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Large Deviations for Small Noise Hypoelliptic
Diffusion Bridges on Sub-Riemannian Manifolds
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Abstract

In this paper we study a large deviation principle of Freidlin—Wentzell type for pinned
hypoelliptic diffusion measures associated with a natural sub-Laplacian on a compact
sub-Riemannian manifold. To prove this large deviation principle, we use rough path
theory and manifold-valued Malliavin calculus.
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§1. Introduction

In the theory of stochastic differential equations (SDEs), small noise problems
for SDEs are considered very important and have been studied intensively and
extensively. A large deviation principle (LDP) associated with them is called
Freidlin—-Wentzell’s LDP. One of its typical formulations is as follows. Let M be
a Euclidean space or a manifold and let V;, 0 < i < d, be sufficiently nice vector
fields on M. For a standard d-dimensional Brownian motion (w;)o<¢<1, consider
the following Stratonovich-type SDE:

d
dX; = Vi(X{)o dwj +Vo(X7)dt, X§=uz.
=1

Here, + € M is a given initial point and 0 < ¢ <« 1 is a small parameter.
Note that X© = (X[ )o<¢<1 is the diffusion process associated with the generator
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52(% Z?Zl V2 4+ V) and the starting point . Then, as is well known, the law of
X¢ satisfies an LDP as ¢ \, 0.

Let us consider the case that X§ has a (sufficiently nice) strictly positive
density with respect to a reference measure on M (e.g. the Lebesgue measure
when M is a Euclidean space). Then the pinned diffusion process from x to
a associated with the above generator exists, where a is a given end point. It
seems quite natural to ask whether an LDP of Freidlin—-Wentzell type holds for
these scaled pinned diffusion measures as € \, 0. In this work we take up this
problem.

Although there are a large number of papers on the standard version of
Freidlin—Wentzell’s LDP, only a few papers have been published on this type of
LDP. To the author’s knowledge, the first one is Hsu [12]. He proved a pinned
version of Freidlin—-Wentzell’s LDP for pinned Brownian motion on a compact
Riemannian manifold (i.e. the pinned diffusion process associated with one half of
the Laplace—Beltrami operator). Then, by studying SDEs under a suitable bracket-
generating condition on the coefficient vector fields, the author [15, 16] proved this
type of LDP in the Euclidean setting for rather general pinned diffusion processes.
His method is a combination of rough path theory and quasi-sure analysis, which
is a potential-theoretic part of Malliavin calculus. Also, Bailleul [3] proved this
type of LDP on a compact manifold for pinned diffusions associated with the sum-
of-square-type generator as above with a suitable bracket-generating condition on
these vector fields. He combined a probabilistic method (rough path theory) and
an analytic method (Sanchez-Calle’s estimate for the semigroup generated by a
sum-of-square-type operator).

The purpose of this paper is to prove an analogous LDP for the pinned dif-
fusion process on a sub-Riemannian manifold M associated with the generator
£2(Agup/2+ V), where Ay, is a natural “div-grad-type” sub-Laplacian on M and
V' is an arbitrary smooth vector field on M. Our proof is basically similar to those
in the preceding works [15, 16]. However, there are two new ingredients in this
work. First, in order to realize the £2(Agu,/2 + V)-diffusion process via an SDE,
we use Eells—Elworthy’s construction on a frame bundle over M. Second, since we
work on the manifold M and its frame bundle, we need manifold-valued Malliavin
calculus developed in Taniguchi [28].

The organization of this paper is as follows. In Section 2 we formulate our
LDP precisely and then state our main result (Theorem 2.1). Section 3 is devoted
to recalling the stochastic parallel transport over a sub-Riemannian manifold.
Stochastic tools such as Malliavin calculus, quasi-sure analysis, and rough path
theory are collected in Section 4. In Section 5 we provide an LDP for the rough
path lifts of certain positive Watanabe distributions on the geometric rough path
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space (Theorem 5.1). Our main result is almost immediate from this, thanks to
Lyons’ continuity theorem. The lower estimate of the LDP in Theorem 5.1 is proved
in Section 6, while the upper estimate is proved in Section 7. In the appendix, we
show the strict positivity of the heat kernel associated with £2(Agup/2 + V). This
fact ensures the well-definedness of the pinned diffusion measure.

Throughout this paper we will use the following notation:

e Ny ={1,2,3,...} and N = {0} UN,. The set of all real numbers is denoted
by R.
e The time interval of (rough) paths is basically [0, 1] unless otherwise specified.

e Let U be an open set of a manifold A" and V be a vector (or a fiber) bundle
over U. We denote by I'(U; V) the set of all smooth sections of ¥V on U. When
U = N, we will often simply write I'(V). For instance, we will write T'(TN)
or I'(W;TN) for the set of all smooth vector fields on V.

e For a manifold NV, y € N, and a subbundle V of TN with a metric, we set

HyN,V) ={7:10,1] = N } absolutely continuous, o = ¥,

v, € V,, for almost all ¢,
1
E(7) = [y Inl} dt < oo}

We call £(y) the energy of +.
e The Cameron-Martin space H? over R? is a real Hilbert space defined by

He = {h: [0,1] — R? | absolutely continuous, hy = 0,

with ||B]2a = [ |1}|24 dt < o0}

In other words, H* = Ho(R*, TR?) and £(h) = ||h[|3,.. When d is obvious
from the context, we simply write H.

e The classical d-dimensional Wiener space (W, H, u) = (W?, H?, u?) is defined
as follows: (1) H is a Cameron—Martin Hilbert space as above. (2) W is the
Banach space of all continuous paths from [0,1] to R? which start at the
origin. The topology of W is that of uniform convergence as usual. (3) p is
the d-dimensional Wiener measure. A generic element of W is denoted by w.
The coordinate process (wy)o<t<1 defined on (W, ) is called the canonical
realization of d-dimensional Brownian motion.

o Let Z1,...,Z,, be smooth vector fields on an open subset U of a manifold
N. We set 2t = {Zy,...,Z,} and BF = {[Z,,Y] | Y € ZF1} for k > 2,
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recursively. We next set, for k > 1,

k o)
Lie"®)(Zy, ..., Z,) = span { U zﬂ] and  Lie(Zy,...,Zm) = span [ U zﬂ}.

J=1 Jj=1

Here, span A means the linear span of A. For x € U, we set
Lie®™(Zy,..., Zp)(z) = {Y(2) | Y € Lie™(Z1,..., Zn)} C TN
and also set Lie(Z1, ..., Zy)(z) C T, in the same way.

As for the last item, one should note the following simple fact. Suppose that
there is a smooth function F': U — GL(m,R) such that

(Z1,... . Zm) =1Z1,...,Zn]F onU.

Then, for every x € U, we have Lie® (Zy, ..., Zn)(z) = Lie®™ (Zy, ..., Zm)(a:) for

~ ~

every k > 1 and therefore Lie(Zy, ..., Zy,)(z) = Lie(Zy,. .., Zy,)(z)

§2. Setting and main result

First we recall the essentials of sub-Riemannian geometry following [24]. We say
that (M, D,g) is a sub-Riemannian manifold if (i) M is a connected, smooth
manifold of dimension n, (ii) D C TM, T M being the tangent bundle of M, is a
smooth distribution of constant rank d (1 < d < n) which satisfies the Hérmander
condition at every x € M, and (iii) g = (¢ )ze M, Where each g, is an inner product
on the fiber D,, and = — g, is smooth. (When there is no risk of confusion, we
simply say that M is a sub-Riemannian manifold.) When n = d, this definition
coincides with that of a (connected) Riemannian manifold. Throughout this paper
M is assumed to be compact.

The precise statement of the Hormander condition on D at x € M is as
follows: If {Zy,...,Z,} is a local frame of D over a coordinate neighborhood U
around z, then Lie(Zy,..., Zq)(x) = Ty M. As is well known, this condition does
not depend on the choice of U and {Z1,...,Z,}.

Now we recall a “div-grad-type” sub-Laplacian on a sub-Riemannian manifold
M. Let vol be a smooth volume on M, that is, vol is a measure on M whose
restriction to every local coordinate chart is written as a strictly positive smooth
density function times the Lebesgue measure on the chart. We consider the second-
order differential operator of the form Ay, = divogradp, where gradp is the
horizontal gradient in the direction of D and div is the divergence with respect to
vol (i.e. div = —(gradp)* at least formally, where the adjoint is taken with respect
to vol).
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A continuous path v: [0,1] — M is said to be an admissible path! if v is
absolutely continuous, v; € D,, for almost all ¢ € [0, 1], and

1
(2.1) E(y) = /0 |’y£\§% dt < oo.

We call £(vy) the energy of v. (If v is not admissible, we set £(y) = 400 by
convention.) By Chow—Rashevsky’s theorem [24, Thm. 1.14], for every z,y € M
there exists an admissible path « such that y9 = « and v; = y.

We define dsg: M x M — [0, 00) by

dsr(z,y) = inf{fo1 Vtlg, dt | v:[0,1] = M, admissible with yo = 2,71 =y}

Then dsg(z,y) < oo for every x,y € M. It is well known that dsg becomes
a distance on M, which generates the same topology as the original manifold
topology of M. This is called the sub-Riemannian distance of M. According to
[24, Prop. 2.1], it holds that

(22) dsr(z,y)* =inf{€(7) | v: [0,1] = M, admissible with vo = =,y = y}.

Let V be any smooth vector field on M (i.e. V € I'(T'M)) and € € (0,1]. Then
the diffusion process on M associated with £2(Agu,/2+ V) starting at * € M has
a density pf(x,a) with respect to vol(da) at every ¢t > 0. In fact, pf(xz,a) > 0
for all z,a € M and t,e € (0,1] and a — p§(x,a) is smooth for all z € M and
t,e € (0,1].

The pinned diffusion measure Qf, , associated with e*(Agp,/2+V) from z to a
is a unique probability measure on C([0, 1], M), the continuous path space over M,
such that the following holds: for every £k > 1,0 =19 <t; < -+ <t <tpy1 =1,
and G € C*(MF),

/ G(€t1 s aftk)@ia (df)
c((o,1],M)

k k

=pi(z,a)”" G(z1,..., %) Hpa“_ti (4, Tit1) H vol(dz;),
MFE i=0 i=1

with the convention that zp = z and zpy1 = a. (We will see that Qf , does

exist.) Here, C([0,1], M) is the set of all continuous paths on M equipped with

the compact-open topology. The closed subset of all continuous paths which start

at  and end at a is denoted by Cy,4([0,1], M), in which Q , is supported.

1t is called a horizontal path in [24]. We avoid this term, however, because the term “hori-
zontal” is also used in the theory of connections on a principal bundle.
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Now we state our main theorem. This can be viewed as a version of Freidlin—
Wentzell-type LDP for pinned hypoelliptic diffusion processes on a sub-Riemann-
ian manifold. As one can easily expect, the rate function equals one-half of the
energy functional on the path space (up to an additive constant). This theorem
includes the main theorem of [12] as a special case. We will prove it in Section 5 as
a simple application of Theorem 5.1. The goodness of the rate function J defined
by (2.3) below is part of our claim. Note that J actually attains its minimum 0
because of its goodness and (2.2).

Theorem 2.1. Let (M,D,g) be a compact sub-Riemannian manifold with a
smooth volume vol. For z,a € M, V € I'(TM), and ¢ € (0,1], let Q3 , be
the pinned diffusion measure as above. Then {Qf ,}o<e<1 satisfies an LDP on
Cy.a([0,1], M) as e \, 0 with speed e~ and good rate function J: Cy 4([0, 1], M) —
[0, 00], where

(23) T() = $1EG) — dsn(x, a)’}.
Here, () is the energy of v defined by (2.1).

Remark 2.2. Take any distance d on M which generates the topology of M.
Then

dist(y,7) == sup d(v, V)
0<t<1

defines a distance on C([0,1], M). It is known that dist generates the compact-
open topology of C([0, 1], M) regardless of the choice of d. Typical examples of d
include (1) the sub-Riemannian distance dgg on M, (2) the Riemannian distance
on M with respect to any Riemannian metric on M, (3) the Euclidean distance
of R™ restricted to M for any embedding M — R™.

Remark 2.3. In Theorem 2.1 above and Proposition 2.4 below, the topology of
the path spaces can be slightly strengthened as we now explain. In this remark,
a€(1/3,1/2).

Let N be a compact smooth manifold and let ¢: A/ < R™ be an embedding for
some m € N, . We denote by C*~#(]0, 1], R™) the set of all a-Holder continuous
paths taking values in R™ and define

Co7H([0,1],N) == C*~H([0,1],R™) n C([0, 1], V),

whose distance is the restriction of the natural one of C*~#([0, 1], R™).

Let N7 be another compact smooth manifold and let +/: N7 — R™ be an
embedding for some m’ € N, and suppose that ¢: N' — A’ is a smooth map.
Noting that ¢ extends to a smooth map from R™ to R™ with compact support,
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¢ naturally induces a continuous map from C*~#(]0, 1], N') to C*~H ([0, 1], N") in
an obvious way. In particular, this topology of C*~#([0,1], ) is independent of
the choice of «.

The reason why the LDP in Theorem 2.1 (and in Proposition 2.4 below) also
holds on C*~#([0, 1], M) is as follows. When we derive Theorem 2.1 from Theorem
5.1, we consider a rough differential equation (RDE) on P, a principal bundle over
M, and embed P into a Euclidean space and then use Lyons’ continuity theorem
with respect to the a-Holder rough path topology, together with the contraction
principle for LDPs. So, one can easily see that our LDP holds on C*~#([0, 1], M)
too. (However, we do not write this fact in our main theorem since this set does
not look very beautiful from the geometric viewpoint.)

Before closing this section, we claim that our method can re-prove a very
similar LDP in [3] on a compact manifold when the generator of the diffusion
process is of sum-of-squares type.

Let M’ be a compact smooth manifold and V5, Vi,..., Vi (K € NL) be
smooth vector fields on M’. Consider the second-order differential operator £2(Vy+
%Zle V2). Assume the bracket generating condition that Lie(Vy,..., Vy)(x) =
T, M’ for every x € M’. Then the pinned diffusion measure from z to a associated
with this operator exists uniquely, and is denoted by @ia

The following proposition, together with Remark 2.3, is the main result of [3,
Thm. 1]. See [3, eq. (4)] for an explicit expression of J’, which may not always
have a deep geometric meaning.

Proposition 2.4. Let the notation and assumptions be as above. Then, for every
r,a € M, {Q5 . }o<e<1 satisfies an LDP on Cy o([0,1], M") as & \ 0 with speed
e~2 and good rate function J'.

Proof. We can prove this proposition using the same method for Theorem 2.1.
The actual proof of this proposition is much simpler than that of Theorem 2.1
since we need not use a principal bundle over M’. So we omit the proof. O

Remark 2.5. Suppose that Agy, on M admits a sum-of-squares form in the
following sense: there exist k > d and V; € T'(TM) (1 < i < k) such that the
following condition holds:

k
(24) Agn— Y _VZET(TM), Lie(Vi,...,Vi)(x) = T,M for every = € M.
i=1

When Ag.p, admits the above expression, it is in a sense true that the LDP in
Proposition 2.4 immediately implies the LDP in Theorem 2.1. However, it does
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not seem easy to obtain the explicit expression (2.3) of the rate function J from
J’ in this way. The reason is as follows. In this case, k& equals the dimension of
Brownian motion that plays a key role in the proof and can be very large. Hence,
a one-to-one correspondence of Cameron—Martin paths and admissible paths on
M as in Proposition 3.2 breaks down in general. Therefore, even when (2.4) holds,
we believe Theorem 2.1 is worth proving. (Unfortunately, the author does not
know for which sub-Riemannian manifolds condition (2.4) holds. For instance, for
the Laplace-Beltrami operator on a Riemannian manifold, (2.4) is known to be
satisfied for sufficiently large k.)

§3. Stochastic parallel transport over a sub-Riemannian manifold

In this section we recall the stochastic parallel transport over a compact sub-
Riemannian manifold (M, D, g). The history of Eells-Elworthy’s construction of
It6’s stochastic parallel transport is quite long. The Riemannian case is classical
(see [11, Chap. 2] or [14, Sect. V-4] for example), but non-Riemannian cases have
also been studied. For diffusion processes associated with semielliptic second-order
differential operators, see [7, 8]. For those associated with sub-Laplacians on vari-
ous kinds of sub-Riemannian manifolds, see [4, 5, 10, 18, 29] among others. In this
section we will mainly follow [10].

Now we construct a principal bundle over M and a connection which are
associated with the sub-Riemannian structure of (M, D, g). We write n = dim M
and the rank of d = rank D with 1 < d < n. Since the Riemannian case (i.e. the
case d = n) is classical and simpler, we only elaborate the case 1 < d < n in this
section. But the results in this section still hold for the case d = n.

First we take a subbundle D+ = (D ),eaq of the tangent bundle T M such
that

(3.1) TwM=D,®Dy, €M

holds. To ensure the existence of such a D+, one just needs to take any Rieman-
nian metric of M and set D; to be the orthogonal complement of D, in T, M
with respect to the metric. The projections associated with (3.1) are denoted by
pr,: T, M — D, and pr}: T, M — D, respectively. Then pr = (pr,).cr and

prt = (pri)sem belong to I'(End(TM, D)) and I'(End(T M, D+)), respectively.
For any metric h on D+, we set

G (0, 8) = go{pr,v, Pr,5) + hy (Priv, priv), o€ T,M.
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Then ¢ is a Riemannian metric on M which tames g, that is, the restriction of
§Jz to Dy X D, equals g,. Moreover, the decomposition (3.1) is an orthogonal
decomposition with respect to g,.

Next choose metric Koszul connections V and V+ on T'(D) and T'(D+) with
respect to the metrics g and h, respectively. Note that they always exist. Define

(3.2) VxV =Vx(prV) + Vi (prtV), X,V eT(TM).

Since the projections are pointwise operations, V is a g-metric Koszul connection
on I'(TM). Tt is immediate from the definition that, for all X € T'(T M), Y € T'(D)
and Z € T(D4), we have VxY € I'(D), and VxZ € T(D4).

Now we introduce a principal bundle over M. We choose any (D, h) and V
(or V and V1) as above and will fix them in what follows. The product O(d) x
O(n — d) of two orthogonal groups naturally acts on it from the right:

OM;DeDH), ={u=@n:REGR" =R" - T,M =D, & Dy

| £:RY = D, and n: R" % — DI are linear isometries},

OM;D@ D) = | | OM; DD,
zeM
This is a subbundle of the orthonormal frame bundle over the Riemannian manifold
(M, §). For notational simplicity we will write P :== O(M;D @ D*) and G =
O(d) x O(n —d). The Lie algebra of G is o(d) x o(n — d), which will be denoted by
g. Here, o(d) stands for the set of real d x d anti-symmetric matrices. In the usual
way, we view G as a subgroup of O(n) via the injection

G>(UV)— (%%) € O(n).

We denote the natural projection by m: P — M. The right action on P by a € G
is denoted by R,. The vertical vector (field) associated with X € g is denoted by
X*, which is defined by X*(u) = (d/dt)|;=o Rexp(ex)(u) at u € P.

Let U C M be a local coordinate neighborhood with a local chart (z1, ..., 2™)
and let {Zy,...,Z4} and {Z441,...,2Zn} be a local orthonormal frame over U of
D and D1, respectively. The canonical orthonormal basis of R” is denoted by
{ei1,...,e,}. For x € U, set oy(x) ® dy(x) € Py by ouy(z)(e;) = Z;i(z) for all
1<i<dandéy(x)(e;) = Zi(x) for all d+1 < i < n. Then, for every £ ®n € Py,
there is a unique e = {eq3}1<a,p<n € G such that

§on=(ov(z)doy(r))oe
= (ov(z) o{eapti<a,p<a) ® (Gu(z) o{eaptd+i<a,6<n)-
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Of course, eq3 = 0 if (a, 5) belongs to
(3.3) ({L,...,d} x{d+1,....;nH)U({d+1,...,n} x {1,...,d}).

We can identify #=}(U) = U x G with a local chart (z',...,2"; {eap}t1<a,p<n) in
this way.
Next, set & = {©0F }1<p,<n by

n
(3.4) VZ5 =) 8§24 eT(U;T*M@TM), 1<B<n.

a=1

Since V and V1 are metric and V is defined by (3.2), we can easily see that
Wl = —wg for all (a,8) and wg = 0 if (o, 8) belongs to (3.3). Hence, & is an
g-valued one-form on U, i.e. @ € T'(U; T* M ® g). Unfortunately, & does not define
a global one-form on M. We need to lift it to obtain a globally defined one-form
on the principal bundle P.

Define w € T(U x G;T*P ® g) as

(3.5) w=e toe+ede.

This is a g-valued one-form on 7~ 1(U). Note that e~ ! de stands for Maurer—Cartan
form (i.e. the left translation of tangent vectors to the unit element) on G. By a
standard argument, we can see that w actually defines a global one-form on P,
namely, we have w € I'(P; T*P ® g). It is easy to see that Riw = a~'wa for all
a € G and that w(X™*) = X for all X € g. Thus, w is an Ehresmann connection
on P.

On the above coordinate chart 7=(U), we set I'g, by I'g, = 0§5(Z,), or

equivalently,
Vz,2p = ZF%yZm 1<a,B,7<n
a=1
We can easily see that I'g = 0 if (c, 8) belongs to (3.3) and that I'g = ng,y for

all a, B, v. For u= ¢ @ n e m1(x), we define a linear injection ¢, : T, M — T, P
as

£u<zi:1cvzv(x)>

(3.6) Z Cy (Zw(x) — Z '3 (v)ess 815)’ (c1,...,¢n) ER”

7=1 a,B3,6=1

and set K, = £,(D,) and K} = £,(D}). It is known that

ker(w,: T,P — g) = K, ® K.
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This is called the horizontal subspace and /¢,, is called the horizontal lift. The sub-
space V,, = {X*(u) | X € g} is called the vertical subspace and it holds that T}, P =
ker w,, ® V,. (From these explicit expressions too, we can see that the horizontal
lift and the horizontal subspaces are compatible with the right action of G.)

We define the canonical horizontal vector fields A; = £, (u{e;)) (1 < i < n)
on P. Since u(e;) = Y.1_, e Z,(x), A; reads

(3.7) Ai(u)zzn:ew( Z T8, (2)eps 5, — 0 )

y=1 a,B,0=1

in the local chart. At every u, {4;(u)}%; and {A4;(u)}!,,, are lincar bases of
K, and K-, respectively. We equip K, @ ;> with a unique inner product so that
{A;(u)}™_; becomes an orthonormal basis. Set a linear isometry 6,,: K, ®KE — R"
by 6(A;(u)) = e; for all 1 <14 < mn. We can naturally view 0 as an R"-valued one-
form on P. To summarize, the following four bijective linear maps are all isometric

(in either pair of maps, those in the opposite directions are inverse to each other):
T )u
R" =RY@R"™ d—>kerwu—lC oKL <:>T/\/l D, ® Dy
Gu Ly
By restricting this to the first components, we obtain the isometric correspondence
d 0;1 (T4 )
R — K, ——D,.
G’U. e’ll

Lemma 3.1. Canonical horizontal vector fields { Ay, ..., Aq} on P satisfy the par-
tial Hormander condition at every u € P, that is,

T Lie(Aq, ..., Ag)(u) = TryM, u e P.
Proof. Let u € m~1(x) and use the local chart as above. Note that
[A1,..., Al = [l{(Z1), ..., l(Z4)|E, where E = (ens)1<a,p<d-

Since E = E(u) is a smooth O(d)-valued function in u, we have

Lie(Aq,..., Aq)(u) = Lie(¢{Z1), ..., U{Zq))(u).
Since we have ¢(Z;)(u) = Z;(x) + (a vertical vector field) from (3.6), we see that

[U(Z;),6Z;)|(v) = [Z;, Z;](x) + (a vertical vector field).
Repeating this, we have
e Lie(€(Zy), ..., 0{Zg))(u) = Lie(Z1, ..., Zq)(x).

Since M is sub-Riemannian, the right-hand side equals T, M. O
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Now we turn to the (anti-)development of finite energy paths. Let H™ be the
Cameron—-Martin space over R™. For h € H™ and u € P, we consider the controlled
ODE (skeleton ODE)

(3.8) doy = ZAz‘(¢t) dhfm b0 = u,
i=1

and set ¢, = m(¢;). To emphasize the dependency on h, we sometimes write ¢(h)
and 1(h). It is clear that ¢(h) € H,(P,K & K*) and ¢(h) € Ho(u)(M,TM).
Moreover, the energy is preserved, that is, ||A[|3,. = E(¢(h)) = E((R)). It should
also be noted that ¥(h); = ¢(h)i(h}).

The map h — 9(h) is bijective. The inverse of

heH" — ¢(h) € Ho(P,K®KL)

is given by the line integral of 6:
(ue)iefo1] € Hu(P, K& K) — / O, (u)) € H™.
0

The inverse of the projection m: H, (P, K®KL) = Hy(y) (M, TM) is the hor-
izontal lift of paths. Recall that the horizontal lift of (2¢)c[0,1] € Ha(u)(M,TM)
is a unique (u;)iep,1) € Hu(P,K ® K+) such that uj = £, (z}) for almost all ¢.
Locally, (u;) satisfies a simple controlled ODE as follows. Suppose that 0 < 7 <1
and that (z¢);c[0,-) stays in a local chart. Then there exists a unique Cameron—
Martin path (k¢)e[0,-) over R™ such that

dzy = Z Zi(xy)ky dt = Z Zi(x)dky on [0, 7] with zo =z = 7(u).
i=1 =1
Therefore, the horizontal lift (u¢)¢c(o,,] solves the controlled ODE
duy, = Zﬁ(Zﬁ(uQ dk; on [0, 7] with up = u.
i=1

The local expression of ¢(Z;) was given in (3.6). Hence, we can write down this ODE
for uy = (f,...,20; {€eap t 11<a,p<n) concretely using these coordinates. (However,
we do not elaborate it because it is well known and cumbersome. The point here
is to explain that the lift map is explicitly computable and dependency on the
data such as x, k can be tracked.) Thus, we have seen that the development map
h — ¢(h) is bijective and preserves energy.

Restricting this correspondence to the first component, we have the following
proposition. Note that we can naturally view H" = H? @ H" % as a direct sum of
Hilbert spaces.
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Proposition 3.2. For h € H? and u € P, consider the ODE

d
(3.9) do(h)e = ZAi(¢(h)t) dhi,  ¢(h)o = u,

and set ¥(h); = w(p(h)). Then the development map h — w(h) is an energy-
preserving bijection from H® to Hor () (M, D).

We now provide a generalization of Chow—Rashevsky’s theorem for future
purposes. We will use this in the appendix.

Proposition 3.3. Let V € I'(TM). Then, for every x,y € M and 7 € (0,1],
there exists k € Hy(M,TM) such that k; =y and k; — V (ki) € Dy, for almost
all t € [0, 7).

Proof. We may simply work on [0, 7] since we can just set k to be constant on [r, 1].
Note that if we take [ € N large enough, then we can find By,...,B; € I'(D)

such that
Lie(By,...,B)(x) =T, M for every x € M.

Let us consider the following ODE on M controlled by an I-dimensional Cameron—

Martin path h: [0,7] — R:
!

dky = Bi(ke) dhi + V (k) dt, ko = .
i=1
Thanks to the above condition on Lie brackets of the B;, this controlled ODE is
strongly completely controllable. It implies that for every z, y, 7, we can find h
such that the solution k = k(h) satisfies k. = y (see [19, Sect. 5] for example).
Hence, this solution k is a desired path. O

Define a second-order differential operator A on M by
Af = Tracep(Vgradp f), f e C*M).

The precise meaning is as follows. First, V gradp f € I'(T*M ® D) and therefore
v = V, gradp f can be viewed as a linear map from D, to itself at every z € D.
The right-hand side at x is defined to be the trace of this linear map.

Lemma 3.4. Let the notation be as above. Then Agyp, — A € (D).

Proof. Take a local orthonormal frame {Z3,...,Z;} of D on a coordinate neigh-
borhood U C M. Then it is well known that

d
ANanf =Y A2 f + (div Z) Zif},

i=1

where div stands for the divergence with respect to the measure vol.
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On the other hand, since grad, f = Z?zl(Zif)Zi, we see from (3.4) that

Af = ZZQer Z ! (

3,7=1

and hence
d
Agup — A = Z (div Z;) Z VZ; € T(U; D).

The left-hand side is a globally defined at most second-order operator. However, as
the right-hand side shows, its second-order part vanishes. Hence, this is a globally
defined first-order operator, i.e. a vector field. O

Lemma 3.5. Let the notation be as above. Then we have
d ~
YAt f) =7 (Af), feCPM).

Here, n* f = fom € C?(P) is the pullback of f by the projection w: P — M.

Proof. We work with the local chart (z,...,2"; {eas}t1<a.p<n) on 7 (U) 2 U x
G as above. We see from the local expression (3.7) that, for 1 <i,j <d,

d
= Z eyi™ (Zyf),
~y=1

d
Az(ﬂ-*f) = Z 65]6,‘/171' Z6Z'yf Z Ftsgeejeéz Z f)
v,0=1 v,0,e=1
On the other hand, noting that {u(e;),...,u{eq)} is an orthonormal basis at

m(u), we compute as follows:

d
(Vue,) gradp foue))p = > ecjesi(Vz.(Z4f) 2y, Zs)p
e=1

v,0,e=
d d
= > ecjeniZZsf— Y eqjenliZyf
d,e=1 v,0,e=1
= AjAi(m" f)(w),
where we used T'). = —Ff/a. Setting ¢ = j and summing them, we prove the

lemma. O
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Now we introduce an SDE on P. For V € T'(T M), we set Ay € I'(T'P) as
Ao(u) = £,(Vo(m(u)), ueP, where Vo :=V + (Agup — A)/2 € T(TM).

Let (w¢)iefo,1) be a standard d-dimensional Brownian motion and consider the
following Stratonovich-type SDE for v € P and 0 < ¢ < 1:

d
(3.10) Ui =eY  A(U;)o dwj + > Ao(U7) dt, Ug = u.
i=1

From the scaling property of Brownian motion, the two processes (U5) and (UL,)

have the same law. We will write X = 7 (Uf).

Lemma 3.6. Let x € M. Choose u € 7~ 1(x) and consider SDE (3.10). Then the
law of the process (X§)icjo,1) 15 independent of the choice of u and this process is
a diffusion process on M associated with the generator e2(Agup/2 + V).

Proof. For the same reason (the rotational invariance of (w;)) as in the Riemannian
case, the law of (XF);e[0,1) is independent of the choice of u. By the It6 formula, one
can show that the generator of (Uf) is e2( S°¢_| A? + Ag). From this and Lemma
3.5, we can easily see that (X7) is still a diffusion process and its generator is
e2(Agun/2 + V). O

Remark 3.7. For manifold-valued SDEs, the manifold need not be a submanifold
of a Fuclidean space. However, for manifold-valued RDEs and Malliavin calculus,
the manifold is usually embedded into a Euclidean space. Therefore, in what follows
we choose an embedding ¢: P < RM and extend the vector fields A;, 0 < i < d,
to C™ vector fields on RM with compact support. In this way, we may view SDE
(3.10) as an SDE on R™. For our purpose, any M and ¢ will do. (Recall that,
thanks to the tubular neighborhood theorem, every smooth function or vector
field on P extends to smooth function or vector field on RM with compact support,
respectively.)

§4. Preliminaries from stochastic analysis

In this section we recall several important probabilistic results which we will use in
the proofs of our main results. Basically, all results in this section (except Lemma
4.3) are either known or easily derived from known facts.

§4.1. Elements of (manifold-valued) Malliavin calculus

We first recall Watanabe’s theory of generalized Wiener functionals (i.e. Watanabe
distributions) in Malliavin calculus. Most of the contents and the notation in this
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section are contained in [14, Sects. V.8-V.10] with trivial modifications. Also,
[25, 23, 13, 22] are good textbooks on Malliavin calculus. For manifold-valued
Malliavin calculus, see [28]. For basic results of quasi-sure analysis, we refer to [21,
Chap. II].

Let (W, H,u) be the classical d-dimensional Wiener space. (The results in
this subsection also hold on any abstract Wiener space, however.) Let us recall the
following:

(a) The basics of Sobolev spaces D, ,(K) of K-valued (generalized) Wiener
functionals, where p € (1,00), r € R, and K is a real separable Hilbert
space. As usual, we will use the spaces Doo(K) = N1 Ni<peoo Do k(K),
Do (K) =Miz1 Urcpeoo D, (K) of test functionals and the spaces D_o (K) =
Uzt Ur<peoo Dp—1(K), Doo(K) = UpZi MNi<peoo Pp,—k(K) of Watanabe
distributions as in [14]. When K = R, we simply write D,, ,- etc.

(b) Meyer’s equivalence of Sobolev norms. (See [14, Thm. 8.4]. A stronger version
can be found in [25, Thm. 4.6].)

(¢) Pullback To F = T(F) € D_,, of tempered Schwartz distribution 7' € &' (R™)
on R™ by a non-degenerate Wiener functional F' € D (R™). (See [14, Sect. 5.9].
In fact, this is very strongly related to item (d) below.)

(d) A generalized version of the integration by parts formula (IbP formula) in
the sense of Malliavin calculus for Watanabe distributions, which is given as
follows (see [14, p.377]):

For F = (F',...,F") € Dy(R"), we denote by o(w) = (DFi(w),
DFJ(w))4 the (i, j)-component of the Malliavin covariance matrix (1 < i, j <
n). We denote by 7% (w) the (i,7)-component of the inverse matrix o' (if
the inverse exists in a certain sense). Recall that F' is called non-degenerate in
the sense of Mall_iavin if (det 0F) " € Nicpeno [P Note that o} € Dy and
Dy = =3 ~i¥(Do%)~4 . Hence, the derivatives of %2 can be written in
terms of the vg and the derivatives of the U?, which implies that ’yj,j € D
too.

Suppose G € Dy, and T € S'(R™). Then the following integration by
parts holds:

(4.1) E0.T(F) - G] = E[T(F) - ®:(-; ),

where ®;(w; G) € Dy is given by

d
(4.2) Di(w; @) = D*( - G- DFY)(w).

j=1
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Note that E on both sides of (4.1) is in fact the generalized expectation, that
is, the pairing of ]5_00 and ]500. Here, D and D* are the H-derivative (i.e. the
gradient operator in the sense of Malliavin calculus) and its adjoint (i.e. the
divergence operator) respectively.

(e) If n € D_ satisfies that (n, F') > 0 for every non-negative F' € D, it is
called a positive Watanabe distribution. According to Sugita’s theorem [26],
for every positive Watanabe distribution n, there uniquely exists a finite Borel
measure u, on W such that

(0, F) = /W Flw)jy(dw), F €Dy

holds, where F stands for oo-quasi-continuous modification of F. If n € D, _
is positive, then it holds that

pin(A) < [Inllp,—x Cap, ,(A) for every Borel subset A C W,

where p,q € (1,00) with 1/p+1/q¢ =1, k € N4, and Cap,; stands for the
(g, k)-capacity associated with D ;. (For more details, see [21, Chap. II].)

We will also use a localized version of the Watanabe distribution theory, which
can be found in [27, pp. 216-217]. (For proofs, see [17, Props. 3.1 and 3.2].)
Let p> 0, £ € Do, and F € D (R™) and suppose that

(4.3) iélf vTopv=p on {fwew ‘ E(w)] < 2},
veES"T

where S”~! is the unit ball of R™. Let x: R — R be a smooth function whose
support is contained in [—1,1]. Then the following proposition holds (see [27,
Prop. 6.1]).

Proposition 4.1. Assume (4.3). For every T € 8'(R™), x(£) - T(F) € D_o, can
be defined in a unique way so that the following properties hold:
() If Ty = T € 8'(R™) as k — oo, then x(&) - Tw(F) = x(&) - T(F) € D_o.
(ii) If T is given by g € S(R™), then x(§) - T(F) = x(§)9(F) € De.

We also provide an asymptotic theorem. It is a very special case of [27,
Prop. 6.2]. Let {F.}o<e<1 € Doo(R™) and {& }o<e<1 C Do be families of Wiener
functionals such that the following asymptotics hold:

(4.4) F.=Fy+0() inDsR") ase\,0,
(4.5) & =& +0(e) inDg ase 0.

Here, O(e) is the large Landau symbol. Recall that D, and D (R™) are endowed
with a natural topology as Fréchet spaces.
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Proposition 4.2. Assume (4.4), (4.5), and |&| < 1/8. Moreover, assume that
there exists p > 0 independent of € such that (4.3) with F' = F, and £ = & holds
for every e € (0,1]. Let x: R — R be a smooth function whose support is contained
in [—1,1] such that x(x) =1 if |x| < 1/2. Then we have

lim (&) - T(F:) = T(Fp) in D_u.

eN\0
More precisely, there exists k € Ny such that the above convergence takes place in
D, _i for every p € (1,00).

Let us quickly review manifold-valued Malliavin calculus. Malliavin calculus
for SDEs on manifolds was developed by Taniguchi [28]. Roughly speaking, under
suitable assumptions, almost all important results in the Euclidean case still hold
true in the manifold case with natural modifications.

Let N be a compact manifold of dimension m, which is equipped with a
smooth volume voly. (A measure on N is said to be a smooth volume if it is
expressed on each coordinate chart as a strictly positive smooth density function
times the Lebesgue measure.) Choose a Riemannian metric on A so that the
determinant of the (deterministic) Malliavin covariance of A/-valued functionals is
well defined. Any choice of the Riemannian metric and the smooth volume will do.

An N-valued Wiener functional F: W — N is said to belong to Dy, ;(N),
p € (1,00) and k € N+ if f(F) € D, for every f € C®°(N). If :: N = RM is an
embedding, then F' € D,, (N holds if and only if «(F) € D, x(RM) since every
f € C*(N) extends to a smooth function on RM with compact support. The same
holds true for F € Doo(N) = 321 Ni<peoo Dpk(N). For F € U oo Dp1(N),
DpF(w) € TpuN. Hence, the Malliavin covariance op(w) in this case is a sym-
metric bilinear form on T;(w)./\/ x T
det op(w) can still be defined.

One of two main results in [28] is as follows. As in the Euclidean case, if F' €

(w)./\/ . Thanks to the Riemannian metric,

Do (N) is non-degenerate in the sense of Malliavin, i.e. (det or) € Micpeoe L,
then the composition T(F) = T o F € D_ is well defined as a Watanabe distri-
bution for every distribution T on A/. Moreover, the law of F' on N has a smooth
density pr function with respect to volys. In particular, J,(YF) is a positive Watan-
abe distribution and pg(a) = E[d,(F)] for every a € N. One should note here that
0q and 04 (YF) depend on the choice of voly. (Since any other smooth volume can
be expressed as ;cﬁ/\/(dy) = p(y)voln(dy) for some strictly positive smooth func-
tion p on N, the delta function with respect to ;0\1/\/ is given by 8, = pa)=18,.)
The other main result in [28] is proving non-degeneracy for the projected solution
of an SDE whose coefficient vector fields satisfy the partial Hormander condition.
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From here we consider SDE (3.10) (with x € M and u € 7~ !(z)) and set N/
to be either M or P. By Remark 3.7 we can easily see from the corresponding
result in the Euclidean case that Uf € Do (P) for every (g,t) € [0,1]? and X{ =
m(Uf) € Doo(M) and that, for every f € C(P), p € (1,00), k € N, the D, -
norm of f(Uf) is bounded in (g,t) € [0,1]%. In Lemma 3.1 we checked the partial
Hormander condition. Therefore, X§ is non-degenerate for every ¢, e € (0, 1]. More
precisely, the following Kusuoka—Stroock estimate is known: there exist a constant
v > 0 independent of p and a constant C}, > 0 such that, for every 1 < p < o0,

(4.6) [(detoxe) ™ e < Cpe™, €€ (0,1].

Combining this with Lemma 3.6, the transition probability of £2(Agup/2+V)-
diffusion has a density p§(z, a) with respect to vol(da), which is smooth in a € M.
It holds that

(4.7) pi(@,a) = pay(, a) = E[6.(X7)].

In the appendix we will show that pf(x,a) > 0 for all ;¢ € (0,1] and z,a €
M, which then enables us to define the pinned diffusion measure associated with
£2(Agup/2+V) from every z to every a. (We will later make sure that the measure
actually exists.)

§4.2. Elements of rough path theory

In this subsection we recall the geometric rough path space with Hoélder or Besov
norm and quasi-sure properties of the rough path lift. For basic properties of
geometric rough path space, we refer to [20, 9]. For the geometric rough path space
with Besov norm, we refer to [9, Appx. A.2]. The quasi-sure properties of the rough
path lift are summarized in [15]. In this paper we assume a € (1/3,1/2) for the
Hélder parameter. We also assume that the Besov parameter (a,4m) satisfies the

conditions

1 1 1 1 1
We work in Lyons’ original formulation of RDEs (see [20]), but we basically study
the first level paths of solutions only. For brevity we will write \{ = &%t for
e € (0,1].

We denote by GQH (RY) the a-Holder geometric rough path space over R
A generic element of GQH(R?) is denoted by w = (w!, w?). For 8 € (0,1], let
C’g _H([O, 1], R¥) be the Banach space of all R*-valued S-Holder continuous paths
that start at 0. If & 4+ 8 > 1, then the Young pairing

GO (RY) x CI7H([0,1],RF) 3 (w, ) = (w, A) € G (RITF)

is a well-defined, locally Lipschitz continuous map. (See [9, Sect. 9.4] for example.)
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Now we consider a system of RDEs driven by the Young pairing (w, ) €
GQE(RHY) of w € GQH(R?) and A € C37([0,1],R!). (The main example we
have in mind is A\; = const x t.) For vector fields V;: R™ — R™ (0 < i < d), consider

d
(4.9) dry =Y Vi(wy) dw; + Vo(we) dAy, o =2 € R™.

i=1

The RDEs for the Jacobian process and its inverse are given as

d
(4.10) dJy = VVi(we)Jy dw + VVo(xe) e dy, Jo =1d,,
=1
d .
(4.11) dE, = =Y K VVi(xy) dw] — K, VVo(a) dAy, Ko = 1d,,.
i=1

Note that J, K, and VV; are Mat(n, n)-valued. Here, Mat(n, m) stands for the set
of all real n x m matrices and Id,, stands for the identity matrix of size n.

For simplicity we assume that V;, 0 < ¢ < d, is of C}°, that is, when viewed as
an R"-valued function, V; is a bounded smooth function with bounded derivatives
of all order. It is then known that a unique global solution of (4.9)—(4.11) exists
for any w and A . Moreover, Lyons’ continuity theorem holds. In that case, the
following map is continuous:

GOH(RY) x 3~ ([0,1],RY) 3 (w, \) = (x,T,K) € GQH(R" @ Mat(n,n)®?).
The map (w, \) — x is denoted by
®: GOI(RY) x C37H([0,1],RY) — GQH(R").

(We adopt Lyons’ formulation of RDEs as in [20]. So the initial values of the first
level paths must be adjusted.) If w € Ca~#([0,1],R%) or w € H = H? and w is
its natural lift, then the path

(4.12) t (@4 x4,,1d+ I, 1d+ Kj )

coincides with the solution of a system (4.9)—(4.11) of ODEs understood in the
usual Riemann-Stieltjes sense. Recall that x{ , is the first level path of x evaluated
at (0,t). Keep in mind that (Id + J§,)~" = Id + K{ ; always holds.

When w is Brownian rough path W, i.e. the natural lift of (w;), and A\ =
AL, the process in (4.12) coincides p-a.s. with the corresponding system of usual
Stratonovich SDEs with drift. In this case, zy = x4+ X ; € Do (R™) for every t. If
G: R"™ — R™ is a smooth map with bounded derivatives of all order (> 1), then
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G(zt) € Do (R™) and for every h € H and ¢, it holds that

t
(4.13) DpG(z) = (VG)(z +x4,)d+Jj ) / (Id+XK{ ) V(z+x{,) dhs, as.
0

(with w = W). Here, we view V := [V4,..., V] € Mat(n,d) and VG € Mat(m,n).
We define a continuous function

(4.14) r: GOIT(RY) x C37H(]0,1],RY) x [0,1] — Mat(m, m)

as follows: set

D(w,\)e = (VG)(z +x,)(Id + 5 ,)C(w, A)e(Id + 35 ) (VG) (@ +x,)",

where
t
Cw N i= [ (144 KE )V -+ 33,0V ) (1 + K3 )" ds
0

Here, the superscript * stands for the transpose of a matrix. Then (4.13) implies
that when w = W and A = A!, the Malliavin covariance matrix of G(z + x§ )
equals T'(W, A1), p-a.s. Similarly for h € H, the deterministic Malliavin covariance
matrix of G(z +x{ ;) equals I'(h, A!);, where w = h is the natural rough path lift
of h. (When G is the identity map, these formulas are well known. The general
case is just a straightforward modification.)

For (o, 4m) that satisfies (4.8), GQE
space over R? with («,4m)-Besov norm. Recall that the distance on this space is

(R?) denotes the geometric rough path

a,dm

given by

d(w, W) = [w! =% [laam-5 + [|W? = W*[l2a.2m-5

|Wst it|4m/i #f4m
. dsdt .
i 12<//<s<t<1 [t — s|tHama >

By the Besov—Holder embedding theorem for rough path spaces, there is a con-
tinuous embedding GQF ,,,, (R?) — GO (1/4m)(Rd). If « < o < 1/2, there is
a continuous embedding GQH (R?) — GQE,, (RY). Basically, we will not write
the first embedding explicitly. (For example, if we write ®(w,\) for (w,\) €
GQE . (RY) x Cy~"([0,1],R!), then it is actually the composition of the first
embedding map above and ® with respect to {a — 1/(4m)}-Holder topology.)
It is known that the Young translation by h € H works well on GQF,, (R?)
under (4.8). The map (w,h) — 7,(w) is continuous from GQF,  (RY) x H to
GO, (R?), where 7,(w) is the Young translation of w by h (see [15, Lem. 5.1]).

Now we review quasi-sure properties of the rough path lift map £ from W to

GOE,, (R?). For k = N, and w € W, we denote by w(k) the kth dyadic piecewise

a,dm
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linear approximation of w associated with the partition {j27% | 0 < j < 2F}
of [0,1]. We denote the natural lift of w(k) by L(w(k)), which is defined by the
Riemann-Stieltjes (or Young) integral. We set

Zoam ={w eW| {L(w(k))}p2, is Cauchy in GQE . (RN}

a,dm

We define £: W — GQE ;. (R?) by L(w) = limp,—,00 L(w(k)) if w € Z4 4m and we
define £(w) to be the zero rough path if w ¢ Z, 4,,,. We will use this version of L,
which is Borel measurable, and write W := L(w) (as before) when it is regarded
as a rough-path-space-valued random variable defined on W.

Note that H and C(?*H([O, 1], R?) with B € (1/2,1] are subsets of Z 4, and
the two definitions of rough path lift coincide. (We will often write h = L(h) for
h € H.) Under the scalar multiplication (i.e. the dilation) and the Cameron-Martin
translation, Z, 4, is left invariant. Moreover, cL(w) = L(cw) and 7,(L(w)) =
L(w + h) for any w € Zyam, ¢ € R, and h € H. It is known that Zg 4, is
slim, that is, the (p,r)-capacity of this set is zero for any p € (1,00) and r € N,..
Therefore, from the viewpoint of quasi-sure analysis, the lift map £ is well defined.
Moreover, the map W 3 w — L(w) € GQEF,,, (R?) is oco-quasi-continuous. (This
kind of co-quasi-continuity was first shown in [1].)

Let € € (0, 1] be a small parameter. We now recall that the unique solution of
an RDE driven by eW = L(ew) coincides with that of the corresponding scaled

Stratonovich SDE given as
d .
(4.15) dX; =¢e) Vi(X{)odw; +e*Vo(Xf)dt, X5=zcR"
i=1

When necessary, we will write X7 = X¢(t,z,w) or X°(¢,z). Then X¢(-,z,w) =
x + ®(eW, A%)! holds p-a.s., which means that the right-hand side is an co-quasi-
continuous modification of the left-hand side as a C*~#([0, 1], R™)-valued Wiener
functional. Similarly, for every t,e € (0,1], I'(eW,\); = sfzaxf holds, p-a.s.
Therefore, not just Xy itself, but also its Malliavin covariance matrix oy;: is a
continuous function of a Brownian rough path.

The skeleton ODE (without drift) associated with small noise problems for
the above SDE (4.15) is given as follows: for h € H,

d
(4.16) déy = > Vi(ds)dhj, o=z €R"
=1

We write the unique solution ¢ = ¢(h) when necessary (which equals z+®(h, 0)!).
The deterministic Malliavin covariance matrix of ¢(h), at h is denoted by o4, (h).
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As is well known, I'(h, 0); = 04, (h). Recall that det oy, (h) > 0 if and only if the
tangent map of ¢,: H — R™ at h is surjective.

Set X& := X¢(-,x,w + (h/e)) = x + ®(1,(eW),\*)! for h € H. In other
words, X" uniquely solves the Stratonovich SDE

ax;h Z Vi(X§) od(ew! + hy) + 2Vo (X)) dt, X" =z
Small noise asymptotics of X" has been extensively studied. One basic result is
the following asymptotics:
X7" = ¢(h)1 + €2 + O(e?) in Do (R") as £ \, 0,

where =¥ is the element of the first-order Wiener chaos given by the Wiener integral

=h(w) = (1d + 3(h, 0)3,) / (1d + K (b, 0)}, )V ((R).) du,.
Hence, for G: R™ — R™ as above,
G(XT") = G(8(h)1) +e(VG)(¢(h)1)Zr + O(e?)  in Doo(R™) as e \, 0.

Note that (VG)(¢(h)1)ZF belongs to the first order Wiener chaos and there-
fore induces a mean-zero Gaussian measure on R™. Its covariance matrix equals
I['(h,0);, which in turn equals the deterministic Malliavin covariance matrix of
H > k— G(o(k)r) at h.

The skeleton ODE (with drift) associated with the above SDE (4.15) with
e =1 is given as follows: for h € H,

d
(4.17) dG = > Vi(G)dhi+ Vo(G)dt, G =z €R™

i=1

We write the unique solution ¢ = ((h) when necessary (which equals z+®(h, A!)).
The deterministic Malliavin covariance matrix of {(h); at h is denoted by o¢, (k).
As is well known, T'(h, \'); = o¢, (h).

Lemma 4.3. Consider SDE (4.15) with ¢ =1 and ODE (4.17). We assume that
at t € (0,1], detoxs > 0 holds, pi-a.s. Then {h = L(h) | h € H, detoc,(h) > 0}
is dense in GQI(RY) for any 1/3 < a < 1/2.

Proof. Take m € Ny so large that (a + (1/4m), 4m) still satisfies (4.8) and set

A= {’w € Za+(1/4m),4m ‘ det oxe (’LU) > 0} CW.
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This subset is of full y-measure and hence £(A) is of full measure with respect to
the law of Brownian rough path. Note that £(A4) C GQH (R?) due to the Besov—
Holder embedding theorem. Thanks to the support theorem for Brownian rough
path (see [9, Thm. 13.54]), £(A) must be dense in GQH (R?). For every w € A, we
have limy_, o, L(w(k)) = L(w) in a-Holder topology and therefore

lim o¢,(w(k)) = lim T'(L(w(k)),\), = D(L(w), A); = oxi(w).

k—o0 k—o0

This implies that det o¢, (w(k)) > 0 for large enough k. This proves the lemma. [

§5. Large deviations for rough path lift of
positive Watanabe distributions

In this section we formulate an LDP for the rough path lifts of Watanabe’s pullback
of the delta functions, from which our main theorem (Theorem 2.1) easily follows.

For z € M, we take any u € 7 !(z) and consider SDE (3.10) driven by
the canonical realization of d-dimensional Brownian motion (w;).c[0,1]- By (4.6),
64(X?) € D_y is a well-defined positive Watanabe distribution for every a € M.
By the positivity of the heat kernel (which will be proved in the appendix), we
see that p§(x,a) = E[6,(X7)] > 0 for all ¢t,e € (0,1] and z,a € M. By Sugita’s
theorem [26], the positive Watanabe distribution 6,(X?) at time ¢ = 1 is in fact a
non-trivial finite Borel measure on W, which will be denoted by 6, ,.

Since L is defined outside a slim set, we can lift the measure 6, , to a measure
on GQF ., (RY). We write v, , = (e£).[05 ,]. Here, eL is the composition of £ and

the dilation by e. Since the complement of Z 4y, is slim, vy , does not depend on

€
u,a

how £ is defined on this complement. We denote by 62 , and Uy, o the normalized

measure of 07 , and vy, ,,
E[0.(X7)] > 0, this normalization is well defined.)
Let ¢(h) be the solution of ODE (3.9) and write ¢(h) = 7(¢(h)). In what

follows, we write H = H? for simplicity. We set

respectively. (Since the total mass of ¢, , or of v, , equals

(5.1) 0" = {heH | v(h) = a}.

By Chow—Rashevsky’s theorem [24, Thm. 1.14], there exists an admissible path
(7¢)tejo,1] € He(M, D) such that 2y = a. By Proposition 3.2, its anti-development
belongs to Q““. This implies that Q“* # ) for any u and a.

Define a rate function I : GQZ . (R™) — [0, 00] as

a,dm

LInl3, (if w = L(h) fi h U
Il(w):{2 I3, (if w = L(h) for some h € Q"?),

00 (otherwise).
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From the Schilder-type LDP for a Brownian rough path [9, Thm. 13.42], we can
easily see that I; is good. Also define I1(w) = I;(w) — min{||h[3,/2 | h € Q“°},
which is also good. From the goodness of I; and Proposition 3.2, we can easily see
that the minimum above exists and equals dgsg (z,a)?/2.

Our main purpose in this section is to prove that {v; ,}o<c<1 satisfies an LDP
of Schilder type on GQF . (R?) as ¢ \, 0. As we will see, our main result easily
follows from the following theorem.

Theorem 5.1. Let the notation be as above. Let uw € P and a € M and assume
(4.8) for the Besov parameter (a,4m). Then the following hold:

(i) The family {v;, ,}o<e<1 of finite measures is exponentially tight and satisfies
an LDP on GQB, (R?) as e \, 0 with speed £~2 and good rate function I,

a,dm

that is, for every Borel set A C GQE ;. (R?), the following inequalities hold:

a,dm

. <1 . 2 £ e}
wlél[go Il (W) > hgn\l(glfs IOg Vu,a(A )

< limsupe®logvt (A) < — inf I;(w).
N0 ’ weA

(ii) The family {wa}()@gl of probability measures is exponentially tight and satis-
fies an LDP on GQE ;. (R?) as e \, 0 with speed e~2 and good rate function I.

a,dm
Since the whole set is both open and closed, Theorem 5.1(i) implies that
lim ¢ log p; = lim £ log E[6, (X§
Jim ogp; (x,a) lim e log [0a (XT)]
= lim €% log 6
lim £ log wa(W)

a,dm

T 2 5 B d
= lime log v o (G2 4m (RY))

—min{||h|3,/2 | h € Q) = —dsg(z,a)?/2.

We have also used (4.7) above. Due to this Varadhan-type asymptotic formula,
Theorem 5.1(ii) is immediate from (i). We will prove Theorem 5.1(i) in Sections 6
and 7.

Proof of Theorem 2.1. Now we consider GQ(RY) with a € (1/3,1/2). Due to
the Besov-Holder embedding, 77, , actually sits on this space and Theorem 5.1(ii)
still holds even if GQF ,, (R?) is replaced by this space. Obviously, the family
{0 to<e<1 is exponentially tight and satisfies an LDP on C’S_H([O7 1],R) with
good rate function +o00 - 1;gyc with the convention that oo - 0 = 0. By a general
result for LDPs for product measures (see [6, Exer. 4.2.7]), in which the exponential

tightness plays a key role, {05 , ® dx-}o<c<1 satisfies an LDP on GQF (RY) x
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Ca~H([0,1],R) with good rate function which is defined for (w, \) as

1||n|13, (if w = L(h) for some h € Q** and A = 0),

Ii(w) + 00 - Ligye () =
1(w) {03 (M) {OO (otherwise).

Choose an embedding as in Remark 3.7 and consider RDE (4.9) with V; = A4,,
z = u, and n = M. Define a continuous map ¥: GQH (R?) x CL~H([0,1],R) —
Cx([0,1], M) by ¥(w,\); = w(z + ®(w,\)j,). Then ¥(eW,X°) is an co-quasi-
continuous modification of X¢ = 7(U¢), where U® solves SDE (3.10). In what
follows we use this version of X¢. Note that ¢)(h) = U(L(h),0) for h € H.

Now we claim that the law of ¥ under 7, , ®dxe is the pinned e2(Agun/2+V)-
diffusion measure QS , from z = 7(u) to a. Let k > 1, G € C*°(MF¥), and
0=ty <ty <--- <ty <trp+1 =1 be arbitrary. Then we have

/ G(T(W, Ny, . T (W, N1, )05 ® O (dw d)

_ / GU(EW, XYy, T(EW, A, )55 o (d)

= pi(z,a) ' E[G(XG,, ..., X}, )0a(XT)]

k k

=p5(x,a)"! G(x1,...,xL) Hpiiﬁ»l*ti (i, Tit1) Hvol(dxi)
M i=0 i=1

as desired. Here, we set g = x and z;4+1 = a for simplicity. This proves our claim.

Note that this argument also proves the existence of the pinned diffusion measure

5
x,a°

By the above fact and Lyons’ continuity theorem, we can use the contraction
principle ([6, Thm. 4.2.1]) to prove that {Q5 ,}o<c<1 satisfies an LDP with good
rate function. Since v is a bijection that preserves the energy (Proposition 3.2),
the rate function J is given by (2.3). This completes the proof of Theorem 2.1. [

§6. Lower estimate

In this section we prove the lower estimate of LDP in Theorem 5.1(i). Take any
u € P and a € M. For this u, ¢(h) denotes the unique solution of ODE (3.9) and
1 (h) is its projection on M. The subset Q** C H is defined in (5.1).

Lemma 6.1. For every h € Q" there exists a sequence {h;}52, in Q"“* which
satisfies the following conditions:
(i) Ty o0 [|j = A3 = 0.
(ii) For all j, Dy(hj)1: H — T,M is surjective, where Di(h;)1 denotes the
tangent map of H > kw— (k)1 € M at h;.
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(iii) For all j, (h;,e)y € W*, that is, this linear functional on H extends to a
bounded linear functional on W.

Proof. First we will find {h;}32; which satisfies (i) and (ii) only. Let {Z1,..., Z4}
be an orthonormal frame of D on a coordinate neighborhood U of z = 7(u). We
view U as an open subset of R™ and extend Z;, 1 < i < d, as a smooth vector field
on R™ with compact support. We denote by H,, 7 € (0, 1), the Hilbert space of
Re-valued Cameron—Martin paths defined on the time interval [0, 7].

Consider the following ODE on R" driven by a Cameron—Martin path k:

d

do(k)e =Y Zi(x(k)) dk}, x(k)o = .
i=1

The following fact was proved in [16, Sect. 3]: For every j large enough, there exists
a Cameron-Martin path k; € H,/; such that |k} [ < 1 for almost all ¢ € [0,1/]
and Dx(k;),/; is surjective. (Precisely, {Z;} is assumed to satisfy the bracket
generating condition at every point of R™ in [16], while the condition is assumed
only on U here. However, this difference does not matter at all since when j is
large enough, the Cameron-Martin norm of x(k;) is small enough and therefore
x(k;) stays inside U anyway.)

Then, since {Z;} are orthonormal, |z(k;);| < 1 for almost all ¢t € [0,1/7].
Denote by I; := ¢~ (x(k;)) € Hi/; the anti-development of x(k;); then [l ,| <1
for almost all ¢ € [0,1/5] too. Define h; € H by

ljﬂf onte [07 1/]]7
By = 4 @/ on t € [1/5,2/4],
~ t—(2/4) .
h, with 7 = <~ onte€|2/51].
@) e

Since ODE (3.9) has no drift term, we can easily see that ¢(h;)2/; = v and
¢(hj)1 = ¢(h)1. In particular, h; € Q"®. It is routine to check (i) (see [16] for a
proof for instance).

Next we show (ii). Fix j and consider the admissible path v (h;): [0,1] — M.
We can find a partition of 0 = 59 < s1 < -+ < sy = 1 of [0,1] such that, for
all 1 <r < N, ¥(hj) l[s._1,s,] 18 contained in a coordinate neighborhood U, on
which an orthonormal frame {Z{T), cee fo)} of D can be chosen. We may assume
s1=1/j, U1 =U, and 2" = Z; for all 1 <i < d.

Obviously, there exists a unique Cameron—Martin path k(") [$p_1,8,] — RY
such that ¥ (h;) | | satisfies the following ODE with the initial condition

Sr—1,5r
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l’gl) 1= w(hj)sr—ﬁ

d
(6.1) det”) =" 207 @7y dk{™" o [s,-1, 5]

When the initial value of ODE (6.1) is replaced by £~ we write End™ (£("—1)
= 2{”). When £~ is close enough to 1)(h;) End™ (5( D) is well defined. By
the theory of flow of diffeomorphisms for ODEs, End" is a local diffeomorphism
from a neighborhood of 1/)(hj)s7‘71 to a neighborhood of 1/)(hj)sr. (Note that here
and in what follows, k(") is fixed.) Hence, End := End®™ o--.0End® is a local
diffeomorphism from a neighborhood of ¢(h;)s, to a nelghborhood of Y(hj)1 = a.

Sr—19

In particular, the tangent map of End is bijective from Ty M to T, M, where we
write b == z(k;)s, = ¥(hj)s,

Now consider (h;) F[O’Sl]: z(k;). Since Dz (k;)s, is surjective, for every
v € Ty M there exist a sufficiently small g > 0 and a C'-curve (—¢gg,&0) 3 €
kS € My, such that kY = k; and (d/de)|c=ox(k5)s, = v. (Below, g may change
from line to line.)

Take u € T, M arbitrarily and let v be the unique element of T, M which
corresponds to u through the bijection of the derivative map of End at b. For
this v, we take kS as above. Define h5 to be the unique element in H such that
(1) ¥(h5) coincides with z (k%) on [0,s1] and (2) 9(h5) [(s,_, s,) solves ODE (6.1)
for all 2 < 7 < N. By way of construction, h) = h; and (d/de)|c=o¥(h5)1 = u.
Thus, we have shown (ii).

Finally, we deal with (iii). Since h — ¢(h); is Fréchet-C' and the inclusion
W* — H* = H is continuous and dense, we may use a topological lemma [15,
Lem. 7.3]. It implies that we can find ﬁj € Q"® which satisfies the following con-
ditions for sufficiently large j: (1) [|hy — hyjlla < 1/4, (2) Dyp(hy)1: H — TuM is
surjective, and (3) <Bj,0>r;.[ € W*. Hence, {%};";1 is the desired sequence. (Pre-
cisely, [15, Lem. 7.3] is for R"-valued Fréchet-C' maps. However, it still holds for
our manifold-valued case without modification since information outside a suffi-
ciently small neighborhood of a is not used in its proof.) O

For R > 0, we set
(62) {W € GQa 4’m ]Rd | ||W a, 4m B + ||W2||2(x 2m—B < R4m}

and set BR(h) = Th(éR) where 7, is the Young translation by h € H on
GOE . (R?). Since 75, is a homeomorphism from GQF ;.. (R?) to itself, { Br(h) |
R > 0} forms a fundamental system of open neighborhoods around h = L(h).
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Proposition 6.2. Assume that h € Q™* satisfies that DY(h)1: H — Ty M s
surjective and that (h,e)y € W*. Then there exists a constant ¢ = c¢(h) > 0
independent of R such that

PN 1
(6.3) liminf e?log v} ,(Br(h)) > —=||h||3, — cR
eN\o0 2

holds for every sufficiently small R > 0.

Proof. In this proof, R € (0,Ry) and € € (0,ep), where Ry > 0 and g9 > 0 are
sufficiently small constants and may vary from line to line.

Take a coordinate neighborhood U of a. We also view U as a bounded open
subset of R™. By applying a dilation on R™ to U if necessary we may also assume
that §, on M (with respect to vol) corresponds to the usual d, on R™ (with respect
to the standard Lebesgue measure). We also take another open subset U so that
aceUcUcU.

For F € Dy (M) that takes values in U (or F € Dy 1 (M) restricted to
a subset of {F € U}), there are two Malliavin covariance matrices. One is the
original one defined with respect to the Riemannian metric M, while the other
is the standard one for R™-valued Wiener functionals via the inclusion U C R™.
Since there is a constant C' = C(U) > 0 such that

(6.4) C 'detop(w) < detdp(w) < Cdetop(w) on{weW|F(w)eU},

either one of the two works. In what follows we will use the standard one for
R™-valued Wiener functionals and denote it by op again by slightly abusing the
notation.

For b € m~1(a), there exist a smooth map 7#: P — R” and a open neighbor-
hood V of b such that V C 7r*1((~]) and 7 [y= 7 |y. We can extend 7 again
so that it is a smooth function #: RM — R™ with compact support. (Recall the
embedding ¢: P < RM in Remark 3.7.) We write X¢ = #(Uf). When we need to
specify the dependency on v and w, we write X: = )?E(t, u, w). (We will use the
same notation for X7 and Uf too.)

Let x: R — R be as in Proposition 4.2. Moreover, we assume that y is
even and non-increasing on [0, 00) so that x takes values in [0, 1]. Take any f €
C*>(R™, [0,00)) whose support is contained in the unit ball and set f; = j"f(5-).
Then limj o f;j = do in S'(R™). If we set f7* = e "f;((- — a)/e), then
lim; o0 f;’a = §, in §'(R™). There exists jo > 0 such that the support of f;’a
is contained in U for every j > jo and € € (0,1]. In that case, f;** can also be
viewed as a function on M. We will assume j > jo and set b := ¢(h); € P.
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Then it holds that
Voa Brl)) = [ T,y (Wi aldw) = [ I, (7o (w))0F o)
=/ﬁg<7h@“n> (dw)

zv/x<”7h@WV>HQMnIZ;LTh&NV>H%Qm B)GiAdw)
:E{X<|T_ n(eW)L |a4m BRJZWH:'_ n(EW)? ||2a2m B)da(Xls)}
JIEEOE[ (HT_ n(EW) I3 B];ZJILT_h( W)2 138" 20— B)f;,a(xls)]
JIEEOE[ (”T— n(EW) I3 BR—i:hﬂT_h(gw)2”%Z€2m—B)f;,a()’(:ls)]
_ o lIhl /26
X}H{}OE[“” . (II(EW) [ B];J,'L(EW) 12m,, B>

s h
577481Xﬁme+5)_4ﬂ
26_‘|h”$“/2€2 —CR/€2 —-n

HEW) N2 k-5 + 1(EW)?]30 20— 5
x lim E|x

j—o0 R4m

(6.5) ij(571{25<1,u,w+§) a])}

Note that when R > 0 and ¢ > 0 are sufficiently small, U is close enough to
b and therefore we have X{ = )?f . We used the Cameron-Martin formula too.
We now check the last inequality. From the assumption that (h, e)z € W* and
the fact that the (a,4m)-Besov norm (of the first level path) is stronger than
the usual sup-norm, we have |(h,w)y| < cR/e for a certain constant ¢ > 0 if
1EW) a5 < R

Set

56 R~ 4m(||(€“) |a4m B H(E“) HQaZm B)
~ h
_ 1 € —) =
F.=¢ {X (l,x,w—I—E) a]

Let T" be as in (4.14) (with (z;) = (Uy), G = 7, and m = M). Then the Malliavin
covariance of F. equals T'(75(eW), A%)1, which tends to I'(h,0); as (eEW,\) —
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(0,0). Note that I'(h,0); is the deterministic Malliavin covariance of i1 at h. As
is well known, D (h); is surjective if and only if I'(h,0); is a strictly positive
symmetric matrix. Hence, when Ry > 0 and ¢¢ > 0 are sufficiently small, there
exists a constant p > 0 such that condition (4.3) holds for every ¢ € (0,e0] and
R € (0, Rg] (p does not depend on € or R). Now we can apply Proposition 4.1 to
the right-hand side of (6.5) to obtain

Ve o(Br(h)) > e~ I10I5 /2" o= e B/ cmn By (6) 5o (F)).

It suffices to prove that lim.\ o E[x(£:)do(F)] exists and is strictly positive. Since
X is constant near the origin, (4.5) clearly holds with £, = 0. We will check (4.4).

Since (Uf) is viewed as the solution of the vector-space-valued SDE with small
noise, its asymptotic behavior as € N\, 0 is well known:

h
U (1,u,w + g) =b+en +0(?) in D (RM),

where 11 = n1(w) is a certain element of the first-order Wiener chaos (which can
actually be written explicitly as a Wiener integral). It is easy to see from this that

F.=V7()(m)+ O(e) in Do (R").

Then V7 (b)(n1) is also an element of the first order Wiener chaos and therefore
induces a Gaussian measure of mean zero on R™. Since its covariance matrix equals
I'(h,0);, the Gaussian measure is non-degenerate and hence its probability density
function is strictly positive at the origin. From this and Proposition 4.2 we see that

lim E[x(§<)d0(Fe)] = E[0o(VA(b){m))] € (0, 00).
This completes the proof of Proposition 6.2. O

Proof of the lower estimate in Theorem 5.1(1). Let O C GQB, (R?) be an open

a,dm
set with infyeo I1 (W) < co. Then we see from Lemma 6.1 that for every £ > 0 we

can find h € Q* such that (1) h € O, (2) 0 < (||h||3,/2) — infweo [1(W) < £ and
(3) h satisfies the assumption of Proposition 6.2. Using Proposition 6.2, we have

.. 2 5 > limi 2 B 5 > _ B N
hg1\1(r)1fs log vy, ,(O) _llill\‘lélfé“ log v, ,(Br(h)) > viréf’oll(w) cR—k

for every sufficiently small R > 0. Letting R \, 0 and then x \, 0, we have the
desired lower estimate. O

§7. Upper estimate

In this section we prove the upper estimate of LDP in Theorem 5.1(i). By a
standard argument in large deviation theory, we can easily prove it by using
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Propositions 7.3 and 7.5, which will be given below. (That v¢

w.a Ay not be a

probability measure is irrelevant in this part.) In this section the positive constant
v varies from line to line.

The key to proving the upper estimate is a localized version of the IbP formula.
This type of IbP formula is not new. For example, it was used in the proofs of
Propositions 4.1 and 4.2. A quite similar argument appeared in the manifold-valued
Malliavin calculus in [28]. Concerning this, see also [30].

We consider the projected process X¢ = w(U¢) defined by SDE (3.10). Let
a €U cU cCU as in (6.4). By taking U C R" slightly smaller if necessary,
we can extend the coordinate functions on U 3 2 + ' € R,1<i<mn,toa
smooth function on M, which is denoted by B°. If we set X5 = {81(X$)}"_,, then
Xt € Doo(R") and X§ = X{ on {w | X{(w) € U}. It should be recalled that the
Sobolev norm ||)A(15||pk is bounded in € € (0, 1] for every 1 < p < oo and k € N.

Lemma 7.1. Let the notation be as above and write F, = )?15 for notational
simplicity. Suppose that n1,m2: R™ — [0,1] are smooth functions with compact
support in U such that no = 1 on the support of n1. Then, for every f € S(R™),
GeD,y (1<p<oo,keNL) and 1 <i<mn, the following assertions hold true:

(i) yr.m (F:) € Do (Mat(n,n)). Here, yg. is the inverse of the Malliavin covari-
ance matrix of, .

(ii) If we set
d

M (-, ZD* (YZm(F.) - G- DFY),

then " (-;G) € Dy —1 for everyp’ € (1,p). Moreover, there exist a positive
constant ¢ = cpy and v such that

(7.1) 197 (-5 Gllp k1 = e [|Gllpk, 0 <e<T.

Here, ¢ = cpp and v are independent of € and G. Moreover, v does not
depend on (p,p’) either.

(iii) We have
(7.2) E[0: f (Fo)m (F2)G] = E[f (Fe)n2(F2) @] (-1 G)].
Proof. By (4.6) and (6.4), there exist positive constants Cp, v such that

(7.3) E[(detop,)"P1 PLCpe™, 0<e<l.

- ]1/
{F.€U}

Here, C), and v are independent of €. Moreover, v does not depend on p either.
Now we prove (i). It may be heuristically obvious, but we must take care
of the possibility that yg. is not defined outside {F. € U}. For m € Ny we
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set, 01’:”5 = oF. + m~11d,,, where Id,, stands for the identity matrix of size n.
Then (deto)~" < m”, as. and its inverse v = (o )~' exists. Moreover,
(detof)~! 7 (detop,)~! € [0,00], a.s. Note that v and (det o} )~ are both

D.-functionals defined on W. Recall that
Vg = (det o)~ x [the adjugate matrix of o ].

From this and (7.3), we can easily see that (y7)7ni(F.) — ’yﬁm(Fs) in LP as
m— oo (1 <p<o0).
Now we calculate the first-order derivative. Note that

D{(vg)"m(F.)} = —Z(ﬁ{)ik ~Dog - (Vi)Y - (F)

+Z mYi L Gy (FL) - DFL

For the same reason as above, this belongs to Do (H) and converges in LP(H),
1 < p < o0, as m — oo. The closability of D implies that

(74)  D{vim(F. Zm’w’i Dot A -m(Fo) + > i - dmi(Fy) - DF!
l

and H’yF M (F:)||pa = O(e™") for every 1 < p < oo. Repeating essentially the same
argument for higher-order derivatives, we can prove that H'yF M (F)|lpre < O(E™Y)
for every 1 < p < oo and k € N4 (if we adjust the value of v > 0). Thus, we have
shown (i).

To prove (ii), just recall that D* is a bounded linear map from D, ;(H) to
D, 1 for every p and k (see [14, p. 365] for instance).

Finally, we prove (iii). From a well-known formula for D*, we see that

d
M (+;G)==> {{DOYL -m(F) - G),DF )3+~ -m(F.)- G- LF!},
j=1
where L = —D*D is the Ornstein—Uhlenbeck operator. Since this vanishes outside

{F. € supp(m)}, we have @' (-;G) = no(F.)®!" (-;G). As in the proof for the
standard IbP formula in (4.2), we see from the definition of D* that

Bl0f (Fm(F)G) = E | DF(E) Z#DFJ>Hm<F5>G]=E[f<FE><I>;“(-;G>].

=1

This completes the proof of Lemma 7.1. O
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Take a smooth function n;: R™ — [0,1],1 < j < 2n+1, with compact support
in ﬁ, with the following properties: (1) n1 =1 on U, (2) n;41 = 1 on the support
of n; for all 1 < j < 2n. We write 5 = {n;}:"".

Let 8 := (i1,1i2,...,is) be a multi-index of length at most 2n, that is, s < 2n
and 1 <iy,...,i5 < n.For 8 = (i1), just set 3(-;G) = @' (-;G). For f = (i1, 42),
set ®}(-;G) = ®2(-, @/ (-;G)). When s > 3, write 8 = (i1,...,i5-1) and
recursively set ®}(-;G) = &} (-, 3, (-;G)).

Proposition 7.2. There exists a constant v > 0 such that
[0a(XT)l2,—2n = O(e™") as e\, 0.

Proof. If {gr}ren is a sequence of smooth functions supported in U such that
gk — 0q in 8’'(R™) as k — oo, then we see from the results in [28] that

B[5,(X5)G) = lim Elgy(X5)G]

(7.5) = lim Elge(X)n(XD)G] = lim Elge(FL)m (F.)G)

for every G € D, where we write F, = )A(f again.

Next recall that if we set f(x) :== H?Zl(xj —a;)tand 8= (1,1,2,2,...,n,n),
then 0°f = §, in the distribution sense. Take £ > 0 so small that H?Zl[aj — K,
a; + k] C U holds. For this x, we can find a sequence {\}32; of smooth and non-
decreasing functions on R such that (1) Ax(z) coincides with 2zt = 2z V 0 outside
[—k, k] for all k, (2) A\x(2) converges to z* uniformly on [—k, k] as k — co. Set
fr(z) = H?Zl k(2 —aj). Then fj is smooth on R™ and limy_,+ fr = f uniformly
on R™. Note that limy_,o. 0° f, = d, in the distribution sense and 97 f;, = 0 outside
U. So we may take g, = 0° f;, in (7.5) above.

By (7.2) in Lemma 7.1 and the way ®}(-;G) is defined, we have

E[0” fu(Fe)m (Fo)G] = Elfi(Fo)nzn1 (F) @3( -3 G)).
From this and (7.5), we have
(7.6) E[0a(XT)G] = E[f (Fe)nzn+1(Fe)®5( - G)].

Note that |f(F:)n2n+1(F:)| is dominated by a polynomial in |F.|. Therefore,
Il (Fo)nan+1(F2)||Le is bounded in e for every 1 < p < oo. By using (7.2) and
(7.1) in Lemma 7.1 repeatedly, we can easily show that

1R5(+:G)llpsrz = 27 ||Gll22n, 0<e<1,

if the value of v > 0 is adjusted. Therefore, the right-hand side of (7.6) is also
dominated by ce™"||G||2,2n, where ¢ is independent of ¢ and k. This proves the
proposition. O
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Proposition 7.3. The family {v;, ,}o<e<1 is exponentially tight on GOB, (RY),

a,dm

that is, for every M € (0,00), there exists a compact set K = Ky such that

limsup e® log v5 ,(K¢) < —M.
e\0 ’
Proof. Let By = E;Am be a “ball of radius R > 0” as in (6.2). It is shown in [15,
Lem. 7.6] that there exists a constant ¢ = ¢4 4m > 0 independent of R such that

Capy o, ({w e W | L(w) € (B&*™)eY) < e~°®*  for sufficiently large R > 0.

Take x > 0 so small that the Besov parameter (a+k,4m) still satisfies (4.8). It
is well known that GQEF, . ;.. (R?) is embedded in GQF ,,, (R?) and every bounded
subset of the former is precompact in the latter.

By the way v¢ , is defined, it holds that

u,a

Ve J(BRT™™)e) = 05 ,({fw e W | eL(w) € (BRT™"™)°})
< 160 (XF) 2,20 Capy o, ({w € W | L(w) € (BI2*)%})

< Ce Ve ®/E for sufficiently large R > 0.

Here we used the inequality in item (e) in Section 4.1 and Proposition 7.2. Hence,
we have
lim sup £? log 1/5@((@??“’47”)6) < —cR?.
eN0
For given M > 0, we choose R so large that ¢cR? > M holds. Since §§+”’4m is
precompact in (a, 4m)-Besov topology, the proof is completed. O

For R >0 and w € GQB, (R?), we set

a,dm

Br(w) = {v € GO 4, RY) [ IV = w!(["4n

a,dm

.7 IV = Wi < R

Clearly, {Br(w)|R > 0} forms a fundamental system of neighborhoods around w.
Set

.= ||(EW)1 - Wl‘ i’r;llme + ||(EW)2 - W2H%$2m73'

Then, for every € € (0,1] and w, E. = E.(-, W) is co-quasi continuous and belongs
to Do. Moreover, {Z.}. is bounded in € in D, for every 1 < p < co and k € N.
For a smooth, non-increasing function y: [0,00) — [0,1] such that x =1 on [0, 1]
and x = 0 on [2,00), x(Ec/R*™) € D, satisfies 15, (w)oeL) < X(Z2/R™) <
15, . (w) °(e£) quasi-surely.
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Let us recall that the law of eW = eL(w) satisfies the standard version of

Schilder-type LDP on GQZ, (R?) with good rate function I, where

a,dm

Iw) = LInll3,  (if w = L(h) for some h € H),
00 (otherwise).
By a general result on LDPs (see [6, Lem. 4.1.6] for example), we then have
lim lim sup £? log pt({w € W | eW € Br(w)})
R\,0 eN\0
(7.8) < —}Cl{‘no inf{I(v)|v e Br(w)} =-I(w), we GOP am(R 4.

Lemma 7.4. Let the notation be as above. For every p € (1,00) and k € N, it
holds that

lim limsup e®log ||x(Zc(-, w)/R*™)|P, < —I(w), wE€ GQ(l am (R,
R\,0 E\‘O p,

Proof. We will write 2. = E.(-, w). By Meyer’s equivalence, it is enough to esti-
mate E?:o | DI x(E./R*™)||" ,, where D is the H-derivative. Hence, it amounts to
computing

4
Orgjagkhrgl\supe log | D7 x (2 /R*™) |70

For j = 0, we can easily see that |[x(Z./R*™)||}, < u({eW € Bagr(w)}).
For j = 1, we have Dx(E./R*™) = x/(2./R*™)(DZ.)R~*™. Hence, for every
g € (1,00) and R > 0, there exists a positive constant C' = Cy r (independent of
¢) such that

IDX(E</R*™)|5, < Ellx'(E</R*™) [P B DEC |5, R
< Cu({eW € Ban(w)})'/1,
where 1/q+1/r = 1. By repeating similar computations we have, for all 0 < j < k,

that
IDIX(Ec/R™)|I], < Cu({eW € Bar(w)})'/1.

Using (7.8), we have lim g~ o lim sup_« o £ log || x (2 6/R4m)||p e < —(1/q)I(w). Let-
ting ¢ \, 1, we finish the proof. O

Proposition 7.5. Let the notation be as above. Then we have

(7.9) lim limsupe®logvg ,(Br(w)) < —I1(w), W€ GQQ am (R,
RN0 eN\,0

Proof. Write G := ¥(w,0); for simplicity. First we consider the case a # a. Let U
and U (with U N U = 0) be a neighborhood of a and a, respectively. By Lyons’



LARGE DEVIATIONS FOR HYPOELLIPTIC DIFFUSION BRIDGES 181

continuity theorem, there exists Ry > 0 and gy > 0 such that U(v,\¢); € U
if v € Bag,(w) and € € (0,e0). Suppose that {gx}?2, is a sequence of smooth
functions with supports in U that approximates d,. Then we have

Ve.a(Br(W)) < E[\(Ee/R™)5,(X5)] = lim E[\(Zo/R™)gy(X7)]

S hm E[1{€W€E2R(W)} gk(\Ij(e’;‘W’ )\8)1)] = 0

k—o0

if e € (0,e0) and R € (0, Rp). Thus, we have shown (7.9) for this case.

Next we consider the case a = a. As in the proof of Proposition 7.2, we use
the localized IbP formula. Let n = {n;}"7* as in Proposition 7.2. Then we can
see that, for every p € (1,00), there exist positive constants ¢ and v (independent
of €) such that

Via(Br(W)) < E[x(Ec/R*™)30(X7)]

)
= E[f(Fo)nan+1(F2) @3 (-5 x(Ec/R™))]
< e ||x(Be/RY™)

p,2n-

Here we used (7.1) and (7.2) in Lemma 7.1 repeatedly. Using Lemma 7.4 and then
letting p N\, 1, we have limp o limsup.. e log s ,(Br(w)) < —I(w) in this
case. Thus, we have proved (7.9). O

Appendix. Positivity of the heat kernel

Let p§(x,a) = E[6,(XF)] be the heat kernel (or the density function) on M asso-
ciated with the £2(Agu,/2 + V)-diffusion process. Here, (X§) is the projection of
the solution of SDE (3.10) with the starting point u. The skeleton ODE with drift
which corresponds to SDE (3.10) with € = 1 is given as

d
(A1) dd(h)e = Ai(@(h)e) dhy + Ao(b(h),) dt,  d(h)o = u.
i=1
We write 1(h); = m(A(h)y).
The purpose of this appendix is to verify that

(A.2) pi(z,a) >0 for every z,a € M and ¢,t € (0,1].

By the scaling property pj(z,a) = pl.,(z, a), it is enough to prove (A.2) for e = 1.
This kind of positivity for the density of Wiener functionals has been well studied
(see [2] and Remark A.2 below). According to these results, Lemma A.1 below
implies (A.2).
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Lemma A.1. Let x,a € M and u € 7~ (x). Then, for every T € (0,1], there
exists h € H such that ¥(h), = a and DY(h),: H — TyM is surjective.

Proof. Tt is sufficient to prove the case 7 = 1. The general case can be done with
trivial modifications.

We now make two simple remarks. First, let {Z1,..., Z4} be an orthonormal
frame of D on a coordinate neighborhood U C M. Consider the following ODE
on U driven by a Cameron—-Martin path h:

d
(A.3) d¢(h)e = Z:(C(h)y) dhi + Vo(C(h),) dt.
i=1
Then ¢ = ((h) is of finite energy and satisfies ({ — Vo((;) € D¢, for almost all ¢.
Conversely, if ( is a path on M of finite energy such that {;—V;({;) € D¢, for almost
all ¢, then there uniquely exists a Cameron—Martin path h such that ¢ = ((h). In
this sense, we have a one-to-one correspondence h <> ((h).

Second, consider ¢ € Hy (M, TM) such that (;—Vs(¢;) € D¢, for almost all t €
[0, 1]. We denote by ¢ the horizontal lift of ¢ with &y = u. Since Ay is the horizontal
lift of Vo, & — Ao(&:) € K¢, for almost all ¢ € [0, 1]. Since {A;(u), ..., Aq(u)} forms
a linear basis of KC,, for all u € P, there uniquely exists h € H such that & = ¢(h).
Conversely, if ¢(h) solves ODE (A.1), then ¢ = 9 (h) satisfies ¢ — Vo((;) € D¢, for
almost all ¢t. In this way, we have a one-to-one correspondence h < (.

By using Proposition 3.3 and Lemma 4.3, we can now prove Lemma A.1 in a
similar way to the proof of Lemma 6.1.

Let U be a coordinate neighborhood of z and consider ODE (A.3) with
¢(h)og = z on U. By extending the coefficient vector fields with compact support,
we also view (A.3) as an ODE on R"™. Since these vector fields satisfy Héormander’s
condition at x, we can use Lemma 4.3. It implies that there exists a Cameron—
Martin path k: [0,1/2] — R? such that (1) the tangent map of {(- )12 is surjective
at k and (2) [0,1/2] 5 t — ((k): stays inside U. By Proposition 3.3, there exists
a finite energy path n: [1/2,1] — M such that 1,2 = ((k)1/2, m = a, and
n; — Vo(ne) € Dy, for almost all ¢.

Define ¢ € H,(M,TM) to be the concatenation of {(k) and 1. Then {; = a
and ¢/ — Vy(() € D¢, for almost all ¢. The corresponding h € H is the desired
element. (The proof of the surjectivity of Di)(h); is essentially the same as in the
proof of Lemma 6.1 and is therefore omitted.) O

Remark A.2. Precisely speaking, the positivity theorem for the density in [2] is
for SDEs on a Euclidean space. But, after slightly modifying it, one can verify that
it still holds for SDEs on a compact manifold.
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