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Parabolic fractal geometry
of stable Lévy processes with drift

Peter Kern and Leonard Pleschberger

Abstract. We explicitly calculate the Hausdorff dimension of the graph and range of an isotro-
pic stable Lévy process X plus deterministic drift function f. For that purpose we use a
restricted version of the genuine Hausdorff dimension, which is called the parabolic Hausdorff
dimension. It turns out that covers by parabolic cylinders are optimal for treating self-similar
processes, since their distinct non-linear scaling between time and space geometrically matches
the self-similarity of the processes. We provide explicit formulas for the Hausdorff dimension
of the graph and the range of X + f. In sum, the parabolic Hausdorff dimension of the drift
term f alone contributes to the Hausdorff dimension of X + f. Furthermore, we derive some
formulas and bounds for the parabolic Hausdorff dimension.

1. Introduction

Let X = (X;);>0 be a Lévy process in R? that is a stochastic process on some prob-
ability space (2, A, P) with the following properties:
(i) The process P-almost surely starts in 0 € R¥.
(i1)) X possesses independent increments, that is, for any 0 <ty < -+ < t,, the
random variables Xy, X;, — X4,,..., Xy, — X;,_, are independent.
(iii) X has stationary increments, that is, for all ¢, 4 > 0, the distribution of the

. d d
increment X;,, — X; = X}, does not depend on ¢, where the symbol =
denotes equality in distribution.

(iv) X is stochastically continuous, that is, P (|| X;4, — X¢|| > &) > 0ash — 0
for any ¢t > 0 and ¢ > 0.
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Additionally assuming self-similarity, the Lévy process is called stable. In this
paper we only deal with the special case of an isotropic «-stable Lévy process, in
which case the self-similarity is given by

(Xet)iso = (% X;);50 forallc >0, (1.1)

fd . L . o .
where = denotes equality of all finite-dimensional distributions that characterize the
stochastic processes in law. In this case the Hurst index H = 1/« is restricted to

H > 1 thatis, o € (0,2] and the isotropic a-stable Lévy process is also uniquely

2’ _
determined in law by the characteristic function [ [e €-X1 —tClEN”

N=e with Lévy
exponent W(§) = C ||€||“ for some constant C > 0. In case of « = 2 we obtain Brow-
nian motion. For details on stable Lévy processes, we refer to the monograph [15].
The integrability of & — exp(—t - C||&€]|*) ensures the applicability of the Fourier
inversion formula. Therefore, for any ¢ > 0, the random variable X, possesses the

continuous density function
x> p(t,x):= (2n)_d/ e HEX) Y ®) g — (2n)_d/ e EX) o tCIEN" g
R4 R4

which for a € (0,2) cannot be expressed in simple terms but belongs to C *®°(R¢) with
all derivatives in L' (R4) N Cy(R?); see [15]. Furthermore, from the self-similarity
property in (1.1), it easily follows that

x

p(t,x) = (Al p<l, tl/a) forall7 > 0 and x € RY. (1.2)

Thus, we define p(x) := p(1, x) as the density at time ¢ = 1 and by [4, Theorem 2.1],
we have the tail estimate

p(x) = O(|x[797) as [lx|| — oo. (1.3)

This density is bounded and rotationally symmetric, that is, writing x = ry # 0 with
r=|x|| >0and y = x/||x|| € S, the density p(x) = p(ry) does not depend
on y and due to unimodality (see [15]), r — p(ry) is non-increasing.

Our aim is to analyze isotropic stable Lévy processes plus (arbitrary) Borel mea-
surable drift functions by methods from fractal geometry. In particular, we determine
formulas for the Hausdorff dimension of the graph and the range of an isotropic «-
stable Lévy process plus drift. Starting with Brownian motion, in the past decades
much effort has been made to explicitly calculate the Hausdorff dimension of the
range and the graph of stable Lévy processes with an even more general self-similarity
relation than (1.1) (see, e.g., [1,3,5,7, 10, 14, 17, 19] or the excellent review arti-
cle [18]). Some of these results were extended to Markov processes, but require addi-
tional regularity assumptions for the transition probabilities in the non-homogeneous
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situation; see [18] and the references therein for details. Only recently, Peres and
Sousi started to deal with Hausdorff dimension results of self-similar processes with
an additional drift function by considering Brownian motion [12] and fractional Brow-
nian motion [13]. We will follow the method in [13] to prove corresponding results
for isotropic stable Lévy processes. The restriction to isotropic stable Lévy processes
is due to rotational symmetry, which is needed in the proof method. Compared to the
method in [13], we have to overcome some additional issues:

(1) An isotropic a-stable Lévy process for a € (0, 2) is a pure jump process.
Hence, we cannot use Holder continuity of the sample paths to derive upper
bounds for the Hausdorff dimension as in case of fractional Brownian motion
in [13]. Instead, we will use the covering lemma of Pruitt and Taylor ([14,
Lemma 6.1]) for the Lévy process together with a deterministic cover of the
drift function.

(2) The Hurst index H = 1/« of an isotropic a-stable Lévy process is restricted
to H > 1/2, whereas H € (0, 1) for fractional Brownian motion. It will turn
out that the case H > 1 needs different arguments than the blueprint given
for H € (0, 1) in [13]. The reason is that diameters of parabolic cylinders
introduced in (2.1) are determined by the size of the cylinders in the space
domain for H € (0, 1), whereas for H > 1, the size of the cylinders in the
time domain dominates.

(3) By (1.3), the tail of the probability density of an isotropic a-stable Lévy pro-
cess falls off as a power function, whereas the normal density of fractional
Brownian motion decreases exponentially fast. The power law tails require
more delicate estimates of energy kernels in the potential-theoretic method to
derive lower bounds of the Hausdorff dimension.

We introduce a generalized version of the genuine Hausdorff dimension, which is
called the a-parabolic Hausdorff dimension in Section 2. We also give a priori upper
and lower bounds for the a-parabolic Hausdorff dimension in terms of the genuine
Hausdorff dimension. It turns out that covers by «-parabolic cylinders are optimal for
treating self-similar processes, since their distinct non-linear scaling between time and
space geometrically matches the self-similarity of the processes. We provide explicit
formulas for the Hausdorff dimension of the graph and the range of an isotropic
a-stable Lévy process plus Borel measurable drift function in Section 3 and defer
the proofs to Sections 4—6. In sum, the a-parabolic Hausdorff dimension of the drift
term f alone contributes to the Hausdorff dimension of X + f. We derive new for-
mulas and estimates for the «-parabolic Hausdorff dimension of constant functions
and Holder continuous functions in Section 7.
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2. On parabolic fractal geometry

We start with the definition of the «-parabolic Hausdorff dimension, in which a dis-
tinct non-linear scaling between time and space inheres. Throughout this paper the
symbol | - | denotes the diameter of a set in real Euclidean space. We use the same
symbol for the absolute value of reals, without fear to cause confusion, and denote
by || - || the Euclidean norm of vectors in R¢ or R'*¢. For real functions f, g the
symbol f < g denotes the existence of a constant C € (0, co) not depending on the
variables such that f < C - g and f < g is short for f < g together with g < f.

Definition 2.1. Let 4 € R!'*¢ be any set and «, B € (0, 00). The a-parabolic B-
Hausdorff (outer) measure of A is defined as

o0 o0
P — B4 :=1iminf{ Pelf A< | | Pe. Pe e P2, |P <5},
(Ari= fim it 3l 24 € U i Prce £ el <

n=1
where the «-parabolic cylinders (P,),eN are contained in

d
P = {[r,1 4+ c] x 1_[ [xj.x; +c®:1,x; €R, ¢ € (0, 1]} 2.1
j=1

We define the a-parabolic Hausdorff dimension of A as
PA-dimA = inf {B > 0: P* — HP(4) = 0} =sup {B > 0: P* — HP(4) = o0}

The case @ = 1 equals the genuine Hausdorff dimension, which is simply denoted by
the symbol dim.

Let us compare the «-parabolic Hausdorff dimension to other parabolic Hausdorff
dimensions appearing in the literature. For the Gaussian case, Taylor and Watson [16]
introduced the parabolic Hausdorff dimension #-dim in the same way we did for
a = 2 in order to determine polar sets for the heat equation. On the contrary, for
H € (0, 1], Peres and Sousi [13] defined the H -parabolic B-Hausdorff content

) o0
\I/Z(A) = inf{z c,’f A C U P, P € (7>1/H}7
k=1 k=1

where the covering sets

d

H
Pe = [t ti + el x [ | ik %k + ]
j=1
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are from the class of 1/H -parabolic cylinders £ '/# from (2.1) with |Pg| = c,f . This
results in what they call the H -parabolic Hausdorff dimension

dimy g A == inf { > 0: W (4) = 0} = sup {B > 0: W5 (4) > 0}.

Proposition 2.2. Let A € R'*? pe an arbitrary set, let « = 1/H € [1, 00), and
let B € (0, 00). Then, one has

Po-dimA = (dimy g A)/H, 2.2)

that is, Peres and Sousi’s H -parabolic Hausdorff dimension differs from our a-para-
bolic Hausdorff dimension by a constant factor.

Proof. First we introduce the auxiliary «-parabolic 8-Hausdorff content
o0 o0
@B (4) = inf{z Pelf s A c | Pr. Pre 3)“}.
k=1 k=1

Since for @ > 1 and Py = [tg, tx + ] X ]_[;i:1 (X5 Xk + c,i/a] € P9, the diameter

fulfills |Pg|? =< cf/“ = cf'ﬂ, one has
o (4) = wBH (4). 2.3)

Following the arguments in [11, Proposition 4.9], one gets £¢ — HA (4) = 0 if and
only if <1>5 (A) = 0, which together with (2.3) shows (2.2). ]

The «-parabolic Hausdorff dimension fulfills the following countable stability
property, which easily follows from monotonicity and o-subadditivity of the «-para-
bolic Hausdorff measure, as argued for the genuine Hausdorff dimension in [6,
page 29]:

Proposition 2.3. For every a € (0,00) and (Ax)ren € R4, the a-parabolic Haus-
dorff dimension fulfills the countable stability property

o0
Po-dim | ) Ax = sup P*-dimAy.
k=1 keN

Moreover, we derive the following a priori estimates for the Hausdorff dimension
in terms of the parabolic Hausdorff dimension:

Theorem 2.4. Let A € Rt be any set. Let ¢ = P*-dim A. Then, one has

$o N (- Py +1—0) a € (0, 1],

dimA <
{¢a ALge+(1-2)-d) aell,o0)
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and
b +(1-2)-d ac(1],

o

dim A4 >
¢ +1—« a € [1,00).

Proof. (i) Let o € (0, 00). By the definition of the «-parabolic S-Hausdorff measure,
there are only coverings by $%-sets permitted. So, besides J%, there could exist more
efficient covers of A with respect to their shape. Therefore, HP (A) < P* — HP(A),
which implies dim A < ¢, .

(ii) Let o € (0, 1] and & > 0 be arbitrary. If 8 > « - ¢y, + 1 — @, then g +(1- é)
> ¢,. Hence, we can cover A by the a-parabolic cylinders

<(/)(x

IN

d
(Pr)ken = ([tk,tk + el x [ [l ik + C/l/a]>
j=1

keN

with |Px| < ¢ for every k € N such that Y 5>, |Px|#/#+1=1/® < ¢ Each Py can be
covered by [c;_l/ *1 hypercubes [J; with sidelength c,i/ *. Hence,

o ) )
Hﬂ(A) < Z(C;—l/aw . ||:|k|ﬂ < chf/a+1—l/a < Z |Pk|ﬂ/a+1—1/a < e
k=1 k=1 k=1

Since B > « - pg + 1 — « is arbitrary, we have dim A < o - ¢y + 1 — .
(iii) Let o € [1, 00) and € > 0 be arbitrary. If 8 > 1/« - ¢y + (1 — 1/@) - d, then we

have o + (1 — @) - d > ¢4. Hence, a cover of A by a-parabolic cylinders (Pg)ren

as in part (i) now fulfills |Pg| < c;/a such that 372 | |P|[*A+(1-2)d < ¢ Each Py

can be covered by [c,i/ “_11”1 hypercubes Oy with sidelength c. Then,

00 0 -
Z(Cll/a -Id : |Dck|ﬁ S E (ck/a)aﬂ+(1 «)-d 5 E |Pc,},/a|aﬂ+(1 a)d
k=1 k=1 bl

HE (4)

IA

< e

Since B > 1/ - g + (1 —1/@) - d is arbitrary, we have dim A < % o + (1 — é)-d.
(iv) Let @ € (0, 1]. Further, let 8 > dim A and & > 0 be arbitrary. Then, we can
cover A with hypercubes

d
(Ok)gen = ([lk»tk + cx] x H[Xj,k,xj,k + Ck])keN c P!
j=1

of sidelength ¢t < 1 such that ) g2, |Ok|# < e. Each Og can be covered by

1-1/a

[k 14 @-parabolic cylinders

d
_ 1/
(Px)ken = ([tk,tk + cx] x l_[[xj,k»xj,k + ¢, o’])keN c p

Jj=1
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with | Px| < cg. By choosingy = 8 + (1/a¢ — 1) - d, one has

oo [e°] e °] (&)
- —1/a)d
PU—HY () < Yl el £ YT =3 T < Y T 1ol
k=1 k=1 k=1 k=1
=e.

Since 8 > dim A is arbitrary, one has £%*-dimA4 < dim 4 + (é —-1)-d.
(v) Let o € [1, 00). Each Oy from part (iv) can be covered by [c]i_"‘] a-parabolic
cylinders

d
(Pk)ken = ([lk,lk + g1 [ [l xj + Ck]) c P
j=1
with | Pg| < cg. By choosing y = B 4+ « — 1, with similar calculations as above we get
P —HY(A) < e. Since B > dim A is arbitrary, one has P¥-dimA <dimA4 + o — 1
and the theorem is proven. |

3. Main results

So far, our considerations regarding the parabolic Hausdorff dimension were of a
purely geometric nature. Now we will apply it to stochastic processes. We unite the
cogitations of the following sections and begin with the Hausdorff dimension of the
graph Gr (X + f) = {(, X; + f(t)) : t € T} of an isotropic stable Lévy process X
plus Borel measurable drift function f.

Theorem 3.1. Let T € R be a Borel set and o € (0,2]. Let X = (X¢)¢>0 be an
isotropic a-stable Lévy process in R%. Further, let f : T — R? be a Borel measurable
function. Let ¢, = P*-dimGr (). Then, one P-almost surely has

o1 a € (0,1],
0o A (Logu+(1=-1)-d) ae[l,2].

o

dimgr(X + f) = {

Proof. The Gaussian case where o = 2 follows from [13, Theorem 1.2] together with
Proposition 2.2. The other cases will follow by the combination of Corollary 4.2 with
Theorem 5.7 for drift functions f with || f(z) — f(s)|| < 1 for all s,¢ € T. For the
treatment of arbitrary drift functions f, we write T = J,¢(z/2)a Tz» Where T, :=
{teT: |f@)—z| < %}. The claim now follows easily by using the countable sta-
bility property from Proposition 2.3. |

The formula for the Hausdorff dimension of the range Rr(X + f) = {X; +
f(t) : t € T} of an isotropic stable Lévy process X plus Borel measurable drift func-
tion f reads as follows:
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Theorem 3.2. Let T C Ry be a Borel set and o € (0,2]. Let X = (X;)¢>0 be an
isotropic a-stable Lévy process in R? and f:T— R? be a Borel measurable func-
tion. Let oy = P*-dimGr (f). Then, one P-almost surely has

@-pa) Ad ac(l],

dlmRT(X+f)={(/)a A d 0[6[1,2].

Proof. The Gaussian case where a = 2 follows from [13, Theorem 1.2]. The rest will
follow by Theorems 6.1 and 6.4, analogously to the proof of Theorem 3.1. |

Our main theorems imply an improvement of Theorem 2.4 for graph sets.

Corollary 3.3. Let ¢, = P*-dimGr (). In the case of o € (0, 1], one has
01> (@ @) V (pa+ (1—2)-d).
Proof. For a € (0, 1], the combination of Theorems 3.1 and 3.2 directly yields
g1 =dimGr(f) = dimGr(X + f) 2 dmRr (X + f) = (@ ¢a) A d.

Furthermore, we have

@ ¢go>¢o+ (1—21)-d ifandonlyif o- g, <d

and

d>¢s+(1-1)-d ifandonlyif o-¢y<d,

which proves the claim. |

4. Graph: Upper bound via geometric measure theory
We calculate an upper bound for the Hausdorff dimension of the graph of an isotropic
stable Lévy process X plus drift function by means of an efficient covering.

Theorem 4.1. Let T C Ry be any set and o € (0,2]. Let X = (X;);>0 be an isotropic
a-stable Lévy process in R? and f : T — R? be any function. Furthermore, let o =
PE-dimGr (f) be the a-parabolic Hausdorff dimension of the graph of f over T.
Then, for o € (0, 1] one P-almost surely has

dimGr(X + f) =dimGr(f) = ¢1,
and for a € [1,2], one P-almost surely has

Pé-dimGr (X + f) < P*-dimGr (f) = ¢q-
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Proof. (i) Leta € (0,1] and 8 = ¢ and let §, ¢ > 0 be arbitrary. Then, G7(f) can
be covered by hypercubes

d
(Ok) ey = ([lk, e+ ] < [ [ ik ik + Ck])kGN c p!
i=1

such that Y22 | [T [+ < 302 ‘3+8 < ¢. Let My (w) be the random number of
a fixed 29-nested collection of hypercubes (see [14, Lemma 6.1] for the definition)
with sidelength cl/ * that the path ¢ — X;(w) hits at some time ¢ € [tg, t; + ci]. Let

Uken Pr(@) 2 QT(X(a))) with

Mk(w) d

(Pr@Dken = (It + el x | TTlEiw@). 6 k@) + )

j=1 i=1

keN

being a corresponding random parabolic cover of the graph of this path. Then, for all
t € [ty, tx + ck], there exists j € {1,..., My(w)} such that for the i-th component
of X + f, we have

£k (@) + xik < X(0) + i) < & (@) + xip + " + ek
<& k(@) + xix + 2ck.

Hence, we obtain a random cover | J; cpy O (w) 2 Gr(X(w) + f), where

My (o) d
Ok(@) =l e+ el x | [ (@) + xik & jr (@) + xix + cx]
j=1 i=1

U &, k(@) 4 Xi g + ¢k, §ijic (@) + X + 2¢k]).
This is a union of My (w) - 29 sets with diameter ~/d + 1 - cx. An application of Pruitt

and Taylor’s covering lemma (see [14, Lemma 6.1]) and [10, Lemma 3.4] shows that
for all §’ > 0, one has

Ck _g
E[My] < e <t
E[T (¢, /3, c)]

Where T(c,l % /3, ck) is the sojourn time of the process (X;)sefo,¢,] in a ball of radi-

us ck % /3 centered at the origin. Hence, we get for &’ = § + §'/a > 0,

8

E[HA* (Gr (X + f))] <E[Z 0P ] < ZE Ml -f ™ <Y <
k=1
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Since ¢, &’ > 0 are arbitrary, we get for all « € (0, 1] and 8’ > 8,
E[HP (Gr(X + f)] =0,

which implies H#'(G7 (X + f)) = 0 P-almost surely. Since g’ > B is arbitrary, we
finally get P-almost surely dim Gr (X + f) < 8 = ¢;.

(ii) Let o € [1,2] and B = PY-dimGr(f) and also let &, § > 0 be arbitrary.
Then, G (f) can be covered by a-parabolic cylinders

d
(Pr)ken = ([lk,lk + cx] x l_[[xi,k,xi,k + c,l/“]) e P

i=1

such that Y52, [Pe|+ < 302, c,(cﬂH)/“ < &. Let My(w) be the random num-

ber of a fixed 2% -nested collection of hypercubes with sidelength c,i/  that the path

t — X;(w) hits at some time ¢ € [tg, fx + cx]. As in part (i), we obtain a random
parabolic cover | Jicn Pk (@) 2 Gr(X(w) + f), where

My (@) d

Pr(@) = [t + el | [ (@) + xik i (@) + xige + /]
j=1 i=1

1 1
U i,k (@) + xik + 6% 6k @) + xig +2¢77).
This is a union of My (w) - 29 sets with diameter |Py ()] 5011/0‘. As in part (i), we get

E[M] < ck_y/ % Hence, we get for &’ = § + §' > 0 with the similar calculations as
above,

E[P* - HI (Gr(X + /)] £ i E[M] - cf T < i e <
k=1 k=1
Since ¢, &’ > 0 are arbitrary, as in part (i), we finally get
PédimGr(X + f) < B = P*-dimGr(f) P-almost surely,
as claimed. ]

Corollary 4.2. Let T C R be any setand o € (0,2]. Let X = (X¢)¢>0 be an isotropic
a-stable Lévy process in R? and f : T — R? be any function. Furthermore, let
Yo = PY-dimGr (f). Then, one P-almost surely has

¥1 a € (0,1],

dimgT(X‘i‘f)f{(pa AEgg+(1-1)d) aell,2].

Proof. The Gaussian case o« = 2 follows from [13, Corollary 2.3] and Proposition 2.2.
The rest follows directly from Theorems 2.4 and 4.1. |
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5. Graph: Lower bound via potential theory

Next we want to calculate a lower bound for the Hausdorff dimension of isotropic
stable Lévy processes with drift. This will be accomplished by the energy method;
see [11, Section 4.3]. This method makes use of the Lebesgue integral. Hence, for the
first time we have to impose restrictions on the domain 7 C R and the drift function
f T — R with regard to their measurability. For a Borel-measurable function, it
is well known that the graph is always a Borel set, whereas the range is not neces-
sarily a Borel set, but belongs to the Suslin sets. Suslin sets (also called analytic sets)
supersede the Borel sets and can be represented as the image of a Borel set under a
continuous mapping. For details on Suslin sets, we refer to [8, Section 39]. We intro-
duce some notions from potential theory in this slightly more general setting, to be
also applicable for the range in Section 6.

Definition 5.1. Let A € R'*¢ be a Suslin set and  be a probability measure sup-
ported on A, that is, € M'(A). Further, let K : R4 — [0, oc] be a Lebesgue
measurable function that is called the difference kernel. The K-energy of a probability
measure |4 is defined to be

Ex(p) = /A /A K(t — s x — y) dpu(t, x) ducs. y)

and the equilibrium value of A is defined as £ := inf,, ¢ \(1(4) Ex (). We define the
K-capacity of A as

1
K

Whenever the kernel has the form K (¢, x) = ||(¢, x)||~#, we write Ep(n) for Ex (1)
and Capg(A) for Capg(A4) and we refer to them as the B-energy of a probability
measure |4 and the Riesz B-capacity of A, respectively. Next we state Frostman’s
theorem.

Theorem 5.2. Let o > 0. For any Suslin set A C R1+d, one has
P4-dimA > dim A = sup{B : Capg(A4) > 0}.

Proof. This follows from the first assertion in the proof of Theorem 2.4 together with
[2, Appendix B]. |

The next lemma shows that we can work with an energy integral where the stable
process X is transformed into the kernel.

Lemma5.3. Let T C R be a Borel setand o € (0,2]. Let X = (X¢)¢>0 be a stochas-
tic process in R? with stationary increments and f : Ry — R¢ be a Borel measurable
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function. Define the difference kernel
KP(t,x) := E[||(t, sign(t) - X)) + x)|7#].

Then, from Capgs(Gr(f)) > 0, it follows that P-almost surely Capg (Gr(X + f))
> 0 holds. Hence, Exp (i) < oo for some probability measure u € MY (Gr(f))
implies

dimGr(X 4+ f) > B P-almost surely.

Proof. For every w € 2, the pathwise bijection that (¢, f(¢)) € Gr(f) if and only
if (¢, X¢(w) + f(2)) € Gr(X¢(w) + f) yields the existence of some random prob-
ability measure v, € MY (Gr(X(w) + f)) with vy (Ay,) = p(A) for all Borel sets
A C Gr(f), where Ay :={(t,x + X¢(w)) : (t,x) € A}. Therefore, Tonelli’s theorem
and the stationarity of the increments of X yield

E[E5(v)] = IE[/

/ 16 = 5.3 = 97 v (t.x) dvis (5. )]
gr (X(@)+ ) Jor (X(0)+f)

- - -8
E[/gﬂf) /ng [t —s5.x + Xi(@) — (v + Xg(@) |77 du(t. x) dﬂ(s’y)]

L[ Bl = s @) = (@) = )]t des. )

Gr(f)JGer(f)

—[ [ B ssignt = ) Ximg@) +x = )Pt 0 ducs. )
Gr () JGr(f)

= Egn (1)

By assumption, there exists u € M (Gr(f)) such that Egs(n) < oo; therefore,
Ep(vy) < oo P-almost surely. The rest of the claim follows by Frostman’s theorem
(Theorem 5.2). ]

Frostman’s lemma provides the suitable candidate for the probability measure u.
We give a parabolic version of it.

Theorem 5.4. Let A € R'*? be a Borel set. If P*-dimA > B, then there exists
w € MUY(A) such that we have

d
i+ e x [T xi + e/#)) <

i=1

{cﬂ a € (0,1],

Bl ael,00)
foreveryc € (0,1] and t,x1,...,xq € R.

Proof. The parabolic case can easily be proven along the lines of the classical case;
see, for example, [11, Section 4.4]. n
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The following lemma is a refinement of [13, (2.7)]:

Lemma 5.5. Let t € R be fixed and h : R? — R, h(x) = ||(t, x)|# = (>
+ ||x||2)~#/2. Then, h is rotationally symmetric and the mapping r +— h(r - y) is
non-increasing for r = ||x|| and does not depend on y = x/|x| € S\, Further,
let p : R? — R be a rotationally symmetric function such that also r — p(r - y) is
non-increasing for r = ||x|| and y = x/||x|| € S¢~. Then, for all u € R?, we have

[ h(x+u)-p<x)dxs/ h(x) - p(x) dx.
R4 R4

provided that the integrals exist.

Proof. The first part is obvious. Further, by monotonicity, we have

/ h(x +u)- p(x)dx
R4

= / h(x +u)- p(x)dx + / h(x +u)- p(x) dx
{xl<llx+ull} —=——— U ll=lx+ell} —
<h(x) <p(x+u)
=2 - peoar
R4
as claimed. n

Inspired by [13, Lemma 2.5], we give a priori estimates for the difference ker-
nel K# from Lemma 5.3 that will later turn out to provide appropriate estimates of
the energy integral.

Lemma 5.6. Let o € (0,2) and X = (X;)s>0 be an isotropic a-stable Lévy process
inRe. Let B >0, v €R, and § € R? be such that |t| € (0,1], |8] € [0, 1]. Then, for
the difference kernel KP (t,8) = E[||(z, sign(t) - X|¢| + 8)||7#] from Lemma 5.3, one
has

|2|#,
KP(1,8) < 3 |t/ for B <d, (5.1
|r|(1_1/"‘)d—/3 for B > d
and
I811~# fora € (0,1]. [z| = [|8],
KP(7.8) < 18] 2 Jora €[1,2),8 <d,|t| <|8]%, 5.2)

Is)1@=D9=eF  fora € [1.2).8 > d.|t| < ||§]*.

Proof. Let p(x) denote the density function of X L ||~ Ve x |- We define rescaled

increments T := t/|7|"/* and §:=36 /|z|"/%. Trivial estimation always yields

E[|l(z, sign(?) - Xz + 8)7#] =< || 2.
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The self-similarity of the stable Lévy process and Lemma 5.5 yield
E[l|(z.sign(z) - Xjo + 8) 7] = 2] 7P/ [R @ sign() -x +8)[7F - p(x) dx
= [ePe [N+ sign(@)- B - plx
Sl [ 11 pe ax. (53)
R4
Let B < d. Then, by (5.3), we get

E[ll(z. sign(r) - X + O] < [P /R TP poy d

S el EBlIX 7P S 7P,

since negative moments of order 8 < d exist; see [1, Lemma 3.1].
Let 8 > d. Then, by (5.3) one has, using the volume of a ball with radius 7,

B[ (e.sign(@) - Xig + O] 5 77 [ 17017 (o) o

st ([ A pwacs [ pdx)
{Ixl<Iz1} {Ixl=Iz1}
<t e + [ v+ [ pwar)
{ITI=llxl<1} {lIxl>1}
1
<tel e (@ [ i ay e )
17| Ssd—1

Sl (e +/~1 a1 dr)
< |T|—ﬁ/a . |;|d—ﬂ — ||;|I—ﬂ/0t . |T|(1—1/a)(d—ﬁ) — |T|(1—1/a)d—ﬂ'
This proves (5.1). To prove (5.2), consider the region || x| < |§| /2, which yields
Isign() - x + 8l = [l ~ 1311 = 131 — el = 5 - 151,
Thus, for the estimates in (5.2), we have

E[l(e.sign(®) - Xig + O] = e/ [ | E.sign(e) -+ P - p(r) v

SI817F + |T|_ﬂ/a/ _ _ Isign(z) - x + 8|7 - p(x) dx
U= 151/2. Isgn(e)-x+ 3112 71}

=111
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+ T _ﬁ/“/ B _ 7P - p(x)dx .
UlxlI=1811/2,lIsign(z)-x+8 [ <I7]}

=212

Now,
I = |e| /e / )  sign(@)-x 4 3517F - () dx
{lIxlI=lI811/2,lIsign(z)-x+8 =71}

= r|_B/°‘/ B _ _ Isign(z) - x + g||_ﬁ - p(x)dx
{IxI=11811/2,lIsign(z)-x+6||=max(|Z],[I5])}

+ |t _’3/“/ L _ Isign(z) - x + 8~||_ﬂ - p(x)dx
{IxNI=11811/2,1I8 1= lIsign(z)-x+8[=7|}

s||8||—ﬂ+|r|—ﬂ/“/ o  Jsign() - x + 817 - p(x) dx.
{Ix=l1811/2,118 1= lIsign(z)-x+8|=I7|}

=ZI3

By using (1.3), we further have
Iwﬂr”“/ o _ sign() - x + 817 - p(o)dx
{IxlI=lI811/2,18 1= llsign(z)-x+8 =7}
sm*“-wr*ﬂ[~  Jsign(e)-x + 3] dx
{8 11=lIsign(z)-x+5 =71}

- 181
= |c| Pl |i5) 4 /~ rd=F=1qr. (5.4)

7]

Fora € [1,2), B < d,and |t]| < |§]|%, by (5.4) we get
I3 < [ PR 817 = e 817 P < 181
whereas for & € (0, 1] and |t]| < ||§]|, one has
IS el - 18177 < 81"~ 181~# < 118117

Fora € [1,2), 8 > d, and |t| < ||§]|%, by (5.4) one has

o0
O L Ll B A T T L et
7

_ |T|d+1—ﬂ . ”5”—d—a < ”5||ot(d+1—l3) . ”3”—d—a _ ||8||(a—1)d—ocﬂ.

Finally, by using (1.3), we get

h=m4“/ ) R pdx
{lxlI=1I811/2,lIsign(z)-x+8 [ <|7]}



P. Kern and L. Pleschberger 358

Sl [ s
l|x+sign(z)-8 | <|T1}
S R e M LT L S P

using the volume of a ball with radius |T| and center —sign(7) - 8. Now, o € (0, 1],
B < d,and || < ||§] resultin
LS [P s~ < 81t F < (181177
Ifa €[l1,2),8 <d,and |z| < ||§]|* one has
L S [P < s @ < 5] 7*.
Ifa €[l1,2),8 >d,and |t| < ||6]|* one has

L5 87 47F and 187 < 8] @74l
Altogether, we have shown
E[||(z. sign(t) - Xj + OIP] S 1817P + i + L S 18I7P + I + I
and our upper bounds for I, and 75 directly yield (5.2). |

Now, we are able to calculate the lower bound via energy estimates.

Theorem 5.7. Let T € Ry be a Borel set and o € (0,2). Let X = (X;)>0 be an
isotropic a-stable Lévy process in R? and f : T — {y e R¢ : |y — x]|| < %} for
fixed x € R? be a Borel measurable function. Let oo = P*-dimGr (f). Then, one
P-almost surely has

dimGr (X + /) = {¢1 “c Ol ss)
Oa A (é-(pa—l-(l—%)-d) a € [l,2].
Proof. We define the increments 7 :=¢ —s and § := f(t) — f(s) with ||§] € [0, 1] and
consider the difference kernel K# (¢, x) = E[| (¢, sign(?) - X + x)[|#]. We prove
that Egs (1) < oo holds for u € MY (Gr(f)) from the parabolic version of Frost-
man’s lemma in Theorem 5.4 and for every B less than the right-hand side of (5.5).
Then, the claim follows due to Lemma 5.3. For the energy integral, we have

Exn () = / / KB — s, f(6) — £(5)) dpus. ) du(t. y)
Gr(IxGr(f)

5// Kﬁ(r,S)dequ// 1t — 5P dudu
{lt—sle(0,1]} {lt—s]e(1,00)}

< [ / E[|(z. sign(®) - Xje/(@) + 8)|#] dpe de. (5.6)
{Iz|e(0,1]}



Parabolic fractal geometry of stable Lévy processes with drift 359

(i) We begin with the case @ € (0, 1] and 8 = ¢; — 2¢ for some arbitrary & > 0.
Due to Lemma 5.6, we have

e < [ [ o du dp
{Izle(0,1], I8 €[0,| (]}

=: Il

4 // 18174 dpdye.
{Izl€(0,1L,]I8]le(|z], 1]}

=: 12

We get

[e9)

L) 2 pepfcle @k 2275, |I5] € [0.2-27F]}.

Further,

o
L) 2. pepftle©.2-27%, [I5] € @7*.2-27]}.
k=1

Now we have to calculate the expressions y ® u{-} for I; and I,. For each k € N we
tile R4 x R by disjoint hypercubes of size 2% x - -- x 27 and denote the collection
of such hypercubes by Dy.. For every ¢ € (0,1], y = ¢1 — ¢ and « € (0, 1] Frostman’s
lemma 5.4 yields

d
p,([t,t +c] x l_[[xi,x,- + C]) <,
i=1

in particular we have (Q’) < 27% for each Q' € Dy. In order to estimate I; we
define the following relation on Dy. For two hypercubes Q, Q' € Dy we write Q ~ Q’
if there exists (s, x) € Q and (7, y) € Q' such that |t| = |t —s| € 27%,2-27%] and
181 = Iy = xI| € [0,2-27%]. Thus,

LY 2% 3 pew@x0)=> 2% Y w0 uw@.

k=1 0.,0’eDy k=1 0,0'eDr 0~Q’
o~0’

The number of hypercubes related to a fixed Q € Dy via ~ is bounded by a universal
constant not depending on k and Q, hence

I s szﬂ DD Q) @) 5 sz(ﬁ 7 W)

k=1 Q€D O~Q’ QeDy
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Note that 3 pep, #(Q) = u(Ugep, Q) = n(Ry x R4) = 1 and we conclude

o0 o0
DI S PR TN
k=1 k=1

since B = ¢1 — 2¢ and y = ¢; — €. For the estimation of I, we define another relation
on Dy. For two hypercubes Q, Q' € Dy we write Q ~ Q' if there exists (s, x) € Q
and (7, y) € Q' such that |t| € (0,2-27%] and ||§]| € (27%,2-27¥]. Thus,

o0
Ly 2% 3 w@)w@).
k=1 0,0'eDr 0~Q’

Again, the number of hypercubes related to some fixed Q via & is bounded by a
universal constant. Hence the same calculation as for /; yields

o0

oo
L s ) 2K =% o7k <o,
k=1 k=1

(ii) Now we treat the case o € [1,2) and ¢y < d.Let B = ¢, —2a - € < d for
some arbitrary € > 0. Due to Lemma 5.6 we have

Exa(n) 5// l7|7A/* dpdp
{Izle(0,11, ]8]I [0, |z|/«]}

= 13

+// 1817# dpudu.
{Izl€(0,11,I8lle(|z |1/, 11}

=: 14

We get

o0
I s Y 2 @ pflr) e @7%. 227K 8] € [0, 2"/ - 27F/).
k=1

Further,
o0
Iy S szﬁ/“ Sy ®M{|‘C| €(0,2-27%], |15]l € (2—k/(¥721/a ~2_k/°‘]}_
k=1

Now we have to calculate the expressions u ® u{-} for /3 and /4. For each k € N,
we tile R} x R¥ by disjoint a-parabolic cylinders of size 27% x 27K/@ x ... x 27K/«
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and again denote the collection of such cylinders by Dy. For every ¢ € (0, 1], y =
Yo —a-¢&,and « € [1,2), Frostman’s lemma (Theorem 5.4) yields

d
,u([t,t +c] x H[xi,x,- + cl/"‘]) < vl

i=1

in particular, we have u(Q’) < 27%7/ for each Q’ € Dy. The same technique as in (i)
results in

o0 o0
Il 5 Y 20N < 3 o7k <o,
k=1 k=1

since f =@y —20-cand y = @y — - €.
(iii) Finally, we treat the case @ € [1,2) and ¢ > d. Let B = (1 — é) -d + é .
Qo — 2¢ > d for sufficiently small & > 0. Due to Lemma 5.6, we have

Exs(w) S [/ 7| A= =F 4y dp
{ele©.1L 18 l1<lo,|¢]!/])

+f 1842 du ap
{Izle(0,1],18lle(lz|/«,11}

and the same techniques as in (ii) yield the finiteness of this expression when choosing
y = @q — € in Frostman’s lemma (Theorem 5.4). ]

6. Range: Upper and lower bounds

We give upper and lower bounds for the Hausdorff dimension of the range of a stable
Lévy process with drift.

Theorem 6.1. Let T C Ry be any set and o € (0,2]. Let X = (X;) ;>0 be an isotropic
a-stable Lévy process in R¢ and f:T — R4 be any function. Define ¢, := P¢
-dimGr (f). Then, one P-almost surely has

. (@-¢a) Ad ae€(01]
dmRr(X + 6.1
imRr( f)S{% N o el (6.1)

Proof. The Gaussian case follows from the proof of [13, Theorem 1.2] and Proposi-
tion 2.2. Since the Hausdorff dimension of the range never exceeds the topological
dimension of the space a function maps to, we always have dim R (X + f) <d.In
the case of « € [1, 2) the claim directly follows from Theorems 2.4 and 4.1, which
yield

dimR7(X + f) =dimGr(X + f) < P*-dimGr (X + f) < P*-dimGr (f) = ¢a.
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Now, let @ € (0, 1] and § = & - ¢, and let §, € > 0 be arbitrary. Then, Gr( f) can be
covered by «-parabolic cylinders

d
(Pr)ken = ([lk»tk + cx] x l_ll[xi,k»xi,k + C;/a])keN c P
1=
such that 372 | [Py |B+/e < 5~ ¢ (B+8)/°‘ < &. Let My (w) be the random num-
ber of a fixed 2¢-nested collection of hypercubes with sidelength cl/ % that the path

t > X;(w) hits at some time ¢ € [tg, fx + cx]. As in the proof of Theorem 4.1, we
obtain a random parabolic cover | oy Pr(@) 2 Gr(X(w) + f) where

My (o) d

Pr(@) = [tk tk + ekl x | [T(E0k @) + xie. & juic (@) + xiac + ¢}
j=1 i=1

Ul k(@) + xig + Ck & k(@) + xip + 2c1/a]).

By projection, we get the random cover |,y Ok 2 R7(X(0) + f) with

Mk(a)) d
Oc@) = | [](Eu@) + ik &k @) + xige + ¢/
k=1 i=1

Ul j(@) + Xik + Ck “ & k(@) + xip + 2c1/“]),

This is a union of My (w) - 2¢ hypercubes with diameter |y (w)] =< c]i/a. As in the

§'/a

proof of Theorem 4.1 we get E[My] < ¢, ” '". Hence, we get for &’ = § + 8’ > 0,

WK

E[HPT (Rr(X + /)] < E[i ||:|k|/3+8’] < E[ M, 24 _C£ﬂ+8’)/a]
k=1

k

o0 (o.¢]
+& +&/—6’ +8
< ZE[Mk]‘CI(cﬂ &)/a < ch(cﬂ &=8)/a _ ch(cﬂ ) e <e.
k=1

k=1 k=1

Il
-

Since ¢, ¢’ > 0 are arbitrary, for all 8’ > B we get E[HF (Rr(X + f))] = 0, and
hence,
HE' (Rr(X + £)) =0 P-almost surely.

Since B’ > B is also arbitrary, we finally get dim R (X + f) < 8 = « - ¢, P-almost
surely, as claimed. ]

The lower bound is obtained by the energy method. The stable process X is trans-
formed into the kernel of the energy integral.
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Lemma 6.2. Let T € Ry be a Borel set and o € (0,2). Let X = (X{)t>0 be an
isotropic stable Lévy process in R? and f Ry — R? be a Borel measurable func-
tion. Define the difference kernel

i (1, x) := E[|lsign(r) - Xpo + x| 7]

Then, Cap,s(Gr(f)) > 0 implies that P-almost surely Capg (R (X(w) + f)) > 0
holds. Hence, E,5(i) < oo for some probability measure i € MY (Gr(f)) implies
that P-almost surely dim Rr (X + f) > B holds.

Proof. Let u € MY(Gr(f)) and 7; denote the projection onto the time component,
that is, 77, (t, f(t)) = t. Define the probability measure v € M! (R ) as the pushfor-
ward measure v(A) = u(w; 1 (A)) for Borel sets A € R and, further, the random
probability measure fi,(R) = v((X(w) + f)~'(R)) for every Borel set R € R<.
Then, Tonelli’s theorem and the stationarity of the increments of X yield

E[5(flw)] = E[/

/ I = I @70 () 4l ()]
Rr(X(@)+f) /R (X(@)+f)

IE[/T/T X () + f(t) — (Xs(@) + F(s)]| 7 dv(r) dv(s)]

f / E[[1X, (@) — Xe(@) + x — y|#] du(e. x) ducs. y)
Gr(f) J6r(f)

- / / E[lsign(t — 5) - Xjp—s)(@) + x — ] dpe(t. ) dueGs. )
Gr(f) JGr(f)
= Kﬁ(“)-

By assumption, there exists u € M!(Gr(f)) such that £,4 (1) < oo holds. From that
one P-almost surely has £g(fil») < oo and the final statement immediately follows
by Frostman’s theorem (Theorem 5.2), since the range of a Borel set under a Borel
measurable function is a Suslin set; see [8, Section 11]. [

Next we provide estimates for the difference kernel k# from Lemma 6.2 that will
give appropriate estimates of the energy integral.

Lemma 6.3. Leta € (0,2) and X = (X;)s>0 be an isotropic a-stable Lévy process
inRY. Let B € (0,d) and v € R, § € R? be such that |t| € (0, 1], |8]| € [0, 1]. Then,
for the difference kernel kP (z,8) = E[||sign(z) - Xy + x||~#] from Lemma 6.2 one
has

|-L—|—13/l¥’

B
K" (t.8) 5{
I8I=F for|z| < |18]|°.
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Proof. Let p(x) denote the density function of X < ||~ Ve x lz|- We define the
rescaled increment § := §/|t|'/%. The self-similarity of the stable Lévy process and
Lemma 5.5 yield

E[Isign() - X+ 81#] = [/ [ sign(e) -+ 51 - pla v
= Je P [+ sign(o) TP () e
St [l peoax el BLX ] < el
since negative moments of 0r§er B < d exist; see [1, Lemma 3.1]. Now consider the
region ||sign(t) - x 4+ 6| < ||§]|/2, which yields
Ixll = lisign(e) - x + & = 8] = |lsign(z) - x + 3| — 18]l

1

1811

= 18]l — lisign(z) - x + 8]l =
Thus, B < d and © < ||§]|* lead to
E[lIsign(z) - Xjz| + 8] 77] = |o| 7/ /R lsign(z) - x + 817 - p(x) dx

<8178 4 e Pl / C lsign(@)-x 4317 - p(o) d
{lIsign(x)-x+81<|I81l/2}

~ Il ~
S 18177 + [z 7P/ ||5||_d_°‘/0 S I P o I ]
= [81I7F + 1| - 18117 < 181177,
where we have used (1.3) to estimate the tail densities. ]

We get a lower bound for the Hausdorff dimension of the range of a stable Lévy
process with drift.

Theorem 6.4. Let T C R be a Borel set and « € (0,2). Let X = (X{)>0 be an
isotropic a-stable Lévy process in R and f : T — {y e R? : ||y — x| < %}for
fixed x € R? be a Borel measurable function. Let ¢o = P*-dimGr (f). Then, one
P-almost surely has

@-pa) Ad ae(1],

dim Ry (X 6.2
im R ( +f)z{g0a/\d aell,2). ©2)

Proof. We consider the difference kernel «# (¢, x) = E[||sign(r) - X 1e| (@) + x|| 2]
from Lemma 6.2. Analogously to the proof of Theorem 5.7, we can show that &, 5 (1)
is finite for & € M (Gr(f)) from the parabolic version of Frostman’s lemma in
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Theorem 5.4 and for every § less than the right-hand side of (6.2). Note that the dif-
ferent lower bounds for the dimension of the range in cases & € (0, 1] and « € [1,2)
occur due to the different upper bounds in the parabolic version of Frostman’s
lemma. ]

7. Estimates for the parabolic Hausdorff dimension

We first give an estimate for the o-parabolic Hausdorff dimension of a constant func-
tion.

Lemma 7.1. Let T C R be any set and o € (0, 00). Define the constant function
fc(x) = C € R? forall x € T. Then, one has

P*dimGr(fc) < (@ v 1)-dimT.

Proof. Without loss of generality, let fc = fo = 0 € R%.
(i) Let @ € (0,1], B = dim T and let 8, & > 0 be arbitrary. Then, there exists a
cover UéeN Ty 2 T with Ty = [tx, tx + cx] and ¢x < 1 suchthat 352 | [T |[fF3 =
o1 Ck T3 < ¢ Now, Gr (fo) can be covered by a-parabolic cylinders

d
P =(z,z 0, 1/"‘) c P
(Pr)ken = ([t k+Ck]lej[1[ Ck ]keN_

with |P| =< ci. Hence,

o0 o0
P HPGr(fo) < D IPulPH sy el <
k=1 k=1

Since § > 0 is arbitrary, for all 8/ > B we have % — HA' (G (fo)) < oo and, there-
fore, one has P*-dimGr (fo) < B’. Since B’ > B is also arbitrary, we obtain

Pe-dimGr(fo) < B =dimT.

(i) Letx € [1,00) and B = o - dim T and let §, & > 0 be arbitrary. With the cover
Urken Tk 2 T from part (i), we get Y g0 | [Ty |0/ =32 c](cﬂH)/a < &. Then,
the cover |y cny Px 2 G (fo) from part (i) now fulfills |Pg| < c;/ * and it follows that

o0 o0
P~ HPGr(fo)) = D IPPHE < Y P <
k=1 k=1

Since § > 0 and 8’ > B are arbitrary, as in part (i) we get P4-dimGr(fo) < B =
o-dimT. ]
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We can calculate the a-parabolic Hausdorff dimension of the graph of an isotropic
a-stable Lévy process itself.

Theorem 7.2. Let T C Ry be a Borel set and o € (0,2]. Let X = (X¢)¢>0 be an
isotropic a-stable Lévy process in R4. Then, one P-almost surely has

P*-dimGr(X) = (@ v 1) -dimT.

Proof. By [17, Theorem 3.2], Theorems 2.4 and 4.1, and Lemma 7.1 in the case
a-dim7T > 1, thatis,a € [1,2] and fo, =0 € R4, one P-almost surely has
dim7T 4+1-1/a =dimGr(X) <1/a - P*-dimGr(X) + 1 -1/«
<1l/a-P*dimGr(fo) +1—1/a <dimT +1—1/a.

In the other cases, [17, Theorem 3.1] together with the same theorems as above P-
almost surely yield

(¢v1)-dimT =dimGr(X) < P*-dimGr(X) < PL*-dimGr(fo)
<(@v1)-dimT

and the claim follows. [

Remark 7.3. We can also deduce the Hausdorff dimension of the graph of the frac-
tional Brownian motion BH = (BtH)tzo in R4 of Hurst index 1/o = H < (0, 1]. One
P-almost surely has
dimT

H

This follows from [20, Theorem 2.1], Proposition 2.2, Theorem 2.4, [13, Lemma 2.2],
and Lemma 7.1 fora -dim 7 < d and fy = 0 € R?, which P-almost surely yield

P*-dimGr(BH) = =a-dimT.

a-dimT = dim Gy (BH) < P*-dimGr(BH) = P*-dimGr(fy) < « -dim T.
In the other cases the same theorems P-almost surely yield
dim7T + (1 —1/a) -d = dim Gr(BH) < #*-dimGr(B¥)/a + (1 = 1/a) - d
= P*-dimGr(fo)/a + (1 —1/a)-d <dimT + (1 —1/a)-d
and the claim follows.
The calculations in the proof of the previous theorem further show the next result.

Corollary 7.4. Let T C R be a Borel set and o € (0, 00). Define the constant func-
tion fc(x) = C € R forall x € T. Then, one has

P*-dimGr(fc) = (@ v 1)-dimT.
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As a consequence, we recover a well-known result for the range of an isotropic
a-stable Lévy process; see [3] and [10, Theorem 3.1].

Corollary 7.5. Let T € Ry be a Borel set and a € (0,2]. Let X = (X¢)¢>0 be an
isotropic a-stable Lévy process. One P-almost surely has

dmR7(X) =(a-dimT) Ad.
Proof. From Theorem 3.2 and Corollary 7.4 it follows that
dmRr(X) = (@ A1) - P*-dimGr(fo)) Ad = (¢-dimT) A d,
as claimed. ]

We can also give some a priori estimates for the c-parabolic Hausdorff dimension
of the graph of a function in terms of the genuine Hausdorff dimension.

Theorem 7.6. Let T C R be any set and [ : T — R4 be any function. Let ¢, =
Pe-dimGr (f). Then, one has

1
- (r+(z-1)-d) A@d+1) aec(01] an
(pr +a—1) A (d+1) a € [1,00)
and
L (L.gr+1-1) a e (0,1], a2
o1 V(@1 +0—-a)-d) ae€][l,o0).

Further, if T € R is a Borel set and f : T — R? is a Borel measurable function,
then we obtain

oo (Goo) A (ot (o-1)d) A @HD, ec@l @3

Proof. This follows immediately by Theorem 2.4 for (7.1) and (7.2) and Corollary 3.3
for (7.3) and the fact that the Hausdorff dimension never exceeds the topological
dimension. ]

Next we calculate some bounds for the parabolic Hausdorff dimension of S-
Holder continuous functions. These are functions f : T — R that fulfill || f(¢) —
f)| <C |t —s|P forall s,t € T and some B € (0,1], C > 0, denoted by f €
Cch (T, R4 ). In the case of @ = 1, the following theorem is well known; see [9]:
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Theorem 7.7. Let T C R be any set, a € (0,00), B € (0,1], and f € CB(T,R?).
Define ¢y := P-dimGr (f). Then, one has

(dmT +d-(3-B) A SL A @ +1) a € (0,1],
o <3 (@-dimT +d-(1—apf)) A % Ad+1) aellg],
(¢-dimT) A (d +1) a €[5, 00).

Proof. Let © > dim T and ¢ > 0 be arbitrary. Then, we can cover T by intervals
(Tk)ken with sidelength |Tg| < 1 such that Y 22, |Tx|* < . Since f € CB(T,R?),
we can cover G (f) by (Bx)ken € R!'*¢ where

d
By := Tx X H[x,-,k, Xixg+C- ITe|f] forevery k € N.

i=1

Note that without loss of generality we may assume C > 1 for the constant in the
definition of Holder continuity.

(1) Let o € (0, 1]. On the one hand, for every k € N we can cover By by (several)
a-parabolic cylinders with sidelength |Tg| in time. Since K - [T¢|Y/% > C - |T¢|? iff
K > C -|Tx|P~1/« for some hypercubes [J; ; with sidelength [Ty |'/%, we find a cover

oo [CH[Tg|F—1/e7d

gr(f) < | U Tex O
=1

k=1

with T x Oy € P% and |Tx x Og | < [Tk | for every k,/ € N. Now, for y = 7 +
d-(1/a — B), we have

o0 oo

PE—H (Gr(f) S Y Tl “EHOT =3 |7 <ce.

k=1 k=1

Since T > dim T is arbitrary, ¢, <dimT 4+ d - (1/a — ). On the other hand, for every
k € N, we can cover By by a single a-parabolic cylinder with sidelength C% - | Ty |*#
in time. Then, G7(f) € Uren Pk With [Px| = |Tk|“8. Now, for y = t/(aB), we have
P —HY(Gr(f)) <352, [Tk|*#7 < &. Since > dim T is arbitrary, this results in
< dmT
Pa = g
(ii) Let o € [1,1/B]. On the one hand, for every k € N we can cover By by (several)
a-parabolic cylinders with sidelength |Tx | in time. The covering sets from part (i) now

fulfill |Tg x Og | < ITe|* andfory = -7 4+ d - (1 — aB), we have

o0 (e, 0)
PU—H(Gr(f) S Y TP BVt e N g7 <.
k=1 k=1
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Since > dim T is arbitrary, this results in ¢, <« -dim7 + d - (1 —af). On the other
hand, as in part (i), for every k € N we can cover By by a single a-parabolic cylinder
with sidelength C* - |Tx|*# in time. Then, the cover Gr(f) < |J keN Pk now fulfills
|P| < |Tx|? and for y = /B, we have % — HY (Gr(f)) < S v, ITk|?” < &. Since
7 > dim T is arbitrary, this results in ¢, < dimT/p.

(iii) Let o € [1/B, 00). For every k € N, we can cover By by a single a-parabolic
cylinder Pg with length C% - |Ty | in time. Then, G7 () € (7=, Px with [P < |Tee |/
and for y > & - 7, we have P% — HY (Gr(f)) < Y pe, ITk|"/* < &. Since t > dim T
is arbitrary, this results in ¢, < o -dim 7. n

Let us inspect the important case « = 2, that is, we aim to get a bound for the
Hausdorff dimension of the graph of Brownian motion plus S-Holder continuous drift
function over 7.

Corollary 7.8. Let T C Ry be any set. Let B = (B;);>0 denote the d-dimensional
Brownian motion and let f € CP(T,R?) for some B € (0, 1]. Then, one P-almost
surely has

a1 B < 98T LA (@imT — ).
, dim7 +d - (1 — dim7 —1 <p < (4mZ A1),
amGr(p+ < gl TP et =P
S5 i =P=3
@2-dimT) A (dim7 + 4) B> 1.
Moreover, one P-almost surely has
dn? anl <p<i,
dmRr(B+ f) <4 @2-dimT)Ad ,32%
d else.

Proof. Let ¢ = £2-dimGr( f). Corollary 4.2 P-almost surely yields

w2+ d

dimGr(B+ f) < ¢ A 5

and Theorem 6.1 P-almost surely yields
dmR7(B + f) <¢2 A d.
Finally, by Theorem 7.7, we easily get
. dim T 1
2-dimT +d-(1=-2B)Ad+1) B=F-A3,

dimT dimT 1
Q2 = =5 dml < B < 1,
2.-dimT > 1

and the claim follows. [
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