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Analysis on the derivative of the discriminant polynomial
for the critical almost Mathieu operator

Hao Sun

Abstract. This article first introduces the discriminant polynomial and the central spectral band
of the critical almost Mathieu operator. The Hardy-Littlewood method and the symbolic coding
of continued fractions are introduced and applied to estimate the first-order and the second-order
derivatives of the discriminant polynomial. Finally, these results are applied to obtain a lower
bound for the measure of the central spectral band.

1. Introduction

Given o, A, 0 € R, the almost Mathieu operator is a discrete Schrodinger operator on
£2(Z) which is defined by

(Hp)(n) =p(n+ 1)+ ¢d(n—1) + AcosRran + 0)p(n).

The condition A = 2 is critical and the critical almost Mathieu operator is also known
as Harper’s equation or the Azbel-Hofstadter model in modern physics. The spectrum
of the almost Mathieu operator o («, A, #) is an important mathematical object with
abundant spectral properties, which are related to number theory and fractal geome-
try. Moreover, the almost Mathieu operator describes the motion of an electron in a
one-dimensional lattice under the potential, and it has deep connections with various
fields of modern physics, such as quasi-crystals and the quantum Hall effect.

The almost Mathieu operator has been a subject of mathematical research.
J. Bellissard and B. Simon applied the integrated density of states and the Baire cat-
egory theorem to construct a dense Gy set of (a, 1) € R? (see [3]). For any (a, 1)
in this set, they proved that the spectrum o(a, A, 8) is a Cantor set. A. Avila and
S. Jitomirskaya solved the Ten-Martini problem [1]. They demonstrated that the spec-
trum o (o, A, 0) is a Cantor set for A # 0, € Q¢ and 6 € R. The measure of the spec-
trum has also been studied. Y. Last demonstrated that |o (o, A, 8)| = |4 — 2|A||, when
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A,0 eR,and « € (0,1) N QF can be approximated by a sequence of rationals p,/qn
(n > 1) with g2l — pn/qn| — 0 (n — o0), see [8]. Jitomirskaya and I. Krasovsky
proved that |o(a, A, 8)| = |4 —2|A|| for A # £2,60 € R and o« € (0, 1) N Q°,
see [5]. Avila and R. Krikorian solved the critical condition |o(ct, 22, )| = 0,
when 6 € R and « has the constant type [2]. The works [2, 5, 8] completed the
Aubry—André conjecture. The Hausdorff dimension of the spectrum has also been
studied under the critical condition. Last and M. Shamis applied the Green func-
tion to construct a refining family of covering intervals over the spectrum, which
implies dimg (0 («, 2, 6)) = 0 for a dense Gy set of & € R (see [9]). Jitomirskaya
and Krasovsky proved that dimg (0 (e, 2,6)) < 1/2fora € (0,1) N Q€ and 8 € R
(see [6]). B. Helffer, Q. Liu, Y. Qu, and Q. Zhou constructed a dense subset
F < (0,1) N Q° with positive Hausdorff dimension, and they demonstrated that
dimg (0 («,2,6)) > Oforany 0 € R and @ € ¥ (see [4]).

The discriminant polynomial is an essential notion in the analysis of the critical
almost Mathieu operator, which has a close connection to the spectrum. Krasovsky
applied the Hardy-Littlewood method to derive a bound for the first-order deriva-
tive of the discriminant polynomial when the angular velocity is of the form o =
[0,e,e,...,e] (see [7]). This article generalizes the method of Krasovsky to obtain a
bound for the first-order and the second-order derivatives under the general condition.
A lower bound for the measure of the central spectral band is also obtained. We intro-
duce the discriminant polynomial and the central spectral band for the critical almost
Mathieu operator in Section 2. We also derive explicit expressions for the derivatives
of the discriminant polynomial (Proposition 2.1). The complete Hardy-Littlewood
method is introduced in Section 3 and Section 4. We introduce the symbolic encoding
of continued fractions in Section 5, which is applied to derive a bound for the first-
order and the second-order derivatives of the discriminant polynomial (Theorem 5.1).
Finally, this result is applied to obtain a lower bound for the measure of the central
spectral band in Section 6 (Corollary 6.4).

2. Derivative of the discriminant polynomial

We first introduce the spectrum and the discriminant polynomial of the critical almost
Mathieu operator. For «, 6 € R, the critical almost Mathieu operator is

H:(*(Z) - (*(Z), ¢+~ Ho,
where
(Hp)n) =¢p(n+ 1)+ ¢d(n—1) +2cosQman + 0)¢(n).

The critical almost Mathieu operator is bounded and self-adjoint. The spectrum of the
operator is denoted by o («t, ) € R, which is nonempty and compact. For m,n € N,
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we denote by (m, n) their greatest common divisor. Given«e = p/g <1 and (p,q)=1,
we can define the discriminant polynomial

Da(x.0) = Tr(Ma,(x. q)Mag(x.q — 1) - Mo g (x, 1)),

where the transition matrix is

M (x, 1) = (x —2cos(2mran + 0) —1)'

1 0

Chambers described the dependence of the discriminant polynomial on 8 (see [3]),
and we only need to study the special discriminant polynomial o (x) = D¢ (x,7/2q).
The spectrum can be described by the discriminant polynomial. The union of the
spectrum o (o, 6) over 6 € R is defined to be S(«) and we have S(a) = o, 1 ([—4, 4]).
The discriminant polynomial o4(x) has g distinct real roots. Around each root, the
preimage of [—4, 4] is a closed band. The discriminant polynomial o4 (x) is an odd
function when ¢ is odd, and it is an even function when ¢ is even. This implies that
these closed bands are symmetric about the origin. When ¢ is odd, the central spectral
band is the closed band containing the origin. When ¢ is even, the origin is a common
endpoint of the left band and the right band. Under this condition, we define the central
spectral band to be the union of the left band and the right band. As we will see, the
measure of the central spectral band can be described by the derivatives o, (0) and
0, (0).

We now calculate the expression for the derivative of the discriminant polynomial.
When p = ¢ = 1, the discriminant polynomial is o4 (x) = x. We consider the condi-
tion p < ¢q and (p,q) = 1. Given ¢ = ar, we suppose that A4 is a g-order matrix with
A(n,n+1) = A(n + 1,n) = 2sin(ng) (for 1 <n < g — 1) and the other elements
are zero. By the chiral gauge transformation [6], we have o, (x) = det(x/ — A). By
the parity of the discriminant polynomial, we have o/,(0) = 0 when ¢ is even and
0J(0) = 0 when ¢ is odd. The following proposition completes the expression of the
first-order and the second-order derivatives. Proposition 2.1 (1) summarizes relevant
results in [7], and Proposition 2.1 (2) deals with the second-order condition.

Proposition 2.1. The following statements hold true.

(1) Suppose « = p/q with p < q and (p,q) = 1. Denote ¢ = anw and let 04 (x)
be the discriminant polynomial of the critical almost Mathieu operator. When
q is odd, we denote r = (¢ — 1)/2 and we have

log () = ) e e
y=0

where L, =Y ' _,2In|2sin(2(n + y)¢)|.
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(2) Suppose @ = p/q with p < q and (p,q) = 1. Denote ¢ = am and let 64(x)
be the discriminant polynomial of the critical almost Mathieu operator. When
q is even, we have

log (0)] = > 2etw )

24u,2|v,1su<v<g

where L, = Z,(j‘ ) 21n |2 sin(ng)| and the summation is defined by

(u,v)
) D I D D D
n 2tn,1<n<p—2 2ln,u+1<n<v—2 2{n,v+1<n<qg—1

Proof. We suppose P is an (m + 1)-order matrix with P(n,n +1)=P(n + 1,n)=ay,
(for 1 < n < m) and that the other elements are zero. By Laplace’s expansion of the
determinant, we demonstrate det(P) = 0 when m is even and

det(P)= [] (-ap)

24n,1<n<m

when m is odd. This observation enables us to calculate the derivative of the discrim-
inant polynomial.

(1) Suppose ¢ is odd and denote r = (¢ — 1)/2. For the determinant det(x/ — A),
we calculate the derivative of the m-th column and take x = 0 (for 1 <m < gq). We
thus obtain two submatrices and the determinants of them are nonzero only when m
is odd. We have

r

V4 r
0,(0) = (—1)" Z ( 1_[ 2sin((2n — 1)@) 1_[ 2sin(2n(p)>2

y=0 n=1 n=y+1

and |0}, (0)] = Y- _o e, where

V4 r
Ly, =) 2In|2sin(2n — Dg)|+ > 2In|2sin(2ng)|
n=1 n=y+1
14 0
=Y 2In|2sin((2n — De)| + > 2In[2sin((2n — 1)g)|
n=1 n=y-r+1

Il
M‘

21n|2sin(2(n + y)@)]|.

3
Il
—-

The proof of equation (1) is completed.
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(2) Suppose that g is even. The proof is similar to that of (1). By calculating the
derivative of the determinant, we have

24,2lv - (,v)

og@=2 3 []@sinee)?

l<p<v<q n

where
(w,v) 24n 2|n 24n

[t=11 - 11 - 1l

1<n<pu—2 p+1<n=<v-2 v+1<n<g-1

We further have

oL@ = Y 2ebm

24u,2|v,1spu<v=g
where L, = Y% 21n|2sin(ng)|. n

To obtain an upper bound of the derivatives |0, (0)| and |0/ (0)|, we need to esti-
mate the terms L, and L, given in Proposition 2.1. I. Krasovsky derived an upper
bound of L, in [7]. We review the method of I. Krasovsky and generalize it to esti-
mate the term L,,. For x € (0, 7), we define f(x) = In(2sin(x)) and we have
f € L?((0, r)). We first calculate the Fourier transformation of f(x), which is given
in the following proposition.

Proposition 2.2. For x € (0, ), we define the function f(x) = In(2sin(x)). We have
f € L?((0, ) and its Fourier transformation is

o) = — i cos(jnx).

n=1
Proof. The set (%!"%), <z is an orthogonal basis of the Hilbert space L2((0, 7r)). We
denote the Fourier transformation by f(x) = Y,z a(n)e?™*, where

/1

a(n) = / f(x)e2in*dx = / In(2 sin(x)) cos(2nx) d x.

0

The Fourier transformation is convergent everywhere since f(x) is smooth on (0, 7).
To calculate the coefficient a(0), we introduce the integral
T T

I = /ln(sin(x))dx = /ln(cos(x))dx

0 0
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and we have

b b1

a(0) = %/ln(2 sin(x))dx = In(2) + % / In(sin(x))dx = In(2) + g

0 0

We consider the integral

/mm@mmx:/mm+m@mm+mwmmmx:y+”mm,@)
0 0
which is also equal to
/ln(sin(Zx))dx = %/ln(sin(x))dx = /ln(sin(x))dx =1 )
0 0 0

Combining equations (3) and (4), we obtain I = — In(2)/2 and a(0) = 0. We con-
tinue to calculate other coefficients. Given n > 1, we have

a(n) = — 1 /ﬂ sin(2nx) cos(x) dx

2nmw sin(x)

1fmmmum+mwwmmw

2nmw 2 sin(x)
0
I (271’ + Z /2005(2mx)dx + Z [200s(2mx)dx)
m= 10
1
2

where we use the identities

Z 2sin(x) cos(2mx) = Z sin((2m + 1)x) — sin((2m — 1)x)

= sin((2n + 1)x) — sin(x).
Combining the results above, we obtain the Fourier transformation of f(x). |

By the Fourier transformation of f(x), we can transform the terms L, and L,
in Proposition 2.1 to another form. Suppose o« = p/q with p < g and (p,q) = 1.
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We denote ¢ = amr and we first consider the condition when ¢ is odd. Combining
Proposition 2.1 and Proposition 2.2, we obtain

B Xr: i 2cos(dm(n + y)ep)

m
n=1m=1

wherer = (¢ —1)/2and0 <y <r.For0 <y <rand 1 <m < g — 1, we define

F,(m)=— 2’: 2cos(4(n + = 3 Fy (m)
y(m) = Ime), Sy =3 - = )
n=1 m=1

We represent m € N in the form m = aq + ¢, where 1 <t < g — 1 fora = 0 and
0 <t <q—1fora > 1. We thus obtain the expression

_ > F,(m) o 1F(aq—i—t)
_m2=:1 =5 +;; aq +t
g—1 13 F0)
R b )

a=1
The following proposition is summarized from [7] which studies properties of the
term F, (m).

Proposition 2.3. Denote o« = p/q and ¢ = am, where p < q,(p,q) = 1 and q is
odd. For0 <y <rand1 <m < q — 1, define F,,(m) by equation (5). We have

cos((4y + Dme)
cos(me)

F}On):

and
qg—1
Z Fy(m) =q—1.
m=1

Proof. (1) Given0<y <rand 1 <m <q — 1, denote ¢ =m¢e. We have 1 — etid #£0.
By direct calculation, we have

r
Fy(m) = =) Re(2e*("t7%)

n=1

2i¢p _ L4i¢
_ 4iyg € € )
— Re <2e i

e Y)b _ p4i(1/24y)¢ _ p4ivd 4 p4i(y—1/2)¢

- Re( cos(4¢) — 1 )
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By the trigonometric identities, we also obtain

cos((4y + 4)p) — cos((4y + 2)¢) — cos(4y¢) + cos((4y —2)¢)
cos(4¢) — 1
2 sin(¢) sin((4y — 1)¢) — 2sin(¢p) sin((4y + 3)¢)
cos(4¢) — 1
_ 2sin(¢) sin(2¢) cos((4y + 1)¢) _ cos((4y + 1)¢)
B sin?(2¢) B cos(e) ‘

(2) Given 0 <y <r, we have

q—1 r q—1
Z F,(m) = —Re ( Z Z 2€4i(”+”)¢)
m=1

n=1m=1

Fy(m) =

- ( T 2(eti Ve _ e4i(n+y)q(0)) _
= —Re =q—1

1 — edin+y)e
n=1

and the proof is completed. ]

Suppose @ = p/q with p < g and (p,q) = 1. We now consider the condition
when ¢ is even. Combining Proposition 2.1 and Proposition 2.2, we obtain

(u,v) oo

_ 5 Z Z cos(2nmg0)

Given l <m <g—1land 1 < pu <v < g, we assume y is odd and v is even. We
define

m

(1,v) q—1
Fuy(m) = =" 2cos(2nmg). Sy = »_ Fun (m) (7

m=1
Similarly, we represent m € N in the formm = aq 4+t where 1 <t <g —1fora =0
and 0 <t < g — 1 fora > 1. We obtain the expression

_ & Fulm) = 4\ Fuulag +1)
Luu—m; Mm ;Zo Maq—i—t
2N 15 Fu()
=SW—Z( . ——Zait/q) (®)

where N, = Zfl“ ) 1. The following proposition shows the properties of the term

Fyv(m).
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Proposition 2.4. Denote « = p/q, ¢ = an, where p < q,(p,q) = 1 and q is even.
Givenl <m<qg—1land 1 < u <v <gq, we assume [ is odd and v is even. We
define Fy,(m) by equation (7). We have F,,(q/2) = 2u —2v + q and F,(m) =
(cos((2u — D)me) + cos((2v — 1)me))/ cos(me) when m # q /2. Moreover, we have

qg—1
> Fuy(m) =2N,,,.

m=1

Proof. (1) The calculation is similar to that in Proposition 2.3. Since (p,g) = 1 and
q is even, we demonstrate that p is odd and we have

(i,v)
Fin(@/2) ==Y 2cos(rnp)
n

o) (A ) ()

=2u—-2v+gq.

We now consider the condition m # ¢/2. Denote ¢ = m¢p. We have 1 — e*'¢ £ 0.
We define

)
Guulm) = 3 219,
n
and we have Fj,,,(m) = —Re(2G,,,(m)). By direct calculation, we have

(1= e419) G, (m) = 2% — (2iM® 4 Q20(4DY _ 2000 4 (200414 _ 2ila+1)
— (eZi¢ _ ])(eZi,LL¢ + eZiv¢)
and
G,uv(m) = Gu(m) + Gv(m)’
where

ezi;up(eziqﬁ _ 1)(1 _ e—4i¢)

G (m) =

’

2 —2cos(4¢)
B eziu¢(ezi¢ - D — e—4i¢)
Gulm) = 2 —2cos(4¢)

We first consider the term G, (/). By the trigonometric identities, we have
Re(eZiMd)(eZiqﬁ _ 1)(1 _ e—4i¢))

= cos(2(u + 1)¢) — cos(2(u — 1)¢p) — cos(2u) + cos(2( — 2)¢)
= 2sin(2¢)(sin(2(u — 1)¢) — sin(21¢))
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and we thus obtain

sin(2(u — 1)¢) —sin2ug) _ cos((Zu —1)¢)
2sin(2¢) N 2cos(¢p)

Similarly, we have Re(G,, (m)) = —cos((2v — 1)¢) /(2 cos(¢)). Combining the results

above, we have Fj,,,(m) = (cos((2u — 1)¢) + cos((2v — 1)¢))/ cos(¢).
(2) By direct calculation, we have

Re(G,(m)) =

q-1 q—1 (u,v)
3" Fuu(m) = —Re( 3 2e2""¢)
m=1 m=1 n
(w,v) g—1
= —Re( )0 " 2e%") = 2N,
n m=1
and the proof is completed. |

Before we obtain an upper bound of the terms L, and L,,, we first review the
definition and the properties of the y-function. Euler’s constant is denoted by

m
, 1
)’0=mll_f)%o§1;—ln(m)
n=

and we have yg € (1/2, 1). For x > 0, we define the Gamma function and the yr-func-

tion
+o00

I'(x) = / et de, Y(x) =T"(x)/T(x).
0

The v-function has the following properties:
(1) forx > 0, wehave ¢ (x + 1) = ¥ (x) + 1/x;
(2) forx > 0,wehave Y(x +1) =Y 72, (1/n—1/(n + x)) — yo;
(3) for x € [1,2], we have ¥'(x) > 0 and the function is non-decreasing. Since
¥(l) =—ypoand ¥ (2) = ¥ (1) + 1 = 1 — yp, we also have | (x)| < yo.
Now, we are able to obtain an upper bound of the terms L, and L, in the fol-
lowing theorem.

Theorem 2.5. The following statements hold true.
(1) Given (p,q) = 1, withq > p and q odd, we denote r = (g — 1)/2. For 0 <
y < r, the definitions of L, and S, are given by equations (1) and (5). We
have
Ly = yo(In(q) +2) + |Sy|.
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(2) Suppose (p,q) =1, withq > p and q even. Given 1 < u <v < ¢, we assume ji
is odd and v is even. The definitions of L, and S,,, are given by equations (2)
and (7). We have

L;w = 2)/0(111((]) + 3) + |Suv|-

Proof. (1) We first assume ¢ is odd and we take 0 <y < r. The proof is an application
of the ¥ -function and equation (6). For x > 0, the properties of the yr-function show
that

M | o U | 1 i 21 |
m—00 1n+x n(m)_ml—lgclvozl(n+x ;>+m1—133>021; n(m)
n= n= n=

=—yx+1. €))

Combining equations (6) and (9), we obtain

y SV
. m q—1 m
(S )L (5L )
-1
:_@_ézmzw(wé), (10)

where Proposition 2.3 is applied. We need to estimate the summation in equation (10).
Since we have | (x)| < yo(x € [1,2]), we obtain the inequality

\1QZ_IF<z>w(1+i)\<@qf|m>|<@q§;
P Y q’!" 4 = T g =1 |C°S(”qﬂ)|.

Note that | cos(rwtp/q)| = | cos(z(tp (modgq))/q)|. By the condition (p,q) = 1, we
also obtain

Yo _Y _2r
Z |cos ’”p Z |c0s ” Z |cos ”

q

2V0 1 2)/0 1
= q Z 7r— z))| Z Qi+

i=o [cos( 9 1= |sin(F52))]

4]/() 1
- Zo |1 — ein@+D/q|’
t=

q

q

By the inequality 2x < |1 — e'™¥|(x € [0, 1]), we have

r—1

4yo < 1 — 1
q le—e”’@’“)/ql _YOZ +§ §y0(2—|— O/ x+ldx)

t=0

=< vo(In(g) +2).
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Combining the results above, we have

— F
BOVI+D) L n@) +2) 4 15,1

(2) We now assume ¢ is even and the proof is similar to that in (1). Given 1 <
QW <v <gq,we assume u is odd and v is even. Combining equations (8) and (9), we

have
Ly — Sy
m q—1 m
= —mli_r)noo(zj\;uv ( Z % — ln(m)) - éz FM,,([)( Z " -il- 7~ ln(m)))
n=1 1 n=1 q

_ 2N,,,uyo__ZF,w(t)W(1+ )
q =1 !

By Proposition 2.4, we also have the inequality

1q_lF (1 + - <V°q_1F t
)C_]; Mv()lp( +5)‘_;;| Mv()l

g—1
Yo ( 2
< —(]2u—2v+gq|+ )
q t_1§q/2 |Cos(nqi)|
g—1
)/0( 2
< —\3q + —)
1 t=1§q/2 |Cos(nqﬂ)|
Similar to the method in (1), we obtain
q_l q/2 1 q/2_1
Yo 1 2y0 4}’0 1
q l‘=1§q/2 |COS(%)| Z }sm ”7 q ; |1 — e2int/q|

q/2—2

q/2—2 1
< - < 1 d
y02t+1‘y0(+/ x+1 x)

0

= vo(1 +In(q)).

Combining the results above, we have L, < S, — Z?;} Fon@®)y(1 +1/q)/q <
2yo(In(g) + 3) + |S,,»| and the proof is completed. ]
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3. Hardy-Littlewood method (I)

To obtain an upper bound of the derivatives |o,,(0)| and |0}, (0)|, Theorem 2.5 shows
that we need to estimate the terms |S, | and |S,.|. I. Krasovsky applied the Hardy—
Littlewood method to estimate the term |S, | (see [7, 10]). In this section, we review
and generalize the method of Krasovsky to estimate the term |.S},,,|, which relies on
a recursive computation of contour integrals. We first introduce some fundamental
definitions.

(1) Suppose (p,q) =1,q9 > p,and 2y € [p/q,2 + p/q]. The contour

I'(g) = Ti(q) UT2a(q)

consists of an upper line and a lower line which are given by

1 i
The upper line I'; (¢) is oriented from +o00 to —oo and the lower line I';(¢) is oriented
from —oo to +00. We define the integral
e(+p/D)z e vz

(1 + epz/a)(1 —e?) z

I(p.q.y) =2 / (11)

L(g)

Note that (1 + e??/9)(1 — e?) # 0 when z € I'(g). Let x > 0 and suppose z; =
2nwi(q —1/4) + x € T'1(g) or z = (1/2)7wi + x € I'2(g). When x is large enough,
we have

(I+p/q)z+ —vzy4 —yx
e e ‘ . € (12)

‘ (14 eP7+/9)(1 —e*+)  zy

We also suppose z_ = 2mwi(q — 1/4) —x € I'1(g) or z_ = (1/2)wi — x € ['»2(q).
When x is large enough, we have

X

13)

e+p/9)z— e—VZ—‘ - e—(+p/q=y)x

(1 4 ePz=/9)(1 —e?~) z_ X

Inequalities (12) and (13) prove that the integral I(p, ¢, y) is well defined.
(2) Given (p,q) =1,q > p,6 €{0,1} and 2y € [p/q,2 + p/q], the contour
I'(g) and its orientation have been given in (1). We define the integral

(=1)8e(+p/a)z e V?

J(p’q’y’8)22/ (1= (C1Peri e = O (1

T'(g)

Note that (1 — (—1)%e??/9)(1 4 ¢?) # 0 when z € I'(g). Similar to inequalities (12)
and (13), we show that the integral J(p, ¢, v, §) is well defined.
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(3) Suppose (p,g)=1,g> p, and y €R. When ¢ is odd, we have cos(znp/q) #0
(for 1 <n < g — 1), and we can define

9=1 ninp/q—27iny

S(r.an) =3 °

n=1

n cos(”qﬂ) '

When ¢ is even, we define

q—1 eminp/q—2miny

S'(p.a.v)= Y.

n=1,n#q/2

znp
n cos( 7 )
and the denominator is also nonzero.
(4) Suppose (p,q) =1,g>p,y eR,and§ €{0,1}.Ifgisevenor2 | (p — 1+ ),

we can define

q (_1)8627ri(n—1/2)p/q 26—2ni(n—1/2)y

T(pv q7 V, 8) = Z 1 _ (_1)8627Ti(n—1/2)p/q n — l
n=1 2

Note that the denominator 1 — (—1)%e271*=1/2P/4 s nonzero and T'(p, ¢, y, §) is
well defined. If g is odd, we can define

q (_1)862ﬂi(n—1/2)p/q 2e—2mi(n—1/2)y

T'(p.q.y.8) = > -
>4V, _(_1\8p2mi(n—1/2)p/q _1
n=1,n7é(q+1)/21 (=1’ "2

and the denominator is also nonzero.

(5) Given § € {0, 1}, we say that (p,q) € N2 satisfies the §-condition if (i) p is odd
when § = 0 and (ii) p, ¢ have different parities when § = 1. We say that (p, q) € N2
satisfies the §'-condition if (i) p is even when § = 0 and (ii) p, ¢ have the same parity
when § = 1.

To utilize the Hardy-Littlewood method, we first derive an upper bound of the
integrals |I(p,q,y)| and |J(p,q, y,8)|. We then calculate the residues of the integrals
inside the contour I'(¢), which displays the relation between I(p,q, y), J(p, ¢, y,d)
and S(p.q,y),T(p,q,v,8) (or S'(p,q,y), T'(p,q, y,8)). We thus obtain an upper
bound for |S(p,q, y)|. |T(p.q.,y.8)| and |S"(p,q,)|. |T"(p. q. v, 8)|. In this sec-
tion, we complete the analysis on the integral /(p, ¢, y); the analysis on the integral
J(p.q,y,6) will be given in the next section. We start with the estimate of the integral

1(p.q.y)|

Proposition 3.1 (following [7]). Given (p,q) =1,q > p, and2y € [p/q,2 + p/q],
we define the integral I(p, q.y) by equation (11). We have

q 6
p Tp
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where B = 4(e~! + arcsinh(4/m)).

Proof. Denote the integral along the lower line by I, = I+ + I_, where I is the
integral along the positive half-line and /_ is the integral along the negative half-line.
Denote z = (1/2)mi 4+ x. We have

) 270‘ eU+p/9)z e Vz
<
= (1 +erz/a)(1—e?) z
0
+00

dx

2/ +1 < d

= X
— / —z _

) le=P?/4 + 1|le=% — 1] 2 ,,42

1 —yx
=2 / ¢ dx (15
V14 e2xp/4 4 2¢=P*/4 cos(B) /1 + e 2% \/xz + ”TZ

0
where 0 = pn/(2q). Denote z = (1/2)wi — x. We also have

e(+pr/0)z e vz

+o00
| <2 ( d
-l =< /(l—l—el’z/q)(l—ez) PR
0
400

e—(+p/a—y)x

1
22/1 rz/q||] z dx
| v erai=—e” [ =

+o00

1 e~ (+p/q—y)x
=2 / dx. (16)
\/1 + e—ZXP/q + 2e_PX/q COS(G)«/l + e—2x \/xz + HTZ

0

Note that cos(6) > 0 and 2y € [p/q,2 + p/q]. Combining inequalities (15) and (16),
we obtain

2| < [14] + [1-]
400 5
<4/(x2+”—)_1/2e_1’x/(2‘1)dx
= 4
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By the transformation u = p tan(#)/(4q), we also obtain
pn) )1/2 (T ( pr\2\—1/2
|12|§4(ln(1+(1+(4q ) ln(4q)+ 1+(4q)) )
1/2 1/2
<4(n(1+(1+ (—) ) ) -m(G) +m(L)+e (14 (p”) ) )
4 P 4q
< 41n( L) +8.
We use similar methods to estimate the integral along the upper line. We denote /; =

I+ + I_ where I is the integral along the positive half-line and /_ is the integral
along the negative half-line. Let z = 27i(qg — 1/4) + x. We have

1| 52[) x
(1 + er?/a)(1 —e?) z
oYX
<2/ dx
/ -z _
|e—P? ‘1+1||e Z—1] \/x2—|-4n ‘1‘)2

+o0
1 e V¥

_ 2/
J V14 e 2xp/4 4 2¢=P*/4 cos(0) /1 + e 2% \/xZ +4n2(q — 1)2

Let z = 2mi(q — 1/4) — x. We also have

<2 7’0) e(+pr/0)z e V? q
| =< X
- (14 erz/9)(1 —e?) z
0
1 e~ (+p/q—y)x

52/ 2274 = 1lle7 — 1 dx
J le + 1fle* — 1] x2+4n2(q—%)2

1 e~ (+p/q—y)x

+o0
=2 /
) V14 e2%P/4 4 2e=P*/d cos(0) /1 + 2% \/xz +4n2(q — %)2

dx.

Combining the inequalities above, we obtain
+oo
1

2\ —1/2
[ < [+ +[1-] <4 / (x2 +4n2(q - Z) ) e P¥/CD g x
0

+o00

=4 [ (o)) ) e s

0



Analysis on the critical almost Mathieru operator 1291

Combining the results above, we have |/(p,q, y)| < 4In(g/p) + 6/(xp) + B, and
the proof is completed. =

To show the relation between I(p, ¢, y) and S(p, ¢, y), we now calculate the
residues of the integral /(p, ¢, y) inside the contour I'(¢). The following proposition
is essential in the Hardy—Littlewood method.

Proposition 3.2 (following [7]). Given (p,q) =1, > p, and2y € [p/q,2 + p/q],

suppose q is odd and
p 1
— = 7 (17
9 a+5

where (p',q') =1,q" > p" and a € N. The pair (p’, q’) satisfies the (a (mod2))-con-
dition and

I(p.q.y) =S(p.q.y) — (=DT(p".q".y".a (mod2))
where y' —yq/p € Z and ¢ = |y’ — yq/p| (mod?2).

Proof. By equation (17), we have p(aq’ + p’) = qq’. This shows that ¢’ | p and
p | ¢/, and we thus have ¢’ = p. Since aq’ + p’ = ¢, we prove that p’ is odd when
a is even, and that p’ and ¢’ have different parities when a is odd. Therefore, (p’, ¢’)
satisfies the (¢ (mod 2))-condition. Given o > 0, we define the path

T'i(o) = :27(1'(61 — %) —0,2711'((] — %) +o],

rl I
(o) = Em—a,im—i—o],

I';(o) = éni — 0, 2ni(q — i) —U],

1 . . 1
I4(0) = Em + o, 27[1(6] — Z> + 0],

and the contour is I'(0) = U?:l I['; (o) which has the positive orientation. We define
I(0) = Zle I; (0), where I;(0) is the integral along I'; (o). When o is large enough,

we have
—(1+p/q—v)o —yo

e
) 5 S OIS

which shows that I(p, ¢, y) = limg_, 400 I(0). By the residue theorem, the integral
I(0) is determined by the poles inside the contour. By direct calculation, the poles of
the integrand are
1
Zm =2mim, z, = 27Ti(l’l — —)1,
2/ p
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where ] <m <g—1land 1 <n < p. Since (p,q) = 1 and ¢q is odd, the poles are
distinct and we now calculate the residues. For 1 <m < g — 1, we have

. Zm) e2nim(1+p/q—) e27im(p/q—y)

z
Res(zpym) = ( lim : = _ _ )
) 2wim(1 + e?7imp/a) 2rim(1 + e27imp/q)

z—z;m | — €%
We denote by R; the contribution of these poles to the integral I(p, g, y). We have

g—1 26nimp/q—2nimy

q—1
Ry =— Z A - Res(zm) = Z m(enimp/q + e—nimp/Q) =S(p.q.y)- (18)

Now, we calculate the residues of z;,(1 < n < p). By direct calculation, we have

Z(1—en) — pzp(l —ein)

z — Z;l )e(1+P/q_y)Z//1 qe(l_y)zlg

/ _ .
Res(zy) = (2152;1 1 + er?/d

Denote by R, the contribution of these poles to the integral. We have
L e2mi(l—y)(n—1/2)q/p

14
Ry = - Z 4i-Res(z,) = =2 Z (1-— eZni(n—l/Z)Q/P)(n — 1)

n=1 n=1 2

b4 2ri(n—1/2)(a+p'/q’)
e
=-2)

n=1

= _(_I)ST(plv ql7 ylva (mOdZ))7 (19)

e—27ri(n—1/2)(k+y/)

1 — e2mi(n—1/2)(a+p’/q) n— %

where k = yq/p — y’. Combining equations (18) and (19), we obtain
I(p.q.y) = Ri+ Ro = S(p.q.y) = (=D°T(p'.q".y".a (mod2))
and the proof is completed. ]

Proposition 3.3 is a special condition of Proposition 3.2, which completes the
relation between I(p,q,y) and S(p,q, 7).

Proposition 3.3. Suppose that a € N is odd and 2y € [1/a,2 + 1/a]. Then we have
I(l,a,y) = S(1,a,y) + 2e" ™,

Proof. Similar to Proposition 3.2, the integral /(1, @, y) is determined by the poles
inside the contour. When a = 1, the fraction (1 — e?)~! has no pole and we have
S(1,1,y) = 0 by the previous definition. When a > 2, the poles of the fraction
(1 —e?)™! are given by z,, = 2mim (for 1 < m < a — 1). Similar to the compu-
tation in Proposition 3.2, the contribution of these poles to the integral 1(1, a, y) is
Ry = S(1,a,y). The only pole of the fraction (1 4+ e?/4)~!is z’ = wia and we have
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Res(z’) = —e~™%Y /(2mi). Denote by R, the contribution of the pole z’. Combining
the results above, the integral is

I(1,a,y) = Ri + R, = S(1,a,y) —4ni -Res(z') = S(1,a, y) + 2¢ 7197
and the proof is completed. |

To complete the Hardy-Littlewood method, we also need to consider the rela-
tion between I(p, q,y) and S’(p, ¢, y), which is essential for the estimate of the
second-order derivative |0 (0)|. The calculation is similar to that in Proposition 3.2
and Proposition 3.3, but the central pole inside the contour is second-order under this
condition.

Proposition 3.4. Given (p,q) = 1,9 > p and 2y € [p/q,2 + p/q], suppose q is
even and

7
where (p',q")=1,q' > p’ and a €N. The pair (p’, q") satisfies the (a (mod 2))’-con-
dition and

I(p.q.y) = R(p.q.v)+ S'(p.q.y) — (=D)°T'(p".q".y".a (mod2))

where |R(p.q.y)| <12,y" —yq/p € Z and e = |y’ — yq/p| (mod2).

Proof. Equation (20) shows that ¢’ = p and aq’ + p’ = ¢. Thus ¢’ is odd, since
(p,q) = 1 and g is even. Similar to Proposition 3.2, we prove that (p’, ¢’) satisfies the
(a (mod?2))’-condition. The poles of (1 —e?)~! are z,, = 2mwim (for 1 <m <q —1)
and the poles of (1 4+ e??/4)~! are z; =2mi(n —1/2)q/p (for 1 <n < p). These
poles are distinct except z,, = z, when m = ¢g/2 and n = (p + 1)/2. The central
pole
20 =zg/p = ZEP+1)/2 =riq

is second order and the other poles are of first order. To calculate /(p, g, y), we denote
by R; the contribution of the poles z,, (for | <m < g — 1 and m # ¢/2) and by R,

the contribution of the poles z,, (for 1 <n < p andn # (p + 1)/2). We also denote by
R3 the contribution of the central pole zy. By a calculation similar to Proposition 3.2,

we obtain
q—1
R, = Z —47i -Res(zm) = S'(p.q, ),
m=1,m#q/2
P
R, = Z —47i -Res(zy) = —(=1)°T'(p'.q',y',a (mod?2)).

n=1n#(p+1)/2
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We have Rz = —4mi - Res(zg) and we now calculate the residue of zy. We assume
that the expansions around the central pole z( are

[e.e]
= lp(+p/q=y)z _ Z an(z — zo)",
n=0

o0
(1+ e/ )™ = 3" by(z —20)",

n=-—1
0

(1—e?) ! = Z cnl(z —z9)".

n=—

We calculate the coefficients in the expansions. We have ag = 17/ ‘1_7)2020_ L and
ay = (z7 e trlazy | _ 20—26(1+p/q—y)20((1 + s _ )/)Zo _ 1)‘

By direct computation, we obtain
— 1 Z — ZO P —
by = zli>nzlo 1+ epz/la q/p:

Z—Zy

c_1 = lim = —1,

z—zg | — e?

and

bo = lim (ﬂ)/ _!

z—2z0 1+epz/q 2’
. zZ—2zo\/ 1
co = lim ( ) = _.
z—zo\1 — e? 2

Combining the results above, we obtain

1+
2

YN

Res(zg) = a1b—_1c—1 4+ ao(b-1co + boc—1) = 611% —ap

We now derive an upper bound of the residue | Res(zo)|. We have |ag| = 1/(7rq) and
L+ g1+ 2 —y| _ 1+ g (1 + 47) _2
(mq)? - (rq)? T mq

which implies |Res(zo)| <2/(wp) + (1/q + 1/p)/(2n) < 3/7 and |R3| < 12. Let
R(p.q,y) = R3. We have

lai| <

I(p.q,v) = Ri + Ry + Rs3
=R(p.q.y)+ S'(p.q.y) — (=D°T'(p'.q".y'.a (mod2)).

The proof is completed. |
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Proposition 3.5. Suppose thata € N is even and 2y € [1/a,2 + 1/a], then
I(l,a,y) = R(1,a,y) + S'(1,a,y),
where |R(1,a,y)| < 12.

Similar to Proposition 3.3, we also need to show the relation between I(p, ¢, y)
and S’(p, g, y) under another special condition. This is accomplished in Proposi-
tion 3.5 and the proof is omitted. We can obtain the explicit expression of R(p,q, y)
in Proposition 3.4 and Proposition 3.5, but this is not necessary.

4. Hardy-Littlewood bethod (II)

In this section, we continue to introduce the Hardy—Littlewood method. We derive an
upper bound for |J(p, g, y,8)| and calculate the residues inside the contour I'(¢). We
also consider the relation between J(p, q, y,8) and T(p,q,,8), T'(p,q, v, 8). The
method is similar to that in Section 3.

Proposition 4.1 (following [7]). Given (p,q) =1,q > p,2y € [p/q.2 + p/q], and
8 € {0, 1}, the integral J(p,q, v, §) is defined by equation (14). We have

g, 6
1J(p.q,7.8)| < A5<4ln; b )

where Ag = (sin(rp/(2q)))~', Ay =1, and B = 4(e~! + arcsinh(4/m)).

Proof. Denote the integral along the lower line by J, = J4+ + J_, where J is the
integral along the positive half-line and J_ is the integral along the negative half-line.
Denote z = 7wi/2 + x. We have

iy (=1)fe(tp/D)z e VZ
[J4l =2 )(1 dx

0

+o0

(—=Dferz/a)(1 +e%) z

2/ ! 7 4
= X
| e = e ] [ =

+o00

1 e VX
:2/ dx,
— S, — -
) V14 e2xp/a —2(—1)8e=P*/4 cos(0) /1 + 2% \/x2+”72
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where 6 = pn/(2q). Denote z = wi/2 — x. We have

+o00
—1)SeU+p/D)z —yz
=2 [ | " ax
0
+00

(—=Dferz/a)(1 +e%) :z

1 e—U+p/a—y)x
520/ |1 — (=1)3erz/da||1 + e7] \/m dx
_, 7” 1 e—(1+p/q—y)x ix
V14 e2xp/a —2(—1)8e=P*/d cos(0) /1 + 2% \/xz + nTZ

0

Note that 2y € [p/q.2 + p/q] and (1 + e=2¥P/7 —2(—1)8e=P*/4 cos5(0))~1/2 < Aj.
Combining the inequalities above, we obtain

| 2| < [J4| + /-]
o e~V 4 o~ (I+p/a—y)x 1
<2 / dx
V1 + e 2xp/a —2(—1)8e=P*/d cos(0) /1 + e—2% \/xz + %2

0
+o00 5

§4A5/(x2+%

0

-1/2
) e PXCD gy < A3(41n2 + ,3).
P

We now consider the integral along the upper line and denote J; = J4+ + J_, where
J+ is the integral along the positive half-line and J_ is the integral along the negative
half-line. Denote z = 27i(g — 1/4) + x. We have

e (—=1)3e(+P/)z e vz
[Jel =2 ‘(1 dx

0

+o00

(=Derz/a)(1 +e?) z

1 e rx
E2/|-1“/q Dl + 1] 24X
) 1 N )

+o00

2
a 0/ V1 +e2xp/a —2(—1)8e=PX/d cos(0) /1 + e=2*

e VX
X dx.

V2 +an2(g - 1)?
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Denote z = 2mwi(q — 1/4) — x. We also have

+00
—1)SeU+p/D)z —yz
=2 [ | " ax
0
+o0

(—=Dferz/a)(1 +e%) :z

1 e~ (1+p/q—y)x
<2 / dx

—_(—1)8 /
) = CFer e 11 [ g 1)

+o00

2
B 0/ V14 e 2xp/a —2(—1)8e=P*/d cos(0) /1 + e—2%

e~ (+p/q—y)x
x dx.

\/x2 + 472 (q — %)2

Combining the inequalities above, we obtain

+o0
6A
|J1] < ||+ || < 445 [ (X2 + 472(q — 1/4)?) 2 p¥/CD g x < 258
T
g P
and we have |J(p,q,7.8)| < |J1| + |J2| < As(41n(g/p) + 6/(7p) + B). n

To prove the relation between J(p, g, y,8) and T(p, q,y,§), we now calculate
the residues of the integral J(p, ¢, y) inside the contour I'(g). Proposition 3.2 and
Proposition 4.2 enable us to obtain an upper bound of the first-order derivative |0, (0)].

Proposition 4.2 (following [7]). Given (p,q) = 1,9 > p,2y € [p/q.2 + p/q], and
6 € {0, 1}, we suppose that (p, q) satisfies the §-condition and that
)4 1

= -, 21
q a+§

where (p',q') = 1,q' > p’ and a € N. We claim that q' is odd when § = 0, and
(p', q') satisfies the (a + 1 (mod 2))-condition when § = 1. We also have

-S(p'.q". v, §=0,

J b 9 78 :T b b ’8 +
(.4.v.8) =T(p.q.v.9) {(_l)sT(p,’q,,y,,aJrl (mod2)), §=1.

where y' —yq/p € Z and ¢ = |y’ — yq/p| (mod2).

Proof. Equation (21) shows that ¢’ | p and p | ¢/, and we thus have ¢" = p. We also
obtain aq’ + p’ = q. We claim that ¢’ is odd when § = 0. When 6 = 1, we claim that
(p',q’) satisfies the (@ + 1 (mod 2))-condition since p and ¢ have different parities.
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Similar to Proposition 3.2, the integral J(p, ¢, y, §) is determined by the poles inside
the contour. The poles of the fraction (1 + e?)~! are z,, = 2mi(m — 1/2) (for 1 <
m < q). When § = 0, the poles of the fraction (1 — (—1)%e??/9) 1 are z/ = 2mwing/p
(for 1 <n < p —1). When § = 1, the poles of the fraction (I — (—1)%e??/9)~! are
z,, =2mi(n —1/2)q/p (for 1 <n < p). By the §-condition, these poles are distinct
and we now calculate the residues.

(1) For1 <m < g, we have

7 _ ) (=1)Setr/a=)zm B (=1)Se@/a=1)zm

ReS(Zm) = ( lim Zm(l _( l)aepzf”/q) Zm(l _ (_I)b’epzm/q)

z—zm 1 + e?
and the contribution of these poles to the integral is

q (_1)8627ri(m—1/2)p/q 2e—2mi(m—1/2)y

q
R = Z 4mi - Res(zy,) = Z

m=1 m=1

=T(p.q.v.9).

(2) We first consider the condition § = 0. When p = 1, we have ¢’ = 1 and
the fraction (1 — (—1)%e¢??/4)=1 has no pole inside the contour. We also have
S(p’,1,y") = 0 by definition. We now assume p > 2 and calculate the residues. For

1— (_1)8e2ni(m—1/2)p/q m— %

1 <n<p-—1,wehave

z—z )e(1+p/q—y)z,’1 ge1=Nz,

Res(z),) = ( lim —=— —.
G tem) — pep(l+emh)

z—>z), 11— el’z/‘l

The contribution of these poles to the integral J(p, g, ¥, 8) is

- p=l omin(1-y)a+p'/q) Pl min(p'/q'—2y")
e e
Ry =) 4mi-Res(z)) = -2 . —— = —
,; " ; n(l + e2winla+p'/q") ot ncos(’”’p )

=-=S(p".q". 7).
(3) We now consider the condition § = 1. The calculation of residues is similar
and we have

Zm(n 1/2)(a+p’/q") 26—2ni(n—1/2)y’

e+1
Ry = 2:147” RCS(Z )= (1) Z 1 + e2mi(n—1/2)(a+p’/q’) n _%
n

=(—DT(p'.q".y'.a+1 (mod2)).

Combining the results in (1)—(3), we have

_S(p/7 qla V/), 8 == 0,

J 7”5:T ,,,5+
(p.q.v ) (p q,Y ) {(_1)€T(p/’q’,y/,a+l (mod2)), =1,

and the proof is completed. |
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Similar to the analysis in Section 3, we also need to study the relation between
J(p.q,y,.8) and T'(p, q, y,§) under another special condition, which is accomplished
in the following proposition.

Proposition 4.3. Givena € N and 2y € [1/a,2 + 1/a), suppose that (1, a) satisfies
the §-condition. We have

0, 8§ =0,

J(l,a’)/’ 8) = T(l,a, )/7 8) - {2e_ﬂiay’ 8 —

Proof. The integral J(1,a,y,§) is determined by the poles inside the contour. We need
to calculate the residues. The poles of the fraction (1 4 ¢?)~! are z,, = 27i (m — 1/2)
(for 1 < m < a). Similar to the computation in Prorposition 3.2, the contribution
of these poles to the integral is Ry = T(1, a, y,§). When § = 0, then the fraction
(1 — (=1)%eP?/2)=1 has no pole inside the contour and the contribution is R, = 0.
When § = 1, then the only pole of this fraction is z/ = wia and the residue is

’ . z—rmia e(H‘l/a_V)”ia e~ Tiay
Res(z') = _< lim ) : o '
zomia | + e?/a mia(l + e7ia) i
The contribution of this pole to the integral is R, = —2e ™47, Combining the results

above, we have

0, 6 =0,
J(l,a,y,8) =R1 + R, =T(,a,y,8) — {2e_m,ay, 51,

and the proof is completed. |

To estimate the second-order derivative |0 (0)|, we also need to consider the
relation between J(p, q, y,8) and T'(p, q, v, §). Different from the proof of Proposi-
tion 4.2 and Proposition 4.3, the central pole is of second order under this condition.

Proposition 4.4. Given (p,q) =1,q > p,§ €{0,1}, and 2y € [p/q,.2 + p/q], we
suppose that (p, q) satisfies the §'-condition and that

p__1 22)

v
q a+q,

where (p',q') =1, q' > p’, and a € N. We claim that q' is even when § = 0, and that
(p',q’) satisfies the (a + 1 (mod 2)) -condition when § = 1. We also have

J(p.q.v.8) = Q(p.q.v.8) + T'(p.q.y.6)

n =S'(p'.q".v"). §=0,
=DeT'(p'.q".y'.a +1 (mod2)), §=1,

where |Q(p.q.y.8)| <12,y —yq/p € Z, and ¢ = |y’ — yq/p| (mod2).



H. Sun 1300

Proof. Similar to the proof of Proposition 4.2, equation (22) shows ¢’ is even when
8§ =0, and (p’, q’) satisfies the (¢ + 1 (mod 2))’-condition when § = 1. We calculate
the poles of the integral J(p, g, y,8) inside the contour. The poles of (1 + e?)~! are
Zm = 2mi(m —1/2) (for 1 <m < q). We consider the poles of (1 — (—1)%¢??/2)~1
under different conditions. When 8 = 0, the poles of (1 — (—1)%e??/4)~1 are z), =
2rwing/p (for 1 <n < p —1) and the central pole is zo = zZ(g+1)/2 = 21’7/2 = migq.
When § = 1, then the poles of (1 — (—1)%e??/9)~1 are z/ = 27i(n — 1/2)q/ p (for
1 <n =< p) and the central poleis zo = z(gy1)/2 = ZEP+1)/2 = miq. Under either con-
dition, the central pole z¢ is second-order and the other poles are first-order. Similar
to the calculations in Proposition 4.2, the contribution of the poles z,, (for 1 <m <g

and m # (g + 1)/2) to the integral is

q
Ri= Y 47i-Res(zm) =T'(p.q.7.9).
m=1,m#(q+1)/2

For the fraction (1 — (—1)%¢??/4)~! we denote the contribution of its poles by R».
When § = 0, we have

p—1
Ry= Y d4mi-Res(z)) =—S"(p'.q".¥).
n=1,n#p/2
When § = 1, we have
P
Ry = Z 4ri -Res(zy) = (=D°T'(p'.q",y'.a + 1 (mod2)).

n=1n#(p+1)/2

We now calculate the residue of the central pole and its contribution to the integral is
Rz = 47i - Res(zp). Around the central pole zg, we have the expansions

o0
(—D)Pz71e0HPIaNZ = N "4, (2 — 29)",
n=0

(1= (=D )™ = " by(z —20)",

n=-—1
00

(A+e) =" culz —20)".

n=—
We now calculate the coefficients of expansions. We have

ap = (_1)520—16(1+p/q—y)20

and

a; = (_1)5(Z—1€(1+p/q—1’)2)/|Z:ZO — (_1)82626(1-1-17/4—7)20((1 + g _ V)ZO _ 1)'
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By direct calculation, we have

bt = 1i Z—2Zo _ 9

T A TS Cleriia

ey = lim — 2% = 1,
z—zo | + e*

and

bo = lim (i)/ _1

z—zo\] — (_1)5(3217/61 2’
. zZ—2o\’ 1
co = lim ( ) = —
z—>zo\1 + e 2

Combining the results above, we have

1+
2

S

Res(zg) = arb—1c—1 + ao(b—1co + boc—1) = al% —ap

Similarly, we can obtain the bounds | Res(zg)| < 3/m and |R3| < 12. Let Q(p, q,
y,8) = R3. We have

J(p.q.7.8) = Q(p.q.7.8) + T'(p.q..9)
=S'"(p".q".¥"). §=0,
DT’ (p',q'.y',a +1 (mod2)), §=1.
The proof is completed. ]

Proposition 4.5. Given a € N and 2y € [1/a,2 + 1/a], suppose that a is odd. We
have

J(l,a,y,1) = 0(l,a,y, 1)+ T'(1,a,y,1)
where |Q(1,a,y,1)| < 12.

Proposition 4.5 shows the relation between J(p, q,y.8) and T'(p, q, y,5) under a
special condition. We can also obtain the explicit expression of Q(p, ¢, v, §), but this
is not necessary. We have introduced the complete Hardy-Littlewood method and we
are able to estimate the derivatives of the discriminant polynomial.

5. Bound for the derivatives of the discriminant polynomial

In this section, the Hardy-Littlewood method is applied to estimate the derivatives
0,,(0) and 0/ (0) of the discriminant polynomial. We will derive an upper bound of
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the derivatives, which enables us to obtain a lower bound for the measure of the central
spectral band. We first introduce the symbolic encoding of continued fractions. The
character e represents an even integer and o represents an odd integer. The character
a represents an even or odd integer. We define the sequences of characters

(1) T = ea,
(2) 8:038"‘6"',
(3) w, = oee---eoa(n = 0),

where there are n continued characters e in the sequence w, and there are infinite
continued characters e in the sequence ¢. Suppose the continued fraction is o =
lai,az,...,a,,...] where a, > 1 (for n > 1). It is not hard to prove that there is
a unique symbolic encoding of o with the sequences 7, ¢ and w, (for n > 0). There
are three possible types of symbolic encodings:

(D) a=c¢,
2) o =rirp---rmewherer; =torr; =w, forn >0and 1 <i <m,
B) o =rirp---ri---wherer; = torr; = w, forn >0andi > 1.

Given a continued fraction o and M € N, we say that « is M -weakly bounded
if @ < M for each character a in the symbolic encoding of «. For example, « is
M -weakly bounded for any M € N when the symbolic encoding of « is of type (1).
When the symbolic encoding is of type (2), there are m characters a in the sequence
and o is M -weakly bounded for M large enough. When the symbolic encoding is of
type (3), there are infinite characters a in the sequence. The continued fraction « is
M -weakly bounded if these characters are bounded by M. Now, we are able to prove
the main theorem about the bound of the derivatives |0, (0)| and |oy (0)].

Theorem 5.1. Givena € (0,1) N Q€ and M € N, suppose that the continued frac-
tionisa =|ay,as,...,ay,...| and that a is M -weakly bounded. Denote by 0,,(x) the
discriminant polynomial of the critical almost Mathieu operator with o, = [aq,
Az, ...,an). There exist constants A1 23 = A1,2,3(M) > 0 so that

o (0)] + |oy(0)] < e*1et2ngls
forn > 1.

Proof. The proof is a recursive application of the results in the previous sections and
we start from the first step. The rational approximation of « is o, = [a1, a2, ..., ady]
and we denote the canonical representation by o, = p,,/¢q,. We assume that n > 3 is
given throughout the proof.

(1) For 1 <i < n, we denote the canonical representation by ¢; = u; /v; = [a;,
di+1,...,ay]. By definition, we have p, = u;,q, = v;. Let t,4+1 = 0 and we denote
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Ai = qi + gi—1ti+1 for 2 <i < n. We prove 4; = A;_1t; ! where 3 <i < n. By
direct calculation, we obtain
qdi—1

4

Ai = qi +qgi-1tiv1 = aiqi—1 +qi—2 + gi—1ti+1 = qi—2 + = Ai—lt,'_l

which implies ¢, = A, = A2/ (t3t4 - - - 1,) by induction. We now calculate the term A».
We have q; = ay1,q9> = 1+ aja; and

1 1 o 1
2= 1+a1(a2+z3)'

= LI = 1
YT ain T a s
Combining the results above, we have A» = ¢> + q1t3 = 1 + a1az + ayt3 = 1/(t112)
and qn = 1/(t1t2 e ‘tn)-

(2) Given z € Z, we construct the array (y;,m;)j_, in this step. We first set
y1 = zt; + my where m; € Z is selected to ensure 2y, € [t1,2 + t;]. By induction,

we can construct (y;,m;)}_, with the conditions

2.1) yi =mit; +my,
(2.2) vi —vi-1/ti-1 € Z,
2.3) yi € [15/2, 1+ Zi/Z],

where 2 <i < n.Let y, = y1/t; + m), for some m/, € Z to be determined. By direct
calculation, we have

zty + my , ,
Y2 = 4 +my =mi(ar + t2) + z +my = mit, + mo
where m, = mya; + z + m),. We take m), € Z to ensure that t, < 2y, <2 + t,.
Suppose that (y;, m;) has been constructed. We now construct (y;+1,m;i+1). Let
Yi+1 = vi/ti + mj, for some m; ; € Z to be determined. We have
mi_1t; +m; / ’

Yi+1 = — +mi . =mi(a; +tiv1) Fmig +mp =mitip +mi
where m; 1 = mja; + m;—1 + m;~+1. We take certain m§+1 € Z to ensure tj 1 <
2yi+1 < 2 + tj+1 and the induction is completed.

(3) We now consider the bound of the first-order derivative |o,,(0)|. When g, is
even, the discriminant polynomial is an even function and we have o,,(0) = 0. Assume
gn is odd and denote r = (g, — 1)/2. For 0 < y < r, the term S, has been defined by
equation (5). We take z = —2y in (2) and obtain the array (y;,m;)}_,. Proposition 2.3
shows that S, = Re(S(pn.qn. —2yPn/qn)) = Re(S(u1,v1,y1)). By Proposition 3.2,
we have

[Sy| < [Sur,vi,y)| < [T(ur,vi, y1)| + |T (U2, v2, ¥2,a1 (mod?2))|.
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By Proposition 4.2, we also have

ISyl < [T(ur,vi, )| + |J (w2, v2, y2,a1 (mod2))]

|S(u3, v3,y3)l, a; (mod2) =0,
|T (u3,v3,y3,a2 + 1 (mod2))|, a; (mod2) = 1.

After a recursive application of Propositions 3.2 and 4.2 along the sequence, Propo-
sition 3.3 or Proposition 4.3 is applied at the final step. We thus obtain an upper
bound of |S,, |, which is a combination of integrals with a residue term R, at the end.
The residue term can be bounded by |Ry | < 2. We have [S, | <24 3F_, P;, where
P; = |I(uj,vi,yi)| or P; = |J(u;,vi,yi,8)|. By Proposition 3.1 and Proposition 4.1,
we also have

z 1 6
1S, | §2+;Li(4ln;+n—ui+ﬂ),

where L; = (sin(zt;/2)) "V if P; = |J(u;,v;,¥;,0)|,and L; = 1if P; = |I(u;,v;, ;)]
or P; = |J(u;i,vi, i, 1)|. Note that L; = (sin(rr#;/2))~! is unbounded when a; is
large enough. To obtain an upper bound for |S, |, we need to consider where the
term |J(u;, v;, yi,0)| (or |T (u;, v;, yi,0)|) appears along the sequence. The symbolic
encoding is applied to solve this problem.

(4) For simplicity, the term S(u;, v;, y;) is abbreviated as S and the term
T (ui, v;, yi,8;) is abbreviated as T(§;). We claim that the term 7'(0) appears at the
i-th position when and only when a; is a character a in the symbolic encoding of c.
For the sequence T = ea, we assume that the term S appears at the first character e.
Then the second term at a will be T(e (mod2)) = T(0). For the sequence w, =
oee---eoa, we assume that the term S appears at the first character o. The second term
at e is T(0 (mod2)) = T'(1) and the third term at e is T'(e + 1 (mod2)) = T(1).
By induction, all the terms after S are 7'(1) except the final term at the character a,
which is T (0 + 1 (mod2)) = T(0). We still need to consider the sequence . We
also assume that the term S appears at the first character 0. The second term at e
is T(o (mod2)) = T(1) and the third term at e is T(e + 1 (mod y2)) = T(1). By
induction, all the terms after S are 7'(1). Note that the term after 7°(0) is always S.
Combining the observations above, we prove that the term 7°(0) appears at the i-th
position when and only when ¢; is a character a in the symbolic encoding.

(5) For some 1 <i < n, we assume that a; is a character a in the symbolic
encoding of @. We have a; < M since « is M -weakly bounded. This shows that #; >
1/(M + 1) and L; = (sin(rt;/2))"! < M + 1. We are now able to derive an upper
bound of the first-order derivative |o;,(0)|. We have obtained |o,,(0)| < Z;,:O elv and
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Theorem 2.5 shows that L,, < yo(In(g,) + 2) + |Sy|. We have

ISyl <2+ 3 (M + 1)(41n[1_i+i +5)

= TU;
<24+ (M + 1)(41n(qn) + (/3 + g)n)

Combining the inequalities above, we have

|0r/z(0)| <@+ 1)62+(1n(‘1n)+2)70+(M+1)(41“(‘In)+(ﬂ+6/77)n) < eklelznq,;b
where 1123 = A1,2,3(M) > 0 are constants.

(6) We now consider the bound of the second-order derivative |0,/ (0)|. When g,
is odd, the second-order derivative of the discriminant polynomial is o/ (0) = 0. We
thus assume ¢, is even, u is odd, v is even, and 1 < u < v < g,. By Proposition 2.4,
we have Sy = 221 — 2V + ¢n)/qn + S;, + S, where

v

S;L = Re(S'(pn,q,,, @» S, = Re(S'(p,,,q,,, ﬂ))
4n qn
We first estimate the term Sl;. We take z = p in (2) and thus obtain the array
(vi.mi)i_,- Wehave |S) | <|S"(pn,qn, tpn/qn)| < |S'(u1,v1,y1)|. After arecursive
application of Proposition 3.4 and Proposition 4.4, we use Proposition 3.5 or Propo-
sition 4.5 at the final step. We thus obtain the upper bound |S | < Yl P+ Qi
where P; = [I(ui, vi, vi)l, Qi = |R(uz, vi, yi)| or Pi = |J(ui, vi, i, 6i)], Qi =
| O (u;i, vi, yi,0;)|. We also have the bound |Q;| < 12. By Proposition 3.1 and Propo-
sition 4.1, we have

n
16
|S!| < 12n + ZL,-(41n; "

i TU;

+8).

i=1
where L; = (sin(wt;/2))"t if P; = |J(u;, vi, yi,0)|, and where L; = 1 if P; =
[1(u;,vi,yi)|or P; =|J(u;i,vi,yi,1)|. Similar to the method in (4), we claim that the
term |J(u;, v;, ¥i,0)| appears at the i -th position when and only when a; is a character
a in the symbolic encoding of «. We have L; < M + 1 (for 1 <i < n) since « is
M -weakly bounded. We obtain the bound

)] < 120+ (M + 1)(41n(ga) + (B + g)n)
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We have the same bound for |S)|. By Proposition 2.1 and Theorem 2.5, we have

on @)= > 2elw
241,2|v,1Su<v<gn
< Z 22v0n(gn)+3)+12(21—2v+4n)/qn|+|S 1 +IS)|
241,2|v,1<u<v=gn
< Z 22v0(n(gn)+3)+6+[S/ | +]S)|

24u,2[v,15u<v=qn

By the inequalities above, we have
” Al ,Aom A
|0y (0)] = e”te™ gy

where X123 = A1,2,3(M) > 0 are constants.
(7) Combining the bound of |o; (0)| in (5) and the bound of |o;/(0)| in (6), we
obtain
02 (O] + |07/ (0)] < e*1e*2" g2

where A1 2.3 = A1,2,3(M) > 0 are constants. The proof is completed. [

6. Application to the central spectral band

In this section, Theorem 5.1 is applied to obtain a bound for the derivatives |0, (0)| and
|oy (0)| under stronger conditions. We demonstrate the relation between the measure
of the central spectral band and the derivatives of the discriminant polynomial. We
then derive a lower bound for the measure of the central spectral band.

Corollary 6.1. Given « € (0, 1) with the continued fraction @ = [ay,az, .. .,ay,,...],
assume the symbolic encoding is a = . We denote by 0, (x) the discriminant polyno-
mial of the critical almost Mathieu operator with o, = [ay, az, ..., ay,|. There exist
constants A1 2.3 > 0 independent of o so that

o7, (0)] + |0y (0)] < e*ret2nghs
forn > 1.

Proof. There is no character a in the symbolic encoding « = ¢ and « is M -weakly
bounded for any M € N. By the proof of Theorem 5.1, we can find the constants
A1,2,3 > 0 independent of M so that

o7, (0)] + |0y (0)] < e*ret2nghs

for n > 1. The proof is completed. |
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Corollary 6.2. Given « € (0, 1) with the continued fraction o = [ay,az, . ..,ay,...],
assume o is M -weakly bounded for some M € N. We also assume

m 1/m
lim sup ( I1 a,,) < +oo. (23)

m—00
n=1

Denote by 0,,(x) the discriminant polynomial of the critical almost Mathieu operator
with a, = [ay,as, ..., ay,], then there exists a constant A = A(a) > 0 so that

|0, ()] + |0, (0)] < A"
forn > 1.

Proof. We denote the canonical representation by o, = p,,/¢n. Given n > 1, we have
gdn+1 < (an+1 + 1)g,. By condition (23), we have aja, ...a, < L"(n > 1) for some
constant L > 0. Combining the inequalities above, we have

gn < [ @ +1) < []2a < @L)".

i=1 i=1
By Theorem 5.1, there exist constants A3 2.3 = A1,2,3(¢) > 0 so that
10, (0)] + 0y, (0)] < e*1e?2nghs < etretom 2Lyt
for n > 1. The proof is completed. |

Given o = p/q and (p,q) = 1, the union of the spectrum o («, ) over 6 € R has
been denoted by S(«). We have defined the central spectral band of S(«) in Section 2.
Denote the central spectral band by A. We now consider its measure. When ¢ is odd,
the central spectral band is the band containing the origin and Y. Last demonstrates
its measure has the order(see [8])

6 8e

<Al < .
log (0)] log (0)]

An upper bound of the derivative |0/, (0)| determines a lower bound of the measure

(24)

|A|. We now assume ¢ is even and we claim the measure of the central spectral band
can be bounded from below by the second-order derivative |a, (0)].

Lemma 6.3. Suppose « = p/q, (p,q) = 1 and q is even. Denote by o4(x) the dis-
criminant polynomial of the critical almost Mathieu operator and by A the central
spectral band. We have

8

Vieg©F

Al = (25)
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Proof. Suppose that 3 (x) is an n-order polynomial with n distinct real roots x; (for
1 <i <n).Weassume x; < x; forl <i < j <n.Given1 <i <n — 1, there exists
a unique point x; € (x;, x;41) with X’(x}) = 0. It is not hard to prove that X (x) is
strictly increasing (or decreasing) on [x;, x;] and strictly decreasing (or increasing) on
[x}, x;+1]. This observation is significant for the proof since the discriminant polyno-
mial oy (x) has ¢ distinct real roots. We have 0,,(0) = 0 and |0 (0)| = 4. We may
assume 0, (0) = 4 and the condition 04(0) = —4 is similar. Denote by xo > 0 the
right endpoint of the central spectral band A. We have 0, (x9) = —4 and
X0
/Gé(x)dx = -8. (26)
0
We claim o, (x) > 0,(0)x for any x € [0, x¢]. This claim is obvious when ¢ = 2 and
we now assume ¢ > 4. Denote by x; > xg the first critical point of o4 (x) to the right
of the origin. There is an inflection point x, € (0, x1) of the discriminant polynomial.
The second-order derivative o (¢) is negative on (0, x) and positive on (x2, x1). We
have 0/ (t) > 0/(0) for any ¢ € [0, x1]. For x € [0, x¢], we obtain the inequality
X X
/cr;’(t)dt > /o(;’(O)dt

0 0
which shows that ¢, (x) > o/ (0)x. Combining this with equation (26), we have |A| >
8/+/102(0)| and the proof is completed. [

We have obtained an upper bound for the derivatives |0/, (0)| and |0/ (0)| in The-
orem 5.1. By inequalities (24) and (25), we can derive a lower bound for the measure
of the central spectral band.

Corollary 6.4. Given o € (0,1) N Q€ and M € N, suppose the continued fraction
isa =[ay,as,...,ay,...] and a is M -weakly bounded. Denote by A, the central
spectral band of the critical almost Mathieu operator with a, = [a1,as,. .., ay,), then
there exist constants L1 23 = A12,3(M) > 0 so that

|An] = (e*1e2mg3)~!
forn > 1.
Proof. By Theorem 5.1, there exist constants A1 23 = A1,2,3(M) > 0 so that
|02 (O] + |0y (0)] < e*1e*2" g2

for n > 1. By inequality (24), we have |A,| > 6(€A1€/12"q,/}3)_1 when ¢, is odd.
By inequality (25), we have |A,| > 8(e*1e*2g;*)~1/2 when g, is even. Combining
these inequalities, the proof is completed. |
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Suppose o € (0, 1) N Q€ satisfies the condition in Corollary 6.1 or Corollary 6.2.

Similar to Corollary 6.4, we can also derive a lower bound for the measure of the

central spectral band and the details are omitted.
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