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A Weighted Version of Saitoh’s Conjecture
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Abstract

In this article, we prove a weighted version of Saitoh’s conjecture. As an application, we
prove a weighted version of Saitoh’s conjecture for higher derivatives.
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§1. Introduction

Let D be a planar regular region with n boundary components which are analytic
Jordan curves (see [18, 22]). Let HQ(C)(D) (see [18]) denote the analytic Hardy
class on D defined as the set of all analytic functions f(z) on D such that the
2

subharmonic functions | f(z)|* have harmonic majorants U(z):

|£(2)]> <U(2) on D.

Then each function f(z) € Héc)(D) has Fatou’s nontangential boundary value a.e.
on @D belonging to L?(9D) (see [5]).

Kernel functions associated with various norms have been shown to play a
fundamental role in several branches of mathematical analysis (see [2, 16]). Let us
recall two reproducing kernels on D.
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Let A be a positive continuous function on 0D. We call Ky (z,w) (see [15])
the weighted Szeg6 kernel if

fw) = 3= | 1R
holds for any f € HQ(C)(D). Let Gp(p,t) be the Green function on D, and let
0/0v, denote the derivative along the outer normal unit vector v,. For fixed t € D,
aG%W is positive and continuous on @D because of the analyticity of the bound-
ary (see [18, 8]). When A(p) = (29228)~1 on 9D, Ky(2,@) denotes K (2, 1),
which is the so-called conjugate Hardy H? kernel on D (see [18]). When t = w
and z = w, I?(z) denotes IA(t(z, w) for simplicity.

Let p be a positive Lebesgue measurable function on D, which satisfies that
there exists apy > 0 such that p=2 € L(U) for any open subset U € D\ Z, where
Z is a discrete subset of D. We denote by B,(z,w) the weighted Bergman kernel
on D with the weight p (see [17]) if

fw) = [ FEBEDE)
holds for any holomorphic function f on D satisfying [ plf (2)]? < +00. Denote
B,(z) := B,(z, 2).

When p =1, B(z) denotes B,(z) for simplicity.
Let cg(z) be the logarithmic capacity which is defined by

cg(z) == exp ligl (Gp(w, z) —log |w — z|).

In [22], Yamada listed the following conjectures on cg(z), B(z) and K(z).
Conjecture 1.1. Ifn > 1, then
(1.1) cp(2)? < mB(2) < K(z).

The left part of inequality (1.1) is the so-called Suita conjecture (see [20]) and
the right part of inequality (1.1) is the so-called Saitoh conjecture (see [18]).

The original form of the Suita conjecture (see [20]) was posed on open Rie-
mann surfaces admitting nontrivial Green functions. Blocki [3] proved the “<”
part of the Suita conjecture on bounded planar domains. Guan-Zhou [13] proved
the “<” part of the Suita conjecture on open Riemann surfaces. In [14], Guan—
Zhou proved a necessary and sufficient condition for cg(z)? = 7B(z) to hold on
open Riemann surfaces, which completed the proof of the Suita conjecture.
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In [8], Guan proved Saitoh’s conjecture:
Theorem 1.2 ([8]). If n > 1, then K(z) > 7B(z).

We recall some notation (see [7], see also [14, 11, 10]). Let p: A — D be
the universal covering from the unit disc A to D, and let zy € D. We call the
holomorphic function f on A a multiplicative function, if there is a character Y,
which is the representation of the fundamental group of D, such that ¢* f = x(g9)f,
where |x| = 1 and g is an element of the fundamental group of D. Denote the set
of such f by OX(D).

It is known that for any function u on D with value [—o00, +00) such that e*
is locally the modulus of a holomorphic function, there exist a character x,, and a
multiplicative function f,, € OX«(D), such that |f,| = p*(e*). If u; — uy = log |f],
where f is a holomorphic function on 2, then x,, = Xu,. For the Green function
Gp(: 20), denote Xz, = XGp(-,z0) A foy = fap (. 2)- Note that D is conformally
equivalent to the unit disc (i.e. n = 1) if and only if x., =1 (see [20]).

Let u be a harmonic function on D, and let p = e~2%. Yamada [22] posed the
following weighted version of the Suita conjecture, which is the so-called extended
Suita conjecture.

Conjecture 1.3. The inequality c%(zo) < mp(20)Bp(20) holds for any zy € D,
and equality holds if and only if Xz, = X—u-

In [14], Guan—Zhou proved the extended Suita conjecture. More general
weighted versions of Suita conjecture can be found in [9, 11], and a weighted
version of the Suita conjecture for higher derivatives can be found in [10].

In the present article, we consider weighted versions of Saitoh’s conjecture.

§1.1. Main result

Let D be a planar regular region with n boundary components which are analytic
Jordan curves, and let zg € D.

Let ) be a Lebesgue measurable function on D, which satisfies that 1 is
subharmonic on D, ¥|sp = 0 and the Lelong number v(dd,zp) > 0, where
de = -2=2_ Assume that 1 € CY(U N D) for an open neighborhood U of 0D

27/—1°
and 0y /0v, is positive on D, where 0/0v, denotes the derivative along the outer

normal unit vector v,. Let ¢ be a Lebesgue measurable function on D satisfying
that ¢ 4 2 is subharmonic on D, the Lelong number

v(dd® (o + 2), 20) = 2

and ¢ is continuous at z for any z € 9D. Assume that one of the following two
statements holds:
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(a) (¥ —poGp(+,20))(20) > —o0, where pg = v(dd®(¥), z9) > 0;
(b) ¢+ 2a1) is subharmonic near zg for some a € [0, 1).

Let ¢ be a positive Lebesgue measurable function on [0, +00) satisfying that
c(t)e™t is decreasing on [0, +00), lim;_040c(t) = ¢(0) = 1 and f0+°° c(t)e tdt <
+00.

Denote

p=e%c(-2¢) and K,u(z) =K

and assume that p has a positive lower bound on any compact subset of D\Z,
where Z C {¢p = —oo} is a discrete subset of D.
We present a weighted version of Saitoh’s conjecture as follows:

Theorem 1.4. Assume that B,(z9) > 0. Then

K,y (20) > (/0+OO c(t)e*75 dt> mB,(20)

holds, and the equality holds if and only if the following statements hold:

(1) ¢+ 2¢ =2Gp(-, 20) + 2u, where u is a harmonic function on D;

(2) w = pOGD(‘, ZO)’ where Pbo = U(ddc(w)v ZO) > 0;

(3) Xzo = X—u, where x—, and X, are the characters associated to the functions
—u and Gp(+, z9) respectively.

Remark 1.5. Let p be the universal covering from the unit disc A to D. When
statements (1)—(3) in Theorem 1.4 hold,

Kol = ([ et at )78, 7) = s (2. (1),

where K, (-, %) denotes K %)71(',270), c1 is a constant, f, is a holomorphic
function on A such that |f,| = p*(e*) and f., is a holomorphic function on A
such that |f.,| = p*(e“P(+%0)). We prove the remark in Section 3.

Remark 1.6. For any z € D, there exists u € C(D) such that u is harmonic on
D and x,, = X—u- In fact, u(z) :=log|z — 20| — Gp(z, 20) is harmonic on D and
XZ() = X—u-

Let A be any positive continuous function on dD. By solving the Dirichlet
problem, there exists u € C(D) satisfying that u|gp = —% log A and u is harmonic
on D. When ¢ = Gp(+, 20), IA(,\(ZO) denotes K (20)-

Theorem 1.4 implies the following corollary.
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Corollary 1.7. The inequality I?)\(Zo) > wB-2u(z0) holds for any zy € D, and
the equality holds if and only if X», = X—u-

Note that x., = 1 holds if and only if n = 1 (see [20]); then the above corollary
is Theorem 1.2 when A =1 and u = 0.

§1.2. Applications: The weighted version of Saitoh’s conjecture for
higher derivatives

Let D be a planar regular region with n boundary components which are analytic
Jordan curves, and let zg € D.

Let ) be a Lebesgue measurable function on D, which satisfies that 1 is
subharmonic on D, 9|sp = 0 and the Lelong number v(¢), z9) > 0. Assume that
¢ € CY(U N D) for an open neighborhood U of D and dv/dv, is positive on
OD. Let ¢ be a Lebesgue measurable function on D satisfying that ¢ + 21 is
subharmonic on D, the Lelong number

v(dd(p + 24),z0) > 2(k + 1)

and ¢ is continuous at z for any z € 9D. Assume that one of the following two
statements holds:

(a) (¥ —poGp(:20))(20) > —00, where py = v(dd®(v), z9) > 0;
(b) ¢ + 2a%) is subharmonic near zg for some a € [0,1).

Let k be a nonnegative integer. Let ¢ be a positive Lebesgue measurable func-

~t is decreasing on [0, +00), lim; o0 c(t) =

tion on [0, +oo) satisfying that c(t)e
(0)—1andf Je tdt < +oc.
Denote
p=e fc(—21¢),
and assume that p has a positive lower bound on any compact subset of D\Z,
where Z C {¢) = —oo} is a discrete subset of D.
Let us consider two kernel functions for higher derivatives. Denote

),
B (z0) = sup{| T2 [P f € O(D), [, |fP0 <1
and f(z0) = --- = f* D (z ) =0}.
When p , Bék (z0) is the Bergman kernel for higher derivatives (see [2, 4]).

)
1
When k£ = 0, B,()k)( o) is the weighted Bergman kernel B,(zo) (see Section 1.1).
Denote

") (2 2 c —1
() (20) = sup{| L5222 |« f € HY (D), faDm? (W) ldz] <1
and f(z0) = --- = f*V(z) = =0}.
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In particular, when k& = 0, K/gig}(zo) is the weighted Szegd kernel K, ,(20) (see
Section 1.1).

We present a weighted version of Saitoh’s conjecture for higher derivatives as
follows:

Corollary 1.8. Assume that B,()k)(zo) > 0. Then

400
K,gk)(zo) > (/0 c(t)e ™ dt) wa)k) (20)
holds, and the equality holds if and only if the following statements hold:

(1) p+2¢p =2(k+1)Gp(-, 20) + 2u, where u is a harmonic function on D;

(2) 1/1 = pOGD('v ZO); where Po = U(ddc(w)a ZO) > 0;

(3) X’Z“;H = X—u, Where x_,, and x, are the characters associated to the functions
—u and Gp(+, z9) respectively.

Let A be an arbitrary positive continuous function on 9D. By solving the

Dirichlet problem, there exists u € C(D) satisfying that u|gp = —% log A and u is
harmonic on D. When ¢ = (k+ 1)Gp (-, 20), I?gk)(zo) denotes Kgﬁl(zo).
Corollary 1.8 implies the following corollary:

Corollary 1.9. The inequality I?ik)(zo) > wBé’gu (20) holds for any zy € D, and

the equality holds if and only if X’j;rl = X_u-

§2. Preparations

In this section, we make some preparations.

§2.1. A sufficient condition for f € Héc)(D)

Let D be a planar regular region with n boundary components which are analytic
Jordan curves, and let zy € D. Let 1 be as in Theorem 1.4. Let f be a holomorphic
function on D. In this section we give a sufficient condition for f € Héc)(D) (ie.
Lemma 2.4).

We recall the following basic formula, and we give a proof for the convenience
of readers.
Lemma 2.1. The equality g—i = ((%)2 + (%)2)% holds on 8D, where 8/0v,
denotes the derivative along the outer normal unit vector v,.

Proof. For fixed z; € D, as t%i is positive on D, we can assume that g—f # 0 with-
out loss of generality. Then there exists a neighborhood U; of z; with coordinates
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(u,v) = (2,9 (x + v/—1y)). It is clear that

oy u_ oo o
or 7 9y O dx oz oy oy’
which implies that
ox Oy o/ox  Ox Oy O\~
o1 o gt _ 9 _ (9%
u= Y T awey aw 0 Mg, (8y>
It is clear that
(32,52
v, = 5 ox Bg .
(552 + (5)%)*
and thus we have 2% = ((2£)2 4 (29)2)3, O

v, ox

We give a relationship between the superlevel sets of ¢ and Gp (-, 29).
Lemma 2.2. There exist tg > 0 and C' > 1 such that
{2€D:Gp(z,20) > —t} C{z€D:¢(z) > -Ct}
for any t € (0,tp).

Proof. As 0D is compact, it suffices to prove that for any z; € 9D, there exist
a neighborhood U of z1, tg > 0 and C' > 1 such that {z € DNU : Gp(z,z0) >
-t} Cc{zeDNU :4¢(z) > —Ct} for any t € (0,t).

For fixed z; € 0D, as %UZZ’ZO) is positive on D, we can assume that %yz,m)
# 0 and z; is the origin o in C without loss of generality. Then there exists a
neighborhood U; of z; with coordinates (u,v) = (z, Gp(x + /=1y, 20)). It is clear
that

ou ou v 0 ov 0
_——= 1 _— = _— = = —_ = =
pe 9y 0, o (“)xG(Z’ z0) and 9y~ 9y Gp(z,20),
which implies that
Ox Oy 3 9 Gz, 20) Ox Ay 0 -1
du” " du 2Gplzz) O 0 and 5 (ayGD(Z’ ZO))

It is clear that
(aGD(Z,Zo) BGD (Z,Zo) )

V. — ox ) oy
z ((aGDa(;7ZQ))2 + (aGDB(yz,zo))Q)%
on dD. Thus, we have
oY 0G 0
5 8Cn(an) + j - [VGp(z,20)?

ou ox

_ (W Ox 81/1 dy\ 0Gp(z, 20) oY Odx oY Oy 9
_( ) ox +<8x 8v+6y v)'VGD(Z 20)|

81‘.%—’_831 ou
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_ (31/) _ 871’[} i?amG(z 20) )aGD(szo)
~\oz Oy yGD(z,zO) Oz

cay (gyonte) () ()

_ 0¥ 0Gp(z 20) n 0y 9Gp(z,2)
Oy oy ox ox

Y

— Jv,
- OGp(z,z OGp(z,z 1
e ik

>0

on dD. Note that [VGp(z, z0)|?> > 0 on dD. There exist a € R, m > 0, 79 > 0 and
b > 0 such that

Y L ov
2.1 <a-—+b—
21) TR T
on an open parallelogram Us = {(u,v) : =19 < v <71, v —10 <u < §v+710} €
Uy. Note that ¥|;,—0y = %|ap = 0. For any (u,v) € Us, we have (u— §v +ta,tb) €
U, for any t € [0, 7] and

P(u,v) = Y(u,v) — w(u - %v 0)

t=v/b
_Qp(u—gv—kta tb) o
(2.2) =/O (6%}+baf)( —%v+m,tb)dt.

Thus, for any t € (0,7¢), if G(z,20) = v > —t, it follows from inequality (2.1) and
equality (2.2) that

w(u,v):—/ ( aﬁ+bg—f)<u—%v+ta,tb)dt

v
>

~— mb

t
> _77
- mb

which implies that {z € DNUs : Gp(z,20) > -t} C{z€ DNUs:¢Y(z) > —%t}
for any t € (0,79).
Thus, Lemma 2.2 holds. O

We recall the following coarea formula.
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Lemma 2.3 (See [6]). Suppose that  is an open set in R™ and u € C*(Q). Then
for any g € L(Q),

/Qg(x)\Vu(:rﬂ dx = /R(/ul(t)g(x) dHnl(g;)) dt,

where H,,_1 is the (n — 1)-dimensional Hausdorff measure.
The following lemma gives a sufficient condition for f € HQC)(D).

Lemma 2.4. Let f be a holomorphic function on D. Assume that

2
(2.3) lim inf f{ZGDCw(Z)ZIOgT} f(2)]

< +00;
r—1-0 1—7r

then we have f € HS (D).
Proof. Tt follows from Lemma 2.2 and inequality (2.3) that

z e %% r f z 2
lim inf f{ €D:eCD(z20) > }‘ ( )|
r—1-0 1—r

f{zED:w(z)ZC'IOgr} |f(2)?

< liminf

r—1-0 1—17r
J ? c
R TI {z€D:¢p(z)>Clogr} |f(2)| 1-—r
_lrlglllilg 1—7C x 1—7r
(2.4) < 400.
Denote

D, = {z € D :efrz20) < 7’},

where r € (0,1). It is well known that Gp(-, z9) —log r is the Green function on D,..
By the analyticity of the boundary of D, we have that Gp(z,w) has an analytic
extension on U x V\{z = w} and %ﬂi’z“) is positive and smooth on 9D, where
U is a neighborhood of D and V' & D. Then there exist o € (0,1) and C; > 0
such that C% <|VGp(,20)| <Cron{z€D:Gp(zzp) > logry}, which implies

1 < 0Gp(z, 20)

2. —
( 5) Ci1 — ov,

<Cy

holds on {z € D : Gp(z, zp) > logro} (by using Lemma 2.1).

Denote
_ 1 209G, (2, w)
wiw) =g [ 1T E ae,
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a harmonic function on D,, where r € (r9,1). As Gp,(z,20) = Gp(z,20) — logr,
we have

(2:6) O e

21 .

For fixed r1 € (r9,1), inequality (2.5) implies that

v, (20) < vr(20)

=5 [ s

8GD(Z Zo)
2.7 C _— d
(27) SQ/B 7 (F2BE20) s

holds for any r € (r1,1), where C5 is a positive constant independent of ry and 7.
Using Lemmas 2.1, 2.3 and inequality (2.4), we have

OGp(z,z
O [N (fyp, 1FP(295E20) 7 dz) ds
U (20) < limin
r—>1—0 1—r
1 _
o [N ([uept gy |F120P 0 [ VECP 200 |1 2] ds
= lim inf
r—1—0 1—7r
. CV2 f{zeD:eGD(z,zo)>r} |f|2eGD(Z7ZO)
= lim inf
r—1—0 1—r
(28) § C3a

where Cj is a positive constant independent of r1. As |f|? is subharmonic, we have
|f|?> < v, on D, and {v,} is increasing with respect to r. By Harnack’s principle
(see [1]), the sequence {v,.} converges to a harmonic function v on D, which satisfies
|f(2)]? < v(z) for any 2z € D. Thus, f € HQ(C)(D). O

§2.2. Concavity property of minimal L? integrals

In this section we recall the concavity property of minimal L? integrals on open
Riemann surfaces and a characterization for the concavity degenerating to linearity
([11], see also [10, 12]).

Let D be a planar regular region with n boundary components which are
analytic Jordan curves. Let 1 be a negative subharmonic function on D, and let ¢
be a Lebesgue measurable function on D, such that ¢ + 1 is a plurisubharmonic
function on D.

Let z9 € D be such that Z(p + )., # O.,, where Z(¢ + ) is the multiplier
ideal sheaf, which is the sheaf of germs of holomorphic functions h such that
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|h|2e=#~¥ is locally integrable. Let f be a holomorphic function on a neighborhood
of zg. Let Foy 2 Z(p + 1), be an ideal of O, .
Denote

inf{f{¢<7t} \f12e=%c(—) : (f — f,20) € Fsp and f € O({v < —t})}

by G(t;¢) (without misunderstanding, we denote G(t;¢) by G(t)), where t €
[0,400) and ¢ is a nonnegative measurable function on (0, +00).

Let ¢ be a positive measurable function ¢ on (0,400), which satisfies that
c(t)e™t is decreasing with respect to ¢, f0+°° c(s)e*ds < 400 and e~ ?c(—1) has
a positive lower bound on any compact subset of D\Z, where Z C {¢) = —oo} is
a discrete subset of M.

We recall some results about the concavity of G(t), which will be used in the
proof of Theorem 1.4.

Theorem 2.5 ([11]). Let h(t) = joo c(s)e™*ds. Then G(h™(r)) is concave with

respect to r € (0, fOJr c(s)e=*ds), limy_, 110 G(t) = G(0) and lim;_, o G(t) = 0.

Lemma 2.6 ([11]). There exists a um’que holomorphic function F on {1 < —t}
satisfying (F — f,z0) € F, and G(t;c) f{w< f |F|%e~ ?c(=). Furthermore,
for any holomorphzc function F on {Y < —t} satisfying (F f,z0) € Fy and
f{w<*t} |F|2e=?¢(—1)) < +00, we have the equality

/ |Fyf2e#e(—1) + / P~ FPee(—y)
{Y<—t} {p<—t}

- / FPe2e(—).
{p<—t}

We recall a necessary condition and a characterization of the concavity degen-
erating to linearity.
Corollary 2.7 ([11]). IfG(h=1(r)) is linear with respect to r€|0, f0+°° c(s)e % ds),
where h(t) = t+oo c(s)e%ds, then there is a unique holomorphic function F on

D satisfying (F' — f, z0) € F, and G(t;¢) f{¢< " |F|2e=%c(—1) for any t > 0.
Furthermore,

_ G(0; 4 4
(2.9) /{tl<w<t2}|F|Qe Pa(—gh) = f+°°(6)/t a(t)e dt

o cl(s)esds
for any nonnegative measurable function a on (0,+00), where +00 > t1 >ty > 0.

Theorem 2.8 ([11], see also [12]). Assume that one of the following two state-
ments holds:
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(a) (¥ —2poGp(+,20))(20) > —00, where pg = %v(ddc(w),zo) > 0;

(b) @+ ay is subharmonic near zy for some a € [0,1).

Then G(h=Y(r)) is linear with respect to r if and only if the following state-
ments hold:

(1) ¥ =2poGp(-, 20), where pg = Fv(dd® (1), z0) > 0;

(2) ¢ +¢ = 2loglg| + 2Gp(-,20) + 2u and F,y = Z(p + )., where g is a
holomorphic function on D such that ord,,(g) = ord,,(f) and w is a harmonic
function on D;

(3) Xzo = X—u, where x—, and X, are the characters associated to the functions

—u and Gp(-, z0) respectively.

Remark 2.9 ([12]). Assume statements (1)-(3) in Theorem 2.8 hold. Let p be

the universal covering from unit disc A to D. Let f,, be a holomorphic function on

A such that |f,| = p*(e*), and let f,, be a holomorphic function on A such that
_ ¥ (»GD(",20) . f

|f2] = p*(e“P %)) Denote cp := lim,_, ,, ogp F) o (Fa)) Then

copogP« (fu) (s (fz ))l

is the unique holomorphic function F' on D such that (F' — f,z)) € F,, and
G(t) = f{w<7t} |F|?e=%#c(—1p) for any t > 0.

§2.3. Some other required results

Let D be a planar regular region with n boundary components which are analytic
Jordan curves, and let zg € D.

Lemma 2.10 (See [19]; see also [21]). The Green function

Gp(z,z0) = sup w(z),
vEAY, (20)

where AY)(zg) is the set of negative subharmonic functions on D such that v(z) —
log |z—z9| has a locally finite upper bound near zy. Moreover, Gp(z, zp) —log |z — 2|
is harmonic on D.

The following two properties of the weighted Szego kernel can be found in [15].

Lemma 2.11 ([15]). Let A be a positive continuous function on OD. There exists
an analytic function Ky(z,w) with the following properties: Ky (z,w) is holomor-
phic on D x D; |Kx(z,)| is continuous on D for fived w € D;
(2) (2, W)A(2) [dz| = f(w)
oD

holds for any f € H;C)(D).
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Lemma 2.12 ([15]). Let X be a positive continuous function on 0D, and let f €
HQ(C) (D) satisfy f(z0) = 1. Then we have

(2.10) /BD | M (2)]*A(2) |dz| < /6D [f(2)PA(2) ldz],

where M (z) = % Equality in (2.10) holds if and only if f(z) = M(z).

§3. Proofs of Theorem 1.4 and Remark 1.5

In this section we prove Theorem 1.4 and Remark 1.5.

Proof of Theorem 1.4. We prove Theorem 1.4 in three steps: Firstly, we prove that
“>" holds, secondly we prove the necessity of the characterization and finally we
prove the sufficiency of the characterization.

Step 1. Denote

inf{ [pye_sy [F17e79e(=20) : f(20) =1 and f € O({2¢ < —1})}

by G(t) for t > 0; then we have

where p = e ¥¢(—21). Lemma 2.6 tells us that there exists a holomorphic function
Fy on D such that Fy(z9) = 1 and G fD |F0|26’“"c( 24)). Theorem 2.5 shows
that G(h~!(r)) is concave, where h(t ft ~*ds. Note that

G(—logr) < / [FolPec(~20)
{2¢<logr}
for r € (0, 1]; then we have

f{zGD :24p(z)>logr} |F0( )‘2€_L’GC(—2¢) < G(O) — G(— lOg T‘)
Jo 1Ogrc( tle~tdt N Io logrc(t)e—t dt
G(0)

< —F/7"7 7 ——.
B 0+OO c(t)e=tdt

(3.1)

There exists 1o € (0,1) such that inf{e=¥*)¢(—1(2)) : z € D and 2Gp(z, zp) >
logro} > 0. As v(dd®y,z9) > 0, it follows from Lemma 2.10 that there exists
r1 € (0,1) such that {z € D : 2¢(z) > logri} C {z € D : 2Gp(z,209) > logro}.
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Note that lim;_,g40 ¢(t) = 1. Then inequality (3.1) implies that

f{zED:Qq/}(z)zlog r} |F0(Z) ‘2

lim inf
r—1-0 1—7r
f{ €D:2¢(z)>log r} |Fo(2)|?e%e(—24) fﬁlogr c(t)e tdt
. . z M e 0
<C hglllzlof v - X .
" In c(t)e~tdt r
—logr ¢
t dt
< Cl# lim inf fo clt)e
Jo 7 celt)emtdt r=1-0 I—r
< 4o0.

Using Lemma 2.4, we have Fyy € H{” (D).

Note that Fy has Fatou’s nontangential boundary value and |Fy| € L?(9D).
It follows from Fatou’s lemma and Lemmas 2.1 and 2.3 that

oY y\—1
2 —p Y
/8D |Fol?e™%c( 2¢)(8vz) \dz|
:/ ‘F0|26_%"c(—2¢)‘v¢|—1 |dz\
oD
<liminff logr(f{ZGD@b(z)—s} |Fol?ee(—29)| V| |dz) d
T r—1-0 10gr
lo, 7‘ _
= lim inf f{ZED :21p(z) >log r} |F0‘ € WC fo & et dt
r—1-0 fo logr ()e*tdt IOgr

2
(3.2) = 2liminf Jizepau(z)zi0ery [F0l% Wc(fw).
r—1-0 f(; log c(t)et dt

As Fy € HYY(D), we have

1 — T INES
1:F0(20) = %/SD Fo(Z)Kp( aw) 1(2 ZO),O( w) |dZ‘

vz avz

By the Cauchy—Schwarz inequality, it follows that

1< ([ 1RR(52) el
e )
(33) o ([ 1RP(5) "l ¢ Kyt

X
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Combining inequalities (3.1), (3.2) and (3.3), we obtain
Hoo f+°° c(t)etdt
c(t)e™" dt>B zo) =L —n
([ ettt at) mytea) = 25
N logr c(t)e~tdt

< lim sup L
r—1-0 f{zED:QdJ(Z)ZlOgT} |F0\2€_¢C(_2¢)

_ O\ 1 !
< e se-(Ge) o)

(3.0 < 2Ky (o).

Thus, we have proved the inequality part of Theorem 1.4.

Step 2. Assume that the equality

“+o0
(35) Kp,,/}(zo) = (/ C(t)e_t dt) WBP(Z())
0
holds. Then inequality (3.4) becomes an equality, which shows that

+o0 —t —logr —t

t dt t dt
*[()L)e = lim sup fO C( )e 5= .
(0) r—=1-0 f{zGD:2w(Z)210g7‘} |FO| € @0(721/})

Q

Following from the concavity of G(h™!(r)), we obtain that G(h~!(r)) is linear
with respect to r € (07f0+°° c(t)e~tdt). Theorem 2.8 shows that the following
statements hold:

(1) ¥ =poGp( 20), where py = v(dd®(¢), z0) > 0;
(2) ¢+ 29 =2loglg| +2Gp(-, z0) + 2u1, where g is a holomorphic function on D
such that ord,,(g) = 0 and u; is a harmonic function on D;

(3) Xzo = X—uq-

In the following, we will prove that 2log|g| is harmonic on D, a.e., g(z) # 0
holds for any z € D.

Denote h = ¢ + 21 — 2Gp(+, 20), a function on D; thus h is subharmonic on
D and h is continuous at z for any z € dD. By the analyticity of 9D, there exists
h € C(D) such that h|sp = h|sp and h is harmonic on D. As h is subharmonic
on D, we have

h<h

on D. Denote
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Then we have ¢|lap = @lop and ¢+ 2¢ = 2Gp(-, 20) 4 h. Denote j = e~ Pc(—2¢)).
It is clear that

Kj(20) = Ky y(20) and  Bj(20) > By(20).

Following equality (3.5) and the result in Step 1, we have

K, 4 (20) K;,4(20) _ Ky .4(20)

f0+oo c(t)e~tdt O+Oo c(t)etdt 0+O° c(t)e~tdt’

= mBy(20) < 7Bj(20) <

which implies that

By(20) = Bj(20)-
Then we have § = p, i.e. h = h, which implies that 2log lg| is harmonic on D.
Denote

u=log|g| +u1,
a harmonic function on D. Then we have ¢ + 2¢p = 2Gp(+, z0) + 2u and x,, =
X—u1 = X—u-

Step 3. Assume that statements (1)—(3) hold.
It follows from Theorem 2.8 that G(h~!(r)) is linear with respect to r €
(0, f0+oo c(t)e~tdt). By Corollary 2.7 and Remark 2.9, we get that

(3.6) Gt) = /{ s | Fol2e=%e(—20)

holds for any ¢t > 0 and
FO = Co(p*(f20)>/p*(fu)7

where ¢( is a constant, p is the universal covering from unit disc A to D, f, is
a holomorphic function on A such that |f,| = p*(e*), and f., is a holomorphic
function on A such that |f,,| = p*(e“P(+20)). Tt follows from equality (3.6) that
“+o0 —t —logr —t
c(t)e " dt c(t)e " dt
—f o ct) = lim sup Jo ®)

(3.7) i _
(0) r—1-0 f{zED:Qw(z)Zlogr} |F0|26 SDC(*Qw)

Q

Asu =%+ —Gpl,2), we have u € C(D), which implies that p,(|f.]) €
C(D). As Gp(-, z9) can be extended to a harmonic function on a U\{zo}, where
U is a neighborhood of D, we have |(p.(f.,))’| € C(D). Thus, we have

|F0| S C(E)
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Following from the dominated convergence theorem and Lemma 2.3, we obtain

e D22 > log |Fol2e%c(—21)
lim sup f{ € D:2y( zzkl) gr }
r—1-—0 fO 8 c(t)eft dt

1 0 -1
(3.8) - /3 ) e e(-26) (1) Il

Denote M (z) == Eal=20) where \ = p(g—i)_l. Note that [}, [Fol?e™?c(—2¢)

K (20,20)” —
< 400 implies that [, e”%¢(—21)) < +o0. Lemma 2.11 shows that |M(z)| € C(D);
then we have

/ |M|*e%c(—2¢) < +oc.
D

Note that M (zp) = 1. By using Lemma 2.6 and inequality (3.6), we have

/ M PePe(—20) = / |FolPePe(~20)
{2¢<~t} {2¢p<—t}

+[ - RPete-20)
{2¢<—t}
which implies that
(3.9) / FoFy— Me ¥c(—2¢) =0
{2¢<—t}

holds for any ¢ > 0. Note that v = poGp(-, z0). It follows from Lemma 2.3 and
equality (3.9) that there exists 1 > 0 such that

8C;D('a ZO)

(3.10) B

—1
FoFofMe"”( ) \dz| = 0

/{ZED:GD(Z,ZO)T}

holds for any r € (0,71). Note that |Fy| € C(D) and |M| € C(D); then it follows
from the dominated convergence theorem and equality (3.10) that

o 0Gp(20)
_ pol_—_Z\N727Y7 —
/8 RFy M ( o ) ldz| = 0,

z

which implies that

_o(9GD(,20)\ 1
2 @ ’
/6D |M|*e (7(%2 ) |dz|

_ aGD(~,Zo) -1
_ 2 @
= -/8 |M — Fyle (78112 ) |dz|

o (OGD(-,20)\ !
2,—¢(9GD( 20)
+/3D | Fol2e ( o ) \dz].
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Lemma 2.12 tells us that

_o(9GDp(,20)\ ! / —o(9GD(20)\ 1
2 —p < 2,—¢ Z
/6D|M\ e B )zl < [ IRpe ( B ) lazl

Then we have

—w(OGD(-,20)\ 1 o /0GD(- 20)\ 1
2 _—p D 0 _ 2 —p D
/aD|M\ ¢ (7&]2 )1z /8D|FO| ¢ (73% )zl

It follows from Lemma 2.12 that

(3.11) Fy= M.

Thus, inequality (3.3) becomes an equality, i.e.

! ) (O
(3.12) 1= o ([ 1RPo(5) " laet) Ky

Combining equalities (3.7), (3.8) and (3.12), we know that inequality (3.4) becomes
an equality, i.e.

+oo 1
</ c(t)e_t dt) B,(20) = ;Kp’w(zo).
0
Then Theorem 1.4 has been proved. O

Proof of Remark 1.5. Assume that statements (1)—(3) in Theorem 1.4 hold. Fol-
lowing the discussions in Step 3 in the proof of Theorem 1.4, we obtain

o K)\(Za Zio)

Fo = co(p(f2)) P (fu);, Fo=M and M(z)= m7

where \ = p(g—i)’l. Thus, we have

Kpﬂb(ﬁ Zo) = Kp,w(%??@)FO = Cl(p*(fZO))/p*(fU)7

where ¢; is a constant. As

BP('&'ZT)) ‘2 1
| p=————=G(0),
/D‘BP('ZO?ZO) P BP<Z0"70) ( )
it follows from Lemma 2.6 that
Bl %) = Fp.
Bp(ZO;ZO)
Theorem 1.4 shows that K, (20, 20) = ( O+OO c(t)e t dt)mB,(z0,%0), and thus we

obtain

K,u( %) = </O+°° c(t)etdt)pr(-,zo). O
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§4. Proof of Corollary 1.8

In this section we prove Corollary 1.8 by using Theorem 1.4.
Let ¢ = ¢ — 2klog|z — zpl; then it is clear that ¢ + 2¢ is subharmonic on D
and v(dd®(p + 21)), z9) > 2. Denote j = e~ ?c(—2v) = |z — 20|**p. Note that

X k) (50 12
B (z0) = sup{| L2222 f € (D), Jolslto <1
and f(z9) = = f=1) (20) = 0}
= sup{|g(2)|* : g € O(D) and fD 9?6 <1}
= Bﬁ(zo)v
and
k F) (20) 12 c
() (20) = sup{ [ L5E2* : £ € HJO(D), faDIfIQ (22) a2l <1
and f(z0) = --- = f*7V(z) = 0}
= sup{lg(z0)* : g € H{?(D) and [, [g]2f(2L) " |dz| <1}
50(20)-
Theorem 1.4 tell us that
400
(4.1) Kj4(20) > (/ c(t)e dt) mBj(20)
0

holds and the equality holds if and only if the following statements hold:
(1) ¢ +2¢ =2Gp(-,20) + 2uy, where u; is a harmonic function on D;
(2) ¥ =poGp(- 20), where pg = v(dd®(v), z9) > 0;

(3) Xz = X—u-

Then inequality (4.1) implies that

+oo
(4.2) K" (z) > ( /O c(t)e™ dt) 7B® (z)

holds. Let u(z) = ui(z) + k(log|z — 20| — Gp(z, 20)) on D; then it follows from
Lemma 2.10 that « is harmonic on D if and only if «; is harmonic on D. It is clear
that X—uX]ch = X—u, when u is harmonic on D. Thus, the equality in (4.2) holds
if and only if the following statements hold:
(1) ¢ +2¢p=2(k+1)Gp(-, 20) + 2u, where u is a harmonic function on D;
(2) ¥ =poGp(, 20), where pg = v(dd*(¢), z0) > 0;
(3) X5 =X-u

Thus, Corollary 1.8 holds.
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