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Abstract. We consider the scaling critical Lebesgue norm of blow-up solutions to the semilinear
heat equation u; = Au + [u|P~lu in an arbitrary C2*t* domain of R”. In the range p > pg :=
(n 4+ 2)/(n — 2), we show that the critical norm must be unbounded near the blow-up time, where
the type I blow-up condition is not imposed. The range p > pg is optimal in view of the existence
of type II blow-up solutions with bounded critical norm for p = pg.
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1. Introduction

1.1. Background

We study blow-up solutions of the following semilinear heat equation:

u; = Au+ [ulPlu, xeQ,t>0,
u(x,t) =0, xe€ed, t >0, (1.1)
u(x,0) = ug(x), x € Q.

Here p > 1, Q is a domain in R” withn > 1 and uy € L?(2) with g > 1. The boundary
condition is not present if 2 = R”.

The equation in (1.1) has attracted much attention as one of the simplest models for
scaling invariant nonlinear parabolic equations. For each solution u, the rescaled func-
tion uy (x,1) := A2/®=Dy(dx, A2t) (A > 0) also satisfies the equation. This implies that
L9¢(Q2) with

gc :=n(p—1)/2

is the scaling critical Lebesgue space for (1.1). The critical space plays a crucial role in
well-posedness. If ug € L9¢(2) and g, > 1, itis well-known [11,106,107] that there exists
a unique classical L9¢-solution u of (1.1) with maximal existence time T € (0, co]. For
the definition of the classical LZ-solution, see Remark 1.2. The solution u is smooth for
t € (0,T), belongs to C([0, T'); L9¢(2)) N C((0, T); L*°(£2)) and admits the following
blow-up criterion: If T < oo, then lim; 7 [|u(-, )| Loo (@) = o0. This leads to the critical
norm blow-up problem.

Problem. If T < oo, does the following property hold:
tli_)n} luC, )| Lae Q) =007 (CNB)

The problem is stated in Brezis and Cazenave [1 1, Open problem 7] and also a variant
can be found in Quittner and Souplet [90, OP 2.1, Section 55] which asks about the
existence of blow-up solutions with bounded L9¢ norm. Many sufficient conditions for
(CNB) are known: see [10, 37,43, 63, 64, 66,76, 110] and [90, Section 16]. Recently, a
significant progress was made by Mizoguchi and Souplet [76], who proved that (CNB)
holds whenever the blow-up is type I. Here the blow-up of u is called fype I if the blow-
up rate is bounded by a spatially homogeneous solution up to the coefficient, that is,
limsup,_, (T — )@~V ju(,1) |lLeo(@) < oo. This rate is natural in view of the scaling.
Note that the blow-up is called fype II if it is not of type I. In the celebrated work [43]
Giga and Kohn showed that the blow-up is always type I if 2 is convex and either p < pgs
and u is nonnegative, or p < (3n + 8)/(3n — 8). Here pg is the Sobolev critical exponent
given by

n+2

ps =44 n—2
00 forn =1, 2.

forn > 3,
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Up to now, it has been proved that the blow-up is type I when either p < ps and Q is
convex [45,46], or p < ps and u is nonnegative [89]. Therefore, under such conditions,
(CNB) holds for any blow-up solutions in the subcritical range p < ps. For related results
concerning sufficient conditions for type I blow-up, we refer to [17, 18,20, 38,45,46,53,
63,65,68,75,84,88,89,109] and [90, Section 23].

The situation is different for p > pg. Type Il blow-up solutions were constructed in a
number of papers; see Remark 1.7 for a brief review. In particular, the recent developments
[23,26,27,47,59,91] provide type II blow-up solutions satisfying

sup [[u(:, 0)|lLac @) < o0
0<t<T
for p = ps and 3 < n < 5; see [76, Section 4] for computations of the L?¢ norm of
the solutions constructed in [23,91]. This demonstrates that type I assumption in [76] is
indeed necessary if p = pg and 3 <n < 5. For p = ps and n > 6, no counter-examples
are known. Moreover, for n > 7, it was shown in [104] that (CNB) holds for interior
blow-up solutions with ¥ > 0 and either & = R” or 2 bounded. In contrast with the case
p = ps, all the known type II blow-up solutions do satisfy (CNB) in the range p > ps.
Taking the above results into account, we expect that (CNB) holds whenever p > ps.

1.2. Main theorem

Our main result shows that, in the optimal range p > pg, the critical norm of all finite
time blow-up solutions must be unbounded without assuming nonnegativity, monotonic-
ity, symmetry, convexity or the type of blow-up.

Theorem 1.1. Let n > 3, p > ps, Q be any C>T° domain in R* with 0 < o < 1 and
u be a classical Li¢-solution of (1.1) with ug € L9 (). If the maximal existence time
T > 0 is finite, then
limsup [[u(:, 1) ||Lac (@) = o0.
t—>T

The theorem immediately shows the nonexistence of blow-up solutions with bounded
L9¢ norm, and so this resolves the open problem [90, OP 2.1, Section 55] for the supercrit-
ical case. We now give comments on the proof, and then we list remarks concerning the
statement of this theorem and related results including other scaling invariant nonlinear
evolution equations.

Asin [35,102] for related equations, our proof of Theorem 1.1 consists of two parts: (i)
the blow-up (rescaling and compactness) procedure and (ii) the analysis of the blow-up
limit. However, several additional difficulties come from the differences in the nonlin-
ear structure, in particular, the lack of coercivity of the energy and the absence of the
derivative in the nonlinear term. Compared with the earlier work [76], there are also some
novelties in the proof. In (i), a concentration theorem for the L4¢ norm near a blow-up
point plays a crucial role in [76] for the nondegeneracy of the blow-up limit. Unfortu-
nately, we could not rely on that concentration theorem due to the absence of the type |
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assumption. In order to circumvent this difficulty, we will prove a new e-regularity the-
orem (Theorem 4.1), which guarantees the energy concentration near a blow-up point.
Theorem 4.1 is motivated by similar e-regularity theorems in [15]. In comparison, we do
not need to assume that the solution is globally defined in time or has a certain lower
bound of the energy. In (ii), unlike the case of [76], the smoothness of our blow-up limit
is no longer clear even before the final time. To overcome this issue, we invoke a mono-
tonicity estimate similar to [43], which plays a key role in identifying the blow-up limit.
We note that the use of the e-regularity theorem and of the monotonicity estimate is par-
tially inspired by the related works [97, 102] for the harmonic map heat flow, but several
modifications are needed for our problem as explained above.

Remark 1.2 (Classical LZ-solution). For 1 < g < oo, the definition of the classi-
cal L4-solution is as follows (see [90, Definition 15.1]). Let ug € L9(R2) and T €
(0, oo]. We say that u € C([0, T); L9(2)) is a classical L9-solution of (1.1) if u €
C21(Q2 x (0,T)) N C(Q x (0,T)), u(-,0) = ug and u is a classical solution of (1.1)
fort € (0, T). If Q is unbounded, we also impose u € L2 ((0, T); L*(£2)). If g = oo,
then the condition u € C([0, T'); L4(2)) is replaced with u € C((0, T); L*°(2)) and
lim,—o [|u(:, 1) — €' ug||Loo(@) = 0, where e’ is the Dirichlet heat semigroup in Q.
We note that the maximal existence time can be defined for classical L?-solutions; see
[90, Proposition 16.1 (i, ii)] for the definition.

Remark 1.3 (Uniqueness). By [106, 107] and [11, Theorem 1], a unique classical
L9¢(2)-solution of (1.1) exists for each uy € L9¢(2) with g, > 1. Moreover, if we fur-
ther assume g, > p, unconditional uniqueness [1 1, Theorem 4] holds for mild solutions,
that is, solutions of the corresponding integral equation

t
u(-,t) =efAu0+/ eIy )P, s)ds  fort € (0,T)
0

in C([0, T'); L9¢(R2)). Note that g, > p is equivalent to p > n/(n — 2) and is satisfied
for p > ps. Hence, under the assumption of Theorem 1.1, the condition ug € L9 (2)
implies the existence of a unique mild solution in C([0, T"); L4¢ (£2)). This solution is also
a classical L9¢-solution, since g, > 1.

Remark 1.4 (Other Lebesgue spaces). We recall the case ug € L9(2) with ¢ # ¢.. For
1 < g < q., there are results on the nonexistence and nonuniqueness of solutions; see
[6,13,49,107] and [84, Section 6]. By [38, Theorem 2.4], there exist solutions such that
the maximal existence time 7 is finite and
sup [lu(-,1)|lLa(@) < oo.
0<t<T

For g, < q < oo with ¢ > 1, it is known that (1.1) has a unique classical L?-solution u
(see [90, Theorem 15.2, Proposition 51.40] for instance). By [11, Corollary 13], it is
also known that if 7 < oo, then lim;_.7 |[u(:, t)||La(@) = co. More precisely, the lower
estimate of the blow-up rate

—nL_1y
luC, ) e = C(T —t)" 2 ac " q
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holds for some constant C > 0; see [108, Section 6] and [90, Remark 16.2 (iii), Proposi-
tion 23.1].

Remark 1.5 (Application to backward self-similar solutions). Let 2 = R”. We say that
the solution u is backward self-similar if it is of the form

u(x,t) = (T =) VDU /T —1)

for some 7 > 0 and some profile function U € C?(R"). Theorem 1.1 immediately yields
the following Liouville-type result for backward self-similar solutions u of (1.1) with
p > ps. Itrecovers [76, Corollary 2] in the case p > ps.

Corollary 1.6. Letn > 3, p > ps and u be a backward self-similar solution of (1.1). If
the profile function U of u belongs to L9¢ (R"), then u = 0.

Remark 1.7 (Brief review of type II blow-up). Type II blow-up solutions were first found
by Herrero and Veldzquez [50,51] in the Joseph—Lundgren supercritical range p > pyr :=
(n—2+/n—1)/(n —4—2+/n—1) (> ps) with n > 11. For a refined construction, see
[72,77]. See also [65,73,74] for the Lepin supercritical range p > pr := (n —4)/(n — 10)
(> pyr)- The critical cases p = pyr and p = pr were handled in [92,93]. In [78], the
case where p = pgs,n = 3 and a suitably shrinking £ = Q(¢) was handled. Note that the
above type II blow-up solutions are radially symmetric. In the range ps < p < pjL, it
was proved in [63] that all radially symmetric blow-up solutions are of type I if either 2 is
a ball, or 2 = R” under some assumption on intersection properties; see also [64,75]. For
the existence of nonradial type II blow-up solutions, see [16, 19] for some p > pjr, [25]
forp=py:=m+1)/(n—3)andn >7,and [21] for p = p,—3:=3and5<n <7.We
note that p, and p,_3 are the so-called second critical exponent (after [22]) and (n — 3)-th
critical exponent (after [21]). They satisfy ps < p» < pjr forn > 4 and p, < p,—3 for
n > 5, where pjyr := oo for n < 10. One of the reasons why such exponents appear is
explained in [19, Section 1.4].

In the Sobolev critical case p = pg, type II blow-up solutions were formally found
by Filippas, Herrero and Veldzquez [37] for 3 < n < 6 and were rigorously constructed
in [91] for n = 4. The recent development of the inner-outer gluing method refined the
construction; see [26] for n = 3, [27,59] forn = 4, [23,47] forn = 5 and [48] forn = 6.
On the other hand, it was proved in [17] for n > 7 that there is no type II blow-up solution
if ug is close to the Aubin—Talenti function. Recently, it was also shown in [104] that all
interior blow-up solutions are of type I provided that n > 7, u > 0 and either 2 = R” or
€2 is bounded.

Remark 1.8 (Ancient solutions). We say that u is an ancient solution if u;, — Au =
|u|P~ Yy for t € (—oo, T) with some T < oo. Classification results for such solutions
were obtained in [69] for p < ps and [83] for ps < p < pyr and p > pr; see also the
references given there. In our context, as far as the authors know, the following question
is open: Does there exist a nontrivial solution satisfying sup_., ;<7 U (-, )| Lac (@) < o0
for p > ps?
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Remark 1.9 (Infinite time blow-up). Infinite time blow-up (or grow-up) solutions, that
is, global-in-time solutions satistying lim; o |1 (-, )| Loo(q) = 00, were constructed for
p = ps: see [40] for p = pg, [86] for ps < p < pyr and [85] for p > pyr.For p = ps,
possible asymptotic behavior was conjectured by Fila and King [36]. Recently, the con-
jecture was confirmed by [24] for n = 3, [105] for n = 4 and [60] for n = 5. Although
this paper focuses on finite time blow-up solutions, it may also be interesting to study the
behavior of the critical norm for infinite time blow-up solutions.

Remark 1.10 (Critical norm blow-up for the Navier—Stokes equations). Theorem 1.1
corresponds to the pioneering work of Escauriaza, Seregin and Sverédk [35] for the three-
dimensional Navier—Stokes equations. They proved the blow-up of the critical norm in
the sense that if the maximal existence time 7 is finite, then

limsup [lu(-, 1) 3 = oo. (1.2)

t—>T
The limit superior condition was later improved to the limit condition in [95]. In the case
of domains with boundary, the condition (1.2) was verified for the flat boundary [94]
and for general cases [71]. These results were also refined to the limit condition for the
flat case [8, 62] and for general cases [2]. On the other hand, the L3 norm in (1.2) was
further refined to the Lorentz norm [82] and the Besov norm [1,41]. Actually, our norm
in Theorem 1.1 can be replaced by the Lorentz norm L%¢-" with r < oo, but we do not
pursue this issue here. We also refer to [29, 30] for the critical norm blow-up in higher
dimensions n > 4.
Recently, Tao [98] proved that if T < oo, then

imsup — CDls
i1 (logloglog(1/(T —1)))¢

for some constant ¢ > 0. See [7, 81] for further developments in this subject. By analogy,
it is expected that there is a general quantitative blow-up criterion for the semilinear heat
equation (1.1) with p > pg. This direction seems interesting and also challenging. More-
over, it remains an open problem whether the limit superior condition in Theorem 1.1 can
be replaced with the limit condition. We note that the result of [76] for p > pg under the
type I blow-up assumption is not a consequence of Theorem 1.1.

Remark 1.11 (Critical norm blow-up for other equations). Wang [102] studied the criti-
cal norm of the harmonic map heat flow between compact Riemannian manifolds without
boundaries in the energy supercritical dimension n > 3. He showed that if the maximal
existence time 7 is finite, then

limsup | Vu(:, t)||zn = oo.
t—T
One of the key ideas in the proof is the monotonicity formula of Struwe [97].

For nonlinear dispersive equations with power nonlinearities, there are also many
works on the blow-up of the critical norm of the form

limsup [Ju (-, 1)|| gs. = 00.
t—T



Blow-up of the critical norm for a supercritical semilinear heat equation 7

Here s, is the scaling critical exponent for each of the equations. Kenig and Merle [54]
showed that blow-up solutions of the cubic defocusing Schrodinger equation in R? must
satisfy the above condition with s, = 1/2. Their method is based on the concentration
compactness procedure and the rigidity theorem. A similar method is applicable to a defo-
cusing supercritical nonlinearity [56]. In the radial case, Merle and Rapha¢l [67] gave an
explicit lower bound of the critical norm in some energy subcritical range. See also a
recent result [12] on the lower bound of the critical norm in the radial supercritical case.
Similar results were also obtained for the nonlinear wave equation, starting from [55]. For
the focusing case, see [33, 34].

Remark 1.12 (Related results for supercritical elliptic equations). In the proof of Theo-
rem 1.1, the blow-up limit ¥ obtained is a weak solution of the semilinear heat equation
and satisfies a monotonicity estimate. In addition, the singular set of (-, t) consists of
finitely many points for each ¢. A similar situation occurs for the so-called stationary solu-
tions of the semilinear elliptic equation —Au = |u |7~y for p > ps;see[31,79,80,103].
In this context, a weak solution u of the elliptic equation is called a stationary solution if
u is a critical point of the corresponding energy functional with respect to domain varia-
tions.

1.3. Organization of the paper

This paper is organized as follows. In Section 2, we derive a key gradient estimate. In
Section 3, we define a localized weighted energy and prove its quasi-monotonicity. In
Section 4, we prove an e-regularity theorem by analyzing the energy. In Section 5, we
construct and examine a blow-up limit with the aid of e-regularity, and then we prove The-
orem 1.1. In Appendix A, we give regularity estimates used in Section 5. In Appendix B,
we recall an Aubin—-Lions type compactness result also used in Section 5.

1.4. Notation

For x € R, we often write x = (x', x,) with x’ € R""! and x,, € R. Set R% :={x e R";
x’ € R"7! x, > 0}. We denote by x4 and | A| the characteristic function and the Lebesgue
measure of a measurable set A, respectively. For r > 0 and (x,?) € Rt we write
By(x):={y eR"; |x—y| <r}, B,:= B (0),
Qr(x) = QN By(x), Q= Q,(0),
Pr(x,t):= B, (x) x (t —r?,1), P, = P.(0,0),
0,(x,1):=Q,(x)x(t—r%1t), Or=0,(0,0).
For p > 0 and (x,¢) € R"*!, we write
B (x) := R N By(x), B :=R’ N B,(0),
+ . pt 2 +._ n+
Qp (X,t) = Bp (X)X(t—p *t)’ Qp = Qp (O’O)
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We denote by Gg = Gg(x, y,t) the Dirichlet heat kernel in €2. Set

=32

Kan(x.1) =@ —1)"2e 40
for x,X € R" and ¢ < 7. The critical exponents are defined by

_n+2  ap-1) _a(p—1)
Ps =Ty deiS T 4ei= T

Note that each of the conditions g. > p + 1 and g« > 2 is equivalent to p > pg. In what
follows, we always assume n > 3 and p > ps.

2. Gradient estimate

Let R > 0 and  be any C2+% domain in R” with 0 € Q. As will be seen in Section 3,
the proof of Theorem 1.1 is based on the study of the localized problem

u; = Au+ [u|?"'lu  in Qg x (-1,0),
u=20 on (02 N Bgr) x (—1,0), (2.1
uis C21 on Qg X (—1,0),

under the assumption that there exists M > 0 satisfying

sup [[u(, D)llLac @) < M. (2.2)
—1<t<0
Here the boundary condition in (2.1) is ignored if 32 N Br = @.

In this section, we show a gradient estimate in the Lorentz space L7*°° with g, :=
n(p —1)/(p + 1), which is our key tool to bound a weighted energy defined in Section 3.
The method of estimating a Duhamel term from |u|?~!u is based on an idea due to Meyer
[70, Theorem 18.1] (see also [99, Proposition 1.5]).

Proposition 2.1. Ifu satisfies (2.1) and (2.2), then there exists a constant C > 0 depend-
ing on R such that

sup  [|Vu(, 1) [|Laxco(@sp,4) < C(M + MP).
—3/4<t<0
Proof. In the spirit of [39, Proposition A.1], we derive a localized integral equation, and
then we estimate each of the terms appearing. Let ¢ € C5°(R") satisfy 0 < ¢ < 1in R”,
¢ =0inR" \ Bysg/16 and ¢ = 1in Byg/s. Set v(x,t) := u(x,t)¢(x). Then v belongs
to C21(Q x (—1,0)) and satisfies

vy — Av = ¢lu|P"'u —2V¢ - Vu —ulA¢p inQ x (—1,0),
v=20 on 92 x (—1,0).
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Thus,
u(x.1) = /Q Ga(x.y.t +7/89)p(u(y. ~7/8) dy
t
+ f / Ga(x. y.t — ) lu(y.5)|? u(y.s) dy ds
-7/8J%

t
—/ [ Ga(x,y,t —s)2V¢ - Vu +ul¢)dyds (2.3)
-7/8 JQ

for x € Q3p/4 and —7/8 <t < 0, where Go = Gq(x, y,t) is the Dirichlet heat kernel
in Q. Since Gg(x, y,t) = 0 for y € Q2 and uV¢ = 0 on 92, integrating by parts in the
third term on the right-hand side yields

u(x.1) = /Q Ga(x.y.1 +7/8)p ()uly. ~7/8) dy
+/_7/8/S.2Gg(x,y,t—s)(¢|u|”_1u+uA¢)dyds

t
+2/ / V,Ga(x,y,t—s5)-Vo(y)u(y,s)dyds (2.4)
-7/8JQ

for x € Q3g/4 and —7/8 <t < 0.
Since Q is C 219, the following estimate holds (see e.g. [58, Theorem IV.16.3]): There
exists a constant C > 0 such that

IV{Ga(x,y,0)| < CK;j(x —y,1) (j =0,1,2) 2.5)
forx,y e Qand 0 < ¢ < 1, where
Ki(x,t):=t"272e ¢t (j =0,1,2). (2.6)

Note that the constant in (2.5) and (2.6) depends only on n, 2 and the length of the time
interval (0, 1). We prepare an estimate of dx; dy; Go(x, y,t). By the semigroup property
and (2.5), we have

|0x; 0y; Ga(x, y,t)| = ‘/QaxiGQ(x,Z,Z/Z)BijQ(z,y,t/Z)dZ
§C/ Ki(x—z,t/2)Ki(z — y,t/2)dz
Q

<Ct! / G(x—2,Ct/8)G(z—y,Ct/8)dz
Rn
=Ct7'G(x — y,Ct/4) < CKy(x — y,1),

where G(x,t) := (471t)_”/2e_|x|2/(4’) and we have changed the constant C in (2.6). Then
by differentiating the integral equation (2.4) and using Ky (x,t) < K, (x,?) for x €  and
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0 <t < 1, we see that
Vil =€ [ KiG= a4 T/ =TS e (3) dy

t
+C/ Ki(x —y,t —8)|u(y,s)|? dyds
—-7/8 JQRr

t
e /—7/8 R" Kox =yt - s)|u|XQISR/16\Q7R/8 dy ds
=: CUq(x,t) + CUz(x,t) + CUs(x,1) 2.7)

for x € Q3p/4 and —7/8 <t < 0. Note that each U; is defined for all x € R” and —7/8 <
t <0.

For Uy, from g+« < g, and the same argument to prove the L7¢-L9¢ estimate for the
heat semigroup (see [42, Section 1.1.3] for instance), it follows that

Uy ("t)||L"*'°°(Q3R/4) <C|U; (',I)Hch(Rn)
< C(t+7/8)7 2 |u.=7/8) xag lLee @n)
= Cllu(, =7/8)|Lac @p) = CM
for —3/4 <t < 0. Then

sup ||U1 (- [)||Lq*‘°°(Q3R/4) <CM. (2.8)
—3/4<t<0

We next consider Us. Since |x — y| > R/8 for x € Qap/s and y € Qy5r/16 \ 27Rr/8,
we have

_n_y __R2
Ka(x —y.t - S)XQISR/16\Q7R/8(y) = Crar(y) Sul? (t —5)727 17T < Cray(y)
s<

for x € Q3g/4, y € R" and =7/8 < 5 <t < 0. Therefore,

t
U3(x,t)§C/ [ luldyds < CM
—7/8 JQR

for x € Q3g/4 and =7/8 <t < 0. Thus,

sup ||U3(',t)||Lf1*AOO(Q3R/4) <CM. (2.9)
—3/4<t<0
We now estimate Us,. This part is a modification of [70, proof of Theorem 18.1]. Let
—7/8 <t < 0. By a change of variables, we have

o0
Usy(x,t) < U(x;t), U= 0(x;t) :=/ S(x,s;t)ds,
0

S = S(e.511) = flows7/8) () /Q Ki(x — y.9)lu(y.1 —5)|? dy.
R
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For A > 0 and t > 0, define E := {x € Qg; U(x) > A} and

U(x) = (/Ot +/OO)S(x,s) ds =: Uy (x) + Us(x).

We will estimate the Lebesgue measure |E| of E. By the argument used to prove the
L4¢/P_[ % estimate for the heat semigroup, we have

_np 1
IS¢ $)lLoo@r) < Cs™24¢ "2 y(o,147/8)(8) || [u (. 1 —S)lpHch/p(gR)
_np 1
< CMPs 2ac72
for any s > 0, where C > 0 is independent of . Then

~ © X _ap 1 __p+l
Us(x) < / S(x,s)ds < CMI’/ s 2ac"2ds = C'MPt 2-D
T

T

where C’ > 0 is also independent of ¢. For A > 0, we choose 7 such that
+1
C'MPt™ 201 = )/2. (2.10)

Then U, < A/2. By setting E; := {x € Qg; U;(x) > 1/2} and using U, < A/2 and
U=U; +U,, weseethat E C E;.
From the argument used to prove the L9¢/P-[9¢/P estimate, it follows that

ISC$)Lac/roo@ry = ISC$)Lac/r@p)
< Cs™ 2 xusrm ) .t — WP Lac/r@p) < CMPs™1/2

for any s > 0. Thus,
- T
||U1||L61c/vaO(QR) E / ”S(, S)”ch/p,oo(QR)ds E CMPl'l/z.
0

This together with the Holder inequality for the Lorentz spaces (see [57, Proposition 2.1]
for instance) shows that

J J P 1-p/qc ;1/2
[ 00 = Clti Iy 1, 101 scrnomigy = CMPIEL 71912

On the other hand, the definition of E gives fE1 Uy(x)dx > (A/2)|E,|. From E C E;
and (2.10), we obtain

|E| < |Eq| < C )\ ~9e/P pfacp4¢/2p — CMPa* )~

and so A|{x € Qg: U(x) > A}|/4* < CMP for A > 0. This implies 10 (- )| Lax.0@z)
<CM? for—7/8 <t <0, where C > 0 is independent of ¢. Hence by the definition of U
and M P, we see that

sup  [[U2(,0)llpaxoo(@ap) < sup U Cit)llLawco(@ry) < CMP.
—3/4<t<0 —3/4<t<0

Combining this inequality and (2.7)—(2.9), we obtain the desired inequality. ]
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3. Localized weighted energy

Let u be a solution of (2.1) satisfying the bound (2.2). In this section, we define a local-
ized weighted energy of u analogously to Giga, Matsui and Sasayama [45,46] and prove
its quasi-monotonicity without assuming the convexity of 2. Our computations to prove
quasi-monotonicity are in the spirit of Chou and Du [14], but the details are different.
From among the results in this section, we will refer only to Lemma 3.1 and Proposi-
tion 3.2 in the subsequent sections.

Letn > 3, p > ps and  be any C2*® domain in R” with 0 € Q. We fix R > 0
satisfying one of the following conditions:

If0 € Q,then 0 < R < 1/2is such that B C Q. (3.1)

If 02 # @ and 0 € 092, then 0 < R < 1/2 is such that
there exists f € C¢*(R"™!) satisfying £(0) = 0, V' £(0) = 0,
||V/f||Loo(Rn71) < 1/2 and QR = {X € BR, Xp > f(x')}

by relabeling and reorienting the coordinate axes if necessary. (3.2)

Here V' f is the gradient on R*~!. Note that the existence of f in (3.2) is guaranteed by
the smoothness of 2.

3.1. Definition and change of variables

We define a localized weighted energy E and show its boundedness by using Proposi-
tion 2.1. To obtain quasi-monotonicity, we locally straighten the boundary. After that, we
introduce backward similarity variables and derive the corresponding representation of E.

Let ¢ € C*°([0, 00)) satisfy p(z) = 1for0 <z <1/2,0<¢(z) <1forl/2<z <1,
¢(z) =0forz>1and ¢'(z) <0forz>0.For x,¥ € R", >t and r > 0, we set
¢r = ¢z, (x) 1= @(|x — X|/r) and

_x=x2

K = Kip(x,0) = ([ —1)"2e 400,

For X € Qg/q and —1 <t <7 < 0, define a localized weighted energy by

E(t) = E 7(t; ¢z, R/4)

. ) [Vu(x,0)]>  |u(x,t)|PT! u(x, 1)
=1 /QR( ) - p+1 +2(p—1)(f—t))

X Kz (X 07 g/a(x)dx.  (3.3)

Note that u is defined on (2 N Bg) x (—1,0), but we mainly consider the time interval
(—1/2,0) to apply Proposition 2.1. Observe that

supp¢>g,R/4 C BR/2 for X € QR/4. (3.4

The following lemma guarantees the boundedness of E.
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Lemma 3.1. There exists C > 0 such that
|Ez.5y (s d3,R/a)| < C(M + MP)?
forany X € Qgrqaand —1/2 <t <1 <0.

Proof. From the Holder inequality for Lorentz spaces (see [57, Proposition 2.1]), (3.4),
Proposition 2.1 and a direct computation, it follows that

/ |Vu|2K(g,t~)¢§,R/4 dx
QR

|—%2
 \—n/2 . 2 —e= 2
<C(t—1t) ||Vu(,t)||L,,*,oo(QR/2)||e 8G—0) ”quf%zlazn)
- +1
< C(M + MPY2(F —t)"»1 (3.5)
for —1/2 <t < f < 0. The Holder inequality and (2.2) show that
- 1= 2+l
- _ 1 _|x—~x\2 dc
/Q |u|p+11<(;,,~)¢§,R/4 dx < (t—1) n/zllullemR/z) (/ e~ Ci=n dx)
R R
< CMPH ([T — 1) 5,
f UK 7y$2 gya dx < CM2([ — 1) 77T,
0 DX,
for —1/2 <t < f < 0. The lemma follows from the above estimates. ]

We locally straighten the boundary. For (3.2), we define C27® maps ® =
(P1,....Pp)and ¥ = (¥y,...,¥,) by

{si = x; = P (x), {x,- =& = Wi (6),
En = xn — f(X) =2 Du(x), Xn = &n + f(E) =1 Wy (§),
fori = 1,...,n — 1. To handle the case (3.1) in a unified way, we also set
{si = x; = P (x), {xi = & =: Wi (6),
En = xn =: Op(x), Xn = & =V, (8),

for (3.1). We note that the maps ® and W for (3.1) are identity maps and they are obtained
by setting f = 0 in the definitions of ® and W for (3.2).
We write ®(x) = £ and W(§) = x. Set

u(€. 1) ==u(V(),1). (3.6)
Then direct computations show that

Viu(x, 1) = (3g, it — (3, 1), f. .., 9g,_, 1t — (3g, W), _, £, 0, 1)
= (V'ii — (3, ) V' f. g, 1) (3.7)
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and
n—1 n—1 n—1
Acu(x. 1) = Agit =2 " (g, 05, 0)0g, f + 0,11 Y (g, £)> — g, 01 Yy 07 f
i=1 i=1 i=1

= Aglt =2V (g, 1) - Vi f + (3, )|V f1? = (3, 1) AL f.

where V’ and A’ are the gradient and Laplacian on R”~! with respect to the first n — 1
components, respectively. Note that the terms on the right-hand sides are evaluated at
(€,1) = (®(x), ). Since u satisfies (2.1), we see that 1 satisfies

(3.8)

Iy — At = [4)P7'  in ®(QR) x (=1,0),
0 on ®(02 N Br) x (—1,0).

Here, abbreviating the subscripts £ and &,, we set

Al = Al =2V (3,0) - V' f + @20) |V f|? — (3,2) A’ .

For x € m, we write § := ®(X). Note that X = \11(5). We perform the change of
variables x = W(£) in (3.3) by using the relation (3.7), the definition of K and the fact
that the Jacobian determinant equals 1 from the definition of W, that is, dx = d§&. Then
E satisfies

i 512 ~p+1 ~2
E(t) = (f—t)%}‘ff ('Wl _ I + v )
o@p) \ 2 p+1 20D —1)
_|xp<§)7\p<§)\2

0 b4 r(YENAE (39

xXe

where V(. 1) := (VT — (0,00) V' £, Duil).
We introduce the backward similarity variables

_ k¢
1= o

Then the rescaled functions are given by

T := —log(f —1).

w(n, 1) = e_ﬁrﬁ(‘,g +e 2 f—e7T), (3.10)
g 1) = e fE +e ). (3.11)

Note that . ~
E=E4+e 2, T—t=¢",

i 1) = (-0 7 Tw(( — 1) V2 — B), —log( — 1)).
Since # satisfies (3.8), we see that w solves
1 1
we + =n-Vw + ——w — Aw — |w|?tw =0,
2 p—1

n € (), 7 € (~log(t + 1/2),00), (3.12)
w=0, 5ee’/2(®OQN Bg)— &),
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where the time interval (—log(f + 1), o) has been shortened to (—log(f + 1/2), o) in
order to be able to use Proposition 2.1 safely, and

Aw := Aw — 2V (9,w) - V'g + (2w)|V'g|> — (8,w)A’g,
abbreviating the subscripts 7 and 7, . In addition,
Q) = {n €R" § +e 72 € D(Qp)} = e"(P(QR) — ).

By using the backward similarity variables, (3.9) can be written as

_ (NP ettt w?  \E 4+ e — W)
b0 = [ (TR e < e e - wide)

4 - -
< (F10G + )~ wid)) dn.
where Vuw := (V'w — (3,w)V'g, 3,w). We observe that

(W(E + e/ 2n) — W(E)]?
=e " | + g, 1) — £(0, 7))
=e " (Inf* +2(g(n'. 1) — 0. 0)ny + (g0, 7) — g(0,7))%).  (3.13)

Then by setting
|§w|2 |w|p+1 w2 )
&(r) := / ( - + py=dn, (3.14)
e\ 2 p+1l  2(p-1
p = p(n, )= exp(—3(Inl* +2(g(n', 1) — (0, 7)) mn
+(g(r'. 1) = £(0.1)?)). (3.15)
4 _

v =00 = o e PN + g0 0 —2OON). G0

we see that E(t) = &(t) with t = —log(f — t). By direct computations, we note that

dip=—5i +(n+ 2. 1) —g(0.0)digp (=1....n—1),
7p=—3(1+ (38" + (m + (', 1) — 2(0, 7)) &)p

+ 507 + 20+ g('. 1) — g(0. 1) midig)p

+50m 4200 —g(0,1)%@;9)%p (i =1.....n—1),
Inp=—3(n+g('.7) —g(0,7))p,
Pp=—Lp+ 10 +g('. 1) —g0.0)%

and that

(3.17)

pr=—50:(8(1. 1) — £(0. 1)) (1 + g(n'. 1) — £(0. 7))p. (3.18)
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3.2. Quasi-monotonicity

We prove the quasi-monotonicity of E. This property plays a crucial role in the proof of
the e-regularity theorem and also in the blow-up analysis.

Proposition 3.2. Fix R > 0 such that either (3.1) or (3.2) holds. Let u be a solution of
(2.1) satisfying (2.2). Then there exists a constant C > 0 depending only on n, p, Q2 and
R such that

L 2 _n_

Ei (1 d5,r/4) + E/t/ (f—s)yp17 271
|

P(Q2R)

forany X € Qpriaand —1/2 <t' <t <1 <0.

. = 5 2 jwe)-s2
,,Li - (5—@(;))-% (= s)i| € D g2 (W(E)) dE ds

< Egp(t'i¢zrsa) + C(M + MPY2(F —1)? (3.19)

To prove this, we compute the derivative of &.

Lemma 3.3. The derivative of & (t) satisfies

%8(1’) =— / w2py? — B(r) + R(7), (3.20)
where

1
B(r) = Z/ _(Bvw)?py (v -1 —2v,0w g + [V'gPv2) dS(n),
et/2(@(OQNBR)—E)

v = (V/, vy,) is the outward unit normal, d,w = Vw - v, dyvg := V'g -V, dS is the
surface area element and

R = [ [P =2 [wopyvu- vy
+ [ 1vulowi+2 [ wepp @
—2 [yt Ve +2 [wipy vy Ve
=2 [ we@w)pw GunIV'sl + [ @w)ovi Vsl
~ @y Ve + [@uw200>ve - V.

1
45 [l - g0.0— 1 Ve)

+/ Vw2 wirtt | w? e
2 s 41 T 2p—1n)P"

with the abbreviation | ... = fQ(T) ... dn.
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Proof. In what follows, we will perform integration by parts several times, and so we
need to know the boundary value of w. We claim that

wy =0  ondQ(r). (3.21)
To prove this, we note that
Q1) = e”2(@(IQ N Br) — ) U e”2(®(Q2 N IBR) — ).

For n € e¥/2(®(0Q N Bg) — §), by the boundary condition in (3.12), we obtain
w(n, T) = 0. On the other hand, for 7 € e”/2(®(Q N dBR) — 5), we have d(x) =
£=e""2 +§ € ®(2 N dBR). Thus x € Q N dBg and |x| = R. This together with
X € Qpy4 gives |x — X| > 3R/4. Therefore ¥ (n, 1) = @(4|x — X|/R) = 0 for 5 in
e"/2(D(2 N 3BR) — £). Hence (3.21) holds.

For simplicity, we write [ ... = [, ... dn when no confusion can arise. By (3.21),
we see that

i/ _|w|erl + w? wz
dt s +1 20-1)°

+1 2
_ WWe 5 / p—1_2 / ( lw[? w ) 2
=[| — — | ww |w + - + + Ro.,
/p—l'm/f JwlP oy D+l 20— 1) Py 0
(3.22)
where
w? 2|w|Pt!
Ro = pYe — | S py . (3.23)
p—1 p+1
On the other hand, by taking into account the computation
Vul? = |Vw — @,wV'g.0)
= |Vw|?> =20, w)V'w - V'g + (3,w)?|V'g|*, (3.24)

we set
d [|IVw? , 1d , 5 d )
- | == =—— |V ——|@® Vw-V
dr/ 7 oY 2dt/l w|“py dt/(nw)m/f w-Vg

1 d
22 a0 ou? |V o
+5 9= [@w2ev 1l
1dly, dI, 1dI;
- 2z, %3 3.25
2 dt dt + 2 dt ( )
We compute the derivatives of /1, I, and I3 in the following way:
(1) If a term contains the derivative of y, keep the term as it is.

(2) If a term contains spatial derivative(s) of w,, perform integration by parts to remove
the spatial derivative(s).

(3) If a term does not contain w, but contains second order spatial derivatives of w,
perform integration by parts to lower the order.
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For 11, integration by parts and (3.21) show that

1dl

_d 1 2
S _—E(/(wl//Vw-Vlﬁ)p-FE/wW V-(pr))

—— [@yvu V9= 3 [ w2V (Vu)

1
—/wwwtv(pw)—E[wvﬂv(pwf)

1

_5/wwzv-(pti)—/wpthw-vw.

Integrating by parts twice and using (3.21) yields
1 1
=5 [wrrv @w) = =5 [ w9 ow) - [wppvu-vy
1
+ / wpyYyVw, - Vi + 5/ w. (D, w)py?dS.
a0

()

In addition, we see that

1 1
- / WYV (pVu) = 5 / VwPory? + f wpe ¥ Vw - VY.

The above computations imply that

1dl 1
el _/ w YV - (pVw) + —f wepY>Vw - vdS
2 dzt 2 9Q(1)
1
45 [IVPocy? + Ru, (3:26)
where
Rii= [y V- Vo)~ [wppV - (pVw)
—/wprVw-VW—i—/wpl/rVwr-Vw.
Expanding the first term and integrating by parts in the second term, we obtain
Ry = —Z/wrpl//Vw-Vl,/f +/|Vw|2pl//1//r. (3.27)

By the argument of [43, Proposition 2.1] with ®(d2 N Bg) C R” , we can see that

! / we @yw)py? dS = -+ @w)?py?(v-mdS.  (3.28)
IQ(7)

2 4 /ef/2<<1>(amBR)—§)
Indeed, from the boundary conditions in (3.8) and (3.12), it follows that
T (Vw - % + wr),

and so wy = —Vw - (n/2) on e”/2(®(AQ N Bg) — g)_ By the boundary condition in
(3.12), we also have Vw = (Vw - v)v = (d,w)v. Thus,

we = =@ 1), 7€ e”X (@O N Br)— ). (3.29)
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Recall that ¥ (1, 7) = 0 for € e¥/2(®(Q N IBR) — é) by the proof of (3.21). Then (3.28)
follows. For later use, we note that, on the boundary,

Vw = @,w)', 8w = (0,w)v,, (3.30)

which follows from Vw = (3, w)v.
‘We next consider /,. Since

p = / WYV (pdpw) - Vg +2 / W@ W)Y V'Y - V'g + / w(@pw)py2A's.

we have

dl
i f w2V (pdw) - V'g + / we(@aw)py?A'g

dt
+ [wrrVipnwn) Vg + [w@uopy?ae
+ [wrrViodnw Ve + [w@uwpae
+ [wrr Vit Ve + [w@wpya.
2 [wy eV (p,0) - Vg +2 [ w@u)py 'y - Vo),
+2 [ w@,wpvea’e,
where the 8th term on the right-hand side requires the 3rd derivative of f € C02+°‘ (R,

But the computations here and below can be justified by the standard approximation pro-
cedure. Again by integrating by parts twice, we can see that

[wrv s Vet [weopnate
:/w,l/ﬂa,,(pv’w).v’g—/ wepyY2v,Vw-V'gdS
39(1)
=2 [ w@wdpw ¥y Vg +2 [wepr @) Vw Ve 33D
Moreover, we have

[wrvea,w Vet [w@uwpae

+ [wrrveow - Vot [w@wpya,

= —f(é)nw)prw2V'w Vg — 2/ w0,w)pYV'y-V'g

- /(an)prV’w Vg, — 2/ w0, w)pyV'y - Vg,.
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These computations show that

dl
_d_rz :/wrl/fZV’(panw)'V’g+/wz1/f28n(pv/w)-v’g

+/wr(8nw)p1/f2A’g—/ wepy2v,Vw-V'gdS
(1)

— /(anw)p,wzv’w Vg + R, (3.32)
where
Rai= =2 [ w@wpUV' Y Vg +2 [ wepp @)V Vg
=2 [ W@V Vg - [@upyvu -V,
=2 [w@wpw V- Vg +2 [ wp eV (p,w) - Vg
+2 [ W@y Vy - V') +2 [w@wpyis'e,
Integrating by parts in the sixth term and expanding the seventh term, we obtain
Ra=2 [wepp @)V Vg - [@uipyvu- Vi,
=2 [ ooy eV Vg 42 [w @y vy Ve (3
From the same computations as in the proof of (3.28), it follows that

—/ wepy v, V'w-V'gdS
99(r)

1

/ (@yw)? oy (v, Vg-v'dS.  (3.34)
2 Jeri2@@anBr)-5)

Indeed, by (3.30), we have V'w - V'g = (3,w)(d,g) on e“/2(®(d2 N Br) — £). This
together with (3.29) gives the above relation.
We examine /3. Again by integration by parts, we have

1dI 1
Ldly __d (1 / Y20 (pdnw) Vg2 + / (@ w)pY )|V g2
2 dt dt \2
1 1
= / weyon (o) Vgl ~ 3 f W28, (03w we)|V'g 2
-2 / WU 20, (pe )| Vg2 — / W20, (00, w) Vg - V'

- / WYY (0B w) Vg — / (W)Y 3|V g ).
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In the same manner as in (3.31), we see that
1 / 1 /
=5 [ we IVl = 5 [ wirsn el VP
1
—— [ w0l VgP + 5 [ wel0,w)pu?VgPy, dS
Q(7)
- / we(Bnw)py )|V g + / w( o) 0¥ (B )| Vg 2
and
1
=3 [ w0,V - [y, Ve Ve,
1
= / (Ouw)2pe 2| V'g P + / (0uw)2pY2V'g - V'g,
4 / w0 (0s1)pe ¥ B[ Vg 2 + 2 / W@ w)pY By Vg - V'ge.

Then we have

1dI 1
Ldls _ / Wey 20, (08, w) Vg + + / (3w )09 V'g?
2 dt 2
1
41 / e (Buw)pY |V g vy dS + R, (3.35)
2 Jaq)

where

Ryi= — / we (@)Y (3,9 IV gl + / (@)Y ()| Vg 2
+/(a,,w)2pwzv’g-v’gf +/w(<‘9nw)pfw(8nw)IV’gI2
+2 / ()oY () V'g - Vg — / WY P (B )| Vg2

- / (W)Y Bn )|V g ).

Integrating by parts in the sixth term and expanding the seventh term, we obtain
Ra = =2 [ we@uwpp @IVgP + [ @0)p9? Vg Vs,

+ / (Onw) oYy |V ). (3.36)

By (3.29) and (3.30), we see that

1
5| we@apy? Ve, ds
()

1

4 fef/Z@(aQnBR)é)

@uw)’py? (v -y |V'gl?dS.  (3.37)
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By combining (3.22), (3.25), (3.26), (3.28), (3.32), (3.34), (3.35) and (3.37), and then
by (3.24), we obtain

d > Vw2 |w|P+! w?
—8(1)=¢-B Ri - W2 (3.38
E0=3-8+3 +/( : p+1+2(p_1))pw (338)

where B is given in the statement of the lemma and

A :=/w,wz(%—w|w|"_1p—V-(pr)—i—V/(pa,,w)-V’g

+ 0.(pV'w) - V'g + pd,wA'g — 9, (panw)IV’glz)-

From (3.12) and V' (0, w) = 3, V'w, it follows that

g = / wey? (—wep — 301 Vw —Vp - Vw 4 8,0V'w - V'g
+ 0, wV'p- Vg — 3,w(,p)|V'g|?).
By using (3.17), we have

—1pn-Vw —=Vp-Vuw + 3,pV'w-V'g = 2(,w)p(g(n’. 1) — g(0, 1)),
0wV'p - V'g = 8,w(3,0)|V'gl> = =3 (@uw)pn’ - V'g.

Thus,

1
g == [wiov? + 5 [we@wipv (e 0 - 0.0~ V')

Substituting this into (3.38) and combining (3.23), (3.27), (3.33) and (3.36) yields the
desired equality. The proof is complete. ]

We next estimate the terms B and R in (3.20).

Lemma 3.4. B(7) > 0.

Proof. In (3.1), we have 8 = 0, since the domain of integration is far from the bound-
ary. In the case (3.2), since ®(d2 N Bg) C R% and g?n =®,(X) =X, — f(&) = 0 for
X e m by the choice of f, we see that v - > 0 for ) € e¥/2(®(dQ2 N Br) — é). In
addition, since |[v’| < 1, we have

1= 20,008 + |[V'gv2 = (1 = Qv g)vn)* + (Vg = (9rrg)*)vp = 0.
Hence the lemma follows. [ ]

Lemma 3.5. There exists C > 0 such that

R = 5 [0+ CRE
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fort = —log(f —t) with—1/2 <t <t <0, where

Ay i= [ w4 1Vl + i e (19 +e 2 - wid).

Proof. We only consider the case (3.2), since (3.1) is simpler. By (3.11) and the choice
of f, we have

”V/g(’ T)”LOO(R”_I) = 1/2» ”(V/)zg(v T)”L‘X’(R”_l) = Ce—r/z»

2

/ e (339)
IV'ge (. Dl poen—1y = Clle™7,

where C > 0 is independent of t. By Cauchy’s inequality and (3.39), we obtain
1
R<5 [wipv? +C [@? 4190l + [P VIR + el + loel?)
+C [ IVul oy e + ).

From (3.15) and (3.39), it follows that

_ 2
p(n,7) < exp(—1(In'1* + 102 — (g0, 7) — g0, 7))?)) < e /3, (3.40)
By (3.18) and (3.39), and then by (3.40), we also have
locl < Cl0/Pe™2(Ina] + In'])p < CeTI/16e77/2, (3.41)

These inequalities together with T > —log(7 + 1/2) > 0 show that
1
R = E/Wfpllfz
+C /W + V0l + [P ) IVY L + (Y] + 2 720 (3.42)

From (3.16) and (3.39), it follows that

4et/2 4
— T =T/2 0, / _
901 = 2 (e 0 + 0.0 - 00|
8 (0 + (mn +g(") —g(0)V'g. 0y + g(n') — g(0))]
|01 + g(n') — g(0))]
4
<Ce  yasm (Ee‘fﬂl(n', mn + g’ 7) — g (0, f))l) (3.43)
and
—7/2
el = 2o (e 100+ 2000 - 50 00|

X

—%I(n/, Mn+8(m') — g0 + 0:(|(n, nn + g(n') — g(O))I)'
< Ce 2y (%(In/l2 + 202 + 2(g(n) — £(0))*) + In’lze_’/z)

_ 4 _
< C|nl?e ’/2)«1/2,1)(}6 20 i + g0, 7) —g(O,f))I),
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where g(n) := g(n, v) and g(0) := g(0, 7). Since e™*/2|(i/, nx + g(7', 7) — (0, 7))
= |W(E 4 e~/2n) — W(E)| by (3.13), we have

(VY + [Yre] + y2e~/2)e7 Il /16
4 - -
< Ce g (W E + e —wdl). G4
The lemma follows from (3.44) and (3.42). [

We are now in a position to prove Proposition 3.2.

Proof of Proposition 3.2. By Lemmas 3.3-3.5, we see that

1 [T -
£(0) + / / w2py? dndo < €(') + C / #(0)do
2 Jv Ja) .

for 7/ = —log(f —t') and t = —log(f —t) with —1/2 < ¢’ <t < f < 0. Note that this
inequality holds for both (3.1) and (3.2). The change of variables and the same computa-
tions as in Lemma 3.1 yield

T t B 2
/ R(a)da:/ (z—s)*?fl'—%/ (” +|Vu|2+|u|P+1)
T/ t/ QR r—s

- ’ _ x5
x (f —s)™™2e" 32— dx ds

t
<C(M + M”)z/ (F—s)"Y2ds < C(M + MP)*(7 — 1)V, (3.45)
t/
Thus,
1 [ 3
&(x) + 5/ / w2py?dndo < E(t') + C(M + MP)2 (1 —1)V2.  (3.46)
v JQ(o)

On the other hand, since

i (§—6-vi
2

w,:(f—t)/’l—l(—
p—1

+ (- t)ﬁt),

by a change of variables we can see that

T
// w(z,,owzdnda
v JQ(o)
t

=/ (f—s)%‘%“/
t D(2R)

This together with (3.46) and &(t) = E(¢) implies the desired inequality. |

2

U " (£ —®(X))- Vi
p—1 2
_wE)—x2

xe a2 (W(E) dEds.  (34T)

xi

— (7 —s)its
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4. e-regularity

The purpose of this section is to prove the following e-regularity theorem:

Theorem 4.1. Letn > 3, p > pgs and Q2 be any C2t domain in R" with 0 € Q. Fix 0 <
R < 1/2 such that either (3.1) or (3.2) holds. Let u be a solution of (2.1) satisfying (2.2).
Then there exist constants &g, 6o and 6y with 0 < g9,y < 1 and 0 < §9 < R depending
only onn, p, M, Q and R such that the following holds: If there exists 0 < § < &¢ such
that

5%—"/ (IVul® + [u|P* Yy dx dt < e, 4.1)
Os

then 5
Jtllzoo(@ugp) < C(608) 7T 42)

Here C is a positive constant depending only on n, p, M, Q2 and R and independent of
€0, 5, 50 and 90.

From among the contents of this section, we will use only Theorem 4.1, Remark 4.3
and Lemma 4.7 to prove our main result in Section 5.

Remark 4.2. Chou, Du and Zheng [15, Theorems 2, 2'] proved e-regularity theorems for
global-in-time solutions (or borderline solutions) of (2.1) in bounded convex domains.
The theorems were applied to show the decay of borderline solutions as t — oo (see [96]
for an alternative approach). In [14, Theorem 2], the convexity assumption was removed
(see also [32, Proposition 4.2]). By some nontrivial modifications of [14, 15], we show
e-regularity for local-in-time solutions.

We note that the proofs of the e-regularity theorems in [14, 15] are based on a pre-
liminary e-regularity result [15, Lemma 3], where the time at which the regularity of the
solution is considered should be in the interior of the time interval of existence of the
solution. Thus, it seems difficult to apply their argument near the final time of existence
of local-in-time solutions. To overcome this issue, we give a variant of [15, Lemma 3]
with the aid of the results of Blatt and Struwe [9, Proposition 4.1] and Giga and Kohn
[44, Theorems 2.1, 2.5] to require only the estimate of solutions shortly before the refer-
ence time; see Lemma 4.4.

Remark 4.3. Theorem 4.1 remains to hold for weak solutions satisfying an estimate of
the form (4.9) in Lemma 4.7. In particular, we may apply it to the blow-up limit of certain
rescaled solutions in Section 5.

In this section, unless otherwise stated, C denotes a constant depending only on n, p,
M, Q and R. Each C may have different values, even within the same line. We always
assume either (3.1) or (3.2) and deal with both these cases in a unified way. In addition,
we always assume that u is a solution of (2.1) satisfying (2.2).

We state a preliminary e-regularity result.
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Lemma 4.4. There exist 1 > 0 and C > 0 depending only on n, p and Q2 such that the
following holds: If there exists 0 < Ry < R /4 such that

o/ [

1n—(r/2)?

forany (x1,t1) and r > 0 satisfying Q,(x1,t1) C Qar,, then

t1—(r/4)?
/ - luCx,0)|P T dx dt < &, (4.3)
Q/2(x1

||M||LOO(QR1/4) < CR;Z/(P*I)_

Proof. Lete; > 0 be a constant to be chosen later. Throughout this proof, C depends only
onn, pand Q. Setv(y,s) := R P Dy(Ryy, R%s). Since R/R; > 4and —1/R? < —16,
we can check that v satisfies v; = Av + [v|?"1v in Q), where Q' := RT'Q, Q. (x1,11)
= (' N B,(x1)) x (t1 —r?,11) and Q). := Q/.(0,0). From (4.3) and a change of vari-
ables, it follows that if Q/(x1,#1) C Q) and (r/4)* < —ty, then Q. (x1,11 + (r/4)?)
C Q) and

n
(rj2) 7T / / (. )|PH dy ds
t1—(r/4)2 JQNB,/2(x1)

. 1+(r/4)2—(r/4)?
<e/p7 |

/ |v(y,s)|”+1dy ds <ei. (44
t1+(r/4)2—(r/2)2 JQNB,/2(x1)

Let (%,7) € Q})p- Set A = (=2 and Q" := A~1(Q’ — X). Then the rescaled
function 7 (x, 1) := A2P~Dy(Ax + %, A2t + 1) satisfies 7; = AT + |5|7717 in (Q” N
By (=X/A)) x (=4/22,0). If B,/ ((xy —X)/A) C By and ((t; — r2)/A%, t1/A%) C
(—4,0), then Q. (x1,71 +17) C Q4 and (r/4)?> < —(t1 + 7). Therefore, (4.4) shows that

tl//\2
|5(x,0)|P T dx dt

/a7 | |
t1—(r/49)2)/A2 JQ'NB 4y ((x1—%)/ 1)

SGiand) M

/ [v(y, )P dyds < Ce;.
t1+f—(r/4)2 Q/ﬁBr/4(X1)

Replacing (x1,#1) and r with (Ax; + X, A%t) and Ar, respectively, we see that
(r/4) 7T // |5(x, )Pt dx dt < Cey
074 (x1,t1)

for any QJ(x1,t) C Q4. where Q)(xy, 1) := (" N Br(x1)) x (t; — r?, t;) and
Q7 = Q7(0,0). Hence ||17||Mp+1,m(Q/{/2) < Cey with e :=2(p +1)/(p — 1), where
Il - [l ag p+1.1c is the parabolic Morrey norm.

Taking e; sufficiently small, we may apply [9, Proposition 4.1] to deduce that
192000y, < ClIDllagr+1ue 07,y < Cer- In particular, A2 P=Dy(Ax + X, A%t + 1)

< Cegq for (x,1) € ’1//4. Letting (x, ) — (0, 0) gives

V(%, D) < Ce A" 7T = Cey(—i) 71
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for (%,7) € Q’l/2 Since Q' is C?%%, by applying [44, Theorems 2.1, 2.5] with &; replaced
by a smaller constant if necessary, we obtain ||v ||Loo(Q/ < C, and hence |u(x,?)| <
CR, 2= gor (x,1) € QR,/4- The proof is complete. |

In the rest of this section, we prove Theorem 4.1 by using Lemma 4.4 and estimates
of E. First of all, note that we may replace § with A8 in the assumption (4.1), where 4 > 1
is a large constant and 0 < § < 1 is a small constant depending on A. More precisely, we
may assume

s // (IVul? + [ul?*Y) dx di < A" 7Ty, (4.5)
(9]
Here we take the constants A, g¢, 6 and 6y with

(4.6)

R 1 1
A>3 0<g<l, 0<bé<—<—, 0<0p<—,
324

164 16’
which will be specified later; see (4.17). Set
4 1—(r/4)?
I, = I,(x1,t1) := (r/2)ﬁ_"/ / lu|Pt dx dt.
t1—(r/2)2 IR 2(x1)

In order to show Theorem 4.1, it suffices to check the following statement:

Iy (x1,11) < &1 forany Qr(x1,11) C Ogagys- 4.7)
where €7 is given in Lemma 4.4. Note that

R 1
0<r <8A6y8 < 8<8<—<—
16 16

Indeed, once (4.7) is proved, Lemma 4.4 guarantees the desired L bound:
1]l o0 (0,465) < C(AB8)~>/ P71,
Therefore our temporary task is to estimate /,.

Proposition 4.5. There exists a constant C > 0 depending only on n, p, M, Q and R
such that _ . ,
I (x1,1) < Ch(e*A c 4 A" P=Tgy + 8)

forany Qr(x1,11) C Qgagys, where h(s) := s + sY/PFD for s > 0.
We prove this proposition by means of several lemmas.
Lemma 4.6. There exists C > 0 such that
1n—(r/4)? 5
I, < C/ (ty —s)»-1 / |u|1’+11{(xl ,l)(x,s)¢2 R/8 dxds (4.8)
(/22 Qr ’ e

forany Qr(x1,t1) C Qs46,5-
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Proof. For (x,s) € Byja(x1) x (t1 — (r/2)%. 11 — (r/4)?), we have |x — x| <r/2 < R/32
and t; —r?/4 < s < t; —r?/16. Thus,

R
> (1/4)7"2r e 9?(1/4) = Cr ™.

o, a2 8|x — x1]
Ko (6, )92, gys(x) = (11 — )72 5019 o2 (—)

Since (t1 — s)2/(1’71) > 1672/ (=D p4/(P=D for 1, — r2/4 < s <ty —r?/16, the lemma
follows. [

To estimate the right-hand side of (4.8), we prepare the following lemma by using
Proposition 3.2.

Lemma 4.7. There exists C > 0 such that

t
f(f—s)%/ u(x, )P K g 7y (x, )92 g (x) dx ds
1% Qr x4

f—r\'? - 1/2
= C(]og 7] ) (E(;z,i)(l/;¢x,R/4) — Eip(t;¢z,r/a) +CU — l/)l/z) /
- r—t -
+ Cp(E.(t': pz.r/4) + C(E —1')!/?) log — +Ci- 1"1/? (4.9)

forany X € Qrqaand —1/2 <t' <t <t <0, where C, :=2(p+ 1)/(p —1).

Proof. Define w, &, p and ¥ by (3.10), (3.14), (3.15) and (3.16), respectively. Then the
left-hand side of the desired inequality equals [[ |w|? T1py2, where we write f[...=

fSZ(r) ..dnand [[...= [} fSZ(o) ... dndo unless otherwise stated. From (3.12) and
(3.14), it follows that

1 d 1
EE/wzmﬂz:/wwﬂowz“'5/“’2:‘%1//2+/w2p1/f¢r—28(t)+28(f)

—1 1
— <26 + 2 [Pt pp? =5 [wpy?Vu-u+ [upy?au

p+1 2
=2 [ uprV' @) Vg + [ w@urpy (g
= [w@wppae+ [1Vulpy® -2 [@uwpy?vu-ve

1
+/(3nw)2plﬂzlv/g|2 + E/wzprwz +/w2p1//\”r~
Integrating by parts gives

1 d

_1 . .
3. w?py? = —26(7) + % / [wP py® + Ri + Ra.
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where
Ry = —%/wprVw-n—/wWZVw-Vp+2/w(8nw)1ﬂ2V'p-V’g
1
+ [w@npv?s'e - [w@w @ Vel + 5 [wec?,
Ry = —2/ wpeyVw - Vi + 4/ w@,w)pyV'y -V'g
=2 [ w0 @I VeP + [wpyye.

Since wVw = V(w?)/2 and wd,w = 3,(w?)/2, integrating by parts again shows that

- n 1
Ry = /wzwz(g-ww 7P+ 38— 0.(V'p)-V'g

- %(&m)A’g + %(3ﬁp)|V’g|2) + %[wzpww 1
+ [urevy vp-2 [wry@nvp- e - [wpv@anate
+ [ W@ IVel + 5 [ oo

From (3.17), (3.39), (3.40) and direct computations, it follows that

n

1 1 1
1Pt 380 = 0.(V'p)- Vg = Z(0up)A'g + S (0p)|V'gl?

n
1
= g + g(n') —g(0)(g(n') —g©) —n"-V'g)p
1
+ 50 +20r) = g(0)*(1=2|V'g*)p

1
= —gli + g(n) —g0)]|gn) —gO)—n"-V'glp

> —ClypPPe 2 MP/8 > _Cemt/2~In2N16,

where g(1) := g(1', 7) and g(0) := g(0, 7). The remainder terms in R can be estimated
by using (3.17), (3.39), (3.40) and (3.41). Then since T > —log(f + 1/2) > 0, we obtain

Ry > —C / w2y e "2 M6 _ ¢ / w2|Vyr|e P61 4 ¢m7/2)
On the other hand, by Cauchy’s inequality, (3.39) and (3.40), we see that

Roz =C / W + [VwP) (VY| + [P e 78,
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and so by (3.44) with (3.43), we obtain

Ri+ Ry = =C f W + [VwP)(IVY| + [Ye| + p2e e P16 > _c R,

where R = R(7) is given in Lemma 3.5.
From &(t) = E(¢) and Proposition 3.2, we obtain

1 d

w oy > 28<r>+—[|w|f’“pw ey
2dt

> 2(E(@)+C@E—1H"V?) + m f lw|PTpy? — CR.
SetCp, :=2(p+1)/(p —1). Then
C, d i .
[ wrtiopt < 2 [yt + GUE@) + €G- 1)) + C R

Integrating this inequality over o € (t/, T) with 7’ = —log(f —t') and T = —log(f — ),
we have

C
[ wirtov < Zx - xwy

+ Co(E(t") + C[T —1)"?) log

+C/ Rdo,  (4.10)

where

K(r) = / w? (0. D)p(n. Y2 (n. ) dn.

We now estimate |K (t) — K (z')]. By (3.40) and (3.41), we have

/ % o ‘ [ @wwerv? + wpoy? + 20200 v0)

sz/f|w||wo|pw2+0/;ﬁ<o>do—.

The Holder inequality and (3.46) with §(7) = E(t) yield

[ rotiwalovs < (|f wzpwz)m(// wgm,,z)”z
= ﬁ(// wzpwz)l/z(E(t’) —E@0) +C@F 1)),

Computations similar to (3.45) give

t B 5 7\x—~%|2
// w?py? < / (t — s)%_1 / [u|?(7 — 5)™"/2e” 80— ¢% rjadxds
t Qr ’

t., l‘~—l/
§C/ (t—s)flals§C10gt~
t/

K () = K ()] =

—t
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Thus,

i—¢ 1/2 _ 12 T
|J<(t)—JC(I’)|§C(logf_t) (EW")—E@)+C(@F—1)"?) +C/ R(o)do.

The above estimates show that

7\ 1/2
H) @) - EQ + -

lT_ /
// lw|PTpy? < C(log -

+ C,(E(t) + C([T —1)/?) log

+ C / R(o) do.
From (3.45), it follows that [['|w|?*!py? dndo is bounded by the right-hand side of the

desired inequality. Thus the lemma follows. ]

We now estimate the right-hand side of (4.8). Assume Q(x1, 1) C Qg4g,5. Then
since x; € Qg/4 and —1/2 <] — r2/4 <t; —r?/16 < t; <0, we see that Lemma 4.7
(with ¢, r/a replaced by ¢, r/s) gives

1/2
I < C(Eqey a0yt — 12 /4) = Eey iy (01 — 72 /16) + Cr)
+ Cp(E(xy (1 — 1% /4:¢x, rys) + Cr)logd + Cr 4.11)

for O, (x1,t1) C Qsgag,s- We will derive an upper bound and a lower bound of Ey, ;).

Lemma 4.8. There exists C > 0 independent of t; such that
E(X],tl)(tl - r2/4; ¢X1,R/8) S E()C],tl)(_482; ¢x1,R/8) + CS

for Qr(x1,11) C Ogabys-

Proof. From x; € Qg/4, —1/2 < —48% < 1y —r?/4 < 1; < 0 and Proposition 3.2 (with
éx,,R/4 Teplaced by ¢y, r/s), we see that

E(eri)(tn = 17 /4§y m/8) < Euy ) (—48%: ¢y ry8) + Cl11 + 482)1/2.
This implies the desired inequality. ]
Lemma 4.9. There exists C > 0 independent of t1 such that
Ex ) (1 —1r%/16: ¢y, rys) = —C$8
for Or(x1,t1) C Qgapys-

Proof. By (4.10) and (3.45), there exists a constant C’ > 0 such that

// w|P* oy dydo
Q(U)

Jc(f) + Cp(Ep (1)) + C'(F - )1/2)10gtt~

-t -
-+ C'i—H"?*  (4.12)
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forany ¥ € Qg/4, v/ = —log(f —¢') and T = —log(f —¢) with—1/2 < ¢’ <t <7 <O0.
We claim that
Egp)+C'F-1)?2=0

forany X € Qg4 and —1/2 <t’ < 7 < 0. Towards a contradiction, we suppose that there
exist Xo € Qg4 and —1/2 <t < fo < 0 such that

E(io,fo)(l(/)) + C/(fo _ t(/))l/z <0.

Then by (4.12), we have

T
f/ lw|P* py?* dndo
7y JQ(0)

C
J<<r) + Cp(Ezo.iy (16) + C'(F0 — 15)'?) log 0 4 ¢ (fo — 15)"/?

for any T = —log(fp — #) with #;, < t < fo, where 7} 1= — log(fo — 1;). Therefore, there
exists 7§ < tx < fo such that

4 C
f/ |w|"+‘pw2dnd0§—p/ w?py?dn—1
7 J200) 4 Jaw

for any T = —log(fy — t) with t, < ¢ < fy. From the Hélder inequality and (3.40), it
follows that
p+l

T =
/ (/ wzpt//zdn) do < C/ w?py?dn—C1
7y \JQ(0) Q(7)

for any —log(fp — fx) < T < oo. This integral inequality contradicts the fact that t
varies from — log(fp — «) to co. Hence the claim holds. Since x; € Qg4 and —1/2 <
t1 — (r?/16) < t; < 0, the claim yields the desired inequality. |

By using the above lemmas, we can estimate I, by using E(y, ,t1)(_452)-
Lemma 4.10. There exists C > 0 such that
Iy = Ch(E(x, 1) (=48 px, r/5) + C8)
forany Qr(x1,t1) C Qsagys, where h(s) :==s + s12 for s > 0.
Proof. By combining (4.11) and Lemmas 4.8 and 4.9, we see that

Iy < C(E(x;.4y)(—482) + C5 + Cr)l/?
+ Cp(E(x,.1y)(—48%) + C§ + Cr)logd + Cr
< Ch(E(x; 1) (—48*) + C( + 1))

for Q,(x1,11) C Qgagys> Where h(s) := s + s'/2 for s > 0. By using r < §, we obtain
the desired inequality for any Q,(x1,11) C Og4g,s- [
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We have estimated the right-hand side of (4.8), and then obtained Lemma 4.10. To
prove Proposition 4.5, we will estimate E ,tl)(—482) by using the functional

Jo(t) = Jo(t;x1,11, R)

:=/Q (VU@ O + @ DT Ky ) (.92, g /s (x) da.
R

Lemma 4.11. There exists C > 0 such that
~ o4
E(x, 1) (—48% ¢y ry8) < Ch(E7T 2 Jo(1)) + C8

for any =98 <t < —48% and Q,(x1,11) C Qgagys, where };(s) =5 4 2@+ for
s> 0.

Proof. We first claim that
E(X] ,l])(_482) 5 E(JC1 ,tl)(t) + C8

for —962 <t < —4682. This inequality clearly holds for 1 = —462, and hence it suffices
to consider the case —982 <t < —4682. Since x; € N Bpr/sa and —1/2 < —9§2 <t <
482 <1, <0, Proposition 3.2 yields the claim. Indeed,

E(X],ll)(_482) S E(xl,tl)(t) + C(tl - t)l/z S E(xl,tl)([) + C(S
From the definition of E, it follows that

1 p+1
Eoran® = 50 =05 [ VUK, )%, s
R

2
+ (ty — )P T /;2 |u|2K(x1J])¢§1,R/8 dx
R

2(p+1D

<C§ v /Q IVl K ey )93, r/s 4%
R

4
+ C§r—1 / |u|2K(x1J1)¢§1,R/8 dx.
Qr
By the Holder inequality, and since ¢y, g/ < 1 and [, K dx = (47)"/2, we have
_4
E i) < C8P*1+2/Q |Vu|2K(lel)¢)%l,R/8 dx
R
s
4 2
+C (5/)—1+2/ |M|P+1K(x1,n)¢f:11e/s dx)
QR
~( 4
< Ch((sp_1+2/9 (Vu|* + |“|”+1)K(x1,n)¢§l,R/s dx),
R

where /1 (s) := s + s2/@+D for s > 0. Hence the desired inequality follows. ]

We next estimate Jo(¢; X1, t1, R) uniformly in x; and #;.
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Lemma 4.12. There exists C > 0 such that
Jo(t:x1,t1, R) < CJy(t;0,208%,2R)
for any —98% <t < —48% and Q,(x1.t1) C 084605-
Proof. By the definition of Jy, it suffices to show that
Kx, 1) (x. 1) = CKg 2082y (x. 1), 4.13)
02, rs(*¥) < Cog ga(x), (4.14)

for x € Qg and —982 <t < —482. Since (x1,4) € Og46,5 and A0y < 1/32, we have

K(xy.0) (X, 1) 2082—1)”/2e Ix — x1]? . Ix|2
= X _
K(0,2052)(x. 1) =t P\ T4 -0 T Ao 1)

- 2082 — ¢ ”/Zexp Cx—xl? N |x |2
=\ =(84608)2 — 1 3652 9652

2 2
5Cexp(—|x X1 |x| )

36482 9662
If |x| > 104, then
[x —x1| = |x| = |x1| = 108 — 846p8 > 10§ — § = 98,

and so 0
|x] <|x—x1|+|x1|<1+8A0 <9.
x—xil = x—xl T 9% ~ 9

Hence, if |x| > 106, then
2 2
Koy i(x, 1) < Cex (_|x x21| 25|x x12| ) <c
On the other hand, if |x| < 10§, then
o2
Kx) ) (x. 1) < Cexp(—'x x1] + é) < Ce%.
K (0,2082)(x, 1) 3652 24

Therefore, we obtain (4.13).
To check (4.14), we prove ¢(8|x — x1|/R) < Cp(4|x|/R). If |x — x1| < R/8, we
have

|x] < |x —x1| + |x1] < R/8 48468 < 13—6R.
Then by the choice of ¢ in the first part of Section 3.1, we see that ¢ (4|x|/R) > ¢(3/4) > 0
for |x — x;| < R/8. Thus,
p(4]x|/R)
p(3/4)
If |[x — x1| > R/8, we see that ¢(8|x — x1|/R) =0 < ¢(4|x|/R). Hence (4.14) holds. =

e8|lx —x1|/R) =1 <

By Lemmas 4.11 and 4.12, to obtain a bound of E(y, ;,)(—45?), it suffices to estimate
Jo(t;0,2082,2R) at some t = .
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Lemma 4.13. There exists —98% < t < —4682 such that
57142 J0(7:0,2082,2R) < CA" =T gy + Ce4/C
Proof. Due to the mean value theorem, it suffices to prove
_4 —482 2 n——24_ —A2/C
§p—T Jo(s;0,208°,2R)ds < CA" " p=Tgy + Ce .
_952
To see this, we show that
. —482
Jy:=67-T1 / / (|VM|2 + |M|p+l)K(0’2032)¢§’R/4 dxds
—9§2 QRrNBys
< CA" 7 Tg, (4.15)
. —482
Jo =871 / / (Vul® + [u|”* ) K 0208525 g /4 dx ds
—962 JQR\Bys
<Ce /€. (4.16)

As for (4.15), we recall our assumption (4.5), that is,

0
5%—"/ / (Vul® + [u|?t1) dx ds < A" 7-Te,.
—(48)2 JQ 45

Since A > 3, we have

4 —482 4

8ﬁ_"/ / (Vul?> + [Pt dx ds < A" p-Tg,.
—982 JQus

Therefore

—482  x2
Jy < 871 (IVu? + [u|P+1) (2082 — 5)™/2¢ 3052 dx ds

—982 JQus
4 —482 .
< C(Sﬁ*"/ / (|VU|2 + |u|"+1)dxds < CAniﬁ&‘O,
-982 JQus
which proves (4.15).
We next show (4.16). For x € Qg \ Bys and —98% < s < —482, we see that
K 02092 (x. ) = 2182 —5\"? ex _ﬁ 8 < Ce4%/C
K0,2152)(x, ) 2082 — s 4 (2082 —s)(2182—5)) — )

This together with the same computations as in Lemma 3.1 yields

—_a82

Jp < ce—AZ/C/ 5ﬁ/ (IVu? + [ulP ) K g 2152y 02 g4 dx ds
982 QRr\Bas

2 4 —482 p+1 2
< CeA/Csp=1 / (218% —s)"7=1 ds < Ce~47/€,
—9§2

and so (4.16) follows. As stated at the beginning of the proof, this proves the lemma. =
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Proof of Proposition 4.5. By combining Lemmas 4.11-4.13, we obtain
~ —_4_ _42
Exy1) (=487 b, ry5) < Ch(A" 7 Teg +e747/€) + €8
forany Q,(x1,#1) C Qgag,s- This together with Lemma 4.10 shows
I, < Ch(Ch(A" 77T e + /) + C6)

for any Q,(x1,71) C Qgagys- Since ho b+ h < Ch with h(s) := s + s'/®+D for s > 0,
the desired inequality follows. ]

Proof of Theorem 4.1. As explained just before Proposition 4.5, it suffices to prove that
the statement (4.7) holds under the assumption (4.5). Let A, &g, §¢ and 6y satisfy (4.6)
with § replaced by 8o. Let Q(x1,#1) C Qg46,8,- Then by Proposition 4.5, we have

I (x1.11) < Ch(e™**/C) + Ch(A" 7T £g) + Chi(p),

where C > 0 is a constant depending only on n, p, M, Q2 and R. By taking (4.6) into
account, we choose constants A, €g, 6o and 8y satisfying the following conditions:

A>3 with CE(e‘Az/C) <&1/3,
0<ego<1 with CR(A"™ 72T gg) < £1/3,
R — 4.17
0<éy < 16_A with Ch(8p) < €1/3, ( )
1
0< 90 < —.
324

Here &7 is given in Lemma 4.4. Note that &g, §p and 6y can be chosen independently.
Finally, we assume that there exists 0 < § < 8 such that (4.5) holds. Then we obtain
I (x1,t1) < &1 forany Q,(x1,t1) C Ogag,s. Hence the statement (4.7) holds under the
assumption (4.5), and so Lemma 4.4 shows that [[u| o (0 44 5) < C(A6p8)~2/(P=D Then
we can conclude that the original assumption (4.1) implies (4.2). The proof of Theorem
4.1 is complete. u

5. Proof of main theorem

We first prove a localized version of Theorem 1.1. At the level of strategy, the proof is
based on [35] and [101, Theorem 9.8] for the Navier—Stokes equations, and [61, Chap-
ter 8] and [97, 102] for the harmonic map heat flow. Indeed, we use compactness, back-
ward uniqueness and unique continuation. However, the analysis in each step seems to be
more involved.

Theorem 5.1 (Localized statement). Letn > 3, p > ps, Q be any C?>* domain in R"
and u be a classical Lic-solution of (1.1) with ug € L9 (). If the maximal existence
time T > 0 is finite and u has a blow-up point a € 2, then for any r > 0,

limsup [[u(-, )| Lac (@, (a)) = 0©-
t—>T
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Note that if €2 is bounded, then Theorem 1.1 immediately follows from this theorem.
The unbounded case will be considered in Section 5.4.

5.1. Existence of blow-up limit

To prove Theorem 5.1, we set up some notation, and then we define rescaled solutions and
take the limit. Let u be a classical L9¢-solution of (1.1). Assume that a € 2 is a blow-up
point of u. By translation and scaling, we may assume that a = 0 and u satisfies

u, = Au+ [ulP lu  in Qg, x (—1,0),
u=20 on (02 N Bg,) x (—1,0),
for some 0 < Ry < 1. Here we assume that # = 0 is the blow-up time. Suppose, contrary
to Theorem 5.1, that
sup Ju (-, 0)l|Lac @, =M (5.1

—1<t<0
forsome M > 0and 0 < R, < 1.Fix0 < R < min{R;, R,} so small that (3.1) and (3.2)
hold. Note that u satisfies (2.1) and (2.2).
From the parabolic regularity estimates in Lemma A.2, it follows that

el s —1/a.0:L7 @20 < C(M + MP)

for ] </ <ooand 1 <r <gq./p. Hence after a redefinition on a zero set in the time
interval, we may assume u € C([—1/4,0]; L"(Q2r/2)). This together with the uniform
bound (2.2) gives

u € Cyea([—1/4,0]; L9 (Qg/2)). (52)
By the contraposition of Theorem 4.1, there exist &g > 0 and 0 < § < 1/2 with § — 0
as k — oo such that

Skﬁ_" // (\Vu|* + |u|PTY) dx dt > . (5.3)
st

To take a blow-up limit of u, we define rescaled solutions and derive the corresponding
equations. In the case (3.1), we define

2

u(x, 1) == 87 u(Sex, 831).
Then
(up)e — Aug = |ug|P tug in 8§ QR x (=8;2,0),
{uk =0 on 8;1(89 N Br) x (—8;2, 0).
In the case (3.2), we define

2
ug(x,0) =877 Ak, 870),  fiux') =8 f(8x), (5.4)
where # is defined by (3.6). Then uy satisfies

{(Mk)z — Agug = |ug?Mug in 8 D(QR) X (=8,2,0),

(5.5)
U =0 on §;1®(0Q N Bg) x (=8;2,0),
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where

Aguge (x, 1) := Aug — 2V (O, ur) - V' fro + 0%, w) V' fil* — @x,ui) A fi.

In what follows, we take a limit of u; and study its properties. Since the case (3.1) is
easier to handle than (3.2), we focus on (3.2). For p > 0, we set B; =R, N B,. To take
a limit of uy, we give estimates of rescaled solutions uniformly for k > k,. Here k, > 1

is taken so that 0 < §; < 1/2, lII(B;:)Sk) C QRr/2 and W(B3ps,) C Brys forall k > k.

Since V' f(0) = O and f € CZT(R"!), and §x — 0 as k — oo, we have
IV fie ()] = [V f(rx")| — 0, (5.6)
IA fill Loown—1) < 8k |A" f || Loogn—1) = O. (5.7)
We first give uniform estimates of u; and Vuy.

Lemma 5.2. Assume (3.2). Let p > 0. Then there exists C > 0 such that the rescaled
functions uy satisfy

sup ”uk('at)”ch(BgL) =M,

—1<t<0

sup [V (5 Oll pgu.cogty = C(M + MP),

—1<t<0

forall k > k,, where C depends on R and is independent of p and k.

Proof. By a change of variables and the choice of k,, we can easily prove the inequality
for uy. From the computation

2
=1 t1

|Vug(x,t)| = Sk |Vu (W (8 x), 8,€t) + 0y, u (W (g x), 8,€t)V’f(8kx’)|
o+l ,
<& (L H IV fll oo 1) [Vu(¥ (Sxx), 830)]
and Proposition 2.1, it follows that

IVUur (Ol oo gty = (1 + IV’ £ Il oo 1) IVt (-, 851) | a0 ()
<C(M + MP)

for —1 < ¢t < 0. Thus the lemma follows. [

We next give a uniform parabolic regularity estimate.

Lemma 5.3. Assume (3.2). Let 1 <[ <00, 1 <r <gq./p and p > 0. Then there exists
C > 0 such that the rescaled functions uy satisfy

”(uk)t”Ll(—l,O;L’(B;L)) + ”Vzuk”Ll(_l’o;Lr(Bg’)) =C(M + Mp)

forall k > k,, where C depends on p and R and is independent of k.
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Proof. By direct computations, we have

2
”(uk)t”Ll(—l,O;L’(B;,"')) + ”V uk”L’(—l,O;Lr(B;"))
— 8%"‘2_%_% ~ vz,\
= O (”ut”Ll(—S%,O;L’(B;:gk)) + ” u”L’(—S%,O;L’(B::sk)))'

This together with Lemma A.1 proves the lemma. ]

To end this subsection, we show the existence of a blow-up limit. Let p > 0. To avoid
technicalities due to the corner of BB;, we consider a smooth domain 8B, satisfying
B),C8B,CB;.

Lemma 5.4. Assume (3.2). There exist a subsequence still denoted by uy and a function
u defined on R1 x [—1, 0] satisfying the following statements:
() ug — u strongly in L®(—1,0; W42(8,)) for each p > 0 as k — oc.
(i) ux — u strongly in L®(—1,0; LP*1(B))) for each p > 0 as k — oc.
(i) [l Loo(=1,0;L9c RLY) = M.
(iv) IVl poo(—1,0;L5-00my) = C(M + MP).

Here M is the constant in (5.1) and C > 0 is a constant depending on R.

Proof. Letl <r <min{2,q./p}. As a consequence of an Aubin-Lions type compactness
result (see Lemma B.2), we have

W3 (—1,0; L7 (8,)) N L>(—1,0; W2 (B,)) = C([~1,0]; W' (B,))

and this embedding is compact. Therefore, the uniform bounds in Lemma 5.3 show that
there exists a subsequence still denoted by {u } with ux — i in C([—1,0]; W17 (B,)) as
k — oco. By Lemma 5.2, the rescaled functions uj also satisfy the uniform bounds
sup lug(-.)l|lzac (8, < M,
—1<t<0

sup ||Vuk(-,l)||Lq*,oo($p) <CM + Mp),

—1<t<0

(5.8)

for all k > k,, where C depends on R and is independent of p and k. Hence the standard
interpolations give

_ —0 —1-6
”uk —u ||L°°(—1,0;L§+l) = ”uk - u”Lloo(_l’o;Lg) ||uk —u ||Looé_l,0;L)qc(‘)

—n @
=< CM”Mk - “||L1°°(—1,0;L§)’

_ — @ — 1—0
”V(uk - u)”LOO(—l,o;L)ZC) = ”V(uk - u)||L200(_1’0;L§)||V(uk - M)HLOO?—I,O;L?C*’OO)

— 0

where L', := L"(8B,) and L1* := L9%°°(8,). These imply (i) and (ii). By the lower

semicontinuity of the weak limit, we see that

(. 1)l Lac (8,) < liminf [[ug (-, 1)||Lec(8,) < M
k—o00
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for —1 <t < 0. Thus, letting p — oo gives (iii). Since the constant C in (5.8) is indepen-
dent of p, we also obtain (iv). The proof is complete. ]

Remark 5.5. By Lemma 5.3, up to a subsequence still denoted by u, we conclude that
(ux): — u; weakly in L" (B, x (—1,0)) for each p > 0 as k — oo.

5.2. Blow-up analysis

We continue to study the case (3.2); for (3.1), see Remark 5.12. By using Lemma 5.4, we
show several properties of the blow-up limit #. For X € R and —1 <7 < f <0, define
a global weighted energy by

— .ot Va2 |t i
Egp) = —-1)r /R ( - + Kz (x. 1) dx.
+

2 p+1  2(p—D(@E—-1)
Note that the same computations as in Lemma 3.1 together with Lemma 5.4 (iii, iv) yield
B ()] < C(M + M?)? (5.9)

forany ¥ € R and —1 <t <7 <0.
We first show that E is a scaling limit of E.

Lemma 5.6. Assume (3.2). Then, for each X € E and -1 <t <t <0,
E(Sk)?,é']%f)(git;d)skiaR/“') —> E(i,f)(t) as k — oo.

Proof. Fix X € E and —1 <t <7 < 0. We take k so large that X € SI:IBR/‘; and
—(1/2)8,:2 <t < 0. By the definition of E in (3.3) and a change of variables, we have

2.
E s, 2520 Okt P, 2.R/4)

_ (f—t)%_%/ (IVukl2 g P! N g (x. 1) )
s e(QR)

2 p+1 2(p =D —1)
-1 =12
con{ D)o

where Vg := (Vug — (9pux) V' fer Onug) and f (x') = 8.1 f(8xx") (see (5.4)). In what
follows, we focus on the convergence of the first term, since the other terms can be handled
in the same manner. Namely, we prove that

N I8 wsg0—x12 _lx—x12
/ |Vur|?e -0 X(x) dx—/ |Vit|?e” 4@ dx
s7leQR) R
= JkrJk kU S0 (5.0
as k — oo, where ¢ (x) 1= (/)(48k|8]:1l11(8kx) — X|/R) and

1851 w(sg ) —xI1?

Jlk = / (|§uk|2 —|Vu|?)e” 4@ <p,f dx,
sle@g
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187 1 w(s 0)—%1

JEk = / 1 |Vit[2e™ aa-n (g2 — 1) dx,

8 P(Q2R)
p 0 _|s;1\p(§kx>—5c\2 =2
J3 ::/ |Vu| (e 4(—t) —e 4(1—[))dx,

s le(QR)

_lx=x|2
Jf = —/ |Vit|?e” 4G dx.
R2\S; ! ®(QR)

Note that the resulting convergence in (5.10) is pointwise for X, ¢ and 7, but this does not
cause any problems for the proof of this lemma.
Let us estimate J lk For R’1 > (, we estimate

183 1 w(sg ) - %12

(/ —i—/ )||Vuk|2 - |V27|2i€7 4d—n <p,f)(3k_1q,(QR) dx
BR/1 R"i'\BR,I

. 7k k
=Jk 4+

out*

IA

| JF]

We first consider JX . From (3.2) and | f(8xx")| < 2718, |x’|, it follows that

out*
18 W) — X7 = |x + (0.8 f(&x)) — X = glx? — |5 (5.11)

Thus,

P i) I L (U T
Jou < €00 &7 8D /R (VP + Va0 g gy g A
+

out —

W08y %12
867 (F—1)

< e8t-De 64 / |Vuk|2e (pi dx
L J(oF))

HERT e P
+ edli—1) g™ " 64 |V17| e 512G-1) dx
RY,

for —1 <t < f < 0. The second term on the right-hand side can be estimated by compu-
tations similar to (3.5) with the aid of Lemma 5.4 (iv). As for the first term, we go back
to the original variables. Then since supp ¢2(4| - —8xX|/R) C Br/a(8iX), X € 8;1 BRr/a
and —(1/2)8,:2 <t <1 <0, by computations similar to (3.5) with (5.1) we see that

W) =8 X2
[ Fueenpe O g ax
81 e(QR)

20041 _, _‘y;‘s/gf'z 4
=5 [ vuggope S g2 (Gly - 81 dy
QR

_ly=8 12

2p+1) _ Pt

= n/ [Vu(y, 821))%e k70 dy < C(M + MP)*([7 —1)2~ 1,
R/2
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where C > 0 is independent of k. Thus,

pt1 _(RD?

X2 n_ptl
_t)2 r—T1e 64 |

< Ce4i—0 (l

Jk

out
We now examine JX. By using Viug = (Viug — (Onur)V' fi, 0qug) and fi(x') =
81 f(8xx"), we have
V] = Vg — (Onu) V' f(8x). 0)] < (1 + |V £ (Srx)) [ Vg,
|Vug — V> < C|Vug — Vi|* + C|Vug 2|V f(Srx)|2.

These estimates together with the Holder inequality show that

Jk < / \Vug + V| [V — Vil s -1o@p) 9%

B
Ry

=/,
(],

where y := X5l a(@p)" Since f € C02+“(R”_1), by (5.8) and Lemma 5.4 (iv) the first
integral on the right-hand side is bounded by a constant. In addition, Lemma 5.4 (i) guar-
antees that the second integral converges to 0 as k — oo. Therefore, from V' f(0) = 0
and the Lebesgue dominated convergence theorem, it follows that

1/2
(1 + V' fSrex" DI Vug| + IVLTI)ZX dx)

1/2
|Vuy — Vir|> y dx + C/ \Vur 2|V f(Sex") > x dx) ,

’ B,
Ry Ry

1/2
. k , 2 2
limsup J;i < C lim sup(/B [Vur |* IV’ f(8xx")| X1 o(@g) dx) =0.

k—o00 k—o00 R]
Hence the above estimates for J* and JX show that
. k ‘):Ci ~ n_ptl —(R/)2/64
limsup |J{| < Ced=0 (t —t)2~ r=Te 1 -0

k—o00

as R} — oo, and so limg_, o Jlk =0.
We now consider J2k . For R’2 > (, we note that

18 ' W(Skx) — X < |x| + 2 [x'| + %] < 3R, + ||
if x € BR/Z. This together with (5.11),0 < ¢ < 1 and ¢’ < 0 shows that

46, (3
limsup |JX| < limsup(l - (pz(_k(_er + |5c|))) / |Vit|* dx
k—o00 k—o0 R \2 BT,

Ry

1%12 5 - x|2
+ e4G@-n N |V17| e 32(-n dx
n
R+\BR/2
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for —1 <t < f < 0. Hence the inner part converges to 0 as k — oo, and then letting
R), — oo yields lim_, o, J¥ = 0.
As for J3k, by (5.11), we have

. . _\sgqu(ékx)—fc@ _lx—x2
|Jk| < N |Vit| ‘e -0 — e 4G ]dx
B,

R3

|x|2 1512 |x|2 1512

+ / |Vﬁ|2(e_32(f—t)e4<f—n + e_g(r”—t)ezt(f—t))dx_
RI\B
R

The outer part can be handled in the same way as above. We can also check that the inner
part converges to 0 as k — oo because

SN W(Sex) = x + (0,871 f(85x)) = X + (0, V' f(Bpr8px')) — x

for some 0 < 6, < 1 as k — oo. Therefore limy_, o, J3k = 0. By Lemma 5.4 (iv), we can
easily see that limg_, o0 J f = 0. Hence we obtain (5.10). ]

We next estimate an integral concerning |i|?*! by using E, (.7)- More precisely, we
prove an analog of Lemma 4.7 for the blow-up limit .

Lemma 5.7. Assume (3.2). Then there exists C > 0 such that

t B +1
/ (t—S)%/ [@|” T Kz 7 (x,5) dx ds
1% R ’

/

1/2
_ — ~ 1/2
_ . [—t
+ Cp(E (') + C(E—1')/?) log —

/
+ C(i’_ t/)l/Z

forX €R% and—1<t' <t <i<0.Here C,:=2(p+1)/(p—1)and h(s) := s + s/?
fors > 0.

Proof. Define ¢ € C*°([0,00)) sothat@’ <0,0<¢ <1,@(z) =0forz>2and §(z) = 1
for0 <z < 1.For R > 1, set $3(z) := @§(z/R). For X e R and —1 <1 <1 <0, we
define

- +1_n v D)2 P+l F—1) ug|?
Ec(t) = (0 _t)%_jf (| u(§. 017 Jugl Ul || )
571 0(QR) 2 p+1 2(p—1

W @)=y G1?

48 :
- @2(?"%(5)—wk@kn)@gqsnds,

where W (£) := 67 W(Sk£), By (x) := 8; ' D(§kx) and & := Dy (¥). We note that W (£¢)
= X and the right-hand side of this definition coincides with E(«Ski,éiﬂ(gl%l; &5, 5,R/4) if
we replace ¢ with 1.
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By using the backward similarity variables 1 := (¢ — §k)/ (f—0Y? and © :=
—log(f —t), we define

/2

we(n, 7) = e T ug (B + e 20— e,

gk, v) = e fi (€ + e ?y).

Then wy satisfies

1
(W) + zn- Vwg + wi — Axwg — |wi|? " wg =0,

2 p—1
N € Qu(r) i= e (Pr(8; ' Qr) — F), T € (—log(7 + 1), 00),
wp =0, 7€ e (P(5" (32 N Br)) — &),

where Agwy = Awg — 2V'(Opwi) - V'gr + (02w)|V'gk|* — (0nwi)A’gk. Setting
Vuwy 1= (V'wg — (0pwr) V' gi, dpwy) and

MR wi ) 2
(T :=/ ( — + dn,
©(7) oo > P o -1) PrY dn
pre = pr(n.7) :=exp(—2(In1* + 2(gx (. ©) — gk (0. )1 + (g (0. T) — 8(0,7))?)).

& —T/2,) _ £ -
4 (& +e - n) qjk@k)l)@g(l%‘k + e,

Ve = Yk (n,7) 1= <p(

we can check that Ey (1) = 8 (t) with T = —log(f — ¢). In addition, we can observe that
the above situation is almost the same as in Section 3, except for the appearance of ¢ .
By the choice of @3 and R > 1, we have

V(@& + e *nD)| < Clg5(E + e 2n)le™™? < Ce™2,
0:(@x(1E + e 0| < CI@5 (& + e *n) Inle ™2 < Clple™™/2,

where C > 0 is independent of k& and R. Then the same computations as in Section 3
show that there exists a constant C > 0 independent of k and R satisfying

1 ‘ / g /
6@ +5 [ [ wodnvpdndo < )+ Cli i)
T/ i (o

Therefore, the same computations as in Lemma 4.7 yield

t ; 8 MW (Skx) — %2
/(l—s)%_ff |uk|p+lexp(—| k (~k ) 1] )
v 51 (QR) 4 —s)

4 <\ ~
o2 (31960 8,51 ) ) dr ds

F—t
I—t

1/2
<c (log ) (Ex(t)) — Ex(t) + CG — 1))/

r—t' -
+C@E—1)"?,

+ Cp(Ex(t) + C(T —1")"?) log f:t
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where C, ;= 2(p + 1)/(p — 1) and C > 0 is independent of k and R. By Lemma 5.4 (ii)
and the same argument as in Lemma 5.6, letting k — oo, we have

t
f(f—s)%ll[R 17 K .y (5, )% (1x1]) dx ds
t i1

g /

F—1\'? _ , = > n1/2)\1/2

< C|log — (Eg(t) — Eg,(t) + C(T —1))'/?)

_ - r—t -
+ Cp(Eg, (") + C({ —1")'?) log — +Ci- Y2,
where

- . pEl |Va]>  JulPt! u? =2
Egz.(t) =t —1t)rT . = Kz 70% dx.
7x(1)i= (=07 /R( 2 prl Tap-oni—n)REnfR

+

Letting R — 0o and applying the monotone convergence theorem to the left-hand side
and the dominated convergence theorem to the right-hand side, we obtain the desired
inequality. ]

Remark 5.8. As stated in Remark 4.3, e-regularity (Theorem 4.1) is also valid for i,
since u satisfies the analog of Lemma 4.7.

We next prove a monotonicity estimate for £ g g).

Lemma 5.9. Assume (3.2). Then there exists C > 0 such that

/(p—1)
— , = -1 (_t)4
E0,0)(t") = E0,0)(t) = C (—)2pl(0=D)

t _ Vg ,
* (/ / ( Tt Sﬁs)K(o,o)(X,s)C(x,s) dx ds)
v JREAD — 1 2

forany =1 <t <t <0and{ € C§(RY x (=1,0)) with |{] < 1.

Proof. Let —1 < t' <t < 0. We take k so large that —%8;2 <t' <t <0.From (3.19)
and a change of variables, it follows that

E0,0)(871: ¢o,r/4) + %J < E0,0)83t": po,r/4) + Cor(—t)'2, (5.12)
where
! " v 2
gi= [ ot | M T ),
¢ scle@p) | P —1 2
ST (8 x)|? 4
X exp(—%)gﬂ(ﬁwwkxﬂ) dxds.

Let ¢ € C$°(R% x (—1,0)) satisfy || < 1. Then
o Ry

g > // |F i) PO, ) dp (x. ).
St e(QRIX( 1)
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Here F(uy) and puj are defined by

U +x-Vuk
p—1 2

2 _ _ 4
dug(x,s) := (—s) 7T lK(O’O)(Sk1\11(8;6)6),s)(/)z(ﬁ|lll(8kx)|) dxds.

F(uk) =

+ S(uk)AW

By (5.11) with X = 0 and ¢ < 1, we compute that

NG

where C depends only on n and p and is independent of k. Then by Jensen’s inequality,

1 2
Jd > F J ’
T kS @(QR) X (t,1)) (//s,zlcb(szk)x(zgr) (1S dpx S))

2
> C (=) T (// F(uk)fd,uk(xﬁ)) :
sle(QR)x(.0)

From this and (5.12), it follows that

t
1 (57 D(QR) x (1) < C / (—s) 71! / K(o,o)( ,s) dx ds < C(—1') 7T,
t! R

2
Foo@ridona) + ¢ 71 ([ Pl din

8 P(QRIX(,1)
< E0,0)(87t"; po,ry4) + Cé ()2

From Remark 5.5, Lemma 5.4 and computations similar to the derivation of (5.10), it
follows that

t
[f Fu)t due(x.s) — / (cs)72T! / F@) Kot dx ds
S e(QR)X( 1) ¢ R"

+

as k — oo. This together with Lemma 5.6 and letting k — oo implies that
_ _ ) t 5 2
Foo®) = Fon® = oy 71 ([0 [ Koot dras)
t R

—1 N—2L2 _4 ! — >
>C7 (=) T (—t)P-1 F@)K,0tdxds ) .
v JRY
Then the desired inequality follows. ]

The monotonicity estimate gives the following equality based on the argument of
[97, Theorem 8.1].

Lemma 5.10. Assume (3.2). Then

u(x,t) x-Vu
p—1 2

+tu; =0 ae inR} x(=1,0).
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Proof. For0 <r < 1/2, we set

2

-2 d
CD(F) = / 5 E(o’o)(l‘) _—Z

—4r
We note that (5.9) guarantees that ® is well-defined. By Lemmas 5.6 and 3.1, the domi-
nated convergence theorem and a change of variables, we have

-r? dt ~8¢r? ds
&(r) = lim [ E@,0)(87t) — = lim E(0,0)(s) —.
k—o0 J_4,2 —t 43]%,2 —S

k—oo J_

We claim that ®(r) is independent of r. To show this, we set

—F2 -1
- ds . dA
H(r) := / E@,0(s) — = / Eo,0)(F?1) —
—472 —S —4 —A
for 0 <7 < 1/2 and check that limyz_,o H (7) exists. Let ¢ > 0. Since Lemma 3.1 yields the
boundedness of H, we see that H, := info3 <, H(7) is finite. Then there exists 0 < 7, < ¢
such that H(7;) < H, + . From Proposition 3.2 and the negativity of A, it follows that

-1 dA
lim sup H(7) < lim sup [ (E,0)(FZX) + C(M + MP)*(—F22)) -
F—0 7F—0 —4 —

= H(F¢) + 3C(M + MP)*72 < H, + & +3C(M + MP)?&>.
Thus, letting ¢ — 0 gives lim supz_,, H(7) < liminfz_,o H (7). Hence the limit of H (¥)

exists, and so ®(r) = limy_,o H (7). Then the claim follows.
From the claim and Lemma 5.9, it follows that

r , r 2 _ _
0= / () (S) dS = / ;(E(O’Q)(—4S2) — E(O’Q)(_SZ)) dS
ri 1
—s2

g m . v_ 2
e / S —sp ( / ( u n x-Vu + lL_tt)K(o,o)fdx dt) ds
1 —4s2 JRL\P — 1 2

forany 0 < r; <ry <1/2and ¢ € C§°(RY. x (—1,0)) with [{] < 1. Thus,

52 _ _
v
/ / ( o +m,)1<(0,0)(x,z)§(x,t)dx di =0
—4s2 JRL\P — 1 2

for a.e. s € (0, 1/2). Hence by the fundamental lemma of the calculus of variations, the
lemma follows. [

To end this subsection, we prove a partial regularity result for # by using e-regularity.
Fort € (—1,0), define the singular set of (-, t) by

T(1) :={x e R} u(-.1) ¢ L=(B, (x)) forall p > 0}.

By modifying the argument of Wang [102, Lemma 3.3], we show that 3 (¢) consists of at
most finitely many points.
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Lemma 5.11. Assume (3.2). Then the singular set X (t) consists of finitely many points
for each t € (—1/4,0). More precisely, there exists a constant C > 0 depending on R
such that

card(E (1)) < C(M + MP)%egg9/?

for each t € (—1/4,0), where card denotes cardinality. Here &g is given in Theorem 4.1
(see also Remark 5.8) and C is independent of t and M .

Proof. Let ty € (0, —1/4). Obviously, it suffices to consider the case X(zy) # @. Let
Xo € X(tp). We examine the L9¢ norm of u near (xg, tp). From the contraposition of
Theorem 4.1 (see also Remark 5.8), it follows that

g0 < (p/2) 717" // (Vi) + [u|P Y dx dt  for0 < p < 26.
0}, (xo.t0)

Lemma A.4 with translation gives

4 4
Vil2dx dt < Co" 7=T"ac (1 + MP?~H2|xl? ’
[/Q+ (xo lo)| uffdxdt = Cpm TR (14 ) l'””L‘fc(Qi(xo,zo»
p/2 >

where C > 0 is independent of p. The Holder inequality also gives

// i|P*! dx dt
0, (x0.t0)

p=1
41 qdc
B >( ] e dxdr) 1712, s
ot (xo.t0) He@s Gotod

p/2

+2)(1— 2ty 2(=D —1=12
S C,O(n )( dc ) qc Mp ”u”Lq(‘(Qj)_(x()’tO)).

These estimates imply that

< P—1\2 —4/qc |72
g0 = C(L+ M) p Nl e (o4 (o0
Hence there exists a constant C > 0 depending on R and independent of p, o and M such

that
fo

g2 < C(1 + MP~Y)tep2 / |w|% dx di
to—p2 J B (x0)
for 0 < p < 26.
Let S be any finite subset of X (). We write S = {x1,...,xy} and choose 0 < pg < 8¢
(< 1/2) such that {Bl;; (x,-)}fv= | 1s pairwise disjoint. Then

to
83‘/2 <C(l+ MP—l)qcpaZ/ /+ ||9¢ dx dt
to—p(z) Boo (xi)
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foreach1 <i < N, and so also

o

N
Nele/? < C(1 + MP~1)2e i / (Z / |iz]9¢ dx) dt
to—p3 \i =3 /B (xi)
to
<C(+ Mp_l)qCpO_Z/ / lit|% dx dt < C(M + MP)ie,
to—p% R’_l,'_

where C > 0 is independent of py, #9, M and N. Hence card(S) < C(M + M?)4c 80_q"/2.
Note that the constant C(M + M ?)4c sgq“/ 2 does not depend on the choice of S. Thus,
the number of elements in any subset of X () cannot exceed the constant, regardless of

whether X () contains an accumulation point or not. Therefore we can conclude that
card(X (%)) < C(M + M?P)4c 55‘1"/2. The proof is complete. |

Remark 5.12. In the case (3.1), Lemma 5.4 also holds with 8, and R" replaced by B,
and R”, respectively. In particular, the blow-up limit u exists. The analogs to e-regularity
(Theorem 4.1), the equality in Lemma 5.10 and partial regularity (Lemma 5.11) also hold
for u in the case (3.1).

5.3. Proof of localized statement
We are now in a position to prove Theorem 5.1.

Proof of Theorem 5.1. We show this theorem by contradiction under the condition
assumed in Section 5.1. We focus on the case (3.2), since (3.1) is easier. From the lower
bound (5.3) together with (3.6), (3.7) and (5.4), it follows that

_4 0 —~
g0 <8 "/ / (\Va|)? + |a)PTY dedt
52 Jo(Qs,)

0
=/ / (V2 + |ug|P+Y) dx dt,
—1J5710(Q5,)

where Vii := (Vi — (3,02) V' £, 011) and Vug := (Vug — Ontx)V' f, dntix). By using
V' f | oo rr—1y < 1/2, we have 5,1 ®(Q2s, ) C Bj/i’ Hence by (5.6) and Lemma 5.4, we
see that

0
f /+ (\Vi)* + [Pt dx dt > . (5.13)
-1JB
V2

We will show that # = 0 a.e. in Rﬁ x (—1,0), contrary to (5.13).
By Lemma 5.10, it follows that

_ v
A a0 a2y = ot (08 YN G
i p—1 2

for y = Ax,s = A%t and 0 < A < 1/+/—1 in the weak sense. Hence # is self-similar, and
so there exists a profile function U € L9 (R’}) such that

i(x, 1) = (—1) 71 U(2), z:=x/~—,
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where U is a weak solution of the equation
— 1 _ | G _ _
AU—EZ-VU——lU—i-IUI”_lU:O, z eRY. (5.14)
p —_—

We note that the method for proving self-similarity can also be found in [61, Lemma 8.5.3]
and [97,102].
We claim that there exist constants R, C > 1 satisfying

{ u(-,0) =0 ae.inRY, (5.15)

lu| < C a.e.in (R \ By) x [-1/9,0].

Recall from the proof of Lemma 5.4 that uy — # in C([—1,0]; W (8B,)) as k — oo for
any p > 0 with some 1 < r <min{2,q./p}. Then, for xo € R, and § > 0, we have

/ li(x,0)|" dx <2716 + 2'_1/ [ug(x,0)|" dx
B{ (x0) B} (x0)

for sufficiently large k. By returning to the original variables, we also have

2r
/ g (x,0)]" dx =8~ n/ u(x,0)|" dx
B+ (x) V(B (3xx0))

2 _,

< 8]:—1 / |u(x,0)|r dx
+
YB 1 yixghsy (O
2r

<cd n—=5 . 0" 0
< C(1 4+ |xo])" " 2= T |Ju(, )||ch(\p(3(f+|xo‘)8k(0)))_)

as k — oo, where u belongs to Cyca([—1/4,0]; L9°(Q2g/2)) in our situation (see (5.2)).
Hence we obtain the equality on the first line of (5.15).

We now prove the inequality in (5.15). Let £ > 0. We claim that there exists a constant
R > 1 depending on & and M satisfying

// . (|\Vi|? + [u|P™ ) dx dt < & (5.16)
Q]/z(xlso)

forany x; € R’} \ BE(O), where Qf/z(xl,O) = 31—72(361) x (—1/4,0). Indeed, for & > 0,

by Lemma 5.4 (iii) we can choose R >1s0 large that

0
/ / 7|9 dx dt < & .
—1JR\By _(0)

From the Holder inequality, it follows that

r+1

qc
// [a|Pt! dx dt < c(// 7|9 dx dt) < C@) ke
0 (x1.0) 07 (x1.0)




Blow-up of the critical norm for a supercritical semilinear heat equation 51

for any x; € R’} \ B;{/ (0). On the other hand, Lemma A.4 with p = 1 yields

2/qc
// |Vit|? dx dt < C(1 +MP—1)2(// |it|9¢ dx dt)
01, (x1,0) 07 (x1,0)

< C(1 + MP~H)2()?/4e,

Thus choosing & small gives (5.16), and so the claim follows. Hence by translation and
Theorem 4.1 (see also Remark 5.8), we see that |if| < CSJZ/(”_I) in B% (x1) x [-1/9,0]

for any x; € R\ Bg (0), where C and &y are constants independent of x;. This proves
the inequality in (5.15).
From (5.15) and the backward uniqueness theorem [35, Theorem 5.1], it follows that

u=0 on(RL\Bg)x[-1/9,0].
In particular,
(x,~1/9) = 97/P"DF(3x) =0 forx e RL\ BY.

Since U satisfies (5.14) and is smooth except on a finite set by Lemma 5.11, the unique
continuation theorem for elliptic equations in a connected set (see [5] for instance) implies
that U = 0 in Rfi‘_. This contradicts (5.13), and hence the proof of the localized statement
is complete. ]

5.4. Completion of proof

Proof of Theorem 1.1. If Q is bounded, then Theorem 1.1 immediately follows from The-
orem 5.1. In what follows, we consider the case where €2 is unbounded. To obtain a
contradiction, suppose that

sup |lu(-,)lLae@) <M
T

o<t<

for some M > 0. Let ¢ > 0 and a € Q2. Then by the same argument as in the derivation
of (5.16), there exists a constant R > 0 depending on ¢, a and M satisfying

T
f / (uPt! +|Vu?)dxdt < ¢
T/2JQy/2(X)

for any ¥ € @\ Bj(a). Therefore, in the same way as in the proof of (5.15), we see that
u is bounded on (2 \ B, (a)) x (T /3, T) for some R’ > 0. This implies that there exists
at least one blow-up point a’ € Q 3, (a). Hence Theorem 5.1 shows that

limsup [|[u(:, )| Lae (@, @) = o©
t—T

for any r > 0, a contradiction. The proof of Theorem 1.1 is complete. ]



H. Miura, J. Takahashi 52

Appendix A. Regularity estimates

We give some parabolic regularity estimates for solutions of (2.1) and a gradient estimate
for the blow-up limit obtained in Lemma 5.4. Let n > 3, p > ps and  be any C2T¢
domain in R” with 0 € Q. Fix R > 0 such that either (3.1) or (3.2) holds. Let u satisfy (2.1)
and (2.2). Define u by (3.6). For p > 0, we take 0 < §’ < 1/2 such that lIJ(B;;)S/) C Qr/2
and W(B3,s) C Br. We first give parabolic regularity estimates. Note that we mainly
focus on the case (3.2), since (3.1) is easier.

Lemma A.1. Assume (3.2). Let 1 <l <ooand 1 <r <q./p. Then there exists a constant
C > 0 such that

~ ~ 2 1_r
||ut”Ll(—52,0,Lr(B;_5)) + ||V2u||Ll(—§2,O,Lr(B$)) S C51+n(r qc)(M + Mp)

forany 0 < § < §', where C depends on R and p and is independent of §.
Proof. By (3.6), we have
V2 (x,0)] < C(I(Vu) (¥ (x), )] + [(VZu)(W(x), 1)]),

where C > 0 depends on ||V f[|j.co(gn—1y and ||V2f||Loo(Rn_1). Note that the choice of
8’ guarantees lIJ(B;rS) C Q3g/4, and so Proposition 2.1 is applicable in lIJ(B;rS). Then
from r < q./p < g«, the Holder inequality in Lorentz spaces (see [57, Proposition 2.1]
for instance) and Proposition 2.1, we see that

||Vu(\1!(), .)”Ll(—ﬁz,O;L’(B;s))
1_ 1
< C8" A VU C), i g2 e 00 ()
< C8THG=a (M + MP) < CSTTG—d) (M + MP). (A1)

We now estimate | V2u (¥ (-), -)||L,(_82’0;L,(B;%)). Let¢ € Cg°(R") satisfy 0 < ¢ <1

inR*, ¢ =0in R* \ B3, and ¢ = 1 in B,,. Set d(x) := ¢p(8~1®(x)) and v(x, 1) :=
u(x, )¢ (x). We consider a C2+t® domain D satisfying \IJ(B;ZS,) C D C Qg to avoid

technicalities due to the corner of BB;;)S,. Then v satisfies

v — Av = lulP'u —2V¢ - Vu —uAd in D x (—1,0),
v=20 on dD x (—1,0).

By the same computation as in the derivation of (2.3), we have
ue.t) = [ Gor.yt + 2693028 dy
D
t
+/ / Go(x,y.t —s)plulPtudyds
—282JD

t
—/ / Go(x,y.t —5)2Ve - Vu + uAg)dy ds
-282JD
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for x € \IJ(B;:;) and —262 < t < 0, and so

IV2u(x.0)] < C [ Ka(x — 3.1+ 262 u(y. —28%) w82, (V) d
R'l

t
+ sz 82/50Gg)(x,y,t—s)q~5|u|p_1udyds
-2

! lu|  |Vu|
e f_zaz /R K2(8_2 L )XQRQ\P(M\szS) dy ds

= CVi(x,1) + |V2Va(x,0)| + CV3a(x,1)

for x € \IJ(B;'S) and —28% < t < 0, where K is defined by (2.6).
First, we estimate V. Since ||V’ f|| oo (gn—1y < 1/2in (3.2), we have

(W) = PP = 1 =y + 50— ya)® = (f() = fON)? = glx =y
This together with a change of variables shows that

Vi(¥(x),1) = /R Ka(W(x) = W(y), 1 + 28%)[u(¥(y), —286%) | Yo r)nBsps 4V

< / Ka((x = $)/2.1 + 282)|u(W(y). ~26%) | xo@pynssys dy.  (A2)
R”
Then Young’s inequality gives

IVi(PC). Oll o gy = € + 26%) "M u (W (), =28%)l|L9e (@@ )W (B3p5))
<C§?*M

for —§2 < t < 0. Therefore, the Holder inequality shows that

ViV O) M s2,0 55

1_1 2 1_p
< 8O TI VIO i g2 gipae gty < €8T TIOM. (A3)

Let us next estimate V2V,. From the Holder inequality, the change of variables y =
W(x) with dy = dx and the choice of D, it follows that

1_»
” Vz VZ(qJ()v ) ”Ll (_82’0;Lr(3;$)) = C(Sn(' ac ) ”Vz VZ("IJ()’ ) ”Ll (_52’0;ch/l7(3;s))
1_»
< C(Sn(" ac) ||V2V2||Ll(_52,0;ch/p(°rD))
We observe that V5 is a solution of

(Va): — AVy = ¢lulP~'u  in D x (=262,0),
V=0 on 9D x (—262,0),
Va(-,—262) =0 inD.
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Since D is a bounded C2** domain, it is also a uniformly regular domain of class C2.
Therefore, we can apply the maximal regularity results for inhomogeneous heat equations
(see [90, Remark 51.5] and [28, Theorem 7.11] for instance), and so

||V2 Vs ||Ll(_252,0;ch/p(1))) < Clplu |p—1 u ||L1(—282,0;L‘10/”(i)))

p 2/1
= Clully pr _as2.0:1400 @y = €8 me.

Thus, S,
2 1_»p
IV2V2(¥ (). ')||Lz(—52,o;Lr(B;Cs)) < csTHGTad P, (A4)

Finally, we consider V3. Again in the same way as in (A.2), we have

t
AUTEEY B i R ERE
—282 JR
X (872 ul + 8_1|Vu|)(q"(Y)’S)ch(QR)n(m\szs) dy ds
for x € B/j:s and —282 <t < 0. We observe that there exists C > 0 satisfying

Ky((x —y)/2,t —s) < C§ "2

for x € B;rs, Y € B3ps \ Bps and —28% < s <t < 0. Then by a change of variables, the
Holder inequality, 2 g N W(B3,5) C 23r/4 and Proposition 2.1, we see that

t
Va(W(x).1) < C52 / / G2 (W (y), )| + 5 [Vu(W(y), ))) dy ds
—2§2 q)(QR)ﬂBg,p,g
< C5 MMM 3 4 (M + MP)§"0-a) Yy < 05Tl (M + MP)
for x € B;:s and —252 < t < 0. Hence we obtain
2 1_pr
||V3(‘~IJ(), ')||L1(—82,0;LV(B;%)) = C81+n(" qc)(M + Mp).

By combining this inequality, (A.1), (A.3) and (A.4), we obtain the desired estimate for
V2ii. The estimate for i, can be obtained by using the equation in (3.8). ]

Lemma A.2. Assume either (3.1) or (3.2). Let 1 <l <ooand 1 <r < q./p. Then there
exists a constant C > 0 depending on R such that

el Lt a0z @ + 1V U LI C1/a0i07 @R 2 < C(M + MP).
Proof. By easy modifications of Lemma A.1, we can see that
IVull Lt —1/a,050r @ o)) < C(M + MP).

Then by the equation in (2.1), we obtain the desired inequality. ]
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Let us next show a gradient estimate for the blow-up limit & obtained in Lemma 5.4.
To estimate Vu, we derive a localized integral equation for u.

Lemma A.3. Assume (3.2). Let p € C§°(R") satisfy0 <¢ <1inR", ¢ =0inR" \ B35
and ¢ = 1in Byss. Set ¢p(x) := ¢(x/p) for 0 < p < 1. Then u satisfies

Wr0) = [ Gy 302 4000y = 0/4) dy
+

t
+:/ / Gy (x,y.1 = 5) (|| P~ + WAPp) dy ds
t—p2/4 R’

t
+2/ / VyGszr(x,y,t—s)-qup(y)ﬁ(y,s)dy ds
t—p2/4 R

ora.e.x € BT, and —p*/4 <t < 0.
p/2

Proof. Let us convert our problem to one in R” . Let ¥ € Cg°(R") satisfy 0 < ¢ <1
inR”, ¥ =0in R" \ Bygrs and ¥ = 1in Bsg/s. Set Y (x) := ¥ (W(§kx)) and vy :=
¢pVrug. Note that ¢ = 0 in R” \5,:1¢(B4R/5) and Y = 1 in 8;1®(B3R/5). Then
by (5.5), we see that
(k) — Avk = Gp¥lug [P~ ug — Yrur Ay — 29k Ve, - Vg + Ry
inR% x (—=8;2,0),
ve =0 ondR" x (—=8;2,0),

where

Ric := ¥k (=2V' @x,uic) - V' fie + (0%, u) |V fie|> = (O, ur) A frc)
— Qui Vg - Vo + dpur Ay + 2¢, Vg - Vug).
Thus,

e, = [ Gy (v .02 00 e (5,1 = 24 dy
+

t
b Gyt = gl dy ds
t—p2/4 R

t
[ Gy g, + 2058, Vi + Ry dv ds
t—p2/4 R'J'r
= VFGx. 1)+ VEGx ) + VEQ. 1)
for x € B;_/z’ —p?/4 <t <0and k > k,, where k,, is given by the first part of Section 5.1.

Lemma 5.4 (ii) shows that uy (-,#) converges to (-, ) in L' (B;r/z) foreach —p?/4 <t <0
as k — oo.
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We show that the right-hand side of the integral equation for a subsequence of uy still
denoted by uj converges to the one in the following integral equation:

W) = [ Gy (302 4000y = 0/ 4) dy
+

t
+/ / Gy (x,y,t —$)p,lu|?'udy ds
t—p2/a Jrr

t
—/ / Ggr (x,y,t —s)(UAP, +2V¢,-Viu)dyds
t—p2/aJrr

=: Vi(x,1) + Va(x, 1) + Va(x,1) (A.5)
fora.e.x B+/2 and —p2/4 <t <0.For VK, from (2.5),0 <y < 1, the Holder inequality

IVECO = 6O, <O [ [aspwkuk—mdydx
0/2

< CllugCt = p2/4) = (.t = P/ 1 )
+ C|[(Yx — Du(-,t — p2/4)||Ll(B;‘) -0
as k — oo. For Vzk, by computations similar to that for Vlk with Young’s inequality, we

see that, as k — oo,
t

V) = oy <€ [ Ikl s — 771 g

t—p-/4
= C[ ||(|“k|p Vo @D ke =2l 1 gty ds
O [ W= D1 gy ds 0

For V¥, we focus on the most subtle term ¢, ¥ V' (3, ux) - V' fi in Ry, that is, we
prove that

t
Vsk(', 1) = / » /R" GRrjr Gyt =)oV V' Ox,ur) - V' fredy ds — 0
0

in L! (B 2) for each —p?/4 <t < 0 as k — oo. By integration by parts and (2.5), it
follows that

t
k@] < c/ Ki(x = yot — )0l | IV fil dy ds
t—p2/4 R%}

t
+C / / Kol V(o) 0, k| |V fil dy dis
t—p2/4 JR"

+c/ / Kodp V|0, uicl |A ficl dy ds.
t—p2/4
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B?/ Young’s inequality, |V@,| < C, |Vyi| < Cé < C, Holder’s inequality and
ft—p2/4([ —5)~(W/2-4/3) gg < C, we have

‘ 1/4
~ 4
7Oy = ([ 2/4\Hwk<-,~<>lIV’fkll\wB:)dS)

+C /z_p2/4 [V oAV fiel + 1A fieD [ 11 4 s

From the Holder inequality for Lorentz spaces, (5.6)—(5.8) and the Lebesgue dominated
convergence theorem, it follows that

VGOl gy < CM + MO IV fill + 1A fel |, —0

_1 (B+)

for each —p?/4 <t < 0 as k — oo. The other terms in V3k can be handled more easily.
Hence we obtain (A.5). This implies the desired equality. ]

We now give a gradient estimate for u.

Lemma A.4. Assume (3.2). Then there exists a constant C > 0 independent of p such
that

||Vu||L2(Q+ )= < Cpf_ﬁ_qz (14 MP~ 1)||u||LqL(Q;)L)

forany 0 < p < 1.

Proof. By Lemma A.3, V¢,(x) = p~1V¢(x/p), App(x) = p~2Ap(x/p) and similar
computations to (2.7), there exists C > 0 independent of p such that

vl < ¢ /B K=y /NGyt — 07 /4)] dy

+C/ / Ki(x —y, t —s)|u(y,s)|? dyds
t—p2/4

Kl
e [ (G 5 s, v

= CWy +CWo +Cp2W5 +Cp W,

forae.x € B;L/z and —p?/4 <t < 0, where K and K are given by (2.6).
By the Holder inequality, we have

1-1/qc
— _9c _
Wi(x, 1) < [lu(.t — p2/4)||ch(B;)(/B+ Ki(x —y,p?/4)7cT dy)
)

< Cp~ ' Tae it = /D e (510

1/gc¢
IWill, 204 | < Cp~ic (/ / lit(x.t — p*/4)|% dxdt)
L2(Q,,5) p2/a JLae (B}
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We now estimate W,. We consider the cases g./p > 2 and ¢./p < 2. If g./p > 2,
then the Holder inequality gives

n42_2p
IWallpao+ 5 = Co 2 T aIWall e n o -

From the argument used to prove the L9¢/P-19¢/P estimate, it follows that

t
—1/2| |~
[W2(, l‘)”ch/p(B;'/z) =C /t—p2/4(t =) || lu (-, S)|pXB;7|' Hch/p(Rn) ds
2/4

o~/
—c [ e - o
0

Lac(BT) drt.

Thus, as (—7 — p?/4,—1) C (—p>,0) for 0 < T < p?/4, we have

2

/4 12 0 pldc
AT §C/ - ([ / Tt — )| dxdt) d
L4 /”(Qp/z) 0 _p2/4 B;)l,—

02%/4 0 plac
< c/ /2 (/ / (-, s)|9¢ dx ds) dt
0 —p2 B;,J'_

= CP1+2(p_l)/q( mP! 121l g o
o

and so

2
T—ac MP 137
”W2”L2(Q3'/2) <Cp2 p 1 @M ||u||Lq(,(Q2-).
If g./p < 2, then the argument used to prove the L9¢/?-1.2 estimate yields

p

g _l_np_1y,
IWa(.)ll gy < € /_ (6 =) 27 2@ 9)|” p gt | Lac /oy ds
_ o7V I57¢. p
< [l =T, g 20 0)
< CMpfl /R |[ —S|71+)’||17(-7S)“LLIC(BS-)X(_pZ’O) ds,

1 nfip 1
=373\ " 2)

Note that 0 < y < 1/2 since p > ps and g,/ p < 2. From the Hardy-Littlewood—Sobolev
inequality and the Holder inequality with 2/(2y + 1) < ¢, it follows that

where

IWallp2ox ) = NIW2C D2y X280 | 2y

= cmr! ” [, t)”ch(B;‘)X(—pz,O) HL#(R)

! ||L_‘||Lqr(Q;)")'
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We now consider W3 and Wjy. By the definitions of K; and K> in (2.6), there exists a
constant C > 0 independent of p such that

P 2K (x —y. 1)+ p 'Ky(x —y,t) < Cp" 3
for x € By2, y € Bayss \ Bspys and t > 0. Hence by the Holder inequality, we have

_ _ —n— 1y, _
P )]+ o7 WaCx, )] < Cop7"HOFDA=a )| o,

n 2 2
c

p ||W3||L2(Q;r/2) +p ”W4”L2(Q:)r/2) = sz p=loa ”u”ch(Q;{)'
The above estimates yield the desired inequality. ]

Remark A.5. Regularity estimates similar to the above are known for semilinear elliptic
equations; see [52] and the references given there for recent developments.

Appendix B. Compactness results

We recall an Aubin-Lions type compactness result from [90, Proposition 51.3] and [87,
Proposition 2.1]. See also [3] and [4, Sections 2.7, 2.8] for more general statements. Note
that a pair (Ey, E1) of Banach spaces is called an interpolation couple if there exists a
locally convex space E such that Eg, E1 — E.

Proposition B.1. Letr (Eq, E1) be an interpolation couple. Assume that E1 is compactly
embedded in Eg. Let 1 < pg, p1 <00, 0< 0 <1, 1/pg =1 —0)/po+ 0/p1 and
s <1—06. Then

WP, T Eg) N LPN(0, T: Ev) = WP%(0.T: (Eo. E1)e,p,)
and this embedding is compact.
We give a consequence of this result in a form which is used to prove Lemma 5.4.
Lemma B.2. Letr 1 < r < 0o and let B be a smooth bounded domain in R"*. Then
W3 (=1,0; L"(8)) N L>(=1,0; W7 (B)) < C([~1,00; W' (B))
and this embedding is compact.

Proof. We write L’ := L"(8), W := W27 (8) and so on. Since W < L is com-
pact, Proposition B.1 with pg = p; = 5,60 = 2/3 and s = 1/4 gives

WES(=1,0; L7) N L3(=1,0; W2T) < WY4S(=1,0; (L%, W2"),/3.5).

By [100, p. 3271, we have (L%, W& )2/3.5 = Bi(fx <> W, Then the Sobolev embed-
ding in time yields

W1/4,5(_19 Ov (L;9 sz,r)2/3,5) — C([_L 0]’ le’r)7

and hence the lemma follows. ]
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