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A Hodge filtration of logarithmic vector fields for
well-generated complex reflection groups

Takuro Abe, Gerhard Rohrle, Christian Stump, and Masahiko Yoshinaga

Abstract. Given an irreducible well-generated complex reflection group, we construct an exp-
licit basis for the module of vector fields with logarithmic poles along its reflection arrangement.
This construction yields in particular a Hodge filtration of that module. Our approach is based
on a detailed analysis of a flat connection applied to the primitive vector field. This generalizes
and unifies analogous results for real reflection groups.

1. Introduction

The study of vector fields with logarithmic poles along the reflection arrangement of
a finite Coxeter group inside a real vector space has been a particularly active and
fruitful area of recent research. Most importantly, Abe—Terao use Saito’s primitive
derivation to construct an explicit basis of this vector field in [1], thereby extending
Saito’s Hodge filtration of invariant polynomial derivations to a Hodge filtration of the
module of invariant vector fields with logarithmic poles. Also, Wakamiko identified
the concept of a universal vector field as a crucial ingredient in his construction of an
explicit basis in [15, Section 2].

Based on a recent extension of Saito’s primitive derivation and Hodge filtration to
well-generated unitary reflection groups in [6], we establish analogues of the above
constructions in this more general setting. Specifically, we provide a framework to
extend [1, Theorems 1.1 and 1.2] to well-generated unitary reflection groups (Theo-
rem 4.2 and Corollary 4.3), and derive universality results generalizing [15, Section 2]
(Theorems 4.17, 4.19 and 4.22). Because of the new explicit form of the flat connec-
tion in [6], the approach we provide here has not appeared in the literature even in the
real case, simplifying several arguments.

We give a brief comment on the terminology of a “Hodge filtration” in our con-
text. This was introduced by K. Saito in [11]. The primitive form is a special element
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in the relative de Rham cohomology group for the deformation of an isolated hyper-
surface singularity, which satisfies lots of nice properties. For simple singularities of
type ADE, the parameter space of the deformation is identified with the quotient of
the Cartan subalgebra by the Weyl group. For a given logarithmic vector field, we
can differentiate (Gauss—Manin connection) the primitive form by the vector field,
which gives an identification between the module of logarithmic vector fields and the
relative de Rham cohomology group. The primitive derivation defines a natural filtra-
tion on which the primitive derivation acts by degree shift by one. This structure is
very similar to the behavior of Hodge filtrations on the cohomology of the fiber with
respect to the Gauss—Manin connection of a proper smooth holomorphic map (the so-
called Griffith transversality). This is the reason why the filtration on the module of
logarithmic vector fields is called the Hodge filtration.

The paper is organized as follows. Section 2 contains preliminaries about complex
hyperplane arrangements with Z-valued multiplicities, and recalls the needed back-
ground on unitary reflection groups and the necessary properties of flat connections
for well-generated unitary reflection groups. In Section 3 we provide an analogue
of Saito’s criterion for Z-valued multiplicities, introduce universal vector fields and
derive several of their properties. Section 4 contains the main results of this paper as
presented above.

For the benefit of the reader, in our proofs we have separated the properties that
follow directly from the existence of a universal vector field from those that only hold
in the case of well-generated complex reflection groups (where we do have such a
universal vector field); see Sections 3.2 and 4.2.

Recall that a complex reflection group W is called “well-generated” provided it
is generated by £ reflections, where £ is the dimension of its reflection representa-
tion. See Section 2.2 for an equivalent definition used throughout the paper; here the
exponents and coexponents of W add up to the Coxeter number of W in a particular
fashion (see (2.6)).

We finish this introduction with a brief discussion of the crucial differences and
similarities of the situations for real and complex reflection arrangements; for def-
initions we refer to the sections below. Denote by v: A — 7Z a general Z-valued
multiplicity function on the reflection arrangement A of a well-generated irreducible
unitary reflection group W, and by w: A — Z the multiplicity function assigning to a
reflecting hyperplane H the order of its pointwise stabilizer, o(H) = eg = |Wg|.

(1) If W isreal, then w=2. In particular, for the module of derivations D(A,v—1)
of A with multiplicity v — 1, we have

DA Vv-1)=DA,v—w +1).

It turns out that the counterpart of the module of derivations D (A, v — 1) that is used
in the literature in the real case is the module (A, v — w + 1) in the general complex
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case. One crucial instance, where a (—1)-multiplicity in the real case is replaced by a
(—w + 1)-multiplicity in the complex case, is demonstrated in Theorem 4.19, which
generalizes the analogous result from the real case in [15, Theorem 2.7].

(2) Ttis well known that in the real case there is an isomorphism of graded mod-
ules
DA, —-1) =DA,—w + 1) = QA, 1),

where (A, 1) is the module of differential 1-forms. As explained in Remark 4.5, by
degree comparison, this isomorphism does not extend to complex reflection arrange-
ments that are not the complexification of a real arrangement.

(3) The explicit form of the flat connection that was exhibited in [6], see Propo-
sition 2.17, is the crucial ingredient in the construction of the bases in Theorem 4.2
and of the Hodge filtration in Corollary 4.3. Using this explicit form and a system
of flat invariants and of flat derivations has the additional benefit of simplifying the
arguments for real reflection arrangements. We remark that, while the existence of flat
derivations has been known for some time (see [4]), the existence of flat invariants for
well-generated complex reflection groups was only discovered quite recently in [8].

(4) This paper does not deal with equivariant multiplicities (multiplicities that are
constant along hyperplane orbits) as provided in the real case in [2]. That construction
is based on a case-by-case analysis of primitive vector fields along reflection sub-
groups generated by orbits of reflections. We hope for a general conceptual approach
to such equivariant multiplicities.

2. Preliminaries

2.1. Multi-arrangements of hyperplanes and their derivations

Let V' be a finite-dimensional complex vector space of dimension £ and fix a Hermit-
ian form
I:VxV —=>C

on V. Let § = Sym(V™) denote the ring of polynomial functions on V and let F
denote its quotient field of rational functions. If x1, ..., x¢ is a basis of V*, we iden-
tify S with the polynomial ring C[x1,. .., x¢] and F with the field of rational functions
C(x1,...,x¢). Letting S, denote the C-subspace of S consisting of the homogeneous
polynomials of degree p (along with 0), S is naturally Z-graded by S = @pez Sp,
where we set S, = 0 for p < 0. Denote by Derg the S-module of C-derivations of S,
and by Derr the F-module of C-derivations of F. Then 0y, , ..., dx, is an S-basis of
Ders and an F-basis of Derr. We say that 6 € Derg is homogeneous of polynomial
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degree p — q provided that
fi
0= —0x,,
> L,
where f; € Sy and g; € S; \ {0} foreach 1 <i < . In this case, we write
pdeg = p —gq.

Recall that, for 6 € Derr, we have 6 = 0(x1)0dx, + - -+ 4 0(x¢)0x,. The Saito matrix
of 01, ...,6; € Derp is given by

Or(x1) -+ O1(xp)
M(bq,...,60p) = : : ,
Op(x1) -+ Op(xe)
see [10, Definition 4.11]. That is, the Saito matrix collects in the i-th row the coeffi-
cients of 0; in the F-basis {dx,,...,dx,} of Derg.

Extending Ziegler’s concept of an N-valued multiplicity function from [17], a
multi-arrangement (A, v) is an arrangement A together with a multiplicity function
v: A — Z assigning to each hyperplane H € A a multiplicity v(H) € Z. We use the
term multi-arrangement even though we allow hyperplanes to have negative multiplic-
ities, while disregarding hyperplanes of multiplicity zero. We only consider central
multi-arrangements (A, v), i.e., 0 € H for every H € A. In this case, we fixag € V*
with H = ker(ag ) for H € A, which we scale so that I *(ag,ag) = 1. The defining
rational function Q (A, v) is

o) =TT ay™.

HeA

which we sometimes abbreviate as O, := Q(A,v). Weset |[v]| := ) g4 V(H) to be
the degree of Q,, and separate Q,, via Q,, = Q4 /Q_ with

H —v(H
0= [] . 0-:= [] oz"™. Q.1
HeA HeA
v(H)>0 v(H)<0

To deal with general multiplicity functions on the arrangement A, we also set

Qa:=0QA =[] an

HeA

to be the defining polynomial of the simple arrangement A, which we later abbreviate
as QO = Q4 when A is clear from the context.
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Definition 2.2. Let S(q,,) be the localization of the ring S at the prime ideal (g ).
Setting §” := S[Q '], the S-module of logarithmic vector fields on A is defined by

D(A, —o0) := {0 € Derg | 6(B) € Siayy) for H € Aand B € V*
with 7*(aegr, B) = 0}.

Given a multiplicity function v: A — Z, define the S-module of (A, v)-derivations
by
D(A,v) 1= {0 € DA, —00) | Ban) € ) Sa,,) for H € A).

Observe that in general this definition depends on the chosen Hermitian form,
while D (A, 0) = Ders. We remark also that the given definition is an equivalent
reformulation of the definitions given in [1, 15].

We record the following basic containment property for multiplicities © > v,
ie., u(H) > v(H) forall H € A.

Lemma 2.3. We have p > v if and only if D(A, n) & D(A, v). In particular, we
have D(A, u) C Derg if and only if u > 0.

Proof. The reverse implication of the asserted equivalence, as well as the fact that
w > v implies D(A, u) € D(A, v) are immediate from the definition. For & > v, let
H e A with u(H) > v(H). If v(H) > 0, then Q1 0,,, € D(A,v)\ D(A, n), and
if v(H) < 0, then ™ Q1 8ayy € DA, V) \ D(A, ), where Q1 isasin (2.1). m

The multi-arrangement (A, v) is free if D(A, v) is a free S-module. In this case,
D(A, v) admits a basis {61, ..., 8¢} of homogeneous derivations; see [10, Theo-
rem A.20]. While the 6;’s are not unique, their polynomial degrees pdeg 6; are; see [10,
Proposition A.24]. The multiset of these polynomial degrees is the multiset of expo-
nents of the free multi-arrangement (A, v). It is denoted by

exp(A,v) = {pdeg(@l), .. ,pdeg(Qg)}.

2.2. Unitary reflection groups and their reflection arrangements

Let W be an irreducible unitary reflection group with reflection representation V' =~
C*, and let I be the associated W -invariant Hermitian inner form. We refer to [6]
and the references therein for all necessary background material on reflection groups.
Denote the set of reflections of W by R = R(W), and the associated reflection
arrangement in V by A = A(W). For H € A, let ey denote the order of the pointwise
stabilizer of H in W. The Coxeter number of W is given by

1 1
h=hw = > en = (IR +Al). 24)
HeA
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generalizing the usual Coxeter number of a real reflection group to irreducible unitary
reflection groups.

Before proceeding, we record, without proof, the following well-known property
of the W-action on polynomial functions.

Lemma 2.5. Let g € S and let H € A with corresponding reflection s € R with
Fix(s) = H of order egy. Let € be a primitive ey -th root of unity such that

s(ag) = eay.
Forl <k < ey, we have
s(g)=8kg:>gea’;1-5.

Results of Shephard and Todd [13] and of Chevalley [5] distinguish unitary reflec-
tion groups as those finite subgroups of GL(}') for which the invariant subalgebra of
the action on the symmetric algebra § = Sym(V*) = C|[xy, ..., x¢] yields again a
polynomial algebra,

sV =Clfi,..., fi]
for homogeneous polynomials f1, ..., f; of degrees d; = deg f; withd; <--- < d,.
Let exp(W) = {e; < --- < ey} be the exponents of W, where ¢; = d; — 1 and let

coexp(W) = {e] <--- < ej} be the coexponents of W, cf. [10, Definition 6.50]. The
group W is called well-generated if it is generated by £ reflections, or, equivalently, if

eit+e/ ,_;=h forl<i=<¢ (2.6)

see [9]. Terao showed in [14] that the reflection arrangement A = A(W) of W is free,
and that the exponents coincide with the coexponents of W (cf. [10, Theorem 6.60]),

exp A = coexp(W). 2.7

This shows that e} = 1 (coming from the Euler derivation, see below), implying that
ey = h — 1 in the case of well-generated groups.
For later usage, we recall from [6, Section 3] the diagonal matrix

1
By = 7 diag(e;) — 1. (2.8)

Next we recall from [6] the order multiplicity w of the reflection arrangement
A = A(W) defined by w(H) = eg for H € A. In other words, the multiplicities are

chosen so that the defining polynomial Q (A, w) of the multi-arrangement (A, w) is
the discriminant of W (cf. [10, Definition 6.44]),

OA,w) = 1_[ agf =
HeAW)

where O = Q4 = [[geq @, as before,and J = J 4 := [[gequ Ot;I(H) !
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2.3. Flat connections for well-generated unitary reflection groups

Throughout this subsection let W be a well-generated unitary reflection group. Let
V:Derr x Derg — Derp be the connection defined by

Vo(@) =D 0(pi)ox, 2.9)

for 0,¢ € Derp with¢ =) p; dy,, or equivalently, an affine connection which has d,;
as a flat section, i.e., Vg(dx;) = 0. Recall that V is F-linear in the first parameter and
C-linear in the second, satisfying the Leibniz rule

Vo(pp) = 0(p)p + pVg(d)

for 8, ¢ € Derr and p € F. Alternatively, this can be characterized by
Vo () (@) = 0(¢()) (2.10)

for all @ € V*. Observe that for 8, ¢ homogeneous, (2.9) implies that the derivation
Vo (¢) is again homogeneous with polynomial degree

pdeg(Vg(¢)) = pdeg(f) + pdeg(¢) — 1. (2.11)

Let F lﬂ, oL F eﬂ be the special homogeneous fundamental invariants in C[x] with
X = (X1,...,Xg), as given in [8, Theorem 5.5]. Recall that deg(Fiﬂ) = d; and

CIF},....Fly~s",

Consider indeterminates t = (1, ..., t¢) together with the map ¢; — Fl.ﬂ giving an
isomorphism
R:=C[t] = C[F,...,F]].

By slight abuse of notation, here and in the rest of the paper, the variable #; and
its image 1’7iﬂ under this isomorphism are identified. Set, moreover, T := C[t'] =
Clt1,...,t¢—1], the subring of C[t] generated by t' = (1, ..., t—1).
As usual, set
8x1 8t1/8x1 81[/8)61
Jayox = | ¢ |t . 1) = : : e C[x]**
8” dt1/dxg -+ Otg/0xyg

with inverse matrix

Jox/ot 1= Ja_t/lax = (0s,..., 3t£)tr(x1, e Xg).



T. Abe, G. Rohrle, C. Stump, and M. Yoshinaga 258

It is well known that
det Joyox = J = [ ofi ™"
HeA
see [10, Theorem 6.42]. Here and elsewhere the symbol = denotes, as usual, equality
up to a non-zero complex constant factor.
The primitive vector field D := 9,, € Derg is given by

dx1 dx1 0x1
D = detJBx/at . | € Derp. (2.12)
311 atg_l d
oL et S
In particular, D is homogeneous of degree pdeg(D) = —e; = —(h — 1), where we

observe that & = dy > dy—;. The primitive vector field D is thus, up to a non-zero
complex constant, independent of the given choice of fundamental invariants.

Consider X :=V / W = Spec(CJt]) and let A(t) € R be the discriminant of W
given by

AF{®).....Ff®) = [] s
HeA

with vanishing locus # := {p € X | A(p) = 0}; cf. [10, Definition 6.44]. Let Derg
be the R-module of logarithmic vector fields, and let

Derg(—log A) := {6 € Derg | 0A € RA}

be the module of logarithmic vector fields along #. We have an R-isomorphism
between such logarithmic vector fields and W -invariant S-derivations,

Derg(—log A) = Der?’, (2.13)

and Derg(—1log A) is a free R-module, cf. [10, Corollary 6.58].

Bessis showed in [4, Theorem 2.4] that there exists a system of flat homogeneous
derivations {11, ..., ng} of Derg(—log A) with pdegn; = e; being the i-th coexpo-
nent of W. This means, its Saito matrix

ne(tr) -+ nelte)
nm() - ni(te)
decomposes as
M, =t + MO(t) (2.15)

with MO (t') e C[t']*. As before, we have (1g, ..., m)" = My(dy, ..., )"
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Moreover, we obtain that A(t) is a monic polynomial in ¢, with coefficients in T, i.e.,
A(t) = 1f +ag () + -+ ar ()t + ao(t),

where a;(t') € T for 1 <i < {£. As observed in [8, Lemma 3.8], such a system of flat
homogeneous derivations is unique, and we have that n; = % > d;t;d;; € Derg is the
Euler vector field mapped to the (scaled) Euler derivation

1
Ei= > xi0y, € Der§ (2.16)

under the isomorphism in (2.13); see [8, Lemma 3.5].

We recall from [6, Proposition 3.15] the following proposition which is the key
ingredient in the present considerations. It involves the diagonal matrix B, given
in (2.8).

Proposition 2.17. We have T -isomorphisms

Vp:Derg(—log A) — Derg and Vp':Derg — Derg(—log A)

given by
0z, 07,
Wl i | =M " Bso+1)| : |.
3z, 3z,
dz, Ne I,
Vol o |=-Bx | i |=—Bx M,y
d, m dz,

From this explicit description of Vp, the following Hodge filtration of Derg was
deduced in [6, Proposition 3.15], generalizing Saito’s construction for Coxeter arr-
angements in [12] to the situation for well-generated unitary reflection groups. Let Gy
be the T-submodule of Derg generated by d;,, ..., d;, and let

G = Vpk(&) fork e Z. (2.18)
Then the Hodge filtration of Derg is given by
H# =P . (2.19)
ik

3. A general version of Saito’s criterion and universal vector fields

Throughout this section, we consider a general multi-arrangement (A, v) in V 2 C*
with multiplicity function v: A — Z.
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3.1. A general version of Saito’s criterion

For later usage we generalize Ziegler’s version of Saito’s criterion [17, Theorem 8]
for multi-arrangements from N- to Z-valued multiplicities.

Theorem 3.1. For a multiplicity function vi A — Z, let 0y, ...,0; € D(A,v). Then
the following are equivalent:

1) {61,...,6¢}isan S-basis of D(A,v);
(ii) det (M(@l, oo, 04)) = Q(A,v).
Moreover, if each 0; is homogeneous, then (i) and (ii) are equivalent to

(iii) 01, ..., 0 are linearly independent over S and y_ pdeg 0; = |v|.

We require two lemmas for the proof of Theorem 3.1. Recall from (2.1) that we

_ 9+
0= 5"

with Q4+, O_ € S for the defining rational function Q, = Q (A, v).

write

Lemma 3.2. Let 6 € D(A,v). Then Q_6 € Derg.

Proof. Fix H € A and let g = x1, X2, ..., Xy be an orthonormal basis of V*. Set
Q:=Qqand Qg := Q/ay. Write
fi
0= Z @axi

i
with f; € S andn > 0. Then 6 € ©(A, v) means that

n+v(H) .S

fieay ficeay -Sfor2<i </,

or, equivalently, that § = ) ", (f;'/ Q% )0x, with

flead®. s fleSfor2<i<d (3.3)

With Q4" € S(q;,), we obtain that Q_ f; € S, forall 1 <i < {, and thus 6 €
Ders,,, .- Since this holds for any H € A, we conclude that Q_6 € Derg. ]
In the subsequent arguments, we use the following abbreviation. Given 0y, . .. .0, €

Derg, we set

01 A A Og = det(M (61, ..., 6p)) = det(6;(x)) eF

1<i,j<t{ :
Lemma 3.4. Letv: A — Z andlet 01,...,0; € D(A,v). Then

OrA---NOp€Q,-S.
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Proof. Let H € A and consider the orthonormal basis ag = x1, X2, ...,x¢ of V*.
Since 0; € D(A, v), we have

0i(ag) € a;I(H) “Stayy and ;i (x;) € Siq,,) for2 < j < L.
This implies that 6; A --- A 0, € a};(H) - S(az)- As this holds for any H € A, the
lemma follows. [ ]

Proof of Theorem 3.1. First we show that (ii) implies (i). As 61 A --- A 6y # 0, we

readily see that 0y, ..., 6; are S-independent. So we aim to show that they span

D(A, v). To this end, let 8 € D(A, v). Since 6; € D(A,v) for 1 <i < £, we have

Q_0; € Ders by Lemma 3.2. Let M := M(Q_64,..., Q_6;) and observe that
det(M) = Q_61 A+ A Q0 = 0°0,.

Set N =M 'and N = det(M)N € S*¢. Since

det(M)dy, = Y N;j 0_0;.
J

we see that Q_0y, ..., O_6; generate Q¢ 0, - Derg over S. With Q_6 € Derg, we
obtain

L
det(M)Q -0 = 0+0°0 =) fi0-6;
i=1

for f1,..., fe € S, or, equivalently,
0+00 = Zfiei-
It thus remains to show that each f; is divisible by 04 Q¢! = 0, 0% . We have
JiQ+ = fiQ-(O1 A+ A Oyp)
=0 A ANOI AN [iQ_ 60 ANOipy Ao A Oy
= 0.0 01 A ABLI AOAG i A A B) = 04050,

for some g; € S given by Lemma 3.4. This implies f; = Q, Q% g;, as desired.
We next show (i) implies (ii). By Lemma 3.4, we may write

SO+
OrA--NOp =[Oy =
(o
for some f € S. Since 64, ..., 0 are S-independent, we have f # 0. We thus need
to show that f is constant. Now, let H € A and again assume that oy = x1,...,Xg

are orthonormal coordinates. Set
m4 m—
Q1 =oay Q'+ and Q- =ay o8

such that Q’, and Q' are both not divisible by afy .
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First, observe that
Q100y. 04 0x,,...,0,0x, € D(A, V),
by definition. This implies

0+(0) " = 0484y A QL Oxy Ao A QLD
= det(g;;) (01 A -+ A Op)

_ 8f0+
0_
where (g;;) is the matrix with entries in S expressing Q 1 94, Q' 0x,, ..., O/, 0y,
in terms of the basis 01, ..., 0y, and where we wrote

g = det(g,-j) eS.

This means that f is a factor of Q_(Q’Jr)g_1 for the given H € A. Repeating this
argument for every hyperplane in A, we obtain that f is a factor of Q_.
Second, we also observe that

O Qs 04, € DAY),
Oh

and analogously deduce that

for some g’ € S. This now means that f is a factor of Q' (Q 1 )¢~ for the given He A.
Once again repeating this for every hyperplane in A, we obtain that f is a factor
of (04)*'. As Q_ and Q4 do not have any common non-scalar factors, we thus
deduce that f is constant.

The argument for (iii) is standard. If {61, . .., 8¢} forms a homogeneous S-basis of
D (A, v), then (iii) is obviously satisfied. Vice versa, (iii) implies that the determinant
of M(01,...,60;) equals fQ, for some f € S \ {0} by independence, and that

deg(f) =0,

because the degrees of det(M (61, ..., 0¢)) and of Q, coincide. ]

3.2. Properties of universal vector fields on multi-arrangements

In this section, we define universal vector fields for general arrangements and arbi-
trary multiplicity functions and explore properties of logarithmic vector fields that
follow from the existence of universal vector fields. Throughout, we have separated
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the arguments as detailed as possible to clarify their exact interplay. In Section 4.2,
we exhibit natural occurrences and properties of universal vector fields in the case of
reflection arrangements. We start with the definition of universality depending on a
multiplicity v: A — Z which is a slight generalization of the k-universality in the real
case in [15, Definition 2.2].

Recall the definition of the affine connection V in (2.9) having dy; as a flat section.

Definition 3.5. Let (A, v) be a multi-arrangement for a multiplicity function
ViA—Z

and let { € (A, —o0) be homogeneous. Then ¢ is called v-universal provided the
map
®¢:Derp — D(A,v), 0+ Vg({)

is an isomorphism of S-modules.

Observe that ®; is S-linear by definition. The v-universality of { thus means that
®¢:Ders — D(A, v) is well defined and bijective. In particular, this implies for a
v-universal ¢ that (A, v) is free and

Vo, (@1 <i <t}

is an S-module basis of D (A, v).
We begin with the following observation from [15, Example 2.3].

Lemma 3.6. The Euler derivation E defined in (2.16) is 0-universal.
Proof. Since ®g(8) = Vs(E) = § for any § € Derg, the statement follows. =
Lemma 3.7. Let 0 € Derg and { € D(A, —00). Then Vg () € D(A, —00).

Proof. Let H € A andlet 8 € V* such that I*(ag, B) = 0. Since ¢ € D(A, —0), we
have {(B) = f/Qpy for f € S and Qg = (Q/ag)" for some n > 0. Using (2.10),
we obtain
VoO)(B) = 6( ) = = (61 On — 16(m).
QH QH
Since 6 € Derg by assumption, we obtain Vg({)(B) € S(q,,). This holds for any
H € A, and we deduce the statement. [

Lemma 3.8. Let u: A — {0, 1} and let { € D(A, —00). Then ¢ € D(A,v + 1) ifand

only if
e DA, p) = DA,V + 1)

is well defined.
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Proof. Let{ € D(A,v + 1). We aim to show that Vg({) € D(A,v + u) forall 6 €
(A, ). By Lemma 3.7, we have that Vg () € D(A, —00) in this case. The following
argument is analogous to the proof of the previous lemma. Let H € A. Since ¢ €

D(A, v + 1), we have that
v(H)-Hf

Clam) = 5

for f € Sand Qg = (Q/ag)" for some n > 0. Using (2.10), for 6 € D(A, n), we
have

Olv(H)+1f
Vo)) = 0(~ )
Q — (O Y for + a0 0 —ap T 10(0m)
H
v(H)
(v(H) + D0(an) fOQu +aub(f)On —an f0(Qn)). (3.9)
H

This yields Vg ({)(ag) € av(H)S (ap)- If w(H) =1, we moreover get 0(ay) € ag - S
by the defining property of 0 € D(A, u). In this case, we thus get an additional fac-
tor oy in (3.9) and obtain Vy(¢)(ay) € av(H)HS(aH). In any event ®¢(6) belongs
to DA, v + ).

Assume now that ®;: D(A, u) — D(A, v + ) is well defined. Let 7 be the
maximal multiplicity function such that { € ©(A, 7 4+ 1). This is,

at(H)—I—l f

H
On

for f € Sand Qg = (Q/ag)" for some n > 0, such that f ¢ oy - S. Asin (3.9),
for 8 € D(A, u), we obtain

C(an) =

r(H)
Vo()(am) = Q ((z(H) + 1)0(an) fOn
H
+ap0(f)Qu —an f0(Qr)). (3.10)

Observe that 0 = 0,04, € D(A, n). If w(H) = 0, then for 6 = Q 0y, , we have
Vo($)(ag) € a;I(H)SwH) but Vg (&) (ay) ¢ oz;l(H)HS(aH), since the first summand
in (3.10) is not divisible by oz while the other two are. By the well-definedness of ®,
we thus have t(H) > v(H).

Similarly, if w(H) = 1, then the first summand (3.10) is divisible by oz but not
by 0‘1%1» while the other two are divisible by oz%l. Again by the well-definedness of @,
we have that (H) > v(H). We conclude that ¢ > v and so by definition, we get

teDUA.T+1)S DA +1). n
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The following lemma is the analogue of [15, Proposition 2.6 (3)] in our setting.
Lemma 3.11. Let { be v-universal. Then { ¢ D (A, u + 1) for any u > v.

Proof. Let u > v and suppose that { € D(A, u + 1). Lemmas 3.8 and 2.3 then imply
that
P (Ders) € D(A. 1) S D(A.v).

This contradicts the fact that & (Derg) = D (A, v) owed to the v-universality of {. m

Lemmas 3.8 and 3.11 give the following theorem, generalizing [3, Theorem 2] to
the complex case and to the more general notion of universality above; see also [15,
Proposition 2.7].

Theorem 3.12. Let y: A — {0, 1} and let ¢ be v-universal. Then
e DA, ) = DA,V + 1)
is an isomorphism of S-modules.

Observe that in the theorem we do not require any freeness assumption on (A, i).
Together with Theorem 4.17 below, it thus generalizes [6, Theorem 3.22].

Proof. We already know that ®; is S-linear and well defined by Lemma 3.8. More-
over, the universality of { implies that ®; is injective on Derg, and thus on D (A, ) C
Derg. It thus remains to show that ® is surjective. To this end, let ¢ € D(A, v + ).
Since DA, v + ) € D(A, v), we may write ¢ = Vg({) for some 6 € Derg. We
aim to show that 6 € D (A, @). As in the proof of Lemma 3.8, we have

() = S

On

forsome f € Sand Qg = (Q/ag)” withn > 0. Since ¢ = Vg(¢) € D(A,v + w),
we have
av(H)
¢ = Vo) = =55 [(v(H) + DB(en) fQn
H
+an (6(f)0u — £0(Qm)] € ayy DT 50, (313)

Observe that Lemma 3.11 implies that f ¢ ag - S by the v-universality of £.
If w(H) = 0, there is no condition from (3.13) on 6, and so trivially

G(aH)eozg,-S=S,

andif u(H) =1, then 8(ag) - f € oy - S implying that (ag) € ay - S, because f
is not divisible by a g, by (3.13). Consequently, 8 € D(A, u), as desired. ]
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4. A Hodge filtration and universality for reflection arrangements

For the remainder of the paper, we fix W to be a well-generated irreducible complex
reflection group with reflection arrangement A = A(W), and the order multiplicity
w: A — Z given by w(H) = eg. Recall from (2.14) the flat system of derivations
N1, --.,Ng. After having collected all necessary background material in Sections 2.2
and 2.3, we are now able to state and prove our main results. For 1 < j <{fandk € Z,
define

&5 = V)
and set
20 .= {gfk),...,éék)} and E = U 2®,
keZ
Thanks to [6, (3.16)], we make the crucial observation that

g}l) =04, , forl<j<dt 4.1
Theorem 4.2. Let k € 7. Then the following hold:
(1) the S-module D(A, —kw + 1) is free with basis 8%);
(2) the R-module D(A, —kw + )W is free with basis 8%);
(3) the T-module D(A, —kw + 1)V is free with basis Upsk EW@: and
(4) the T-module D(A, —oc0)W is free with basis E.

We prove this theorem in Section 4.1. It allows us to extend the Hodge filtration
of Derg in (2.19) to a Hodge filtration of the W -invariant logarithmic vector fields
D(A, —00)" given by the T-module

*#® .= P 4

—oo<i<k

fork € Z, where §; = V, 7(&o) is as in (2.18). We record this in the following corol-
lary.

Corollary 4.3. We have

DU ko + DY =H#® and DA, —c0)V = P H®
keZ

as T-modules and Vp induces T -linear isomorphisms

Vp: KO = 04D g Vi DA, —00)” = D(A, —c0)” .
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Remark 4.4. In the real case, Theorem 4.2 and Corollary 4.3 are the main results
of [1]. See in particular [1, Theorems 1.1 and 1.2] for these statements in the notion
of logarithmic 1-forms, and [1, Theorems 3.7 and 3.9] for the statements in the notion
as given here. For k < 0 the first property was also given in the real case in [16,
Corollary 10].

Remark 4.5. Denote by Q(A, v) the S-dual to D(A, v) for a given multiplicity
function v induced by the fixed W -invariant Hermitian form. This is, Q(A, v) is the
module of differential 1-forms with poles of order v(H ) along H € A, and Q(A, o0)
is the module of logarithmic 1-forms. If W is a real reflection group, then it is known
that

QA D) =2DA, v+ 1)=DA, -1

as graded S-modules, see [3, Theorem 2]. It turns out that these modules are not iso-
morphic as graded S-modules if W is not real. This follows from the observation that
both S-modules are free, and the polynomial degrees of their homogeneous genera-
tors are

exp(D(A, —w + 1)) ={ef —h,....e[ —h}
={—e1,...,—e},
exp(QA, 1)) = {—el.....—¢},

and the fact that
{er,....eq} ={e].....e;} <= Wisreal

Armed with the universality properties obtained in Section 3.2, we obtain the free-
ness of ®(A, —kw) from Theorem 4.2 (1) based on the universality of Vg (E) in
Section 4.2.

Theorem 4.6. Let k € Z. The S-module (A, —kw) is free with basis
k k
(Vo E1D)..... Vs, EI).

Observe that this basis is not W -invariant, in contrast to the bases constructed in
Theorem 4.2 (1) and (2). Indeed, one cannot expect a W -invariant basis of D(A,—kw)
as shown in the following theorem which generalizes [2, Proposition 5.2].

Theorem 4.7. Letk € 7. Then
DA, —k)” = DA, —kw + DV

In particular, D (A, —kw) does not have a W -invariant basis.
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Proof. Let 0 € D(A, —kw)W .Fix H € Aand letag = x1, X2, . .., xg be an orthonor-
mal basis of V'*. Write
6=3Y 1o,
i O
with f] € ozl;keH -Sand f; € S for2 <i < ¢, as given in (3.3). Then

—k
N Oy e

0 - -
(omr) o o

with g € S.

We aim to show that g € ag - S. To this end let 7 € R be the reflection along H
and let ¢ be the eg-th root of unity such that r () = eog.

Observe first that r(Qg) = Q. This is because Qg = Q /oy, so

rQ _ 0 _

r(Qg) = r@n)  com
This yields
y rog () ey
r(blem) = — G = g "®
On the other hand,

r(0(am)) = (r0)(r(aen)) = eb(an),

since 0 is W-invariant and we obtain r(g) = eg. With Lemma 2.5, we conclude that
geay-Sandf € DA, —kw + V.
The claim that © (A, —kw) does not admit a W -invariant basis follows because

DA, —ko +1) & DA, —kw),
by Lemma 2.3. |

The proof of Theorem 4.7 indeed provides the following stronger result.

Corollary 4.8. Let v be any Z-valued multiplicity function on A = A(W). For each
H € A choose ag € 7 so that . A — 7 defined by (H) := ageg + 1 satisfies

n—ow<v .

Then
DA WY =AU Y.
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4.1. Construction of the bases
We prove Theorem 4.2 in several steps.

Proposition 4.9. Let k € 7. The map
Vp: DA, —kw + D)WY - DA, —(k + Do + DY
is well defined.

Proof. In symbols, the well-definedness of Vp means
6 € DA, —ko + 1) = Vp(0) € D(A, —(k + Do+ 1)".
This is already known for k£ < 0 by [6, Theorem 3.22]. So we aim to show this for
k > 0. Recall that
J = 1_[ o/;le” -1

Let H € A and consider an orthonormal basis ag = x1, X2, ..., x¢g of V*. In this
basis, for 6 to belong to D(A, —kw + 1) entails that there exist f,..., fy € S
such that

¢
9=Zﬁ]‘18xi and f,'ex]fe”_l-S for2 <i <.
i=1

Moreover,

{
Vp(0) =Y D(fiJ "oy,

i=1
Since
aten=Ipf gl e s,

it remains to show that
k+1)e—1 — k+1)e—1
gi = l_[al(LI en=IpfiJ 1 e xf Jeri=1 . g

for2 <i < {.First, we see that g; € x’fe” .S, because f; € x’fe”_l -Sfor2 <i <d.
On the other hand, observe that g; is a relative invariant for det; cf. [10, Section 6.2].
This means in particular that s(g;) = det(s)(g;), where s = sy is a reflection along H
generating Wy . This is because f;J ! is s-invariant by assumption on 6, D is W-
invariant, and J is a relative invariant for det; see [10, Section 6.2]. Since

s(ag) = det™'(s)ay and det(s) = det™ €7~V y),
Lemma 2.5 implies that g; € x¥“¥ . S is indeed contained in x+¢# =1 g 4
desired. |
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Recall the diagonal matrix B, from (2.8) and the Saito matrix M, of the system
of flat derivations 7y, ..., ny from (2.14).

Proposition 4.10. For k > 1, we have
8t 1 at 1
Vil ¢ | =M (Boo +K1VETH] 2 | (4.11)
alz al/z
Proof. We have already seen this to be true for k = 1 in Proposition 2.17. We assume

equation (4.11) holds for a given k. Multiplying both sides of this equation by —M,
and applying Vp gives

3, a,
(Boo +k1)VE | + | ==Vp | MyVE |
o1, 3,

2, 3,

=— (V| : [ +mV5H ]

3, 9y,

by the Leibniz rule and the fact that D (M) = 1, in (2.15). This yields
811 8t1
VETH o | =M (Boo + (k + D1 VA | 5 ],
3% atg

as desired. n

Corollary 4.12. Let k € Z. The set

(VE@2), ... V@)
is linearly independent over S.

Proof. This is already known for k£ < 0 from [6, Proposition 3.18] and is trivially true
for k = 0. The case k > 0 follows inductively from the previous proposition since
-M, Y(Boo + k1y) is non-singular for all k. Finally, the base change between R
and S given by Jj4/5¢ is non-singular. ]

Proof of Theorem 4.2 (1) and (2). Proposition 4.9 and Corollary 4.12 allow us to apply
our version of Saito’s criterion (Theorem 3.1). For this, it only remains to check that

> pdeg(Vi(mi)) = | — ko + 1],

1
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This follows from

l y4
> " pdeg(V5(ni)) = Y _(k pdeg(D) — k + pdeg(n;))
i=1 i=1
y4
= Z(—kk +ef)=—kth+ |Al =|—ko +1|,
i=1
by (2.4), (2.7), and [10, Theorem 4.23]. ]

In order to prove Theorem 4.2 (3) and (4), it remains to show that the set given by
Up <k 2(P) is T-independent and generates D (A, —kw + 1)V as a T-module.

Proposition 4.13. The set & = {g}") | k € Z,1 < j < ¥} is T-independent.

Proof. Suppose E is not T-independent. This means that there existd <e and ay;€T
with agj, aer not equal to zero for some 1 < j, k < £, so that

e L e
SN @it = > (. ar)(EP ) =0, (4.14)
k=d

k=di=1

It follows from (4.11) that there is a non-singular matrix N, so that

l(e) all atl
L=V =N
Eée) atz ate

Moreover, setting Bi 11 = —(Boso + (k 4+ 1)1;), we obtain

s s,
Bl MVt s | =V |
B,Z B,Z

Recall from (2.14) that D[My] = 1; and D[By] = 0 for all k € Z, where the appli-
cation of D to a matrix means its application to every entry of the matrix. Thus, the

non-singular matrix Hy = Bk_ilM,, -« B L, My B;'M,, ford <k < e (with the con-

vention that H, = 1;) yields
(k)
1 at 1
: = HiN,
k
3 2
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Given this description, (4.14) is equivalent to

e

Y (@ ax) He =0,

k=d

where we used that N, is non-singular. Apply D¢~ and use that D¢ *+1(H;) = 0
to obtain

(det, - aet) By} D[My] By}, D[My]--- B, ' D[M,] = 0.
Since D[M;] = 1, this implies (de1. ..., ae¢) = 0, a contradiction. ]

Proposition 4.15. With the notation as above, viewed as T -modules,

12
DA ~ko + D)W =PEPT-£". (4.16)
p<k i=1

Proof. We know that the right-hand side of (4.16) is a direct 7-module summand
of the space on the left by Proposition 4.13. It thus remains to show that the right-
hand side generates the left hand side. Owing to Theorem 4.2 (2), we know that
fk), e Sék) form an R-basis for D (A, —kw + I)W. Thus it suffices to show that the
right-hand side is an R-module. We know this is true if & < 0 by [6, Theorem 3.22]

and proceed by induction on k > 0. From

Vp (e - ( (k),...,gék))) = D(t) - ( fk)’. é(k)) 0 ( §k+1)’ é(k+1))’
we obtain
t - ( fk-l—l)’ E(k-l—l)) (Z( ( (k)’”.,glgk))) _( gk),...,gék)),

By induction hypothesis, we have

12
l(f}k) c @ @ T. Ei(p)

p<ki=1

for 1 < j < ¢, and thus

l L L
Wit o (DT ) ~PDT e = B DT,

p<ki=1 p<k i=1 p<k+1i=1

We deduce that for every 1 < j < ¢, we get

1
t[gj(kﬂ) c @ @T'Ei(p)

p<k+1i=1

to complete the proof. |
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Proof of Theorem 4.2 (3) and (4). Propositions 4.13 and 4.15 immediately give state-
ment (3). Finally, (4) follows, because every element in D (A, —oo)W is contained in
DA, —kw + 1)Y for some k € Z. [

4.2. Universal vector fields for reflection arrangements

In this final section, we conclude the universality properties for reflection arrange-
ments.

Our first result generalizes [15, Proposition 2.5] to the complex case, and in par-
ticular, it implies Theorem 4.6. Recall the Euler derivation E from (2.16).

Theorem 4.17. With the notation as above, VZ; (E) is (—kw)-universal for any k € Z.

Proof. For k < 0, this is the special case of [6, Theorem 3.20] for 6; = d; . It remains
to consider the case k > 0. Set £y := Vg (E). By Proposition 4.9, we have that £, €
D(A,—kw + 1), which in turn implies that ® g, : Derg — O (A, —kw) is well defined,
by Lemma 3.8. Moreover, the S-independence of

Vo, (E) | 1<i<0)

follows from the R-independence of

(Va, (B0 = {; Vb 0}

proven in Theorem 4.2 (2) and (4.1). Here, we have used that Vj, Va, = Va, Va,,
and that V,, (E) = la,l Finally, we deduce that {Vax (Ex)|1<i < Z} isan S- ba51s
of D(A, ka)) from the version of the Saito criterion given in Theorem 3.1 (iii). In
the later, we remark that indeed VBXi (E%) is homogeneous, since £y is homogeneous
(cf. (2.11)), and so we obtain

> pdeg(Va,, (Ex)) = Y _(—kh + pdeg(dx,)) = —kth = | — ka|,
again by (2.4), (2.7), and [10, Theorem 4.23]. ]

The following properties are the complex counterparts of the results in [15, Sec-
tion 2], where we remark that the arguments are similar. Recall the order multiplicity
®: A — Z on the reflection arrangement A given by w(H) = ey . Our aim here is to
generalize Theorem 3.12 to multiplicity functions p: A — Z with —w +1 < pu < 1.

Proposition 4.18. Let v be any Z-valued multiplicity on A and let ¢ € D(A, —oo)W
be v-universal. Then

O DA, ~0+1) - DA Vv—-—w+1)

is an isomorphism of S-modules.
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Proof. We saw in Theorem 4.2 (1) that {d;,,...,d;,} is an S-basis of D(A, —w + 1).
We thus aim to show that {Vatl g, ..., Vat(Z {}is an S-basis of D(A,v —w + 1).

It is immediate from (2.12) that Jd,; € Ders. This implies J Vatj e DA, v) by
the linearity of V in the first parameter and the v-universality of ¢. Thus we have that
J (VBz, O(ag) € al‘;(H)S(a ) O, equivalently,

H)— _
(Va,jé)(ag)ea;} )—(en I)S(aH)

for a given H € A. Now let g = x1, X2, ..., Xy be an orthonormal basis of VV* and
for2 <i < { set
_ AN
gi = 0gJ(Va, {)(xi) €S,

for some N > 0, where Qg = Q/oy. Analogous to the argument in the proof of
Proposition 4.9, we obtain that g; € ozi,” ~1s , and so

(vaz_,- 0)(xi)) = Q5" g ™" € Stap).

for 2 <i < {. We thus have Va,jé' € ®(A,v —w + 1). Computing

det((Vs,, £)(xi)) = J! det((Vaxj 0)(xi) =J 'Oy = Qv_wt1

yields the statement, thanks to Theorem 3.1. ]

Theorem 4.19. Let ¢ € D(A,—00)W be v-universal for a Z-valued multiplicity func-
tion v on A. Let yu: A — Z be a multiplicity with —w + 1 < u < 1. Then

DDA, 1) = DA, v+ 1)

is an isomorphism of S-modules, and in particular D (A, ) is free if and only if
DA, v + p) is free.

Before proving Theorem 4.19, we use the fact that { = V™ (E) is (mw)-universal
for any m € Z, by Theorem 4.17 to obtain the special case of the generalized Ziegler
multiplicity on a reflection arrangement A given by mw — 1 for m € Z. For m = 1,
this multiplicity was originally considered by Ziegler [17] (assigning the number of
reflections along H to any reflecting hyperplane), and shown to be free in general
in [17] and [7].

Corollary 4.20. Let {eq,...,es} be the set of exponents of (A, — 1). Foranym € Z,
the multi-arrangement (A, mw — 1) is free and its exponents are given by

{el+(m—1)h,...,ee+(m—1)h}.
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Proof of Theorem 4.19. Since
DA n) SDA,—w+1) and DA, v+ pu) S DA Vv—w + 1),
Proposition 4.18 implies that ®; is injective on D (A, ). It thus remains to show that
Ds (DA 1) = DA,V + p). 4.21)

Fix H € A and let oy = x1, X2, ..., Xy be an orthonormal basis of V*. The element
g —oeHv(H) 1é‘(ozH) € Siay) 1s aunlth ), by Lemma 3.11. For 0 € ©(A, —00),
compute

(0:(8)) () = 9( Wit g)
i 0(g) + (v(H) + Doy 0(am)g
L
3 9
_ o g V(H)+1 NS
= ay ™ 0om) (an g, + (0(H) + g) +ap ;G(XI)BXZ-
(H)Q(OZH)U—FOtv(HH—IC,

where U = oy == aa + (v(H) + 1)g is again a unit in S(,,,) and

L
g
C = Qx,‘—
;()3

Note that C € S(q,,), since 0 € D(A, —00), and so is a};M(H)C. We thus obtain
W;IV(H)_M(H)((I);(Q))(WH) _ a;IM(H)O((xH)U + oc}q_”(H)C,
implying that
(D¢ (0))(ap) € afFDTHE g = O(an) € S,

Since this holds for any H € A, the reverse implication shows the containment “C”
in (4.21) and the forward implication the containment “2”. [ ]

We finally conclude the extension of [15, Theorem 2.8] to the unitary setting.
Theorem 4.22. Let { € D(A, —o0) and let k € Z. Then
¢ is (kw)-universal = V' is ((k + 1)w)-universal.

Proof. We set v = kw in the proof for better readability. Let 1y, ..., 7, € D(A, DV
be an S-basis. Due to the universality of {, we also have that

Vi loooos VL € (A0 + DY
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form an S-basis. Since v is a multiple of w, we also have that
VpVp,{ € DA v + 1 —w)?.

Because the d;, € D(A, —» + DY form an S-basis as well, we obtain
VoV, & =Y fijVa, ¢
i

for W-invariant polynomials f;;. Comparing polynomial degrees yields
deg fij = ei +ef —h <h
(or, respectively, f;; = 0 fore; + e}k < h), which shows that f;; € T. Moreover,
deg fiy+1-i =ei+ej, ;—h=0

forall 1 <i < ¢, and it follows that det f;; € C. Applying V! gives
Va8 =) £iiVa, V5L
i

Because the vector fields on the left form an S-basis of D(A, v + 1), we readily
see that det fj; # O and the Va, Vylt e DA v + )" form an S-basis. Again,
because v is a multiple of w, we have VD_IZ € (A, v+ 1 —w)", and we see that
the derivations

Vi, Vplt = Zfat/axvatj Vp'¢

1

form an S-basis of D (A, v + w) by Saito’s criterion. ]
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