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The Principle of Limiting Amplitude for
Perturbed Wave Equations in an Exterior Domain

by

Kiyoshi MocHIZUKI and Hideo NAKAZAWA

Abstract

In this paper we consider the dissipative wave propagation problem in an exterior domain.
Uniform estimates and Holder conditions of the resolvent are studied for the reduced wave
operator without dissipation. Based on these results, the validity of the principle of the
limiting amplitude is proved for the wave propagation problem with dissipation.
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§1. Introduction

Let € be an exterior domain in R™ with star-shaped complement with respect to
the origin 0 and smooth boundary 02 (the case = R" is not excluded when
n > 3). We consider in 2 the wave propagation problem

OPw + by () 0w — Ayw + c(x)w = g(x)e ™, (x,1) € Q x Ry,
(1.1) w(z,0) =0, Ow(x,0)=0, z€q,
w(z,t) =0, (z,t) €00 xRy,

where 9; = 9/0t in t € Ry = (0,00), Ay is the magnetic Laplacian

Ay =V V=Y (9; +ib;(x))?,

Jj=1
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with ¢ = /=1, §; = 8/0z; and real-valued smooth functions b;(z) (j =1,...,n)
of z € R™, the scalar potential ¢(z) is a real and by(z) is a nonnegative bounded
continuous function, w # 0 is a real number and g(x) belongs to some weighted
L?-space in €. Thus, bo(2)0/0t represents a dissipation (friction term).

The principle of limiting amplitude states that every solution of the above
problem tends as t — oo to the steady state

e Wy (z,w)

in an appropriate topology, and v satisfies
(1.2) —Ayv + c(x)v — w?v —iwby(z)v = g(x) in Q, v|sq = 0.

This principle has been justified by many authors from various standpoints and
by different methods; see e.g., [2, 4, 13, 14, 15, 16] for wave equations and [5, 7] for
first-order hyperbolic systems. In these works, results are limited to self-adjoint
systems (i.e., the case bo(xz) = 0 in the above problem), and most important
properties reduce to show low-frequency estimates of solutions to the stationary
problem.

The dissipative wave equation (1.1) has been studied by Mizohata—Mochizuki
[6] in the whole R? with no magnetic potentials. The aim of this paper is to extend
the results of [6] to (1.1) with magnetic potentials and in an exterior domain .
Note that our results include the case n = 2. The existence of the dissipative
term makes the problem slightly complicated. Since the spectral theory (Stone’s
formula) does not apply to this case, our proof is as in [6] restricted to the use
of the Laplace inversion formula. So high-frequency estimates for (1.2) also play
an important role. In this sense, our theory is based on the uniform resolvent
estimates of the self-adjoint operator L = —A;, 4 ¢(x). Note that in [12] a similar
problem is treated, when L = —A and |by(z)| is small and decays suitably. In our
general case also, the condition by(x) > 0 is able to be replaced by the smallness
of |bg(z)| (see Remark 3 in Section 4).

The uniform resolvent estimates for L have been developed in Mochizuki [9]
(for n > 3) and Mochizuki-Nakazawa [11] (for n = 2), which we shall examine
precisely here. The results are applied among ordinary tools of functional identities
to show a Holder continuity of solutions u(+, z) to the stationary problem

(1.3) —Apu+c(z)u—zu= f(x) in Q, wulpn =0

(cf. e.g., Roach-Zhang [14]). This Hélder condition is available to the dissipative
problem (1.1) under a suitable decay condition on by(x).

In Section 2 we consider the stationary equation (1.3) with z = k2, where
k € C; = {k € C; Imk > 0}. The uniform resolvent estimates developed in [9, 11]
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are summarized in Theorem 1 and a necessary smoothness property for ik (L — x2)
is proved there (Corollary 1). In Section 3, we shall show that the solution u(z, z) of
(1.3) satisfy a local Holder continuity as a function of z (Theorem 2 and Corollary
2). The validity of the principle of limiting amplitude (Theorem 3) is demonstrated
in Section 4. Finally, in Section 5 a concise proof of Theorem 1 is given.

§2. Preliminaries
We list the notation which will be used freely in the sequel:
e Forze R, r=|z|= 22+ - +22)"? and 7 = z/r = z/|x|.
¢ 0, =0/0zx; (j=1,...,n), 0 = 0/0p, V = (01,...,0n), b(x) = (bi(x),...,
ba(2)), Vo = V + b(x), ¥ x b(a) = (D;bu(x) — b (x))<r.
e For z € C, Rez and Im z denote its real and imaginary parts, respectively.
e /z denotes the branch of the square root of z € C with Im /2 > 0.
e O, ={z e |z|<s}t, A, ={x e |z| > s}, Ss={xeR™; |z|=s};
e L?(G), G C Q, is the usual L2-space with inner product (f,g)¢ =

Jo f(x)g(x)dz and norm | fll¢ = /(f, f)a; in the case that G = Q, we
simply write [, do = [ dx.

e H/(Q) (j =1,2,...) are the usual Sobolev spaces on .

o H?

loc

(Q) is the space of H2-functions on each compact set of Q = QU 9.

e For a smooth function ¥ (z) > 0, Li (GQ) is a class of functions such that

1f17.¢ = /Gw(x)|f(x)|2dx < 0.

e The weight function p = u(r) > 0 is used to be a smooth decreasing function
of r > 0 such that

W(r)>0 and ||u||1:/ 1(s) ds < oo.
0

e Also, the weight function &(r) = (1 + [r]) ™2 is used, where

T, n—2 whenn > 3,
[r] = [n—2]=
r(1 4 logr/ro), 1 when n = 2,
and logr/ro = log(r/rg) with ro > 0 satisfying S, C R? \ 2. Without loss of

generality we can assume &(r) < pu(r) < &(r)'/2.

Now we define the operator L = —A; + ¢(z) acting in L?(2) as

(2.1) D(L) = {u e L*(Q) N H2 (Q); (—Ay+ c)u € L2(Q), ulopq =0},



586 K. MocHIZUKI AND H. NAKAZAWA

As is well known (see e.g., Mochizuki [10]), if
(2.2) max{|V x b(z)], |c(x)|} = o(r™!) asr — oo,

then L is self-adjoint and its essential spectrum fills the whole nonnegative half-line
[0, 00). If we require

(UC) the operator —Ay + ¢(x) verifies the unique continuation property,

there are no positive eigenvalues. Moreover, the continuous spectrum is absolutely
continuous if we strengthen the decay condition (2.2) as O(u). The absolute con-
tinuity is verified by establishing the principle of limiting absorption in Li(Q)

For z = k2%, k € Cy, the resolvent operator of L is defined by R(z) = (L—=z)~!.
For f(z) € L?(Q) the function v = u(z,x) = R(k?)f gives a unique solution in
L2(€2) of the boundary-value problem

(2.3) —Apu+c(z)u — K*u = f(r) in Q,  ulsq = 0.
Let I = [A1, A2] be an interval in R . For a small vy > 0 we set

Iy =T+(I,ny) ={z€C; Rezel, 0<+Imz <y},

(2.4) -
rp=TryLul.

The principle of limiting absorption asserts the existence of the limit of R(z) as
z — A € 1. Since A is in the spectrum of L, it cannot converge to a limit in the
uniform operator topology, and it is necessary to adopt a weaker topology.

Definition 1. For y = pu(r) given above we choose here ¢ = ([ pu(7)dr)~'. A

2

solution u = wu(w,x) of (2.3) with 2 = x? € 'y is said to satisfy the radiation

condition if we have

(2.5)+ /Q

where R; > 0 is chosen to satisfy 92 C Qg, and 0 = 6(z,/z) = 0(z,rk) is a
vector-valued function

w(r)|u)?dz < oo and / o(r) |z - 0]* dr < oo,
Q

! !
Ry Ry

1
i u— z\/g)u
2r

When z = A =+ 40, solutions u(x, v 4 i0) and u(z, —/\ + i0) satisfy the same
equation. They are distinguished as outgoing (4) and incoming (—) solutions.

(2.6) 0= Vyu+ 53(

For A € I, every solution u € HZ () of the generalized eigenvalue problem

(=Ap+c(z) = Nu=0inQ, wulpn =0
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satisfies the following growth property: if the support in 2 of u is not compact,
then

liminf/ |Z - 0(x, £V A + i0)|? dS # 0
Ss

(see Jiger—Rejto [3]). Since p(r)’ ¢ L'(R.), this contradicts the radiation con-
dition, and (UC) is applied to show the uniqueness of the solution of (2.3) and
(2.5)+ when k = +v/X +140. As is well known, (UC) is guaranteed for —A, + ¢(x)
if b;(z) € C?(2) and c(z) is Holder continuous in 2.

When z € Ty solutions of (2.3) and (2.5)+ are also unique and coincide with
the L?-solution R(z)f. Moreover, there exists C' = C(I') > 0 such that

en ,R

(2.8) / WR() S d + / epdr<c / SR de

QRI

HREP o< CoR) ™ [ |fPde tor B> B,

These resolvent estimates and the above uniqueness results imply, with the help
of the Rellich compactness criterion, the existence of the limit

(2.9)+ w(+VA +1i0) = lim R(Axie)f in L2(Q),

which gives the unique solution of (2.3) and (2.5)~ for k = £/ 4 i0. Thus, R(z)
is continuously extended to I'y as an operator from L2 () to Ly (Q) (cf. eg.,
Mochizuki [8]).

Note that the assertions of [3] and [8] are summarized in [10, Chaps. 3-5] for
more general second-order elliptic equations in an exterior domain.

To proceed with problem (1.1), the constant C = C(I'y) in (2.7) and (2.8)
should be improved to be chosen independent of z € C\ R. To this end we add a
smallness of the coefficients.

(BC.1) Assume that ¢(z) = co(z) + c1(z) and V x b(x) and cp(x) are small: for
go > 0 small,
{IV % b(@)* + leo(@)[}/? < eolr] >

c1(x) is not necessarily small but satisfies
c1(z) >0 and O.{rei(z)} <0.

Under these conditions we shall prove (in the last Section 5) the following
theorem which represents a uniform resolvent estimate:

Theorem 1. Assume (BC.1) and (UC). Let u = R(k?)f. Then we have the fol-
lowing:
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(i) There exists Cy = Ci(eg) > 0 such that

Imkr+1 ,
—aE M

(2.10) Paq(u) +/ 10 dx < Cy /[r]2|f|2dm, VK€ Cy,

where

1
Pos(u) = —5/89<v-x>|u-w|2ds7

with the outer unit normal v = v(x) to the boundary OS).
(ii) There exists Cy = Ca(eo, ||pll1) > 0 such that

[ 19+ lwu?y de < o [[max{(r2u AP de Ve Co
where = u(r) is a weight function given above.

As a corollary of this theorem we have the following:

Corollary 1. There exists C > 0 such that
/u(r)3/2\/<;u|2 dx < C/u(r)*3/2|f|2dx, Vi e Cy.

Proof. Since [r]? < p(r)~2 and L is self-adjoint, we have from Theorem 1(ii),
' 2R(*)ul|* < |K]72Cy  uR(K)u?|? < |6] 720

for any k € C,. Interpolation between these two inequalities gives the desired
conclusion. O

Remark 1. (i) If n > 3 and ¢o(z) satisfies a stronger condition

n—1
|co(2)]? < —eo

< —eo () (),

then (see [8]) there exists C5 = Cs(eg, |||l L1) > 0 such that for any k € Cy UR,

[ 19 + e do < Gy [ 5 da
(ii) The case Q = R? is excluded in the above theorem. But in the special case of

Laplacian L = —A in R?, it is known (see Barcelo-Ruiz—Vega [1]) that, for any
0 > 0, there exists Cy = C4(d) > 0 such that

/(1 + )Vl + k) da < 04/(1 )2 da.
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§3. Local Hélder continuity of R(z)f

To enter into the proof of the principle of limiting amplitude we need one more
theorem: the local Holder continuity of the resolvent R(z). For this aim, we apply
the results of Theorem 1 and Corollary 1 to a functional identity for solutions of
(2.3) under slightly stronger conditions on the coefficients:

(BC.2) Assume that c(z) = co(x) + c1(x) and V x b(z) and co(z) are small: for
go > 0 small,

{1V % b(@)|? + leo(2)[P}/? < eo(1+ 1) ulr);
c1(x) is not necessarily small but satisfies for some C5 > 0,
0<eci(x) <Csu(r) and — Cspu(r) < Op{rei(z)} <O0.

For f, g € L?(2) let u = R(k?)f and v = R(k?)g (note that v = R(k?)g).
Consider the functional

(3.1) J = Apu(pi - Vi) + Ay (T - Vyu).

We can follow a similar argument to the proof of Proposition 1 in Section 5 to
obtain

J =V A{Vyu(d - Vyu) + Vyu(pi - Vau)} — V- {p3(Vyu - Vyo)}
(6" 4 ) (Vo Ton) — 2 o) Vi)
- 2T Ty — (@ Vo) (@ Tow))
—ip{(& X Vyu) - (V x b)7 + (& x V0)(V x b)u}.

On the other hand, the definitions of u and v give, with a simple calculation,

—1
J =V -{3p(c; — k*)uv} — (nTgO + 30') (c1 — K*)uv — Oy.cruv

+ ¢(cou — f)(Z - Viv) + p(cot — §)(Z - Vyu).
Choose ¢ = r in these expressions of J. Then
J =V - {rVyu(i - Vyv) + rVpv(i - Vou)} — V- {r2(Vyu - Vyv)}
+ (n — 2)(Vpu - Vo) —ir{(Z x Vyu) - (V x b)o + (Z x Vpv)(V x b)u}
=V - {ir(c; — kK)uv} — n(c; — k?)uv — roycruv

+r(cou — f)(T - V) + 1r(cot — §)(F - Vyu).
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So, integrating over Qg (R large), we have

/T{Q(f.vbu)(gz.v?;)—vbu-vTv}ds+/ (v 2) (v - V) (v - Vo) dS
Sr 0N

+/QR(n—2)Vbu~vadx—i/r(Vxb).{(j>< Vyu)t + (2 x Vyo)u} dz

= / r(c1 — k?*)uv dS + / [n(k* = c1)uv — rocruv — r(cou + f)(& - Vyv)
Sn o r(cov + §)(Z - Vyu)] da.

Let R — oo in this equality. Then noting

_ —2 N
/ (n—2)Vyu- Vyvdr = nT {(Z - Vyu)o +u(Z - Vyv)} dS
Qr Sr

1
+ (n— 2)/ {(Ii2 —cuv+ —(fo+ ug)} dx,
Qr 2
we conclude the equation

22 /’u,’lj dr = /{{20;—1_—;&01 + (n - 2)60}’&17
+ T(ff) +ug) —ir(V x b){(Z x Vyu)v — u(Z x Vyv)}
+7{(cou+ f)(& - Vpv) + (co¥ + §)(Z - Vpu)}| dz

(3.2) + /BQ r(v-)(v - Vu)(v- Vo)dsS.

Lemma 1. Assume that (14 7)f(x), (1 +7)g(z) € LZ,I(Q). Then we have

%2/91“76130 < LA+ [T flle=r + Il Hlglle-

(3-3) +C{+ K7 lglle-r + rgllu- M lle-s-

Proof. Let us estimate each term on the right-hand side of (3.2). By assumptions
(BC.2) on b(z) and c(z) we have, from Theorem 1(ii),

‘/{201 +r0rc1 + (n— 2)copuv dz

< Cllullullvll < Clal =2l flle-llglle-2-

Similarly, we have

n;2‘/(f17+u§)dx

< CUS Mol + ullullglu-2} < Clsl = 1 flle-2llglle-
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and
‘/ir(v X B){(& x Vyu)p — i x Vyo)} da

< Clal" I flle-llglle=+ + 1 e llglle- }

where we have used 7|V x b| < ggu(r), and

]/%«%u+ﬂu¢eru%v+w@-vW»¢v

< Cllr(cou+ Pl 112 - Vol + lIr(cov + )l 12 - Voull,.}
< Cllully +lirfll—Higlle— + Clllvlln + lrgll I flle-
< CLUBI M IF le=r + I flu-)glle=x + (sl gl + lrgll =)l flle- 3,

where we have used r|cg| < gou(r). Finally, if we remember that O is star shaped,
then Pyo(u) in Theorem 1(i) becomes nonnegative, and it follows that

| -0 Tuw- 90 as| < ol e gl
Summarizing these inequalities, we conclude the assertion of the lemma. [

Theorem 2. Assume (UC) and (BC.2). Let 2,2’ € Ty with |z — 2'| < 1. Then
there exists Cg > 0 independent of z, z' such that

HR(z) = R} Nl arw < Co(1+ |27z = 2/ PlIf g,
where & (r) = E(r)p(r), p, ¢ satisfy 1 > % =1- % >tands=1- 2% > 0.
Proof. We consider only the case z, 2’ € I'y.. The resolvent equation
(3.4) R(z) — R(Z') = (2 — 2')R(2)R(%)
shows that dR(Z)f R(2){R(2)f} in L*(£2). So we have

(3.5) (@fﬂ@:mwwwmzéwm,

and hence, by use of (3.3) in the above lemma with z = x2,

dR
(P2 )| < Ol (@ + )M e + s Yl

+ Ol + 217 Y llglle— + gl HIfller-
Here, choose g = {10”2(72”. Then since (1 +7)%2u~! < & (r)~1, the inequality
2)f

(3.6)

D) <ol
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follows. On the other hand, the Green formula for the solution u = R(z)f of (2.3)
gives
Im 2| R(2) f||* = — Im(f, R(2) ).
Using this equality twice, we have
dR(z2)f _ _
|2 | < @) IRE A < @) 2l 1RE) flle) 2
(3.7) < C(m 2) 2| flle-.

So, the Hélder inequality with 1> & =1 — ¢ > § and (3.6), (3.7) show

> 1/p
S ar < { [ sl T e} {2 e}
< CLA+ 272 1f g2 }*/P{(Im )~ 3/lefllgfl}z/"
(3.8) <O+ [27%/7) (Im 2) /24| | 1 }?

gl/iﬂ

Now let z = X+ g, 2/ = X + ie’. Then since

R(z) = R(2') = {R(2) = R(2)} + {R(2) = R(Z)} + {R(Z') — R(2)},

where Z = A+ i7 and Z' = N +i7 with 7 = max{e, &/, |A — X'|}, (3.8) implies

dR(2)f
I{R(z) = R(D} g1 < Cle =7 s Dl
dRr(Z)f
/
+C|r — I e
< C(L+ |2 72/P)r(Im 2) 729 f| 1,
and the desired inequality holds true. O

Corollary 2. For % < % <1land0<s<1 put

1 1 1
(3.9) a:7+(177>s, 6:17<177)s.
p p p
Then there exists Cr = C7(T'+) > 0 independent of o, 8 such that

|6 {B(z) — RENE S| < Crlz = 2P £]].

Proof. Tt follows from the above theorem that

161 {R(z) — R(z)}&2 Il < C(TL)|= — 2P| £]I.

So, as in the proof of Corollary 1, the assertion is concluded by the interpolation
method. O
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§4. The principle of limiting amplitude

Now we return to the wave propagation problem (1.1) with the above two theorems.
Here the potentials ¢(z) = co(x) + c1(x) and b(z) satisfy (BC.2) and (UC), and
the coefficient by(x) of the friction term is required to be smooth and satisfy

(Bo) there exists Cg > 0 such that
0 < bolz) < Caka(r) = Cs(1+ [r]) 2u(r) in 8.

Under these conditions, it is well known that for each g(z) € L?(2), solutions
w(t) = w(x,t) of problem (1.1) exist and are unique in the class of differentiable
functions of ¢ > 0 with values in L?().

For this solution we shall prove the following theorem which establishes the
principle of limiting amplitude:

Theorem 3. Assume (BC.2), (UC) and (By). Let g(x) € Lz,l(Q). Then, as
t — oo, !
w(z,t) = v(z,w+i0)e ™ +0o(1) strongly in LEI/Q(Q),
1

where v(z,w +1i0) € inp (Q) is the unique solution of the problem
(4.1) —Apv + c(x)v — kb (z)v — K20 = g(x), vlag =0,
with k = w + 10.
Let
w = /00 w(zx,t)e™ dt,
0
where k € C. Then w satisfies the reduced equation

g(x)
—i(k — w)

— Ay + c(z)W — ikby(z)W — K2W = , Wlaa =0,

So, if v solves problem (4.1), then @ = #ﬁw) and the solution of (1.1) is given
by

1 —T+1i00 )
(4.2) w(z,t) = — lim VB ) it g

im0 | i K —W

where o is a large positive number.
Put bo(r) = a(x)? and let A be a multiplication operator Ag = a(x)g(z).
Choose a new unknown ¢ = Aw in the above (4.1). Then it changes to

(4.3) ¢ — ikAR(k*)Ap = AR(K?)g(x).
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Conversely, let ¢ € L?(Q2) satisfy this equation. Then the unique solution of (4.1)
is given by

(4.4) v =1ikR(k*)Agp + R(k?)g.

In fact, if we denote the right-hand side by h, then we have (L — k?)h = ikA¢ +g.
By means of (4.3),

—ikAp = —irA{ikAR(k*)A¢p + AR(k*)g}
= —inA?{ikR(k*)Ap + R(k%)g} = —irb(z)h.
Thus, h satisfies the equation (L — k2)h = ixb(x)h + g showing h = v.

Lemma 2. The operator AR(k?)A is compact in L*(2), and for each k = —o+it
(r>0) and f € L*(Q) we have

(4.5) Re[—ik(AR(Kk?)Af, f)] > 0.

Proof. The compactness of AR(k?)A is obvious from the condition (Bp): A =
£(r)'/20(r=1/?) and the Rellich criterion. The positivity (4.5) is also easily verified.
In fact, we have

A+ o2 +72)r i
— 02+ 712)2 4 (270)% dX

Rel-in(R(s2) AL, Af] = [ 5 (BOVAS, Af)ydA > 0,

where E(\) is the spectral family of the operator L. On the other hand,

o]

17%1 Re[—ir(R(k*)Af, Af)] = ——Z_({R(UQ —i0) — R(0® +i0)}Af, Af)
= 7lo]-(BO)AS, Af) s > 0. 0

This lemma shows the uniqueness and the existence of solutions ¢ = ¢(z, k)
of (4.3) in L?(2). Moreover, we have the following lemma:

Lemma 3. Assume (By). Then there exists C > 0 such that for each k € Cy,
(4.6) le()Il < CL+ 1K)~ glle--
Proof. By use of Lemma 2 and (4.3) we have

o)l < IIAR(s*)gll.

Then (4.6) is direct since A(x)? < &(r) < u(r). O
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Lemma 4. Under (By) there exists C > 0 such that for all k € Cy,

(4.7) [o(k)lle + &l lvlln < Cllglle-r,
lo(k)l iz < Clal ™2 lglle-.

Moreover, there exists C(I'+) > 0 such that for all K% k> € Ty,

(4.9) o)~ v()llgrrs < CELIk — &V lgll .

Proof. Note (4.6) and A? < C¢. Then we have from (4.4),
lolle + vl < |KKIR(E*) Adlle + ] [|R(5*) Agllu} + [1R(5*)glle + |s] | R(5*)gll,

< C{lsl[[Aglle— + llglle—3
< C{lsll1oll + llglle-+} < Cllglle-»
showing (4.7). Inequality (4.8) easily follows from (4.7) since we have
1/2
(4.10) lullgr2 < Clullg?lull}/?, Vue L(©) (C L2 ())-
Next, note the identity

(k) = v(r') — ikR(K*) A{¢(r) — O(r")}
=i(k — &) R(K*)Ad(r') + ir'{R(k*) — R(r"*)}Ad(K')
(4.11) + {R(x?) — R(K"*)}g.

We estimate each term on the right-hand side as follows: Theorem 2 with p = 2
shows

I{R(5%) = R(5™)}gll /2 < C(T2)[6? = 62 gle-.

Similarly, we have from Theorem 2,

|5 {R(5?) — R(5")}A¢(K")] c1/2
< OTL)|R* = 2P llo(R)]| < C(TL)|r? — &2 llglle-1

By use of (4.10), (4.7) and (4.6),
|5 = K| R(*) AS(K )| 2/2 < Clal 2]k = w'[[[¢l] < C(Tx)li — w'[[lglg-1-
As for the remaining term, note that (4.10) implies

5] | R(s*) A{g (k) = (K"} a2 < Ll 2] p(k) — o(k)].
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Here, we multiply by A(r) on both sides of (4.11) and take the L?-norm. Then, in
view of Lemma 2, we obtain

l¢(r) — ¢(£)]| < |k — K] IIAR(HQ)Asb(H’)II
+ w6 [IA{R(+?) — R(s"*)}AS(x") || + [[A{R(K?) = R(x")}g]I-

Since A(r)? < &(r) < & (r)'/?, the above three estimates are also applicable to
this inequality so that

Ol V2 p(k) — o)l < C(T2)[K* = &2 llglle-r-
Estimate (4.9) is thus concluded. O

Proof of Theorem 3. We start from the expression in LZ/? (Q),

—p+iTo
v(x, k) _;
(z,t) = — lim ge .
i poo Jo i K —w
We recall that v(-, k) is an Lzl/z(ﬂ)-valued analytic function of kK = —o + i7 in

7 =Imxk > 0. So, by use of the1 Cauchy integral formula,

[ ) g,
P

R—W

+i7o
i [ U i)
elo S, o —w+1Ee
/T“ v(x, p+ir)e {PHTE gy(g, —p 4 iT)e TPt p
- - T.
o U i) = P

Here, the second term on the right-hand side tends to 0 in L2 e/ (Q) as p — oo.
Thus, we have

(1) 1 R e Lz, 0 + ie) — vz, w + ig) fele IO
w(z,t) = — im
’ 27 <10 oc—w+ie

—a+tw ; (e—io)t
- hm{ lim (/ / > Tot Zs)e. da}
271 €0 [P0\ Jutw o —w+ie

1 e—w‘t
- —1 (e—iw)t doy =1+ I + Is.
5. Elfg{v(x,w+ze) ot o 1+ 12+ 13

do

Here, a is a small constant satisfying 0 < a < |w|. By Holder continuity and the

decay and singularity estimates of v(-, k) in Lemma 4, we can use the Riemann—

Lebesgue theorem to see that I; and I, — 0 strongly in LZI/Q (Q) as t — oco. Thus,
1
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noting
a —iot a : t +
hn{/ 7 o = 2t [ 7RO FEcoslol) 4
elo J_, o0+ ie lo Jf, 02 4 &2
% sin(ot < 1
—2%/:mw)w+/ : M}H%i
0 g 0 g + 1
as t — 0o, we obtain from I3 the desired conclusion. O]

Remark 2. Theorem 3 is modified to hold in Lius (©) with e = min{1,3/p—1}.
In fact, since £(r) < pu(r) < £(r)'/? leads us to p'*™e = p3/P < (€p)'/P, it follows
that
(4.12) [|R(5*)gllur+e < [R(K*)glleepn-< < Clul ™ lglle,
I{R(x?*) = R(x™)}gll,o+e < I{R(K*) = R(5™)}gll 10
< Ca) R~ k2P glle.+ with 6 = (3/p—1)/2.
On the other hand, the conditions on by(z) and g(z) can be slightly weakened if we

make use of Corollary 2. We choose s = 1/2 there to see o = § = 2/3+(3/p—1)/6.
Assume the following;:

(Bo)" There exists Cg > 0 such that
0 < bo(z) < CotS in Q.

We choose g(z) € Lg,a (€2) and note that 2a — 1 = 1/p. Then £ < £9u'~* and
we have
IR(*)glley < IR(5*)gllgei-o < Clul 7 lglle-1,

which takes the role of (4.12) since 2 < a < 1. Thus, Theorem 3 holds in LE? (Q)
in this case.

Remark 3. The dissipation condition (By) or (By)’ can be replaced by the fol-
lowing;:

(By)"” There exists a small 1 > 0,

lbo(2)] < e161(r) or <er&*(r) in Q.

Note that 3/4 is given as a when s = 1/2 and p = 2 in Corollary 2. Let A, B be
multiplication operators Af = |bo(x)|"/2f, Bf = (signby(z))Af. Put ¢ = Av for
the solution v of (4.1). Then it satisfies

(4.3) ¢ — ikAR(k*)Bo = AR(k*)g(z).
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Since §f/ Y(r) < p3/2(r), in the account of Corollary 1, we can choose £, small
enough to satisfy
sup |linAR(k*)A| < 1.

reECH
Moreover, since ||AR(k2)B|| = | AR(k?)A||, the Neumann series
{1 —ikAR(k*)B} ' = Z[iﬁAR(/@2)B]j
j=0
converges in the operator topology uniformly in x € C,. Hence, we are able to
reach Theorem 3 in the case of (By)” also.

§5. The uniform resolvent estimates
First, remember the vector function (z, k) = Vyu + Z(%L — ir)u. By use of this
function we rewrite equation (2.3) as
n—1 (n—1)(n—23)

(1)  —V,-0+ (7 —m):z-9+{c(x)+T}u=f(x).

Let ¢ = ¢(r) > 0 be a weight function such that ¢(r) = O(r) (r = c0). We
multiply by ¢(Z - 6) on both sides of (5.1). Then the real parts give

Re{cp{—vb -0+ (nT—Tl — in):’v’ -0+ (c(a:) + W)u}(i
(5.2) =Re{pf(z-0)}.
Note that

)
=
—

— V403 8) = =V - [0 - 0)] + | - 0] + 00 - V(7 - 0),
and substitute the identities
- 7 1
~Re{gV 05 - 0)} = Re[-V - {¢0( - D)} + 'l -0 + S0(10 ~ |7 -0)
1 P S Ul SNPNT R BRI
+ 3V {aploP} — o - Sl
e - n—1 . 2 1~ p2
— (@ % 0)(V X b)a + 4,0(7 — i) {16 — |3 - 0}]

and

Rego(cl(x) + W)u(i’ -0)

= %V : {j(p(cl + (n-Ln—3) 14):: — 3)> \u|2} + (Immcl — 8T(2Sjocl))|u|2

1L ¢'\Nn-1n-3)
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in equation (5.2). Integrate both sides over Q. Then since ¢ = O(r), we have

CTimi =2 _ Lo 1 (n—1)(n—3) 2 _
lim inf 5 cp{|x 0| 2|9| 2(01+ >|u\ }dS_

5—00 47”2

and the following proposition holds true.

Proposition 1. The solution u = R(k?)f satisfies
1 2
- ov-2)=|v-Vul*dS
o9 2

+/¢[7(% - ‘g)|j~0|2+ (Ianr % - ;’;){wﬁ + WIW}

+ (Im KCp — ('3T(2<p;0(:1)) |u|? + Re{—(V x ib)uZ x 0 + couM}} dx
= Re/cpfm dx.
Lemma 5. Under the additional conditions
¢'(r) 1
. <> and 0, <
(5.3) o) ST and Or(¢c1)(z) <0

on @, the solution u satisfies the inequality

J{ (o EYiop + (g + £ - £) =D
64 < [l (7 xR +lal) Plaiolde+ [ Lo Vs

Proof. The lemma is obvious from Proposition 1 if we take note of the inequalities

1 ¢ 2 1~ pi2 Or (1)
- — |z - > el >
(r (p){\f)l [Z-601"} 20, Imrpcy 5 20
| = (V x ib)ui x 0 + couz - 0] < (|V x b + |co2)M?|ul|0). O

Lemma 6. For any ¢ > 0,

/(Imm‘—{—; ZEW){|0|2 (ni \u| }dz
/ 121 f|? da —|— —2—25(71—1 (n—3 /4

/ (v-2)|v- Vul?dS.

dr
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Proof. We choose ¢ = r in the above lemma and use the Schwarz inequality. Then
noting (BC.1), we have

/(Imﬁr + %) {|9|2 + w\uﬁ} dx

42
2

2 2
</{[Zg|f|2+4;[2}2u|2}dx+/26[:]2|0|2dx.

Hence the desired inequality follows. O

Next, let Hy , = H, ,(Q) denote the completion of C§° () with respect to the

(5:5) lullZy = /{IU(%)\2 +[Vyu()|*} d.

Proposition 2. Let n = n(r) and ¢ = {(r) be smooth, positive functions of r > 0,
and let s be chosen large. Then the following identity holds for each u € Hg,o‘

[ oo+ ==

:/ |7 - Vyu — iku — nu|* de
Qs

n—1 9 (n—1 9
+/Ssc( o +n)lul* ds /Qg( o ) [uf*dx

-1 -1
+/ C{lef@(n +77)|u|2— (n—n+n’+nz)|u\2}dax.
Q. 2r T

Proof. Note the identity

-1 2
|:%-0|2:‘;%-Vbu+n ]

U — KU — NU + Nu

n—1
= |:E~Vbu—mu—77u|2+v-{9ﬁ( o +n>|u|2}

n—1 n—1)(n—3 n—1
+ 20w = ) ul? - =D =3), 2 ("= + ) ul.
2r 4r r
Multiply by ((r) on both sides and integrate over Q;. Then since u|spq = 0, we
conclude the desired identity. O

Lemma 7. The following statements hold:
(i) If n >3, then for any u € Hy 4(),

1
/@de < /|§:-9|2d:c.
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(ii) If n =2, then for any u € Hbl,o(ﬂ) and e > 0,

1 1
/(Im KT+ 3 18 — 852) PRE lu|? dx

< /(Imnr+ % - 25[:]22>{|j 02 — $|u|2}dx

Proof. (i) We choose ( =1 and n = 7"2—;2 in Proposition 2. Then since
n—1+ 1 n-1 = (n —2)?
2r =50 r T = 4r2 7

letting s — oo, we have the assertion.

(ii) We choose
r? 1

and n=_—

1
(=Imkr+ - —2¢ 2]

2 TP

in Proposition 2. Then, by assumption, {(r) > 0 and also

o 1 2
llggf/gSC(%+n)|u| ds = 0.

Moreover, since

-1 -1
4[r]2  4r2(1 +logr/rg)?’

1
—n i+ =
T
it follows that
1 r? - 2 1 5
/(Imnr+22€[r]2){|x'9| fﬁm\ }d:c
2\ /1 9
2{21 LI YHE I SR
mn(— 77) ul 4[71]2|u } x.

—&—/(Imm*—l— % — 25[:?) o

Thus the inequalities

2 2 4
9 T 2 r
2(Im/£) T—45Im/€Wz—TW7

{25 )=

lead us to the desired conclusion. O
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Proof of Theorem 1(i). The case n > 3: In the inequality of Lemma 6 we choose
€< i and apply Lemma 7(i). Then

1 L (n—1)(n—3)

<1/r2|f|2dx—|—€(2)/1|u|2dx—P (u)
~ 4e e ) 4r? o0

where Ppo(u) = =3 [,o(v - @)|v- Vu|*>dS. Hence

n—2)%e — 4e? — 2¢2 1 1
222 [ e < o [ 2167 de = Paotu),

and the desired inequality holds if £y in (BC.1) is sufficiently small.

The case n = 2: We combine Lemmas 6 and 7(ii) to obtain

1 1
/(Im KT+ 5 18 — 852) Ve lu|? da
1 72 R 1, 5

2
< g Jirian (B 2e) [ qpmlul do — Pootw

for any € < %, which implies

£ —40e? — 163 — 23 SRR 1
de < — 2| f|? dz — P; .
= [ gt e < & [BRUR A= Pt
The desired inequality then holds if ¢ is sufficiently small. O

To proceed with the proof of Theorem 1(ii) we need one more proposition.

We multiply by —iku on both sides of (2.3) to obtain
V- A(Vow)iru} — iw{|Vyul* + c(z)[ul? — &%[ul*} = — firu,

Integrate the real part of this equation over €; (t > ry). By means of the boundary
condition u|gpg = 0, it then follows that

1
3 {~|Vou — iru* + |Vyul* + |kul?} dS
St

(5.6) + Imf{/ (IVoul?> + clu|® + |ku|*)dz = —Re [ firudz.
Q
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Here,

-1 2
|Vyu — ikiu|* = ‘Vbu—i-fc(n —iﬁ)u‘

(= D=3)
472

n
—Imek

_1|u|2_v_{n

1

ﬂMﬂ.
Then the following proposition is a direct result of (5.6) multiplied by u(t) and
integrated over (rg, c0).

(5.7) +

Proposition 3. Let u = R(k?)f. Then we have

1/{(/QLImnn ; L ,LL/L_1> |u|2 +M(|Vbu\2 + \/‘CU|2)} dx

2 2r

+Imn/ u(t) dt/ {|Vyul® + c(x)|u® + |kul|?} dz
Q

To

1 V0D oy [ _
_§/N{|9| +T|u\ }dx Re 5 wu(t)dt o, fikudzx.

Now we return to the inequality of Lemma 5. The Schwarz inequality then

implies
o N2 N -—1n-3) ,
/{(Imfwu—l— 5 25(,0)\9| + (Immp—&— . 2) 2 [ul }d:c
2 2 2y, .2
P72 (IV X B* + leo)e” | o
. < | — d d
68 = [ Sifaes [N
for any € > 0.

Lemma 8. The inequality

R e e

holds for some C' = C(eg, ||u]]1) > 0

Proof. In (5.8) we fix £ < %. In the case n > 3 we choose ¢(r) = [ u(7) dr. Since
ru < o < ||u|lL, by use of (BC.1) we have

/{1—245 lu(n—l)(n—3)|u|z}dz

<l [ AP s [ ),

Hence, the use of Theorem 1(i) leads to the assertion.
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In the case n = 2 we choose ¢ = r/(4 + logr/rg)? in (5.8). Then since

1 2 1
- >
¢= (4+1logr/rg)?  (4+1logr/rg)® = 2(4+logr/rg)?’
! 2
AP N S
r 2 7 4(4+logr/ro)? ¢ = (4+logr/rg)?’

it follows that
1—4e 3 1
= 9Pdz— {I f} 2d
/4(4—|—logr/r0)2| " dz / AT+ 4 4r2(4+10gr/r0)2|u| v

< [l Pdet [ s
—J 2e(4+logr/rg)? 2e[r]*(4 + logr/ro)?

for any € > 0. Hence we have

1—4e 1 3, e |uf?
= |8Pdr < — 21712 d /1 0
/4(4+10gr/r0)2| "o < 325/[’“} [fI d + {mm+ +&e} A[r]?

The use of Theorem 1(i) leads to the assertion if we note

1 (n—1)(n-3) -1
< - A SAAA .
= (4+logr/rg)? and 4r2 4r2 — 0

in this case.

Lemma 9. For each u € Hl}o and s > rg we have

n — 2)? 5
/Q [4[7']2] |u\2afav§/Q |7 - Vpul|?® dz.

Proof. In the identity

the last term on the right-hand side is rewritten as

_[n = 2J|ul? [n — 2]%|ul?
—v-{z 2] } E

Integrate this equation over ;. Then the assertion follows from the identity

n — 2|u|? n — 2l|ul?
/§25|5~0'Vbu|2dfﬂ/gs‘i~vbu[2m2}’ der/sS[?[??}]HdS
+/Q de.

s
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Proof of Theorem 1(ii). We start from the identity of Proposition 3. By (BC.1),

[n — 2

=T

Then we have from Lemma 9,
/ {IVyul? + c(z)ul* + |xul®} dz > 0,
Q.

and the following inequality holds:

1 n—1 n—1
5/{(u1mn . —//27>\u|2+u(|Vbu|2+|nu\2)}dx

69 <3 [ufir+ Bl ek [T awa | 1@ i

Here 1/ < 0 by assumption and we have from the Schwarz inequality,

. _ 1
liler [\l iwulde <l [ 07152 a4 [ bl de.

Thus, the assertion is concluded from (5.9) and Lemma 8. O
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