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sl Triples Whose Nilpositive Elements Are in a
Space Which Is Spanned by the Real Root
Vectors in Rank 2 Symmetric Hyperbolic

Kac—Moody Lie Algebras

by

Hisanori TSURUSAKI

Abstract

In analogy with the theory of nilpotent orbits in finite-dimensional semisimple Lie alge-
bras, it is known that the principal slz subalgebras can be constructed in hyperbolic
Kac-Moody Lie algebras. We obtained a series of sl subalgebras in rank 2 symmet-
ric hyperbolic Kac—-Moody Lie algebras by extending the aforementioned construction.
We present this result and also discuss sl modules obtained by the action of the sl
subalgebras on the original Lie algebras.
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§1. Introduction

Kac—Moody Lie algebras are generalizations of finite-dimensional simple Lie alge-
bras, and can be divided into three types: finite, affine, and indefinite [Kac90].
Finite-type Kac—Moody Lie algebras are finite-dimensional simple Lie algebras.

In [Dyn57], nilpotent orbits in finite-type Kac-Moody Lie algebras were clas-
sified. Nilpotent orbits in a finite-type Kac—-Moody Lie algebra g are those formed
by inner automorphisms acting on nilpotent elements. These orbits are completely
classified by weighted Dynkin diagrams.

Moreover, from the Jacobson-Morosov theorem, for a nilpotent element x, we
can construct an sly-triple whose nilpositive element is  [CM93, Thm. 3.3.1]. A
nilpositive element is an element that is nilpotent and is in the positive root space.
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Classifying nilpotent orbits is equivalent to classifying slo-triples in g up to inner
automorphisms.

Among the nilpotent orbits in a finite-type Lie algebra, a nilpotent orbit with
the largest dimension (as an algebraic variety) is called a principal nilpotent orbit.
Let {e;, fi, hi} be the Chevalley generators of a finite-type Lie algebra. For each i,
take the appropriate a;’s in C and put

X = Z@i,
Y=Y aifi

%

K3
This {X,Y, H} is called an sly-triple corresponding to the principal nilpotent orbit
[CM93, Thm. 4.1.6].

For a principal nilpotent orbit of a finite-type Lie algebra, we can create a
principal SO(3) subalgebra compatible with the compact involution [Kos59]. We
provide further detail: Denote the Cartan matrix of g by A = (A;;) and the
Chevalley generators by {e;, fi, h;}. Put

pi=» A, (>0),
J

Finally, put
Js =3 pjhj,
J
J+ = Z njej,
J
J = Z njfj.
J
This {J3,JT,J~} spans a principal SO(3) subalgebra. This means that
[J3, JE] = £J%,
[+, J7] = Js.

In [NOO1], principal SO(1,2) subalgebras of hyperbolic Kac-Moody Lie algebras
are constructed and described in terms of the eigenvalues of their Casimir elements.
The principal SO(1,2) subalgebras are constructed for certain indefinite-type Lie
algebras which are not hyperbolic [GOW02].
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In this paper, we will construct SO(1, 2) subalgebras which are not principal in
rank-2 symmetric Kac-Moody Lie algebras. However, we will actually construct sl
triples, which correspond to SO(1,2) subalgebras. The discussion using sl makes
it easy to compare with Dynkin-Kostant’s theory of nilpotent orbits. The principal
SO(1, 2) subalgebra is compatible with the compact involution wg. This means that
when we decompose g as an sl;-module into a direct sum of irreducible components,
these irreducible components are unitary with respect to the Hermitian form in
[Kac90, §2.7] except for the SO(1,2) subalgebra itself. We will search for SO(1, 2)
subalgebras that are compatible with wy.

In fact, we will search for sly-triples corresponding to SO(1,2) subalgebras.
Since it is difficult to grasp the behavior of the imaginary root vectors, we construct
and classify the slo-triples under the condition that the nilpositive elements lie in
the space spanned by the real roots. This condition makes it possible to explicitly
calculate them. Although the meaning of this condition is unclear, we remark that
this condition is automatically satisfied for principal SO(1,2) subalgebras.

We will construct most of the slo-triples that satisfy these conditions. In par-
ticular, we classified them in all cases where the neutral element H is dominant.
For these cases, we will calculate the weighted Dynkin diagrams and the range of
the eigenvalues on § in the adjoint actions of the Casimir elements. We will also
calculate some of the components that appear when g is decomposed by the action
of each sly-triple.

§2. General theory of Kac—-Moody Lie algebras

In the following, we consider Kac-Moody Lie algebras on C. Denote by g or g(A)
a Kac—Moody Lie algebra for the Cartan matrix A. Let A be an n x n matrix. Let
h be a Cartan subalgebra of g. The root space with respect to the root « is written
as go. We denote the Chevalley generators of g by e;, fi, h; (i =0,...,n—1), and
the simple roots of g as ; (¢ =0,...,n —1). In this case, (h;, ;) = a;;. We write
nt for the subalgebra generated by the e; and n~ for the subalgebra generated by
the f;. We also denote by w the Chevalley involution on g. We denote by W the
Weyl group of g.

The Cartan matrix A is called symmetrizable when there exist an invertible
diagonal matrix D = diag(eg,...,en—1) and a symmetric matrix B such that
A = DB. A Kac-Moody Lie algebra whose Cartan matrix is symmetrizable is
called a symmetrizable Lie algebra. From [Kac90, Thm. 2.2], a symmetrizable Lie
algebra has a C-valued nondegenerate symmetric bilinear form (- | -) called the
standard form.
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We fix a real form hg of ) and define the antilinear automorphism wy in g by

wo(ei) = —fi,
wo(fi)=—€e; (1=0,...,n—1),
WO(h) =—h (h € b]R)
The automorphism wy is called the compact involution of g. From [Kac90, §2.7],
when g is symmetrizable, we can define the nondegenerate Hermitian form (- | -)o
on g by
(@[ y)o = —(wo(z) | ).

§3. SO(1,2) subalgebras in hyperbolic Kac-Moody Lie algebras

In this section, we will briefly recall the theory of SO(1,2) subalgebras in the
hyperbolic Kac-Moody Lie algebras from [NOO1]. An SO(1,2) subalgebra of g is
the 3-dimensional subalgebra spanned by the three nonzero elements J* € n*,
J~ en, Js3 €, satisfying

[J3, JF] = £J*,

[(JT,J7] = —Js.
A representation of an SO(1,2) subalgebra is called unitary if the representation

space V has a Hermitian scalar product (-,-) and satisfies the following two con-
ditions:

(i) The actions of J* and J~ are adjoint, and the action of J3 is self-adjoint.
That is, for any z,y € V,

([']+7 zl,y) = (z,[J7,y)),
([Jl’n l’}, y) = (.’E, [J37 yD
(ii) The Hermitian scalar product (-,-) is positive definite.

A hyperbolic Kac-Moody Lie algebra is a Kac—Moody Lie algebra such that
the Cartan matrix A is of indefinite type and symmetrizable, the Dynkin diagram
is connected, and any proper connected subdiagram is finite or affine.

Put
=3 A
J
Since p; > 0 for any 4, we put
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We may construct a principal SO(1,2) subalgebra of the hyperbolic Kac-Moody
Lie algebra g as follows:

Js ==Y phj,
J
JJF :anej,
J
J~ :anfj'
J

When g is decomposed into the direct sum of irreducible modules by the adjoint
action of the principal SO(1,2) subalgebra, these irreducible modules except for
SO(1, 2) itself are infinite-dimensional and unitary [NOO1].

In the case of the indefinite-type Kac—-Moody Lie algebras which are not
hyperbolic, the principal SO(1,2) subalgebras can be constructed in the same way
if p; > 0 for any i [GOWO02].

On the other hand, an sly-triple in g is a subalgebra of g with three nonzero
elements X € n*, Y e n™, H € h such that

[H, X] = 2X,
[H,Y] = -2,
[X,Y]=H.

The subalgebra spanned by X, Y, H in g is called an sly subalgebra. An sly-triple
can be constructed from the generators of an SO(1,2) subalgebra by setting

1
Jt=—=X,
V2
Jo =y,
=5
1
J3 - §H
In the principal SO(1,2) subalgebra, we have J~ = —wo(J 7).

Lemma 3.1 (Cf. [Kac90, §2.7 and Thm. 2.2]). Suppose that g is symmetrizable.
For any u € g, adu and —adwo(u) are adjoint to each other with respect to (- | -)o-
That is, for any x,y € g,

([u, 2] [ y)o = —(@ [ [wo(u), y)o-
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Proof. By the definition of the Hermitian form (- | -)o, let (- | -) be the standard
form and we have

([u, 2] [ y)o = —(wol[u, z]) | y)
= —([wo(u),wo(2)] | y)
= ([wo(2), wo(w)] | y),
—( | [wo(u),y)o = (wo(2) | [wo(u),y]).

From [Kac90, Thm. 2.2(a)], the standard form is invariant and we have

([wo (), wo(u)] [ y) = (wo(2) [ [wo(w),y]).

Therefore
([u, 2] [ y)o = —(x | [wo(u), y])o- O

From Lemma 3.1, even in the case of nonprincipal SO(1,2) subalgebras, if
J~ = —wo(JT) holds, then the unitarity condition (i) is satisfied with respect to
the Hermitian form (- | -)o when g is considered as a representation space with
adjoint actions. We will show that the converse is also true.

Lemma 3.2. Suppose that the adjoint action of the SO(1,2) subalgebra on g satis-
fies the unitary condition (i) for the Hermitian form (- | -)o. Then J= = —wo(JT).

Proof. Since J* and —wq(J 1) are adjoint to each other and so are J* and J—,
for any = € g,h € b, we have

([J+’$]’h)0 = (SC, [_w0<‘]+)’h])0
= (:c, [Jiﬂh])0~

Since (- | -)o is nondegenerate, we have

[_WO(JJ'_)’ hl = [J~, A,
which implies that

[h, ]~ + wo(JT)] = 0.

Since this holds for any h € b, we have J~ +wo(J*) € h. However, from [J3, J%] =
+J%, we have J*,J~ € n* @ n~, and hence J~ + wp(J') € n* @ n~. From the
above, we have J~ + wo(J 1) = 0. This proves the lemma. O

Motivated by this, we consider only SO(1,2) subalgebras that satisfy the
condition J~ = —wq(J 1), which is rephrased as Y = wo(X) in terms of sly-triples.
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§4. The real roots of a rank 2 symmetric hyperbolic Kac—-Moody Lie
algebra

Let a be an integer such that a > 3. Let g be a Kac-Moody Lie algebra whose

().

It is of hyperbolic type. Any real root can be expressed as w(ag) or w(ay) for

Cartan matrix is

some w € W [Kac90]. Let ro and 71 be the fundamental reflections for g and ay.
Since W is generated as a group by ro and r; [Kac90], any element of W can be

written in the form

ror i, ri(ror i,
( 0 1)i 1( 0 1)i (iEZ).
(7“17”0) , 7“0(7”17’0)

Lemma 4.1 ([KM95, Prop. 4.4]). Let {F,,} be a sequence determined by
Fop=0, FH=1, Fgo=aFy—F.
The real positive roots of g are of the form
a=Fypia0+ Fron

or
ﬂ = Froag + Fk—i—lal-

We will distinguish between these roots and call them a-type roots and S-type
roots, and define types a and (8 for the root vectors as well.

§5. sls-triples of rank 2 hyperbolic Lie algebras which are compatible
with compact involution

Let g be a rank 2 hyperbolic Kac-Moody algebra. We want to find X € g in the
space spanned by the real root vectors such that X, Y = wo(X), and H = [X,Y]
form an sls-triple. For X € g in the space spanned by the real root vectors, X can
be written as

X = ZCIE’L (Z € {0,-..,77;)( - 1}7 Ci € C7 Cj #07 El S 98:> El 7£ O)a
where §; (i € {0,...,nx — 1}) are distinct real roots and nx is a positive integer.
We call nx the length of X. First we show the following lemma.

Lemma 5.1. If the length of X is greater than or equal to 3, a required sly-triple
does not exist.
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Proof. We plot the roots on the zy-plane with the ay component as z-coordinate
and the a7 component as y-coordinate. If X| Y = wo(X), and H = [X,Y] form
an slo-triple, [H, E;] = 2E; holds for each i. Put 8; = pag + qay, where p,q € R.
Since [H, E;] = (pag(H) + qon (H)) E;, we have

pag(H) + qoi (H) = 2.

Since we can write H = rhg + shy where r, s € C, hg, h1 are the part of Chevalley

()0 -

This represents a line on the xy-plane. In other words, the 3; are collinear on the

generator, we have

xy-plane.
On the other hand, from [KM95, Cor. 4.3], the set of real roots A™ is repre-
sented as the set of grid points on the hyperbola

A= (o) € Zx 2| —aay 447 =1}

Therefore, the 5; are on the intersection of this hyperbola and the line. However,
since there are at most two intersections of a hyperbola and a line, it is not possible
to create the desired slo-triple when nx > 3. O]

From Lemma 5.1, we only need to consider the case when the length of X is
1 or 2. The multiplicity of a real root is always 1 (cf. [Kac90, Prop. 5.1(a)]), and
the real root can be obtained by acting on the simple roots with an element of
the Weyl group. Therefore, the real root vectors can be written in the form cw(egp)
or cw(ey), using ¢ € C, w € W. Note that the actions of the Weyl group on the
element of g, which is now written as w(eg)s, are the elements of Aut g, which are
determined by defining

ri;(x) = (exp(ad f;))(exp(ad —e;)) (exp(ad f;))

for the fundamental reflections r; (i € {0,1}) (cf. [Kac90, Lem. 3.8]), and w(z) €
Guw(a) holds for x € g,. We now show the following lemma.

Lemma 5.2. Forw € W, wwy = wow.

Proof. Tt is sufficient to show that when w = r;, we get r;lworiwal = id. We have

r; ' = (exp(ad —fi)) (exp(ad e;)) (exp(ad — f;)),
wor,;wo_l = (exp(ad wo(fi))) (exp(ad wo(fe,;))) (exp(ad wo(fi)))
= (exp(ad —e;))(exp(ad f;))(exp(ad —e;)).
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If we consider this in terms of the SL(2, C) representation of Aut g, we get

— expadey,

— expad f;,

— expad — f;.

Therefore we have

LD

Calculating the left-hand side, we get

GG DED)GGE)6)

Therefore, we have r; 'woriwy * = id. O
Lemma 5.3. When the length of X is 1, a required sls triple does not exist.

Proof. In the following, we denote the complex conjugate of a complex number
z by z and the absolute value by |z|. When the length of X is 1, we can write
X = cw(eg) or X = cw(ey) for some ¢ € C and w € W. When X = cw(eg) holds,
from Lemma 5.2, Y = —cw(fy) and H = —|c|[*>w(hg). To satisfy the condition that
X, Y, H form an sly-triple, [H, X] = 2X should hold. Now we have

[H, X] = [~|c[*w(ho), cw(eo)]
= —|c|*2cw(eg).
Therefore we have |c|? = —1. Since there is no such complex number, the sly-triple

cannot be constructed in this case. Since the same is true for X = cw(e;), the
sls-triple cannot be constructed when nx = 1. O

Next we consider the case where the length of X is 2. First, consider the case
when X = cow(eg) + c1w’(e1) for some ¢, ¢; € C and w,w’ € W. Let k, [, m, and
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n be integers such that w(ep) € Grag+iar, W (€1) € Imag+na, - Using Lemma 5.2,
we have

Y = —cow(fo) — crw'(f1)
and
H = — |co2(kho + Ihy) — |ex]*(mho + nh)
— cociw(eo), w'(f1)] — Goci[w’(ex), w(fo)]-

For the root space to which w’(e;) and w(fy) belong, the sum of their roots is
not 0. The same is true for w(eg) and w’(f1). Therefore, for H € b to hold, it
should hold that

[w(60)7w/(f1)] = 07 [w/(€1)7w(f0)] =0.

This condition holds when w = (rory)®, w' = (r119)¥, or w = ri(rory)*, w' =
ro(r170)¥. When this condition holds, we have

H = (—k|eo|* = mlei|*)ho + (<lleol® = nler]*)ha
If [H,X] =2X, then X, Y, H form an sl triple. From the fact that

[H, X] = (—k|co|* — mle1|*)(2k — al)cow(ep)
+ (~l|col® = nler|*) (—ak + 20)cow(e)
+ (—klcol® = mle1]®)(2m — an)ew’ (ey)
+ (~l|col® = nle1|*) (—am + 2n)ciw (e1),

it should be satisfied that

(akl — 2k? + akl — 212)|co|? + (alm — 2km + akn — 2In)|c1|* = 2

and
(akn — 2km + alm — 2In)|co|> + (amn — 2m? + amn — 2n?)|c,|? = 2.
Let
A = 2akl — 2k* — 217,
B = alm — 2km + akn — 2In,
C = 2amn — 2m? — 2n?.
Then

14|Co|2 + B|Cl‘2 = 2,
Blco|? + Cler|? = 2.
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If B2 - AC #0,

2(B-0C) 2(B—A)

B2 - AC’ B2 - AC

In addition, a straightforward calculation yields the following lemma.

|col? = le1]? =

Lemma 5.4. B? — AC = (a® — 4)(kn — Im)?. O

From Lemma 5.4 and a > 3, if kn —Im # 0, then B2 — AC > 0. Since we have
lco|? > 0, |e1|* > 0, we want to find the condition. If w = (ror1)%, w’' = (r179)?,
then k = Foyy1, | = Fopy m = oy, n= Foyqq. If w= 7“1(7“07"1)”, w' = To(’l“lTo)y,
then k = Fbyi1, | = Fopyo, m = Foyio, n = Foyy1. We will show the following
lemma first.

Lemma 5.5. For any i,j € Z>o, if k = Fipq, | = F;, m = Fj, n = Fj1, then
A=C=-2.

Proof. If we set f(i) = 2aF; 41 F; — 2F%, — 2F?, we get f(i +1) = f(i) by a

simple calculation. Therefore, f(i) = f(0) = —2. From this we know that A =
C=-2 O

From Lemma 5.5, we have

2(B +2)
B2 —4
2

B-2
Lemma 5.6. For any i,j € Z>o, if k = Fipq, | = F;, m = Fj, n = Fjq1, then
B > 2.

lcol? = |e1]* =

Proof. Since B depends on ¢ and j, we will write it subscripted as B;;. Similarly,
we will write &, [, m, n as k;, l;, m;, n;. We can calculate Bog = a > 2. It is
sufficient to show that B;; is monotonically increasing with respect to ¢ and j. By
symmetry, it is sufficient to show it only for 4. Since

kit1 = ak; —l;, Ly = ki,
we can calculate

B(i+1)j — Bij = (a Z)kimj + ZZimj + (a2 — Z)k‘i?’l]' — alinj
(

> (a— 2)klm] + 2llm] + (2a — 2)]€ZTL] — almj ((L > 3)
= (Cl — Z)kimj + ZZimj + (a — Q)k;inj + a(k‘l — ll)n]
>0 ((LZ?), k1>lz)

This shows monotonicity. O
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If we set ¢ = 2z and j = 2y in Lemma 5.6, we have B > 2 when w = (rory)%,
w’' = (ryro)Y. Similarly, if we swap k and m, [ and n in Lemma 5.6 and set
i=2x+1and j =2y+ 1, we can see that B > 2 is also true when w = ry(rory)?,
w’' = ro(rire)Y.

Proposition 5.7. Let Ey, Ey be real positive roots of different types (in the sense
of a and B types). If we take the appropriate co,c1 € C, then X = coEp + c1En,
Y =wo(X), H=[X,Y] form an sly-triple.

Proof. We can assume that FEjy is of type a and F; is of type 8. The Fy’s can be
written in the form cw(ep) or cw(ey) using the constants ¢ and w € W. Considering
¢o and ¢1, we only need to consider the root vector of the form w(eg) or w(ey).
The types of (ror1)*(eg) and ro(r170)%(e1) are o, while the types of (r17)(e1) and
r1(ror1)(eo) are B.

When Ey = (ror1)%(eo), E1 = (r170)*(e1) or when Ey = ro(r1719) (e1), By =
r1(ror1)"(eo), we have B > 2. Therefore we can take ¢ = ¢ = 1/2/(B —2) and
we obtain the conclusion. When Ey = (ror1)%(eg), E1 = r1(ror1)%(eg) or when
Eo = ro(r1m0)*(e1), B1 = (r170)%(e1), we can repeat the discussion of this section
in the same way. O

The contents of this section can be summarized as follows.

Theorem 5.8. Let X be an element of a space spanned by a real positive root
vector.

(1) If the length of X is not 2, then X, Y = wo(X), H = [X,Y] do not form an
sly-triple.
(2) Suppose the length of X is 2 and Ey, E1 are real positive roots of different

types (in the sense of types o and ). If we take appropriate co,c1 € C, then
X =cEo+ B, Y =wi(X), H=[X,Y] form an sly-triple.

Proof. We can see this from Lemmas 5.1 and 5.3 and Proposition 5.7. O

§6. Weighted Dynkin diagrams

The Dynkin diagram of the Kac—-Moody Lie algebra we are dealing with is

O<T>O.

In fact, the two vertices are connected by a line segments, which are abbre-
viated as shown in the figure above. In this section we compute the weighted
Dynkin diagram corresponding to the sls-triple constructed in the previous section.



sl TRIPLES IN HYPERBOLIC LIE ALGEBRAS 425

A weighted Dynkin diagram is a Dynkin diagram where each vertex is labeled, and
the label of vertex i is defined as «;(H). Since the rank of the Kac-Moody Lie
algebra we are considering is 2, i = 0, 1.

In the following, let £ = Fi11, 1 = F;, m = Fj, n = Fj;,. Rewrite X =
coblo + c1Ey and let Ey € grag+iars £1 € Omag+na, - Then Ey is a root vector of
type « and E; is a root vector of type 8. Now, if E € gya+ya,, then [H, E] =
(xao(H) + yaq (H))E. Recall that [H, X] = 2X. Since X = ¢oEy + ¢1 E1, we have

[H, Eo] = 2Ey,
[H, Ey] = 2E,.

From these equations, we have

_ 2(k—m)

on(H) = kn—Im’

Therefore, the weighted Dynkin diagram is

2(Fj — Fy) 2(Fiy1 — Fj)
Fi1Fip — FiFj Fi 1 Fjp — FiFy
(e} O.

a

In the general Kac—-Moody Lie algebra, we say h € b is dominant if h satisfies
a;(h) > 0 for any 4. In the finite-type case, for any sl triple, we can transform it
by the action of an appropriate element of the Weyl group so that H is dominant.
In the case of a rank 2 hyperbolic Kac-Moody Lie algebra, if H is dominant, then
when we decompose g into the direct sum of eigenspaces with respect to the adjoint
action of H, the dimension of the eigenspaces corresponding to each eigenvalue will
be finite.

With this motivation, we aim to classify cases where H is dominant. When H
is dominant, each weight in the weighted Dynkin diagram is greater than or equal
to 0. We do not consider whether an sls-triple can be constructed when X can be
written as the sum of two root vectors of the same type (in the sense of types «
and f3), but even if it can, we can show that H is not dominant.

Lemma 6.1. Suppose X = coEg+ c1E1 and that Ey and Ey are real root vectors
of the same type (in the sense of types a and ) and the roots to which Ey and Ey
belong are different. If X, Y = wo(X), H = [X,Y] form an sly-triple, then H is
not dominant.
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Proof. Suppose that Ey and F; are both of type a. Let k = Fiy1, 1 = F;, m =
Fi11, n = Fj, and write Fy € grag+iars £1 € Smag+na:- Lhe roots to which Fy
and FE; belong are different. Therefore i # j. Repeating the above calculation
when Ej is of type o and Ej is of type 3, we get

o() = 2

However, n — 1 = F; — F; and k —m = F;; — F;11 are both not equal to zero
and have different signs. Therefore, either ag(H) or oy (H) will be negative, and
H will not be dominant. O

Lemma 6.2. Of the sly-triples created by Proposition 5.7, H is dominant if and
onlyifi=3—-1,7,7+1.

Proof. In order for oiy(H) > 0 to be true, n — [ = Fj11 — F; > 0 should be true.
Thus we have ¢ < 5+ 1.

Also, in order for ay(H) > 0 to be true, k — m = F;41 — F; > 0 should be
true. Thus we have i +1 > j.

Putting these together, we get j —1 < i < j+ 1. The converse is obvious. [

Proposition 6.3. The sly-triple constructed in Proposition 5.7 can be trans-
formed under the appropriate action of an element of a Weyl group so that H
is dominant.

Proof. If H is originally dominant, there is no need to transform it. Otherwise, it
becomes |i — j| > 2.
Now we know
€0 € gFia0+Foas (type a)’
7“1(60) € Fiao+Feon (type ﬁ)v

?"07’1(60) € IRap+Fear (type a)

and
€1 € gFyao+Fran (type 5)7

To(el) € Oao+Fia; (type Oé),
r170(€1) € 9Fao+Fsar  (type B).
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Since FEy is of type a and FE is of type 3, we can write

Eo =rori70 - Tp(rlfp) € 9F 1a0+F;ars

(p,g=0or1).
By =riror1 - 1¢(r1-¢) € 9F a0+ Fj 100
If 9 acts on these elements,
ro(Eo) = riro-1p(riop) € 9F_ a0+ Fians

ro(E1) = rorirori -+ 1q(r1—q) € 9F; 2a0+F; 100

Keeping in mind that r¢(Ey) is of type 8 and ro(E1) is of type «, comparing these
with the above, we can see that the number corresponding to i is j + 1. Also, if
acts on Fy and F1,

1 (EO) =Triroriro - - - rp(rl—p> S gFi+1ao+Fi+2a17

7”1(E1) = 7”07"1”-7”(1(7”1_(1) € OFja0+F;_1aq-
In this case, the number corresponding to 7 is j — 1 and the number corresponding
to j is i+ 1. From this, ¢ — j becomes j — i+ 2 under the action of rg, and j —i —2
under the action of r1. If ¢ — j > 2, |i — j| decreases by 2 when rq is applied. If
j—1>2,]i — j| decreases by 2 when r; is applied. By repeating this process, we
can change |i — j| to 0 or 1. O

Put Lemmas 6.1 and 6.2 together to get the following.

Theorem 6.4. The sly-triple {X,Y, H} of g, where X is in the space spanned by
real root vectors, Y = wo(X), and H is dominant, are all those listed in Lemma 6.2.

O
When i = j, the weighted Dynkin diagram is

2 2
Fig + F; Fiy + F;

O &—F O.
a

When i = j+ 1, it is

0 2
F;
04— o0
When i = j —1, it is
2 0
Fita
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§7. Eigenvalues of the action of the Casimir element on §

The Casimir element ¢ of a finite-dimensional semisimple Lie algebra gg is the
element
c= szyz € U(go),
i

where (-, ) is the Killing form, {z;} is the basis of gg, and {y;} is the dual basis
with respect to this basis and the Killing form. The term U(gg) represents the
universal enveloping algebra of go. When considering the action of go on a go-
module L, the action of the Casimir element is commutative with any action of an
element of gg. When L is an irreducible module, from Schur’s lemma, the action
of the Casimir element is a scalar multiplication.

When decomposing g by the action of the sl subalgebra created in the previ-
ous section, from dim h = 2, there are two irreducible modules that pass through b.
In particular, one is the sly subalgebra itself. In this section we will find the eigen-
values of the Casimir element when it acts on h with adjoint action, and we will
determine how many times the action of the Casimir element makes the two irre-
ducible modules. Let ¢y, be the Casimir element in the sl, subalgebra constructed
above,

1 1 1
=_H?’4+-XY+-YX
cL 3 + 1 +4

1 1 1
=-H?>+_-H+-YX.
Tt

8
For the sls-triple constructed in Proposition 5.7, we will calculate the eigenvalue of
the Casimir element. Let X = ¢gEy+c1 E1, where Ej is of type a and Ej is of type
B. Using p,q € {0,1}, we can write Ey = w(ep), E1 = w'(eq). Let Ey € Grag+ias
E1 € gmag+na,- We can write k = Fyq, l = F;, m = F;, n = F; ;. We have

cr(ho) = 5[V, [X, hol]

[(al — 2k)cow(ep) + (an — 2m)crw’ (eq), Gow(fp) + Grw’(fy)]-

N = N =

Now since both [w(e,), w'(f,)] and [w'(eq), w(fp)] are 0, we have
cr(ho) = %((al = 2k)[co*w(hp) + (an — 2m)e1[*w’ (hy))

%((al — 2k)k + (an — 2m)m)|co|* ho
((al = 2k)l + (an — 2m)n)|co|*h1.

L1
2
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Similarly,
cp(h1) = S[Y, [X, ]

1
2
1
= 5((&1@ — 20k + (am — 2n)m)|co|*ho
+

((ak — 20)1 + (am — 2n)n)|co|*hy.

The eigenvalues of the action of ¢y are eigenvalues of

1, o [ (al = 2k)k + (an — 2m)m (ak — 20k + (am — 2n)m
§|CO| (al — 2K)l + (an —2m)n  (ak?D)l + (am —2n)n |~

For simplicity, let

P = (al — 2k)k + (an — 2m)m,
Q = (ak —2))k + (am — 2n)m,
R = (al — 2k)l 4 (an — 2m)n,
S = (ak —20)l + (am — 2n)n.
Solving for
‘X -P Q| _,
-R X-S ’

we get

(P+8)£+/(P+S)2—4PS+4QR
2

X =

and the eigenvalues are

(P+S)+/(P+S5)2—4PS + 4QR
4

ol

We will write this as E*.
Lemma 7.1. We have P+ S = —4 and QR — PS = B? — 4.
Proof. This lemma is shown from

P+ S =akl — 2k* + amn — 2m? + akl — 2% + amn — 2n?
=A+C
=—4
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and

QR — PS = (ak — 2l)(an — 2m)(kn — Im) + (al — 2k)(am — 2n)(Im — kn)
= B? - AC (from Lemma 5.4)
=B*-4. O

From Lemma 7.1, we have

(P+S)+£./(P+S)2+4(QR — PS)

EE = 1 |col?
—4+2|B
_ : | ||CO|2
-2+ B 2
- F 3 (from Lemma 5.6, B > 2)
_ B+2 1
- B-2 7

The eigenvalue 1 corresponds to the sl subalgebra itself, and the other eigenvalue
corresponds to the other irreducible component. Let
pr—_B+2
B-2
and we will consider the range of values of ET. Since B > 2 from Lemma 5.6,
ET is strictly increasing with respect to B. Also, from Lemma 5.6, B is strictly
increasing with respect to ¢ and j respectively. When ¢ = j = 0, we have B = a

and
pr—_2t2
a—2
When B > 2, we have ET < —1 and
_e+? < ET < —1.
a—2

We will do some more calculations on the value of B.

Lemma 7.2. For any 1,

lim B = oo,
Jj—o0

and for any j,

lim B = co.
17— 00
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Proof. From symmetry, only the first half needs to be shown. We can calculate
that
B = Fii1(an —2m) + aF;m — 2Fn

> Fi+1(3n - Qm) +aF;m — 2F;n

= i+1(’rL — 2m) + aFZ-m + 2n(Fi+1 — Fl)
If 4 2 1, then Fi+1 = aFi - Fi—l and Fl > Fi—la and if 1 = O, then Fi+1 = aFi.
From this, we have

Fip1> (a—1)F;
and therefore
2n(Fi+1 — Fz) > 2(& — 2)’I’LF1Z

From n > 2m and a > 3, we have
hm Fi+1(n — 2m) = 00,
—00

lim aFym = oo,

j—o0
lim 2(a — 2)nF; = co.
]*)00
Consequently, we have
lim B = oc. O
j—o0

From Lemma 7.2, we have

lim E* = —1, lim BT = —1.

i—00 j—o0

The above can be summarized as follows.

Proposition 7.3. We have that E™T is strictly increasing for i, j, and

a2 <EtT<-1
a—2
and
lim E* = —1, lim Bt = —1. O
i—00 j—o0

From [HT92, §II, Thm. 1.1.3], ET < —1 means that the module with this
eigenvalue is an infinite-dimensional module that is neither a highest module nor a
lowest module. We can also see that this module is a principal series representations
of 5[2.

Example 7.4. Let a = 3. Then Fy =0, F} =1, F, =3, F3 =8,.... The E*’s
for the sly triples created in Theorem 5.8 are given in Table 1.
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(k. D\(m,n) (0, 1) (1, 3) (3.8  (821) (21,55
(1, 0) -5 ~1.8 ~1.25  —1.088889 —1.033058
(3,1) ~18 ~1.25  —1.088889 —1.033058 —1.012500
(8, 3) ~125  —1.088889 —1.033058 —1.012500 —1.004756
(21, 8) —1.088889 —1.033058 —1.012500 —1.004756 —1.001814
(55, 21)

—1.033058 —1.012500 —1.004756 —1.001814 —1.000693

I would
moto fo

Table 1. The E™T for the sl, triples created in Theorem 5.8, a = 3
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