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C*-Simplicity of Relative Profinite Completions of
Generalized Baumslag—Solitar Groups

by

Miho MUKOHARA

Abstract

Suzuki recently gave constructions of non-discrete examples of locally compact C*-simple
groups and Raum showed C*-simplicity of the relative profinite completions of the
Baumslag—Solitar groups by using Suzuki’s results. We extend this result to some fun-
damental groups of graphs of groups called generalized Baumslag—Solitar groups. In this
article, we focus on some sufficient condition to show that these locally compact groups
are C*-simple and that KMS-weights of these reduced group C*-algebras are unique. This
condition is an analogue of the Powers averaging property of discrete groups and holds
for several currently known constructions of non-discrete C*-simple groups.
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§1. Introduction

The reduced group C*-algebra is a C*-algebra generated by the left regular repre-
sentation \ of a locally compact group. A locally compact group G is called C*-
simple if its reduced group C*-algebra C¥(G) is a simple C*-algebra. C*-simplicity
of discrete groups has been studied since Powers proved that the non-commutative
free group Fy is C*-simple [Po], and as of today, satisfactory characterizations
related to boundary actions and the unique trace property of reduced group C*-
algebras have been found for discrete groups [K-K, Haa, BKKO].

On the other hand, C*-simplicity of non-discrete locally compact groups is
not well understood compared to that of discrete groups. The existence of a non-
discrete example of a C*-simple group was questioned by de la Harpe [Har|, and
Suzuki constructed the first example of it [Sul]. As of today, some examples have
been found in [Sul, Su2, R2]. By using the construction in [Sul], Raum [R2]
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showed the relative profinite completion of the Baumslag—Solitar group BS(n,m)
is C*-simple if |n|,|m| > 2. Our main result is a generalization of that. The
Baumslag—Solitar group BS(n,m) is generated by two elements a, ¢t with a rela-
tion ta™t~! = @”, and it has a natural action on a tree whose vertex stabilizers
and edge stabilizers are isomorphic to Z. Generally, groups with such actions on
trees are called generalized Baumslag—Solitar groups. In this article, we show C*-
simplicity of the closures of generalized Baumslag—Solitar groups in the topology
of the automorphism groups on trees. Because every locally compact C*-simple
group is totally disconnected [R1], it is natural to consider C*-simplicity for closed
subgroups of automorphism groups on trees.

For discrete groups, Haagerup [Haa] and Kennedy [Ke] proved that a group
I" is C*-simple if and only if it has the Powers averaging property, that is, for any
element a in the reduced group C*-algebra C¥(T") with the canonical trace 7, 7(a) is
approximated by elements in the convex hull of the set {A\;a\;" € C:(T) | s € T'}.
In the proof of our main theorem, we focus on the canonical conditional expectation
Ex from the reduced group C*-algebra C*(G) of a totally disconnected group G
onto the C*-subalgebra C}(K) and the averaging projection px corresponding to
a compact open subgroup K of G. The following condition can be confirmed in a

direct way.

Lemma (Lemma 3.1). Let (K,),en be a decreasing net of compact open sub-
groups of G and (A,),en be an increasing net of C*-subalgebras of C:(G) with
N, K, = {e} and U, A, = Ci(G). If every conditional expectation E, = Ef,
and averaging projection p, = pgk, satisfy the following conditions, then G 1is

C*-simple:

(1) Py € A,.
(2) For any e > 0 and self-adjoint element x € A,, there are g1,g2,...,9n € G
such that

<e.

Hi éAgi (z — B, ()X,

<e |

1 n
Pv — ﬁ Z; )\g1p1/)\;
1=

Moreover, if Coe(G) C U, Ay, and each g1, 92, ..., gn can be taken in the kernel of
the modular function on G, then the Plancherel weight is a unique o¥-KMS-weight
on CH(G) up to a scalar multiple.

The assumption of the above lemma is an analogue of the Powers averaging
property with respect to conditional expectations, and not only groups in our
main theorem, but also two kinds of non-discrete C*-simple groups constructed by
Suzuki [Sul, Su2] satisfy it.
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§2. Preliminaries
§2.1. Weights on C*-algebras

Let A be a C*-algebra and A™ be the set of positive elements in A. A map: AT —
[0, 0] is called a weight on A, if for any x,y € AT and r > 0, we have

Y@ +y) =) +9y), Ylrz) =ry(e).
For a weight ¥ on A, we set
m) = {z € A" | ¢(z) < oo},
ny={y€Alyyem},
my, = NNy = spancm,,
as in [R1, Def. 2.17]. This ny is a left ideal of A and this my is a subalgebra of
A. There is a linear functional from my, to C, which is an extension of ¢| +. We

say that 1 is densely defined if my, is dense in A. In this article, we suppose that
every weight 1 is non-zero, lower semi-continuous, and densely defined.

2.1.1. KMS-weights. For a continuous one-parameter group (oy)icr of *-auto-
morphisms of A, the set of analytic elements is dense in A. (See [Ku, Sect. 1].) A
weight v is called a o-KMS-weight if

Yoo =1, Patx)=1(o;(r)oi(z)")

for all ¢ € R and analytic elements « € A. (See [R1, Sect. 2.6.3].)
The following proposition holds.

i
2

Proposition 2.1 ([R1, Prop. 2.24]). Let (0¢)ier be a one-parameter group of -
automorphisms on a C*-algebra A, and ¥ be a o-KMS-weight. Any analytic ele-

ments T,y € ny N0y, satisfy Y(xy) = Y(yo—_i(x)).
§2.2. Reduced group C*-algebras

In this article, let G be a locally compact group with a left Haar measure p and
A be a left regular representation on a Hilbert space L?(G) = L?*(G,u). The
representation A extends to a *-representation of C.(G) on B(L?*(G)) as follows.
For every £ € L?(G), f € C.(G), and g € G, we have

AP)E(g) = /G FEMRg) dpu().

The reduced group C*-algebra C}(G) of G is the norm closure of A\(C.(G)).
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2.2.1. Averaging projections. If K is a compact open subgroup of GG, a pro-
jection

Pk = (mXK)
induced by an indicator function xx € C.(G) of K is called the averaging projec-
tion. (See [R1, Sect. 2.6.2] and [Su2, Sect. 2].) These averaging projections satisfy
pr > pp for any compact open subgroups K, L with K C L, since pg is the
orthogonal projection onto the subspace of A\(K)-fixed points in L?(G). When G
is totally disconnected, a family 2 of compact open subgroups of G generate a
neighborhood basis of e € G, and {px } ke give approximate units of C!(G).

2.2.2. Conditional expectations. For an open subgroup H of G, we may iden-
tify Cf(H) with the C*-subalgebra of C!(G) generated by A(C.(H)). It is well
known that the restriction map Ex: C.(G) = C.(H) extends to a faithful condi-
tional expectation from C¥(G) onto C*(H). (See [B-O, Sect. 2.5].) This conditional
expectation is also denoted by F in this article.

2.2.3. The Plancherel weight. Let A be the modular function of G. The mod-

ular flow (07 )ier on C#(G) is defined as

af (£)(g) = A9)" f(9),

for any f € C.(G) and g € G. The map ¢: C.(G) > f — f(e) € C extends to a o¥-
KMS-weight on C(G). (See [R1, Sect. 2.6.2].) This is a restriction of the Plancherel
weight on the group von Neumann algebra L(G) (see [Ta] for a definition), which
is also called the Plancherel weight. When G is totally disconnected, for a set )
of all compact open subgroups in G, we set a subalgebra

Cee(@) = | prCe(@px

KeQ

of C(G) as in [Su2, Sect. 4]. The following propositions about general o¥-KMS-
weights are known. We assume that G is a totally disconnected group and (o7 ):cr
is a modular flow on C!(G) in the following propositions.

Proposition 2.2 ([Su2, Sect. 44]). If ¢ is a of -KMS-weight on Ci(G), then
C..(G) C My, .

Proposition 2.3 ([R1, Lem. 42.23], [Su2, proof of Thm. 44.1]). If a of-KMS
weight ¥ on CH(G) satisfies Y(Agpr) = 0 for all g € G\ K and compact sub-
groups K, then Ww is the Plancherel weight on C:(G) for any compact
open subgroup K.
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§2.3. Constructions of non-discrete C*-simple groups

In this subsection we explain two ways to construct non-discrete examples of C*-
simple groups, which were found by Suzuki [Sul, Su2].
The first examples are constructed by the following proposition.

Proposition 2.4 ([Sul, Prop. ]). Let G be a locally compact group. Assume we
have a decreasing sequence (K,,)2; of compact open subgroups of G and an

increasing sequence (L) ¢ of clopen subgroups of G with the following properties:

e Fach L,, contains K,, and normalizes it.

The quotient groups L, /K, are C*-simple.

The intersection (\,—, K, is the trivial subgroup {e}.
The union |J,—, Ly, is equal to G.

Then G is C*-simple and has the unique trace property.

The proposition above shows C*-simplicity of locally compact groups like
(B, Tn) x I1,_, F,. (See [Sul, Thm.].) Here, F,, are isomorphic to Z, and
discrete groups I';, with Z, actions are induced by the splitting short exact sequence

The second construction is established in [Su2, Sect. 3]. For a totally discon-
nected group G and the set  of all compact open subgroups of G, let Y,,, n € N,
be pairwise distinct copies of the group

D D2

KeQG/K

equipped with a G action induced by the left translation action on G/K. Similarly,
let =,,, n € N, be pairwise distinct copies of Z with the trivial G-action. Set

Fl = Tl, A1 = Fl*Ela

Lov1=An xTog1, Apyr=Tng1xZ541,
for all n € N. Define A to be the inductive limit of the sequence,
D<A <Ty<Ay<eee
of discrete groups with canonical G actions, and set
G =AxG.

The following theorems hold.
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Theorem 2.5 ([Su2, Thm. 43.1]). The locally compact group G is C*-simple.

Theorem 2.6 ([Su2, Thm. 44.1]). Up to scalar multiple, the Plancherel weight ¢
is the only o?-KMS weight on CX(G). When G is non-unimodular, there is no
tracial weight on C¥(G).

§2.4. Graphs of groups

In this subsection we introduce the basic notation for graphs of groups and their
fundamental groups. We use the same notation and definitions as in [Se, H-P].

Let X be a connected graph with a vertex set V(X) and an edge set E(X) C
V(X) x V(X). For an edge © € E(X), vertices o(x) and t(z) denote the origin
and the terminus of x. We write y = Z when edges x and y satisfy o(x) = t(y) and
o(y) = t(z). In this article, every edge z € E(X) has € E(X) for every graph X.
An orientation A of X is a subset of F(X) containing exactly one of z, . When
X is a graph with orientation A, we define the function e: F(X) — {0,1} as

0, z€A,
e(z) =
1, z€A.
Definition 2.7 ([H-P, Sect. 44]). A graph of groups (G, Y) consists of the follow-
ing:
e a non-empty connected graph Y;
e two families of groups (Gp)pecv(y) and (Gy)yery) with G, = Gy for all
ye E(Y);
e a family of monomorphisms {¢,: Gy — Gy tyerv)-
2.4.1. The group F(G,Y). We define the group F(G,Y) for a graph of groups
(G,Y) as follows. (See [Se, Sect. 5.1].) Let I" be the free product of the vertex
groups (Gp)pev(y) and the free group with basis £(Y'). The group F(G,Y) is the
quotient of I by the normal subgroup generated by
yy and  yuy(a)y™ (t5(a)
for all y € E(Y') and a € G,
2.4.2. Words of type c. Let ¢ = {y1,¥2,...,yn} be a path of Y, where y1,ya,
.., Yn are edges of Y with t(y;) = o(y;+1). For a sequence u = (rg,r1,...,7y) of
elements 7o € Go(y,) and 7; € Gy(y,), the element
ToyiT1yz - YnTn

of F(G,Y) is said to be associated with the word (¢, ) and denoted by |e, p|. (See
[Se, Def. 9].)
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A pair (¢, p) is called reduced if either of the following holds:

e The length n of ¢ is not equal to 0 and r;_1 ¢ vy, (Gy,) for every index 7 with
Yi = Yi-1-
e The length n =0 and rg # 0.

When (¢, i) is reduced, we have |c, u| # e. (See [Se, Thm. 11].)

2.4.3. The fundamental groups 71 (G,Y). Let Py be an element of V(Y').
The group m (G, Y, Py) is a subgroup of F(G,Y’) generated by the set of elements
le, | of closed paths ¢ from Py to Py. This is called the fundamental group of
(G,Y) at Py. (See [Se, Sect. 5.1].)

Let T be a maximal subtree of Y. The fundamental group m(G,Y,T) of
(G,Y) at T is the quotient of F(G,Y’) by the normal subgroup generated by the
set of edges of T. In m1 (G, Y, T), the element induced by y € E(Y) is denoted by
gy- (See [Se, Sect. 5.1].)

The following proposition holds.

Proposition 2.8 ([Se, Prop. 420]). For any mazimal subtree T of Y and Py €
V(Y), the canonical inclusion ip,: m1(G,Y, Py) — F(G,Y) and the canonical quo-
tient map qr: F(G,Y) — 71 (G,Y,T) induce an isomorphism of m1(G,Y, Py) onto
m(G,Y,T).

This proposition shows that the isomorphism classes of 7 (G,Y, Py) and
m1(G,Y,T) are independent of the choice of Py and T. Thus we write m1(G,Y)
instead of m (G,Y, Py) or m(G,Y,T) if no confusion arises. When c is a closed
path of Y, we have gr(|c, p]) # e for a reduced form (c, ). (See [Se, Cor. 3].)

Example 2.9 (Amalgamated free products). If a connected graph Y consists of
two vertices {P, @} and two edges {y, 3}, then the fundamental group 71 (G,Y)
is isomorphic to the amalgamated free product Gp *g, Gg with respect to the
inclusions ¢, and ¢z. (See [Se, Sect. 1.2] for the definition.) In this case, every
element g € Gp *g, Gq \ {e} has a form

g=a1as---apnc with a; € (Gp\ t,(Gy)) U (Gg \ t5(Gy)), c€ Gy.
In addition, the sequence (a1, as,...,a,,c) can be chosen as follows:

e When n = 0, this ¢ is not equal to e.

o We have a,11 € Gp \ 1y(Gy) if and only if a; € Gg \ 15(Gy) for any 4.

Generally, a sequence (a1, as, ..., an,c) of words of an amalgamated free product
is said to be reduced if the above conditions hold. Since every sequence of reduced
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words of Gp xg, Gg corresponds to a reduced form (c, i) of (Y,G), an element
g € Gp xg, Gg induced by reduced words is not equal to e.

Example 2.10 (HNN extensions). If a graph Y consists of one vertex P and two
edges of loops {y, 7}, then the fundamental group 71(G,Y’) is isomorphic to the
HNN extension G p#g with respect to the canonical isomorphism 6 from ¢, (G,) to
t5(Gy). (See [Se, Sect. 1.4] for the definition.) Every element g € Gp % \{e} has
the form
g = apt™raitas - -t ay,

with a; € Gp, €; € {1, —1}, and the stable letter ¢ of the HNN extension. We can
take these a; and ¢; as follows:

e If n =0, then ag # e.
o If an index ¢ satisfies (g,-1,&;) = (1, —1), then a,_1 ¢ 1, (Gy).
e If an index ¢ satisfies (g,-1,&;) = (—1,1), then a,_1 ¢ 15(Gy).

Generally, a sequence (ag, t°1, aq,t°2, a9, ..., t°", a,) of an HNN-extension is called
reduced words if the above conditions hold. For the same reasons as for amalga-
mated free products, if g € Gp#*y is induced by reduced words, then g # e.

2.4.4. The universal covering. Fix a maximal subtree T of Y and an orien-
tation A C E(Y) of Y. For every P € V(Y), Gp is a subgroup of m(G,Y,T)
in a natural way. The universal covering X = X(G,Y,T) of (G,Y,T) is a graph
with a vertex set V(X) = || cy(yym(G,Y,T)/Gp and an edge set E(X) :=
Uyerr) m(G, Y, T)/1y(Gy), where

0(gty(Gy)) = 995W Goryy,  tgiy(Gy)) = 995 WGy

for any g € m(G,Y,T) and y € E(Y). This X has an action of m; (G, Y, T) induced
by the left multiplication. It is known that the universal covering X is a tree. (See
[Se, Thm. 12].)

§3. C*-simplicity and the Powers averaging property for
conditional expectations

In this section we suppose that G is a totally disconnected locally compact group
and o¥ is the modular flow. First, we give a sufficient condition for C*-simplicity
of G.

Lemma 3.1. Let (K,),en be a decreasing net of compact open subgroups of G
and (A,)ven be an increasing net of C*-subalgebras of C:(G) with (), K, = {e}
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and |J, A, = C:(G). If every conditional expectation E, = Ey, and averaging

projection p, = pk, satisfy the following conditions, then G is C*-simple:

(1) The averaging projection p, is in A,.

(2) For any e > 0 and self-adjoint element x € A,, there are g1,g2,...,9n € G
such that

<e.

<e |

1< 1<

E ; )‘Ch (J? - EV(x)))‘:;L by — E ; )\gip’/)\;i
Moreover, if Coc(G) C U, Av, and each g1, 92, ..., gn can be taken in the kernel of
the modular function on G, then the Plancherel weight is a unique o%-KMS-weight
on C(G) up to a scalar multiple.

Proof. Let I be a non-zero norm closed two-sided ideal of C}(G). To prove C*-
simplicity of G, it suffices to show that the averaging projection p, is in I for
sufficiently large v, since the net (p, ), gives approximate units of C*(G).

Since |J, A, N1 # 0, we can take a positive element = € |J, A, N I. There is
vy € N such that p,ap, # 0 and z € A, N[ for any v > 1. Fix v > vy and we
show p, € I. Let ¢ be the Plancherel weight with respect to the left Haar measure
. We may assume @(x) = ﬁ and x = p,ap, by replacing a positive element
x € A,N1I. Since E,(y) = p(K,)e(y)p, holds for any y € p, C*(G)p,, we have

L, (LE) = Dv-
By using assumption (2) of the lemma, for ¢ > 0 we choose g1, g2, ...,9, € G
satisfying
y . 1< .
E Z Agi (m - EV(x)))\gl < & HpK - E Z )\gipy)\gi < E.
=1 i=1
Thus

< 2e.

1
‘py - ; /\gix)\;_
Since [ is a norm closed ideal, we get p, € I.

Next we show the uniqueness of a o%-KMS-weight. Let ¢ be a oc%-KMS-
weight, L be a compact open subgroup of G, and s € G\ L. By Proposition 2.3,
it suffices to show that ¥ (Aspr) = 0. We prove this equation in the same way as
in [Su2, proof of Thm. 4.1]. Set x1 = prAspr + prAs—1pr. We can take v € N
with K, C L and z1 € A,. For € > 0, we have g1, gs,..., g, in the kernel of the
modular function with

1 n
2 : *

’n )\gjl‘lAgj
=1

since E,(z1) = 0.

<e,

<e |

1o §
Pv — n Z /\gjpu)\gj
j=1
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Set
1< .
= - ZpuAnguAgjpv S pucc(G)pu;

ne

then
| ( | = ‘d}(pu - - Zpu g]pu>\g7pu>‘ < 112(191/)5.
] 1

The equation above follows from the KMS-condition of v, since o? i(PuAg,pv) =
PuAg,; Py Similarly,

b (yz1)| = '¢<i Zpu/\gjh)\;pu)‘ <¥(pv)e.

Therefore, we get

[(z1)] < [ ((pr — y)z1)] + [Y(yz1)]
V(@i (py — y)o1) + [Y(yz1)]|
< 2115(171/)\/5+ w(Pu)é‘,

since p, —y > 0 and v is a positive functional on p, C;(G)p,. The above inequality
holds for every € > 0, then ¢(x1) = ¥(prAspr +prAs—1pr) = 0. Similarly, we have
Y(ipLAspr — ipLAs-1pL) = 0, then Y(Aspr) = Y(prAsprL) = 0. O

Example 3.2. When G is a C*-simple group in Proposition 2.4, the averaging
projection pg, is a central projection of C¥(L,,) with C}(L,)pk, = C:(L,/K.,).
By this isomorphism, the canonical trace of C; (L, /K,,) corresponds to the restric-
tion of Ex, on C!(L,)pk, . Since L, /K, is a discrete C*-simple group, for any
x € C!(Ly)pk, and € > 0 there are g1,¢2,...,9m € L, such that the inequality

H Z Ag,xX;, — Ex, ()
=1

H EK <é€

holds by [Haa, Thm. 4.5].
The increasing union | J,, C} (L, )pk,, is a dense x-subalgebra of C;(G) contain-
ing Cee(G) and G is unimodular. Thus G satisfies the assumptions of Lemma 3.1.

Example 3.3. Suppose that the discrete group A and the C*-simple group G :=
A x G for a totally disconnected group G are defined as in Theorem 2.5. Let K
be a compact open subgroup of G, and g1, ¢s, ..., g; be elements in G \ K. Since
G = U, An x G, we may assume g1, 92,...,9 € An—1 X G for some N. Each g;
has the form g; = s;h;, where s; is in Ay_1, h; is in G. Let (64x)gxea/x be the
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canonical generators of @G/K Zy <TN = @Dkeq @G/K Zs. For every i, we have
(5Kgi6;(1 = siéK(S,;lKhi and s, = si(SK(S;ilK # e, because every i satisfies either
si #eor h; ¢ K. Since A has the subgroup I'y *Ex *Eny1 and s; € T'y, for any
e > 0 there are t1,t3,...,t; € Zn§ * Zy41 such that

€
m t]st <j

for all i (see [P-S, proof of Lem. 1.2]), where A* is the left regular representation
of A. The Hilbert space L?(G) is isomorphic to [?(A) ® L?(G) and the restriction
of A9 on A is unitary equivalent to A* ® 1. Since (¢;); and dx commute with K,
they are in the kernel of the modular function. Moreover, we get

Hmz téK(ZpK)\g ) téx* ’ ( Z)\tst ))\%ipKH<5

and
Z)\t 5x P K)\t 0"

Therefore, G satisfies the assumption of Lemma 3.1 for the net (K, ), of all compact
open subgroups of G and the net (pr, C}(G)pk, ), of C*-subalgebras of C}(G).

8§4. Generalized Baumslag—Solitar groups and their completions

In this section let (G,Y") be a graph of groups with a connected graph Y, vertex
groups {Gp}pecv(y), edge groups {Gy},cp(y), and monomorphisms {v,: G, —
Gi(y) Yyer(y)- We suppose that 6, is a canonical isomorphism from (G, ) to
15(Gy) for any y 6 E(Y). Let y be an edge of Y and W be a subgraph of Y,
with E(W) = E(Y) \ {y,g} and V(W) = V(Y). Since Y is connected, W is
either connected or decomposed into a disjoint union of two non-empty connected
graphs W7 and Ws.

Lemma 4.1. The following statements hold:

(a) If W is connected, then m(G,Y) is isomorphic to the HNN extension
11 (Glw, W)*e,, where (Glw,W) is a graph of groups with edge groups
{Gulweew)(=E0 )\ {y.5}) and vertez groups {Gp}pevw)(=v(v))-

(b) If W is disconnected, then 71(G,Y) is isomorphic to the amalgamated free
product i (Glw,, W1)*q, m1(Glw,, Wa), where (Glw,, W;) is a graph of groups
with edge groups {Gw ywep(w:)(cE(Y)) and vertex groups {Gp} pev (w,)(cv(v))-
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Proof. First we suppose W is connected. By definition of HNN extensions, there
is the natural isomorphism f: F(G,Y) — F(G|w,W)*s,, where F(G,Y) and
F(G|w, W) are groups defined in Section 2.4.1. Put Py := o(y) and take a maximal
subtree T of Y with y ¢ E(T); then the commutative diagram

m(G Y, P)—Y _ JFGY) — 5 r(GY,T)

| ] ]

(iw)*a, (qw)*o,

71 (Glw, W, Py)*g, ——— F(Glw, W)xg, ——— m1(G|w, W, T)*g,

holds, where iy, iy are the canonical injections and gy, qw are the canonical
quotient maps as in Proposition 2.8. By Proposition 2.8, ¢; o 41 and g2 o is are
isomorphisms. Since f is an isomorphism, the induced maps f| and f are isomor-
phisms.

Next, let W be disconnected. We define a graph of groups (H, W’) as follows.
The graph W’ consists of two edges {y, 7} and two vertices { P; = o(y), P> :==t(y)}.
The edge group and the vertex groups of (H,W’) are defined as

Hy = Gy, le = F(G|W1,Wl), Hp2 = F(G|W2,W2).

By using [Se, Lem. 6] repeatedly, we get the natural isomorphism g: F(G,Y) —
F(H,W'"). Fix a maximal subtree T of Y; then T3 =T NY; and To =T NY,
are the maximal subtrees of Y7 and Y;. Since 71 (H, W', W’) is isomorphic to
F(Glw,, W) xa, F(G|w,, Wa), there is a commutative diagram

F(GQ,Y) —2 1 (G,Y,T)

gl \

qw q
F(H,W') » F(Glwy ,Wi)*g, F(Glw,,W2) — m1(Glwy ,W1,T1)*G, 71(G|w, , W2,T2),

with ¢ = qw, *a, qw,. Define a subgroup F’ of F(H,W') as

F'={|c,u| € F(H,W') | (¢, p) is a word of (H,W’),

c is a closed path of W’ beginning with P,

p is a sequence of 71 (Glw,, W1, P) U1 (Glw,, Wa, P2) }-
This F’ satisfies g(m1(G,Y, P1)) C F’ and the restriction of q o g+ on F’ is an

isomorphism. That is because F” is isomorphic to the fundamental group of the
graph of groups (H',W') whose vertex groups and edge groups are

H, =G,, Hp =m(Glw,,W1,P1), Hp, =m1(Glw,, Wa,2).
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Since the commutative diagram

qy

m(G,Y, P))— F(G,Y) ™(G,Y,T)

[ |
F'e L FHW) 2 00 (Glw,, Wi, Th) %6, ©1(Glwy, Wa, T)
holds, g is an isomorphism. O

Definition 4.2. The fundamental group 71 (G,Y) is called a generalized Baums-
lag-Solitar group if the edge groups {Gy },c g(yv) and the vertex groups {Gp} pev (v)
are isomorphic to Z.

Suppose that (G,Y) is a graph of groups whose edge groups and vertex groups
are isomorphic to Z and Y consists of one vertex P and two edges y, g. If [Gp :
1y(Gy)] = n and [Go(y)
group 71 (G, Y) is isomorphic to the Baumslag—Solitar group BS(n, m).

: 1y(Gy)] = m, then the generalized Baumslag-Solitar

Let (G,Y) be a general graph of groups whose edge groups and vertex groups

are isomorphic to Z. Suppose T is a maximal subtree of Y. For a geodesic path ¢ C
T from P to @, we define the integer k. as follows. Suppose that ¢ == (y1, y2, ..., u1),
(Gowys) ¢ 1 (Gy,)] = ng, and [Gyy,) @ 1y, (Gy,)] = my. Set ky == my and k; =
=1 for any 1 <4 <[, where (k;_1,n;) is the greatest common divisor of k;

(ki—1,m4)
and n;. We put k. := k; for a geodesic path ¢ with length [ # 0 and k. := 1 for a

path ¢ with length 0. By a direct computation, we get [Gy(y,) : Gi(y,) N Go(y,)] = ke
and [Go(y,) @ Gigy) N Goyy)l = ke in m (G, Y, T), where ¢ := (g1, J1—1,---,91)-

In addition, if y is an edge of Y with [G,,) @ tz(Gy)] = n and [Gy,) :
ty(Gy)] = m, then there is the geodesic path ¢ C T from o(y) to ¢(y). The relative
order [Goy) @ L5(Gy)Nity(Gy)] in 71 (G, Y, T) can be computed as the least common

multiple kj of n and (:lec). We define ky = %; then we have [15(Gy) : t5(Gy) N
ty(Gy)] = kg in m (G, Y,T).

By using above notation, we state our main theorem as follows.

Theorem 4.3. Let T be a mazimal subtree of Y and 71(G,Y,T) be Zhe closure
of m(G,Y,T) in the automorphism group of the universal covering X(G,Y,T).
If (G,Y,T) satisfies the following conditions, then m (G,Y,T) is a non-discrete
locally compact C*-simple group:

o The graph Y is not a tree.

e Bvery edge group and vertex group of (G,Y) is isomorphic to Z.

o There is an edge y € E(Y)\ E(T) such that k5 # ky.

e For any edge z of Y, 1.(G) is a proper subgroup of Gy.).
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Moreover, the reduced group C*-algebra C(m(G,Y,T)) has a unique KMS-weight
with respect to the modular flow.

In the case of Baumslag—Solitar groups, the following are known (see [R2]):

e BS(n,m) is discrete if and only if |n| = |m|.
e BS(n,m) is C*-simple if and only if |n|, |m| # 1.
In Theorem 4.3, the third condition corresponds to |n| # |m| and the fourth
condition corresponds to |n|, |m| # 1.
From now on, we fix the graph of groups (G,Y), the maximal subtree T of
Y,and y € E(Y) \ E(T) which satisfy the assumptions in Theorem 4.3. In order

to prove Theorem 4.3, we prepare some lemmas as follows.

Lemma 4.4. The action of 71 = m(G,Y,T) on the universal covering X =
X(G,Y,T) is faithful.

Proof. Suppose that g € m; acts trivially on X. Tt suffices to show g = e. Since left
multiplication of g preserves all elements of V()? ) = Um /Gp, we have g, gg, ™ €
Go@y) NGy for all n € Zsg. Let W be a connected subgraph of Y with V(W) :=
V(Y), E(W) = E(Y)\ {y,7}. By Lemma 4.1, m; has the structure of an HNN
extension and g, corresponds to the stable letter. Therefore, we get

9€Gyy and gyg9," € 1y(Gy) Niy(Gy)

for every m € Z>¢. Since all edge groups of Y are isomorphic to Z, we can take
the free generators a of v, (Gy) and b of 15(G,) with g,ag, ' = b. Take the integers
N, M € Zwq with 1,(Gy) N1z(Gy) = (™) = (b™); then N # M holds because of
the assumption x, # ky. By replacing y by g, we may assume |%| # 1. We

show
M

() N9y (104 (G,) N1 (Gy))g}y = (NI

NI 1Y follows by

for any n. The inclusion (a) Mg, ™ (¢, (Gy)Ney(Gy))g; D (a(
a straightforward computation. We prove the converse inclusion by using induction.
When n = 1, it is trivial. We assume that the above equation holds for ng > 1
and take b’ € (a) N g, " (1, (Gy) Ny(Gy))gpott. Set h = gyotth/g,m0~1; then
we have h € 1,(Gy) Niyg(Gy) and g, "~ 'hgyot! € (a). Since g, is the stable letter,

gy "0hgy s in 1, (Gy) Niy(Gy) = {(a™). By the induction hypothesis, we get

g, "°hg,° € <a(N’M)|(NJ§4M>‘nO> N (@) = <a(N’M)‘%‘RO|W%|>

— (BNl 0y
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Then i/ = gyfngflhggojtl c <a(N,M)|(N1t/§M)‘n0+1

= (DIt Iy

)- Thus (a) Mg, " (¢ (Gy) Nz (Gy)) gy
holds for any n. Since g;gg,™ € t4(Gy) N 15(Gy) for every
n € Zxp, we have g = e. O

From now on, we put m; = m(G,Y,T) and X = )Z'(G,Y,T) as used in
Lemma 4.4. Let Aut()z ) be the automorphism groups of X. We suppose that T
is the closure of T' in Aut(X) for any subset I' C 7;. For g € m and P € V(Y),
the subgroup of Aut(X) which stabilizes gGp € V(X) is denoted by Stab(gGp).
If w € E(Y), then there is a subgraph W of Y with V(W) =V (Y) and E(W) =

E(Y)\ y,y. We use the letter Y\ {y} for this W.

Lemma 4.5. For any P € Y, the family of finite intersections of {m1 N
Stab(gGp)}ger, gives a neighborhood basis of e in 7.

Proof. By definition of 71, the family of finite intersections of the sets {7 N
Stab(gGg) | ¢ € m, Q@ € V(Y)} is a neighborhood basis of e. Thus it suf-
fices to show that for any g € m; and @ € V(Y), there are g1, g2, ..., gn € m with
N;_, ™1 N Stab(g;Gp) C 71 N Stab(gGg).

First we assume there is an edge w such that o(w) = P and t(w) = Q. Fix
g € m1. When the graph Y \ {w} is disconnected, there are subgraphs Wy and Wy
with 71 (Glw,, W1) *a,, ™1 (G|w,, W2) = 11 as in Lemma 4.1. Suppose P = o(w) €
V(W1) and @ = t(w) € V(W3). We can take b € Gg\tw(Gw) C m1(Glw,, Wa). For
any h € m, if g7'hg € Gp and b='g~ hgb € Gp hold, then g~'hg € G, C Gq.
Thus we have

m1 N Stab(gGp) N Stab(gbGp) C w1 N Stab(¢Gg).

By taking closures, we get T NStab(gGp)NStab(gbGp) C 1 NStab(gGg) since
stabilizers are clopen subgroups of Aut()~( ).

When the graph W = Y \ {w} is connected, we have 71 (G|w, W)xg, = .
Thus for any h € mq, if g~'hg € Gp and g,,g 'hgg,' € Gp hold, then g~ 'hg €

tw(Gw). We get
71 N Stab(gGp) N Stab(gg,*Gp) C m N Stab(gGg).

This leads to 71 N Stab(¢gGp) N Stab(gg,'Gp) C T N Stab(9Gg).

For a general @), there is a geodesic path from P to @) in Y. By using the
same argument repeatedly, we get g1, g2, ..., g, € m with ()], 71NStab(g;Gp) C
7, N Stab(gGo). 0

Lemma 4.6. For any P € V(Y), the closure Gp is a non-discrete compact open
subgroup of 7.
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Proof. Since Gp = 7, N Stab(Gp), it is trivial that Gp is open.
gem Stab(gGp) Nm = {e} for any P €
V(Y). Let Sy, i, be the topological group of all bijections from 7, /Gp to 71 /G p.

By Lemmas 4.4 and 4.5, we have [

There is the monomorphism f: 7 — Sy, /g, given by left multiplication. This f
is continuous with respect to the relative topology of m; induced by Aut(X) and
Sx/Gp is complete. Thus f extends to a continuous homomorphism from 7.

By Lemma 4.5, the extension of f gives a homeomorphism from 7 onto f(m).

Therefore, it suffices to show that m C Sx,/Gp is compact.

Let a be a generator of Gp and g € 7. There is a word (c, 1) of (G,Y") such
that c is a closed path from P to P and g = |c, u|. Suppose that ¢ = (y1,¥2,...,Yn)
and m; = [Gy(y,) : Ly, (Gy,)]. Since all vertex groups of (G,Y’) are isomorphic to

1

Z, we get gallizim)g=1 ¢ Gp\ {e}. Thus, for any g € 7, the relative order

[Gp : GpNgGpg] is finite. By using the argument in [Tz, Sect. 4], the closure

f(Gp) C Sz, /q, is compact.

In the proof of the compactness of Gp, we have Stab(¢gGp) N Gp =
gGpg ' NGp # {e} for any g € 7. Since Gp is isomorphic to Z, the intersection
Ni_, Stab(g;Gp) N Gp is not a trivial subgroup of Gp for any g1, ¢, ..., gn € T1.
Thus {e} is not an open subgroup of Gp and Gp is non-discrete. O

This lemma shows that 71 is a non-discrete locally compact group. To prove
C*-simplicity of 71, we use the following lemma, which is shown in a similar way
to [P-S, proof of Lem. 1.2].

Lemma 4.7. Let G be a totally disconnected group and K be a compact open sub-
group. If for every finite subset {g1,92,...,91} of G\ K there are pairwise disjoint
subsets S1,S2,...,59 of G and z1,z29,...,29 € G with the following conditions,
then property (2) in Lemma 3.1 holds for A, = C{(G) and K, = K:

e FEach S; satisfies K.S; = S;.
e Bach z; commutes with every element of K and satisfies z;g;2; *(G'\ Si) C S;

for every g;.

Proof. Take a self-adjoint element f € C.(G \ K) C Ci(G). Then there are
91,92, --,91 € G\ K which have pairwise distinct K-double cosets and f is sup-
ported on Ué‘:1 Kg;K. We have subsets S1,5,...,5 of G and z1,22,...,20 € G
which satisfy the assumptions of the lemma for g1, ¢s,...,¢g;. Since S1,55,...,S9
are unions of K-cosets, they are clopen. We define ¢; as the orthogonal projection
onto L2(S;). Then we get (1 — qi)/\zigjz;
and A, commute with {A;}rek, (1 — qi)AzigZ;1(1 — ¢;) = 0 holds for any i and
g€ Ué‘:1 Kg; K. Thus the self-adjoint element f satisfies (1—¢;) Az, fAS, (1—¢;) = 0.

1(1 — ¢;) = 0 for any ¢ and j. Since g;
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Generally, if a self-adjoint operator T" and a projection ¢ on a Hilbert space H sat-

isfy (1 — ¢)T(1 — q) = 0, then [(T¢,&)| < 2||T| ||¢€]| holds for any unit vectors
& € H. Thus we have

LS <2
(G2 Jee)| <31

for any unit vector & (see [P-S, proof of Lem. 1.2]), then

1 9

Since the continuous function %Z?:l Az fAL, is supported on |, ; Kzg;z7 'K

=

and the assumptions z;g;2; (G \ S;) C S; hold for every i, j, the support of
%Z?:l Az, fAL is on G\ K. By repeating the same process, for any ¢ > 0, we
can take wy, wa,...,w, € G with |2 3" A, fAL || < € and Au,pr A}, = k-
Therefore condition (2) in Lemma 3.1 holds for 4, = C¥(G) and K, = K. O

In the following lemma, we focus on reduced forms of elements in groups of
HNN extension. Let Gy be an HNN extension with respect to a discrete group
G and an isomorphism 6 between subgroups L; and Lo of G. Suppose that the
stable letter of Gx*g is denoted by t. If g € Gy has two reduced forms

Cot€101t62 Co - tlel and dotell dltslz d2 cee tsindm,

then we have | = m and (e1,e2,...,&) = (e1,¢€5,...,¢},). (See [L-S, Lem. 2.3].)
We call this [ = m the length of g.

Lemma 4.8. There is a compact open subgroup K of m which is contained in
Go(y) and satisfies the conditions of Lemma 4.7.

Proof. Let a, b be free generators of Gy(,) and G,,y. We suppose that ¢, (G,) =
(a"), 15(Gy) = (b™), and g,a™g, ' = b™ for some n,m € Z. We have |n/, [m| > 2
by assumption. If v is a geodesic path in T from o(y) to t(y) and H is a subgroup
Gi(y) N Gogy) = (aF) = (b*7) of my, then the subgroup (a,b) C m is isomorphic to
(a) *p (b). Define
B n?k~
(s ) (m. k)

and a subgroup K = (a") C 7. By Lemma 4.6, (a) is a compact open subgroup

of 71; then the finite index subgroup K = (a®) of (a) is also a compact open
subgroup of 71. When we take a finite set {g},95,...,6.} in 7 \ K, there is
gi € m \ (aV) with g/ € g;K for any i, since 7; \ K C (7 \ (a/V))K. Let W
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be a subgraph Y \ {y} of Y. By the isomorphism 7 (G|w, W)*p, = 71, m has
the structure of an HNN extension and ¢ := g, corresponds to the stable letter.
We have () = (a) Nt=2(b)t*> by definition of N. Let l,: m — Zso be the
function such that /,(g) is the length of g as an element of the HNN extension
71 (Glw, W)*e,. Suppose that L = max{l,(g;) |1 <1i < s}.

Set 71 = at™'bt. For every g € m with l,(g9) < L, we claim that if g ¢
Uiez7i(a™), then rFgry © has a reduced form which begins with at~* and ends with
ta~'. Suppose g ¢ U;cp 71 (a”) has the reduced form cot c1t2cy - - 1% @¢; (g).
When (e1,¢€2,...,¢1,(9) # (=1,1,=1,1,...,=1,1), the claim is trivial. Thus we
may assume (£1,€2,...,€1,(g)) = (—=1,1,=1,1,...,—1,1). First we assume l,(gri ")
> 1,(rfg), and let M be a non-negative integer satisfying l,(rfg) = 2L + 1, (g) —
2M. When M = 0, we have a reduced form of rFgr;* as

(at™'bt) - (at™"bt)cot  ertey - tey, (g (t 0 taT ) - (70T AT,
When M # 0, we get a reduced form of r¥g as

_M
rgL 2 )C’Mt’chHtCwal ety if M is even,

(L— 1\/12+1)
1

at=tetepr it e ot o teygy if M is odd.

Here we have
chy € (a™acy and cpr ¢ (a™) if M is even,
chy € (O™beps and ey ¢ (B™)  if M is odd.
This condition holds even if M = I(g) because of the assumption g ¢ [, i (a”).
Thus we get
chyra~t ¢ (a™) if M is even,
bt g (™) if M is odd.
Therefore, we have a reduced form of r¥gr; * whose length is longer than |1, (rfg) —
l,(r;%)|. Thus the claim is true when 1, (gr; %) > 1, (rfg). Similarly, we can prove
the claim when I,,(gr; ) < 1, (rfg).
For j € Z~q, we define S;» as the set of all ¢ € m; with a reduced form
g = cot®tc1t®2cp - - - 1519 ¢y such that
(€2i-1,€24) = (—1,1) for every i <j, and (e2j41,€2542) = (—1,—1).
Suppose rg = at~2bt? and z; == rirork. These {2;}; commute with a” and satisfy
the following: the inclusions
zjgzj_l(m \S%) C S

hold for every g € 7 \ {(a”) with I, (g) < L.
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This is because 7orFgry “ry! has a reduced form which begins with at—2
and ends with ¢t*a™", when g satisfies either I(g) < L and g ¢ (J;c5 71 (a™) or
g € Ujezrifa™) \ (a). Thus, if f € 7\ S, then zjgzj_lf has a reduced form
beginning with the words r{ at~2.

Since 57’; = WS’;, the sets {5, = S?}j are pairwise disjoint subsets of 7;
satisfying K .S; = S;. The subsets 51, S2,...,S9 of Ty and 21, 22, ..., 29 € 71 satisfy
the conditions of Lemma 4.7 for {¢}, ¢5,..., 9.} O

In the proof of the above lemma, both r; and 7y are in the kernel of the
modular function of 71, since a, b are elements in compact open subgroups of 7.
Thus A, = C}(71) and E, = Ek satisfy condition (2) of Lemma 3.1 and every
g; can be taken in the kernel of the modular function.

Proof of Theorem 4.3. Take g € m;. We show that there is a compact open sub-
group Ko C Gy(y) N Stab(gGyy,)) such that A, = C}(71) and E, := Ek, satisfy
condition (2) of Lemma 3.1. We assume that the following statements hold as in
the proof of Lemma 4.8:

e The elements a,b € m; are free generators of Gy(,) and Go(y)-

e The integers n, m satisfy 1,(G,) = (a™), 15(G,) = (b™), and ta"t~' = b,
where ¢ := g,.

e The function [, : m; — Zx¢ gives lengths of elements of m; with respect to the

identification 71 (G|w, W), = m of m1.

Since a ¢ (b™), there are ¢,d € {a,e} such that the equation I, (t*'cgdt*!) =

ly(9) + 2 holds. Set 1} = gdt~bt/dg~"ct Ibt’c for j € Z and K; = (a) N
Stab(r}(a)). By assumptions for ¢, d, if h € (a) N Stab(r}(a)), then we have

g 'hg € (a), (t7°bt*) " g hg(t2bt?) € (a),
and

(t72bt2) "L h(t72bt?) € (a).

This is because (¢t~2bt?)~1h(¢t~2bt?) = h holds for any h € (a) N Stab(t~2bt*(a)).
We get

(a) N Stab(rh{a)) = (a) N Stab(g(a)) N Stab(t~2bt*(a)) N g Stab(t~2bt*(a))g .

Thus we have K1 C (a)NStab(gGy,)) and " hrly = h =} " he, for any h € K.
For any f € m with I, (f) > ¢, we define ¢(f, ) as a sequence (£1,¢€2, ... ,¢&;) of
{0,1}, when f has a reduced form cot**cit*2cy... .15 ¢y, By using this
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definition, we set

r—t 1 —2
wi—rl T2 N

UL = {F €1 [ 1,(f) = ily(r}) + 2 and e(f,ily (1) +2) = e(w;, ily (r}) +2)},
Ui = ﬁ{ = KlUZ/
This {U;}$2, is an infinite family of mutually disjoint clopen subsets of 71 and we

have w;hw; * (7, \ U;) C U; for any h € (a) \ K. In the same way as in the proof
of Lemma 4.7, we get

I P

for every self-adjoint element 2 € C*({a)) C C¥(71). Let K C (a) be a compact
open subgroup of Lemma 4.8 and K := KNK;; then Fx, = Ei, oEk. For any self-

|z = Ex, (z)]]

adjoint element x € C}(71) and ¢ > 0, there are N € Z>¢ and g1, 92,...,9m € T
such that they satisfy

HL?NEK@»A;

and

I\D\sz

1 N
| 30w (Bc(o) = B B,

By the proof of Lemma 4.8, we may assume {g; }; are in the kernel of the modular
function and {Ag, }; commute with all elements of C}(K). Thus we have

! *
H W Z >‘w.7'9i (x - EKO (m)))\’u}jgi
i,

<

1 N
-~ Z /\wj (EK('I) - EK1 o EK(J:))ATU]
=1

1 o 1 &
+ HN ; Au, (M ; g, (@ — EK(x)))\;>/\;;j

<.

Moreover, every w;g; is in the kernel of the modular function and they satisfy
1
NM Z /\“’jgipK‘))\Z’jgi = PKo-
i,J

By using Lemmas 3.1 and 4.5, we get Theorem 4.3. O
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Remark 4.9. For the group 7 in Theorem 4.3 and the modular function A of 7y,
ker A is an open subgroup of ;. When the graph Y is countable, ker A satisfies the
conditions in Proposition 2.4, and 71 is an elementary group in Wesolek’s sense
[W]. This is shown as follows. Since 7 is countable, we can take the following
decreasing sequence (K,,)5 ; of compact open subgroups in 7; by using the proof
of Theorem 4.3:

o Mozi Kn={e}.

e For every n, there is a finite subset F,, of m; with K,, = ﬂhan Stab(hGy(,))N
Gi(y)-

e For every n, self-adjoint element = € C¥(71), and & > 0, there are g1, ga,. ..,
gm € m Nker A such that each g; commutes with all elements of K,, and

<e€

R .
5 ot B,

holds.

Define the open subset Ly, :=ker AN{g € T | g~ 'K, g < Gy(y)} for every n. Then
we can show that L, is the normalizer Nz, (K,,) of K, as follows. Since L, and
Ni, (Kp) are clopen subsets of 71, it suffices to show that L, N7 C Nz, (K,). Put
K! = m NK,, and take g € L, N ;. Then we have g 1K/ g = Gy Ng 'K,g.
Since g € ker A, we get

[Giy) g Kyl = [ét(y) L9 Kng] = [ét(y) D K] =[Gy K]

Thus we get K, = g7 'K},g < Gy, = Z and g € Nz, (K,). Since (72, K,, = {e}
holds, every g € ker AN7y has n € N with K,, < Stab(gG/(y)). This gives ker A =
U,~; L. By the third condition of (K,)22,, the C*-algebra C}(L,/K,) =
Ci(Ly)pk, C Ci(m) is simple for any n. Therefore, the increasing sequence
(L)%, and the decreasing sequence (K, )52 ; satisfy the assumptions of Proposi-
tion 2.4. Since 7 / ker A 2 A(7;) is a countable discrete group, the locally compact

group 7 is elementary in Wesolek’s sense [W].
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