweight of s7ir. Set #; (u) = (s;(u)z; (u))4.

Let V(r,s) be the subspace of the Verma module M (s~'r) spanned by the coef-
ficients of Z; (u)ws-1, for ¢ € I, and let K(r,s) be the submodule generated by
this subspace. Then W (r,s) = M(s~!'r)/K(r,s). For (j,m) € I x N, as in the
proof of Theorem 3.12 we have xj-:mV(r,s) = {0}. Next we prove by induction
on p > —k; —1 that &,V (r,s) C V(r,s). The initial case is trivial because
&j—k;—1 = 1. Applying the following relation to the highest ¢-weight vector wg-1y,
which is a common eigenvector of the §; , for g € Z,

Eipr1®y (u) = Z7 (W)€ pr1 + & p(udy (u) 4
= (u@; (W) +&p — dij&ipl; (u) — dij@; (w)Ejip,

we derive the case of p+ 1 from the case of p. From the triangular decomposition
of Theorem 2.2 we get K(r,s) =Y <(g)V(r,s).

Theorem 4.8(ii) affords a module isomorphism F: M(s !'mr) — L(m) ®
M (s7!r) which sends Twg—1my t0 Wm @ TwWg-1, for x € Y<(g). In particular, F
maps the subspace V(mr,s) of the Verma module M (s~ !'mr) onto wy, ® V(r,s).
Furthermore,

F(K(mr,s)) = F(Y<(g)V(mr,s)) = wm @ Y <(g)V(r,s) = wm ® K(r,s).

This induces the desired module isomorphism W (mr,s) = L(m) ® W (r,s).
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Part (iii). Let W be a Weyl module generated by a highest ¢-weight vector w,
so that wt(W) C wt(w) + Q_. By definition, Wi ()—q, is finite-dimensional for
i € I. One can copy [15, §5, Proof of (b)] to show that all weight spaces of W are
finite-dimensional. Therefore W is in category O".

Let V be a module in category O generated by a highest /-weight vector v of
l-weight n. Fix ¢ € I. The z; ,,v for m € N span a finite-dimensional weight space.
We get a monic polynomial Q;(u) = Y-;_ cgu” with 370 cpa; v = 0. Applying
a:j'm for m € N to this equality we get that @Q;(u)n;(u) is a monic polynomial of
u. Apply & _p, 41 — %f?ﬁki repeatedly to the equality. From

1, _ _
£i7—(u7az>+1 - ifi,—(u,aﬂ’l'i,m] = _Qdixi,m—ﬁ-l’

we get D p_o Cky py,,v = 0 for all m € N, namely, (Qi(u)z; (u))+v = 0. Let us
set s := (Q;(u))icr and r := ns. Then r,s € D and V is a quotient of W(r,s). O

In the rest of this subsection we show that Weyl modules are standard modules
when g is not of type Fg. Recall from Section 2.2 the root vectors xff € g+~ and
the PBW variables 7, € Y(g)=" for (y,n) € R x N. Identify the associated

grading gryY (g) with U(g[t]) via the isomorphism of (2.16). Then for i € I and
n €N,

T, + Y(g)s"! = Ty T Y(g)sn! = z,, ®@t" and  die) =& p.

In general, 27 ,, + Y (g)=" ! is proportional to 23 ® t" € g[t] for v € R.

Let s € D. Consider the Weyl module W (s,s) over Y(g). Its zero weight
space W (s, s)o is spanned by a highest (-weight vector w. The N-filtration of Y (g)
descends to the module W (s, s) by setting

W(s,s)<™ =Y (g)S™w form €N.

The associated grading gryW (s, s) is then naturally an N-graded U(g[t])-module.
This is referred to as the classical limit of W (s,s), denoted by W (s,s).

Lemma 4.13. Let s € D. As a module over h C g[t], the classical limit W (s, s)
is semisimple and has character equal to x(W (s,s)). Moreover, the g[t]-module

W (s,s) is generated by w and satisfies the relations
(zh @t"w=0= (o @ t")w = (2, ® t<wv(s)’”‘i>)w for (i,n) € I x N.

Proof. The first part comes from the compatibility of N-filtration and weight grad-
ing on Y (g). For the second part, fix ¢ € I and set N := (" (s), ;). By definition,
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si(u) = Z;Ij:o cxu® € Clu] with ¢y = 1. In the Weyl module W (s, s) we have

N—1
T W =— Z Ky W € Wi(s,s)SN-1
k=0
In the associated grading, the left-hand side becomes (x5, @ t")w and is of degree
N, while the right-hand side is of degree N — 1. So both sides vanish and (z;, ®
tM)w = 0 in the classical limit. The first two relations are proved in the same
way. O

Let ag be the Lie subalgebra of g[t] generated by the elements = ®t", af @t",
and 7, ® (=" (8):2) for (i,n) € I x N. Define the U(g[t])-module
Ps = U(g[t]) ®u(a,) C,

where ag acts on C as zero. Lemma 4.13 shows that W(s,s) is a quotient of Ps.

Lemma 4.14. The action of b C g[t] on Ps is semisimple with character

(P = H (1 71€,,Y)<WV(SM>-

~YER

Proof. We claim that the subalgebra as of g[t] is spanned by
(B) et of ©t", x; @t™,

where (i,7y,m,n) € I x R x N? and m > (@"(s),~). Assume the claim. Take V to
be the subspace of g[t] with basis 2 ®t*, where (v,k) € RxNand k < (@"(s),).
Then g[t] = as®V is a direct sum of semisimple h-modules. By the PBW theorem
for U(g[t]), the h-module Ps is isomorphic to the symmetric algebra Sym (V') whose
h-module structure is induced from that of V. Each basis vector @tk of V is of
in the character x(Sym(V)) = x(Ps).
Taking their products gives the desired product character formula.

weight —v and gives rise to a factor ﬁ

First we show that each vector in (B) belongs to as. This is clear for the first
two families of vectors because xfyr ® t" is proportional to a commutator of the
xl ®@tF for (i,k) € I x N. For the third family, one may assume m = (" (s),7),
as the other cases can be deduced from adjoint actions of the o ® t. Write v =
> icr mic;. Then z7
appears exactly m; times. Replacing each x,, in the commutator formula of z
with 7 ® =" (8):2)  we obtain z,, @ 1™ in the Lie subalgebra as.

It remains to show that the subspace of g[t] spanned by (B) is a Lie subalgebra.

is proportional to a commutator of the z ., where each z

The only non-trivial case is to check that the following vector belongs to this
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subspace for (4,7,n,m) € R? x N? with m > (w"(s),7):
[z§ @t", 27 @t™] = [zf,z]] @™

If v — 6 ¢ R, then [z}, 2] is spanned by the xg and o for (i,) € I x R, so we
get the first two families of vectors in (B). If v — § € R, then [z],z7] € Cz_,;
and

mtn > m > (@Y (s),7) > (@ (5),7 — ).

So the commutator does belong to the third family of vectors in (B). O

Theorem 4.15. Assume that g is not of type FEs. Then forr,s € D, the surjective
morphism W (r,s) — W(r,s) of Proposition 4.12(i) is an isomorphism. Further-
more, the ordered monomials in the x_, for (y,n) € Rx N and n < (w"(s),7)
applied to wg—1, form a basis of the Weyl module W (r,s).

Proof. By Proposition 4.12(i), x(W(s, s)) is bounded above by x (W (s, s)). Lemma
4.14 implies that x(W(s,s)) = x(W(s,s)) is bounded above by x(Ps). In view of
Corollary 4.9 and Theorem 3.16, if we write s = W;, 4, Wy, 4, -+ ¥ then

IN,aN >

N N 1\ =)
xWis9) = [[ XV V) = [T TT (=) =x(®).
k=1 k=1~€R

So all the characters are equal and the quotient map Ps — W(s,s) is bijective.
From the tensor product factorizations of Proposition 4.12(ii) we get

Xa(W(r,s)) = Xq(W(s,s)) = Xa(W(s,8)) = Xa(L(s™")) = Xa(W(x,8)).

This implies W (r,s) = W(r,s).

For the second part, the case r = s follows from the PBW basis of the classical
limit W (s,s) & Ps obtained in the proof of Lemma 4.14. The rest follows from
the fact that the isomorphism L(m)® W (n,s) = W (mn, s) of Proposition 4.12(ii)
for m,n € D identifies the actions of Y<(g) on the Weyl modules W (n,s) and

W (mn,s). O

Remark 4.16. Our proof of Theorem 4.15 in category O is simpler than the
finite-dimensional case [12, Thm. 7.5]. The reason is that we take the quotient of
U(g[t]) by a left ideal generated by elements of the Lie algebra g[t]. In the finite-
dimensional case, depending on a dominant integral weight . ; kicw;, the left
ideal of U(g[t]) to define the classical limit is generated by [16, §2]:

at @t", of @t" —duoki, (x5, @ DML for (i,n) € I x N.

The third family of generators is not in g[t]. This makes it highly non-trivial to
find a basis for the quotient, even in type A [11].
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§5. Properties of R-matrices

In this section we study R-matrices, which are module morphisms
VoW — WYV,

where V' and W are suitably chosen highest ¢-weight modules. First we establish
properties of the R-matrices: existence, uniqueness, factorization, and polynomi-
ality (Theorem 5.2, Propositions 5.3 and 5.7). We also compute the eigenvalues of
certain of these R-matrices in Proposition 5.8.

Definition 5.1. A module in category O is called negative if it is irreducible
and its highest f-weight is of the form s~! with s € D.

Theorem 5.2. Let V be a Y,(g)-module generated by a highest £-weight vector
vo and W be a Y, (g)-module generated by a highest (-weight vector w. Then the
assignment vy ® w — w @ vy extends uniquely to a Y, 4, (g)-module morphism

Ryw: VoW —WaeV
under one of the following conditions:

(i) The module V' is irreducible, and W is negative.

(ii) The module V is one-dimensional, and W is either a Verma module, or a
highest £-weight irreducible module, or a Weyl module.

Proof. Part (i). By Theorem 4.8, V ® W is of highest ¢-weight, and W ® V' is of
cohighest ¢-weight. Their highest ¢-weights coincide by Example 3.3. The existence
and uniqueness of RV,W follow from Remark 4.5.

Part (ii). The same arguments as above work when dimV = 1 and W is irre-
ducible.

Suppose V = L(s) and W = M(e) withs € D and e € £. Then V@ W is
isomorphic to the Verma module M (se) by Theorem 4.8(ii). Since w®vy € WV
is of highest ¢-weight se, the existence and uniqueness of RV,W follow.

Suppose V' = L(m) and W = W(r,s) with m,r,s € D. Then V@ W is
isomorphic to the Weyl module W (mr,s) by Proposition 4.12(ii). The existence
and uniqueness of RV,W follow if the highest f-weight vector w®vy € WV satisfies
the defining relations of the Weyl module W (mr, s). We have (s;(uw)z; (v)w)4+ =
in the Weyl module Wi(r,s) = W and z; (u)(w ® v9) = (m;(u)z; (v)w)+ @ vy in
the tensor product module W ® L(m) =W ® V by equation (4.1). So

(si(u)z; (u)(w @ o))+ = (si(u)(my(u)z; (u)w)+)+ @ vo
= (m;(u)(s;(u)z; (u)w)4)+ @ vy = 0.

The second equality used equation (2.17) twice. O
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The morphism RV,W is independent of the choice of the highest ¢-weight
vectors vy and w because both of them span a one-dimensional weight space. It is
normalized as in Theorem 3.8.

As a first application, we consider the situation of Theorem 5.2(i). For a € C
there exists a unique Y4, (g)-module morphism

RV,W(CL)i Vie)@W — W V(a), v Q@wr w® ug.

Proposition 5.3. Let V be a highest £-weight irreducible Y, (g)-module and let W
be a negative module. Then there exists a unique linear map

Rywu): VoW — WV Cluj
whose evaluation at w = a is Ry (a) for any a € C.

(i) Assume v is antidominant. For r,s € D, we have

R‘/;L(rflsfl) = (1 X RV,L(S’I))(RV,L(I"I) X 1),
where we have identified L(r=1) ® L(s™') with L(r~'s™1) as in Corollary 4.9.

(ii) Let U and V be finite-dimensional irreducible Y (g)-modules. Then we have
the following quantum Yang—Baxter equation:

(5.1) R?JSV (u— U)RIIJzW(U)R%}W(U) = R%}W(”)R%JSW(U)RIIEV(U —v).

It is an equality of linear maps from UQV Q@ W to W @V @ U ® C(u,v),
where R?* = 1® R, R = R®1, and Ry v (u—v) is the normalized R-matriz
of Theorem 3.8.

Proof. Suppose that the negative module W is defined over the shifted Yangian
Y,.(g) and fix highest ¢-weight vectors w in W and v in V. We need to show that
for any vectors v € V and w € W, the function a + Ry (a)(v®w) is polynomial,
in the sense that it is the evaluation at z = a of polynomial of z taking values in
W ® V. By Remark 4.7, the Y, 1, (g)-module V(a) ® W is the evaluation at z = a
of the Y,,4,(g) ® Clz]-module V ® C[z2] ® W. By Theorem 4.8(iii), there exists a
polynomial Zivzo Xs2z® with coefficients X, € Y4, (g) such that in the module

Via) @ W,
N

VRw = ZQSXS(UO Qw) e Via)W.
s=0
Applying Ry w (a) to the relation yields
N
Ryw(a)(v@w) =Y a*X(wev) € WaV(a)
s=0
Conclude from the polynomial actions of the X, on W ® V' (a).
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Part (i). Both sides are module morphisms because all the tensor factors V,
L(r~1), and L(s™!) are modules over antidominantly shifted Yangians and belong
to the monoidal category O of Remark 3.13. Both sides send vy ® wy-1 @ wg-1 to
we—1 Q@wg—1 ®vg. They have to be equal by uniqueness of the R-matrix in Theorem
5.2.

Part (ii). Let wq, we, and ws denote highest ¢-weight vectors of U, V, and W.
By the rationality of Ryy (u) and polynomiality of Ry w (u) and Ry w (u), it suf-
fices to prove equation (5.1) evaluated at w = a and v = b for a,b € C satisfying
the conditions of Theorem 3.8(ii)—(iii). Both sides are module morphisms from
U@ @ V(D) @W to W V(b) ® U(a) since the tensor factors are modules over
antidominantly shifted Yangians and belong to the monoidal category O" of
Remark 3.13. The source module is generated by w; ® ws ® ws by Theorem 4.8 and
the irreducibility of U(a) ® V(b). Both sides send the generator to wz ® wa ® wy,
so they must coincide. O

For v and w weight vectors in the modules V' and W respectively, the vector
v ® w in the module V(a) ® W is of weight wt(v) + wt(w) — av by Remark 3.1;
recall that V' is defined over Y, (g). So Ry.w (a)(v®w) belongs to the weight space
of the module W ® V' (a) of the same weight, which by Remark 3.1 coincides with
the finite-dimensional weight space (W & V') (v)4wt(w) Of the module W @ V. It
follows that RV’W(U) restricts to polynomials taking values in finite-dimensional
vector spaces:

Ryw(u) € Hom((V @ W),,(W®V),)®Clu] foryewt(V e W).

Definition 5.4. In the situation of Theorem 5.2(i), the highest diagonal entry of
Ryw (u) is the linear operator sy (u) € Hom(V,V ® C[u]) such that for v € V,

(5.2) Ryw(u)(v®w) =w® syw(u)vmod. Z W, ®V ® Clu).
wt(w)#yewt(W)

If we assume furthermore that V is finite-dimensional with v_ being a lowest /-
weight vector, then the lowest diagonal entry of RV,W(u) is defined to be the linear
operator ty,w (u) € Hom(W, W @ Clu]) such that for w € W,

(5.3)  Ryw(u)(v_ @ w) = ty.w(u)w @ v_ mod. Z W eV, ® Clu].
wi(v_)#yewt(V)

Define the polynomial Ay (u) € Clu] to be the eigenvalue of ¢y, (u) associated
to w.

The above definition makes sense because both of the vectors w and v_ span
a one-dimensional weight space.
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Remark 5.5. Let W be a highest /-weight module over the quantum affine alge-
bra U,(g) and V be a lowest f-weight module over the Borel subalgebra. We
specialize the universal R-matrix R(z) of U,(g) to obtain Ryw(2): V@ W —
(W @ V)[#]. Then we attach the highest diagonal entry sy, w(z): V — V[z] to a
highest ¢-weight vector w of W and the lowest diagonal entry ty,w(z): W — W[z]
to a lowest £-weight vector v_ of V as above. The proofs of [25, Lem. 2.6] and [24,
Prop. 5.5] indicate that

svw(z2) = RY(2)R®|vgw, trw(z) =R (2)R™|v_aw.

Here the abelian part R%(z) and the Cartan part R° of R(z) are written in terms
of Drinfeld—Cartan generators. Therefore, both diagonal entries are determined by
the action of the Drinfeld—Cartan generators. Our computation of the diagonal
entries in the Yangian situation (Proposition 7.2 and Theorem 7.4) is guided by
this principle, although we do not have a universal R-matrix for shifted Yangians.

Example 5.6. Fixi c I. Let V' = N; o and vy be the highest /-weight vector e; in
Example 3.7. Write s;(u) = Y- cxu® with ¢,, = 1. Apply Ry, (a) to equation
(4.4) with v = e; and z = a and then use Example 3.4 to compute z; (u)(w®eq).
We obtain

" -

L Rywl(a)(ez @) = Ruaw(a)(e] (wer @w) = (si(u)a; (u)(w @ e1))

= (si(w)a; (Ww @ Gi(u)er)t + (si(ww @z (u)er)

u—a+d;
= (silw =

;(U)>+W®€1 + <S¢(u) >+w ® ea,

m—1 m
Ryw(a)(e2 ®w) = s;(a)w @ ez + Z Z ckakfnflxi_)nw ®ey.
n=0 k=n-+1
Since eg is a lowest £-weight vector, Ay w(u) = s;(u).
Next consider Theorem 5.2(ii). Let s € D denote the highest ¢(-weight of
V = Cvp. We have a unique linear operator RY on W such that R} (w) = w and
Ryw(vo @ w) = RY (w) @ vy for w € W.
Proposition 5.7. Let W be either a Verma module, or its irreducible quotient,
or a Weyl module, of highest {-weight e.

(i) We have RYY o RY = RW forr,s € D. In particular, the RY fors € D form
a commuting family of linear endomorphisms on W.

(ii) Fori € I, there exists a unique linear map

RY (u): W — W @ C[u]
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whose evaluation at u = a, for a € C, is Rgfi .- Furthermore, for 8 € w(e) +
Q_, restricted to the weight space W, the operator R} (—u) is an End(Wp)-
valued monic polynomial of degree (w; ,w(e) — ).

Proof. Suppose W = M (e) is a Verma module and write w = we.

Part (i). Comparing the actions of the shifted Yangian on the two tensor products,
we see that the linear map RY : W — W for s € D is uniquely characterized by
the equations RY (w) = w and RY o015 = 1§ o R, namely,

(5.4) RY (w) = w, RY a7 (u) = (si(u)ay (w)) B,

K2

(5:5) RY& () = &R, R (si(u)zf (u))+ = 2 (W) RS

K2

Equation (5.4) already determines RY, because W is obtained from w by repeat-
edly applying the z;,. We need to check equation (5.4) for RY o RV with s
replaced by rs. The first half is evident. For the second half,

= (si(u
The second half of part (i) follows from the commutativity of D.
Part (ii). For (j,n) € I x N we have by equation (5.4),

w - - pW i .
, Ry, _,x;,=w;,Ry,, if j #£1.

woo— - — A\ pW
Ry, v, = (2,4 +az;, )Ry CaTin

Write w(e) — 8 = 3 ;.; hja; so that h; = (@),

decomposition, Wy is spanned by the vectors of the form z

w(e) — B). By the triangular
gima T Lk

each j € I appears exactly h; times. Applying RK_ _, tosuch a vector gives

w, where

K
w — - — .o Sjsigp™
Ry, (@), 0, T @) = H(‘SJszxi,nsH +ateizg ) Xw.
s=1

The right-hand side is the evaluation at u = a of an Wjg-valued polynomial whose
}Li

dominant term is u*ix; . --- 2 w. We have therefore proved for each v € Wjp

Ji,Mn1 JIK MK
the existence of h; vectors vy, v1,...,v,,—1 € Wp such that

R&Vi ()= a"v4a oy, 14+ avy + v for a € C.

By a standard argument of the Vandermonde determinant, each v — v, defines a
linear operator Qs on Wg for 0 < s < h;. The End(Wjs)-valued monic polynomial

uId 4+ ut T Q4+ uQ1 + Qo

defines the restriction of RYY (—u) to Wp.
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Suppose W is either the irreducible quotient of M (e), or a Weyl module. Let
7w: M(e) — W denote the quotient map. The diagram

RL(S) M (e)

L(s) ® M(e) ———— M(e) ® L(s)

ll@ﬂ lﬂ'@l
RL(S),W

L) @W ——— W ® L(s)

is commutative because the top-left module is generated by ws ® we, which is sent
t0 we ® ws by both paths. So (i)—(ii) for the Verma module descend to W. O

In the rest of this section, we compute the eigenvalues of R} (u) for W a
Weyl module or its irreducible quotient. From equation (5.5) we get R}V (w)éjp =
& pRY (u). So RV (u) restricts to an End(Wg)-valued polynomial for each (-weight
fof W.

Proposition 5.8. Let (u,r) € PV X L be a truncatable pair and A;(u) fori € I
be the GKLO series in Y, (g). Let W be either a Weyl module or an irreducible
module, generated by a vector w of highest (-weight e € R,,. Let g;(u) € C((u™1))*
be the eigenvalue of A;(u) associated to w and normalize A;(u) == g;(u) ™1 A;(u).

(i) We have an additive difference equation
(5.6) RY (u+d;) = RY (u)A;(u) € Hom(W, W ® Clu)).

(ii) Fach (-weight f of W has a unique decomposition

hj
f=e[]]] AL

jel s=1

where hj = (w,w(f"e)) and a;; € C for 1 < s < hj. Furthermore, both
of the operators R (u) and A;(u) acting on Wy have a unique eigenvalue,

respectively
hi hi

H(ai,s —u) and g;(u) H w

u— a;
s=1 s=1 .5

As a consequence, the normalized q-character of an arbitrary highest (-weight mod-
ule in category O is a power series in N[[Agiﬂiel,aec with leading term 1.

Proof. Part (i). The left-hand side of equation (5.6) sends W to W ® Clu| by
Proposition 5.7, and the right-hand side sends each finite-dimensional weight space
Wg of W to W @ C((u™')). Since W is obtained from w by repeatedly applying
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the 2, for j € I and n € N, and since both sides send w to w, it suffices to show
that both sides have the same commutation relations with the z;

By Lemma 2.7 and equation (5.4), if j # 4, then RY (u), A;(u), and both
sides of equation (5.6) commute with z; . If j =i, then

RY (u+dy)x;, = (x;,,4 —uz;, —diz; )R (u+d),

RYV(U)/L(U):E;TL = RV (u) <9:;n + d; Z xi_,n-i-kukl)Ai(U)

k>0

= (xZnH —ux{n+di Z(a:;anH —uxi_,n+k)u—k—1> Ryv(u)/_ll(u)
E>0

This proves equation (5.6).

Part (ii). The finite-dimensional ¢- Weight space W admits mutually commuting
actions of the series RV (u), &;(u), A;(u) for j € I. One can choose a basis B of W
with respect to which the matrices of these series are upper triangular. Fix a basis
vector b € B. For X (u) any of these series, let [X (u)], denote the bth diagonal of
the matrix of X (u). Then [§;(u)], = f;(u) by definition of the /-weight space.

By Proposition 5.7, the linear map R}/V(—u): Wegy = Wey ® Clu], viewed
as an End (W ¢))-valued polynomial in u, is monic of degree h;. Its restriction to
the ¢-weight space We as an End(Wg)-valued polynomial is also monic of degree
hj, so is its diagonal entry [R}" (—u)], € C[u] associated to the basis vector b. Let
—aj for 1 < s < h; denote the roots of the eigenvalue, which may depend on b.
Then [A;(u)], can be computed from the difference equation (5.6):

hj
[RY ()], = [ (aj.s — ),
_ u d; "y U—Qa;g :
s = E il [Tt

By definition, A;(u) is the normalization of A;(u) by its eigenvalue associated to
w. Applying (2.20) to w and then to b € B we get

£i(u) e B .
ei(w) A, [A - 11 1114 —td;),

_7 c;j; <0 t=1
hi hj —cji
]j u—azs ais—di)x H U—dij—tdj—aj’sl‘f‘dj
oy (= ais d i)(u = ais) ci<0s=1i=1 7 dij = tdj = ajs
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_ .y
_Hu—a,5+d H :l_[u—du—i—cﬂdj—ajS

jicji<0s'=1

=11 H =% =05 ecause ¢jidj = 2dij).

u—a d;
jel s=1 J9+ tj

From equation (3.3) we get f = e ][, H};J:l A;ij Since the generalized simple
roots generate a free abelian subgroup of R, the a; s for ¢ € I and 1 < s < h; are
uniquely determined by f~!e and they are independent of the basis vector b € B.
This shows that both R (u) and A;(u) have a single eigenvalue of the desired
form. O

Remark 5.9. Let us compare with R-matrices of ordinary Yangians and quantum
affine algebras:
(i) Recall from (2.11) that Y, (g) = Y (g). As in [27, §2.6], there are shift

operators o; for ¢ € I, which are algebra endomorphisms defined by

02 Y, (8) — Y, (9), &p— Eips n T,

123 Jim+6i5°
It follows from Lemma 2.7 and equation (5.4) that
_ _u—oi+didy _
(5.7) Ai(w)z;,, = T%,m‘h(“),
(5.8) RY (u)x; z;, = (-u+ ai)éi-fa:;nRXV(u).

This also illustrates the additive difference equation (5.6).

(ii) In the Borel situation, there is a universal solution to equation (5.8),
denoted by T;(z) in [24, Prop. 5.5], whose action on a U,(§)-module W is the
lowest diagonal entry of the specialization R(z)|rLgw, where L is a lowest £-weight
module over the Borel subalgebra obtained as the graded Hopf dual of a negative
prefundamental module; see [24, §3.4, §7.2] and Remark 5.5. The polynomiality
of T;(z) follows from the stronger one for the transfer matrix; see [24, Thms. 5.9,
5.17]. Our difference equation (5.6) corresponds to [40, egs. (9.18), (10.20)] for
shifted quantum affine algebras.

(iii) The ordinary Yangian Y (g) processes the abelian part R°(u) of the uni-
versal R-matrix. While it is divergent as a formal infinite product, its specialization
on a tensor product of finite-dimensional Y (g)-modules makes sense by viewing
it as a solution to a difference equation [29, §5.8]. Proposition 5.8 is close to this
approach. We expect that a suitably shifted version of R”(u) can be specialized to
a tensor product of modules in category O and that it recovers the highest /lowest
diagonal entries as in the case of quantum affine algebras in Remark 5.5.
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Corollary 5.10. Let

s=U; ., 0 S €D

i2,a2 " IN,AN

and W be an irreducible module in category O. The module L(s)@W is irreducible
if and only if, for all1 < s < N and f € wt,(W), we must have Ai:’lasf ¢ wty(W).

Proof. From the proof of Theorem 5.2 we get a module morphism RL(S)7W from
the highest ¢-weight module L(s) @ W to the cohighest -weight module W & L(s).
It is injective if and only if L(s) ® W is irreducible. We have

RY =R (a1)RY (a2)--- RY (an),

which is a product of mutually commuting operators on W. The linear operator
RY is injective if and only if 0 is not an eigenvalue of any of the operators RZ/(CLS).
The rest follows from Proposition 5.8(ii). O

The “if” part of the corollary was known [18, Lem. 5.9] for L ® V', where L is
a tensor product of positive prefundamental modules over the Borel algebra and
V is an irreducible U,(§)-module in category O of [35, §4.3].

Example 5.11. Let W = N, , as in Example 3.7 and write Lifa = C1. Then ¢;

and eq are eigenvectors of RV (u) of eigenvalues 1 and a — u respectively. Consider

the module morphism R .+ w from L;-fa QW to W ® Lj,'a: its image is spanned by

the vector e; ® 1 of l-weight Hj:ciﬂéo U a—d;;; its kernel is spanned by 1 ® ez of ¢-

weight [ jieii 0 VU, atd,;,;- We obtain a short exact sequence of modules in category
osh: ’ .

+ + +

0— ® Liava, = Lia®Nia — ® Ly a-a;

Jicij #0 Jicij #0

A similar short exact sequence appeared in the category O of the Borel algebra

— 0.

[39, Thm. 5.16], whose proof also made use of R-matrices.

§6. Tensor product factorization in the sly-case

In this section g is fixed to be slo. We prove existence and uniqueness of fac-
torization for all irreducible modules in category O°" into tensor products of
prefundamental modules and KR modules (Theorem 6.4). This result will be cru-
cial in the proof of the Jordan—Hé6lder property in Section 9.

In our situation, R is the subgroup of the multiplicative group of the field
C(u) generated by the u — a for a € C. From Section 3.4 recall the subset Ay C N
and the irreducible modules L¢ and L for a,b € C.
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Definition 6.1. Let e € R. A standard factorization of e is

where for 1 <r<m,1<s,l<n,and 1 <t <k,
O#Zs—QSEN, zs_yl¢AgzﬂAgf’
Zs*xr¢AZz}za wtfxT¢Na Wy — Ys ¢A:sz:

For example, (u — 3)(u — 9) x =5 x 1L is a standard factorization, while
this is false for (v — 5)(u —9) x u-3 g X %ﬁ

Proposition 6.2. Consider the followz'ng factorization and tensor product:

r= 1
T=(L3® '®ij)®(Li’i®"'®Li’ﬁ)®(Lfyl®'“®L;k)~

Suppose 0 # zo —ys € N for all 1 < s < n. Then (F) is a standard factorization
of e if and only if T is an irreducible module isomorphic to L(e).

Proof. Note that the irreducibility of T" would force it to be isomorphic to L(e),
by comparing highest ¢-weights. Write T' = T7 ® T3, where T} denotes the tensor
product of the first m factors, and T the remaining part. First, notice that T7,
being one-dimensional, is isomorphic to L((u — x1) -+ (4 — &y,))-

For 1 <t < k let us choose w; € C in such a way that w;, — w; ¢ Z and
wy—zs ¢ Zforalll <l<kand1l<s<n.Sets:=(u—w)) - (u—w}).

Claim 1. The module Ty is irreducible if and only if 75 ® L(s) is irreducible.
The < part is trivial since tensor product is exact. For the = part, assume the
irreducibility of T. By Corollary 5.10, it suffices to prove that none of the A, ! for
1 <t < k appears as a factor of any ¢-weight in the normalized g-character of Ts:

Xa(T2) = qu :)H%(Lm,
=1

where xq(LY:) only admits the ATt

admits the A", for c € Nas factors. The assumptions w;—w; ¢ Z and zs—w; ¢ Z

. for ¢ € AY: as factors, and xq(L,) only

guarantee the condition of Corollary 5.10, hence the irreducibility of T5 ® L(s).
Claim 2. The module T, ® L(s) is irreducible if and only if the tensor product
Ty=(LY @ - @LY)® (Lt ® - @ Luk)

is irreducible. This is because the two modules have the same g-character.
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Applying Theorem 3.18 to T4, in view of our choice of the additional param-
eters wy, we get that T is irreducible if and only if

2 —ys AL NAY wy—ys gAY for1<s,0<n, 1<t<k

Note that the irreducibility of T is equivalent to the irreducibility of the module
T5 and the tensor product L((u— 1) -+ (u — z,)) ® To. The latter is again in the
situation of Corollary 5.10. It is irreducible if and only if for 1 <r <m, 1 < s <mn,
and 1 <t <k,

o A;! does not appear in Yq(LY:), which means z, — z, ¢ AY:;

e A;! does not appear in Yq(Ly, ), which means w; — z, ¢ N.

Therefore, T is irreducible if and only if all the conditions from Definition 6.1 on
the z,., ys, zs, w; are satisfied, meaning that (F) is a standard factorization. O

If ¥ < m in the standard factorization then the irreducibility of the tensor
product follows from [9, Thm. 7.7], by first identifying L} ® L, with L} for
1 <t <k (so that there is no negative prefundamental module), and then replacing
L¢ and L; with the modules L({) and L(3) respectively in [9, Thm. 7.7].

If e is a product of the %“Zl for a € C, then a standard factorization is
equivalent to writing a finite set of complex numbers with multiplicities as a union
of pairwise non-interacting strings [13, Prop. 3.5].

Lemma 6.3. Let e € R. Standard factorizations of e as in Definition 6.1 exist,
and they are unique in the sense that the two polynomials (u—x1) -+ (u—x,) and
(u—wy)- - (u—wg), and the pairs (ys, zs) for 1 < s < n up to &,-permutations
are completely determined by e.

Proof. We begin with some easy observations.

Observation 1. A standard factorization gives rise to the reduced form of the
rational function e: its numerator and denominator as monic polynomials are

(u—z1) - (u—zm)(w—y1) - (u—yn), (u—z1) - (u—zn)(u—wr) - (u—wn).
This is because the two polynomials are coprime by Definition 6.1.

Observation 2. 1If for all zero a and pole b of e we have b—a ¢ N, then the reduced
form of e is the unique standard factorization.

Observation 3. In Definition 6.1, deleting a factor of the form u — z,, ==¥= or
1

Uu—we?

one gets another standard factorization.

We prove the existence and uniqueness of standard factorization by induction
on the number, denoted by d(e), of zeros and poles of e counted with multiplicities.
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Namely, d(e) is the degree of the numerator plus that of the denominator. The
initial case d(e) = 0 is trivial since e = 1.

Suppose d(e) > 0. If e satisfies the hypothesis of Observation 2, then we
conclude. Assume that there exist a zero yg and a pole zg of e such that zg—yg € N.
Since there are finitely many such pairs, we assume further that

(H1) If y is a zero of e and z a pole, then z —y € N implies z — y > z9 — yo.

Set f := appears in the reduced form of e, it cancels with the
factor X= ;" and we get d(f) = d(e) — 2. By the induction hypothesis, the existence
and umqueness of standard factorization hold for f. Fix such a factorization:

m n k
(F1) f:H(u—xT)xHZ:stHu_lwt.
s=1 St=1

r=1

Y—20 g Sipnce L=¥0
—%Yo u—2zg

Step 1: Existence. We show that the following is a standard factorization:

m n k
1

(F2) e:H(u—x,.)xHZ:szHu_wt.

r=1 s=0

In view of Definition 6.1, it suffices to show that none of the following complex
numbers belongs to A?zlg for1<r<m,1<s<mn,and1<t<k:

20 — T, 20 — Ys, Zs — Yo, Wt — Yo-

Let us prove it for the first number, the other three being parallel. Applying
Observation 1 to the standard factorization of e, and noting that d(e) = d(f) + 2
we see that the above factorization of e is reduced. In particular, x,. is a zero of e.
If 20 — @, € AL, then by definition of A% C N we have 2o — z, < 29 — yo, in
contradiction with hypothesis (H1) which forces zo — z, > 20 — yo.

Step 2: Uniqueness. Let the following be a standard factorization:

— 1
(F3) e= rl—Ilu—x XHu—Z Hu—wg

t=1

We claim that (yo,z0) = (y;, 2;) for certain 0 <1 < n’. When this is the case, by
Observation 3 we have another standard factorization of f:

m’ ’ k'
u—1y 1
(F4) f=[lw-ax I ——2xIl.—
r=1 0<s<n’,s#l’ s =1 t

Applying the induction hypothesis to (F1) and (F4), we get

K

m’ m k
H(u—x;):Hu—xr Hu—wt l_I(u—w,’f)7
r=1 r=1 t=1

t=1
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and the pairs (y.,z.) for 0 < s <n', s # I’ are in one-to-one correspondence with
the (ys,zs) for 1 < s < n. In other words, the standard factorizations (F2) and
(F3) are the same after permutation.

To prove the claim, notice by Observation 1 that

Yo € {2, T Yo Y s Ui by 20 €20, 21,y 2, WY - W T
Applying (H1) to the zero y. and pole z. we get the following:
(H2) For 0 < s <n' we have zp — yo < 2z, — ¢,

In the standard factorization (F3), we have w; — z,. ¢ N. So z9p — yo € N forces
(yo,20) # (2., w}) for 1 <r <m’ and 1 < ¢ < k’. There remain three cases.

Case 1. We have (yo,z0) = (2., 2.) for certain 1 <7 < m/ and 0 < s < n’.

T8

Again in the standard factorization (F3) we have z, — z/ ¢ AZ, Together with

the assumption 2/ — 2/ = 29 — yo > 0 and the definition of AY; we have 2 — 2! =
20 — Yo > 2z, — y.. In view of (H2), equality holds. Now zg = 2/, forces yo = y/..

Case 2. We have (Yo, 20) = (y,,w}) for certain 0 < s <n’ and 1 <t < k.
Similar arguments to Case 1 show (yo, 20) = (¥4, 2).

Case 3. We have (yo, z0) = (y,, 2]) for certain 0 < s, < n'. From the condi-
tion zo—yo = 2] — Yy, ¢ Az: ﬁAzé imposed by (F3) we get either zo—yo > 2z, —y. or
20—Yo > 7, —yj. In both situations, equality holds by (H2). Applying yo = v, to the
first situation and zp = 2] to the second situation, we get either (yo, 20) = (¥, 2%)
or (Yo, 20) = (Y7, 21)- O

We point out that the existence arguments closely follow [55, Prop. 3.6]. It is
the uniqueness that is the key point of Lemma 6.3.
Proposition 6.2 together with Lemma 6.3 implies the following.

Theorem 6.4. Each simple module in category O factorizes uniquely as a ten-
sor product of prefundamental modules LY (a € C) and of Kirillov-Reshetikhin
modules L (a,be C,0<a—beN).

Example 6.5. Let us revisit the example after Theorem 3.18,
QL3I ~Li LI oLy ®L;.

In the subcategory Op of O the irreducible module L for b—a ¢ N is prime in the
sense that if Lj = V®@W in category Op then either V or W is the one-dimensional
trivial module. The first isomorphism forms two non-equivalent factorizations into
primes of the same irreducible module. The issue of non-uniqueness is resolved in
category O by further factorizing L¢ & L} ® L, .
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§7. Computation of diagonal entries

In this section we compute the diagonal entries introduced in Definition 5.4 for
the R-matrix RV7W(u), where V' is a finite-dimensional irreducible module and W
is a negative module (Proposition 7.2 and Theorem 7.4). A technical point in the
proofs is a refined estimation of the coproduct that we establish in Lemma 7.1.

§7.1. Second coproduct estimation

As a preparatory step, we refine the coproduct estimation of Lemma 2.5 for the
Drinfeld—Cartan series &;(u). In the ordinary Yangian Y (g) the following relations
hold:

(7.1) [z} (u), x0] = [, 25 (w)] = (§(w)4 = &(u) =1,
(7.2) (& (u), @ 0] = —2d;&i(w)w; (u — dij) = —2d;x; (u+ dij)&i(u).

The first relation follows from (2.1). The second is obtained by taking specializa-
tions v = u + d;; and v = u — d;; of the relation [28, §2.4]

(u—v+dij)&i(w)ay (v) = (u—v = dij)z; (V)& (uw) = —[&i(u), 7]
Lemma 7.1. For all coweights u and v, the coproduct A, , satisfies
A (&) = &) @ &(u) = > 2dia; (u+ dig)&i(u) @ & (w)a] (u+ dij)
jeI

mod. Y Y, (9)-p ® Y, (g)s
h(B)>2

Proof. One adapts the zigzag arguments of [20, Thm. 4.12] to reduce to the case
i =v =0, as in the proof of Lemma 2.5. For a € Q, let 7, denote the projection
of Y(g) onto the weight space Y (g),. It suffices to prove for 4,j € I,

(7.3) (Moo, @ Ta,) 0 Al&i(u) = —2dizj (u+ dij)&i(u) @ & (w)z] (u+ dij).

The strategy is to produce a system of linear equations which will have a unique
solution, given by both sides of this equation. Let
Au) = Z Apu P!
p>—1

denote the power series on the left-hand side. We view the coefficients A, as
elements in Y (g) —o; ® Y(g)a,. From equation (2.15) we get A_; = Ay = 0.

Next, applying A to the second formula of [§;(u), x| from equation (7.2),
taking into account A(z; ) =1®z;(+ ;7 ® 1 and Lemma 2.5,

A(x; (w)=1® T; (u) + x]_(u) ® &;(u) mod. Z Y(9)-p-a; @Y (9)s,
h(B)>0
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after projection onto the weight space of bi-weight (—a;,0) we obtain

[§iu) @ &i(u), 250 @ 1] + [A(u), 1 @ a7 o]

Making use of equations (7.1)—(7.2) we simplify the equality as follows:

[A(uw), 1 @z o] + (2di; @ x5 (u+ dij)) A(u)
(7.4) = —2diz; (u+dij)&i(u) @ (€(u+ dig))+&(u).

Equation (7.4) forms a linear system whose unknown variables are the A, for
p > —1. It expresses [4),1 ® x| in terms of the A,, for m < p. Therefore, the
system has a unique solution provided that the following linear map is injective:

Y(9)-a; @Y (8)a; — Y(8)—0a; ®Y(g)o, ar—[a,1@z;]

This map is the restriction of —Id ® adx;o. It suffices to establish the injec-
tivity of adm;O restricted to Y(g)a,. Note that T 0 dij§j70, d%_z;fo span a sub-
Lie algebra of Y(g) isomorphic to sly. The adjoint action of sly on Y(g) is
integrable by the Serre relation (2.4). If w € ker(adm_fo) N Y (g)a, is non-zero,
then w is a vector of lowest weight d%_(aj,ozj) =2, coﬁtradicting the integrable
representation theory of sls.

It remains to show that the right-hand side is a solution to equation (7.4).
This follows from equations (7.1)—(7.2) and commutativity of the &;(u). O

When g = sly, Lemma 7.1 agrees with the term k = 1 of the coproduct formula
of A(h(u)) in [56, Def. 2.24] and [20, eq. (6.9)].

§7.2. Highest diagonal entry

Let V be an irreducible module in category O%" and W be a negative module as
in Definition 5.4. We identify the highest diagonal entry sy, w (u) with R-matrices
of Proposition 5.7. When V is finite-dimensional, this leads to a formula for the
polynomial Ay (u) in terms of f-weights of V' and W.

Proposition 7.2. Letr =Y, , VY, .. -V, v €D andV be a highest {-weight
irreducible module over Y, (g). Then the highest diagonal entry of FV{VVL(rq)(u) is
SV,L(rl)(U) = RX(CH - U)RZ(GQ —u)- - RXV (an — u).

Proof. Write W = L(r~!) and w = w;-1. Choose a highest ¢-weight vector vy of
V. Since both sides are linear maps from V to V' ® Clul, it suffices to prove the
equality specialized at an arbitrary complex number a € C.
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Set v = vy in equation (5.2). Since }?V,W(a) sends vy ® w to w ® vy, we get

sv,w(a)vg = vo.

Next, for ¢ € I and v' € V, from equation (4.4) we obtain the following relation in
the module V(a) @ W:

27 (W @ w = (s () (0 @ ).
Applying the module morphism Ry (a): V(a) @ W — W @ V(a) gives
Ryw(a)(z7 (w)’ @ w) = (ri(u)z; (u)+ Rvw(a)(v' @ w).
We compute the components of w®V (a) at both sides. By definition, the left-hand
side is w®syw (a)z; (u)v’. On the right-hand side, Ry (a)(v'®w) is w@sy,w (a)v’
plus a linear combination of vectors in W, ® V(a), where v € wt(w) + Q- and
v # wt(w). By Lemma 2.5, the coproduct of z; (u) is 1 ® z; (u) plus a linear
combination of tensor products of elements of shifted Yangians such that the weight

of each first tensor factor is in Q_ \ {0}. For weight reasons the desired component
is

w @ (ri(w)z; (w)4sv,w(a)v’.

So we have the following equality in the module V (a):
svw(a)z; (u)v' = (ri(w)z; (w)4sv,w(a)v'.
In the module V the equality becomes
sywla)z; (u—a)' = (r;(u)z; (u—a))+sv,w(a)v’.
Replacing u by u + a, we obtain the following commutation relation in the mod-
ule V:
syw(a)z; (u) = (ri(u+ a)z; (w))4sv,w(a) foriel.

Combining with sy,w(a)vg = vy we obtain all the defining properties of the
operator R‘r"/,u(r) in equation (5.4). Here we recall from Remark 3.1 the one-

parameter family of group automorphisms 7,: £L — L for b € C. By uniqueness,
svw(a) = RZ,a(r) and

syw(a) = Rgimwq,iz’aw,,,q,w’ww = RX(al — a)RZ(ag —a)--- va (any — a).

This is exactly the equality of the proposition evaluated at u = a. O

Proposition 7.2 implies that RY(—u) is the highest diagonal entry of
RV’L‘_O (u). This is dual to the Borel situation of Remark 5.9(ii).
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Theorem 7.3. Let s € D and V be a finite-dimensional irreducible module in
category O". Write the ratio of the highest {-weight to the lowest (-weight of V as
a monomial of the A;p, and replace each A;y, with the polynomial s;(u+0b). Then
we obtain Ny, rs-1)(u). In particular, the polynomial Ay, 1,s-1)(u) € Clu] is monic.

Proof. Setting v in equation (5.2) to be a lowest ¢-weight vector v_ of V, and
w = ws-1 in equation (5.3), we see that Ay ps-1)(u) is also the eigenvalue of
the highest diagonal entry sy s-1)(u): V' — V ® C[u] associated to the lowest
{-weight vector v_ of V.

Let [[,c; H?;l Aj.q,, be the ratio of highest /-weight to lowest (-weight of
V. By Proposition 7.2, each factor u — b of the polynomial s;(u) gives rise to a
factor RY (b — u) of sy, 1(s-1)(u). The eigenvalue of R} (b — u) associated to v_ is
H?;1(ai,t —b+wu) by Proposition 5.8(ii). Each component s;(u) of s gives rise to a
factor H?:l si(u+a; ) of the eigenvalue of sy, 1,s-1y(u) . After taking the product
over all i € I, we get

hi

)\V7L(S—1)(u) = HHsi(u—i—ai,t). O

i€l t=1

§7.3. Lowest diagonal entry

We express the lowest diagonal entry tyw (u) from Definition 5.4 in terms of
one-dimensional R-matrices from Proposition 5.7, assuming that V is a finite-
dimensional irreducible module over the ordinary Yangian. The idea is to reduce
to the case of a fundamental module by a fusion construction of R-matrices, which
appeared for example in [37, Cor. 5.5].

Theorem 7.4. Let W be a negative module and V' be a finite-dimensional irre-
ducible Y (g)-module whose lowest (-weight is

—1 —1 oyl
i1,0145di; ~i2,02+5diy imyGmt5diy,
Then we have the following equality in Hom(W, W ® Clu]):

m m

(7.5) tyv.w (u) H Rfv(u +as) = Av,w(u) H Rfv(u +as +d;,).
s=1 s=1

Moreover, ty,w (u) is an End(W)-valued monic polynomial of degree deg Ay, w (u).
Proof. Let w denote a highest /-weight vector of the module W defined over Y, (g).

Since W is an irreducible module in category O,,, by Proposition 5.8(ii) there exists
a countable subset I' C C such that the normalized g-character of W is a power
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series in the A, with (j,b) € I x T'. Notably, a € C\T and f € wt,(W) imply
Ai_,;f ¢ wto(W).

Restricted to each weight space W3 of W, by Propositions 5.3 and 5.7,
RY(—u) is a monic polynomial of u and ty,w (u) is a polynomial. Equation (7.5)
implies that the degree of ty,w (u)|w, is deg Av,w (u), which is independent of the
weight 8. This proves the second part of the theorem assuming equation (7.5). By
polynomiality, it suffices to prove equation (7.5) evaluated at u = a for a € C such
that a + a5 ¢ T for all 1 < s <m.

Step 1: Reduction to the fundamental case. For 1 < s < m, let vs and v*
denote a highest /-weight vector and a lowest ¢-weight vector of the fundamental
module V;_ of equation (3.4). By Theorem 3.8(i), one may assume, after a per-
mutation of the pairs (is,as), that V is the irreducible submodule of the tensor
product

T =V (a1) ® Viy(a2) @ -+ @ Vi, (am)
generated by vp == v; ® V3 ® -+ - @, and v_ == vl ®v2 ® --- ®v™. In particular,
vo and v_ are the highest ¢-weight vector and lowest ¢-weight vector of V.

From the fact that 7, is a Hopf algebra automorphism of Y (g) and from the

equation 7,7, = Ty, for b, c € C, we get an identification of modules

T(a) =Vi,(a1 +a) @Vi,(a2 +a) @ --- @V, (am + a).

m

Consider the composite map

R(a) = ﬁ(lm*l ® Ry, wla+as) @1%"7%): T(a) @ W — W @ T/(a).

s=1
Since all modules are defined over antidominantly shifted Yangians, it follows from
the monoidality of category O%" in Remark 3.13 that R(a) is a module morphism
from T'(a) @ W to W @ T'(a). It restricts to a module morphism from V(a) @ W to
W ®V (a) because the former is generated by the highest ¢-weight vector vo @ w by
Theorem 4.8(iii) and R(a) sends vy @w to w®vy by definition of the Ry, w(a+as).
From uniqueness of the R-matrix in Theorem 5.2, we obtain
R(a)|V(a)®W = RV,W(G)-
For w € W, by definition ty w (a)w®v_ is the projection to W @v! ®v2 @---@v™
of the vector R(a)(vl @12 ® -+ ® v™ ® w), which by the factorization of R(a) is
tv,, wla+aty, wla+az) -ty wla+an)w® vV @ ®@---@u™.

‘We obtain therefore a factorization

tyvw(a) = tv,, wla+a)ty, wla+az) --tv, wla+ay) € End(W).
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We are reduced to computing the lowest diagonal entry ty, w(u) for a fixed i € I.
Assume from now on that m =1, (i1,a1) = (4,0), and a € C\ T.

By Lemma 3.9, the finite-dimensional ¥ (g)-module V' contains a g-submodule
of lowest weight —cw; and V_g, = Cv_. By Weyl group symmetry, vy = z; jv_
spans the weight space V,,_,. Complete vy to a weight basis By of V. If v €
By \ {v_,vy}, then 0 # wt(v) — o + w; € Q4. Since V is defined over the
ordinary Yangian, by Remark 3.1 it has the same weight grading as V(a). We
have the following relations in the module V' (a) similar to Example 3.7:

O u—a—d;0;; u—a-+d;;
(o = 2, g (uy = ; i,
(7.6) u—a u—a u—a— dj;
’ _ dlél u—a—diéi'
z; (u)vy = ﬁvﬂ &i(uv- = Tajv,.

From the paragraph above Definition 5.4, we get a family of linear operators
fo(w): W — W ® Clu] for v € By such that for a € C and w € W we have

Ryw(a)(v- @ w) = Z fola)w @ v.

vEBY

In particular, f, (u) = ty,w(u) by equation (5.2). To simplify notation, write

Ra = RV,W(G/)7 )\a = )‘V,W<a'); Ca = f’U+ (a’>7 Da = fv, (a)7
6(1 = RI\{/V;,QCa,a Ea = RI\{/V;,Qth Ea = éa + xi_’oﬁa-

Our goal is to show that for a € C\T we have ﬁa = )\QREVWM_ as linear operators
on W. By polynomiality, this would imply that R}/V(u)tvyw(u)l = Avw (u)RY (u+
d;). From Proposition 5.7 we get that the operators ty yw (u), RV (u) for i € T
acting on W mutually commute, so that the order of the products in equation

(7.5) does not matter.

Step 2: Projection formulas. . The Y (g)-modules V' and V(a) have the same
weight grading. With respect to the weight basis By of V(a), let

p:WRV(a) —W and ¢: WeV(a) — W

denote linear maps which send Zuer gv ® v to g,_ and to g,, respectively. We
apply these maps to the following relations in W ® V' (a) for j € I and w € W:

Roa; (0)(v- @ w) = &} (W)Ro(v- ®w), Ra&;(u)(v- @ w) = &(u) Ry (v_ ® w).

By Example 3.4, the left-hand sides of the above equations are R, (v— ® z; (u)w)
and Ry (& (u)v— ® &;(u)w) respectively. Based on the coproduct estimations of
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Ayo(z; (u)) from Lemma 2.5 and of A, 0(&;(u)) from Lemma 7.1, we have

B(RaT (0)(0- ® w) = 6(Ra(v- ® 7 (w)w)) = Doz (),
o7 (u)Ra(v ® ) ¢Cn (g;:ﬂ; w®v>)

= ¢(x; (u) Do (w) ® & (u)v-) + ¢(Co(w) ® x5 (u)v-)
= 7’& —a= dzal] Cﬂj_ (u)Da(w) + %Ca(w)a

(Rl () (v— ® 0)) = $(Ra(&; (w)o_ ® & (whw) = “— 2= 5% p ¢ (wyu,

o600 9 0) =000 (X flwwen)) o

vEBY
= 0(& () D) © € (u) = I 0% ¢4 D, ),
P(RE ()0 D)) = Y(Ra(s(w)e- @ & uw)) = I 0w,
$(& (W) Ra(v- @ w) fulayw @ v
=o(s( 3 Aewer))

= P(&;(u)Ca(w) @ &;(u)vy)

— 2di (] (u + dij)&;(u) Da(w) ® & (u)a; (u + dij)v-)
ufafdic?iju CL+d

— L R )G
Juman iy 2 g gy (u) Da(w).

u—a  uU—a—d;

Step 3: Commutation relations. It follows from the projection formulas that

(1) Dery ()= =00y, 4 Wi,
(78)  Dati(u) = &(u)Da,
— d;; 2d;,; _
(19) Gyl = ST 0~ e (ut d) (1) D,

Notice that z; (u + d;;)&;(u) = §;(w)z; (v — d;j) as a rewriting of the second half
of equation (7.2). Left multiplying equation (7.9) by &;(u)™!, we obtain
- d;j 2d;; _
&(u) 7 Ca(w) = 210, - o (u— diy)D

u—a—dij u—a—dij
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Left multiplying the above equation by RI{Z .» which commutes with §;(u), we get

A u—a—|—dij ~ Qdij _ ~

) ) _ _ ca—dNe(u—dVN.D

& (u)™ Ca&j(u) u—a—dy Ca u—a—dy ((u—=a—dij)z; (u—dij))+Da
u—a—|—dij

= m(éa + l‘i_’oﬁa) — 2dl]$z_ (U — dij)ﬁa — x;oﬁa.
ij
Combining with equation (7.8) and the relation &;(u) ta;&(u) = x;y +
2d;jz; (w — d;;), which rewrites the first half of equation (7.2), we obtain

u—a+dijE

(7.10) &(w) M Eatj(w) = —— —

Recall that a € C\T. Let w € W be a vector of f-weight f. If the vector Eq (w)
is non-zero, then it is of f-weight A;jf by equations (7.10) and (3.3), contradicting
our choice of T'. So E, (w) = 0 for all £-weight vectors w € W and E, = 0.

Let us multiply equation (7.7) by RI{,VI, o Making use of the defining properties

equation (5.4), we recover all the defining properties of )\QRK i

Da(w) = Aaw, Dazj (u) = a5 (u)Dy for j # i,

Doy (u) = ((u—a— di)ay (w)) Do+~ By = {(u— 0 — do)oy () Do

This proves the desired identity D, = )\aRE}: i, foraeC \T. O

Example 7.5. Let g = sly. Consider RV’W(a) with V = Ny and W = L; . Exam-
ple 5.6 gives Ay w (u) = u. Furthermore, v; is an eigenvector of R} (u) of eigenvalue
—u(—u—1)(—u—2)--- (—u—1i+1) by Proposition 5.8(ii) and Example 3.19. From
equation (7.5) and its proof we obtain that
RY(a+1) (a+1)(a+2) - (a+1)
——V; =a ,

RY (a) ala+1)---(a+1i—1)
Co(vi) = =RV (a)"tag RY (a)t¥ . (a)vi = (i 4+ 1)viy1.

€2,€2

D,(v;) =a

v; = (a +1)v;,

This gives
Rvyw(a)(eg ® ”Ui) = (CL + Z)’Uz (024 €9 -+ (Z + 1)”01‘_._1 29 e1.
Apply z{ to the equality and notice that Ag _1(zd) = 2y ® 1 + 1 ® xf and
A,lyo(xar) = .’Eé ® 12
+ N — ot ) o — ) ;
Ty (2 ®@v;) =r5ea @v; +ea @ag v = €1 Dv; +e2 D,
xé‘(vi ®eg) = xa'vi R ey =1v;_1 R e,

+ — ot _
2o (Vg1 ®e1) = T Vi1 @ e1 = v; Q€.
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We obtain from the commutativity of Ry (a) with z that

Ryw(a)(v;®er +e2@vi1) = (a+i)vim1 @ ez + (i + 1)v; @ eq,
RVVW(G‘)(UZ' ® 61) =e1 QU +e3@U;—1.

With respect to the basis (eq,es) of V we get

Ry,w (u) = < 17 o ) where {a+(vi) = (i + Dviya,

a u+a+a a (Ul) = Vij—1-

This is a monodromy matrix of Baxter’s Q-operator for Y (gl,); see [4, eq. (3.38)].
The Yang-Baxter equation [4, eq. (3.1)] is a particular case of equation (5.1).

In Definition 5.4, we think of Rv)W(u) as a monodromy matrix. Taking a
suitable trace over V gives a transfer matrix acting on W, and ty,w (u) is a leading
term of the transfer matrix. We expect equation (7.5) to be a leading term of
generalized Baxter relations for transfer matrices [24, Thm. 5.11].

§8. Truncations of standard modules

In this section, we prove that any standard module (and so any irreducible module)
in category O! factorizes through a truncated shifted Yangian (Theorem 8.4). Our
proof is uniform for all finite types (see the introduction for a discussion of known
results).

From equation (3.4) and the paragraph above recall the involution ¢ — 7 on I,
the rational number x, and the fundamental module V;. From Definition 5.4 and
Theorem 7.3 recall the monic polynomial Ay (u).

Definition 8.1. Let r — r denote the group automorphism on R which sends
each generator ¥; , to ¥; 41,. For s € D, define the polynomial ¢-weight (g ())ier
€ D and the rational ¢-weight § = (5;(u));cr € R as follows:

g; (u) = )\Vi,L(s—l)(U%

—cji

o g w)gi(
s = TOE) ] ] s

jicji <0 t=1

Example 8.2. We describe the map s — § of Definition 8.1 for g of type Bs. Let
a3 be the long root and as the short root so that d; = 2, do = 1, and dio = —1.
The dual Coxeter number is 3 and so k = 3. The Dynkin diagram automorphism
i~ 7 is the identity. We have Vi = L(Y1,—2) and Vo = L(Y; _3). The ratios of
highest to lowest /-weights for Vi and V5 are given by

A1 0A1,1A20A2 1, A1 142042 5.
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We obtain from Theorem 7.3 and Definition 8.1 that for s € D,

gi(u) = s1(u — D)sy(u)sa(u — 1)s2(u), g5(u) = si(u— 1)sa(u — 2)sa(u),
51 () = g91(w)gi(u —2) _ gwgsu—1)
s1(u)g5(u)g5(u — 1) so(u)gi(u — 1)

= sl(u — 3), 52(’[1,)
Therefore, in type By we have s =8 € D.

Example 8.3. Assume g is of type G2. Let a1 be the long root and as the short
root, so that d; = 3, do = 1, and di5 = —%. The dual Coxeter number is 4 and so
k = 6. The Dynkin diagram automorphism is the identity. We have V; = L(Ylﬁg)
and Vo = L(Y; _ 1 ). The ratios of highest to lowest ¢-weights for V; and V; are
given by

Al,oAl,—lAl,—QAl,—?sAz,éAz,_%A;,%Az,_gAz,_g7
Ay _sAy _1A30A2 2A7 345 5.
As in the previous example, we have for s € D,
g5 (u) = s1(u)si(u—1)s1(u — 2)s1(u — 3)
1 1 3\ 2 ) 7
xsa(utg)s(u—g)ee(u-3) s2(u=g)s(v-3).
3 7
g3(w) = s1 (u— 3 )s1 (u— 3 )sa(w)salu — 2)ss(u — 3)sz(u - 5),
o g1 (u)gi(u—3)

)
)

Therefore, in type G we have s =s € D.

Theorem 8.4. Forr,s € D, the standard module W(r,s) factorizes through the

truncated shifted Yangian Y%, (s=1r) (9). In particular, any irreducible module in

category O factorizes through a truncated shifted Yangian.

Proof. We have W(r,s) = L(r)® L(s™1), with L(r) being one-dimensional. For an

irreducible module L(e) in category O, one can write e = n~'m with m,n € D.

Then Theorem 4.8 shows that L(e) is a quotient of the standard module W(m, n).

By Remark 4.3, it suffices to show that L(s™!) factorizes through Y_ng(s)(g).
Note that (—w@"(s),8) € PY x R is truncatable:

©V(8) +(s) = 3 deg(gf (u))ay.

icl
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In the situation of Proposition 5.8 with W = L(s™!), we have g;(u) = ¢5(u) by
Definition 8.1. Take V' = V; in Theorem 7.4 and compare with equation (5.6). We

get the following equality of End(L(s~!))-valued Laurent series in u~!:

(8.1) Ai(u)|L(S—1) = tw7L(S—1)(U) foriel.

The polynomiality of the lowest diagonal entries in Theorem 7.4 implies in the mod-
ule L(s™1) the defining relation (A;(u)) = 0 of the truncated shifted Yangian. [

Remark 8.5. A similar identification of GKLO series with matrix entries as in
equation (8.1) was given in [48, Cor. 5.9]. As commented in [48, Rem. 5.10], these
should be specializations of RTT realizations of shifted Yangians [68]. Some partic-
ular cases of such a realization appeared in [8, 23]. Notice from equation (5.1) that
our R-matrix Ry w (u) satisfies an RTT relation when V is a finite-dimensional
irreducible module over the ordinary Yangian and W is a negative module.

Remark 8.6. There are other approaches to truncations of simple modules over
shifted Yangians and shifted quantum affine algebras:

(i) Fixr,s € D and set y and v to be the coweights of s~'r and rs respectively.
Recall from Remark 2.9 the quotient map }N/,l’ (rs) — Y/ (rs). If g is simply laced,
then there is a classification of irreducible highest ¢-weight modules for the original
truncated shifted Yangian Y7 (rs) in terms of monomial crystals [48, 49], which
translated into the language of g-characters by [60, Thm. 3.3] implies that the
Y,.(g)-module W(r, s) factorizes through

Yu(g) — Y(g) = Y (x8) — Y/ (x8)

and is a module over Y;g(g). Theorem 8.4 shows that W(r,s) is a module over
Yr%(g). So we expect that § = s for g simply laced. By Examples 8.2-8.3, such
an equality seems to hold for g of arbitrary type. This would imply that § € D in
Definition 8.1.

(ii) For g of non-simply-laced types, the classification of irreducible highest
{-weight modules over the original truncated shifted Yangians of Remark 2.9 can
be reduced to the known classification in simply laced types [48, 49] via geomet-
ric arguments [62, 61]. Theorem 8.4 in non-simply-laced types follows from this
analysis.

(iii) For shifted quantum affine algebras, the second part of Theorem 8.4
was known for finite-dimensional irreducible modules [40, Thm. 12.9] (see also
the discussion in [40, Introduction]). More generally, a conjectural description of
highest ¢-weights of irreducible modules over truncated shifted quantum affine
algebras in terms of Langlands dual g-characters was formulated in [40, Conj. 12.3].
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§89. Jordan—Holder property

In this section, as an application of our study of R-matrices in Sections 5-7, we
establish a property in category O": finite-length modules are stable under tensor
product (Theorem 9.5). This is referred to as the Jordan-Hoélder property.

We also obtain a uniform proof of the following known result (see Remark
9.4): a truncated Yangian has only a finite number of irreducible representations
in the category O (Theorem 9.3).

The following result is well known in the non-shifted case. We omit its proof
as it is a direct consequence of the definition of shifted Yangians.

Lemma 9.1. Let p = Zje[ kijV be a coweight of g. Then for i € I there exists

a unique algebra homomorphism f,, ;: Yy, (slo) — Y, (g) such that
et () = d M) (ud), 2 (w) = dixg (uds),  E(u) = dy & (ud;).

For f(u) € C(u) a rational function, by the denominator of f(u) we mean
the monic polynomial ¢(u) of u of smallest degree such that g(u)f(u) € C[u]. The
numerator of f(u) is the denominator of f(u)~1.

Lemma 9.2. Lete € R and (i,a,m) € I Xx C X Zsg. Then (u — a)™ divides the
denominator of e;(u) if and only if A; e is an L-weight of L(e).

Proof. Write p = w"(e) = 3, kjwy. Set L = f,i(Yk,(sl2))we C L(e); it is a
Yy, (slo)-module via the pullback by f,;. We claim that

(i) the Yy, (sly)-module L is isomorphic to L(d; ¥ e;(ud;));

(ii) as subspaces of L(e), the f-weight space of the Yy, (sl2)-module L of (-weight
d;kiei(udi)A;ﬂAgj - Azl is equal to the (-weight space of the Y, (g)-
module L(e) of l-weight eA- ! A~ ...A~1

i,a1d; " "i,a2d; i,and;®

Part (i) can be proved as in [14, Lem. 4.3] by restriction to diagram subalge-
bras.

For (i), write w(e) = >_,c; m;w;. Then we is of weight m; in the Yy, (sl2)-
module L. From L(e) = Y,~(g)we and the Q_-grading on Y, ~(g) we get an
identification of weight spaces for N € N:

me;—QN = L(e)w(e)—Nai
= Vect(

ez We | M1, ma,...,my € N).

xi,mlxi,mg : i,mN

Since a weight space is a direct sum of ¢-weight spaces, it suffices to prove that
the right-hand side of the equality of (ii) is contained in the left-hand side. This
is obvious from f,, ;(&(u)) = d; *¢&;(ud;).
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It follows that A; e is an f-weight of L(e) if and only if d;kiei(udi)A;dl_l
is an ¢-weight of the Yk, (sly)-module L(d; *e;(ud;)). We are reduced to the case
g = sls. Then this follows from the tensor product factorization of Proposition 6.2
because, by Definition 6.1, the standard factorization of a rational function fixes
its denominator and each factor u — a in the denominator contributes to a factor
A7! of an (-weight. O

For (u,r) € PY x R a truncatable pair, define R}, to be the set of e € R,
such that the Y),(g)-module L(e) factorizes through the truncated shifted Yangian

Y, ()
Theorem 9.3. The set R}, is finite for any truncatable pair (u,r) € PY x R.

Remark 9.4. When r € D, there is a geometric proof of the finiteness, as ex-
plained in [48, Cor. 3.13], by viewing the truncated shifted Yangian Y] (g) as a
quantization of a scheme supported on a generalized affine Grassmannian slice
Wﬁ with A := @V (r) (see [47, Prop. 4.10]), and then applying the general result
[6, Prop. 5.1]. If r ¢ D, choose s € D such that rs € D. Remark 4.3 shows that
R C s IR L,
is algebraic and close to the situation of truncated shifted quantum affine algebras
[40, Thm. 11.15].

The finiteness of R}, follows from the known case. Our proof

Proof of Theorem 9.3. Fore € R and i € I, let pf(u) and ¢f(u) denote respectively
the numerator and denominator of e;(u). Recall from equation (2.19) the coefficient
m; € Nof o) in @w”(r) — p.

Step 1. We shall give a necessary condition for e € RJ,. As in Proposition
5.8, let gi(u) € C[u] be the eigenvalue of A;(u) € Y (g)[u] associated to the eigen-
vector we of L(e). Then g;(u) is a monic polynomial of degree m;. We claim that
gi(u)e;(u) is a polynomial, which by equation (2.20) is equivalent to divisibility of
polynomials:

—Cji

91 g u+d) | piutd)x [[ []giu+di—di—tdy).

jicji <0 t=1

We need to prove ¢f(u) | g;(u). Namely, for any (a,m) € C X Zsq such that
(u—a)™ | ¢f(u), we must have (u —a)™ | gi(u). By Lemma 9.2, eA; " is an
L-weight of L(e). From Proposition 5.8(ii) we see that the eigenvalue of A;(u) on
L(e)eA;;n is gi(u)(“=%td)m which must be a polynomial. Since (u—a+d;)™ and

(u — a)™ are coprime, we have (u — a)™ | g;(u), as desired.
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Step 2. Introduce the following finite subsets of C for s € Z~q:

Dg = {difdijftdj |i,j€], teZ, Cjj <0, lﬁtgfcji},

X ={aeC|pi(a+d;) =0 for certain i € I},

X; ::{afc17027~~~fcs6(C|a€XE, ¢ € Dy forlgkgs}.
Clearly, Dy depends on g, and X, on the triple (r,s,g). Set m = > . ; m; and
X = U:n:_ol X$. Then X is a finite set depending on the triple (r, i, g).

Each e € R}, is uniquely determined by the monic polynomials g;(u) for i € I
from Step 1. Let us attach a quiver I'¢ to e as follows:
e The set of vertices is Ve := {(i,a) € I x C| g;(a) = 0}.
e Draw an arrow (4,a) — (j,b) if ¢;; < 0 and there exists 1 < ¢ < —¢;; such that
b=a+d; —d;; — td; and pf(a + d;) # 0. In particular, b — a € Dy.

We prove that Vo C I x X. Since g;(u) is of fixed degree m;, this will imply that
there are finitely many choices of g;(u), from which comes the finiteness of R
Let V2 be the set of sink vertices (namely, vertices with no outgoing arrows)
of Te. If (i,a) is sink, by relation (9.1) we must have pf(a 4+ d;) = 0, since the
product ] is non-zero. This means Vg’ C I x X7.
For s € Z~g, define V# to be the set of vertices (i, a) of I'e which can be joint
to a sink vertex with s arrows. Namely, (i,a) € V¢ if there exist s vertices

(i1,a1), (i2,a2), ..., (is,as)
such that (is, as) is sink and there are arrows
(i,a) — (i1,a1) — (i2,a2) —> -+ — (f5-1,a5-1) — (is,as).
From our definition of arrows it follows that ai+1 —ar € Dy, as € X9 and
a=as— (as—as_1)—---—(ag —ay) — (a1 —ap) € X;.

This gives Vg C I x X;.
By Claim 1 below, the quiver ' is acyclic and every vertex is connected to a
sink vertex by at most m — 1 arrows. We obtain the desired relation

m—1 m—1
Ve=JVec JUxX)=TxX.
s=0 s=0

Claim 1. In the quiver T'¢ there does not exist any sequence of vertices (ix, ax)
for 0 < k < m with arrows (i;,a;) = (441, a1+1) for 0 <1 < m.
Assume the contrary and fix such a sequence

S: (io,ao) — (il,al) — (ig,ag) —_— s — (im,am).
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Since m +1 > > jer Mys there must exist j € I which appears in the sequence
iot1%2 - - - i at least m; + 1 times. Each appearance of j, say i, = j, gives a root
ag of gj(u). If i, = ¢; and k < I then necessarily [ —k > 1 and from Claim 2 below
we get ay # a;. So the polynomial [Jo o, ;. —;(u— ak) divides g;(u); the former
is of degree at least m; 4 1, while the latter of degree m;, contradiction.

Claim 2. In the sequence S, if 0 < k< k+1<I<mthen a —ay € %Z>0.

If g is not of type G, then ¢;; > —2 for all 4,j € I. By equation (2.20), we
have Dy C %N; moreover, if 0 € Dy, then it must arise from 0 = d; — %dj so that
d; =1 and d; = 2. This means that for an arrow (¢,a) — (4,b) of the quiver I,
either b —a € %Z>O, or b=a and (d;,d;) = (1,2). Apply this to the sequence S:

1
a1 — ag,a2 — A1y...,0m — Am—1 € gN

Soa; —ay € %N. If a; = ag, then ap = axy+1 = ag4o. From ap = apy1 we obtain
d = 2, while from ap41 = ap12 we obtain d;,,, = 1, contradiction.
If g is of type Gy with d; = 3 and dy = 1, we check Claim 2 directly. By

equation (2.20), the arrows in the quiver I'e are of the form

Tk41

(1,a) — (2,a+;), (1,a) — (2,a+g),

7 1
(1,a)—>(2,a+§>, (2,a)—><1,a—§).
The sequence igiy - - - Im_10m 1S alternating of the form 1212--- or 2121---. For

3
2

have b — a = f%. It follows that a; — ar = Zi;}c (at+1 — a¢) as a half integer is at

an arrow (1,a) — (2,b), we have b — a > 2, while for an arrow (2,a) — (1,b) we

least S, where S is an alternating sum of [ — k > 1 terms of the following form:

3 1+3 1+ 1+3 1+3
2 2 2 2 ’ 2 2 2 2
Clearly a; —ay > S > 0. O

Define (92“ to be the full subcategory of O,, consisting of modules with a finite
Jordan-Holder filtration. In other words, a module V' in category O, is in Oﬁn if
and only if V' admits a finite number of irreducible subquotients, if and only if [V]
is a finite sum of irreducible isomorphism classes [L(e)] for e € R,,. Let O be
the direct sum of the categories (’)Bn over all coweights p.

Theorem 9.5. The category OE‘; 1s closed under tensor product.

Proof. We need to show that the tensor product T of two arbitrary irreducible
modules belongs to category Ol namely, T admits a finite number of irreducible
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subquotients. From Theorem 4.8 we see that T" can be realized as a quotient of a
tensor product T” of two standard modules. By equation (4.5) the module 7" has
the same isomorphism class as a third standard module W. By Theorem 8.4, the
standard module W factorizes through a truncated shifted Yangian Y;?(g). Since
RS is finite, W admits a finite number of irreducible subquotients, so do the tensor
products 77 and T. O

The Grothendieck group of category Ko(Og!), which is the abelian subgroup
of Ko(O®h) freely generated by the [L(e)] for e € R, is a therefore a subring.

Remark 9.6. Let us make further comments on the Jordan—H&6lder property:

(i) Assume g is not of type Eg. Combining Proposition 4.12(iii) and Theorems
4.15 and 8.4, we obtain that any highest /-weight module in category O" factorizes
through a truncated shifted Yangian and belongs to category (’)g};l

(ii) The Jordan-Holder property is known to be true [36, Thm. 5.27] for
a certain category of integrable modules over a quantum affinization. It fails in
the original category O of g-modules (counterexample: the tensor product of two
irreducible Verma modules over sly has infinitely many irreducible subquotients)
and in the category O of modules over the Borel algebra [41] as observed in [43,
Rem. 5.12].

(iii) For g = sl.41 there is another proof of Theorem 9.5 by extending Y (sl 1)
to the Yangian Y(gl, ;) and using the big center of Y'(gl,,;); see [9, Lems. 6.13,
7.16]. This is close to the proof of classical fact in the original category O of
g-modules that each Verma module admits a finite Jordan—Hélder filtration.
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