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Movable Singularity of Some Hamiltonian
Systems Associated with Blowup Phenomena

by

Masafumi YOSHINO

Abstract

The motivation for this paper comes from a blowup problem for a semi-linear wave
equation and a heat equation. Following an idea of J. Leray, we study a radially symmetric
self-similar solution which has singularities on the characteristic cone. This naturally
leads to the study of a Hamiltonian system called a profile equation. The novelty of
this paper is that we focus on the movable singularity of the Hamiltonian system and
we use Borel summability in constructing a singular solution. By “movable singularity”
we mean that the singularity does not appear in the coefficients of the equation and
depends on the respective solution. In the proof of our theorem we reduce the Hamiltonian
system to a simpler form by a method similar to the so-called Birkhoff reduction. We
obtain the parametrization of a singular solution by an elementary function. We also give
applications to a semi-linear wave equation and a heat equation.

Mathematics Subject Classification 2020: 35C10 (primary); 45E10 (secondary).
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§1. Introduction

In this paper we are interested in the blowup of a semi-linear wave equation and a
semi-linear heat equation. (cf. Section 6). We study it using the movable singularity
of the deduced Hamiltonian system, called a profile equation. As for the blowup
of solutions of equations in mathematical physics, there are many works from the
viewpoint of real analysis. (See [4] and the references therein.) In this paper we
consider a radially symmetric self-similar solution following an idea of J. Leray.
Such a solution gives a singular solution with singularity on some characteristic
cone. By simple calculations, the solution satisfies a certain Hamiltonian system.
(cf. Section 6). Our main idea in constructing a singular solution is to use a solution
with a movable singular point of the reduced Hamiltonian system. In fact, in the

Communicated by K. Nakanishi. Received March 11, 2022. Revised June 26, 2022.

M. Yoshino: Department of Mathematics, Hiroshima University, Hiroshima 739-8526, Japan;
e-mail: yoshinom@hiroshima-u.ac.jp

(© 2024 Research Institute for Mathematical Sciences, Kyoto University.
This work is licensed under a CC BY 4.0 license.


mailto:yoshinom@hiroshima-u.ac.jp
https://creativecommons.org/licenses/by/4.0/

434 M. YOSHINO

preceding paper [6] we considered a semi-linear wave equation. Then a semi-linear
Heun equation appeared as the reduced Hamiltonian system. We constructed a
self-similar singular solution by virtue of a solution with a movable singular point
of the semi-linear Heun equation.

In this paper we give a new method to treat the Hamiltonian system, which is
based on Borel summability. This also gives an alternate proof of [6] in the case of a
semi-linear wave equation. We also apply our method to the study of a semi-linear
heat equation. We remark that a close relation between the movable singularity
and the elliptic function has already been observed in the classical work [1] for the
Painlevé equation. Among the many related works, we cite the recent work [3],
where an exact asymptotic theory and the elliptic function play an important role.
(See also [2].) We consider the Hamiltonian system H which is the perturbation of
some Hamiltonian system Hy. We assume that Hy has a solution with a movable
pole or a movable algebraic branch point. Our main result is the construction of
the solution of H with a movable pole or a movable algebraic branch point. We
apply our result to the construction of a radially symmetric self-similar solution
of a semi-linear wave equation with singularity on a certain characteristic cone.
The position of the characteristic cone is given by the movable singular point of
the solution of the profile equation. The proof of the main theorem is achieved by
expressing the solution of H as the pull-back of that of Hy by some diffeomorphism
on the phase space. The existence of the diffeomorphism is shown by the Borel
summability method. The method has the advantage that we also get information
on the location of the movable singular point and the property of the singular
point.

This paper is organized as follows. In Section 2 we consider the movable
singularity of some Hamiltonian system. In Section 3 we show the solvability of
a homology equation. In Section 4 we prove the Borel summability of a formal
solution of a homology equation in a domain of phase space. Using the preparations
in Sections 3 and 4 we prove Theorem 2.1 in Section 5. In Section 6 we give
examples of the blowup problem. In the appendix we give the proof of Borel
summability.

§2. Statement of results

Let ¢ = (q1,---,qn) and p = (p1, ..., pn) be the variables in (¢g,p) € C™ x C™. Let
H = H(q,p) be an entire function of ¢ and p. Consider the Hamiltonian system

dg; _OH —dp; _ OH

2.1 - il
(2.1) dz  9dp;’ dz dgq;’

i=12....n.
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For a function F', define the Hamiltonian vector field x g as

n

(2.2) r ::Z(ﬁFi oF 0 )

=\0p; Dq;  0q; Op;

Define the Poisson bracket of F and G as {F,G} := xrG. If xgF = 0, then we say
that F is the first integral of y . We say that the Hamiltonian system is integrable
if there exist n first integrals ¢; in involution, {¢;,¢;} = 0 such that the ¢, are
almost everywhere functionally independent.

In what follows we consider Hamiltonian systems with n = 2. Let A # 0 be a
constant. For integers ¢ > j > 1, set v =i — j. Define

(2.3) Hy = \gaps + qbph.

Let H; be a polynomial of g and ps with coefficients analytic in ¢; in the domain
Q1 C C containing the origin. Assume that the constant term of H; with respect
to g2 and py vanishes. Set H := Hy(qa,p2) + H1(q1, g2, p2). Consider

dgo OH dpo OH
2.4 G 04 oz _ 08
(2.4) dgi  Op2’  daqi 0q2

Let Ko > 0, g9 > 0 and 9 > 0 be constants. Define ¥ as

E0 = {(q27p2) | QEl =ar, p2 = 57", |CY‘ < €p, |6| < €p,

(25) O<’I"<T07 |q2_1‘SK0, ‘pQ‘SKO}
Suppose
0’H
(2.6) aTﬂ(t’ q2,p2) # 0, forallt € Qy, for all (g2, p2) € o.
2

Consider the equation of (usg,u4):

(2.7) Z—Z(Z,U3,u4) =0, OH

s (z,us,ug) =0, z€ Q.
Assume that

(AS1) Equations (2.7) have a solution (us,us) = (wo(2),wo(2)), which is holo-
morphic in z € €7 and which does not vanish identically, such that wg(0) =
0, wp(0) = 0.

Then we have the following theorem:

Theorem 2.1. Suppose that (AS1) and (2.6) are satisfied. Assume j = 1. Then
(2.4) has a solution (q2,p2) having a movable pole or a movable branch point in .
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Remark 2.2. (a) We note that H is independent of p;. The nonautonomous
system (2.4) is equivalent to the autonomous one with Hamiltonian p; + H.
Assumption (AS1) is used to transform (2.4) into the Hamiltonian system for
Hy. In fact, we construct the formal power series of a certain parameter by
(AS1). The Borel sum of the series gives the transformation.

(b) Our method also works for H, with resonance. Define
(2.8) Ho(g2,p2) = Aq2p2 + cg3p3 + e2(d3 + p3),

where A # 0, c and g9 > 0, €3 # 1 are constants. Then we have the following
theorem:

Theorem 2.3. Let Hy be given by (2.8). Assume that (AS1) and (2.6) are
satisfied. Then (2.4) has a solution (g2, p2) having a movable pole or a movable
branch point in €.

§3. Homology equation

Let = = (G1,p1,¢2,P2) and y = (q1,p1,92,p2) be the variables. We write z =
(z1,...,24) and y = (y1,...,ya), for simplicity. Let H be given in (2.4). Consider
the map = = u(y), v = (u1,...,us) which transforms xp, +z t0 Xp,+H,. Define
(3.1) X0 = Xp1+Agapz-

The component vector of X with respect to the basis 8/9q1, 9/0p1, 0/0qa, 8/Op2
is given by (1,0, Ag2, —Ap2) =: A(y). Set

(3:2) f(x) = H(q1, G2, P2) — AGoP2
(f is independent of x5 = 1) and define

(3.3) R:=xy, S=x

aip}
Let r(x) and s(y) be the component vectors of R and S, respectively. The first

and the second components of s(y) vanish. The term A(u(y)) is independent of z5.
Then we have the following lemma:

Lemma 3.1. Let u = u(y) satisfy
(3.4) Ay)Vu + s(y)Vu = r(u) + A(u)

such that (Vu)~! ezists. Then x = u(y) transforms (A(y) + s(y))a% to (A(z) +
r(z))Z. Here, Vu is the nabla of u with respect to (yi,...,ys) and A(u) =
(1, 07 )\’U,g7 —/\U4).
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Remark 3.2. Equation (3.4) is called a homology equation.

Proof of Lemma 3.1.

(A(z) + r(w))a% = (A(u) + r(u))(vu)—la% = (A(y) + s(y))aﬁy. 0

Deduction of the homology equation. Consider the third row of (3.4). Set
w=ug, u=(u,...,us). By A(y) = (1,0, Ag2, —Ap2) we have
ow 1 0w . i1 0w

3.5 Tt bw— i P —— + gkl e— — A —R =0
(3-5) oq TOU T mag o gy 5~ Aw = Ra(u) =0,
where § = )\(qza%2 —pgaim) and Rs(u) = (0f/Ip2)(u).

Consider the first-order terms of the left-hand side of (3.5) except for the first
term. They are given by the Hamiltonian vector field of Hy. By taking ¢ as the
time variable we write it as the system of ordinary differential equations

1 i—1

(3.6) Go = Ag2 + jabph ", P2 = —Ap2 — iphal

Set v = ¢ — j. By the change of unknown functions

(3.7) g2 =1/r, pa=rv,
we have
(3.8) 0= —vr ", = —Ar— el

Because Agaps + qépé is the first integral of (3.6), there exists a constant ¢; such
that Agaps + gbp} = c1. Hence, by (3.7) we have A\v +v7 /r¥ = ¢1. By (3.8) we have
U — Avv + ¢ = 0, from which we have

(3.9) v=c A+ et
where ¢y is a constant.

By (3.8) and © — Avv + ¢1v =0, (3.5) can be written as

0 0 4 0
(3.10) a—;li +v(w— 61)871;)) —(Ar+ jv’_lrl_”)a—:ﬁ) —Aw — R3(u) = 0.
In order to solve (3.10) we introduce a new equation with parameters n and h:

h(r”fln(gfzf +u(w— Cl)%) +(1- Anrv)%>

(3.11) — " (duz + Ra(u)) = 0.
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We also consider the equation for uy similar to (3.11). For the moment we assume
that uy is given. Assume j = 1. If we have the solution of the system of equation
(3.11) and ug, then we have the solution of (3.10) if we set n = h™! with

(3.12) h=-1,

and multiply (3.10) by r*~1. Therefore, we consider the solvability of (3.11).

We introduce the renormalization variable ¢;. Consider the curve (q1,v(q1))
in (q1,v)-space, where v(q;) is given by (3.9) with ¢; = ¢. Then the vector field
6%1 + v — cl)% is written as 9/0¢;, where ¢; is the characteristic variable.
Then we can write (3.11) in the form

dus: dus:
v—1 3 o v 3y, v-1 _
(3.13) h(r n@q} + (1= Anpr”) o ) "7 (Auz + Ra(u)) =0,

where u = (u1,0, ug, uq). Similarly, us satisfies
Ous
oq
where Ry(u) = (0f/0G2)(u).

Consider the solvability of the reduced homology equation (3.13)—-(3.14). First
we show the following:

(3.14) h(r’**ln +(1- Am’”)%) + 7" (Aug + Ra(u)) =0,

Lemma 3.3. The variable u; is given by

1 2
(3.15) up = —%1 5 log(vAv — c1v) — oW log(1 — Anr").

Proof. Because the first component of r(u) vanishes, we replace Aug + R3(u) in
(3.11) with 1. Then the first column of (3.4) gives the equation for w = u;:

ow ow
v—1 1= \r? B o DS 0
r g + ( nr') 5 " =0,
from which the assertion follows. O

We replace v in (3.15) with v + vy, where vAvg — c;v = 1. Then we are
reduced to the case —ci;v = 1. In the following we assume —c;v = 1 for the sake of
simplicity. Insert u; into R3(u) and R4(u) in (3.13) and (3.14), respectively. Then
we have the following theorem:

Theorem 3.4. Suppose (AS1). Then, for every Ko > 0, there exist neighborhoods
Uy of 1 =0 in Qq, Us of v =0 and Qg of r = 0, respectively, hg > 0 and a sector
So with opening equal to or greater than w such that, if h € Sp, |h| < ho and
Inr| < Ko, then (3.13)~(3.14) has an analytic solution (us,uq) for (qi,v,r) €
Uy x Us X Qo.
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Theorem 3.4 follows from Theorem 4.1 which follows below.
Remark 3.5. We can take hg in Theorem 3.4 arbitrarily large. (cf. Remark A.6).

Next we consider the solvability of (3.4). We use the variables g1, p1, v and
r. Note that, if u, us and u4 are given, then wus is given by the integration of the
second equation of (3.4). By Theorem 3.4 we have the following theorem:

Theorem 3.6. Suppose (AS1) and j = 1. Then, for every Ko > 0, there exist
neighborhoods Uy of g1 = 0 in Qy, Uy of pr = p\”, Us of v =0 and Q of r =0,
ho > 0 and a sector Sy with opening equal to or greater than w such that, if
h € 8o, |h| < ho and |r| < Ko|h| for h = —1, then (3.4) has an analytic solution
u=(uy,...,uq) for (q1,p1,v,7) € Uy x Uy x Uy x Q.

Remark 3.7. Let u = (uq,...,uq) be asolution of (3.4). Then (us, u4) is the pull-
back of a certain symplectic transformation if (2.6) holds. In particular, (Vu)~1
exists. For the sake of completeness we give the proof in the appendix.

§4. Borel summability
§4.1. Definition

Let Uy, Uy and Qg be the domain in C. Consider the formal power series of h,

(4.1) v(qr,s,m,h) ZU” q1,5,7)

where the v, (g1, s,7) are holomorphic in the domain (g1,s,7) € Uy x Us x Q.
Define the formal Borel transform B as

oo

,S,T) -
(4.2) B(v)(q1,s,7,y) Z nql_ ol L

where y is a dual variable of h. Denote the set of nonnegative real numbers by R .
Let dist(z, Ry e®) be the distance from z to R e’. For 7 > 0 and the direction &,
define

(4.3) E( 1) ={2€C| dist(z, R e') < 7/2}.

Define the sector with direction £ € R and opening 7 > 0 as {z € C\0 | |arg z—¢| <
T/2}.

We say that v(q1, s, 7, h) is (fine) Borel summable in the direction ¢ if there
exists 6 > 0 such that B(v)(q1, s, r,y) converges when (g1, s,7) € Uy x Uz x g and
y is in some neighborhood of y = 0, and B(v)(¢1, s, 7,y) is analytically continued
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to Uy x Uy x Qo x E(£,0) with exponential type of order 1 in y € FE(¢,0) for
(q1,8,7) € Uy x Uy x Qp. Namely, there exist Ky > 0 and Ko > 0 such that

|B(U)(q1757r7 y)l S K0€K2|y|a ) S E(€79)a (Q1585T) S UO X U2 X QO-

For simplicity, we denote the analytic continuation with the same notation. Define
the Borel sum of v(q1,s,r,h), V(q1,s,r, h) as the Laplace transform

Ooei§
(4.4) Vg1, s, h) = / e_yhle(v)(ql, s, y) dy.
0

§4.2. Construction of a formal solution

Let ¢; be in some neighborhood of the origin. For Ky > 0 let r satisfy |nr| < Kj.
Substitute u; in (3.15) into (3.13) and (3.14). Construct the formal solution of
(3.13)—(3.14), (us,uq) given by

(4.5) an q1,v,7)h", u4—an q1,v,7)h

Here, wg and wy are determined, respectively, by
(4.6) Awg + R3(u17 wo, ﬁo) =0, Awg+ 'R4(u1, wo, ﬁ?()) =0,

where wq (resp. wp) is a holomorphic function of uy in ©Q; by (AS1). Then we
determine w,, and w, (n=1,2,...) inductively.

We prove that w,, and w, (n > 1) are holomorphic functions of r at the
origin. Since the proof is the same, we prove the assertion for w,. Consider wy.
Multiply (3.13) by r. We calculate w; by dividing the next quantity by ¥,

(4.7) ( v g“f (1= A 3;0),

and by inverting the bounded quantity appearing from A+ VR3 (resp. A+ VRy).
We note that (4.7) is equal to r” times some holomorphic function. Indeed, since
wy is analytic in uy, (3.15) implies that r% is divisible by r¥. It follows that w;
is analytic in ¥

(1 —AnrY)~lis
divisible by ¥, a““ has the same property. Hence wg is analytlc in 7. Inductively,

Next we cons1der wy. Similarly,

we see that the wn are analytic in r”.

By the same argument as that of [5, Prop. 2] we have the Gevrey estimate of
w,. Namely, there exist constants K7 > 0 and p > 0 independent of n such that
|wn| < Kypnl.
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§4.3. Summability

Let Qg be a neighborhood of » = 0. Then we have the following theorem:

Theorem 4.1. Suppose (AS1). Then, for every Ky > 0, there exist neighborhoods
Uo of 1 =0 in Qq, Uy of v =0 and ro > 0 such that (3.13)~(3.14) is Borel
summable in the direction 0 if (q1,v,7) € Uy xUa X (QoN{r | |r| < ro, Inr| < Ko}).

The proof of Theorem 4.1 is similar to the argument in [7]. For the sake of
completeness we give the proof in the appendix.

§5. Proof of Theorem 2.1
§5.1. Lemma

Let Hy be given by (2.3). Consider the Hamiltonian system for p; + Hp. Set
v = i — j. By the change of variables (3.7) we have (3.8). Then we have the
following lemma:

Lemma 5.1. The solution of (3.6) is given by (3.7), (3.9) and r = (—vv? /0)/".
The solution (q2,p2) of (3.6) has infinitely many movable poles (resp. branch
points) at the point given by v = A"t + cee™t = 0 if v = 1 (resp. v > 2).
As t tends to the singular point from some sector, qs tends to infinity while po
tends to zero.

§5.2. Proof of Theorem 2.1

Proof. The proof consists of three steps.

Step 1. Let j = 1. We consider xp,+#,- By Lemma 5.1 the Hamiltonian
equation for Hy has a singular solution g¢o, po,

(51) q2 = 1/T7 b2 =710, V= U(t) = Cl/)\ + CQGAVtv r= (_V/U/i})l/yv

where © = dv/dt and ¢ = ¢. Since the singular point ¢y of ¢o satisfies v(ty) = 0 by
Lemma 5.1, we have

(5.2) M = —c1/(Aea), to= (W) tlog(—c1/(c2)), 0(to) = —vey.

We choose ¢; and ¢o such that —c; /coAv is in a small neighborhood of 1. Then we
see that tg is in a neighborhood of the origin. The orbit for Hy is contained in X,
since v and r vanish at ¢y and ¢ is in some neighborhood of #.
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Step 2. Suppose that the conditions of Theorem 3.4 are satisfied. By Lemma
3.1, (2.6) and Remark 3.7, xp,+m is the pull-back of x,,1m,. Hence we have a
solution of the Hamiltonian system for H. We note that the origin corresponds to
infinity in the new coordinate. By (AS1), the diffeomorphism preserves the origin
at the points ¢; = 0. Since the flow of X, +H, goes to the origin when approaching
a singular point ty, the Hamiltonian equation for p; + H has a singular point z;
in some neighborhood of g; = 0. Hence, it is sufficient to verify the conditions
Inr| < Ko, |r| < ro, |h| < ho and h € Sy in Theorem 3.4.

Step 3. By (5.1) we have r = O(qi/u) as ¢ — 0. We have |r| < ro if ¢
is sufficiently small. Choose the bisecting direction of Sy such that h € Sy. The
condition |h| < hg follows from Remark 3.5 since kg can be taken sufficiently large.
We show |nr| < Kj. By definition it is equivalent to |r| < Ko|h|. By (5.1), v tends
to zero with order ¢ivq; as ¢ — 0. Consider h given by (3.12). By definition,
his O(g™") = O(1) as ¢ — 0 since j = 1. Then we have |r| < Ko|h| if ¢, is
sufficiently small. O

We summarize the result that we have proved in this section:

Theorem 5.2. Suppose that (AS1) and (2.6) are satisfied. Assume j = 1. Then
the Hamiltonian system of Hy has the solution with a movable pole at t = ty if
v = 1, while the solution has a movable algebraic branch point if v > 1, where tg
is given by (5.2). For every t, € C, the Hamiltonian system of Hy has a solution
with a movable pole or a movable algebraic branch point at t = t1. There exist a
neighborhood Q1 of (q1,p1,7,v) = (0’p§0)’ 0,0) and the diffeomorphism ¢o defined
on Q1 and a singular solution yo of the Hamiltonian system Hy + py such that yo
has a movable pole or an algebraic branch point at ty in a neighborhood of ¢ = 0
and ¢o(yo) is the solution of the Hamiltonian system of H + p1 having a movable
pole or a mowvable algebraic branch point at ty for some ty in a neighborhood of
¢ =0.

§6. Example

Consider the semi-linear wave equation
(6.1) Uy — AU -U*=0, U=U(z,t), zecR",

where Uy, = 02U/0t?, AU = (8*/0x% + -+ + 9?/022)U and ¢ > 2 is an integer.
Consider the self-similar radially symmetric solution

(6.2) U=t"u(rt™), a=2/((-1),
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where 72 = 22 4+ -+ + 22 and u = u(p), p = rt~1. By (6.1), u = u(p) satisfies the
semi-linear Heun equation

(6.3) (1= 4+ ((n—1)p 4+ ap)u + bu+u* =0,

for some constants a and b, where v’ = du/dp and so on.
By simple calculations (cf. [6]) we reduce (6.3) to the Hamiltonian system
with Hamiltonian

1
(6.4) H(q1,q2,p2) = 5(1’% + A(q1)a3) + B(q1)g5™,

for some rational functions A(q;) and B(q1), where B(q1) # 0 and A is given by

1/ -, A2 (41 2
(6:5) A(y)zi(_A T o (£—1)21—y2)’
(6. i) = (- ),

We have the following theorem:

Theorem 6.1. Suppose £ = 2. There exist z; € Q1 and a solution U of (6.1)
such that U is singular on the cone z1t =1, 1> = a3 + -+ + 22.

Proof. We apply Theorem 2.1 with j = 1,4 =2, ¢ = 2 to (6.4). We show H =
Hy+ H, for some Hy and H; given in Theorem 2.1. Let ¢y be such that A(tg) # 0.
We have

H =27"(p5 + A(to)g5) + B(to)gs + 27" (Alq1) — A(to)) 55
(6.7) + (B(q1) — B(to))qs,

where B(tp) # 0 by the assumption B(q1) # 0. By the linear symplectic transfor-
mation, we transform (p3 + A(to)q3)/2 to Agapa for some constant A # 0. Then go
and po in (6.7) are replaced by ¢1g2 + caps and é g + Eapa, respectively, where the
nonzero constants ci, co, ¢1 and s satisfy ¢yco — ¢162 # 0. On the other hand, the
term B(to)cicaq2pe appears from B(to)(ci1qz + cap2)®. For simplicity we assume
B(tg)c2cy = 1. Hence, by (6.7), we can write H = Hy + Hy, where Hy is given by
(2.3). We note

(6.8) H =2""(¢1q2 + Eap2)® + 27 A(q1)(c1g2 + c2p2)® + B(q1)(c1g2 + cop2)®.

We construct the solution w(z) of the Hamiltonian system of (6.8) which is
singular at z = 21, where z is the time variable. Then, by (6.2), U(z,t) gives
the singular solution in the theorem. In fact, by Theorem 5.2, u(z) has a pole at
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z = z1. In order to apply Theorem 2.1 with j = 1,7 =2, £ = 2 to (6.4) we first
verify (AS1). Consider (2.7). Set g2 = us and pa = uy in (6.8). Then (2.7) reads

(69) C1 (51’&3 + 52114) + ClA(ql)(61U3 + CQU4) + 3ClB(ql)(61U3 + CQU4)2 =0,
(6.10) Eg(éltbg + 6271/4) + CQA(Ql)(Cl’IL3 + 02U4) + 3023((]1)(01’11,3 + CQU4)2 =0.

By the assumption ¢1co — ¢162 # 0 we have
(6.11) ciug + couyg = 0.

Since u; and ue do not vanish identically, it follows that cjus + cous does not
vanish identically. Hence we obtain

(6.12) A(ql) + 33((]1)(01U3 + CQU4) =0.

Since B(q;) does not vanish, we can determine u3 and uy from (6.11) and (6.12) as
the holomorphic functions of ¢; at g1 = zg. Choose zg and 5 such that A(zg) =0
and zy € Q. This is possible by (6.5). Hence we have (AS1).

Next we show (2.6). Because g2 and py are sufficiently small, we may consider
terms of degree 2 with respect to go and ps in (6.5). Hence 9? H/dp3 is close to the
quantity 2(¢2 + A(q1)c3). The last quantity does not vanish since A(q;) is close to
A(zp) =0 and & # 0. O

Remark 6.2. Consider the semi-linear heat equation
(6.13) up = Au+ u?,

where A is an n-dimensional Laplacian. Consider the radially symmetric self-
similar solution

(6.14) w=(T— t)_l(b(\/z%»

where T > 0 and ¢ = ¢(s) is a function of one variable. By simple computation,
¢ satisfies

(6.15) ¢'(s)+ (5 + 1)(;5’(8) + o+ g7 =0.
Define C(s) :=s/2+ (n —1)/s and
(6.16) A(s)z—%—%—i—L B(s)zéexp(—;/(}'ds).

Then (6.15) can be written in the Hamiltonian system with Hamiltonian (6.4) with
¢ = 2. The remaining argument is similar.
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Appendix. Borel summability
Appendix A.1. Proof of Theorem 4.1

Convolution. For 0 < 6 < 7, set Q := E(7,0). Let H(f2) be the set of holomorphic
functions in 2. For ¢ > 0, define H.(Q2) as the set of h € H() such that there
exists K > 0 for which

(A1) |h(z)] < KefBel(1 4 [2))72 for all z € Q.
Here, H.(f2) is the Banach space with norm

(4.2) [hlla.c = sup |h(2)|(1 + |z])2ecIRe =],
z2€Q

If there is no fear of confusion we write ||h||. instead of ||h|q,.. Define the convo-
lution fx g of f,g € H.() as

(A.3) (rea6) = [ T f(z— t)g(t) di = F(t)a(z — 1) dt.

If the formal Borel transforms of f and g converge, then we have B(fg) = B(f) *
B(g). There exists a constant Ky > 0 such that, for every f,g € H.(2), we have
f g € H(Q) with the estimate || f * gla, < Kol f|

2.cllglle.e-

Let D be a domain in (q,v,7) € C? and let 6 > 0. Set Q = E(0,0). Let
H(D, Q) be the set of all holomorphic functions in (g1,v,r) € D, y € Q. For ¢ > 0
let H.(D, Q) denote the set of f = f(q1,v,7,y) € H(D,Q) such that there exists
K > 0 satisfying

(A.4) sup | f(q1,v,my)| < KedRevl(1 4 |y[)~2 for all y € Q.
(q1,v,m)€D
Define ug =: wg + vs, ug = Wy + vg, where vs = O(h) and vy = O(h). Set
vy = v (resp. v4 = 0) and w = wo + v (resp. W = Wy + ¥). Let v := B(w)(q1, s,7,7)
be the formal Borel transform of v, where y is the dual variable of h. Substitute
u3 = wo + v3 and uy = Wo + vy into (3.13) and cancel the constant term, h° = 1.
Divide the equation by h and apply the formal Borel transform to both sides of
the equation. Define

_ N ow —y o\ Ow
Rs = Ra(u1,us, us) — Ra(u, wo, Wo) — h(ﬂ 8@10 +r (1= Mpr )877“0)'

Because the Borel transform maps the multiplication =1 to 9/dy, we have

Y 09 0 . = I
(A.5) (r”_lna;l +(1- )\nr”)a—i) - r”_la—y()\v + R5(uy, i3, 74)) = 0.



446 M. YOSHINO

Here, R3 is given by replacing the product in Rg Wlth the convolution product.
Similarly, if @ = w4, then we have the equation of v, for some R4,

o0 o0 10 e s
(A.6) (r”_lna~ + (1= Mpr” )a ) + YT ay()\v + Ry (uy, s, 0yq)) = 0.

There exists a neighborhood y = 0, W such that B(v) and B(9) are analytic
in (q1,v,r,y) € Uy x Us X Qg x W and the unique analytic solution of (A.5) and
(A.6). Theorem 4.1 follows from the next theorem:

Theorem A.1l. Let ¢ > 0. For every Ky > 0 there exist an E(0,7) = Q, neigh-
borhoods Uy of g1 = 0 and Uz of v =0 and po > 0 such that (A.5)—(A.6) has a
solution (g, 04) i Ho(D, Q) X He(D,Q), where D = Uy x Ua X (Qo N {7 | |7| < po,
7] < Ko})-

Appendix A.2. Preparation of lemmas

Define R = (R3,R4). Let VR be the Jacobi matrix with respect to (us,u4).
Denote by diag(A, —A) the diagonal matrix with diagonal components given,
respectively, by A, —A. Let A(u1) and :\(ul) be the first and second elements of
the diagonal part of diag(\, —\) + VR (u1, wo(0), wo(0)), respectively. Consider

(A.7) Jw =1

w
T9a
where § € H(D,Q). Similarly, define 7 by replacing A(uy) with A(up) in (A.7).

In order to solve (A.7) we use the method of characteristics. In the following
we consider the case ¢ = ¢1. The general case where v exists can be treated
by modifying the argument slightly. We remark that the existence time span of
a characteristic curve can be taken locally uniformly with respect to the initial
value. Indeed, the fact follows from the concrete form of the characteristic curve
and the definition of the renormalized variable ¢;. Consider

dqy dr dy
A. = = ]
(A-8) rv=lp 1= 2ngrv  —rv=1\(uy)

By integrating (A.8) we have
0 1 v
(A.9) a1 =a" — - log(1 = M),

where q( ) is a constant. Substitute (A.9) into (A.8) and solve (A.8) with respect
to y. We have

1
(A.10) y=yo — @(r), / A(s — ¢t , o=— log(l—Anr”),
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where yo = y(0) € Q is an initial value of y = y(r) at r = 0, and y satisfies (A.8).
Indeed, we have

dy  dod . gt AMo—q”)
dr— drdo (1= Anprv) n '

Equations (A.9) and (A.10) imply o — qgo) = —q1 — (2/ ) log(1l — Mpr¥) = uy(r),
which proves the assertion. We have the following lemma:

Lemma A.2. Suppose thatrg satisfies 1—Anry # 0. Assume that A(uy) is analytic

"o

at uyp = . Then there exists a curve v, on C passing through ro such that

Im @ is constant on 7, where ® is given by (A.10).

Proof. Clearly, the integral ®(r) in (A.10) is well defined if r is sufficiently small.
By continuity A(o — qgo)) is close to )\(—qgo)) if o is sufficiently small. Assume that

Ao — q§0 ) is a constant function. Set

A(—¢\”)

o C=1=- gr”, Co=1—-Anrg.

fn=—
Then Im @ is constant on ~,, if Im(plog¢) = Im(plogly) on 7,,. Consider the
change of variable ¢ — , ( = pnlog (. Set C=2Z+ig and (o = Zo + iy = wlog Cp.
Define the curve 4,, as § = §(Z) = §o. Map the curve ¥,, in 5—Space to vr, in
(-space by the transform 5 = plog . Clearly, v,, passes rp and is the desired one.

Next suppose that A\(o — qgo)) is not a constant function. Because Im ®(r) =
Im ®(rg), we have

(A.11) Im <n_1 / A(s — qgo)) ds> =0, o9=—(v)"tlog(l—ry).

. 0
Since uy = o — qg ), we have

(A.12) A(s — q%o)) = Moo — q§°)) + (s — 0'0)5\(5 —09p)
for some holomorphic function A(z). By (A.12) and (A.11) we have
(A.13) Im(n~ "Moo — ¢\”) (0 — 00)) + Im(n~ (o — 00)*R(c — 7)) = 0,

where R(z) is holomorphic at z = 0. One sees that Im(n_l)\(—qio))(a —0p)) =
Y — Yo. Since o — gq is a holomorphic function of ¢ — {; when { — (y is sufficiently
small, the second term on the left-hand side of (A.13) is O((|Z — Zo| + |7 — Fo|)?)
when & — Z¢ and § — go. By the implicit function theorem we determine § = §(%)
locally at Zo, from which we obtain ~,,. O
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Lemma A.3. Assume that A(uq1) is analytic at uy = fqgo). Suppose that rqg sat-
isfies 1 — Anrg # 0. Let ~y,, be given by Lemma A.2, and let r € ,,. For a given
y € Q we set yo :=y—e1, where €1 depends on r and is a bounded quantity. Define

sv—l

(A.14) Pg = /m g(ui(s), s,yo — @(s))mds, § € He(D, ),

where the integral is taken along ... Then Pg satisfies (A.7). In particular, Pg
is analytic in r in some neighborhood of the origin r = 0.

Proof. We prove that (A.14) is well defined. By (A.10) we have yo — ®(s) =
y + ®(r) — ®(s). By Lemma A.2 we have Im(®(r) — ®(s)) = 0 on 7,,. By the
definition of D, §(u1(s), s,y0 — ®(s)) in (A.14) is well defined. Since the integrand
is continuous for r — r( sufficiently small, the integral (A.14) converges.

We show that w := Pg satisfies (A.7). In terms of (A.9) and (A.8) we have

vl dw
. oy dw
g(ul(r>7r7y0 <r))1A7 Anr” dr
_ 0w 00 00 9400
Or dq  Or @ Or dy
(A.15) _ 0 9B 08 TMw) O
1—XMprv dq1  Or 1—Anprv Oy
Multiplying both sides by 1 — AnrY, we obtain (A.7). O
Lemma A.4. Assume that A(uy) is analytic at uy = —qgo). Suppose that ro sat-

isfies 1 — Anrg # 0. Let 7y, be given by Lemma A.2. Let r1 satisfy 1 — Anry = 0.
Assume that there exist a neighborhood W,, of r1 and M; > 0 such that, if
Yoo C Wy, then M7t < |ry — s||r — t|* < My for every s,t € ~,,. Then
there exists a constant ¢; > 0 such that, for every g € H(D,Q) we have

. X 9 . X
(A.16) 1Pgle < erlldlle, | 5, (Pa)] < erlgle

(&

Proof. We prove the lemma in two steps.

Step 1. We estimate yo — ®(s) = y + ®(r) — ®(s), where 1, s € ,,. By (A.10) and
the continuity of A(s — qgo))7 there exists Cy > 0 such that
1—Ans”

(A7) [®(r) — @(s)| < 00(|A”’7|)71‘10g<m

)| = Colrwnl) s, ).

If 7, is outside some neighborhood of r; with 1—Anry = 0, then A(s, t) is bounded.
If 7., is in a neighborhood of r1, 1 — Anry = 0, then 1 — Ans” = A\n(ry — s¥) and
1 — Ant” = An(ry —t¥). Hence A(s,t) is estimated by log(|r; — s||r1 — t|71). By
assumption, the last term is bounded.
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Therefore there exists a constant K; > 0 independent of n, r and rg such that
exp(c|Re(yo — ®(s))]) = exp(c|Re(y + (r) — ®(s))])
< exp(c/Rey| + c[Re(®(r) — (s))[)
(A.18) < K exp(c|Reyl).
Similarly, there exists K5 > 0 such that
(L+1yo = 2()) 72 = (1 + |y + @(r) — D(s)) 7
(A.19) < Ko(1+|y))™2 forally € Q.
It follows from (A.18) and (A.19) that

expdflin —HO)D )

1P3d]. <sup((1+|y|)29xp(_c|Rey|)/HgHC 1+ [yo — ®(s)])2

(A20) < Callgle / 1ds| < Cl3le

for some Cy > 0 and C3 > 0 since the length of the path of the integration [ |ds|
is finite.

Step 2. We prove the second inequality in (A.16). Because w = Pg satisfies (A.7)
and A(up) # 0 we have
ow g n 0w 1—MApr¥ 0w

(420 By = Mo 3 90 T A o

The first term on the right-hand side of (A.21) is bounded by a constant times
lg]lc- Next consider the third term. By differentiating (A.14) with respect to r we

have
L—Xnpr? 0w 1— ¥ rv=1
N O rV—lA(ul)g(ul(r)’T’ Yo — ‘I)(T))W
(A22) _ g(ul(r)7ra Yo — (I)(T)) )

A(u1)

The last term is estimated by ||g||c by (A.18) and (A.19).
We estimate the second term in (A.21). Consider 0w/0q;. Since W is analytic

in g; we consider the directional derivative with respect to ¢; with direction given

by (A.8) where r moves in the direction of 7,,. One may assume qgo)

since qio) moves in the transversal direction to 7,,. By (A.8) we have
o) o0 _ dr 0% _1- Xy 00
dq1  dq Or rv=lp  or

which is estimated by |||l by (A.22). O

is constant
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Appendix A.3. Construction of an approximate sequence

Let J be given by (A.7). We solve (A.5)—(A.6) or (3.13)—(3.14). Set V = (v,?) =
(w — wo,w — Wy). Expand R3(ur, w,w) and Ry(ui,w,w) in the power series at
(w,w) = (wp, Wp):

RS(Uh w, {5) = R3(U1, wo, 1170) + VRS(Uh wo, @VO)T(U’ 17)

(A.24) + > rg(ua, wo, @)V,
[8]>2
Ra(u1,w, @) = Ra(ur, wp, o) + VRa(u1,wo, wo) " (v, )
(A.25) + Z 75 (u1, wo, wo) V7.
18]1>2

Substitute (A.24), (A.25) and (4.6) into (3.13)—(3.14). Divide the equation by h
and apply the formal Borel transform to both sides. Because the product becomes
a convolution product in the Borel plane we have

7] = ~ .0 5
@(Ré(ul,w,w) — Rs(u1, wo, wp)) = VR3(U1,w0,wo)any
.0 =,
(A26) + Z T‘,@(’U/hwo,wo)afyv ﬂ,
181>2
where V = (0, 0). Similarly, we have
0 S _ .05
%(RZ(ul,w,w) — Ry (u1,wp, wp)) = VT\’,4(ul,w0,w0)a—yV
. 05,
(A27) + Z Tg(ul,wo,wo)a—yV B.
|B]>2
Therefore, by (4.6), (A.5) (resp. (A.6)) is written in the form
T+ 1" (N (uy) — A)% = 7‘”_1V'R3(u1,w07@0)%
.0 5,
(A.28) + ) T”_lrg(ul,wo,wo)a—yv 8
181>2
Sa 1% b _ %
T+ "7 (N ug) + )\)6—: =—r 1VR4(u1,w0,w0)8—y
(A29) - BZ>27"V 17"[3(“1,’11}0,’(1)0)6ny '8.

We define the approximate sequences 9y and 0y, (k = 1,2,...). Divide (3.13)
(resp. (3.14)) by h. Compare the terms of constant part h° = 1, 91 of v (resp. 1211):
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by satisfies J (61 + wo) = 0 (resp. J (01 + Wo) = 0). Define 9y, as

(A.30) b = —PJwo,
_ . i
-~ _ v—1 _
V41 = P(T (VRg(ul,wo,wo) ()\( ) A 0)) 3y )
0 5.
(A.31) +P< 5 e 5(u1,w0,w0)6yV B), k=1,2,....

181>2

Next we define P which corresponds to J by a similar formula to P. Define
U as

(A.32) by = —PJ o,
. ~ N . v
Vg1 = fP(r ! (VR4(u1,w0,wo) + (0, Muqp) + A))a—k>
Y
0 7k
(A.33) —P(Zr ul,wo,wo)ayvkﬁ), k=1,2,....

1B1>2

Note that Lemma A.4 holds for P.

If the limits limg 6 = © and limg 0, = 0 exist, then (v + wg, ¥ + W) is
a solution of (3.13)—(3.14). Indeed, recall that JP = Id and JP = Id. Letting
k — oo in (A.31) and (A.33) we verify that (0,0) satisfies (A.28)~(A.29). The
definition of the Borel transform implies (v + wo, ¥ + Wp) is the solution of (3.13)—
(3.14). In order to show the existence of the limits limy 05 and limy f)k we first
show the a priori estimate:

Lemma A.5. There exist €1 > 0 and Ki independent of k such that, for every
0 < e < ey, there exist a neighborhood Uy of ¢ = q§0) and ro > 0 such that
(A.34) [onlle < eKiy o llelle < eKro [(@n)ylle < eBay (@n)ylle < ek

. q €Uy, reQon{r|lr|<ro, |nr| <Ko}, k=1,2,....

Proof. We prove by induction. Because P and d,P are bounded by Lemma A .4,
|01]|c and ||(01)y ]| are estimated by K| Jwo||. for some K > 0. Estimate ||Jwo||:

Because wy is a function of u; = —g; — 2(A\v) = log(1 — Apr?), we have
ow, 0
Tuwo =g &t (L= )5 % = (=l - 2uh) = r¥y
r

Choose the neighborhood of r = 0 sufficiently small. Then r”nwy is bounded by

K3e for some K3 > 0. The terms |01 ]| and ||(01)y]|c are estimated similarly.
Suppose that (A.34) is valid up to some k and consider |[0gx4+1]. and

|(0k+1)yllc- Consider ||Ok+1]|.. We estimate the right-hand side of (A.31). We show
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that
AO = Ty_l(VRg(’ul, ’wo,{[)()) - (/\(Ul) — )\70))

is sufficiently small. Indeed, if we replace r with gor for sufficiently small ¢y in
(A.5) or (A.6), then we see that ef appears in front of the nonlinear term. There
is no change in the argument.

By the inductive assumption and the boundedness of P we estimate the first
term. As for the second term, by the smallness of r*~'rz(ui,wo, wp) and the
estimate of the convolution, together with the assumption, it is bounded by a
constant times e, since || > 2.

Next we study ||(0g41)yllc. Consider the second term on the right-hand side
of (A.31). Because 9, P is a bounded continuous operator by Lemma A.4, it is

estimated by a constant times 8%‘7;5

we estimate a%f/\'k*ﬁ. Next, consider the first term in (A.31). By Lemma A.4, the
y-derivative of the first term is estimated by 6%‘7;6, which is estimated by the

. By the property of convolution and |5| > 2

inductive assumption. The estimates of |01 1]|e and ||(Ox41)y| are similarly done,
using (A.33) instead of (A.31). O

Once we have the a priori estimate, the proof of the convergence of the
sequence is almost identical to the proof of [5, Lem. 5.7]. Indeed, the smallness of
€ implies that the approximate sequence is a Cauchy sequence.

Remark A.6. The proof of Theorem A.1 and the definition of the Laplace trans-
form yield hg = 1/c¢ with ¢ > 0 given by Theorem A.1. We show we can take ¢ > 0
small. Indeed, consider V; defined by (A.30) and (A.32). Since the components
of V4 are given by 7~ nw} and r*~1nw), we can make V; arbitrarily small if we
take a sufficiently small neighborhood of » = 0 and v > 2. Next, define Vo by
(A.31) and (A.33). One easily sees that V5 has an estimate like e“l¥! for a given
small ¢ > 0. By induction we see that Vj has the same estimate and the limit has
growth order like e¢!¥!.

Proof of Remark 3.7. We prove the case ¢; = ¢q;. The general case is proved by

v—1

a slight modification, taking into account the variable v. Divide (3.13) by r
Consider the characteristic equation corresponding to the resultant equation

dgr nrv=1dr
(A.35) 1 1=

Let ¢ be the independent variable of the solution of (A.35). Then we have

dug _ da Oug | drOus _ Qug 1= " Qug
dt — dt ¢ dt Or O nrv=t  9r’

(A.36)
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Multiply (3.13) by r'=" and substitute (A.36). Make the same calculation as for
ug with (3.13) replaced by (3.14). The reduced system of equations is the Hamil-
tonian system with Hamiltonian AGeps + f. Let (ug,uq) be the solution with the
initial value (us,us) = (§,¢) at t = 0. By the Hamilton—Jacobi theory, the map
(£,¢) — (u3,uq) is symplectic if the nondegeneracy condition (Qusz/9¢)(¢,£,() #0
holds. Changing the coordinate from (¢,&,¢) to (q1,q2,p2), us and uy give the
transformation in Lemma 3.1.

By (2.6) we take uy € Q1, € € Q5 and ¢ € Q5 such that (ORs/0ug)(u1, €, ¢) #
0. Indeed, we have OR3/0us = 0?H/Op3. Then we verify (Quz/dC)(t,&,¢) # 0.
Since (ug,uq) is the solution of a Hamiltonian system, it holds that ug = & + s,
i3 = O(t) and ug = ¢ + Uy, Ug = O(t) as t — 0. Here & (resp. ¢) is the initial
value of ug (resp. uq). On the other hand, since they are equal to the Borel sum
(cf. Theorems 3.4 and 4.1) we have

(A.37) us =ul” +vs, vs=0(h), ug=u" +vs vs=O0(h),
for h, (3.12). Then ugo) and uio) are analytic solutions of the equation (cf. (4.6))
(A.38) )\ugo) + Rg(ul,ugo), uflo)) =0.

Differentiating (A.38) with respect to ¢ we have

8’u(0) 8R3 0 0 (’)u(o) 8R3 0 0 8u(0)
A 52 +aiug<ulvué)>ué(1)) az M(ulaug)7uz(l)) 32
OR3 0) (0),Ou1
(A.39) +a—m(u1,u§>,u§))a—<=0.

We have that |u§0) —¢| and |u4(10) — (| are arbitrarily small if h and ¢ are sufficiently
small. Then we have (OR3/0u4)(uq, ugo), uflo)) # 0 by assumption. In the last term
on the left-hand side of (A.39) there appears

2 —Ar¥(n)¢
A4 —_—
(A.40) Av 1 — Anprv

Consider (n)¢ = (1/h)¢ = —h~2?h¢. We have

1oh 1 9 ;4 _j—10v
ho¢  vi—19¢ v oC

The right-hand side is a bounded term since the small term ¢; in the denomi-
nator and the numerator cancels. Since r”7 is small by the assumption, the term
(A.40) is small. Since (OR3/0us)(u1, ugo), uflo)) is small, it follows from (A.39) that
oul) Jo¢ + 0.
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To show the assertion by (A.37) we prove that (Jvs/0() is sufficiently small.
Indeed, the smallness follows if |h| and |(0Oh/O()| are sufficiently small. If j = 1,
then we have the assertion by definition. If j > 1, then by (3.12) we consider the
derivative of v. The derivative of v with respect to 7 is small by the smallness of
¢ in (3.9). O
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