J. Fractal Geom. 11 (2024), 397-421 © 2024 European Mathematical Society
DOI 10.4171/JFG/153 Published by EMS Press
This work is licensed under a CC BY 4.0 license

The packing measure of the linear Gauss system

Rafat Tryniecki

Abstract. For every k € N, let fx : [%H, %] — [0, 1] be decreasing, linear functions such
that fk(ﬁ) =1and fk(%) =0,k =1,2,.... We define the iterated function system Sy
by limiting the collection of functions f to first n, meaning S, = { f }} ;. Let J, denote the
limit set of S;,. Then, ngmoo Pn, (Jn) = 2, where h,, is the packing dimension of J, and 5,
is the corresponding packing measure.

1. Introduction

Let gx(x) = pgx + by, (k =1,2,...,m) be a collection of linear contractions defined
on the interval [0, 1] and such that g4 ([0, 1]) C [0, 1]. Assume additionally that this
collection satisfies the Open Set Condition (OSC; defined in Definition 2.9). It is
well known that the packing dimension of the limit set (defined as in Definition 2.2)
is equal to «, the unique positive solution of the implicit equation Yy, g =1
the a-dimensional packing measure #,(K) and the o-dimensional Hausdorff mea-
sure H“(K) are both finite and positive. In 1999 E. Ayer and R. S. Strichartz [1]
provided an algorithm for calculating the Hausdorff measure of the limit set of the
iterated function system (IFS) consisting of maps gx. In 2003 D. Feng [4] provided
similar formula for the packing measure in the same setup.

On the other hand, let f : [k+r1’ %] — [0,1], fe(x) =¢{ %} define the well-known
Gauss map. Then, let g : [0, 1] — [ﬁ, %] be a collection of inverse maps gy = fk_l.
For each, we define an IFS S, consisting of the maps g, k = 1,...,n. Let J, be the
Julia set (limit set) generated by S,. The asymptotics of the Hausdorff dimension
of J, was estimated first in 1929 by V. Jarnik [6], and then more precisely in 1992
by Doug Hensley [5]. In 2016 Mariusz Urbariski and Anna Zdunik in [9] proved
using Hensley’s result, which states that for the previously mentioned sets, we have
continuity of the Hausdorff measure in the Hausdorff dimension, meaning

lim Hy, (J,) = 1,
n—>oo
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where Hj, denotes the numerical value of Hausdorff measure in dimension /. In this
paper, we combine these two ideas by considering linear, decreasing functions

fk(k—1|-1) =1 and f"(%) =0

and their inverses g = fk_l. Then, we define an IFS S, consisting of the maps gy,

k =1,...,n. Let J, be the limit set generated by S,. We prove that the packing
measure is continuous, meaning

Theorem 5.16. Let S, be the IFS defined in Definition 2.1. Then,
lim P, (Jn) =2,
n—odo

where J,, is the limit set of the IFS S, and Py denotes packing measure in packing
dimension h.

The proof splits into two main parts: one is to estimate the packing measure from
below, which is done in Section 4. This is the easier part of the proof. Then, in Sec-
tion 5 we estimate the lower limit of the n-th density (see Definition 2.15) on different
families of sets: starting with sets of the form [0, r] and slowly expanding families up
to a point from which we can conclude that the lower limit of the n-th density on all
subintervals of [0, 1] centered at J, is at least %

2. Notation and definitions

Let fr(x) : [k—}rl, %] — [0, 1] for k € {1,2,...} be a linear analogue of the Gauss
map, that is, a linear, decreasing function such that

k)= wo () =o

Definition 2.1. An IFS S, is defined by limiting the collection of functions f} to the
first n, meaning S, = { fi }3 ;-

By g we will denote the inverse map fk_l.

Notation 2.2. By J, we will denote the limit set created by the IFS Sy,

oo

Jn = m U 8q1 ©8g, 0" ogtn([O’ 1])

I=1q41,92,....q:€{1,2,....n}

Definition 2.3. The §-packing of a given set £ C R” is a countable family of pairwise
disjoint closed balls of radii at most § and with centers in E.
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Now, we will formulate the classic definition of the packing measure, which can
be found in [7, Definition 5.10]. For s > 0, the s-dimensional packing premeasure
of E is defined as follows:

Definition 2.4.
PsPremeasurc(E) — sinf {Pg} ,
>0

where P§' = sup{} p.cx |Bi|* : R is a § — packing of E} and |B;| denotes the diam-
eter of B;.

Definition 2.5. The s-dimensional packing measure of E is defined as
o0 o0
Ps(E) = inf{z prremesie (g E C U Ei}.
i=1 i=1

Definition 2.6. The packing dimension of E is by definition the quantity
dimp (E) := inf{s > 0: Ps(E) = 0} = sup{s = 0: Ps(E) = oo}.

Notation 2.7. We will denote Hausdorff dimension of the set J,, by h, and the Haus-
dorff measure of the set A in dimension h by Hy(A).

Notation 2.8. Analogously, by P}ﬁ, we denote the packing measure of set A in the
packing dimension h?. By hf we denote the packing dimension of set J,,.

We denote by diam(F'), or | F'|, the diameter of the set F.

Definition 2.9. We say that an IFS composed of contractions {¢; }?_, fulfills the Open
Set Condition (OSC) if there exists an open set V' such that the following two condi-
tions hold:

Uencv @1
i=1

and the sets ¢; (V') are pairwise disjoint.

Based on the fact that an IFS S, fulfills the OSC, it is well known that the packing
dimension and Hausdorff dimension are equal (see [2, Theorem 2.7]). Due to this fact,
we will be using %, to denote the packing and Hausdorff dimension of the set J,,. We
know that £, is a unique solution to the following equation:

Y(-) =

Proof of this well-known fact can be found in [3]. It follows from this equation that

lim h, =1and 0 < hy < hy41 < 1.
n—o00o
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Definition 2.10. Let $”” denote the packing measure in the packing dimension /,,.
If 0 < P (X) < oo, then we denote by m,, the normalized P"" packing measure

Let A be a Borel subset of [0, 1]. Then, forall k € {1,2,...,n},
mn (g (A)) = g |"" - ma(A);

thus, m,, is the h,-conformal measure for the set J,. It is worth noting that m,, is
a unique A, -conformal measure on the set J,. This implies that the following holds

true:
H" (AN J,)

Hhn(Jy)
Using the fact that m, is conformal measure, we immediately get the following
lemma, which we will use throughout our proof:

mp(A) =

Lemma 2.11. Let A be Borel subset of [0, 1]. Then, for all k € {1,2,...,n}, the
following holds:
mu(A) _ mn(gr(4))
(diamA)hn "~ (diam (g (4)))"n

We can develop this further.

Lemma 2.12. Let B be Borel subset of(k+_1, %)for some k € {1,2,...,n} intersect-
ing Jy. Then, there exists a set B that is a Borel subset of [0, 1] such that
ma(B) __ma(B)
(diamB)h» — (diam B)"n
and% € Eforsomej €{l1,2,...,n}.
Proof. If B C [ﬁ, %] for some k < n, then B = gr(A) for some A C [0, 1]. We can
apply Lemma 2.11 with gz (A4) = B, giving us
mup(B)  ma(gr(4) _ mu(4)

(diamB)hn — (diam(gx(A)))*  (diamA)hn "

Now notice that 2 - diamB < diamA, and either there exists j € {1,2,...,n} such
that Jl € A and then we set B = A, or we can apply this procedure again to the set A,
expanding it until it intersects the set {%};’:1, ending the proof. [

[8, Theorem 8.6.2], called a Frostman-type lemma by the authors, states the fol-
lowing: let i be a Borel probability measure on R” and A be a bounded subset of R”.
Then, if there exists C € (0, oo] such that
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(a) forall x € A,

B
fiminf KB o
r—0 rs
and
(b) forall x € A,

B

fiminf KB S o1

r—0 rs

then 0 < $P5(E) < oo for each Borel set E C A.
We know that . = m,, fulfills this assumption. In fact, the following well-known
proposition holds:

Proposition 2.13. Let m, be the normalized packing measure on the set J,. Then,
there exist constants C,, > 0 such that

Gyl orM <mu(B(x,r) < Cy - r'n
foreach x € J, and r > 0, and thus, we know that 0 < $p,, (J,) < oco.

Proof of this proposition can be found in [3, Theorem 9.3].

Definition 2.14. Let S, be the IFS generated by f, k = 1,...,n. We denote by 7"
the /-th generation of intervals generated by S,

' = {g,-1 0gi,0--0g;([0,1]) 1 iy,ip, - € {1,2,...,n}}.

Definition 2.15. Letus denote d,(J) = %. We call this value the n-th density
of the interval J.

Lemma 2.16. Let[0,1] D 1 = 11 U I, where I and I, are closed adjacent intervals.
Then,
dn(I) = min{d,(I1), dn(I2)}.

Proof. Note that the measure m, is atomless. This is a direct consequence of Propo-
sition 2.13. Using this fact together with 4, < 1, we obtain

dy(J) = my(J) _ my (11 U 1) - my(11) + my(I2)
"0 (diam(J))he T (diam(1y U Ip))h ~ diam(I;)Pn + diam(I,)"n
o { my (11) my(12)
mn

diam(/;)"n " diam(7)hn } = min{dy(11). dn(12)}. L

Lemma 2.17. Let ¢ be a real number with 0 < ¢ < 1 and let a; € (0, 1) for
j€1,2,..., k. Then,

k
c c
J=1

Jj=1
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3. Density theorems for the packing measure

For a Borel measure in R”, let the lower density be defined as follows:

o u(B&.r)
OF (i1, x) = 11ggfw
In particular, if n = 1, then
e (x =T x4+ 7))
O%(u, x) := 11;11_)161f e

P. Mattila in [7, Theorem 6.10] provides a proof of the following theorem:

Theorem 3.1. Suppose A C R" with £y (A) < oo. Then,
O% (Pela, x) =1
for Py, almost all x € A.

Based on this theorem, Feng in [4] observed the following:

Theorem 3.2. Let p be the normalized packing measure on the limit set K C R of the
IFS consisting of finitely many linear, orientation-preserving contractions, satisfying
the OSC. Then, for p-almost all x € R, ©%(u, x) = dmin, where dpy, is defined as

Adipin = inf{d(]) . J a closed interval centered in K with J C [0, 1]},

where d(J) = i J(lJa) and o denotes the packing dimension of K.

This theorem is easily adapted to the case where the IFS consists of finitely many
linear, changing-orientation contractions satisfying the OSC. An immediate conse-
quence of this fact is the following: denote by $,|x the restriction of the o—dimen-
sional packing measure on K, that is, Py|x = P, (A N K) for any Borel set A C R.
Since i = ¢ - Py |k with ¢ = 1/ Py (K), we have

% (1, x) = 0% (Palk. X) (3.D

Pu(K)
for all x € R. With those tools in hand, Feng noticed the following theorem, which is
essential to his paper:

Theorem 3.3. P, (K) = d !

min*

Proof. From observation (3.1), we get O%(Py|k, x) = O%(u, x)Py(K) for any
x € R. However, using the lower density theorem (Theorem 3.1), we have that
OY(Pylk, x) = 1 for Py|k-almost all x € R, which implies the result. [
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Adapting this theorem to our case, we get the following result:

Corollary 3.4. The following equality holds:

. hy,
Pr, (Jn) = sup @iam(F))™ _ (

—1
inf d (F)) :
F centered atJ,, F €[0,1] Mp (F) ?

F centered atJy, F €[0,1]

where P, denotes the packing measure with dimension h,, diam(F) is the diameter
of the interval F, m,, is the normalized packing measure, and d,(F) denotes n-th
density of the interval F.

4. Estimating the packing measure from below

In 2003 De-Jun Feng showed in [4] the following result regarding comparing the
Hausdorff and packing measures on the real line:

Theorem. Foreach 0 < s < 1, define

2B
c(s) = 1gf H.(E)

where Ps, Hg denote the s-dimensional packing and Hausdorff measure, respectively,
and the infimum is taken over all sets E C R with 0 < Hg(E) < oo. Then,

25(1 4+ v(s))* < e(s) <2525 —1)°

_ 1
foreach0 <s < 1andv(s) = min{16‘ﬁ, 8 (1-92},

This result is a general estimate of the quotient of the packing and Hausdorff
measure. One can deduce from [9] that Hy, (J,) — 1 as n tends to infinity, where J,
is the limit set of IFS S, and h, is its Hausdorff dimension. This result implies the
following estimate:

liminf £, (J,) > 2.
n—oo

However, we are going to provide a short and direct proof of this fact for our case.

Theorem 4.1. Let S, be IFS defined in (2.1). By J,, we denote the limit set of the
IFS S,,. We denote by Py, the packing measure in the packing dimension h and by hy,
the packing dimension of J,,. Then,

liminf &, (J,) > 2.
n—>oo
Proof. From definition of gz, we know that

1
g1x) = —5% + 1
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and

1 1 1
)= (g =) s
for x € [0, 1]. The leftmost point in J,, is a stationary point such that g, o g1 (x,) = x,.
A short computation yields that

2n

M oy oan—1

Let us define an interval I,, = [a,, b,] such that it is centered at x,,, and b, = % Then,
because x;, is the left endpoint of the set J,, the following holds:

1 1 1 1 ke
in([an bn]) = m”([n + 1’2]) - )E o+
and
1 2n 2n —1
= anl = 2-lha =l =2 (2= 55 ) =2 Sy
Hence,

1
= = ey =) G

’ n(2n2+2n—1)

We showed that for each J,, there is an interval I,, centered at J, with density equal

to (%)h” . 2"Z’Lﬁ)h”, and thus, based on Corollary 3.4, we get

2n2+n—1
I\An (202 4+ 2n — 1\hnq—1
i =) (Ge=) |
i (Jn) = 2 2n2 +n—1
which implies
liminf &, (J,) > 2. |
n—oo

5. Estimating the packing measure from above

We will show that the function that assigns to every number n € N the packing mea-
sure of the J, in its packing dimension /, has the limit equal to 2 when n tends
to infinity. We do this in several steps: first, by showing that the lower limit of the
densities of the intervals [0, r] is at least % then expanding the family of intervals
with this property up to a family of intervals that has a right endpoint in the set {%},
k =0,1,...,in Propositions 5.3-5.6. Then, we deduce the same about the intervals
with a left endpoint in set {%}, k=0,1,...,inPropositions 5.7-5.9. Then, in the final
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propositions we use previously obtained estimates to show that any interval centered
at J, that intersects set {%}, k =0,1,... has the limit of the densities at least % From
those estimates, we will be able to deduce that all intervals centered at J, have this

property.

5.1. Density on intervals [0, r] and [%, %

Proposition 5.1. The following estimate holds:

lim infinf{dn([O, r]) : r € [0, 1], and interval [0, r] is centered at Jn} >
n—>oo

N —

Proof. Notice that there exists k € {1,2,...,n} such that k+r1 <r< % Such k exists,
because [0, r] is centered at J,. Moreover, the fact that [0, r] is centered at J,, implies

thatr/2 > n+1, and thus, % > # giving k < (n + 1)/2. Then, by Lemma 2.17,
n
> (1/j =1/ + D)
a0, = 2O TD__ =k _ ek —
T (diam([0, ) = (1/J)hn ST
>

hn
[n—l—l k—l—l] ’

Because k < ”erl, we can see that the minimum value of this expression is attained

atk =lork = % Indeed,

on—k kK n—k(k+2)
dkn+1 k+1  (n+ )k +1)2

is equal to zero if and only if n — k(k + 2) = 0, and hence, k = /n+1—1is
the value at which this expression attains maximum. Thus, the minimum values are
attained at the edge of domain of the function. The value of the expression for k = 1

[n—l l]hn
n+1 2

is equal to

and for k = %,

[n—T 2 :Ihn_[l 2 ]hn
n+1 21l L2 p431
Hence,

lim infinf{dn([O, r]) : r € [0, 1], and interval [0, r] is centered at Jn} >
n—>oo

| =
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Note that Proposition 5.1 requires only r > ——~. Hence, we will be using the
following corollary in the next steps:

Corollary 5.2. The following estimate holds:

linrgioréfinf{d,,([o, 1) re [n er 1,1]} > %

Now, we move to showing similar property for intervals with endpoints in the
set {%},k =1,2,...,n

Proposition 5.3. The following estimate holds:

nli)n;oinf{dn([k;_u,%]) kell,2,... . n),
Ivkelk+1Lk+2,....n+1)

_,_,
A%

Proof. Notice that, using Lemma 2.17, we get

k-f—Xl:—ll L

-~ — =V hn

([ ) < el L5 T gl

"\Nk+07k) T g 1y T 1 1 b1 1 e
{ k+l’k]| k k—H} |k k+l|

Hence, obviously
e e 1 1
n—00 k + E
hmmflnf{dn([ ]) ke{l,2,. .. n),

l+ke{k+1,k+2,...,n+1}}zl. »

5.2. Density on intervals with a right endpoint in set {%}, keN

Now, we will prove that the lower limit of the densities of intervals contained in

[k+~1’ %] for some k = 1,2, ... and having the right endpoint equal to % is at least %

Proposition 5.4. The following estimate holds:

n—>oo

liminfinf{dn([r, %]) kell,2,....n)

1 1
[ ) interval is centered at J,, } >

k+1"k

Proof. Note that [r, %] [ﬁ, %], and thus, applying Lemma 2.11, we get

an([r. 2]) = dntt0. 7.
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where r = g4 (7). Now we notice that centers of the intervals are transformed under g;
to the centers of the intervals, and the center of [r, %] is in Jy,. Thus, the interval [0, 7]
is also centered at J, and based on Proposition 5.1, we get

liminfinf{dn<[r, %]) cke{l,2,...,n},

n—>0o0

re ——, —) interval is centered at Jj, } [

1
k+1k 2

Similarly to Corollary 5.2, notice that the proof of this theorem only requires

r> |— — m| . . This yields another corollary, used later on.

Corollary 5.5. The following estimate holds:

liminfinf{d,,([r, %]) cke{l,2,...,n},re [ ] ,l>,

n—00 k+1 k
‘1 ‘ 1 1 2 } 1
I . > .
k k k+1! n+1) =2

To expand this further, we will show that the lower limit of the densities of the
intervals with a right endpoint equal to {%}, k € N and containing interval [k+H’ %]
is at least %

Proposition 5.6. The following holds:

lim inf inf {dn([r, %]) cke{l,2,...,n},r € (O, kl?) centered at Jy }

n—oo

l\)l>—‘

Proof. Let! € N be a number such that ,(Jr}ﬁ <r< k+rl
Part (A). First, assume that k +/ + 1 < n + 1. Then, by Lemma 2.17,

k+1—-1 . L thn
> |5 -

a([r7]) = ma(lr£]) mnl([k—w;) =t

_ Lyhn _ 1|hn 11k
|r k| |k+l+1 k| |k+l+1 k|
ki1 L
’ Z J ¥ 1 _|
j=k k+l "k
= 7
|k+l+1 - E‘ |k+}+1 - %| !

=[ ! .k(k+l+1)]h”:[ ) k+l+1:|hn2<1)hn.

k(k + 1) I+1 I+1  k+1 2

Note that in Part (A) of this theorem, we are not using the assumption that the inter-
val [r, ] is centered. This assumption is used later on, in Part (B).
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Part (B). Now, assume that r < .=~ . From the fact that the interval [r, k] is cen-
tered at J,,, we know that the point c, the center of [r, ] must be located to the right
of the point .- . Using this observation and Lemma 2 17, we get

n 1 hn
)l d)_ ek d) BT
dn([r —]): n\L" %)) _ Te\lng1ekl) _J=
"k 1 |hn 1 |hn hn
| =%l =% | =%l
1 1 |hn 1 hn
L lemmn % |h 2(1)"".
- 11|"n 1|7n 2
" - %l = %l

Thus, we get

lilnl)io%finf{dn([r, %]) ke{l,2,... n)re (o, kLH)}

A%

5.3. Density on intervals with a left endpoint in the set (%}, k=0,1,...

Now we move to the case where we analyze the intervals with a left endpoint
in {k—_}_l}, for some k < n, and contained in [k—il, %]

Proposition 5.7. The following estimate holds:

lim inf inf {d,, ([

n—>oo

kilvr:D:kE{l,Z,...,n},

1
( ] interval centered at J,, }

1
k+1k 2

Proof. Notice that the interval [k;—i-l’ r] is contained in [ﬁ, %] Thus,

i[5r]) = (A (5 ])) = o)

for7 = fi(r). If |F — 1] > % then invoking Proposition 5.6 with k = 1, we get our
thesis. If |F — 1| < % then we can apply the map f; to the interval [F, 1]. Further,
notice that because interval [7, 1] was centered at J,, then so must be the interval
f1([7. 1]) =0, ’rA\] Moreover, the intervals [7, 1] and [0, ?] have the same density based
on Lemma 2.11 and so we can apply Proposition 5.1, which ends the proof. ]

Notice that similarly to the proof of Proposition 5.1, the only assumption needed
in the proof of Proposition 5.7 is that |[k+r1’ r]| > |% — m| X ThlS is due to
the fact that in the first part of the proof, where we assume that |r — 1| > 5, we can
use Part (A) of the Proposition 5.6, which does not assume being centered at Jn. As
for the other case, when |F — 1] < % we can invoke Corollary 5.2 to end the proof.

This observation gives another corollary.
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Corollary 5.8. The following estimate holds:
liminfinf Jd, ! tk 1,2 : !
mintind ([ o)) e 2 mor e (g )

1 1 1 1 2 1
sl el 4=
k+1 k k+11 2 n+1 2
Proposition 5.9. The following estimate holds:

1
timinfinf {d, ([ :——.r]) ikl e Nk +1<n+11>0,
n—00 k+1
G(l l]dl <<1}>1
r ——,l|land —— <r < — —.
k+1 k+1 T k) T2
Proof. As a side note, one can notice that this case is symmetric to the one in Propo-

sition 5.6, although the method used in the proof is different. First, let us assume that
1, _2

|ﬁ —r| > |ﬁ — %| 3 71 Additionally, we can split the interval [kJr}ﬁ, r]
into two: [ﬁ, ﬁ] and [ﬁ, r]. Using Lemma 2.16, we get

d”([T;Jrfr]) Z min {d"<[k + ; 1k Jlr 1])’d"([k1?’r])}
wfa([ )

and using Proposition 5.3 and Corollary 5.8 gives us the result. Now if
1 ‘ 1 1 | 1 2
—_— < | == .« — s
k+1 "k k+11 2 n+1

then by Lemma 2.17,

k+1
i ‘1_;”"
j j+1
1 je=ka1!
(et E ;
k+1+1 e — o + L= L 2
k+I1+1 k+1 k k+1 2 n+l1
k+1
) i 1M
j 41
jmkge1?

>

[ S R - L
k+1+1 k+1 k k+1 2 n+l

11 kn

k+1+1 k+1

e — e T ek

2

1 (1)hn
= > (=
|1_|_ 1 klﬁ_% \hn T \2

n+l L1
|k+l+1 k+]|

for sufficiently large n and all k,/ € N suchthatk +1 <n + 1. ]
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5.4. Density on intervals intersecting the set {%}, k=0,1,...

Now we move to the final step of the proof. This step is split into three parts. The
next two propositions require two auxiliary lemmas, which we will formulate here
and prove later on in Section 5.6.

Lemma 5.17. The following estimate holds:

liminf< inf {M}) > 1.

n—00 d>% |d—#’hn

It is worth noting this lemma cannot be replaced by Proposition 5.9. This is due
to the fact that in the Proposition 5.9, we have the estimate of the lower limit of the
densities by % whereas here we need a stronger estimate.

Lemma 5.18. The following estimate holds:

ma([d.1])
timin (inf {———>b) = 1.
n—>00 \g<l [1—d |hn

It is worth noting this lemma cannot be replaced by Proposition 5.6. In Proposi-
tion 5.6 we have the estimate of the lower limit of the densities by % and the intervals
are required to be centered, whereas here we need a stronger estimate on all intervals.

Lemma 5.17 is used in the next proposition, however Lemma 5.18 is only utilized
in Proposition 5.11, but because those lemmas are similar, we formulate them here.
Now, let us start with the first proposition.

Proposition 5.10. The following estimate holds:

1Lrgiogfinf{d,,([a,b]) 0<a< H;l < % <bh<1,

l €{2,3,...,n}, [a,b] centered at Jn} >

| =

Proof. Let k and [ be unique integer such that [a, b] = [a, %] U [%, %] U [%, b] for
some integer [ < k and k+t1 <a< % < % <b< % First, assume that k > n + 1.

Note that this implies that a & J,,. Let ¢ = # be the center of the interval [a, b].
Because the interval [a, b] is centered at J,,, ¢ > —L_and thus

n+i’
1
I — al - 1
|b — al 2
which directly implies that
bl 1
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Now, fix ¢ > 0. Using Lemma 5.17 with d = b, fix n large enough such that

M>(l_f)
1 |hn — 2
|b_n+1|

for all b > % Hence,

hn
ma(la.b]) _ (g B) _ ma(ligo b)) |b—
R R

n+1
(-9 ()" =4

where last inequality comes from the fact that i, — 1 when n — oo for all n large

dn(la.b]) =

enough.
From now on, we will assume that k < n. Let J; = [a, %], Jr = [%, %] and
J3 = [%,b].
We say that J; is long when
| ) 1‘ - 1 1 2 5.1)
= |d — — —_——— —, .
! Kl = Tk k+1l n+1
otherwise, we say that J; is short. We say that J3 is long when
1 1 1)1 2
= b ooz [ L 2 52
e T R ] ©2)

otherwise, we say it is short. We will split this proof into four parts, based on the
length of the intervals J; and J3. The cases are as follows:

(1) Both intervals J; and J3 are long.
(2) Ji is long and J3 is short.
(3) Ji is short and J3 is long.
(4) Both J; and J3 are short.

First, assume both J; and J3 are long. Then, by using Lemma 2.16, we notice that
dn([a,b]) = dn(J1 U Jo U J3) > min {dy(J1), dn(J2), dn(J3)}.

And thus, using Proposition 5.3, Corollary 5.5, and 5.8, we get our thesis. Now, mov-
ing to the second case, we assume that J; is long and J3 is short. Now, we split our
interval into two Jq and J, U J3, out of which the first one is in the form of the inter-
vals from Corollary 5.5 and the other one is in form of the ones from Proposition 5.9.
Utilizing both of those theorems and Lemma 2.16, we get

dn([a, b]) = min {dy(J1), dn(J> U J3)} > %
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In the third case, when J; is short and J3 is long, we can split our interval into two:
J1 U Jy and J3. Then, the interval J; U J, fulfills the assumptions of the Proposi-
tion 5.6 Part (A), whereas J3 fulfills the assumptions of Corollary 5.8. This together
with Lemma 2.16 gives us

dy([a.b]) = min {dy(J1 U 1), dn(J3)} = %

In Case 4, assume that both of the intervals J; and J3 are short, that is, they do not
satisfy (5.1) and (5.2). By Lemma 2.17,

k=l 1 (hn
2 15— 7+l
dy([a,b]) = k: P
n
‘|%_k+i-l et ﬁ‘ﬁ}ﬂ%—%l-%'#
j=
(k_ll._.;h”
. j=lj Jj+1
= k—1 h
U%—k%l Tt ll%—ﬁ}ﬂ%—%\'%'%
]:
|1_1|hn
- I~ &
= h
71—+ o (k(k1+1)+% 1(11—1))| !
1 1
- 1 2 (k(kl—i-l)"_%'l(ll—l)) hn = 2’
‘ T 1=

for sufficiently largenand all / € {2,3,...,n}andk € {{ + 1,/ +2,...,n+ 1}.
This ends the proof of the Proposition 5.10. ]

Now, we focus on the case where there is no whole interval of the first generation
in the interval [a, b].

Proposition 5.11. The following estimate holds:

! < <1<b< ! <1
a - P )
k+1 k k—17
1

ke{2,3,....,n+ 1}, [a,b] centered at Jn} > X

lim inf inf {d,,([a, b)) :
n—>oo

Proof. Assume first that k < n. The case when k = n + 1 will be analyzed at the end
of the proof. Let J; = [a, %] and J, = [%, b]. As in the proof of the Proposition 5.10,
we say that J; is long when

1
a__
k

1 1 2
= -5l

S 5.3
k k+11 n+1 (5-3)

1] = |
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and we call it short otherwise. We say that J5 is long when

= [bof 2 [ ] 42

1
- 4
‘k—l kIl 2 n+1° G4

It is worth noting that

1 )1 1 ‘ 1 _ (1)
Kk T k+1l ar1 S\
and
1+‘1 11 1 ( )
— - — .= —_ = 10 .
N R B P

The immediate consequence of this fact is the following observation:

Observation 5.12. Let ¢ be the center of the interval [a, b]. Assume that [a, b] is
centered at J,. Moreover, assume that Jy is short. Then, ¢ must be to the right of the

set {%}

Proof. Note that by ¢; we denote the center of the interval J;. Because

11 1 1 ( 1>
kK lk kxt1l a1 ST

(see Figure 1) and J; is short (i.e., does not fulfill (5.3)), then the center of the inter-
val J; must be to the right of gk(ﬁ). This means that gk(ﬁ) < c¢1. But the
center of the interval [a, b] lies to the right of ¢y, that is, ¢; < ¢, thus gk(#) <ec.
Now, notice that J, N [gk(#), %] = @. This, together with gk(n—}rl) < ¢, implies
that } < c. "

Now, we will formulate a symmetric observation regarding J5.

Observation 5.13. Let ¢ be the center of the interval [a, b]. Assume that [a, b] is
centered at J,. Moreover, assume that J, is short. Then, ¢ must be to the left of {%}

Proof. Note by ¢, the center of the interval J,. Because % + |k—11 — %I . % . n—}rl =
gk—1 © gl(#) (see Figure 1) and J; is short (i.e. does not fulfill (5.4)), then the
#). This means that ¢; <
gk—10&1 (#) But the center of the interval [a, b] lies to the left of ¢, i.e. ¢ < ¢;, thus
¢ < gk—10 gl(#). Now, notice that J, N [%,gk_l o gl(ﬁ)] = (. This, together

with ¢ < gr_1 0 g1(=5=) implies that ¢ < % ]

center of the interval J, must be to the left of gx_; o g1(

1
n+1

Now, we will split the proof of the Proposition 5.11 into four cases based on the
length of intervals J; and J5.
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I/\/\/\/\i @/\ A
|

1 . 1
=1 f{k(m) * Sk- A](,,H —I

Figure 1. Visualization of J,,.

Case 1. Assume that J; and J, are long. Then, utilizing Lemma 2.16 yields
dn([a7 b]) Z min {dfl (J1)7 dn(JZ)} 2 A

based on Proposition 5.4 and Corollary 5.8.

Case 2. Now, assume that J; is long and J; is short (i.e., J; fulfills (5.3) and J,
does not fulfill (5.4)). Fix ¢ > 0. Let ¢ = center([a, b]) = (a + b)/2 be the center
of the interval [a, b]. Recall that, according to the assumption, the interval [a, b] is
centered at J,,. By Observation 5.13, we have ¢ < % Moreover, ¢ cannot be in the
interval [gk(ﬁ),

implies that |[a, c]| < |[a, gk(#)]

the middle point of [a, b], |I1| = |I2|. From Lemma 5.17, we can find n to be large

%], because the interval [gk(#), %] does not intersect J,. This
|. Let I; = [a, c] and I, = [c, b]. Because c is

enough for the following to hold:

ma([r.d]) (1-5)
=\ 72

|4~

for all d > ,—11 Because J; is long, g;l(a) > % Now, applying Lemma 2.11 to the

interval [a, gk(ﬁ)], we get
1
mn([a,lgk(n+121) . (1 B g) 5.5)
|8k i) — 4
Using this fact and |[a, c]| < |[a, gk(n—}rl)]|, we get
mn([a.]) _ ma(la. & (537)])
dulfa.b) = D > TR
mp(la agk(n+1) _ hn
_ TaGlp-a 8D —al" gl —a - (1- %)
- |b — alkn - b — alkn
le—al’ - (1=5) L™ (1-%) 1\ ey _ 1
= b—alfn L+ bGP (3) (1-3)z3-¢ 69

for sufficiently large n.
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Case 3. For the second-to-last case, assume that J; is short (i.e., does not ful-
fill (5.3)) and J; is long (i.e., fulfills (5.4)). Fix ¢ > 0. Let ¢ be the center of the
interval [a, b]. From Observation 5.12, we know that % < c. Moreover, the interval
[%, gk_10° gl(#)] does not intersect J,. Additionally, [a, b] is centered at J,,, and
thus, gx—1 © gl(ﬁ) <c.Let Iy = a,c] and I, = [c, b]. Because ¢ is the middle
point of [a, b], |I1| = |I2]. If |% —b| > |ﬁ — %| . %, then using Lemma 5.18, we
can find n large enough such that

ma(d 1) _ | e

N—df = 2

%, we can apply Lemma 2.11 and obtain

n—i—l)’b]) >1— f
b — g1 081 ()™

forall d < % Since |% —b| > |k+1 — %|

mn([gk—l o g1

>

Applying this fact together with observation that |[c, b]| < |[gk—1 © g1 (7). b]|, we

n+1
get
mn([£:0]) _ (g1 © &1(7). b))
dn(la,b]) = @b b afn
ma([gk-1 0 g1 (747):8) |b—gr1 0 g1 ()"

b= g1 o g1 (7)™ b —al

(=gl " (1-3%)
- b —alhn T L+ L

1\%n e 1
=) (1-%)=(5-¢) (5.7)
2 2 2
for sufficiently large n.
Now if |% —b| < |ﬁ — %| . % then from Lemma 5.17, we find n large enough

to get
ma(lrd]) e

hn —
@ =l ?

forall d > % Now apply Lemma 2.11 twice, first to the interval [gx—1 © g1 (ﬁ), b],

resulting in dy ([gx—1 © g1G7), b)) = du((g 2, (D), 81GAp)]) = du([w, 1]) with

w= g,:l(b). Then, from the fact that |,% —b| < |ﬁ — % . % we know that |1 — w|
1

< 3, and thus we can apply Lemma 2.11 a second time, which results in d, ([w,
g1Gap)) = dn([;35. d]) with d = g7 (w). This together with the fact that J, is
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long results in d > n-2H > % This results in the following:
ma([gk-1081(7)-0]) e
b — g1 Ogl(n}rl)ihn 2

Using this result yields
mu([-0]) _ ma([8r-10 &1(77) b))
la — b|hn |b — a|n

_ malgr-1081(55) ) [P — k1 081 ()|
b~ gm0 s ()| b —at
(b el bl (5) (e ey (1)
- |b—a|h” - |11+12|h” 2 2 2

for sufficiently large n, which ends the proof for this case.

Case 4. For the last case, assume that both J; and J, are short. We assumed that

the interval [a, b] must be centered at J,. As before, denote by ¢ the center of the
interval [a, b]. Because J; is short, we can invoke Observation 5.12 and deduce that

dn([a,D]) =

hn

v

c > % The interval J; is short as well, and invoking Observation 5.13 yields ¢ < %
This implies that [a, b] cannot be centered at J,,.

The only thing left is to consider case when k = n + 1. This case is even simpler,
because the only possible case is Case 3. When k = n + 1, then % = ﬁ and thus,
[a, %] N J, = 0. Since the interval [a, b] is centered at J,,, this implies that the center
of the interval [a, b] is in the interval [nl?, b]. The proof for this situation is exactly
the proof for the Case 3 of this proposition.

This ends the proof of Proposition 5.11 |

5.5. Finalizing the proof
As the last part of our proof, we put previously obtained results to get the following:

Theorem 5.14. The following estimate holds:
1
lim inf inf {dn([a,b]) :0<a<b <1, |a,b]centered at Jn} > X
n—>oo

Proof. If there does not exist k € {1,2,...,n + 1} such that % € (a, b), then we can
apply Lemma 2.12 to the interval [a, b]. This yields the interval [a, 5], with the same
density, such that at least one % belongs to [a, 5], k €{1,2,...,n+ 1}. Then, by the
results of Propositions 5.1, 5.3,5.4,5.6,5.7,5.9,5.10, and 5.11 we get the thesis. m

This directly implies, using the definition of the packing measure from 2.5 and
Corollary 3.4, that the upper limit of the packing measure is at most one, meaning
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Theorem 5.15. Let S, be IFS defined in 2.1. Then,

lim sup P, (Jn) < 2.

n—>o0

where Jy, is the limit set of the IFS S,, and Py, denotes packing measure in the packing
dimension h.

This result along with Theorem 4.1 proves our main result.

Theorem 5.16. Let S, be IFS defined in 2.1. Then,
lim P, (Jn) =2,
n—>o0

where J, is the limit set of the IFS S, and Py, denotes the packing measure in the
packing dimension h.

5.6. Proofs of the auxiliary lemmas
Now, we will provide the proofs for auxiliary Lemmas 5.17 and 5.18.

Lemma 5.17. The following estimate holds:

mn([nlﬁ’d])b -

hminf( inf { pE——
n+1

n—oo d>l
n

Proof. Fix some n > 0. Take arbitrary d > % We claim that in order to estimate the

ratio ([ . d])
mu\| 71>
2eli-c] 5
|d - n+1|

from below, one can assume thatd € J,, d > % Indeed, if d & J,, (i.e., d is in some
“gap” of the Cantor set J;,), then we can replace d by d := inf{x € J, : x > d} (the
right endpoint of the “gap”). Then, mn([ﬁ, d]) = mn([ﬁ, d])and |[d — 1| <

n+l1' —
|d — | and, clearly, d > d > +.So

m(tred) (k. d)

h
|d_n-}-1| "

So, from now on we assume thatd € J,,d > rl;
Since d € Jp, there exists a unique sequence of integers (¢;)72;, ¢; < n such that

{d} = m 8q1 0" ° 8qi ([Ov 1])
k=1
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——
d 1
g1 +1 q1
| e
1 8q1°84,(0) d gq1 © 8q2+1(0) i
q1 +1 q1

Figure 2. Length and measure of the intervals to the left of d.

The measure m,, ([n—}rl, d]) can be expressed as the sum of the measures of the cylin-
der sets (i.e., intervals from the collection ;" located to the left of ). Summing up
first the measures of the cylinder set of the first generation (see Figure 2), we obtain

“ 1 1 N\’
k=§+1(k_k+1) ‘

Now, looking at the cylinder set containing d (i.e., the interval [ﬁ, %]), we see

that the cylinder sets of the second generations (i.e., the elements of the collection ")
contained in [ ql]] and located to the left of d have length

1 1 1 1
Gros) 1)

k=1,...,q2 — 1, and measure

1 1 hn 1 1 hn
o) Get)

Proceeding by induction, we easily conclude that the measure mn([ﬁ, d]) can be

_1
q1+1°

expressed in the following form:

1 " 1 1 \hn 1 1 \Pn
(o dD) = 2. (E_m) +(E_q1+1)
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=1 k=q3
21 N S B BN 59
1 -——)" Y (-) + &
i i it — ko ket )
Analogously, the value |d — n}rl "7 can be expressed as follows:
1 b "o 1 1oy =
- = [ X G- r) 2 G
n+1 k=q1+1(k k+1) (q1 q1+1) = (k k+1)
2 00
1 1 1 1
MG £ (-
il:ll gi ¢ +1 =Z+1 k  k+1

qa—1

> 1 1 1 1 hn
+H(2_qi+1>'k¥;<i_m)+”‘] '

U(%_Qiil)' i (%_k;ﬂ)

k=qok+1+1

N0 Y ()

i=1 k=q2k+1+1
2k 1 © 1
+E(5_qi+1)' =¥+1(%_k+1)'

Note that the first sum corresponds to the sum appearing in the expression for
My ([#, d]). Grouping expressions that occur also in the formula for mn([#, d))

yield the following expression for |d — nil |

i " 1 1 1 2l 1
- Z G G am) 2 G

1
n+1

-
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oo 2i
(- —): Z (———)] . 610)
i=1j =1 ] q + 1 k=n k + 1
Now, using Lemma 2.17 with mn([ﬁ, d]) and taking the quotient, we get
|4 — 5]
1
ma([71-4])
oo 21 . 1 00 . )
zglj=l(a_ qj+1) k—zn:-f—l(z_ﬁ) i
< |:1 + n 1 1 o0 i . ) . . }
k=§+1 (E - k_H) * z;jl;ll (q_/ B q,-i—l) (‘121+1 - m)
oo 2i+1 . . )
+l; =1 (E B q_,-+1> ( 42z+2>
X E (1 1 1
l;jl;ll <q_j - qj+1) (n—H) hn
<|1+
n 1 1 oo 20 . 1 . .
k=§+l (E N k_+1) + i;j=1 (E B qj+1) (th-i—l o m)
o0 2i41 . .
+i; j=1 (E B ij‘H) ' (1 B 42i+2)
o0 i+1
1 1 1 1 1 1
(n+1>(a - qH—l)(E - q2+1) ' i;) (5) hn
=|1+— ) ) Ty ) ) 1
k=§+1 (F - k_H) +i§1,’=1 (E B qf“) ' (m - M)
oo 2i+1 1 . .
+i§ =1 (E - ¢1j+1) ’ (1 - 42i+2)
21hn
5D+—] (5.11)
n
where inequality (5.11) comes from the fact that % — —qiil < % foreveryi =1,2,....

This implies that the numerator is limited from above by the following expression
n}rl (ql1 q11+1) (é — ﬁ) . Z,iozl(%)k. The last inequality follows from the
fact that d > —— +1 , and thus, the denominator of the expression is limited from below

1
i n+1 From this, we get

(ks d) L2
|d — hn _D+%rn_1+% n+2 n+2

i

which concludes the proof. u
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Very similar reasoning can be used to show the following lemma:

Lemma 5.18. The following estimate holds:

liminf( inf {M}) > 1

n—>00 \ g1 |1—d|h”

Proof. Proof of this lemma uses the same techniques as one of the Lemma 5.17, with
the only difference being that now we look at the intervals to the right of d instead of

left.
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