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Abstract

In this paper, we introduce the notion of v-stable silting-discrete algebras, which unify
silting-discrete algebras and tilting-discrete self-injective algebras, where v is a triangle
auto-equivalence of the bounded homotopy category of finitely generated projective mod-
ules. Moreover, we give an example of tilting-discrete self-injective algebras which are not
silting-discrete.
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§1. Introduction

The study of derived categories is considered an important subject in various
areas of mathematics, for example, ring theory, representation theory, algebraic
geometry and mathematical physics. In the representation theory of algebras, since
the equivalences of derived categories preserve many homological properties, it is
a natural problem to determine the derived equivalence class of a given algebra. It
is a well-known result (see [Ri]) that derived equivalences are controlled by tilting
objects. Hence, the problem above is reduced to finding all tilting objects for an
algebra.
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Recently, mutation theory has been intensely studied in the representation
theory of algebras. Mutation is an operation to construct a new object from an
original one by exchanging direct summands. As a typical example, for a symmetric
algebra, mutations of tilting objects are also tilting, known as Okuyama-Rickard
complexes. Unfortunately, for any algebra, the class of tilting objects is not neces-
sarily closed under mutations. Aihara-Iyama [AI] show that mutations of silting
objects are always silting objects, and hence mutations make infinitely many silting
objects from a given silting object. Silting objects were introduced by Keller—
Vossieck [KV] as a generalization of tilting objects in order to study bounded
t-structures on derived categories.

We may expect silting connectedness, that is, any two silting objects are
obtained from each other by iterated mutation. However, Aihara—Grant—Iyama
and recently Dugas [Du] give examples of algebras which do not satisfy silting
connectedness. Aihara [Ai] introduces the notion of silting-discrete algebras, which
gives a reasonable class of finite-dimensional algebras satisfying silting connected-
ness. A finite-dimensional algebra is called a silting-discrete algebra if for each
positive integer d, the set of isomorphism classes of basic d-term silting objects of
the bounded homotopy category of finitely generated projective modules is finite.
As nice properties of silting-discrete algebras, bounded t-structures correspond
bijectively with silting objects [KY, AMY] and hence the stability space (in the
sense of Bridgeland) of the bounded derived category is contractible [PSZ, AMY].

As mentioned above, for any algebra, mutations of tilting objects are not
necessarily tilting. However, for a self-injective algebra, Chan—Koenig—Liu [CKL]
introduce the notion of v-stable mutation and shows that v-stable mutations of
tilting objects are also tilting, where v is a Nakayama functor. It is shown [AM]
that tilting-discrete self-injective algebras, which are a tilting analog of silting-
discrete algebras, satisfy a property that any two tilting objects are obtained from
each other by iterated v-stable mutation.

In this paper, we discuss unification of silting-discrete algebras and tilting-
discrete self-injective algebras. Moreover, we give an example of tilting-discrete
self-injective algebras that are not silting-discrete. Let A be a finite-dimensional
algebra and 7 := KP(proj A) the bounded homotopy category of finitely generated
projective A-modules. For a triangle auto-equivalence v on T, we introduce the
notion of v-stable silting-discrete algebras, that is, algebras with finitely many
d-term v-stable silting objects of T for each d > 0. Remark that v-stable silting
objects of T are a generalization of tilting objects for self-injective algebras (see
Proposition 2.6). The following theorem is one of our main results, and is an analog
of [AM, Thm. 1.2].
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Theorem 1.1. Let A be a finite-dimensional algebra and let T = KP(proj A).
Assume that T admits a triangle auto-equivalence v. Then the following statements

are equivalent:

(1) A is v-stable silting-discrete.

(2) For each object M obtained by a finite sequence of minimal v-stable muta-
tions from A, the set of isomorphism classes of basic v-stable silting objects
N of T satisfying M > N > MI[1] is a finite set, where X > Y means
Hom7(X,Y[i]) =0 for all i > 0.

Remark that Theorem 1.1 is extended to the case of triangulated categories
(see Theorem 2.21).

For a symmetric algebra, all silting objects are tilting objects. Hence, tilting-
discrete symmetric algebras are silting-discrete. This result is generalized to weakly
symmetric algebras as follows.

Theorem 1.2 (Theorem 2.25). Let A be a weakly symmetric algebra and T =
KP(proj A). Let v be a Nakayama functor. Then the following statements are equiv-
alent:

(1) A is silting-discrete.
(2) A is v-stable silting-discrete.
(3) A is tilting-discrete.

In this case, all silting objects are tilting.

Independently of the present work, the same result is obtained by August—
Dugas [AD].

In [AM], it is shown that preprojective algebras of Dynkin type are tilting-
discrete self-injective algebras. As an application of Theorem 1.2, we show that,
if A is the preprojective algebra of one of the Dynkin diagrams Da, (n > 2),
E; and Eg, then it is silting-discrete. However, we do not know whether each
tilting-discrete self-injective algebra is silting-discrete. Now we propose a natural
question.

Question 1.3. Is a tilting-discrete self-injective algebra always silting-discrete?

One of our aims in this paper is to give two counterexamples for the question
above. The first counterexample is as follows.

Theorem 1.4 (Theorem 3.2). Let A be a basic connected non-local self-injective
algebra over an algebraically closed field and let v be its Nakayama functor. Assume
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that A is v-cyclic and soc P C rad® A for each indecomposable projective module
P. Then there ezists a self-injective algebra A such that

e it is not silting-discrete,
o {A[i] | i € Z} coincides with the set of isomorphism classes of all basic tilting

objects for A. In particular, A is tilting-discrete.

The second counterexample is as follows. Let n, m be positive integers and
let K be an algebraically closed field. We denote by A,, ,,, the stable Auslander
algebra of a self-injective Nakayama K-algebra with m simple modules (up to
isomorphism) and Loewy length n + 1. It is known that A, ,, is always a self-
injective algebra.

Theorem 1.5 (Theorem 4.1). Let n,m > 5 be integers with ged(n — 1,m) = 1.
Assume that n is odd and m is not divisible by the characteristic of K. Then Ay,
is a tilting-discrete algebra but not silting-discrete.

Notation

Let K be a field and D := Homg (—, K). Throughout this paper, T is a K-linear
Hom-finite Krull-Schmidt triangulated category with shift functor [1]. For an
object M of T, we denote by add(M) the smallest full subcategory of 7 which con-
tains M and which is closed under taking finite direct sums and direct summands,
and by thick M the smallest triangulated full subcategory of T which contains M
and which is closed under taking direct summands. For full subcategories X', ) of
T, we define X x Y as the full subcategory of 7 consisting of T' € 7 which admits
atriangle X - T —-Y — X[ with X e XY and Y € Y.

§2. v-stable silting theory

In this section we introduce v-stable silting mutation theory, which unifies silting
mutation theory [AI] and tilting mutation theory of self-injective algebras [CKL,
AM], where v is a triangle auto-equivalence. Assume that 7 has a triangle auto-
equivalence v: T — 7.

§2.1. v-stable objects

In this subsection we recall the notion of v-stable objects, which plays an important
role in this paper.

Definition 2.1. An object M of T is said to be v-stable if vM = M holds.

Let M be a basic v-stable object of 7. We decompose M as M = @, ; M;,
where M; is indecomposable. Then for each i € I, there uniquely exists j € I
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such that vM; = M; because v preserves indecomposability. Define a permutation

vy I — I as vM; = M, ;). Now we introduce two classes of v-stable objects.

M (i
Definition 2.2. Let M be a basic v-stable object of T.

(1) We call M a weakly symmetric v-stable object if vps is an identity map.

(2) We call M a symmetric v-stable object if the restriction v|aqq ps is functorial
isomorphic to the identity functor.

For simplicity, we omit the word “v-stable” in (weakly) symmetric v-stable
objects. Note that all symmetric objects are weakly symmetric. Moreover, if M is
a symmetric object, then each object of thick M is v-stable.

Under the condition that v is a Serre functor (i.e., there exists a bifunctorial
isomorphism

(2.1) Hom7(X,Y) =2 DHomy(Y,vX)
for each X, Y € T), we obtain the following result.

Proposition 2.3. Assume that v is a Serre functor. If M is a basic v-stable
(respectively, weakly symmetric, symmetric) object, then Endy(M) is a self-
injective (respectively, weakly symmetric, symmetric) algebra.

Proof. Let M be a v-stable object of 7. By (2.1), we have End7 (M) = DEnd (M)
as a left Endy(M)-module. Hence End (M) is self-injective. Next we assume that
M is weakly symmetric. Let M; be an indecomposable direct summand of M.
Then we obtain Homy(M;, M) = DHomy(M,vM;) = DHomy(M, M,, ;) =
DHomy (M, M;) as a left Endy(M)-module. Therefore End (M) is weakly sym-
metric. Finally, we assume that M is symmetric. Since v|,44 s is functorial isomor-
phic to the identity functor, we have Endy(M) = DEnds (M) as an Endy(M)-
Endy(M)-bimodule. Consequently, Ends (M) is symmetric. O

§2.2. v-stable silting objects
We start this subsection by recalling the definition of silting objects.

Definition 2.4. An object M of T is called a silting (respectively, tilting) object
of T if T = thick M and Homy (M, M[i]) = 0 for all ¢ > 0 (respectively, i # 0).
We denote by silt T (respectively, tilt T, silt” T) the set of isomorphism classes of
basic silting (respectively, tilting, v-stable silting) objects of T.

Recall the partial order on silt 7. For objects M, N of T, we write M > N if
Homy (M, N[i]) = 0 for all ¢ > 0. Then (silt 7, >) is a partially ordered set by [Al,
Thm. 2.11]. Moreover, by the restriction, > gives a partial order on silt” 7. For each
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M esilt T and d € Zso, let (d+ 1)p-sit T = {N € siltT | M > N > M[d]}.
Note that, for M, N € silt T, M > N > M|d] if and only if N € add M *add M|[1]x*
-+ *add M[d] (for example, see [AMY, Lem. 3.6]).

In [ANR] and also [Ai, Thm. A.4], it is shown that, for a finite-dimensional
self-injective algebra A over an algebraically closed field, all v-stable silting objects
of the bounded homotopy category KP(projA) are tilting objects, where v =
DHomy(—, A) is a Serre functor. Moreover, the converse also holds. We discuss
an analog of their result.

Proposition 2.5. Assume that v is a Serre functor. Then all v-stable silting
objects of T are tilting.

Proof. Let M be a v-stable silting object of 7. It is enough to show that
Hom (M, M[i]) = 0 for all ¢ < 0. For each integer i, we have the isomorphisms

Homy (M, M[i]) =2 DHomy(M|[i],vM) = DHom(M|i], M)
= D Homy (M, M[—i]).
Since M is silting, we obtain Homy (M, M[i]) = 0 for each negative integer i. [J

Note that the converse in Proposition 2.5 does not necessarily hold. Indeed, we
give a characterization of algebras of which all tilting objects are v-stable silting.
By the characterization, non-semisimple hereditary algebras have a tilting object
which is not v-stable. Recall that, by [Ch, Cor. 3.9], a finite-dimensional algebra A
is an Iwanaga—Gorenstein algebra if and only if the bounded homotopy category
KP(proj A) has a Serre functor v.

Proposition 2.6. Let A be a finite-dimensional Iwanaga—Gorenstein algebra over
an algebraically closed field and v the Serre functor. Then the following statements
are equivalent:

(1) A is self-injective.
(2) All tilting objects of KP(proj A) are v-stable.

(3) A is a v-stable object of KP(proj A).

(4)

Proof. (1) = (2) follows from [Ai, Thm. A.4]. (2) = (3) = (4) is clear. We show (4)
= (1). Let T be a v-stable silting object of KP(proj A). Then B := Endgb (proj ) (T)
is a self-injective algebra by Proposition 2.3. Since T is a tilting object of K" (proj A)

KP(proj A) has a v-stable silting object.

by Proposition 2.5, B is derived equivalent to A. Hence the assertion follows from
[ANR, Thm. 2.1]. O

As an application of Proposition 2.5, we have the following corollary:
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Corollary 2.7. Assume that v is a Serre functor. Let M be a symmetric object
of T. Then all silting objects of thick M are tilting objects of thick M .

Proof. Since M is symmetric, all objects in thick M are v-stable. Hence the asser-
tion follows from Proposition 2.5. O

§2.3. v-stable mutations

Let us start this subsection by recalling the notion of v-stable mutations. For basic
results on mutations of silting objects, we refer to [AI]. In this subsection we do
not necessarily assume that v is a Serre functor.

Recall the definition of minimal left approximations. Let f: X — Z be a
morphism. We say that f is left minimal if each h € Endy(Z) with hf = f is an
isomorphism. Let N be an object of 7. We call f a left add N -approzimation of X
if Z € add N and Homy(f, N) is surjective. A left add N-approximation f is said
to be minimal if it is left minimal. Dually, we define a right minimal morphism, a
right add N-approximation and a minimal right add N-approximation. We collect
some results for approximations. The following lemma is a basic result in mutation
theory.

Lemma 2.8. Let N be an object of T with Homy (N, N[1]) = 0. Let
x Ly %z x)
be a non-split triangle. Then the following statements are equivalent:

(1) X is indecomposable, f is a minimal left add N -approximation and Hom(N,
X[1]) = 0.

(2) Z is indecomposable, g is a minimal right add N -approzimation and Homy(Z,
N[1]) = 0.

We have an easy observation for left minimal approximations.
Lemma 2.9. Let N be an object of T. Let X A TNy X[1] and X' EiN
Y' = Z' — X'[1] be triangles with f, f' minimal left add N -approzimations. For

an isomorphism ¢: X — X', there exist isomorphisms ¢': Y —Y' and ©": Z —
7' such that the following diagram commutes:

X' Y’ z' X'1].

Moreover, if N and X are v-stable, then so are Y and Z.
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Proof. The first assertion follows from basic properties of triangulated categories
and minimal left approximations. We show the second assertion. We assume that
X and N are v-stable. Since v is a triangle auto-equivalence, the morphism v f is
also a minimal left add N-approximation. Hence the second assertion follows from
the first assertion. O

Let M be a basic object of 7 with M = X @& N. Take a minimal left add V-
approximation f: X — Y and a triangle

xLy —z—xq.

Then px (M) = Z@N is called a (left) mutation of M with respect to X. Moreover,
the mutation ux (M) is said to be irreducible if X is indecomposable. Mutations
of silting objects have the following nice property.

Proposition 2.10 ([AI, Thm. 2.31 and Prop. 2.33]). Let M = X & N be a basic
silting object. Then ux (M) is also basic silting. Moreover, if X # 0, then M >

px (M).

In the following, we introduce the notion of v-stable mutations, which is an
analog of mutations of tilting objects for self-injective algebras (see [CKL, §5]). We
call ux (M) a v-stable mutation if M and X are v-stable. Note that if M = X ® N
is v-stable, then we obtain that X is v-stable if and only if N is v-stable. By
Lemma 2.9 and Proposition 2.10, we have the following result.

Proposition 2.11. Let M = X ® N be a basic v-stable silting object with X a
v-stable object. Then ux (M) is also a basic v-stable silting object.

Proof. Since X and N are v-stable, so is px (M) by Lemma 2.9. Thus the assertion
follows from Proposition 2.10. O

Now we define irreducible v-stable mutations.

Definition 2.12. Let M be a v-stable object.

(1) A non-zero v-stable direct summand X of M is said to be minimal if there
exists no non-zero proper v-stable direct summand X’ of X.

(2) Assume that M is basic. If X is a minimal v-stable direct summand of M,
then we call ux (M) an irreducible v-stable mutation of M with respect to X.

Let M = X & N be a weakly symmetric object. Since each indecomposable
direct summand of M is v-stable, we obtain that X is minimal v-stable if and
only if it is indecomposable. Thus irreducible mutations coincide with irreducible
v-stable mutations.
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Proposition 2.13. Fach v-stable mutation of a weakly symmetric silting object
is also weakly symmetric silting.

Proof. Let M = X & N be a weakly symmetric silting object and take a triangle
xLyszo X[1] with f a minimal left add N-approximation. By Proposition
2.10, ux (M) := Z & N is a silting object. Thus it is enough to show that px (M)
is weakly symmetric. We decompose X as X = P, Xy, where X; is indecompos-
able. For each i € I, take a minimal left add N-approximation f;: X; — Y; and a
triangle X; Iy Y, — Z; — X;[1]. By Lemmas 2.8 and 2.9, Z; is indecomposable

and v-stable respectively. Hence @, ; Z; is weakly symmetric. On the other hand,

i€l
since @, fi is a minimal left add N-approximation, it follows from Lemma 2.9

that Z =2 €, _; Z; and hence px (M) is weakly symmetric. O

iel

In the rest of this subsection, we study combinatorial properties for v-stable
mutations. The following lemma plays an important role in this section.

Lemma 2.14 ([AI, Props. 2.24 and 2.36]). Fiz an integer d > 1. Let M be a basic
silting object and N € add M *add M[1] * - --*x add M|[d]. Then the following state-
ments hold:

(1) For eachl € [1,d], there exists a triangle
M/ f 9 1 _h /
| — N — M" — M][1]

such that f is a minimal right (add M * - - - x add M [l — 1])-approzimation, g is
a minimal left (add M|l] % - - - x add M[d])-approzimation and h is a radical of
T.

(2) If N € (d+ 1) p-silt T \ dp-silt T, then M) # 0. Moreover, we have M >
px (M) > N for each basic non-zero direct summand X of M} [—d].

The lemma above induces the following properties of v-stable mutations:

Proposition 2.15. Let M, N be basic silting objects with M > N. Assume that
one of the following two conditions is satisfied:

(a) M and N are v-stable.
(b) M is weakly symmetric.

Then the following statements hold:

(1) There is a minimal v-stable direct summand X of M such that M > px (M)
> N.
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(2) If the set
silt”[N,M] == {L esilt"T | N <L <M}
1s finite, then N can be obtained from M by iterated irreducible v-stable muta-
tion. In particular, if (b) is satisfied, then all objects in silt” [N, M| are weakly
symmetric.

Proof. (1) Let M > N be basic silting objects satisfying (a) or (b). By [AI
Prop. 2.23], we have N € (d+ 1)p-silt T \ dps-silt T for some d > 1. Then it
follows from Lemma 2.14 that there exists a minimal left add M [d]-approximation
g: N — M} with M/ # 0. We show that M/ is v-stable. If (a) is satisfied, then
the assertion follows from Lemma 2.9. On the other hand, if (b) is satisfied, then
the assertion follows from the fact that each indecomposable direct summand of

M is v-stable. Hence, for both cases, M/ is v-stable. Taking a minimal v-stable
direct summand X of M/ [—d], we have M > pux (M) > N by Lemma 2.14(2).

(2) If (a) (respectively, (b)) is satisfied, then pux (M) in (1) is also v-stable
(respectively, weakly symmetric) by Proposition 2.11 (respectively, Proposition
2.13). By repeated use of (1), we have a sequence of irreducible v-stable mutations

M>L;>Ly>---(>N)

in silt”[N, M]. Since the set silt” [N, M] is finite, there exists an integer n > 0 such
that L,, = N. Hence we have the assertion. O

As an analog of [AI, Thm. 2.35], we compare the Hasse quiver of (silt” T, >)
and the mutation quiver Q(silt” T) = (Qo, Q1) defined as

QO = Sﬂt” 7-,
Qr={M—=N ‘ pix (M) = N for some minimal v-stable X }.

Proposition 2.16. Let M, N be basic v-stable silting objects of T. Then the
following statements are equivalent:

(1) N is an irreducible v-stable mutation of M.
(2) M > N and there exists no L € silt” T satisfying M > L > N.

In particular, Q(silt” T) is quiver isomorphic to the Hasse quiver of (silt” T,>).
Proof. The proof is the same as in [AI, Thm. 2.35] and [CKL, Thm. 5.11]. O
§2.4. v-stable silting-discrete triangulated category

In this subsection we introduce the notion of v-stable silting-discrete triangulated
categories, which gives unification of silting-discrete triangulated categories and
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tilting-discrete bounded homotopy categories of finitely generated projective mod-
ules for self-injective algebras. Recall the definition of silting-discrete triangulated
categories, which is introduced in [Ai]. A triangulated category 7 with a silting
object is said to be silting-discrete if for each M € silt T and d € Z>¢, the set

(d+Da-silt T:={N esilt T | M >N > M[d]}

is finite. Moreover, a finite-dimensional algebra is called a silting-discrete algebra if
the bounded homotopy category KP(proj A) is silting-discrete. Similarly, we define
tilting-discrete triangulated categories and tilting-discrete algebras.

Now we introduce the notion of v-stable silting-discrete triangulated cate-
gories.

Definition 2.17. We have the following definitions:

(1) Assume that 7 has a v-stable silting object. A triangulated category T is said
to be v-stable silting-discrete if for each M € silt” T and d € Z>, the set

(d+1)y-silt” T := {N esilt” T | M > N > M|[d]}

is finite. Note that 1p-silt” 7 = {M}/ =

(2) Let A be a finite-dimensional algebra and v: KP(proj A) — KP(proj A) a trian-
gle auto-equivalence. We call A a v-stable silting-discrete algebra if KP(proj A)
is v-stable silting-discrete.

Example 2.18. The following examples show that v-stable silting-discrete trian-
gulated categories unify silting-discrete triangulated categories and tilting-discrete
self-injective algebras.

(1) Assume that v is functorial isomorphic to the identity functor. Then v-stable
silting objects are exactly silting objects. Moreover, v-stable silting-discrete
triangulated categories coincide with silting-discrete triangulated categories.

(2) Let A be a self-injective algebra. Then KP(proj A) has a Serre functor v. By
Proposition 2.6, all tilting objects are v-stable silting objects. Hence A is v-
stable silting-discrete if and only if it is tilting-discrete.

As a generalization of [AH, Prop. 2.14] and [AI, Cor. 2.43], we provide an
example of v-stable silting-discrete triangulated categories which plays an impor-
tant role in the next section. Let M = P,.; M; be a basic v-stable object
of T, where each M; is indecomposable. Define a permutation vy;: I — I as
vM; = M, ;)- We call M a v-cyclic object if vy acts transitively on I.
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Proposition 2.19. Let A be a v-cyclic silting object of T. Then we have
silt” (7)) = {Ald] | i € Z}.
In particular, T is v-stable silting-discrete.

Proof. Let M € silt” T. By [AL Prop. 2.23], there exist integers m; < mgy € Z
such that M € add A[m;] * add A[mq + 1] % - - - x add A[ms], M ¢ add A[m; + 1] *
-+-xadd Almg] and M ¢ add A[m4] * - - - * add A[mg — 1]. Let L := M[—m;] and
l :== mg — my. Suppose [ # 0. By Lemma 2.14, there exist two triangles

AL — A,
L' — L4 A"l — L'[1),

such that A’, A” € add A are non-zero, f is a minimal right add A-approximation
and g is a minimal left add A[l]-approximation. Then it follows from [AI, Lem. 2.25]
that add A’ Nadd A” = {0}. On the other hand, by Lemma 2.9, we have vA’ &
A’ and vA” = A”. Since A is v-cyclic, we obtain add A’ = add A = add 4", a
contradiction. This implies | = 0 and hence M = A[m4]. O

The following proposition is one of the nice properties of v-stable silting-
discrete triangulated categories.

Proposition 2.20. Assume that T is v-stable silting-discrete. If M, N € silt” T
with M > N, then N can be obtained from M by iterated irreducible v-stable
mutation.

Proof. By [AI, Prop. 2.23], there exists an integer d such that M > N > M[d+1].
Since T is v-stable silting-discrete, the set dys-silt” T is finite. Hence the assertion
follows from Proposition 2.15(2). O

Next, following [Ai, Thm. 3.8] and [AM, Thm. 2.4], we give a characterization
of triangulated categories to be v-stable silting-discrete.

Theorem 2.21. Let T be a triangulated category with a v-stable silting object.
Then the following statements are equivalent.

(1) T is v-stable silting-discrete.

(2) T admits a v-stable silting object A such that, for each integer d > 0, the set
(d 4 1) 4-silt” T is finite.

(3) Fiz any basic v-stable silting object A. For each object M obtained by a finite
sequence of irreducible v-stable mutations from A, the set 2p,-silt” T is finite.
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For the convenience of readers, we give a proof of Theorem 2.21. We need the
following lemma.

Lemma 2.22. Fiz o basic v-stable silting object A of T and an integer d > 1. Let
M € (d+ 1) 4-silt” T. Then the following statements hold:

(1) Let A" € 24-silt" T with A’ # A[l] and A’ > M > A[d]. If M is not in
da-silt” T, then there exists an irreducible v-stable mutation A” of A’ such
that A’ > A" > {M, A[1]}.

(2) If 24-silt” T is a finite set, then there exists N € 24-silt” T such that M €
dy-silt” T.

Proof. (1) By our assumption, M € (d + 1) a--silt” T \ dar-silt” 7. Then it follows
from Lemma 2.14 that there exists a triangle

M — M s a2

such that M’ € add A’ % ---xadd A’'[d — 1], 0 # P’ € add A’, f is a minimal left
add A’[d]-approximation of M and f’ belongs to the radical of 7. By Lemma 2.9,
P’ is v-stable. Moreover, by a similar argument, A[1] € 24/-silt” T \ 1a/-silt” T
induces a triangle
QLR An L Q)

such that R',Q’ € add A’ are v-stable, ¢ is a minimal left add A’[1]-approximation
of A[1] and ¢’ is in the radical of 7. Since A and A’ are silting, so is Q' ¢ R’. This
implies add A’ = add(Q’ & R’). On the other hand, it follows from [AI, Lem. 2.25]
that add P’ Nadd R’ = {0}. Hence we obtain P’ € add Q’. Take a minimal v-stable
direct summand X of P’. By Lemma 2.14(2), A’ > pux(A’) > {M, A[1]}. Hence,
putting A” == px(A’), we have the assertion.

(2) If M € da-silt” T, then there is nothing to prove. In the following, we
assume M ¢ da-silt” T. By (1), there exists an irreducible v-stable mutation A’ of
Asuchthat A > A" > {M, A[1]}. Hence A’ € 24-silt” T and M € (d + 1) ar-silt” T.
If M € da-silt” T, then we obtain the desired result. We assume M ¢ d 4/-silt” T
If A" = A[1], then M € (d+1)4-silt” 7 implies Hom(M, A[d]) = 0 and hence
M € da-silt” T, a contradiction. Therefore we assume A’ # A[l]. By (1), there
exists an irreducible v-stable mutation A” of A’ such that A’ > A" > {M, A[1]}.
Thus we obtain A” € 24-silt” T and M € (d + 1) a»-silt” T. By repeated use of this
argument, we have a sequence of irreducible v-stable mutations in 2 4-silt” 7. Since
2 4-silt” T is finite, this procedure stops after a finite number of steps. Therefore,
there exists N € 24-silt” T such that M € dy-silt” 7. This finishes the proof. [

Now we are ready to prove Theorem 2.21.
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Proof of Theorem 2.21. (1) = (2) and (1) = (3) clearly hold.

(2) = (1) : The proof is the same as in [Ai, Prop. 3.8].

(3) = (2): We show that (d + 1) 4-silt” T is finite for all d > 0. If d < 1, then
this is clear. Let d > 2 and M € (d + 1) 4-silt” 7. By assumption, the set 2 4-silt” T
is finite. Thus it follows from Lemma 2.22(2) that there exists Ay € 24-silt” T such
that M € da,-silt” T. Since silt”[A1, A] is a finite set, it follows from Proposition
2.15(2) that A, is obtained by a finite sequence of irreducible v-stable mutations
from A. Hence 24,-silt” T is also a finite set. By repeated use of this argument,
we have

(d+1asit’TC | U - U 24,_,-silt” T,
A1€24,-siltY T Ax€24, -silt” T Ag-1€24, ,-silt¥ T
where Ay := A. Due to the construction, the set 24,-silt” T is finite for each ¢ > 0.
This implies that the set (d + 1) 4-silt” T is finite. O
We can recover [AM, Thm. 1.2].

Corollary 2.23. Let A be a finite-dimensional algebra (respectively, a finite-
dimensional self-injective algebra) and v an identity functor (respectively, a Serre
functor). Then the following conditions are equivalent:

(1) KP(proj A) is silting-discrete (respectively, tilting-discrete).

(2) For each basic silting (respectively, tilting) object M obtained by a finite se-

quence of irreducible v-stable mutations from A, the set 2-silt” KP(proj A) is
finite.

As an application, we give an example of v-stable silting-discrete triangulated
categories.

Example 2.24. Let A be a representation-finite self-injective algebra over an
algebraically closed field and v a Serre functor. Then 2 4-silt” KP(proj A) is a finite
set. Since the class of representation-finite self-injective algebras is derived invari-
ant, KP(proj A) is v-stable silting-discrete, and hence tilting-discrete.

The following theorem is one of our main results in this paper.

Theorem 2.25. Assume that T admits a weakly symmetric silting object.
(1) The following statements are equivalent:

(a) T is silting-discrete.

(b) T is v-stable silting-discrete.

In this case, all silting objects are weakly symmetric.
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(2) Moreover, if v is a Serre functor, then the following statement is also equivalent

to (a) and (b):
(¢) T is tilting-discrete.
In this case, all silting objects are tilting.

Proof. (1)(a) = (b) is clear.

We prove (b) = (a). We show silt 7 = silt” 7. Let M € silt T. Take a basic
weakly symmetric silting object A of 7. Due to [AI, Prop. 2.23], there exists
an integer n > 0 such that A[-n] > M > A[n|. Then A’ = A[—n] is clearly
a weakly symmetric silting object and (2n)4/-silt” T is finite by (b). Therefore
it follows from Proposition 2.15(2) that M is weakly symmetric. In particular,
M € silt” T. Hence we obtain silt 7 = silt” 7. This implies that, for each d > 0, the
set (d+1)a-silt T = (d + 1) 4-silt” T is a finite set by (b). By applying Theorem
2.21 to the case where v = id, T is silting-discrete.

(2) Assume that v is a Serre functor. By Proposition 2.5, (a) = (¢) = (b)
holds. Hence the assertion follows from (1). O

As an application of Theorem 2.25, we have the following result:

Corollary 2.26. Let A be a weakly symmetric algebra. Then A is silting-discrete
if and only if it is tilting-discrete.

Proof. Clearly, A is a weakly symmetric silting object of KP(projA4). On the
other hand, since a weakly symmetric algebra is an Iwanaga—Gorenstein algebra,
KP(proj A) admits a Serre functor v. Therefore the assertion follows from Theorem
2.25(2). O

We give concrete examples for Corollary 2.26.

Example 2.27. Let A be the preprojective algebra of one of the Dynkin diagrams
Dy, E7 and Eg. Then A is weakly symmetric (see [BBK]) and tilting-discrete by
[AM, Thm. 1.3]. By Corollary 2.26, A is silting-discrete.

Remark that Example 2.27 can be obtained by [AM, Thm. 1.1] because A =
Af holds for A = Dy, E; or Eg.

§3. The first example: Trivial tilting-discrete case

Let A be a basic connected non-semisimple self-injective algebra over an alge-
braically closed field K and let v = v4 := DHom4(—, A) be a Nakayama functor.
Note that v is a Serre functor in KP(proj A). Our aim of this section is to give a
construction of a self-injective algebra A satisfying the following two properties:
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o tilt KP(proj A) = {A[i] | i € Z}. In particular, A is tilting-discrete.
e A is not silting-discrete.

Let Q = (Qo, Q1) be a finite quiver, where Q) is the vertex set and @ is the
arrow set of Q. We denote by K Ql the 5ubspace of K@ generated by all paths
of length I. Define a new quiver Q = (Qo, Q1) as Qo = Qo and Q1 = QT 1107,
where Qf = {a™ | a € Q;} and Q] = {a~ | a € Q;}. The correspondences
a + a* induce K-linear isomorphisms (—)*: KQ; — K Qf[ and, moreover, they
are extended to K-linear isomorphisms (—)*: @,s, KQ; — @,>, KQi.

Assume that A = KQ/I is self-injective, where I is an admissible ideal of
KQ. Let I = (a"‘b‘,a_b“‘)K@ and I¢ == @, 0, K(pf — I
a path in K@ with maximal length starting from ¢ € @)y. Define a subspace I of
KQby I :=1I"+1I" +1I%+ ¢ Then we have the following lemma:

p; ), where p; & I is

)

Lemma 3.1. The following statements hold:

(1) The subspace I is a two-sided ideal of K@.
(2) Ifsoc P(i) C rad® A for each i € Qq, then I is admissible.

Proof. (1) We can easily check that 1741~ 41 is a two-sided ideal and I is a right
ideal. To complete the proof, we show a*(p;” — p;) € I, that is, atp;,a " p; € T
for all i € Qg and a € @;. Thus it is enough to clalm ap; € I. Indeed, if it is true,
then a*p = (ap;)* € I*. Suppose to the contrary that ap; ¢ I. If a is a loop, it
contradicts the maximality of the length of p;. On the other hand, if a: h — i is
not a loop, then ap; € soc P(h). This implies soc P(i) = soc P(h), a contradiction
to self-injectivity.

(2) For each i € Qo, the length of p; is at least 2 by our assumption. Since I
is an admissible ideal, we have the assertion. O

The following theorem is one of our main results in this paper.

Theorem 3.2. Assume that Q has at least two vertices and soc P(i) C rad® A for
each i € Qy. Let A := KQ/I. Then the following statements hold:

(1) A is a basic self-injective algebra.
(2) A is not silting-discrete.
(3) A is a va-cyclic object in KP(proj A) if and only if Ais a v z-cyclic object in
KP(proj A).
(4) If the equivalence condition in (3) is satisfied, then we have
tilt K> (proj A) = {A[i] | i € Z}.

In particular, A is a tilting-discrete algebra.
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By [AIR, Thm. 3.2], we can translate the results of two-term silting theory
into the results of 7-tilting theory, and vice versa. Remark that a finite-dimensional
algebra A is 7-tilting finite if and only if 25-silt KP(proj A) is a finite set. Moreover,
it follows from [DIRRT, Cor. 1.9] that if A is 7-tilting finite, then all factor algebras
are also 7-tilting finite.

Proof of Theorem 3.2. In the rest of this section, statements (1) and (3) are shown
in a more general setting.

(2) Note that @ is a Dynkin quiver if and ounly if K@ is 7-tilting finite (for
example, see [Ad, Thm. 2.6]). Since A contains the path algebra of Kronecker
type as a factor algebra, the set 2 z-silt K" (proj A) is not finite. Hence A is not a
silting-discrete algebra.

(4) By the assumption, A is a v z-cyclic object in KP(proj A). Thus the assertion
follows from Propositions 2.6 and 2.19. O
Before proving Theorem 3.2(1) and (3), we give an example of A.

Example 3.3. Let A = KQ/I be a self-injective Nakayama algebra, where Q =
(1 é 2) and I = (abab, baba). Then A = KQ/I is given by
b

and
I=(a*bTatbt, bTatbta™, a" b a"b", b a b a",
atb",a”b", bTa",b7aT,
atbta® —a"b7a”, bTatbT —bTa"b7).

Thus we obtain

Since @ contains a multiple arrow, A is not silting-discrete. On the other hand,
we can easily check that A is a v j-cyclic object of KP(proj A). Hence it is a tilting-
discrete algebra.
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From here we provide a proof of Theorem 3.2(1) and (3) in a more gen-
eral setting. We start by recalling some properties of basic self-injective algebras.
For detail, see [SY, Chap. IV]. A basic self-injective K-algebra A admits a non-
degenerate associative K-bilinear form (—, —)o: AxA — K. This property induces
an algebra automorphism va: A — A with (va(a),b)a = (b,a)s for all a,b € A.
We call vy a Nakayama automorphism. A subspace I' of A is said to be v -stable
if vo(T) =T.

Let J be a two-sided ideal of A and I' a subalgebra with J C I'. In our
convention, the identity of " coincides with that of A. Define vector spaces J', J”
by

J ={ e A|(J A =0},
J"={XeA|(I,\)x =0}

Since J is a two-sided ideal, we can easily check that J’ is a two-sided ideal of A.
The following lemma plays an important role in this section.

Lemma 3.4. Let (—,—) = (—,—)a be a non-degenerate associative K-bilinear
form and v = v, the Nakayama automorphism associated with (—,—). Then the
restriction (—, —)r == (—, —)|rxr s a K-bilinear form. Moreover, if J' C J, then

the following statements hold:

(1) J" is a vector subspace of T.

(2) IfT is v-stable, then so is J" and the following statements are equivalent for
yel:

(a) (v,=)r =0.
(b) ve J".
(¢) (=) =0.

In particular, the induced K -bilinear form (—, —)p;y: T'/J" xT/J" — K is
non-degenerate.

Proof. Since the former assertion clearly holds, we show the latter assertion. In
the following, we assume J' C J.

(1) By the assumption, we have J” C J' C J C T as K-vector spaces.

(2) Assume that IT" is v-stable. First, we show that J” is v-stable. Let j € J".
Then (T, j) = 0. Since T is v-stable, we have (T, v*(j)) = (v¥(T),5) = (I, 5) = 0.
Hence v*(j) € J”. This implies that J” is v-stable. Next we prove that conditions
(a), (b) and (c) are equivalent to each other.

a) = (b): By (a), we have (I',v™ = (v,I') = 0. Thus v~ (v) € J”. Since

(a) = (b): By ) =0 gl
J" is v-stable, we obtain v € J".
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(b) = (c): This follows from the definition of J".
(¢) = (a): Since T is v-stable, we obtain (v,I)r = (v,T) = (v(T'),v) =0. O

By the lemma above, we can construct a self-injective algebra as follows:

Proposition 3.5. Keep the notation in Lemma 3.4. Assume that T’ is v-stable
and J' C J. Then the following statements hold:

(1) J” is a two-sided ideal of T.

(2) T'/J" is a Frobenius algebra, and hence a self-injective algebra.

Proof. (1) Tt is enough to show ~vjy’ € J” for each j € J” and 7,7 € T'. By the
associativity, we obtain (—,vj) = ((—)~,J) and

(=37) = ((=)3,7) = (¢, (=)d) = (7)) (=), 9)-

By j € J”, we have (—,vj)r = 0 and (—,j7')r = 0, where the second equation
follows from the fact that I is v-stable. Hence vj, 9" € J".

(2) By Lemma 3.4(2), (=, —)r/s~ is a non-degenerate associative K-bilinear
form. Hence I'/J” is a Frobenius algebra by [N1, N2] (see also [SY, Thm. IV.2.1]).
O

In the following, by using Proposition 3.5, we prove Theorem 3.2(1). For
a basic connected non-semisimple self-injective K-algebra A = KQ/I, let A =
Ax A and J :=radA = rad A x rad A. Then A is also a self-injective algebra
with ((a1,b1), (a2,b2))a = (a1,b1)a + (a2,b2)a for all (a1,b1),(az,b2) € A and
va = va X vy4 (for example see [SY, Chap. IV]). Define a subset I' by

I'={(a,a') € A|a—d erad A}.

Then T is a subalgebra of A with 1p = 15 and J C I'. Let J' = {(a,a’) € A |
(J,(a,a’))a = 0} and J” == {(a,a’) € A | (T, (a,a’))x = 0}. The following lemma
induces that T" and J’ satisfy the assumption in Proposition 3.5.

Lemma 3.6. Under the notation above, the following statements hold:

(1) T is vp-stable.

(2) J =socA =socA xsocA and J" ={(s,—s) | s €soc A}.

(3) T'/J" is a self-injective algebra.

(4) A is a va-cyclic object in KP(proj A) if and only if T/J" is a vp, g -cyclic
object in KP(proj(T'/J")).
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Proof. (1) This follows from the fact that a — o’ € rad A if and only if va(a) —
va(a’) € rad A.

(2) First we show J’ = soc A. Let A € A. By the associativity of (—, —)a, A € J’
if and only if (—,7A)a = 0 for all » € rad A. Since (—, —)a is non-degenerate, we
have the result that (—,7A)y = 0 if and only if rA = 0. By soc Ay = socy A, A € J’
if and only if A € socA.

Next we show J” = {(s,—s) | s € soc A}. Let (s,s’) € J'. Then (s,s’) € J’
if and only if ((a,a’),(s,5"))a = 0 for each (a,a’) € T. By a — da’ € rad A, there

exists r € rad A such that @’ = a + r. Thus we obtain

0= ((a’ a/)’ (8’ S/))A = (a, S)A + (alv S/)A
= (a7 s+ S/)A + (Ta Sl)A - (aa s+ SI)A + (].A,TS/)A.

By soc A4 = soc oA, we have rs’ = 0 and hence (a,s+s")4 = 0. Thus (s, s') € J”
if and only if (a,s + s')a = 0 for each a € A. Since (—, —)4 is non-degenerate,
(—,s+5)a=0if and only if s+ s" = 0. Hence J” = {(s,—s) | s € soc A}.

(3) By (1), I is vp-stable. Since A is a connected non-semisimple self-injective

algebra, we have soc A C rad A. Hence J' C J by (2). Thus the assertion follows
from Proposition 3.5(2).

(4) Since K is an algebraically closed field, we obtain a result that, for prim-
itive idempotents e, f € A, eA = fA if and only if e — f € rad A.

Let e; be the primitive idempotent of A corresponding to a vertex i € Q.
Then we have v4(e; A) = €4 (i)A, where va: Qo — Qo is a Nakayama permutation
of A. On the other hand, we obtain v4(e;A) = va(e;)A (see [SY, Cor. IV.3.14]).
Hence va(e;)A = e, , ;) A. Thus there exists r € rad A such that va(e;) = e, ;)+7.
Since

vr (e, e) +J7) = (valei), vale)) + J" = (ev ) + 1 €uapy +7) +J”
= ((eva(i)s €oaiy) +JI7) + ((r,r) +J7),
we have vp/ i ((ei,e:) +J") — ((€ya(i)s €vaqiy) +J) € rad(T'/J"”). This implies A
is v4-cyclic if and only if T'/J" is v, yu-cyclic. O
Comparing A and T'/J"”, we complete the proof of Theorem 3.2.

Proposition 3.7. We have an algebra isomorphism ¢: A r/J".

Proof. First, we construct an algebra homomorphism : K é — I' which is sur-

jective. Decompose the identity 14 in A as 14 = > e;, where e; € A is the

1€Qo
primitive idempotent corresponding to a vertex ¢ € Qq. Let ¥g: Q9 — I' be the
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map defined by ¥ (i) = (e;,e;) for i € @0, and 1y : @1 — I' the map defined by
1(at) = (a,0) and ¥1(a”) == (0,a) for @ € Q1. Then we can easily check that

e fuli) =),
(i) Ir =2 cq, Yoli) and 9o (i)to(j) {O (i %),
(i) for each a: i — j in Q1, ¥1(a®) = o (@)1 ()b (4)

By [ASS, Thm. I1.1.8], there exists an algebra homomorphism : KQ — T that
extends vy and 7. Note that v is surjective. Composing i with the natural
surjection I' — I'/J”, we obtain a surjective map ¢: KQ — I'/J".

Next we show ¢(I) = 0. Since (1) = 0 and (I%) = 0, it is enough to claim
that ¢ (p; — p;) € J” or equivalently p(p;” — p; ) = 0, where p; ¢ I is a path in
K@ with maximal length starting from ¢ € Qy. Note that p; € soc A. By Lemma
3.6(2), we have

Y(pt —p;) =v(pt) —v(p;) = (pi,—pi) € J".

This implies ¢(p;” —p; ) = 0 and hence @(I) = 0. Thus we obtain a surjective map
Y

Finally, we check dimg A = dimg(I'/J"). Since p: A — T'/J" is surjective,
we have only to show dimg A < dimg (I'/.J"). Define a K-linear map ¢': ' — KQ
by ¢'(ei,e;) = e; for e; € A and ¢'(r,0) = r* and ¢'(0,7) = r~ for r € rad A.
Since ¢/(s,—s) = st — s~ € I¢ for each s € soc A, we have ¢'(J”) C I. Thus
we obtain a K-linear map ¢': I'/J” — A which is surjective. This finishes the
proof. [

Now we are ready to prove Theorem 3.2(1) and (3).

Proof of Theorem 3.2. By Proposition 3.7, A is isomorphic to I'/J”. Hence state-
ments (1) and (3) follow from Lemma 3.6. O

§4. The second example: Non-trivial tilting-discrete case

In this section we give other examples of tilting-discrete algebras which are not
silting-discrete. For integers i < j, let [i,5] == {é,4+1,...,5 — 1,5}. Let n, m be
positive integers. Define a quiver T, ,,, := (To, T1), where Ty is the vertex set and
T is the arrow set, as follows:

o To:={(,r)|i€[1l,n], r € Z/mZ},

o Ty = {aj,: (i,7) = (t+1,7) | ie[l,n—=1], r € Z/mZ}][{bin: (i,7) —
(t—1,r+1)|i€[2,n], r € Z/mZ}.
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For example, Ts 5 is given by the following quiver:

(5’ 3) bs,3 a4,4 (57 4) bs,4 as,0 (57 0) bs,0 as;1 (5’ 1) bs,1 as,2 (5’ 2) bs,2 as3 (57 3)
NN NS N N S
as,q (47 4) 4,4 43,0 (4, 0) ba,0 as,1 (4’ 1) ba,1 as,2 (4, 2) ba,2 as,s (47 3) ba,s
e S N S N
(3’ 4) b3,4 az.0 <37 O) b3,0 az,1 (37 1) b31 az;2 (3, 2) b32 az;3 (37 3) b33 aza (37 4)
o NN N S S
a0 (27 O) b2,0 a1,1 (27 1) b2,1 a2 (2’ 2) b2 a1 (2’ 3) b2,3 ai,4 (2’ 4) baa
(1,0) (1,1) (1,2) (1,3) (1,4) (1,0).

We define a self-injective algebra A, ,,, which plays a crucial role in this
section. Let K be an algebraically closed field. Formally, put ap, = an, = b1, =
bpt1,r = 0forallr € Z/mZ. Then A, , is a bound quiver algebra KT, ,,,/I, where
I is the two-sided ideal generated by a; bit1,»—bi rai—1 41 foralli € [I,n] and r €
Z/mZ. By definition, A,, 1 is isomorphic to the preprojective algebra of the Dynkin
diagram A,,, and in general, A, ,, is isomorphic to the stable Auslander algebra
of a self-injective Nakayama algebra with m simple modules (up to isomorphism)
and Loewy length n + 1. Hence A,, ,,, is a self-injective algebra (see [AR, Bu]).

Under certain conditions, the algebra A,, ,,, has the desired property. Namely,
the following theorem is our main result.

Theorem 4.1. Let n,m > 5 be integers with ged(n — 1,m) = 1. Assume that n
is odd and m is not divisible by the characteristic of K. Then A, ., is a tilting-
discrete algebra but not silting-discrete.

Note that A; ; and Ay ; are silting-discrete by direct calculation.

The Nakayama functor v = DHomy, . (—,Anm) is a Serre functor in
KP(proj Ay, ) since A, ., is a self-injective algebra. By Proposition 2.6, all tilt-
ing objects are exactly v-stable silting objects. In the following, let 2-silt A,, ,,, :=
24, ,.-silt KP(proj A, ;) and 2-tilt Ay, , == 24, . -silt” KP(proj A, ). To show The-
orem 4.1, we need the following two propositions.

Proposition 4.2. Let n, m be positive integers. Then the following statements
hold:

(1) Assume n,m > 5. Then 2-silt A,, ,,, is not finite. In particular, A, ., is not
silting-discrete.

(2) Assume that ged(n — 1,m) =1 and m is not divisible by the characteristic of
K. Then 2-tilt A, ., is finite.
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Proposition 4.3. Assume that gcd(n — 1,m) = 1 and n is an odd number. If T
is a tilting object given by iterated irreducible v-stable mutation from Ay ., then

the endomorphism algebra Endgs (proj a,, ,,.)(T') is isomorphic to Ay .

Before proving the propositions above, we give a proof of Theorem 4.1 by
using them.

Proof of Theorem 4.1. By Proposition 4.2(1), Ay, ., is not silting-discrete. We have
only to show that A,, ,, is tilting-discrete. Let T" be a tilting object given by iterated
irreducible v-stable mutation from Ay, ,, and put Ar = Endgo (proj 4, ,,) (1) Since
Ar is isomorphic to A, , by Proposition 4.3, we have 2-tilt Ay = 2-tilt A, .
Hence by Proposition 4.2(2), 2-tilt Ap is finite. This implies that A,, , is tilting-

discrete by Corollary 2.23. The proof is complete. O

As an application, we have the following result, which is an analog of [AM,
Cor. 1.4].

Corollary 4.4. Let n, m be positive integers with ged(n — 1,m) = 1. Assume
that n is odd and m is not divisible by the characteristic of K. For each tilting
object T € KP(proj Ap ), the endomorphism algebra Endyb (proj 4, ,,)(T') is Morita
equivalent to A, . In particular, the derived equivalence class coincides with the
Morita equivalence class.

Proof. By Theorem 4.1, A, ,, is tilting-discrete. Due to Proposition 2.15, each
basic tilting object (up to shift) is given by iterated irreducible v-stable mutation
from A, ,,. The assertion follows from Proposition 4.3. O

In the rest of this section, we prove Propositions 4.2 and 4.3. Let n, m be
positive integers. For a vertex x € Ty, let P(x) = ez Anm, I(z) = D(4, mes),
and S(z) = P(x)/rad P(x) 2 soc I(x). Formally, put P(0,7) = P(n+1,r) =0 for
all r € Z/mZ. We identify an element of Homy, , (P(i,7), P(j,s)) as an element
of €(j,s)An,me€(i,r). For two-term objects U = (U; LN Up) and V = (V3 v, Vo) in
KP(proj Ap m), we denote by (41, o) a morphism in Homy (proj A, ,,.) (U, V), that
is, it satisfies the following commutative diagram:

U~ U,

% LVO
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§4.1. Combinatorial properties of A, »,

In this subsection, we collect combinatorial properties of A, n,. Fix (i,7) € Ty
and let w be a path starting from (i,r). For the sake of simplicity, we frequently
write down a path without indices, e.g., @i r@it1,rbit2,r0it1,r41 = aaba = a2ba.
Then we can regard a path w as a word w with “a” and “b”. We denote by a(w)
(respectively, b(w)) the number of a’s (respectively, b’s) in the word w. Note that
a(w) = b(w) = 0 if and only if w = e;,. Then, by the definition of the two-sided
ideal I, we obtain the following properties:

Lemma 4.5. Under the notation above, the following statements hold:

(1) w=w #0in A, if and only if (a(w),b(w)) = (a(w’),b(w’)) € [0,n — 1] x
[0,7 — 1].

(2) {a®b' | (s,t) € [0,n —i] x [0,4 — 1]} gives a K-basis of P(i,r). In particular,
we have dimg P(i,7) =i(n — i+ 1) and dimg A, . = mdimg A, 1.

(3) P(i,r) = I(n—i+1,r+i—1). In particular, vP(i,r) 2 P(n—i+1,r+i—n).

§4.2. Proof of Proposition 4.2(1)

In this subsection we give a proof of Proposition 4.2(1).

Proof of Proposition 4.2(1). Assume n,m > 5. Let e = eq,_1 + €2, + €3, +
eqr + €241 for r € Z/mZ. Then eA, e is isomorphic to the path algebra of a
Euclidean quiver of type D,. Hence the set of isomorphism classes of two-term
silting objects in KP(projeA,, me) is not finite (for example see [Ad, Thm. 2.6]).
By [Ad, Prop. 2.4] and [DIJ, Cor. 2.9], this implies that 2-silt A, ,,, is not finite.
This finishes the proof. O

§4.3. v-stability and -stability
Define an algebra automorphism v: Ay, y, = Ap m as
Cir F7 € i1,

Qi r = Q4 r41,
biy = bjry1.
Then 7 induces an auto-equivalence %: mod A, ,, — modA, ,, defined by

Y(M)a = My(a) for each M € modA, ,, and a € A, ,,. By definition, we
have ¢ (S(i,r)) = S(i,r — 1) and Y(P(i,r)) = P(i,r — 1).

Lemma 4.6. Assume ged(n — 1,m) = 1. Then each v-stable silting object is -
stable. In particular, 2-tilt A, ,,, is a subset of 2-silt¥ Anm-
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Proof. For each (i,r) € Ty, we obtain 12P(i,r) 2 vP(n —i+ 1,r +i—n) =
P(i,r — (n —1)). By ged(n — 1,m) = 1, there exists an integer s > 0 such that
v P(i,r) = P(i,r — 1) = ¢(P(i,7)). This induces that for any M € 2-silt A, ,n,
the g-vector of v* M coincides with that of ¢(M). By [AIR, Thm. 5.5], we obtain
vEM = p(M). Therefore, all v-stable silting objects are 1-stable. O

§4.4. The algebra A, ,, as a skew group algebra

Recall the definition of skew group algebras. For detail, see [RR]. Let A be a finite-
dimensional K-algebra and Aut(A) the group of K-algebra automorphisms of A.
Let G be a finite subgroup of Aut(A) such that the characteristic of K does not
divide the order of G (i.e., the group algebra K G is semisimple). The skew group
algebra A x G is defined as follows: as a K-vector space, A * G = A @ KG and
the multiplication is given by (a®g) - (¢’ ® ¢') = ag(a’) ® gg’, where a,a’ € A and
g,9" € G. We write a * g instead of a ® g. Then A * G becomes a finite-dimensional
K-algebra with dimension |G|dimg A.

In this subsection we assume that m is not divisible by the characteristic of
K. Let A, := A, ;. For simplicity, put e; := e; 0, a; = a;0 and b; :== b;o in A,.
Let G,, = (g) be a cyclic group of order m acting on A4,, as

g(ei) = ei,
g(ai) = Gy,
g(b;) = (b;,

where ( € K is an mth primitive root of unity. First we show that there exists a
K-algebra isomorphism ¢: A, ,, — Ay, * Gp,. Define a K-algebra homomorphism

¢ K(ejr ajs,bit |1<i<n, 1<j<n—-1 2<k<n,rsteZ/mZL)
— A, * G,

by setting

1 m—1
or s = 3 Pegn g,
p=0
1 m—1
s = — Z ¢Paj * g7,
p=0
1 m—1
t+1
bp.y — ~ Z Cp( + )bk % gP.
p=0

Put ap,» = anr = b1, = bpt1,» = 0. Then we obtain the following equations:
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® Zew’): )

° ¢ €i,r€i ! ) = 5i,i’57‘,7"¢(ei,7")’
° ¢ €; raj 5) 5 '67‘ 5¢(aj s)
* ¢

o
-

ez,rbk7t = 61 k(sr t¢(bk t)
L ¢ bk t€; r) - 5k 1 15t+1 r¢(bk y)

(

(

(

(ajs€ir) = 0j41,i0+0(ass),
( )

(

(

Ai,r H—l 7”) = ¢(bi,rai—1,r+1),

where 4 is the Kronecker delta. Therefore, ¢ induces a K-algebra homomorphism
@ Apm — Ay x Gy Since

1 1 --- 1 e;x1 a; *x1 b 1
¢ oot eixg ajxg  bpxg
1 ¢ o gy eixg®  ajxg’  buxg?
1 Cmfl . C(mfl)(mfl) e; * gmfl aj * gmfl by, * gmfl
plein)  wlajo) @(bkm—1)

aj1)  p(bro)
aj2)  p(br,1)

S
—~
®
S0 s ;
—_
~— ~— —
S
—~

)

o(eim—1) P(ajm—1) ©(br,m—2)

we obtain that ¢ and ¢ are surjective. By dimg A, », = dimg (A, * G,,), the map
 is an isomorphism.

Next, following [ZH], we compare two-term silting objects of A, with those
of A, * G,,. Let X be the character group of G,,. Since G,, is a cyclic group, we
have G,, = X = (x), where x(¢°) = ¢* for each s € Z. Then X acts on A, xG,, as

x(axg) :=x(g9)axg=_Caxg
for each a € A,,. It is easy to check that the following diagram commutes:
Apm — Ay % Gy
b,k
An,m L An * Gm

Since x induces an auto-equivalence x on mod(4,, * G.,), we have the following
lemma.
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Lemma 4.7. Assume that m is not divisible by the characteristic of K. Then
there exist isomorphisms

2-silt? A,, =2 2-siltX (A, * G,,) = 2-silt? A, .

Proof. Since G, is abelian, we have an isomorphism 2-silt? 4,, — 2-silt* (A, *G,,)
by [ZH, Cor. 4.7] (see also[KKKMM]). Moreover, the commutative diagram above
induces an isomorphism 2-siltX(4,, * G,,) = 2-silt? Apom- O]

§4.5. Proof of Proposition 4.2(2)

Now we are ready to prove Proposition 4.2(2).

Proof of Proposition 4.2(2). We show that 2-tilt A, ,,, is a finite set. If ged(n — 1,
m) = 1, 2-tilt A, , is a subset of 2-silt¥ Apn.m by Lemma 4.6. On the other
hand, we assume that m is not divisible by the characteristic of K. Then we
have 2-silt¥ Apom = 2-silt? A, by Lemma 4.7. Since A,, is isomorphic to the pre-
projective algebra of the Dynkin diagram A, the set 2-silt A,, is finite by [Mi,
Thm. 0.1]. Hence 2-silt A,, is also a finite set. This finishes the proof. O

8§4.6. Proof of Proposition 4.3

In this subsection we prove Proposition 4.3. Assume that ged(n — 1,m) = 1 and
n is an odd number. Let A := A,, ,,, and T = KP(proj A). For each (¢, s) € Ty, we
denote by O(¥, s) the v-orbit of P(¢,s). Since ged(n — 1,m) = 1, we obtain

Op:=0(l,s)={(l,r)|reZ/mZ}U{(n—C+1,7)|r€Z/mL}.

Without loss of generality, we may assume ¢ € [1, 2+1]. Then X := Diryeo, PGT)
is a minimal v-stable object of A. Thus we have an irreducible v-stable mutation
1x,(A) = D rer, I'(i,7), where T'(i,7) is a two-term object defined as

—1st Gictl,rtl Oth
i) P(i,r+1) M P(i—1,r+1) @ P(i+1,7), (i,r) € Oy,
1,7) =
0Oth
P(i,’f‘), (i,T’) ¢ Oz.

Since the morphism [ ;""" ]: P(i,r —1) — P(i— 1,7+ 1)@ P(i+1,r) induces a
minimal left add(A/P(i,r — 1))-approximation in 7, we obtain that the mapping
cone T'(4,7) is indecomposable by Lemma 2.8.

For each (i,r) € Ty, we define two morphisms x; ,: T'(¢ + 1,7) — T'(i,r) and

Yir: T(i—1,74+1) = T(i,r) as follows:
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o If (i,r) € Oy, then z;, and y;, are given by the following diagrams respec-

tively:
0—— P(i+1,r) 00— P@i—1,r+1)
I8 5
[a]P(Z‘fl,T+1) [a]P(i*l,T‘i’l)
Pi,r +1) —2 & P(i,r+1) —= @
P(i+1,7), P(i+1,r).

o If (i +1,7) € Oy, then z;, is given by the following diagram:

(%] P(i,r+1)
Pli+1,r+1)—— &
P(i+2,r)

l[ai,rbfkl,r Qi rQit1,r]

0—— P(i,r).
o If (i — 1,7+ 1) € Oy, then y; , is given by the following diagram:

a } P(z’—27r+2)
Pli—1,7+2)—2 ®
P(i,r+1)
J{[bi,v-bilﬂdrl bi,rai—1,r41]
0 P(ir).

o If otherwise, then z; , and y; , are given by the following diagrams respectively:

0——P@lE+1,r) 0——P@GE—-1,r+1)

TR

00— P(i,r), 0—— P(i,r).

Note that z;, € rad7(T(i + 1,7),T(i,r)) and y;,» € radg(T(i — 1,r + 1), T(3,7)).
Moreover, if ¢ € [1,n — 1] (respectively, i € [2,n]), then z; , (respectively, y; ,) is
non-zero in 7T .

We collect properties of two consecutive morphisms.

Lemma 4.8. Fiz a vertex (i,r) € Tog. Then the following equalities hold:
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(1) Forie[l,n—2
0, |:a7, Ta7,+1 r z+2 r Qg Ta7,+1 ra7,+2 r:|) ((27 ’I“) ¢Oe7 (Z+27 ’f‘) 604)7

(0,a; r@it1y) ((i,7) ¢ Oy, (i+2,7)¢ Oy).

(2) Fori € [3,n], we have

0 bi—1r41bi—2r42bi—1 r410i—2,r42
’ 0 0

((i,7) €00, (i—2,7+2)€0y),

-bi—l,r 1 , .
YirYi—1,r+1 = <0’ ’ ]) ((i,7) €0y, (1—2,74+2)¢0Oy),

|, we have

[ 0 D (1) €0 2,11 €00),

az+1 T z+2 r az-i—l Taz+2 r

TirLitl,r=

0, [ ]) ((i,7) €Oy, (i+2,7)¢ Oy),
az-}-l T

0

(07 [bi,rbifl,r+1bi72,r+2 bi,rbifl,r+1ai72,r+21|)
((7:,7’)¢Ob (i_27r+2)602)7
(Oabi,rbi—l,r—i-l) ((Z',’I’)¢Og, (272,T+2)¢OZ)

(3) For each 1 <1i<n—1, we have

(0,a;rbiy1,r) ((i,7) & Oy),

TirYi+lr = 0 0 .
vt 0, ((i,7) € Op).
bit1,rbirt1 big1 r@i 1

In particular, if i = 1, then x; ;Y1 = 0.
(4) For each 2 < i < n, we have

(0,bir@i—1,r41) ((4,7) & Oy),
YirTi—1,r4+1 = Ai—1 bir Ai—1 r+1Q5 ¢
(o,l A ’“D (i.7) € Op).

In particular, if i = n, then y; yx;—1 41 = 0.

Proof. This follows from direct calculations. O
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Combining Lemma 4.8(3) and (4), we have the following result which will
induce commutative relations in Endr(ux,(A)).

Lemma 4.9. For each (i,r) € Ty, we have x;,Yix1r — YirTic1r41 = 0 in T,
where Xor = Tpr = Y1,r = Yn+1,r =0 for all v € Z/mZ.

Proof. By Lemma 4.8(3) and (4), we have

(0, @i rbit1r — bir@i—1,r41) ((i,7) ¢ Oy),
TipYitlr —YirTi—1r+1 = ’ —Qi—1 4105041 —Qi— 104105 741 (Gi.7) € O0).
bi+1,rbi,r+1 bi+1,rai,r+1

In the case where (i,r) ¢ Op, we obtain x; »yi—1,,r+1 — YirTi—1,,+1 = 0 because
@i biy1,r — birGi—1,+1 = 0 in A. On the other hand, we assume (i,7) € Oy. By
definition, we have

ai—l,r+2
{—bi,rﬂ _ai,r+1} l 1 =0,

—bit1,r41
i1 41 b =@ r1bir s —Qio14104 041
b i1 —Qi 41| = b b b .
—Ui1r i+1,7Y,r4+1 i+1,r Qi r41
Hence @; i1, — YirTim1,p41 = 0in T, O

From now on, we will often regard Hom(T'(i,7),7(j,s)) as a subset of
Endr(px,(A)) in a natural way. Then we define subsets X,Y of Endr(ux,(A)) as

X={zir|ic[lin=1], reZ/mZ}, Y :={yir|ic(2,n], reZ/mL},

and let Z == X]]Y.
In order to determine the Gabriel quiver of Endr(px,(A)), we need the fol-
lowing lemma.

Lemma 4.10. The following statements hold:
(1) We have

radr(T(4,r),T(4,s)) = Homy(T(¢ — 1,7),T(j, $))@i—1,r
+ HOHIT(T(Z + 17 r—= 1)7 T(]a 5))yi+1,r—1-

In particular, Z generates Endr(px,(A)) as a K-algebra.
(2) We have xi—1, ¢ Hom7(T(i + 1,7 —1),T(i — 1,7))Yit1,,—1. Moreover,

zi 1., € radr(T(i,r), T(i —1,7)) \ rad>(T(i,7), T(i — 1,7)).
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(3) We have yjy1,r—1 ¢ Homy(T(i —1,r),T(i+ 1,7 — 1))z;_1,. Moreover,
Yir1.r—1 € radr(T(i,r), T(i + 1,7 — 1)) \ rad>(T(3,7), T(i + 1,7 — 1)).
(4) We have

<‘m>K if (j,S) = (i—l,’l‘),
=\ Wik i (G,s) =(i+1Lr—1),

0 if otherwise.

rad7(T(i,7),T(j, s))
rad7-(T'(i,7), T(j, 5))

Proof. (1) Since ;1 and y;41,,—1 are in the radical of T, it is enough to show
that for each non-isomorphic morphism ¢: T'(i,7) — T'(j, s), there exist morphisms
g:T(@—1,r) = T(j,s) and ¢": T(i+ 1,7 —1) — T(4, s) such that ¢ = g'z;_1 , +
9"yit+1.r—1. Consider the following four cases:

(a) (i,7) € O, () & O
(b) (i,r) € Oy, (4, ) € Oy
(¢) (i,r) € O, (4, 5) € O
(@) (@7) & O, (4,5) & Or-

Case (a). Assume ¢ = (0,[f1 f2]) with fi: P(i — 1,7 + 1) — P(j,s) and
fo: P(i+1,7) — P(j, s). By commutative relations of A, we can write f1 = ¢g1b; »+
a and fo = goa;, + b, where g1,go € Homa(P(i,r), P(j,5)), a € (a* | k € Z)k
and b € (b* | k € Z) k. Since

Ai—1,r
0= {fl f2] l b H] = fiai—1,r41 — fabit1,r,

_bi+1,r

we have (g1 — g2)ai biy1, = 0, a = 0 and b = 0. Assume g1 — g2 # 0 and
let g1 — g2 = haPb?, where h is an invertible element in e; ;Ae; ;. Then we have
haPbla; ,b; 11 =0, and hence a?T1p9+! = 0. By Lemma 4.5(1), we obtain p = n—j
or g =j—11Ifp=mn-—j then fo = goair = (g1 — haPb%)a;, = gra;, —
ha?*1b? = gia;,. Since we can take g; as g1 = gibit1,—1 + g{ai—1, for some
¢y € Homa(P(i+ 1,7 — 1), P(4,s)) and ¢g{ € Homu(P(i — 1,7), P(j,s)), we have

GifLrbi,r A;—1,rQir

bi r— bzrbz r—104,r
11 12] = 91 9t] [ Pl B

Hence ¢ = (0,97)xi—1,» + (0, ¢1)yit1,r,—1. For the remaining cases, we have the
assertion by a similar argument.
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Case (b). Assume ¢ = (1, o) with

| f11 fi2
w0 [fm fa2

where f11: P —1,r+1) = P(j—1,s+1), fia: P(e+1,7r) - P(j —1,s+ 1),
for: Pi—1,7r+1)— P(j+1,s) and foe: P(i+1,7) — P(j+1,s). Then we can
write 1 as 1 = ¢'a;—1 r+1+9"bi+1,r for some ¢’ € Homa (P(i—1,7+1), P(4,s+1))
and ¢ € Homa(P(i + 1,7), P(j,s + 1)). Let

@l = o — laj““] [g’ —g“] :

)

—bjt1,s

. ) [Qi—1,r4+1
Since gpo[ Cbi

culation, (1, o) is homotopic to (0, ). Hence we may always assume 1 = 0.

] = 0 holds, we have a morphism (0, ¢{) in 7. By direct cal-

Therefore we have
Y = Yj,s <0, [fu f12:|> + x5 (0, [fgl f22:|) .

By (j+1,s),(j —1,s+ 1) ¢ Oy, the assertion follows from the case (a).

N1
= 0’
’ ( La
with f1: P(i,r) = P(j —1,s + 1) and fo: P(i,r) = P(j 4+ 1,s). We may assume

fi=aPb? £ 0 and fo = a?' b7 # 0 for some p,q,p’,q" > 0.
If (i+1,r—1),(i—1,r) € Oy, then we have

<O, [{;]) =1Yit1r—1 and <0, LZ]) = YaTi-1,rs

where ¢1: T(i + 1,7 — 1) = T(j,s) and ¢: T(i — 1,7) = T(j, s) are given by the
following diagrams:

Case (c). Assume

[ab] P(Z,’I“) ab] P(Z—Z,T—Fl)
Pli+1,r)— & Pl —1,r+1)— &
Pi+2,r—1) P(i,r)
0 o7 al”, qa’
aPbd J([JE)I apbq] a? b J{[ Ob ]92}
ab P(j*]_,Sﬁ»l) [a] P<]71a5+1)
P(j,s+1) —= o P(j,s+1) —— @

P(j+1,s), P(j+1,s).
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If(i+1,7—1) € Op and (i — 1,7) ¢ Oy, then we have

f
(s
0

)-fels e oo
() -{let

Y3Yiy1,r—1 (' =0),

) = ?/11yi+1,r71

and

where 3 is given by the morphism

al P(i,r)
Pli+1,71) —2 ®
P(i+2,r—1)

_ab? 1 J([J(c)z a2b8,72:|
ab P(] - 138 + 1)
P(j,s+1) — B
P(j+1,5).

Note that if p’ = 0, then ¢’ > 2 by (j, s+1), (i+1,r—1) € Op. For (i+1,7—1) ¢ O,

and (i — 1,r) € Op, we obtain the assertion by a similar argument.
If(i+1,7—1),6—1,7) ¢ Oy, then we have

and
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Case (d). Assume ¢ = (0, f) with non-zero f: P(i,r) — P(j,s). We may
assume f = aPb? for some p,q > 0. If ¢ # 0, then we have

(Ova'pbq_l)yi-‘rl,r—l ((’L + LT - 1) ¢ 05)7

- (0, {f ap“bq_lD Yirrr—1 (((+ 1,7 =1) € Op).

On the other hand, if ¢ = 0, then we have
(0,aP w1, ((i—1,7) & O),

" o)) s G- 1) 00

Therefore we have the assertion.

(2) First we show x;_1, ¢ Homy(T(i+1,7—1),T(i —1,7))yit1,r—1. Suppose
to the contrary that x;,_1, € Homy(T(i + 1,7 — 1),T(¢ — 1,7))yi+1,,—1. Then
there exists a non-isomorphic morphism f: T'(i + 1, — 1) — T(i — 1,r) such
that @;_1, = fyi+1,,—1. By repeated use of (1) and Lemma 4.9, we can write
f=gx;r—1+y with g € Homy(T'(i,r —1),T(i —1,7)) and y € (Y) k. Comparing
the domain and codomain of f, we have y = 0. By Lemma 4.9,

LTi—1,r = fyi+1,r—1 = 9Tir-1Yi+1,r—-1 = gYir—1Ti—1,r-

This implies (id — gy; r—1)i—1,» = 0. Since id — gy;,—1 € Endy(T(i — 1,7)) is
invertible, we have x;_; , = 0, a contradiction.
Next we show

z; 1, € rady(T(i,r), T(i — 1,7)) \ rad>(T(3,r), T(i — 1,7)).

Suppose to the contrary that x; 1, € rad3(T(i,r),T(i — 1,7)). We can write
Ti—1, = >, frgr with fi, gp radical morphisms. By (1), we obtain g, =
9iTi-1,r T gyYi+1,,—1 for some morphisms g, gi. Thus (id — 32, frgp)zi-1,r =
>k fe9rYis1,r—1. Since frg; is a radical morphism, we have x;_1, € Homy(T'(i +
1,7—1),T( —1,7))Yi+1,0—1, & contradiction.

(3) By an argument similar to (2), we have the assertion.

(4) Let f € rad7(T'(¢,7),T(4,s)). By (1), we have f = f'x;_1 4+ f"yit1,0—1 for
some f' € Homy(T'(:—1,7),T(j,s)) and f”’ € Hom7(T'(¢+1,r—1),T(4,s)). Note
that z;_1, and y;+1,,—1 belong to the radical of 7. If (4, s) is neither (¢ —1,7) nor
(i+1,7—1), then f’ and f” are in the radical of 7. Hence f € rad>(T'(,7), T(j, 5)).
Assume (j,8) = (i — 1,r). Then f” € radr(T(i + 1,7 — 1),T(4,s)). Hence the
assertion follows from (2). For (j,s) = (i + 1,7 — 1), the proof is similar. O
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By Lemma 4.10(4), the Gabriel quiver of Ends(px,(A)) is isomorphic to
T\,.,m. Hence there exists a surjective map ®: KT, ,, = Endr(ux,(A)) given by

(i,7) — the identity of T'(¢,r),
[7%% — Tiry

bi,r — Yir-

Moreover, by Lemma 4.9, we have I C ker ®, where I is the two-sided ideal gen-
erated by a; ,bit1,r — birai—1 41 for all i € [1,n] and r € Z/mZ.

To complete the proof of Proposition 4.3, we compare the dimension of
Endr(px,(A)) with that of A. Let f = z123---2; be a morphism in 7 with
z1, 29, ..., 2k € Z. For the sake of simplicity, we often write down a morphism with-
out indices, e.g., Tj yTit1 rYit2,rYit1,r+1 = Tryr = r?yx. Then we can regard the
morphism f as a word f with “z” and “y”. We denote by z(f) (respectively, y(f))
the number of x’s (respectively, y’s) in the word f. Note that z(f) = y(f) = 0 if
and only if f = id.

Lemma 4.11. Keep the notation above. Fiz (i,7) € To and the codomain of f is
T(i,7). Then the following statements hold:

(1) f # 0 if and only if (x(f),y(f)) € [0,n —i] x [0,i —1].
(2) B:={zPy? | (p,q) € [0,n—i]Xx[0,i—1]} forms a basis of Homy(ux,(A), T(i,7)).
(3) dimg Homy(px,(A),T(¢,7)) = dimg P(i,7).

Proof. Fix a vertex (i,r) € Ty.

(1) Let f = z129---2; be a morphism in 7 with 2z1,29,...,2r € Z and
codomain T'(i,7). First we claim that if z(f) > n—1, then f = 0. For y(f) = 0, this
is clear. In the following, we assume y(f) € [1,7 — 1]. By repeated use of Lemma
4.9, we may assume the first n — i + 2 terms of f to be f = 2" *yx---. Since it
follows from Lemma 4.8(4) that

n—u _ —
€ Yr = Tipr " Tpn—1,0rYnrIn—1r+1 = 07

we have f = 0. Similarly, we obtain that if y(f) > ¢ — 1, then f = 0. Hence the
“if” part follows.

Next we prove the “only if” part. Let p := x(f) € [0,n — 4] and q = y(f) €
[0,7 — 1]. By repeatedly using Lemma 4.9, we can write f = zPy?. It is enough to
show "~ tyi=1 £ 0. Indeed, we assume that it is true. If zPy? = 0 holds for some
p € [0,n —i] and ¢q € [0,4 — 1], then we have 2" ~*y*~! = 0, a contradiction. We
show 2"~ iyi=1 £ 0. By the symmetry of the quiver, we may assume i € [1, ”T“]
If i # ¢ (or equivalently (i,r) ¢ Op and (n —i+ 1,7 +4i—1) ¢ Oy), then we
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have 2"~ iyi~1 = (0,a""%*"1). By Lemma 4.5(1), we obtain a"~*~! # 0, and
hence 2" %y*~1 # 0. On the other hand, if i = ¢ (or equivalently (i,7) € O, and
(n—i+1,r4+i—1) € Op), then we have a commutative diagram

a P(n—i,r+1)

P(n—i—i—l,r—i—i)*k &
Pn—i+2,r+i—1)

0 12

(o) PU-Lr+1)

PG, r+1) —————— @
P(i+1,7),
where a = ajt1, - @n—1,bnr - bp_iy1,r+i—1. Suppose to the contrary that

a"yi=1 = 0, that is, there exists a morphism [h1 ko |: P(n—i,7+1i)® P(n—i+2,
r+i—1) = P(i,r + 1) such that

(4.1) hian—iryi — hobp—it2r1i-1 =0,

;1,41 [ } 100
4.2 hi hs| = .
o )1
By Lemma 4.5, we can write

hy = klai,r+1 ce an72,r+1bn71,r+1 te bn7i+2,r+i72bn7i+1,r+i717
hy = k2ai,r+1 te &n—z,r+1bn—1,r+1 T bn—i+2,7‘+z’—2an—i+1,r+i—1a
with k1, ke € K. By (4.1), we have
(kl - kZ)ai,r+1 ce an—l,r+1bn,r+1 ce bn—i+2,r+i—1 =0.
Thus k1 = ko holds. On the other hand, by (4.2), we obtain
k2ai71,r+1 te anfl,r+1bn,r+1 ce bn7i+3,r+i72 = aifl,r+1h2 =0.

Hence k; = ko = 0. This implies 0 = —b;41,»h1 = o # 0, a contradiction.

(2) We show that B gives a basis of K-vector space

Homy(ux,(A),T(i,r) = @ Homy(T(j,s), T(i,r)).

By Lemma 4.9 and (1), B generates Hom(ux,(A),T(4,7)). In the following, we
show that B is linear independent. Suppose to the contrary that B is not linear



TILTING-DISCRETE SELF-INJECTIVE ALGEBRAS 409

independent. Then there are § # V C [0,n — 4] x [0, — 1] and «, € K \ {0} (for
all v € V) such that
Z Ap,q) - 2"y? = 0.

(P.9)EV
We may assume that zPy?: T(j,s) — T(i,r) for each (p,q) € V. Then we can
choose (po, qo) € V such that pg < p and go < ¢ hold for each (p,q) € V\{(po,q0)}-
Hence, by Lemma 4.9, we can write

> g Y= g™y (1 +2) (2 € rady (T(i,r), T(i,r))).
(p,q) €V

This means xP°y% = 0. In particular, we have

xn—zyz—l — xn—z—poyz—l—qoxmyqu =0.

(3) This follows from (2) and Lemma 4.5(2). O
Now we are ready to prove Proposition 4.3.

Proof of Proposition 4.3. By Lemmas 4.10(4) and 4.11, there exists a sur-
jective map ®: KT, ,, — Endr(ux,(A)), which induces a surjective map
A — Endr(px,(A)). Moreover, it follows from Lemma 4.11 that dimg A =
dimg End7(px,(A)). Hence we obtain A = Endy(ux,(A)). O
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