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Counterexamples and weak (1,1) estimates of wave operators
for fourth-order Schrodinger operators in dimension three

Haruya Mizutani, Zijun Wan, and Xiaohua Yao

Abstract. This paper is dedicated to investigating the L”-bounds of wave operators
Wy (H, A?) associated with fourth-order Schrodinger operators H = A% + V on R3 with
real potentials satisfying |V(x)| < (x)™# for some p > 0. A recent work by Goldberg and
Green (2021) has demonstrated that wave operators W (H, A?) are bounded on L? (R3) for all
1 < p < oo under the condition that ;& > 9 and zero is a regular point of H. In the paper, we aim
to further establish endpoint estimates for W (H, A?) in two significant ways. First, we provide
counterexamples to illustrate the unboundedness of W (H, A?) on the endpoint spaces L ! (R3)
and L% (R3) for non-zero compactly supported potentials V. Second, we establish weak (1, 1)
estimates for the wave operators Wy (H, A?) and their dual operators W (H, A%)* in the case
where zero is a regular point and p > 11. These estimates depend critically on the singular inte-
gral theory of Calder6n-Zygmund on a homogeneous space (X, dw) with a doubling measure
do.

1. Introduction

1.1. The main results

Let H = A? + V(x) be the fourth-order Schrodinger operator on R3, where V(x) is
a real-valued potential satisfying |V (x)| < (x) ™", x € R3 with some p > 0 specified
later and (x) = /1 + |x|2. As u > 1, it was well known (see, e.g., [1,23,26,27]) that
the wave operators
Wy = Wa(H,A?) = s-lim eiH 7itA? (1.1)
t—+o0

exist as partial isometries on L2(R3) and are asymptotically complete.

Note that W, are clearly bounded on L?(R?). Hence, it would be interesting to
establish the following L?-bounds of Wy for p # 2:

IWaollLr®3) < llellLr @3- (1.2)
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To explain the importance of these bounds, recall that W satisfy the identities
WaWi = Poc(H), WiWy=1,

and the intertwining property f(H)Wx = Wy f(A?), where f is a Borel measurable
function on R. These formulas especially imply

F(H) P (H) = Wy f(A*)WZ. (1.3)

By virtue of (1.3), the L?-boundedness of W.., W can immediately be used to reduce
the LP-L9 estimates for the perturbed operator f(H) to the same estimates for the
free operator f(A?) as follows:

If(H) Poic(E)l|Lr > < [WellLa—sra | f(AD)||Lrsra [WElLr—zr.  (14)

For many cases, under suitable conditions on f, it is feasible to establish the L7-14
bounds of f(A?) by Fourier multiplier methods. Thus, in order to obtain the inequal-
ity (1.4), it is a key problem to prove the L”-bounds (1.2) of Wy and W} .

Recently, in the regular case (i.e., zero is neither an eigenvalue nor a resonance
of H), Goldberg and Green [16] have demonstrated that the wave operators Wy are
bounded on L?(R3) forall 1 < p < oo if |V(x)| < (x)™ for some p > 9 and there
are no embedded positive eigenvalues in the spectrum of H = A2 + V. Therefore, it
is natural to consider whether the boundedness of W4 holds for the endpoint cases,
namely, when p = 1 and p = oo.

The following theorem provides a negative answer, showing that the wave oper-
ators W4 are unbounded on L!(R?) and L%°(R?) assuming that V is compactly
supported on R3. Furthermore, weak (1, 1) estimates for Wy can be established in
the regular case, provided that © > 11.

In order to state our results, we denote by B(X, Y') the space of bounded operators
from X to Y, B(X) = B(X, X), and by L1>>(R?) the weak L'(R3). Moreover, we
say that zero is a regular point of H = A? + V if there only exists zero solution to
Hvy = 0 in the weighted space L? ;(R®) forall s > %, where L2 (R3) = (-)* L2(R3).

Theorem 1.1. Let H = A? + V(x). Suppose that V is compactly supported and
V' % 0 such that zero is a regular point of H and H has no embedded eigenvalue in
(0, 00). Then Wy, WS ¢ B(L'(R?)) UB(L*®(R?)).

Theorem 1.2. Let V satisfy |V(x)| < (x)™" for some u > 11. Assume also H has
no embedded eigenvalue in (0, 00) and zero is a regular point of H. Then Wy, W €
B(LY(R3), LV (R3)), that is,

WGWAMﬂmst%/vmmLx>a
R’;

with the analogous estimate for W .
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Remark 1.3. By the interpolation and the duality, Theorem 1.2 also implies W4 €
B(L?(R3)) for all 1 < p < oo, while this is already known due to Goldberg and
Green [16].

Finally, we would like to emphasize that the condition of the absence of embedded
positive eigenvalues is a fundamental assumption when studying dispersive estimates
and L?-bounds of wave operators for higher-order Schrédinger operators. In fact, for
any dimension d > 1, it is relatively straightforward to construct a potential function
VeCge (R?) such that H = A% + V has some positive eigenvalues, as demonstrated,
for instance, in [10, Section 7.1].

On the other hand, it is worth noting that Feng et al. in [10] have proven that H =
A? 4V does not have any positive eigenvalues under the assumption that the potential
V' is bounded and satisfies the repulsive condition, meaning that (x - V)V < 0. Addi-
tionally, it is well established, as demonstrated by Kato in [22], that the Schodinger
operator —A 4+ V' has no positive eigenvalues when the potential is bounded and
satisfies the condition V(x) = o(|x|™!) as |x| — oco. Consequently, these studies indi-
cate that establishing the absence of positive eigenvalues for fourth-order Schrodinger
operators is a more intricate task compared to second-order cases when dealing with
bounded potential perturbations.

1.2. Further backgrounds

For the classical Schrodinger operator H = —A + V(x), since the seminal work [30]
of Yajima, there exists a great number of interesting works on the L?-boundedness
for the wave operators W,.. More specifically, in the space dimension d = 1, the wave
operators W are bounded on L?(R) for 1 < p < oo for both regular and zero reso-
nance cases but in general unbounded on L? (R) for p = 1, oo (see, e.g., [2,4,29]). In
the regular case, for dimension d = 2 the wave operators W.. are bounded on L? (R?)
for 1 < p < oo but the result of endpoint is unknown (see [20, 32]). For dimensions
d > 3, the wave operators W are bounded on L? (Rd) for 1 < p < oo in the regular
case (see, for example, [3, 30, 31]). However, the existence of threshold resonances
shrink the range of p, which depends on dimension d and the decay properties of
zero energy eigenfunctions (see [5, 12, 14,15,21,33-37]).

More recently, there exist several works for the L?-boundedness of the wave oper-
ators Wy for higher order Schrédinger operators H = (—A)™ + V(x) especially for
m = 2. First of all, Goldberg and Green in [16] proved that for dimension d = 3
and m = 2, the wave operators W.. extend to bounded operators on L?(R?) for 1 <
p < oo when zero is a regular point (the endpoint case is not mentioned in [16]). Then
Erdogan and Green in [7, 8] further showed that as m > 1 and d > 2m,
Wy are bounded on L?(R%) for 1 < p < oo for certain smooth potentials V(x) in
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the regular case. Moreover, Erdogan, Goldberg, and Green in [6] also obtained that
for dimension d > 4m — 1 and #jm < p < o0, the L? boundedness of the wave
operators may fail for compactly supported continuous potentials if the potential is
not sufficiently smooth. In our previous work [25], we studied the case d = 1 and
m = 2 and obtained that whatever zero is a regular point or a resonance of H, the
wave operators Wy are bounded on L?(R) for 1 < p < oco. Moreover, if in addi-
tion V is compactly supported, then W are also bounded from L'(R) to L1*°(R).
On the other hand, Wy are shown to be unbounded on both L'(R) and L*(R) at
least for the regular case. More recently, Galtbayar and Yajima [13] have established
the L?-estimates of wave operator W4 with zero resonances for the case m = 2 and
d =4.

In a forthcoming paper [24], the authors consider all the zero resonance cases for
H = A? + V on R3 and show that Wy € B(L?(R3)) forall 1 < p < oo in the first
kind resonance case. For the second and third kind resonance cases, it is shown that
Wi € B(L?(R3)) forall 1 < p < 3 but Wx ¢ B(L?(R3)) forany 3 < p < oo.

1.3. The ideas of the proof

Let us explain briefly the idea of the proof. We begin with the stationary representation
of W_:

o0
2 —
Wo=1-— f PREQAHV(RE O — Ry (Ah) dA,
0

where R¥ (1) = (A2 =1 Fi0)"!and RE(X) = (H — 2 Fi0)~! are the free and per-
turbed limiting resolvents, respectively. Since the high energy part is already known
to be bounded on L? for all 1 < p < oo by [16], it is enough to deal with the low
energy part

Wk .= / BrOREOHV(RE (A% — Ry (14) dA.
0

with supp y C [~A¢. Ao] and g < 1. To regard WL as an (singular) integral oper-
ator, we then use the asymptotic expansion of R;(A“)V near A = 0. Note that the
integral kernel of Rgt (A%) is explicit (see (3.2)). In [16], Goldberg and Green used the
expansion

REOAMHV = RFAH{0400 + 24, + T2 (M}, v = |V|V2, (1.5)
where Q =1 — P, P = |V|1{v)v, Ao, A1 € B(L?), and Tk (1) denotes a A-depen-

dent absolutely bounded operator on L? such that

k
Y A T2z S AF, 0 <A < 2.
£=0



Counterexamples and weak (1, 1) estimates of wave operators 1413

This formula was enough for 1 < p < oo, while this is not the case for p = 1, oo not
only for the unboundedness, but also for the weak (1, 1) estimate. Hence, we compute
the right-hand side of (1.5) more precisely to obtain

REAHV = RF (A {0400 + A(QA10 + A010) + AP + A% 45 + T3(M)}v,
(1.6)

where A0, Ao,1, A2 € B(L?) and P = ¢P with some constant ¢. To ensure this
expansion make sense, we need the condition |V (x)| < (x) ™" with u > 11.

By (1.6), WX can be written as a sum of associated six integral operators. More-
over, using the explicit formula (3.2) of ROi (A*) and the cancellation property

/ Qv(x)dx =0,

we can categorize such six operators into three classes (I)-(III), where (I) is associ-
ated with QAQQ, A(QAI,O + A(),l Q) and AzAz, (IT) with Aﬁ, and (IIT) with F3(A),
respectively.

The operators in the class (I) can be shown to be bounded on L?(R3) forall 1 <
p < o¢. Indeed, thanks to the translation invariance of L?-norms and Minkowski’s
integral inequality (see e.g., (4.6)), the proof can be reduced to deal with an integral
operator with the kernel bounded by

ming(x) " {p) T (X[ E VDT (el £ )T

Although classical Schur’s test cannot be applied to this case, separating it into three
regions |x| ~ |y, |x| > |y| and |x| < |y|, we can show it is bounded on L”(R?)
forall 1 < p < oo. For the class (III), we can apply Schur’s test directly to obtain the
L?-boundedness for all 1 < p < co. We would emphasize that the strong L' and L
boundedness for the classes (I) and (III) are necessary to achieve the unboundedness
of the full operator WL on L' and L.

For the class (II), we show that the operator associated with AP and its adjoint
are bounded from L!(R3) to L**°(R?). To explain the main idea of this result, let us
consider the following model kernel

x|
K=— "1 _
[x[* —[y|*
1 1 1 3
= + + =: K;,
2[x|(|x2 + 1y12)  4lxP(x[+1yD  41x]2(x] = |y]) ; /

restricted on the region {(x, y) : ||x| — |y|| > 1}. Note that Tk,, Tk, € B(L!(R?),
L1:%°(R3)), since Ky, K, are dominated by |x| > € L'"*°(R?). To deal with Tk, we
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use the polar coordinate to rewrite Tk, f(x) as the following weighted 1D singular
integral:

[e¢]
Tks f(x) = / %X{nx—rlzwz dr, g(r) = / frw)do.
0 S2
We then use the theory of general C-Z singular integrals on the homogeneous space

to obtain that Tg, € B(L'(R3), L1®(R?)).

Let us emphasize that K is just a model kernel and the integral kernel Kp associ-
ated with A P is in fact much more complicated. Indeed, we will show the following
two different expressions:

KP(X,y)

1+ X1 X1 1x =1y l12 1}
- g 7 )G 0
w00 (e o0+ o

1

C 8x(1+D)|VI3,

! ) (1.7)
()W) (lx[ = Iy])?

/ )2 (un) Rp (x —urs y —ua) duy duz,  (18)

R6

where

Glx) = |x] ( V() du),

VL |x — ul
R3

—4i 1z X {1z~ w121}
|z]* — w4

Kp(z.w) = + ¥(z, w),

and Ty € B(L?) forall 1 < p < oco. The former equality (1.7) is used for proving the
weak (1, 1) estimate and the latter one (1.8) for the unboundedness on L' and L.
In particular, for the unboundedness, we utilize the assumption that supp V' C {|x| <
Ro} with some Ry and take characteristic functions f1(y) = xyy|<1; and fr(y) =
X{yl<Rr} With R > R to somehow estimate [p3 [Tk, fildx and |(Tk, fr)(x)],
respectively, then we show that Tk, fi ¢ L'(R?) and [Tk, fRll o3y — 00 as
R — oo, which implies the desired unboundedness of Wy on L' (R3) and L (R3).

1.4. Some notations

Some notations used in the paper are listed as follows.
* A< B (resp. A Z B) means A < CB (resp. A > CB) with some constant C > 0.

o L? = LP(R"), LV = L1*°(R") denote the Lebesgue and weak L! spaces,
respectively.
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e ForwelLl

1oc (R™) positive almost everywhere and 1 < p < oo,

L?(w) = LP(R", wdx)

denotes the weighted L?-space with the norm

1/p
||f||Ln(w) = ([ | F()[Pw(x) dx) .

Set
w(E) = / w(x) dx, foreach Borel subset £ C R”.
E

Denote L > (w) as the weighted weak L! space with the quasi-norm
If 100y = sup Aw({x 2| f()] > A}).
>0

* Let{pn}nez be ahomogeneous dyadic partition of unity on (0, co), that is ¢ €
C®(R4),0= ¢ = 1,suppy C [3.1]. on (1) = 9o (27 4), supp € [2V72,27]
and

den()=1. A>0.

NeZ

2. Some integrals related with wave operators

In this section, we prepare some basic criterions to the boundedness of integral oper-
ators related with the wave operators W... Throughout the paper, we always use Tk
to denote the integral operator defined by the kernel K(x, y):

Tief o) = [ Ky f)dy.
R3
Moreover, we say that the kernel K(x, y) of an operator Tk is admissible if it satisfies

xeR3 yeR3
R3

sup |K(x,y)|dy + sup /|K(x,y)|dx < 0.
]R3
Let us first recall of the classical Schur test lemma.
Lemma 2.1. Tx € B(L?(R3)) forall 1 < p < oo ifits kernel K(x,y) is admissible.

Next, the following proposition is crucial to the L?-boundedness of wave opera-
tors Wx.
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Proposition 2.2. Let the kernel K(x, y) satisfy the following condition:
KO IS ()7 ) "l = 1yD 72 (x,p) € R xR, 2.1
Then Tx € B(L'(R3), LV (R3)) NB(L?(R3)) for 1 < p < oc. That is
1Tk fllLr w3y < NS lLr @3y Il <p<oo, (2.2)

e R TNl =M< 5 [ 1f@ldx A>o0, 3
R3

Moreover, if there exists § > 0 such that K(x, y) further satisfies one of the following
two conditions:

[KGe )] S (07 )™ xl = v 24
[K (e, )] < min{(x) ™ ()7 ] = [y 72 (x = 1y 770, (25)

then Tx € B(L?(R3)) forall1 < p < oo.
Proof. Firstly, we decompose K(x, y) as

K(x,y) = K )L wisiyi<alaly T Xiiyl<diey T Xvi>20x)
= Kl(x’ y) + KZ(X’ y) + K3(X, y)’

and denote Tk, as the integral operators associated with the kernels K;(x, y) for
i =1,2,3. Using (2.1), we have

[|K1(x,y)|dy < # / (x| — [y])2 dy
R3 Lixl=lyl=2lx|
) 2|x| +o00
< P [xi=nzars [w?ars,
w J

uniformly in x € R3. Similarly, we also have
1

o / (el = )2 dx < 1.

Slyl=lxi=<2ly|

/|K1(x’y)|dx <
]R3

uniformly in y € R3. Hence, by Schur’s test, we conclude that Tk, € B(L?(R?)) for
alll < p < oo.
Now, consider the integral operator Tk,. Note that

|K2(x, )| < (x)_l<J’)_l<|x| — Iy Xyl<dixly



Counterexamples and weak (1, 1) estimates of wave operators
Then, for f € L®(R3), we have

|TK2f<x)|s( / <x>“<y>“<|x|—|y|>—2dy)||f||Loo(Rs>
|J’|§%|x\

5#( [ o dy)||f||Loosnf||Loo(R3),

lyI<$ x|

which yields Tk, € B(L*°(R?)). On the other hand, if f € L!(R?), then

O SWACYIPS <X)_3( / O dy) < ()71 @),

lyl<tix]

1417

(2.6)

which leads to Tk, € B(L', L") due to (x) > € L1*(R?). By the Marcinkiewicz

interpolation (see, e.g., Grafakos [18, p. 34]), we obtain that
Tk, € B(L'(R?), L"°(R?) N B(L?(R?)) foralll < p < co.

Next, we deal with the third integral operator Tk, . Clearly, TI§3 = Tk with

K3 (x, )| = |K3(y, X)| < ) ) T x =y Klyl<dixpy

By the same argument as in T, one has Ty € B(L'(R3), L1*°(R3)) NB(L?(R3?))
forall 1 < p < oo. Hence, Tk, € B(L?(R?)) forall 1 < p < oo by the duality. Com-
bining with the boundedness of T, for j =1,2,3, we conclude that Tk € B(L'(R3),

LY®(R3)) NB(L?(R3)) forall 1 < p < oo as desired.

Finally, we shall show Tx € B(L?(R?)) for all 1 < p < oo under the condi-
tions (2.4) or (2.5). By the above argument, it suffices to show Tk, € B(L!(R?)).

If (2.4) holds, then for any f € L1(R3),

[ e swias [ ( / <x>“<y>‘1<|x|—|y|>—2—5|f<y)|dy) dx
2

R3  |y|<lix]

—3-5
< ([<x> 3 dX)IIfIILl <1 @,
]R3
That is, Tk, € B(L'(R?)). If (2.5) holds, then
|K2(x, y)| < (x| = |J’|>_3_8 A{y1<Lixly

for some § > 0. Hence, again, we can obtain from the (2.6) that

[ 1T sl ax < ( [ dx)( / If(y)ldy) <1 .
R3

R3 lyl<%lx|

Thus, the whole proof of Proposition 2.2 has been finished.
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Remark 2.3. In Proposition 2.2, under condition (2.1), the strong estimates (2.2) of
Tk have been obtained by Goldberg and Green [16, Lemma 2.1] using a different
argument from one above. We also remark that the weak estimate (2.3) of Tx seems
to be new.

As is seen in Section 4 below, Proposition 2.2 is not enough to prove Theorem 1.2
x|

] ) x|~y [*

To establish the L? boundedness of such an operator Tk, we will make use of the

and we need to study some integral operators Tx with kernels like K (x, y) =

theory of Caldefon—Zygmund on the A,-weighted spaces and on homogeneous spaces
with doubling measures. Although the proof of the following proposition is reduced
to the Calderén—Zygmund theory of singular integrals, the kernel ﬁ is not a

standard Calder6on—Zygmund kernel of R3, e.g., see Grafakos [18, p. 359].

Proposition 2.4. Let Tk be the integral operator with the following truncated kernel

X | X{l1x |1y |=1
K(x.y) = le{‘l‘lﬂ |';‘|'42 L (x.y) e R*xR%.

Then the operator Tg, Tg € B(L'(R?), LY (R?)) NB(L?(R?)) forall 1 < p < .

Proof. It should be pointed out that [ 16, Lemma 3.3] implies Tx € B(L?(R?)) for all
1 < p < o0o. Hence, in the sequel we mainly show the weak estimate for the endpoint
case p = 1 with only a sketch of the proof for I < p < oco. Following a similar method
as of [16], we reduce the integral in three space dimensions to the one-dimensional
integral by the spherical coordinate transform. Let g(s) := [¢2 f(sw)dw for s > 0,
where S? is the unite sphere of R3. Then

X
Tk f(x) = / ﬁf@) dy
[lx|=|¥ll=1
x| / rag(Yn) x|
= o dr = =-G(x|*).
[|x|— /=1

where :
G(S) = / M dr‘
s—r
| ¥/s—Yri=1
Note that in [ 16, Lemma 3.3] it was shown that the function G (s) can be dominated by

the maximal truncated Hilbert transform H*(g)(s) and Littlewood—Hardy maximal
function MI(g)(s), where the function g(r) := r_%g((‘/ﬂ. That is,

[G(s)] < H*(@)(s) + M(Z)(s), s >0.
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Since

o0
s r—1
4p+1 /|G(s)|1’s + ds,
0

/ Tk f(0)I? dx =
R3

and |s|pT_1 is A,—weights forall 1 < p < oo, by using the boundedness of H* and M
on L?(R,|s| 25t ds) (see, e.g., Grafakos [18, Chapter 7]), then it immediately follows
that

—1

/ Tk fOI dx / [H*(@)(5)|Ps ™5 ds + / IM(2)(s)[7s T ds
R3 0 0

o
~ r—1
< [ 1RO dr S 1712 oy
0

which gives the integral operator Tx € B(L?(R3)) forall 1 < p < oo.

We remark that the arguments above depend on the strong estimates of Hilbert
transforms H*(g) and the Littlewood—Hardy maximal function M((g) on L? (R3) for
1 < p < oo, which do not directly work for p = 1 or oo due to the failure of strong
estimates of H* and M on these limiting spaces. Hence, in the following, we will use
another argument to prove Tx € B(L1(R3), L1 (R?)).

Firstly, we decompose K(x, y) as follows:

K(x,y)

3
AllxI=Iyll=1} Xlxl=Iyll=1} + Xlxl=1yll=1} :ZKj(x )

C20x[(xP D) AxP(x]+yD o AlxP(x = [vD

Jj=1

and write the integral operator Tx into the sum Z;zl Tk, , respectively. Let f €
L(R3). Then for each x € R3 we easily obtain that

Tk, f O + 1Tk, )] S 1xI72 0 f l wy-

Since |x| 73 € L1*°(R?), so it follows immediately that Tx; € B(L'(R?), L1*(R?))
forj =1,2.

Next, it remains to show Tk, € B(L'(R?), L1:>°(R?)). By the polar coordinate
transform,

Teo f(x) = / 80 ity P2 dr = W(go)(Jx).

4x2 (x| —r)
0
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where g(r) = [¢2 f(rw) dw and

Wgo)o) = [ G S e A 06) = Koeo(9)86).
R

Let du(r) = r2dr be a Borel measure on the real line R. Then d.(r) is a doubling
measure on R (see, e.g., Stein [28, p. 12]). In the following, we will regard the integral
W (go) as a singular integral on L!(IR, djt) in order to establish the weak estimate of
Tk, f on L'(R?).

In fact, in view of the following facts:

[{x € R ¢ [Tk, f(3)] > A} = [{x € R : [W(go)(|x])| > A}

o0

= dn / HiseR:AW (g0)(5)>1}8” dS
0
= drpls € R 1 [W(go)(s)| > A},

and
o0

/ 10()] duels) < / / o) dodr = | f 1 @s).
R

0 §2

we can immediately conclude that the operator Tk, € B(L!'(R?), L1:>°(R?)), if one
has

Auts € R [W(go)(s)| > A} < / |go(s)] dpa(s), A >0. 2.7
R

To obtain the weak estimate (2.7), we will make use of the theory of general
C-Z singular integral on the homogeneous space (X, du) with a doubling measure j.
Indeed, in view of conclusions in Stein [28, p. 19, Theorem 1.3], it suffices to show
that the integral W (f) on the homogeneous space (R, r2dr) satisfies the following
two conditions:

(i)  there exist some g > 1 and A > 0 such that
IW (e ®aw < Alf lLe@aw. dp=r’dr;

(i)  the kernel K (s,r) = % of the integral operator W ( f), satisfies that

/ | K (s,r) — K(s,7)| du(s) < A < o0,
|s—r|>28

whenever |[r — 7| < § and § > 0.
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Firstly, let us check the condition (i). Indeed, let 1 < g < 3 then

2—2q dS

§—r

/ W (f)($)[9 dpus) = 47 / ‘ LGS
R

R |s—r|>1

< / IR dr = [ f 1 i
R

where in the second inequality above, we have used the weighted L4 estimates of the
truncated Hilbert transform on L (R, w(r)dr) with a Ag-weight w(r) = |r|>~27 due
tothe fact—1 <2—-2g <g—1lasl<gq < 3.

Next, we come to prove the condition (ii). Let § > O and |r — 7| < §. Then

/ (s 7) — K (s.7)] dpe(s)

|[s—r|>268
_ l / |X{|s—r|21} _ X{|s—r|>1} | ds
4 s—r s—r
[s—r|>26

< / (Kls=rizty  Xls=rizth) yo / (Kls=rlzty = Mls=7lz1) |
S —r S —r S —r
|s—r|>28 |s—r|>28

=141

Note that |[r — 7| < 6 and |s — r| > 24, which imply that |s — 7| > %|s — r|. Then

2|r —F| / ds
I< / ——ds <26 — =4,
[(s = r)(s —7)| ls —rf?

|s—r|>28 |s—r|>28
and
II < / Us—rlz1/2) = Xlls=rl=z1) ;o / Xls=Flz1) 5
- |s — 7| |s — 7|
|s—r|>28 1>|s—r|>268
ds
=< — + ds < 2.
|s — 7|
%5|s—f|<l [s—r|<1

Thus, condition (ii) holds. Hence, by summarizing above all arguments we can con-
clude the desired estimate (2.7), and then Tx € B(L!(R3), L1®°(R?)).
Finally, we observe that the kernel of Ty is given by

[yl 1 1 )

K(y,x)= _ _
O = 2000 (S T~ SRR T TR D
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The last two terms are equal to exactly K, and K3, respectively. The first term is

dominated by @. Hence, the same argument as above shows Tg € B(L!(R?),
L1°(R3)). [

3. Stationary formula and resolvent expansion at zero

3.1. The stationary formulas of wave operators

First of all, we observe that it suffices to deal with W_ since (1.1) implies W, f =

W_ f . The starting point is the following well-known stationary representation of W_
(see, e.g., Kuroda [23]):

Wo=1- %/PR;(A“)V(RJ(A“) — Ry (M%) da. (3.1
0

To explain the formula (3.1), we need to introduce some notations. Let
Ro(z) = (A —2)7", Ry(z2)=(H —z)"", zeC\[0,00),

be the resolvents of A2 and H = A% + V(x), respectively. We denote by RE (1),
R?,E (A) their boundary values (limiting resolvents) on (0, co0), namely

RE(A) = lim Ry(A % i RE) = lim Ry (A & i 2> 0.
o (V) lim oA £ie), RyQ) lim y(A £ie), A>

The existence of Ri () as bounded operators from L2(R?) to L2 (R?) with s > 1
follows from the limiting absorption principle for the resolvent (—A — z)™! of the

free Schrodinger operator —A (see, e.g., Agmon [1]) and the following equality:

Ro(z) = ﬁ((—A V)Tl = (A + V)™, ze€C\[0,00),Im+/Zz > 0.

This formula above also gives the explicit expressions of the kernels of R(j)E A):

1 Alx— A Fi(Alx —yl)
R(ﬂf()L“,x,y) - m(eimx Yl oA yl) — o (3.2)

where x, y € R? and F1(s) = s~ (e** — 7). The existence of Rlﬂ}(/\) forA >0
under our assumption of Theorem 1.2 has been also already shown (see, e.g., [1,23]).
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3.2. Resolvent asymptotic expansions near zero

This section is mainly devoted to the study of asymptotic behaviors of the resolvent
RIJE (A%) at low energy A — +0. We also prepare some elementary lemmas needed in
the proof of our main theorems.

We begin with recalling the symmetric resolvent formula for R‘:',: (A*). Letv(x) =
|V (x)|'/2 and U(x) = sgn V(x), that is U(x) = 1 if V(x) > 0 and U(x) = —1 if
V(x) <0.Let MX(X) = U + vRE¥(A*)v and (ME)~1 (1) := (ME)~L.

Lemma 3.1. For A > 0, M*(}) is invertible on L*(R>) and R#,E(/\“)V has the form
REAHV = REAHv(ME) (M. (3.3)

Proof. Due to the absence of embedded positive eigenvalue of H, it was well known
that M* (1) is invertible on L?(R3) for all A > O (see, e.g., Agmon [1] and
Kuroda [23]). Since V = vUv and 1 = U2, we have

REOHv = RE(Hv — REAH)vUvRE (A
= REAHv(1 + UvRE W)™
= REAYHv(U + vREQAHv) UL,

Multiplying Uv from the right, we obtain the desired formula for RIj,E AHV. n

Throughout the paper, we only use M T (1), so we write M(1) = M (1) for
simplicity. In order to obtain the asymptotic behaviors of R;,r()k“) near A = 0, we
need to establish the asymptotic expansion of M ~1(1), which plays a crucial role in
the paper. To this end, we introduce some notations. We say that an integral operator
Tk € B(L?(R?)) with the kernel K is absolutely bounded if Tix| € B(L*(R?)). Let

_ oo
C WV

81 8m

A +)[V]L (1 +D)|VI|2,

(,v)v, Q:=1-P.
(3.4)

Note that P is the orthogonal projection onto the span of v in L2(R?), i.e., PL? =
span{v}, and Q(v) = 0.

Lemma 3.2. Let H = A% + V(x) with |V(x)| < (x)™" for x € R3. If 0 is a regu-
lar point of H and ju > 11, then there exists Ay > 0 such that M~ (}) satisfies the
following asymptotic expansions on L*>(R?) for 0 < 1 < Ag:

M~ (X)) = Q460 + A(QA10 + Ag1 Q) + AP + A% 45 4 T3(R), (3.5)

where Ao, A1,0, Ao,1 and A, are A-independent bounded operators on L? and T'3())
are A-dependent bounded operators on L? such that all the operators in the right
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sides of (3.5) are absolutely bounded. Moreover, I'3()) satisfy that for £ = 0,1,2,3,
135 T3l L2 2 < CeA™E 0 <A < Ao, (3.6)

We remark that, in the regular case (i.e., zero is neither an eigenvalue nor a reso-
nance of H), the expansion of M ~!(1) at zero has been obtained with different error
terms in [9, 11, 16]. In Lemma 3.2 above, the expansion (3.5) contains more specific
and higher order terms at the cost of fast decay of V in order to study the endpoint
estimates of wave operators Wy here. For reader’s convenience, we give its simple
proof in Appendix A. Moreover, it should be pointed out that asymptotic expansions
of M~1(1) were also established in the presence of zero resonance or eigenvalue
in [9].

In the following we give some elementary but useful lemmas.

Lemma3.3. LetA > 0andx,y € R3. IfF € C'(Ry), then
1
FQlx— y)) = FQlx]) —A[<y,w(x — 6y)) F'(Ax — 6y]) do.
0

where F'(s) is the first order derivative of F(s), {-,-) denotes the inner product of R,
and w(x) = ﬁforx # 0and w(x) = 0 for x = 0.

Proof. Let Go(y) = F(A+y/e2 + |x — y|?), & # 0. Then G.(y) € C'(R3) for & # 0
and F(A|x — y|) = limg—o G¢(y). By Taylor’s expansions, we have

1
6. = GO + [ 3 @Gy de. G.7)

0 lal=1

Observe that

A (s — v
0y, Galy) = — LX) pro e R ), = 1,23,

(82 + |x — y|?)?

Since there exists a constants C = C(A, x, y) such that [(d,, G¢)(0y)| < C(i =1,2,3)
for0 <6 <1and0 < ¢ < 1, then by the Lebesgue dominated convergence theorem,
we have for x — 0y # 0,

1 1
—Alxi — Oy,
lim /(aycs)(ey) 6 :/(xf—yf)F/(Mx—eyD 46, j =123,
R X —6y]

0 0

and

1
111%/(3in8)(9” d9=0 (j =12.3)
0
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for x — 6y = 0. From Taylor expansions (3.7), we obtain that
1
F(Alx —y]) = F(A|x|) — /\/ F'(Alx = 0y))(y, w(x — 6y)) db. "
0

Below we apply Lemma 3.3 for the specific functions Fi(s) = s~!(eTs — ™)
to establish the following formulas used later.

Lemma 3.4. Let Q be the orthogonal projection defined in (3.4), A > 0 and F4(s) =
s~1(e®'S —e75). Then

(QuRT (A" f)(x)
1
_ —éQ(v(x)/ (/(x, w(y — 0x)) FOQly - 9x|)d0)f(y) dy)
R3 0
and
(RF 0 f)(x)

1

- ( [ EL 61~ 6yt~ o) de)v(y)(Qf)(y) dy,
R3

0

where Fil)(s) = 5s72((%is — 1)e™™S + (s 4+ 1)e™) denotes the first order derivative
of F+(s).

Remark 3.5. The above formulas for QuRE (A*) f and RE (A*)vQ f can be written
respectively as

0urg ) f = -0 [ hxf ay ),
R3
+14 1
REG400S = o [ h(hx (@) dy.
R3
where

1
he(h, x,y) = —v(x) / (x,w(y = 0x)) FLV(Aly — 0x]) d6,
0

1
he(h,x,y) = —v(y) [ (y, w(x — 0y)) FO(Alx - 6y]) d6.
0
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Moreover, we also notice that
he(A,x,y), hy(A,x,y) = Ox (1), A — 0.

Here, we use i1(A, x, y) = Oy y(A¥) to denote that |h(A, x, y)| < A¥ for fixed x, y.
Compared with the free resolvent |R6—L A" (x, y)] £ A7, such a gain of one order
power of A will be crucial to establish stronger point-wise estimates of integral kernels
related to W later.

Proof of Lemma 3.4. By (3.2) and applying Lemma 3.3 to F, we obtain

FL(Aly —x])
K0 = E20D )
1
Fi(AlyD) 1/ /
20— [y — 00) LGy — 0x1) df

0

Since Q(v) = 0, then it follows that
(QuRG (A% f)(x)
1
— 700 [ FGlyDray
R3

1

0o [ ([ rwe - omELaly - oxiyas) 1) av)

R3 0
1

- _éQ(v/ (/(x,w(y —0x))FL(Aly — 0x|) d9)f(y) dy)
R3

0

For R (A*)vQ f, by taking

1

FaGlx) 1 ,

REGx.p) = S50 = [ (e = 0} FLGL - 61 d.
0

the proof is analogous. u
Moreover, we also need to frequently use the following lemmas later.
Lemma 3.6. Let
Fi(s) =571 (e* —e™),

Asr(s) = eTSFi(s) and Bi(s) = eTSFi(s).
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Then for any £ € N, the following estimates hold:
FOOIs )™ s>0,
{4 I4 ——
AL @]+ 1B ()] < ()77 s >0,

where Ff)(s), Ag)(s) denote the L™ order derivative of Ff) (s), Agf) (), respectively.

Proof. We only prove the estimates of A (s) due to similarity. Firstly, we calculate
that
Ai(s) = S—Z((:I:is - D4+ (Gs+ 1)6(—1:Fi)s)_

For each £ € N, it follows by Leibniz’s rule that

L
|A$)(s)| < s_z_z((s + 1)+ Zske_s),
k=0
which gives
|A§f)(s)| <s ! fors>1.
Additionally, by Taylor’s expansion of (=13 we obtain

o]

Ax(s) =) (k+ 1—i)(—=1 Fi)**!
k=0

=

which gives A+ (s) € C*°(R). Hence, |A(jf)(s)| <s*t1fors>0and{ e N. [
Finally, we record the following well-known lemma, e.g., see [17, Lemma 3.8].

Lemma 3.7. Let a and B satisfy 0 < o <n < B. Then

4. The proof of Theorem 1.2

In this section we consider the proof of Theorem 1.2. The stationary formula (3.1) of
W_ is decomposed into the low and high energy parts as follows: fixed 1o > 0 small

enough, let y € C{°(R) be such that y = 1 on (—Az—" %) and supp y C [0, Ao].
We define
o
wt = / LPrORFAHV(RS Y — Ry (AY)) d A, 4.1
0
o
wH = /13(1 — X)RFAHV(R (A1) = Ry (A1) d .
0
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Then W_ =1 — % (WL + WH) In view of the decomposition, it suffices to estimate

WH and WL, separately. Indeed, in the work [16, Proposition 4.1], it has been proved

that high energy part W# is bounded on L?(R3) for all 1 < p < oo with the decay

rate 1 > 5 for V(x). Hence, it only remains to deal with the low energy part WL,
Now, we will prove the following conclusion.

Theorem 4.1. Under the assumption in Theorem 1.2, the low energy part W* defined
by (4.1) satisfies the same statement as that in Theorem 1.2.

Throughout this section, we thus always assume that |V (x)| < (x) ™" with u > 11
and zero is a regular point of H. Substituting the expansion (3.5) into (3.3), if 0 <
A < Ao, then we have

RYAHYV = RF(AH{QA00 4+ A(QA10 + A010) + AP + A2 A5 + T3(A)}v.
Hence, WL can be written as follows:
WE =Tgy + Tk, o + Toy + Tkp + Tks + Tks. (4.2)

where the kernels of six operators in the right side of the (4.2) are given by the fol-
lowing integrals:

Ko(x.y) = / 22 )(REAHv0 40 0u(RE — Ry)AD)(x.y) A (43a)
1]
Kio(x.y) = / A (RE )00 A1 0v(RE — R)AH)(x.y) dA.  (4.3b)
0

Koa(x.y) = / A (RE (vdos Qu(RY — R)GH)(xay) dd,  (430)
0

Kp(x,y) = / A (R AHvPu(RE — Ry)(AH))(x, y) d A, (4.3d)
0

Ks(x,y) = / AW (R AHvAv(RE — Ry)(AY))(x, y) dA, (4.3e)
0

K3(x,y) = /A3x(k)(RJ(k4)vF3(k)v(RJ — Ry)AH)(x.y) dA. (4.31)
0

In view of this formula (4.2) for WL, Theorem 4.1 follows from the corresponding
boundedness of these six integral operators. By virtue of Lemma 3.4 and Remark 3.5,
the six operators TKj Tkp. Tk; , are classified into the following three cases.
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Class 1. Tk,. Tk, o- Tko.» Tk,. where all integrands can be dominated by CA?
for fixed x, y in their corresponding kernel integrals (4.3). (For short, we may set
Ox.,y(23) below).

Class 1. Tk, with Oy ,(A?).
Class IIL. Tk, with Oy, (A%).

In particular, all the six operators above are in fact well-defined integral operators.
Note that, since |v(x)| < (x)_“/2 with © > 11, we have

k k k2
[(x) vBu(x)" fllL1@wsy = {x) vl Bll2s 2]l fllLee

k
S Vil eey I f oo ®3):

for all B = QA40Q, QA10, A01Q. P, Ay, T3(A), and k < £32. Hence, in all

cases, (x)k vBv (x)k is an absolutely bounded integral operator for any k < 3 at least,
satisfying

/ ()| WBv)(x, () dx dy < 1)V |1 gy < 00, (4.4)
]R6
where we use the notation (vBv)(x, y) = v(x)B(x, y)v(y).

Now, let us finish the proof of Theorem 4.1 in the following three propositions
corresponding to the three classes I-III above.

Proposition 4.2. Let K € {Ko. K1.0. Ko.1. K2}. Then Tx € B(LP) forall 1 < p < co.

Proof. All the kernels Koy, Kj,0, Ko,1, and K5 can be written as the difference of the
following two kernels

Ka(roy) i= [ 2570 100 (RS (140 QuBOsuRE (1) (x. ) d2.
0

with some B € B(L?) so that Qo BQ g is absolutely bounded, where we set 01 = Q,
Qo = I (the identity) and

(1,1) for K = Ky,
(1,0) for K = K9,
(0,1) for K = Ko 1,
(0,0) for K = K.

(a.B) =

Then we shall show T+ satisfies the desired assertion for all pairs (o, f) above. To

aB
this end, we consider two cases i) a = 8 =1, (1)) 8 =0ora = 0.
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Case (i). By Lemma 3.4 and Remark 3.5, we can rewrite K 1i1 as follows:

K (r9) = — / 2x0( [ 31004000 1% duy ) di, @9
R()
where

1

3 = /(ul,w(x—elul))F(l)()le—01u1|)d91,
0
1

%, = / (2. w(y — O3u2)) FOQLly — Baual) 6.
0

and Fil)(s) is the first order derivative of Fi(s) = s~ (e’ —e™), (-,-) denotes the
inner product of R3, and w(x) = |§—| for x # 0 and w(x) = 0 for x = 0.
By changing the order of integrals in (4.5), then it follows that

|K35(x, p)| < / (I o) QA0 Q) (u1, uz)||uz|v(uz))

R6x[0,1]2

641

x fﬁx(x)Ff)(Mx — 001 ) FLO (Aly — Oauz|) dA| du db,

where (1, 0) = (u1,us,0;,60;) € R® x [0, 1]%.

Let
+ _ 3 1) (1) 3
G“(X,Y)_/)L AOFOAUXDFO QY )dA,  X.Y e R?,
Then
K (x. )
< / (11 (vQ A0 Qv) (a1 u2) [z ))| G (6 — Buutr. y — Byuuz)| dlu d.
R6x[0,1]2

(4.6)

Denote by T, + the integral operator associated with G 1(x, y). Then, by (4.4)
and (4.6), Mmkowskl s inequality, and the translation invariance of L”-norm, we can
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reduce the LP-boundedness of TKi to the L?-boundedness of TGi based on the
11 11
following inequality:

2
1Tt lzr—rr < WXV 1QA0 QN2 21 T ILr 2. 1= p =00

Indeed, to establish the L”-boundedness of T, & for all 1 < p < oo, by Proposi-
tion 2.2 it suffices to prove that G1 1(x, ) satlsﬁes the following point-wise estimate:

G35 e )] S minf() )X E DT (£ DY xy e R @D

Now, we rewrite Gli1 (x, ¥) as an oscillatory integral,
o0

Gii(x.y) = / Pxe*FED AL QDAL AlyDdA, x.y R (48)
0

where
Ax(s) 1= ¢TI FD (5) = s72((is — 1) + (s + DeT1Fs),

which by Lemma 3.6, satisfies the following estimates:
AP < ()7 5>0,LeN,. (4.9)

To estimate the integral (4.8), we decompose y by using the dyadic partition of unity
{@n} defined in Section 1.4, as

A = me) INQ) = x(Den (), A >0,

where Ny < log Ao < —1 since supp y C [—Ao, Ao]- Then we decompose

No

TR / P G x = 3B )

N=—00 0

where
Uy (A, x,y) =2 in (W) AL A|x)) AL (A]y]).

Note that supp 75 C [2¥~2,2¥] and
5 av ) <27V LeN,. (4.10)
Hence, by Leibniz’s formula, (4.9), and (4.10), we have

|05 WN (A, x, )| S 267NN xRNy ke N
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Thus, by k-times integration by parts for Eﬁ (x, y), it follows that
|Ex (e )| S 2479V x| £ [y @Y )T Yy keNo, (41D

which leads to the following estimates for N < Nj:

22N
by k = 0 of (4.11);
{(x)()
2N 1
|ES(x,y)| < by k = 1,3 of (4.11);
N 1422V (|x| & [y )2 (x)(2)1x] £ |yl
N
2 1
by k = 3,5 of (4.11).

L4+ 22N (x| £ [yD? [lx] + [y]]?

So, we get that

)
1

) (el £ [y
1

(x| = [yh*

No
G0 = D IEF(x. )] S

N=—00

(4.12)

Therefore, we have

Gt 1 . ! R
G % 7 =M G E e G2

if ||x| & |y|| < 1. On the other hand, if ||x| & |y|| > 1, then it is clear from (4.12)
again that

+ 1 ! :
G < min Ey ST T

Thus, we obtain the desired estimate (4.7).

Case (ii). Let @ = 0 or B = 0. As in case (i), it similarly follows from (3.2) and
Lemma 3.4 that
IKE(x, )] < / (11110 Qa BOv) a1, 102) 021
ROX[0,1)7 X |Gap (x = O1ur.,y — Oauz)| du d),
where («, 8) = (1,0), (0, 1), (0, 0), and
o0

GL(X.Y) = /AS—“—ﬂX(A)Ff)(MX|)ij)(/\|Y|) dr, XY eR3.
0
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Then, by using the same arguments as above, we can obtain the same estimate (4.7)
as for G;tﬂ and then the same L?-boundedness of T+ for all 1 < p < oco. Hence,
this completes the proof of Proposition 4.2. o |

Next, we consider the operator Tk, in the class (III).

Proposition 4.3. The operator Tk, satisfies the same statement as that in Proposi-
tion 4.2.

Proof. We show that |K3(x, y)| < (x)" (») " (|x| = |y])~2~? for some § > 0, which,
together with Lemmas 2.1 and Proposition 2.2, implies the desired assertion. The
proof is more involved than in the previous case since I'3(A) depends on A.

As before, based on the free resolvent formula 3.2, we can write that

K3(x,y) = //\3)((?0(R(J{(?t“)vfz,(?t)v(R(J)r — Ry)(AH)(x.y) dA,
0

:/,\4X(A)(/F+(k|x—u1|)f‘(/\,u1,uz)
0 Re x (Fi — F_)My — ua|) dus duz) dx,
= (KF (x,y) — K5 (x.y)),

where we set

- 1
IF'A,up,up) = m(vf‘g(l)v)(ul,uz) for A > 0.
Let
OE(x, y,ur,uz) = (|x —ur| — |x]) £ (|y —ua| = [¥)).
Then
o0
KE(x.y) = / MDD A4y G)bE (A x. y)d A
0
where
bE(A. x,y)
= f MU B () x — uy N T (A, w1, u2) B (A]y — wa|)duydus,
]R6
and

Bi(s) = eTFy(s) = s~ (1 — e1FD9),
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Firstly, using Leibniz formula, (3.6), Lemma 3.6, and Lemma 3.7, it follows that

1856% (4, x, y)|

e [PV NI [ @) V), \?
<4 (/ = d’“) (/ =P d’”)
R3

]R3
<A 07T (4.13)

for0 <A <1,x,yeR3and{ = 0,1,2,3. Next, to deal with K;t, we decompose y,
by using the dyadic partition of unity {¢x } defined in Section 1.4, as

No
AR =D FIn). In) = x(Mex(A), A >0,

N=—o00

where Ny < logio < —1, supp fn C [2V72,2V], and |8ﬁ)ZN()L)| < C27 Nt for all
£ € Np. Let K3iN be given by K;t with y replaced by ¥y and decompose K3i as

+ _ +
Ki = ZKM,.
N<Nyp

Since A ~ 2" on supp 7, we know by (4.13) that

Ky (r )] < 22V ()71 (3) 7! / a2 <2V ()7 )l xy € B2
supp X N

In particular, if ||x| & |y|| < 1, then
K5y (e )] S 22 ) T ) T e £ 1y 3

On the other hand, if ||x| & |y|| > 1, then we obtain by integrating by parts that

/eik(lxiyl)ai(A4XN(k)bi()t,x,Y)) dA.
0

i
Kiy(x,y)=——
) = )

Then (4.10), (4.13), and the support property of yx imply

N

[K3n (e ]S )7 ) T e £ [y 327N / dA

2N—-2
ST N x £ )
as ||x| £ |y|| > 1. Therefore, K3iN(x,y) satisfies

Ky @] S ()7 ()7 min{23Y (x| £ [y))7)
S 2V ) T £ 1y 0 eo.1].



Counterexamples and weak (1, 1) estimates of wave operators 1435

In particular, for instance, taking 6 = %, then we obtain

K5 (e )] S 007 007 x5 302 < () ) T (e £ [y
N=<Nyp

Therefore, the desired result follows by Lemma 2.1 and Proposition 2.2. [

Finally, we deal with the class (II), namely the operator Tk, . First recall that

87 1

pP=—— " _p P=—"
(L+ DV VL

(-, v)v.

Proposition4.4. Let 1 < p < co. Then Tk, € B(L'(R?), L1:>°(R3)) N B(L?(R3)).
Remark 4.5. It will be proved in Section 5 that Tk, ¢ B(L*®(R3)) U B(L!(R?)).

Proof of Proposition 4.4. By using (3.2) we first calculate that

Kp(x,y) = /14 (M(Rg AHvPu(RS — Ry) (X)) (x, y)d A

(1+ l)IIVIIL

(o)

1
- 225 (A
8x(1+ )|V 0/ x4

X (/F+()t|x—u1|)(vPv)(u1,u2)

RO

X (Fy — F2)(Ay —uz|) duy duz) dA,

where Fi(s) = s~ (e —e™) and (Fy — F_)(s) = s~ 1(e'S — e71%).
Note that

v (u1)v?(u2)

Vi , (Ul,uz)GRG-
L

(WPv)(uy,uz) =

Hence, we can rewrite Kp(x, y) as

KP(x9y)

1 v (u1)v? (u2) iAx—up| _ —Alx—uy]
= &+ DIV, /()(/|x wnlly — izl e

x (e'Mymuzl _ pmidlyualy gy duz) dx.
(4.14)
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Letz = x —u;y and w = y — up. Then
(e M7] — oAzl (iAlw] _ p—idlul)

= i Azl+IwD _ pid(lzl=lwh) _ ,=Adzl=ilwD) 4 p=Adzl+ilw])
So we can decompose Kp (x, y) as follows:

KP(X’Y) =

1
Kl 5 _K2 5 _K3 5 K4 5 5
87‘[(1+i)||V||1241( px.y) p(x,y) p(x,y) + Kp(x,))

(4.15)

where

2(“1)” (u2)

K
px.7) = * =1Ly — ]

V)VIW2) i 2D gy duz) .

|x —ur|]ly —uz|

2(”1)“ (u2)

Kz (x,
p(x.7) CEIEN

[«n(
< 2

K3(x.y) = / )((A)( VU0 i y-ab gy, duz) dx,
0
/ ( oMl l=ily—uah gy, duz) i
0

K;‘,(x,y) /X(A)(/| vZ(u1)v?(uz) o= A(x—u [ +ily—uz)) dulduz) Y

x—ullly—uzl

In the following, we will estimate these kernels K {, (x,y) (G =1,2,3,4) case by
case. We only deal with the K }, (x, y) due to similarity. For this end, let

Uz(ul)vz(uz)

|x —uy|ly —uz|
6

vi(h,x,y) = ei/l((lx—ul|—|x|)+(|y—u2|—|y|))du1du2' (4.16)
Then, we obtain

o]

Kb(x.y) = / YD )y (A, x. y)d A
0
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By integration by parts, it follows that

Kp(x,y)
- ! [ iA x|+ )
= ——| —¥1(0,x,y) — d di
i(|x|+|y|)( V10.x.7) O/e 2 ()
CiOxy)  haOxy) 1 f

/e"“'x'HY')ai(wl)dA.
0

ixl+1yD  (x[+1D?  (x[+1yD)?
(4.17)

By using (4.16), Lemma 3.7 and the decay condition of potential V', we have

[y (A, x, )| + 3291k, x, p)| + ‘ [ D2 () dx\
0

(u1)?v%(uy) )( (u2)?v%(u2) ) 1
S(R/ r—uy M R/ vl )0y

Therefore, (4.17) implies that

H 2 2
Kl(x.y) = i ( L CIVUR(CEV d) 0 1 ’
P = iU el 9) O G )

R

where we use h(x, y) = O(g(x, y)) to denote |h(x, y)| < |g(x, y)|. Similarly, we
obtain that
v?(u1)v?(uz)

(Ix] = Iyl)( [x —uslly —uz
RO

K},(x,y) = du, duz)

(=)
() () (x| = lyD?
1 ( v2(ur)v?(us)

=i\ =y =l

+0

K%(x,y) = duy duz)

R

1
+ (o)

4 _ 1 v* (1) v (uz)
Kpe D = +i|y|([ |

X —ul|ly —us|
R

du1 duz)

1
+ (o o)
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Therefore, by (4.15) it follows that

1+ v2(u)v?(uz) x|?[y]
D) du1 dU2 a4
4 ||V 117, e lx —url|y —uaf [x[* =¥l

KP(x’y) = -

1
+ 0 .
((X)(y)(IXI - Iyl)2>
By (4.14) and Lemma 3.7, we also have

vZ(up)v?(u 1
|Kp(x,y)|§/%dul du2§m for all (x,y)eR3xR3.
RO

Hence, we can finally write Kp (x, y) into the following form:

_ (49 X1 Xl 1y1121) 1
Kpte.) = 2260 (LR 90+ O (=)

(4.18)

where

600 = ([ 1) 4,)
R

Vio \J =l

Note that |G (x)| < |x|{x) ™" < 0o by Lemma 3.7. Then Propositions 2.2 and 2.4 imply
that Tk, Tg, € B(L', L"*°) N B(LP) forall 1 < p < oo. ]

In one word, putting Propositions 4.2—4.4 all together, we have finished the proof
of Theorem 4.1.

Remark 4.6. Although the expression of Kp(x, y) in (4.18) is suitable to show
the weak L!-boundedness (i.e., Tk, € B(L!, L)), however it is ineffective to
disprove the L!-L! and L>°-L* boundedness of Tk . This is because the second
part of (4.18) just represents a kernel form satisfying weak L!-estimate but lacks
specificity. In Section 5 we will employ alternative formula for Kp (x, y) to show
Tk, ¢ B(L>(R3)) UB(L!(R?)) assuming that V has compact support.

5. The proof of Theorem 1.1

This section is devoted to showing Theorem 1.1. Throughout the section, we assume
that V' £ 0, supp V C B(0, Ry) for some Ry > 0, zero is a regular point of H and H
has no embedded eigenvalues in (0, 00), where B(0, R) = {x € R |x| < R}.
Recall that W_ =T — %( WL + WH) Except for Tk, , all the other terms in WX
in the right side of (4.2) and the high-energy part W are bounded on L?(R?) for all
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1 < p < oo by Propositions 4.2 and 4.3, and [16, Proposition 4.1]. Theorem 1.1 thus
follows from the following proposition.

Proposition 5.1. Let fr = xp(o,r)- Then | Txp fR| o3y = 00 as R — oo, and
Tkp /1 ¢ LY(R3). As a consequence, Tk, is neither bounded on L™ (R3) nor on
L'(R3).

To prove Proposition 5.1, we begin with the following lemma which gives another
expression of Kp(x, y).

Lemma 5.2. Let Kp(x, y) be the kernel of the operator Tk, defined in (4.2). Then

Kp(x,y) =G(x,y) + F(x,y),

where
X = ua | X e—uy I~ ly—ual> 1}
G V(u)V duy dusy,
(r.y) = IVIIL1/| (e0) V()| P S E iy ey
1
F(x,y) = Vv Vv W(x —uqy,y— duy dus,
(0 = G, ] Ve ) du d
6

and V(z,w) is an admissible kernel on R3 x R3 such that Ty is bounded on L? (R3)
forall 1 < p < o0o. As a consequence, Tr € B(L?(R?)) for each 1 < p < cc.

Proof. Recall that v = /|V|. By (4.14), we can write

1 ~
Kp(x,y) = - /|V(u1)V(u2)|Kp(x—u1,y—uz)dulduz,
8”(1+l)”V||il g
where
w Mzl _ =AMzl idw] _ —iAlw]|
~ e — e e — e
Kp(z,w) :/X(A)< = )( m )dA. 5.1)
0
We set

~ 4i|z — >
Wew) = Rp(zow) + =y,
21— ]

so that Kp(x,y) = G(x,y) + F(x, y) as expressed above. If Ty € B(L?(R?)) for
all I < p < oo, then Minkowski’s integral inequality and the invariance of L#-norm
under the translation yield

1
Tr|lLr—Lr < Tyl|lLr—Lr.
1T |Lr— V3 1 TwllLr—
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By virtue of Schur’s test, it thus suffices to show that W is an admissible kernel on
R3 x R3, that is,

sup | |V(z,w)|dw + sup / W (z,w)|dz < oo. (5.2)
R3

zeR3 weR3
R3
To this end, we write ¥ = W; + W,, where

Wy (z,w) = Kp (2, W) 1{z/-wl|<1}-
4i|z|

Wy (z,w) = (EP(Z,w) + m

)X{IIZ\—IwHZI}‘

We first deal with ;. Since

e—S

+is _ 1
Fe@l = || s min{1, -},
N S

it follows from (5.1) that

[Kp(z,w)| < fAZX(A)|F+(A|z|)||(F+—F_)(A|w|)|d/\
0

. 1 1 1
< mm{l, — —}
[z[" Jw| " |z[|w]

Using the bound | Kp (z, w)| < 1, we obtain

sup / Wy (z,w)| dw < sup dw < oo.
lz|<1 lz|<1
3 llz|—|wll<1

When |z| > 1, using the bound |Kp (z, w)| < |z|~!w|™!, we have

1 1
sup [ |¥i(z,w)|dw < sup (— / dw)

wl

jzI>1 FEANE
3 Z141 [lz|—lwl|<1
z
1
< sup | — rdr) < oo.
iz1>1\ 2]
|z]—1

Thus,

zeR3

sup /|\D1(z, w)| dw < oo. (5.3)
R3
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The same argument also shows

weR3

sup / |W1(z,w)| dz < oc. (5.4)
R3

To deal with W, integrating by parts in (5.1) yields

o0
~ 1 . . .
Rp(zouw) = o [ (@8] = ey @il — vl ya
|z[|w]
0
1 ( 1 n 1 n 1 1 )
lzllwl\ izl + [wh izl = lwD 2zl +iw] |z —iw]
1 T, eirlzl+lwh  id(zl-lw])
S
lzllwl A izl 4w idz] = w))
oAzl +ilwl) e—x(|z|—i|w>) o
— = . X Q)dA.
Izl +ilw]  |z] —i|w]
Since
1 1 1 1 1 —4i|z|
(- + - o ) =
lz[lwlX izl + [wh izl —lwh 2zl +ilw] 2z —ilw]) o [z]* = [w]
we find
o
Azl +lw)  piAlzl—lw)
Wy (z, w) = Hllz-lwliz1 /(— ° +
lzllwl SN izl wD iz = fwD)

oMzl +ilwl)  p=Adlzl=ilw])

lz| + iw] 2] — ifw]

) Y dr. (5.5

Using this expression, we shall show that

|Z|_1|w|_1(|z| — |w|)_N for all (z, w) € supp ¥,
_N . 1
2z, w)| < Cy 1 ) ithwl =3, (5.6)
1
-N .
f < -,
(w) if 2] < 5
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which implies

z€R3

sup /|‘112(Z,w)|dw
R3

< sup /|\If2(z,w)|dw+ sup ( + / )|\I—'2(z,w)|dw

=125 P2 g2 i
< sup [(w)_Ndu)

lz|<1/2

R3
1y, -1 -N
+ Sup( / ldw + / Iz]7Hw|" {|z] — |w|) dw)<oo
z|>1/2
wi=1/2 (e

and similarly
sup /|‘~I!2(z,w)|dz < 00.
R3

weR3

These two bounds, (5.3), and (5.4) imply (5.2).

It remains to show (5.6). To prove the first estimate in (5.6), we observe that, since
x' is compactly supported in (0, 00), if we integrate by parts the integral in (5.5), then
the boundary terms at A = 0, oo vanish identically. Taking into account this fact and
the bounds

llzl £ Jwl| = |lz] = [w[| = 1. [lz| £ ifw[| = [|z] = |w|| = 1.  onsupp ¥,
we make use of integration by parts N times to obtain
1y, - - -1y, - -N
[Wa(z, w)| < Cwlz ™ w7zl = [wl|™ < Cw 27wl ™ (2] = [w]) ™.

For the second estimate in (5.6), using the formula
e/l(a-i-b) el(a—b)

at+hb a—b

A et -1 A e 2 )

=bka _ _
¢ (a—l—b b a—b b a2 — 2

with (a, b) = (i|z|, —i|w|) or (—|z]|, i|w|), we rewrite the integrand of W, as

x'(A) (el(iIZI—ilw) eAlzl+ilwl)  SA=lzI+H W) pA =]zl w])

S

ZlwlNilz] = ifw] izl +ilw] oz +ifw] |z =i w]
_eml( AYA) el Ay el —1 2iy'() )
2l Nzl =idfwl o Afw] iz +ilwl Alw] 22 = |w[?

e_)”Z'( AY) el Ay () Al 2;‘;(’(/\))

2] N=lz[ +iw]  Afw El+ilwl Awl 2P+ Jw]?
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Since for any £ > 0 there exists C; such that for any A > 0 and w with |w| < %

Fidlw| _

e 1

¥ (——— ‘<C, £=0,1,2,...,
)’1( Alw| ) =t

with the bound |z| > % under the restrictions ||z| — |w|| > 1 and |w| < % at hand, we
obtain the second estimate in (5.6) by integrating by parts N times in (5.5). Changing
the role of z and w, we also obtain the third estimate in (5.6) by the same argument. m

Proof of Proposition 5.1. By Lemma 5.2, Ty € B(L?(R?)) forall 1 < p < oo. To
disprove the L!- and L*°- boundedness of Tk, it thus is enough to prove Tg ¢
B(L'(R3)) UB(L*®(R?)). Let

X —u1] x{lx—uy |~ ly—upl>1}
CI’(111,142,)5)=/ Ix —ur* = |y — us* dy

[¥I=R

be such that

Te fa(x) = W / V)V (2| S 1z, Odurdia. (5.7)
L1

(1) The unboundedness of Tg on L*°. Suppose R > 1 and R + 2Ry + 1 < |x| <
R + 2Ry + 2. We shall claim that

R—R())

d?(ul,uz,x) ln(l + m
0

(5.8)

uniformly for u,us € B(0, Ry) if R is large enough. If (5.8) holds, then by (5.7) we
obtain

Te fr ()| = m/ V)V (u2)|B 1 2. ) dy s

> 1 (1+ R_R°)

——1In — ).

T 42 2Ry +1

This implies that || Tg fr||zec — 0o as R — oo and thus Tg ¢ B(L*(R3)) since

| fRllL = 1.
To prove (5.8), we let |uq| < Ry, |u2] < Rp and set z = y — u, so that

| — w1 X{ix—uy|—lzlI=1} dz.

D(uy, uz, x) = Ix —up* = |z]*

|z4+us|<R
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Since |x —up| = |x|—|ui| =R+ Ro+ 1> |z| + 1if |z + uz| < R, we have

X{|lx—uy|-|z|l=1} = 1 and

|x —uq]
D(uq,uz,x) = / _——dz
|x —ug|* —|z]*
|z4+u>2|<R
X —U
> / Adz
|x —ug|*—|z[*
[z|<R—Ro
R—Ro

_ 2
[,

lx —uyg|* —r?

R—Ro ! !
=2 — - d
i / 8 ”1'(|x—u1|2—r2 |x—u1|2+r2) '
0
R—RO
[x—uql
1 1
> 21 / ds —271/ ds
1 —s2 1+ 52
0 R
2(R — Ro) 2
- 1(1 — 22, 5.9
T +|x—u1|—R+R0) d (5:9)

Since |x —u;| — R + Ro < 4Ry + 2, by the monotonicity of In(1 + 1), (5.9) hence
implies (5.8) for sufficiently large R.

(ii) The unboundedness of Tg on L'. Let |x| > 3Rg + 2, |u1| < Ry, |uz| < Ry and
|y| < 1. Then

|x —up| = [x| = [u1] = 2Ro +2 > 2|y —uz,
which implies
1
lx —up| — |y —ua| Z§|X—M1| >Ro+1>1.
Hence, when |x| > 3Ro + 2,

|Te f1(x)| = u1)V(uz)|

iz
V(
2
227 VIE, S

|x —up|
dy ) du; d
X( / |X—741|4—|J’—Mz|4 Y Hai

lyI=<1




Counterexamples and weak (1, 1) estimates of wave operators 1445
Since |x —u|* — [y —uz|* < |x —uy|* and |x —uy| < |x| + Ju1| < |x|, this shows

TG f1l dx

[x|<R

2

/ V)V (o)
]R6

V17,

|x —uq|

X ( / / 2 4dydx) duy du,
lx —up|* = |y —uz|
3Ro+2<|x|<R |y|<1

1 |4 |4
> . / / |V(uy) (M32)| dx duy du,
VI lx —uy
R6 3Ro+2<|x|<R

1
> / —dx 2 ln<—> — 00
|)€|3 3R0 +2

3Ro+2=<|x|<R

as R — oo. Therefore, T f1 ¢ L'(R3) and Tg ¢ B(L!(R?)) since f; € L'(R?). m

A. Proof of Lemma 3.2

We prove Lemma 3.2 on the expansion of M ~!(1) near A = 0 in regular case. Before
the proof, we list the following lemma used in the proof.

Lemma A.1 ([19, Lemma 2.1]). Let A be a closed operator and S be a projection.
Suppose A + S has a bounded inverse. Then A has a bounded inverse if and only if

a:=S—-S(A+ S!S
has a bounded inverse in SH, and in this case
A=A+ + A+ S Sa s+ 85)7.

Proof of Lemma 3.2. Firstly, we expand M(A) as follows for small A by Taylor
expanding the exponentials in Fy (A|x — y|) = (A|x — y|) 71 (! AX—¥D — o =@Alx=yDy.

M) =U + vRf A*)v = %P + T 4+ a1 AvGrv + O(A3v(x)|x — y|*v(»)),

where
T =U + vGov, G0=—|x8;y|, G1(x,y)=|x—Y|2,
1+ 1—1i
= Vv 5 = ) = 4 ’
@ =g Wl ar =g v=vIvi
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and where O(A3v(x)|x — y|*v(y)) denotes a A-dependent absolutely bounded oper-
ator whose kernel is dominated by CA3v(x)|x — y|*v(y) for some C > 0. Next, we
are devoted to obtaining (3.5). Write

M) = %(P 4 %T + Z—lxszlv + O(A*v(x)|x — y|4v(y))> - %1\7[(/\).

Clearly, it suffices to establish the inverse of M (1) in order to obtain M (1) for
small A. For convenience, in the following, we also use O(A¥) as an absolutely
bounded operator on L2(R?3), whose bound is dominated by C A¥.

Note that by Neumann series expansion, the operator M(1) + O is inverse for A
sufficiently small, and its inverse operator is given by

3
M)+ Q)" =1-> 2B +00%,
k=1

where By (1 < k < 3) are absolutely bounded operators in L2(R?) as follows:

1 a 1 a 1
By =-T, By=—vGyw——T? Bs=-—(TvG +vGT)+ —T>
a a a a a

Let
M) :=0-0MM)+ Q)"0
= %(QTQ +aA0B>0Q +ar*QB30 + 0(A%)) == %IVII(A).

Since zero is a regular point of H., i.e., QTQ is invertible on QL2(R3), then M; (1)
is invertible on QL?(R?). By Neumann series expansion, as A sufficiently small, one
has on QL2(R3):

a
A
- %DO — 42Dy B, Do + A(a® Do(B, Do)? — a* Do B3 Do) + O(A2).

M7'() = —M7' (V)

where Dy := (QTQ)~!. Thus, according to Lemma A.1, the inverse operator M! 1)
exists for sufficiently small A, and

M~ () = (M(Q) + 0)7 + (MQ) + 0)7 oM (W) QM () + 0)~".
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Hence, we finally obtain as sufficiently small A,

A~
M7t = EM_I(?L) = Dy
1 1 1 1,
+ A(—Q — =DoT — ~TDy + ~DoT? Dy — alDolevDo)
a a a a
1
+ —AP + X124, + 0(A3)
a
= QA00 +A(QA10+ A0,10) + AP + 224, 4+ T3 (M),

where Ag, 41,0, Ao,1, and A, are absolutely bounded operators on L2(R?) indepen-
dent of A4, and the error term ['3(1) satisfies the desired bounds (3.6). So we complete
the whole proof. ]
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